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1. Introduction. In this paper we investigate the large-scale limit of the equilib-
rium state of Dyson’s hierarchical vector valued p dimensional, p > 2, model with
parameter ¢, 1 < ¢ < /2, at low temperatures. More precisely, in Theorem 1 we
construct a probability measure i = (7)) on (Rp)z with Z = {1,2,...} which is
an equilibrium state of the model. In Theorem 2 we determine the large-scale limit
of a j1 distributed random field together with the right scaling, i.e. we prove that if

o= {a(j) - (a(l)(j),...,a(p)(j)> CRP,je z}

is a g distributed random field then the finite dimensional distributions of the
random fields

(1.1) R0 = {(Rna(l)(j), . ,Rno—(p)(j)> €ERP,jeZ }
(1.2)
j2"
RuoM()=cr2m Y [am(/ﬂ) . Ea<1>(k)] . jEZ,
k:(j—l)Q”—i—l
(1.3)
j2"
Rna(s)(j) = /29n Z U(S)(k) , JEZL, s=2,...,p
k=(j—1)27+1

tend to those of a limit random field, and describe the finite dimensional distribu-
tions of this limit field.

The distributions of the fields R, o defined in (1.1)—(1.3) are called the renor-
malizations of the distribution i of the underlying field o. More precisely, they

are its renormalization with parameters a = 1 — L‘)’gg in the first coordinate and
a=1- %iogc in the coordinates s = 2,...,p, because we multiplied by 27" in
og?2
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(1.2), by 27" in (1.3), and the number of summands is 2" in these formulas. If the
finite dimensional distributions of the fields R,,0 converge to those of a limit field
then this limit field, more precisely its distribution, is called the large-scale limit of
the measure [i.

Given some h € R!, h > 0, and positive integer N let the Gibbs measure
ph = uh (T, t) be defined on (RP)ZN with density function

Py, .. xon) = phi(z1, ... zon,t,T),
zj= (@, Py eRrr, j=1,..2",
(1.4)
P (zy,... zon)
2N _1 2N 2N
=7y (Tth)exp{——( Z Z zgxacj—th(l))}Hp(xj,t),
=1 j=1+1 Jj=1 7j=1
where
1 2N 1 2N 2N 2N
. 1
ZN:/exp{—T(— Z Z U(z,j)xixj—thg )>}Hp(xj,t)da:j
i=1 j=i+1 j=1 j=1

is the grand partition function, and p(x,t) is deﬁned in (1.3) of Part I. Let p% (z)
denote the density function of the average 2= Z =1 o(j) of the u% distributed
random vector (o(1),...,0(2")). Put uny = pl, p(z1,...,29n) = p(z1,...,29n)
and py(z) = pl (x) in the case h = 0.

In Part I we have described the asymptotic behaviour of the above defined den-
sity function py(z). The result of Theorem A formulated below are contained in
Theorems 1, 2 and Lemma 13 of Part 1. Let us consider the integral equation
(1.5)

9 \P! 2 2
oo = (22) [ emncotig(Erus D)oL - ) duas,

r,u€ R', veRP!,

where v? denotes scalar product. In Part I we have proved that equation (1.5)
has a unique non-trivial (i.e. not identically zero) solution in the class of functions
A ={g, [e"|g(z)|dz < 0o if t <to(g), to(g) > 0}. In this work we consider this
function as the solution of equation (1.5). It is a density function which is positive
for all z. Since the function p,(z,t) depends on z only through |z| we can define
a function p,(z) = pn(2,t,T), z € R, such that p,(z) = p,(|z|) for all z € RP.
Now we formulate the following

Theorem A. If 1 < ¢ < /2 then there exist some thresholds Ty = Ty(c) > 0 such
that for all0 < T < Ty, 0 <t <tg, tg =to(c), (t is the parameter of p(x,t) in
formula (1.3) of Part 1) the following relations hold:
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There are some M = M(c,T,t) > 0 and ng = ng(c,T,t) > 0 such that for
n > ng
(1.6)
¢ "pn(x,T) = ¢ "pu(|z], T)

= Boxp { "5 Mol M) g (U4 MG < 20) ) (14 7o)

for —nne™™ < |x|-M < nn/*c™" with some B = B(c,T,t) > 0, n =n(c,T,t) > 0,
and the error term r,(z) satisfies the inequality

(1.7) ra(2)] < Kq"

with some K > 0 and 0 < ¢ < 1 depending on ¢, T andt. In formula (1.6) g(x)

is the solution of the equation (1.5), ag = %, }ggi

ai=ag+1 and o =
(1.8) ¢ "pu(,T) < Kq"exp {~L(c"z = M|)**°} if 2 > M +ant/0c"

with some § > 0, K > 0 and L > 0 which depend on ¢, T and t. The solution of
the equation (1.6) satisfies the inequality

(1.9) 0<g(z) < Cexp(—Az®) forz >0

with some C >0, A>0. We have

(1.10) ¢ "pp(x,T) < Crexp{—Cyc™|x — M|} for 0<z< M
with some C7 >0, Cy > 0 depending on ¢, T andt. We also have

ag — T
T
with some |R(t,T)| < const., and such that R(t,T) — 0 and T' — 0.

M? = + R(t,T)

Given some integers N > k > 0 we define the probability measure puf \ as the
projection of the measure ,u’jﬁ, to the first 2% coordinates, i.e. ,uz N 1s a probabil-

ity measure on (RP)2", and for all measurable A C (RP)2" ,uZ,N(A) = ph(A) =
uh <A X (RP)QN_Qk). Our first result is the following

Theorem 1. Let the conditions of Theorem A be satisfied. Consider an arbitrary
sequence of real numbers hy, N =0,1,2,... such that

(1 =7 (5) s7=0()

with some oo > D > =2 where M and T are the same as in Theorem A. Then

2—c T
the measures ph tend to a probability measure i = j(t,T,c) on (RP)%. More
precisely, for all k > 0 the measures ;LZ% converge to the projection of i1 to the first

2% coordinates in variational metric as N — oco. The measure p does not depend
on the choice of sequences hy .

Then we prove the following
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Theorem 2. Let 0 = {o(n) = (cW(n),...,c®(n)) € RP, n€ Z} be a i dis-
tributed random field with the distribution i defined in Theorem 1. Then the finite
dimensional distributions of the random fields R,o defined in (1.1), (1.2), (1.3)
tend to those of a random field Y = (Y (n) = (YD (n),...,YP)(n)) € RP, n € Z).
For all k > 0 the density function hy (z1,...,291), x; = <x§-1), . ,xg-p)) € RP, of
the random vector (Y (1),...,Y (2F)) is given by the formula

(1.12)

1 & 1 2k e 2—c/ec k ,2F ) 2
hk(xl,...,mgk):C’(k:)exp{—T;<2_C;x§) _T(Z> (lej >
2k—1 2k 2" p a
+ Z Z U(i,j) x(s)x )}H ( —¢ (Mx§1)+32x§8)2)),

i=1 j=it1 = 5=2

where the function g is defined in (1.5), the constant M is the same as in Theorem
A, and C(k) is an appropriate norming constant.

In Appendix E we prove the following

Theorem B. The measure [ = f(T,t,c) constructed in Theorem 1 is a Gibbs
state with Hamiltonian H and free measure v defined in formulas (1.1)-(1.3) of
Part I at temperature T

Theorem B is very plausible. Its proof depends on a rather standard limiting
procedure in statistical physics literature. Nevertheless, we have found no result
which could have been directly applied in our case. We present the proof of Theorem
B in Appendix E.

Let us discuss the role of condition (1.11) in Theorem 1. The lower bound

N
2 2
111 hy > =M

is essential in Theorem 1, it is needed to get a pure state with magnetization in the
direction e; = (1,0, ...,0) for the limit measure zi. If it were violated we would get
a Gibbs state with Hamiltonian H again for the limit, but this Gibbs state would
be a mixture of Gibbs states with different directions of magnetization, and it is not
natural to renormalize such a mixture. On the other hand the upper bound for Ay
in (1.11) seems not to be essential. We believe that the same limit measure g would
be obtained for any sequence hy, hxy > 0 satisfying (1.11’) or with the help of the
double limiting procedure " = limy o pf;, h >0, [ = limj,_u". This second
way was chosen to construct the equilibrium state in the case v/2 < ¢ < 2 in paper
[5]. However, to prove these statements we would need a large deviation result on
the behaviour of p, (x) which is stronger than Theorem A. Since we are not able to
prove such a result we have proved Theorem 1 under the condition (1.11), but we
think that this is not an essential restriction.

In formula (1.12) we have a quadratic form inside the exponent. This means
that the random variables Y(¥)(5), ¢ =2,...,p appearing in Theorem 2 are jointly
Gaussian. We describe the structure of this limit field in more detail. The random
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p
fields {R,0®(j), j € Z}, s =2,...,p, and {MR,,cW(j) + 1 > R0 ()2 j €
s=2

Z} tend to independent random fields as n — oo. The limit of the random fields
{R.(c¥)(4)), j € Z} is the (disregarding a multiplying factor) unique Gaussian
self-similar field with self-similarity parameter 1 — %%ggg , whose distribution is in-
variant under all permutations of the index set Z which preserves the hierarchical
distance d(i,j). The random fields {MR,oW(j) + 1 3P , R0 (j), j € Z}
tend to a random field consisting of independent random variables with the density
function ¢ 42:ch g( (24:5Tx). This is a quadratic functional of a Gaussian field (see
Lemma 12 in Part I).

The above result can also be interpreted in the following way: Given a pu dis-

tributed random field o(n), n € Z, define the absolute value of the appropri-
ately normalized partial sums |R,|o(j) = ¢"27" <|Rn Zf:(j_nznﬂ o(k)| — M),

j € Z. Then the random fields R,,0®)(j), j = 2,...,p, and the random fields
|Rn|o(4) tend in distribution to independent random fields. The limit of R,,c(*)(5)
j =2,...,pis Gaussian, and the limit of |R,|o(j) consists of independent random
variables. This follows immediately from the above description of the limit be-
haviour of the fields R,,o together with the observation that |R,|o(j)—(Rno™ (5)+
o >, Rao®)(4)?) = 0 stochastically as n — oco.

We believe that the above property is a special case of a more general law. Let
us remark that an analogous statement also holds in the case V2 < ¢ < 2, but
this is a degenerate case. It follows from the results of [5] that if {o(j), j € Z}
is a i = fi(c), V2 < ¢ < 2 distributed random field with the equilibrium state /i
constructed in [5] then the random fields

Jj2"

> a(k:)'—M), jEeZ,

k=(j—1)27+1

Rul(0) () = 2—”/2(

have the same limit as the random fields

jar
RuoW() =22 % <a(1)(k:)—M>
k=(j—1)2"+1

as m — oo, since in this case |Rn|o(j) — Rno™M(j) = 0. This limit consists of
independent (Gaussian) random variables which is also independent of the limit of
the random fields R,,a¥), s=2,...,p.

The method of this paper is very similar to that of [5]. The two main steps in
the proofs consist of the description of the limit behaviour of the function p,(x)
done in Part I, and a good asymptotic formula for the Radon—Nikodym derivatives

dp™, : o :
%. Then an appropriate limiting procedure supplies the proof of Theorems 1

and 2. The investigation of the Radon-Nikodym derivatives can be considered as
an adaptation of the method of [5] to the present case. The main difference between
the two cases is that now p,(z) is not asymptotically Gaussian. But although the
h N
n, N

Radon-Nikodym derivative dgﬂ

depends on p,,(x), its asymptotic behaviour does

n
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not. As we shall see, in the investigation of the asymptotic behaviour of the above
Radon—Nikodym derivative we only need some estimates on the tail behaviour of
pn(z), but not its explicit form. This is the reason why we can adapt the method

of [5].

2. On the basic estimates needed in the proof. Reduction to integral
equations. We need a good asymptotic formula for the Radon—Nikodym derivative

hn
ng’N . It can be expressed exactly with the help of the following formulas:
d hNn 2m
(21) %(wlw'WIZ"):fgﬁV(Q_n $j>, n <N
Mn ]:1
2NhN.’B(1)
22) B N
(2.3) fi (@) = K(n, N, hy)Sn fi2) ()
with

(2.3) &Jﬁ%zﬂwpr;MOf(iggthﬁ@

where K(n,N,hy) are appropriate norming factors, xy denotes scalar product,
and p,, is the density function appearing in Theorem A. For scalar valued models
formulas (2.1)—(2.3) are proved in the main formula in [4]. The proof for the vector
valued case is the same, but since the proof in [4] is a bit complicated we present
it in Appendix C.

Let us define the sequences g, = g,(N,hy) and A, = A,(N,hy) by the
recursive relations

2N h
(2.4) gy = gn(N,hy) = 7
(2.4")
Int1  C"
gn:gn(Nth): 5 +?M forn < N
(2.5)
Ay = An(N,hy) =0
(2.5)
s | (5 + 207
A, = AL(N,hy) = + — 2 forn < N,
( N) 4 2% + gT]L\_JH N An+1

where M and T are the same as in Theorem A. In Section 7 of [6] we have claimed
that

p
fn((E) = :’N(x) ~ Kn exp {gn($(1) _ M) +Anzx(s)2} ’
s=2
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and have given a heuristic explanation. In the following Proposition 1 we formulate
this result in a more precise form. For the sake of simpler notation we assume that
RP = R?. From now on C, C;, K, L etc. denote appropriate constants. The
same letter may denote different constants in different formulas. Let us define the
domains

(2.6) Ql = {z e R?, Hx| — M’ < 04 |x(2)| <0 () 0}
(2.6')

Qi = {x c R27 ||1‘| _ M‘ < C—O.4n} _ Qi
(2.6")

ng = {x c R27 Hx| _ M‘ Z C—0.4n} ]

Clearly Q1 UQ2 UQ3 = R?. Now we formulate the following

Proposition 1. For all q, ¢ %% < q < 1, there is some ng = no(T, M,c, D, q)
such that if (1.11) holds and N > n > ng then the Radon-Nikodym derivative
fnlx) = fﬁf}’\,(a:) appearing in (2.1) satisfies the following relations:

a) In the domain QL

(2.7) fn(x) = L, exp {gn (x(l) - M> + A2 4 5n(m)}

with
sup |en(2)| < ¢".
zeQL

b) In the domain Q2

(2.8) 0< fn(x) < Lyexp {gn(|x| - M) — (29—](2 - n)co’gn +q”} )

c¢) In the domain Q3

In 2 2
2. < fu(z) < L, {— M } ,
(2:9) 0 ful@) < Lyexp { 22 = 112)
where the numbers A,, and g,, are defined in (2.4)-(2.5 ), and L,, = L,(N,hy) is
an appropriate norming constant.

We also prove the following result which is a slight modification of Lemma 1 in
[5].
Lemma 1. Let us choose some integer N and hy > 0. Define the sequences g, and
A,, 0<n <N, by formulas (2.4)-(2.5) and put g, = ¢ "gn, An =c "A,. If
hy satisfies relation (1.11) then gy > gn—1 > - >go > gand0= Ay < Ay_; <
o< Ag < A with g = %%, and A = QC_TC. If the relations N > Ny and N > n®
also hold with some appropriate No = No(¢, M, T, D) and B = B(c, M, T, D) then
Gn — g <477, |A, — Al <47

Proposition 1 together with the characterization of the asymptotic behaviour of
the sequences g, and A,, made in Lemma 1 supplies a good asymptotic formula for
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the Radon—Nikodym derivative f,,. Here Q! is the typical region, where we have
a good asymptotic formula, in Q2 and Q2 we have only given an upper bound.
Actually we are interested in the density function

2™ 2™
e felege

J=1 J=1

of the measure ,quVN. The tail behaviour of the functions p,,(z) and f,(z) together
show that 27" Zj; z; is contained in Q2 with a negligible small qu\’N probability.

It is contained in 2 also with a small probability, since in this domain f,(z) is
small. To see it, let us observe that by Lemma 1

In n( G - c” 1 2—c " (4—-c)(c—1)
— > [ e — P S
n=¢ (2 A) ( ) T >0,

oM M T \2-c ¢ 2—c
hence the term — (29—](2 — An) ¢ 98" in the exponent of (2.8), makes this upper
bound (2.8) sufficiently small for our purposes.
In Section 7 of [6] we have given a heuristic argument for formula (2.7). The
following remark explains the content of the estimate (2.8).

Remark. If z € QL then

2)2\ 1/2 2)2
2| = (xu)z Jrﬂ,/,(2)2)1/2 _ L (1 N 2 ) _ ﬂ +O(z@

r(1)2 2(1)
(2)2 (2)2
M Q;—M L0 (x(2)4 4 22|50 _ M|> _ 9U2M + O,

hence

exp {gn(\:z:| ~ M) - (;_A’} - An) m(z)z}

= exp {gn(ﬂc(l) — M)+ Aya®? 4 0(0—02”)} :

The above calculation shows that on the boundary of the domains Q) and Q2
the right-hand side of formulas (2.7) and (2.8) have the same magnitude. The
estimate (2.8) expresses the fact that this is the worst region, where the weakest
upper bound can be given for f,(z) in Q2.

With the help of Proposition 1, Lemma 1 and Theorem A we are able to carry
out a limiting procedure which supplies Theorem 1. Moreover, it yields the follow-
ing Proposition 2. Let [i,, denote the projection of the measure i constructed in
Theorem 1 to the first 2" coordinates, i.e. let fi,, be the measure on (R?)%" defined
by the relation fi,(4) = i (A x (R?)>) for all measurable sets A C (R?)?". The
following result holds true:
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Proposition 2. For all ¢, ¢ %% < q < 1, there is some ng = no(c, T, M,q) such

that for all n > ng the measure i, is absolute continuous with respect to the measure
tn, and its Radon—Nikodym derivative satisfies the relations:

2'"4
djin - .
(2.10) %(5’317---,33271) = fn (2 ;CE@)

and
a) For x € Q}

(2.11) fn(x) = L, exp {cng(:c(l) — M)+ Az 4 an(a:)}
with
(2.11) sup len(z)| < ¢".

zeQl

b) For x € Q2

(2.12) 0 < Fule) < Luexp {"glla] — M) — 02" (ﬁ ~A) o}

c¢) For z € Q3

(2.13)
Oéfn(x)SLnexp{%(xz—Mz)} if 0<a < M—c 04
(2.13)
Oéfn(x)SLnexp{%(xQ—M2)} if ©> M+ ¢ 04
with g = 230 %, A 2C_TC and an appropriate norming constant L,,. This norming

constant satisfies the relation
(i < c_"/QLn < Oy with some 0 < C1 < Cy < 0.

Theorem 2 can be deduced from Proposition 2 and Theorem A.

Let us finally remark that the function f,(z) = f:L”JVV (z) clearly satisfies Propo-
sition 1 for n = N, since in this case fy(z) = Lyexp{gn(z) — M)}. Hence
Proposition 1 follows from Lemma 1 and the following

Proposition 1. For all q, ¢7%2 < q < 1, there exists some ng = no(T, M, c, D, q)
such that if for n > ng the function f(x) satisfies the following relations with some
g < gpp1 < DA 0< Apyy <At g=2M 0 A=2< D>y

a) For z € Q) 4

(2.15) f(x) =exp {gn+1(m(1) — M)+ Apy2@? 4 €n+1(x)}

(2.15") sup |ent1(2)| < g1t
T€Q 1y



10 P. M. Bleher and P. Major

b) Forz € Q2

gn — n n
(2.16) 0 < f(x) <exp {gn+1(|x| - M)+ ( 2]\21 —An+1> ¢ 0-8(n+1) +q +1} :

¢) Forze Q3
(2.17) 0 < f(z) < exp {g"—“(m? - M?)}
== oM

then the function Sy f(x) defined by (2.3') satisfies, with the constants ¢, and
A, defined by (2.4') and (2.5') with the above @gn+1 and A,i1, the following
relations with some appropriate norming constant L, :

a) In the domain %

(2.18) Sy f(x) = Ly, exp { gn(x® — M) + A,z 2 + sn(x)}
with
(2.18) sup |eq ()| < ¢".

zeQl

b) In the domain Q2

dn —0.8n n
< < — Y A LR
(219) 0= Suf(@) < Lnexp {gallal = M) = (5 = 4,) 5" 44"} .
c) In the domain Q3
In 2 2
: < < In_ _ '
(2.20) 0< Suf(2) < Loexp { 2 (af? - M?)}

3. The proof of Lemma 1. The proof is a modification of that given for Lemma
1 in [5]. Simple calculation shows that g, — g = (§)" "(gn — g). The statements
of Lemma 1 about the sequence g,, follow from this identity. To investigate A,, let
us introduce the function

+ga)”

1
h, xERl, gGRl.
M

&

N —

Clearly, A,, = T(A,11,Gn+1). On the other hand T'(A, §) = A, and some calcula-
tion shows that 7" has the following monotonicity properties: T'(z,g) < T(z,g’) if
O<z<Aandg>g > g and T(2',g9) > T(z,9) if 0 <z <2’ < Aand g > g.
(These properties follow e.g. from the relations
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and
o c 2+ﬂ2
8_T($79>: 2(Tc ZM) 5
v (% + 579 — cx)

>0,

and the fact that T'(x, g) has no singularity in the domain {(z, g), r< A g>
g}.) Wehave 0 < Ay_; < A, since Ay_; =T(0,gn5) >0 and Ayx_ T(0,9n5) <
T(A,g) = A. Then we get by induction that 0 < A,,; < A, < A implies that
0< A, <A, 1 <A Indeed, A, 1 = T(A,,gn) < T(A,§) = A, and A,,_; =
T(An,Gn) > T(Ani1,Gns1) = Ay, as we have claimed.

The conditions N > Ny and N > n® with sufficiently large Ny and B imply that
1e—g| < 107" forall0 < £ <+/N,and A—5"" < A* < A, where A* is the smaller

solution of the equation T'(x,g*) = z with g* = g . Indeed, the last equation is

0
1

A

N

a small perturbation of the equation 7T'(z,g) = x, which has two solutions A; = A
and Ay = ﬁ > A. Hence the solutions of the equation T'(z,g*) = x are very
close to A; and A;. We claim that the monotonicity properties of the sequences
gn and A,, and the function T'(x,g) imply that A > A, > Tg\{ﬁ_"(O), where Tgk*
denotes the k-th iteration of the function T'(x,g¢*) with fixed ¢* in the variable
x. Indeed, A > A,, 0 < A\/ﬁ < A, and we get by induction that for all £ > 0
A e 2T, ge* (0), which implies the required statement with £ = v/N — n.

To complete the proof of Lemma 1 it is enough to show that T3 (0) tends ex-
ponentially fast in n to the smaller solution A* of the equation Ty« (x) = x. Since
T(z,g*) is a convex increasing function (in the variable x) it is enough to show that
%‘r’g*) < a < 1forx = A*if (A% ¢*) is in a small neighbourhood of the point
(A,g). But this follows from the continuity of the function %, and the fact
that its value in the point (A, §) equals ¢! < 1. Lemma 1 is proved.

4. Some preparatory remarks to the proof of Proposition 1’. We shall
prove the following estimates under the conditions of Proposition 1’.
Put

i c" x+ _
su@=[ e (Ga) (S5 ) s, =12,
{y, 2 el }

2

Then we have with some appropriate ¢’ = ¢’(¢), € > 0, and the same ¢ as in
Proposition 1’:

In the domain x € Q}

(41)  Shf(@) = Luexp {ga(@® = M) + 4,27 + 5,(2) + a(x) |
with
(4.1) sup |&,(x)| < ¢, sup |€n(z)] < K¢ 02n

rel zeQl

n n
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where K does not depend on n,

(4.1") L, >c "exp (%MQ) ,
(4.2) Spf(z) < Ly exp {gn(x(l) — M)+ Ap,z®? - 5'00'2”} ,
4.3 53 €T < L ex x(l) _M +A 1.(2)2 o lcn/Z )
(1) 1) < Luep fon(e) M) 4 402 -]
In the domain x € Q2
(4.4)
dn —0.8n " —0.9m
Saf (@) < Loexp {gn(lal = M) = (3= = A, ) 705 4 g™ 4 K02 |
(4.5)
Sif(a:) < L, exp {gn(|x| — M) — (29_]\”4 _ n) —0-8n _ 6/00.271} ,
(4.6)
1
3 < A (I —08n _ Lol
$3(x) < Lo exp {gnqx! I }
In the domain x € Q3
9n 2 2
. < gn_ _ _
(4.7) Suf (@) < Loexp { - (laf? = M2)}

We show that these estimates imply Proposition 1’. Indeed, for z € QX
Suf(x) =SWf(2)+ 82 f(x)+SP f(x) = Ly, exp{gn (V) — M)+ Apz®? 42, (2)}

with

1
sup |en(x)| < sup |5,(z)| + sup [é,(x)] + 2exp(—e'c??") + 2exp <——c”/2> .
zeQl zeQL zeQl 6

(Here we have exploited that e' < 1+ 2|t| for small ¢.) Hence

1
sup |en(z)] < qn+1 + K¢ 02n +2exp(—5’co'2”) 1 2exp <_86n/2> <q"
zeQl

if c792 < g <1, and n > no(q, D,e").
For x € Q2 we have analogously

Snf(x) = Sy f(x) + Shf(x) + Sy f(x)
gn —0.8n n+1 —0.2n
< _ _ (2 _
_Lnexp{gn(|x| M) <2M n>c +q + Kc
1.0.2n 1 n/2
+ 2exp(—€'c” ") + 2exp —5¢

gn —0.8n n
< Luexp {galle] = M) = (2~ 4,) 05 17}
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as we have claimed in Proposition 1’. For z € Q2 (4.7) contains the needed estimate.
The above estimates will be proved in the next Section. In this Section we prove
two lemmas which we need during the proof. Put

(1.9 siso = [, oG (S )y

with
48)  Vi(@)={yeR?, |jyl—-M|<ec ™", zy>|z|ly|—ec "},

where xy denotes scalar product.

Lemma 2. There is some €9 = go(c) and ng = no(T, M, D, c,e) such that if n >
ng, 0<e<eg, 0<gnp1 <D and

(4.9) 0< fz) <exp {%(]33]2 — M2)} for all x € R?

then

C’)’L

a) OgSnf(a?)gc"exp{TM YYi

and
b) 0<S;f(x) gexp{%M2+9n(|-’L‘] —M)—c”/2} if Hx| —M’ < ¢ 04n

with gn:g"%—i—%M.

Lemma 3. There is some ng = no(T, M, D, c) such that if for n > ng

0< f(z) < expl{gns1(lz| — M)} for ||z| — M| < ¢704(n+D)
flx)=0 for Hx\ — M‘ > ¢—04(n+1)

then

0<S,f(z) < Kexp{c?]\/[2 + gn(|z| —M)} for ||z] — M| < ¢~ 04n

with N
In+1 (&
n = —M
=T
and some K = K(T,M,D,c) > 0.
Proof of Lemma 2.
Part a). We have
" gnir |z +y|
<S8, < - nt — M? W (y) dy .
o_Sf<x>_/eXp{Txy+2M< . )}p«y) y
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Clearly, max|y|—, vy is taken in the point y = ﬁr, and it equals |z|r. Similarly
max|,|—(z + y)? = (Jz| + r)?. Hence
(4.10)
® o d g (el N
OgSnf(x)g%r/O exp T|£L"?‘—|— Wi ( 5 ) - M rDp (1) dr .

Let us split up the integral into two parts, fOM and [,;. Put
(4.11) Falt) = ¢ (M + ¢ "t)

It follows from (1.10) that

(4.11") fn(t) < Cy exp(—Cslt]) for —c"M <t <0
and from (1.8), (1.7) and (1.9) that

(4.117) fn(t) < Czexp(—t?) fort >0

with some appropriate C; > 0, C3 > 0 and C5 > 0. (Relations (1.7) and (1.9) are
needed in the domain 0 < |z| < gn'/®c™"))
First we estimate the integral fOM. For 0 <r < M we have

2
c" In+1 x|+ 7 2 In+1 x|+ M 2
- M M ~ M%) .
71+ o6 <( 2 ) ) |x| o (( 2

Hence (4.11) and (4.11") imply that
(W+Mf_M1}
2

/0 (M + ¢ "t)e~ 2t gt
(5]}

M n
& gn+1
.dr < C — x| M
/0 r < 1exp{T|:L‘| + 5

—c* M

< Cy4M exp {%MM + g;]\?

Simple calculation yields the identity

SERG

= M o = ) - (57 St ) (ol - A2,

c" In+1
~ x| M
7 1P+ T

Then, since CyM < "2 we get that
(4.12)

M n c”
. dr < /2 S Y R L (P g”“ - .
[ ar s een { Car e feel a4 (5 + k) (ol - 002
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Let us estimate |[ Aoj ...dr. We make the change of variables r = M + ¢,
introduce fn(t) = C_nﬁn(M + C_nt)a gn = C_ngn and In+1 = C_(n+1)gn+1-

Since
i|$|7‘—l— In+1 — |z +r ’ _ M2
T 2M 2

n i 2
:C_|x|M_,_gn+1 (’$|+M) M2
T

2M | 2
(4.13) %|w|(r—M)+%n];( — M)2lz|+ 7+ M)
:%szLQg]\?}(, 2 — M?) — (QT gn+1)(| | - M)
hence
(1.14)

[ —exp { Gona? B o - 0~ (g St ) (ol = M2 (e

with

o0 1 c
Jn<x>:/ exp{(—+—gn 1>a:t
o) = | G ) Il

—-n

c ¢ Y
+ Zgn+1t + ngnJrltg}(M +c7"t) fu(t) dt

& 1 c
— — Y+ ——G, — M)t
[ e (3 + g5pmn ) el = 21

M C—n—l—l B
# (58 ) U4 S B 0L+ )

(4.14")

Relation (4.11") implies that
n(e < s [ exp{ (34 gopanes ) (el - 2010 - 5L
n{|T|) > Us exXp T =7 9n+1 x| — -5
0 T " 4M7"t 2
< Ce{exp Cr(|z] — M)?}.

Thus

/M coodr < C’6exp{(%]\42 + 2M(|1‘|2 M?)

~ (57 + St ) el = 20+ ol - 212
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Since % + ggﬂ? - Cr > g—; and Cg < ¢™/2 for large n, hence

/M ...drgc”/2exp{TM2+ (|lz]* = M?) — ;T(|ac| M)2}

2M
This inequality together with (4.12) imply that
(4.15)
S,0(a) < ame/exp G002 B (o~ 04%) = (ol - M2} <

C’)’L ’I’L
< N _M2 2 M2 2
< cvexp{ Gob? o 2o (ol = M%) = (ol = M)
as we have claimed.

Part b). Let us introduce

- c" T+
R; f(x) =/ eXp(T:vy)f( 5 y)m(y) dy
{y, |ly|—M|>ec=0-4n}

Qif(x):/ dy.
{y, |ly|—M|<ec=0-4n zy<|z||y|—ec—0-4n}

Clearly, 57, f(z) = Ry, f(z) + Q7 f(2), and by (4.10)

M—ec o)
0§R;f(£)§271’|:/ +/ }
0 M+ec—0-4n

2

c" gn+1 ’x’ +r 2 _
— - M n .
exp{ T |x|r 4+ S (( 5 ) )}Tp (r)dr

Moreover, similarly to part a), we get by using (4.13) and the observation

and

e In+1 In+1 . In+1 2
(5 + 2t el 30y + 25— )+ o g~ )
In+1 - M _o.mn/2 e . _—0.4n
<= (r — M)(1—|— Wi ) < —2c if —-M<r—M< —c
that
(4.16)
M_EC—OAn
/ ... dr
0
< n/2 2 4 2 2\ " gnt1 _
< Crewp {22+ S0 4 o (laf - 24%) = (57 2 ) ol = )?

—0.4n

M—ec
/ TP (1) dr
0

Sc—n/QeXp{_zcn/2+%M2 2M(| z)? —

- (57 + 5 ) el - a2}

< /2 _9en/2 C_MQ 2 _ 2
<Pl 2 S 4 S <2

M?)

T
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and by (4.13) and (4.11"), similarly to (4.14), (4.14")

o0 CTL g’n 5 5 Cn gn+1 )
Loodr < M2 —_MH—( =— M 5
/M—f—gco»‘l’ﬂ 7j_eXp{T +2M(|x’ ) (2T+ 8M)<‘x| ) }Jn(m)

with

> 1 c M ¢ 12
J: =C " — 4+ —0n — M)t — + =0n t—— >dt.
e =Cs [ o] (g4 g0 ) Gel =200+ (G4 S ) o= 5 |

Since ||x| — M| < ¢ %4 and g,41 < D

1 c M c 12
~ 4+ M)+ (=4 Sg, Jt- =<,
i‘gg{(TuMgH)(’x' )+(T+2g+1) 6}_

and therefore

oo t2
Jr(Jz|) < 06/ c" exp(—g) dt < exp(—e'c! ™) < ¢ " exp(—2¢"?)
£c0-6n
with some ¢’ = ¢’(¢) > 0. Hence
/00 coodr < c "exp QM2+ In T (|22 = M?) —2¢7/? ).
M_’_chOAn - T 2M

The last inequality together with (4.16) imply that

(4.17) RE f(z) < dme™™/2 exp{ —2c¢"/2 4 TM2 + 2M(| z|? — MQ)}.

Now we estimate Q5 f(z). We have

2
c " gni1| (2 +Y 2

ry<|fﬂ||y| 66_0 an }

|I|2+T)2 in the last integral,

. B ™ o2
Since for |y| = r zy < rlz| —ec”* and (55¥)7 < (
hence

Q5 f(z) <2m /000 exp{% (|l‘|’r‘ — 50—0.411) I In+1 K\x\ + 7“) M2:| }Tpn(r) dr

2M 2

0N e g [(fal N
§27rexp(— T )/0 exp{?\xlr—i— Wi [( 5 ) —M}}

TDp (1) dr .

The last integral has already appeared in (4.10). We have estimated it in Part a),
and bounded it by the right hand side of (4.15). Hence

Q5 f(z) < 2me” exp{ SO+ TM2+ 2“’]\’; (| —M2>}

| =
@

_9.n/2 i 2, 9n 2 2
Xp{ 2c +TM +2M<|| M)}
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This inequality together with (4.17) imply that

S10) < exp{ 207 Sar o S (12 -2 ).

Since 51 (|z[2 — M2) = (Jz| — M) + 5 (|z| — M)? and £ (jz| — M)? < DcP2n if

|z| — M| < ¢=%4", hence the last inequality implies that under the conditions of
Part b)

Sif(@) < exp -

{—QCH/2+C—M2+29—;\2(|QC|—M)—f—KCOQn}
< exp{%w + gllal = M) - /} ,

as we have claimed.

Proof of Lemma 3.

{y, || 552 |- M|<cm04(nt D)) T 2

Pu(y)dy .
Since
" r+y " x|+
T;lliif{fxy‘anﬂ ( 5 ’—M)} < ?|90|7“+9n+1 [( 5 > —M} ;
hence

Snf(z) §27T/ eXp{%|x|r+gn+1 <|x|2—|—r —M)}Tﬁn(r)dr.
0
Writing %|x|r:%M2+%M(|x|—M+r—M)+%(]:U|—M)(T—M) we get that

5,J(0) < 2mexp { S0+ gulle] - 30}

n

/Ooo exp {gn(r - M)+ C?(|:zs| — M)(r — M)} () dr

The change of variables » = M + ¢~ "t and the introduction of g, = ¢ "g,, yields
that

Snf(z) < 2mexp {%MQ + gn(lz| — M)}

/OO exp {gnt + Mt} (M + ™) fo () dt

—c" M
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Since 0 < g, < D, and ||z| — M| < ¢7 %47 relations (4.11") and (4.11") imply that
for large n

/OO exp {gnt + %(|x| - M)t} (M +c ™) fa(t)dt < K
—c"M

with some K > 0 independent of n. Hence
5,J(0) < 2k exp { S0 + g o] — 20) |
< K exp {%M2 + gn(|x| — M)} ,

as we have claimed.

5. The proof of Proposition 1’. In this Section we prove the estimates (4.1)—
(4.7) which imply Proposition 1’.

a) The estimation of S} f(z) for x € Q1.
It follows from (2.15) and (2.15") that

n (1) (1)
c L ASEAE ]
Srlzf(x):/{ e }exp{?wy‘i‘gn—i—l(f_M)"’An—&-l
y, S5 € +1

n

(2) (2)\ 2
e +y x4+
(72 ) +€n+1(—2 )}pn(y) dy .

n (1) 4 (D)
S F () = exp(&n(z) / S (u B M)
{y, Z5renl , } T 2

n

(2) 4 (2)\ 2
v +y
+An+1<7> }pn(y)dy-

Hence

2

with some

(5.1) sup |&,(x)| < gt
zeQl

Let us rewrite the last expression in polar coordinate system. We get that

(5.2) 5M@ﬁ=ﬂﬂ&@ﬁémhﬁﬁdﬂw

with

n 9] 1)
c v+
I,(r) = / rexp{—T <:c(1)y(1) + x(Z)y(Z)) + gn+1 (% - M)
{p€ln(rz)}
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where y1) = rcosp, y@ =rsing, —m<p < y= (Y, y?) and T, (r,z) =
{e. xTﬂ/ € Q;.,}. We shall express I,,(r) as an asymptotically Gaussian integral

n
with respect to . For this aim we give some bounds on ), z(2 ¢ and y®

if z € QL and m—;y € Q). We have

’SL'(2)| < C—O.4n
5.3 if zeQ,.
( ) |l’(1) _ M| < §0—0.4n o n
2
The second relation in (5.3) holds, since
£(2)2
|x(1) — M| = ‘(’$|2 —x(2)2)1/2 _ M’ = ||z| - T| +O(m(2)4) M
x

(2)2
< }|a:| — M{ + T + O(x(2)4)

3
< 670.471 + K070‘8n < _070.411 )
2|z| 2

.. . (2) (2) _ (1) (1) _
Similarly, if 2% € Q! . then |23 Y | < ¢ 047 and |22~ _ M| < 2¢04n,
Y, 2 n+1 2 ) 2
Hence

(5.4) @< | — 2@+ 2@ 4 y@)| < 3¢ 04n,
(5.4') y D — M| =M — 2O+ [z 4y —2M] < 674"
and
(5.4")
r = M| = llyl = M| = |52 + @22 — m|
y(2)2
— ‘y(l) + + O(y(2)4) _ M‘ < 106—0.4n

2¢(1)
if z € Q) and ¥ € Q! ;. In particular, (5.4”) implies that
(5.5) I,(r)=0 if |r — M| > 10c¢7%4", and z € QL .

Furthermore, |¢| < 2[sing| = 2|y@)| = O(c™%4") and y™» = r(1 — cosy)

= r(1—2/2) +O(c1on), y@ =rsing =rp+ O(c=12") and r = M + O(c~0-4n)
if o € I',(r,z). Hence

n 2
I(r)=(1+ O(c‘0~2”))/ Mexpl & <x<1>r(1 _ 90_) I fc@)w>
{p€T, (rz)} T 9

(1) _ ¥ (2) 2
o (B ) (7 i

2 2

n (1) A
_ —0.2n W Ynr T+ Ant1(2)2
(1+0(c ))Mexp{TTx + 5 < 5 M|+ T

" n An
/ exp{—(c—x(l) + Intl +1)7°g02
{#ETn(r0)} 2T 4 4

') An
+ (% + T+1).7)(2)7’g0} de.
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Moreover, since ¢z rp? = ¢ M2p?>4+0(c7%"), gni179? = gny1 Mp?4+0(c=02"),
Ap1r?o? = A1 M?9? + O(¢™%2") and (& + —A’§+1 )z Prp = (% + _A—";l )z Mo
+ O(c7%2") in our case (observe that g,.; < D™t and A, 11 < Ac™*1), hence

we make an error of order O(c~%2") by substituting () and r by M in the last
integral, i.e.

n (1) A
In(’l“) _ (1+O(C—O.2n)) Mexp{%rm(l) + gn2+1 (il? 2+7° _ M) + nT—l—lx(Q)Q}

" Gnat Angiyg e o €0 An (2)
£ L 9nil Andlya, " Anpryy ;
/{SDGFn(r,:c)} exp{(2T+ AM 4 JM= ¢ +(T + 5 YMz'“ b dp,

or equivalently

" (1)
In(?“) = (1 + O(C—O.Zn)) eXp{%?“x(l) 4 In+1 (37 +r B M>

2 2
A (& 4 Ant1)24(2)2
+ ”—Hx(Q)Q + T 2 L
4 4(cn gn+1 _ Ant1
(2T + a4M 4 )

" Gn Ay,
/{ o )}MGXP{—MQ(ﬁ + 4]\21 — TH)(QO—%CL‘(Q))Q} de,
pel'y(r,x
with B )
(5 + 245

.
(o7 + % — ~5)

Tn =

By (2.5") we get from this relation that

(5.6)

2 2

c" In+1 An—l—l 2) 2
Mexp{—MQ(——l— — )(go—vna:( ) dep .
/{@Epn(nm)} 2T AM 4

n (1)
In(T) _ (1 + O(CfO.Qn)) exp {%Tﬂ}(l) + In+1 (33' +r o M) + Anx(Q)Q}

with K = 55 + c% — c% = 46((24:5)T > 0 relation (5.6) implies that

n A
. < —02ny) (& Gntl  Lntly_1/2
(5.8) L(r) <V (14 0(c ))(2T+ i 1 )

n 1
exp {%mz(l) + I (I( i - M) + An:c(Q)Q}

2
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Moreover, we claim that
(5.9)

_0.2n " gn Apyr,
In(r) = (1+0(c™"*) Vi (g + o7 = =57

n (1)
exp{%?‘x(l) +gn2+1 (113 2+7’ —M) +Anl'(2)2} 1f‘T—M| <§c—0.4n

with some approppriate € > 0. Because of (5.6) and (5.7) to prove (5.9) it is enough
to show that there is some & = ¢¢(€) > 0 such that

(510) {QO |g0—rynw(2)| < 60070.4n} C Fn(ac,r) if |7“ o M| < 5070.471.

Since A, 41 < Ac"™! and g,y > gc*H!

TYn = (%+ATL2+1) < 1+250 :2—6
2+ Biip — 2) (g% - GOM M
and we prove (5.10) by showing that
(1) (2) '
T/ +rcosy x4 rsine
(5.10") { 5 : 5 } €Oy

if | — Ynz@| < goc™04, |r — M| < &c794" and 2 € Q). But in this case

(2) i
' +rsing 1 1
#\ <5 (1@ +71¢l) < 5 (1821 +r(ale@] + 1 = 7022)))

2—c
cM

IN

|:C—O.4n + (M + 6—0—0.471)( C—O.4n + 806—0.4n):|

1

2

< ic—o.4n < ¢—04(n+1)

— ﬁ f—

if €9 > 0 and & > 0 are sufficiently small. We also get with the help of (5.3’) that

M — M L r—M
2 2

) 4 rcosg
2

M| <

,
~ —1
2|cosg0 | +

r—M

M _ 0 2

T r

+ £
2 2

r—M

<
- 2

W _pm 2
xT‘ + 5 (e @+ 00

< (g —f—E_) C—O.4n +Kc—0.8n < C—O.lc—0.4(n—|—1)

if €9 > 0 and & > 0 are sufficiently small. The above estimates imply (5.10") hence
also (5.10). Now we can estimate the term [ I,,(r)pn(r) dr. Relation (5.9) yields
that

n A
I.(r)p, — (1 —0.2n € 9nt1 Antl_1/2 o
/r—M|<sc0»4n (r)pn(r) dr ( +O(c )) ﬁ(QT + 4 ) In,

exp {%x(l)M + gTTH <x(1) — M) + Anx(2)2}
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with

Ine = Jne(aV)) = / eXp {C_x(l)(r - M)+ il (r— M)} Pn(r)dr
|[r—M|<&c—0-4n T 4

tz) gn+1
- /|t|<aco-6n exp{ T e } Fat) dt

with the function f defined in (4.11). On the other hand, by (5.8) and (5.5)

/ I (F)pa(r) dr
|r—M|>&Ec—0-4n

_0.2n c" n Apyr,_
< (1+O(c 0.2 )) ﬁ(ﬁ_i_i]\j}l _ 4+1) 1/2

with

_ ta) N
Jmsz/ exp{ Tt g+1 }fn()
1060'6">|t|>560'6" T

Let us remark that J,, = n.e(x(M)) depends on a:(l). We show that this depen-
dence is very weak. Namely, since

d tz g It]
S(zM)] = ntl VB p () dt <
PRORCC )‘ /|t|<5606neXp{ T T }Tf"() sC=ec

by (4.11’) and (4.11”), and for 2(!) = M the expression

tM Jn
neon = [ e {Ghect i g o
|t|<§COA6n

satisfies the relation
(511) 0< Ky < Jn’g(M) < Ky <

because of (4.11"), (4.11”), the inequality 0 < g,4+1 < D and the relation f,(t) >
const. > 0 for |t| < 1 that follows from Theorem A. Hence

Jpe(@M) = (14+0(c7)) J, o(M)  if € Q.

Similarly, B
0 < Jpe = O (exp(—Kc")) .

The above relations imply that

/ Ly (r)pn(r) dr = (1 + O(c™%2)) \/7?( o7+ i"]; - %)—1/2%(]\4)

exp {%Mz + gn (V) — M) + Anx(2)2} .
The last formula together with (5.1) and (5.2) imply (4.1) with

Int1  Ant1 —1/2 ",
L, = - n.e(M —M* | .
V(o S Aty >exp(T )

Since (% + LedL — %) < const.c™ relation (5.11) and the last formula imply
(4.1).




24 P. M. Bleher and P. Major

b) The estimation of S} f(x) for x € Q2.
We divide Q2 to two subsets Q2 and Q2, where we apply different arguments.
Put

O = {o llo] = M| <0 o] < (14 )", 20 > 0}, e >0,
QZZQl —Ql

and )
02 ={z,|jz| - M| <"} —Q, ..

Clearly, Q2 = Q2 U Qi The domain QL _ is a slight enlargement of Q. Tt is not

n,e
difficult to see by analizing the proof of relation (4.1) that for sufficiently small
e>0

Spf(x) = Ly exp {gn(x(l) — M)+ A2P? 1 2(x) + é(x)}

if z € Qf

n,e

with some |&,(z)] < ¢"T! and é,(z) < Kc 9?7, Since (V) — M =

lz| — M — ’32(]2\2,2 + O(c7'?") and |23)] > ¢4 for 2 € Q2 the above relation

implies that

511(0) = Luexp{gulla] - 21) = (i~ 4, ) 2"
+ () + () + O (¢7°%") biggr}

< Ln €Xp {gn(’x| - M) — <2'q—]7\2 — n) C—O.Sn + qn+1 + KC—O.Zn}

in this case, what we had to show. For x € Q% we define

. B c” r+y
Snf(x)—Lz_vf(m)exp(?x@f( 5 )pn(y)dy

and

- c" T +y
T, f () =/ exp (Tﬂcy> f ( 5 )pn(y) dy,
{y, mgﬂeﬂl.t,.p yEV;(az)}

n

where V,5(x) is defined in (4.8"), and € > 0 is appropriately chosen. The function
S¢ f(z) will be bounded with the help of Part b) of Lemma 2, and T f(x) similarly
to Sl f(x) in the case z € QL. To apply Lemma 2 first we show that under the
conditions of Proposition 1’

(5.12) 0 < f(x) §2exp{92"’—]\}1 (|:c\2—M2)} for all = € R?.

For z € Q) 4

222

2|

eV — M =|z| - M —
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hence

0< f(ZC) < exp {gn+1(|$‘ - M) — (92”;\"41 - An+1>.’£(2)2 +€n+1($) + O(C—O.Qn)} :

and since £ — A, 11 > 0 hence

0< f(@) < 5 explgnsa(le] — M)}

This inequality together with the relation

[ = M2) — (2] — M) < —— (Jz> — M?)

- M
|z] YYi

T oM

imply (5.12) for z € Q;, ;. Similarly, for z € Q2 ,; the relation

0< f(l’) < exp {gn+1(|x| —M) _ (gzn]&l _An+1>c—0.8(n+1) +qn+1}

<

DN W

exp{gn(|z[ — M)}

implies (5.12), and this relation also holds for z € Q3 ., by relation (2.17).
By (5.12) part b) of Lemma 2 can be applied for %f(x), and it yields that

S:f(z) < 2exp{%M2 + gn(|z] — M) —cn/2} ifxcQ? (orzecQl).

Since L, > ¢ exp{%M2}, and (&2 — A,)c7 08" = O(c%?") < £c¢"/2, the last
inequality implies that

(5.13)

n — n 1 n
St f(x) SLnexp{gn(|x|—M)— (;W— n>c 0.8 —ic /2}

ifreQ? (orzeQ).

To estimate 717 f(z) first we show that if z € 02, y € V,$(z) and ZE¥ € Q) then

n

(5.14)
|$(2)| < 2\/50—0.271, |y(2)| <2\/gc—0.2n’ |I(1) —M| < 2\/50—0.271,

M — M| <2y, |ly| — M| < ec™0

—0.4n
)

Indeed, in this case (z,y) > |z||y| — ec and

0< |z —yl* =2 +|y|* - 2(x,y) <|z|* + |y[* - 2Jz||y| +ec™ %"

= (2] = |y))? +ec™®*" < 2(|z| = M)? +2(|y| — M)? + e
<2(1+)c™ 08" 4 gm0 < 2704
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| < Vee 0 and 1|z — M) — (yV — M)| < ec™%2". Since
. IREES 0.4(n 09n

e Qn+17 || < e 0 ) < Vee " and g|(2M) = M)+ (yV — M)| <
3 _0 4n+1) < \/_ ec™02m by (5.3). These relations together with the definition of
VE( ) imply (5.14) that enables us to estimate T¢f(x) similarly to S!f(z) for

Hence |

r €.
We get that
(5.15) T (@) < (1+ ™) / 1 (r)pa(r) dr
0
with
]n(r):/ TeXp{ ( Dy (D) | 4 (2))
{p€T(r2)} T
(5.16)

(1) (1) (2) (2)\ 2
x\ 4+ T\ 4
e

where y(l) = 7 COS ©, y(2) — rsin Y, Y= (y(1)7y(2)) and

r+vy

Fn(r> x) = 9 n—i—l’ V;(.T)}

Observe that by (5.14) |r — M| < ec™%4", |p| < 2|singp| = 2|y?)| < 2\/ec70-2m,
Let us make the change of variables z = sin in the integral I,,(r). We have
y? =rz, yM = r(l— —)1/2 =r(l-— y;);) + O(y(2)4), z < 2%0_0'2", hence

Iy —r(1 - §)| < Ke?¢7987 with some K > 0 independent of €. These relations
imply that if ¢ € T',,(r, ) then

n (1) 3 4y(D) (2) 1 4y(2) 2
(VD 42Dy @) g (% _ M) A (u)

" 22 2 (1 -2
< 5T (x(l) <1 - 3> +x(2)z> + gn+1 < 2( 7) _ M

(2) 2
+ Ang1 (xTW> + Ke2cd2n

with some K > 0. Since & d > 5 Land |[r — M| < ec™%4" if T',,(r, 2) is not empty, the
above inequality together Wlth (5.16) imply that

(5.17) L(r)=0 if|r— M| >ec 0"
and

A

(5.17") L,(r) < 3exp(Ke*c® ™)1, (r) for |r— M| < ec™ 04"
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with

o= [ AN REOY R D)
I,(r)= M exp e 1 5 + 'z

2

(1) _z (1) 2
' +r(l +
+gn+1< 2( 2)_M>+An+1(¥> }dz.

The expression I, (r) can be calculated explicitly, and we get that for |r — M| <
—0.4n
ec

R o A -1/2
I, = ﬁM(—ra:(l)—l—gnHT _ ol 7“2)

2T 4 4
n (1) (1)
exp cx\r + gt )+ M +An(x(1),r)x(2)2
T 2
with S
An c_+ n+1\2
A (2D, r) = 4+1+ I<(>T 2 )An+1 .
2( Tr + 2r 2 )
Hence

. n (1) (1)
Ly(r) < K2 eXP{C xT A (;1; 2+T - M) +An(a:(1),r)x(2)2}
= Kc /2 exp{ %M2 + gn(w(l) — M)+ An(x(l),r)x(2)2

n (1)
c'x 9n+1 -
+( - + 5 )(r M)}

Observe that A, = A,(M, M), and if z € O2, y € V(z) and “H¥ € QL then

n’

[An(aM,r) — A,| < Koc™(Ja™ — M|+ [r — M)
222

2M

A, g (|x| - M — )‘ < Ky2®2(@2 4120 — M),

hence (5.17") implies that
(5.18)

I,(r) < Ke™/? exp{K&QCO'Qn + %MQ + gn(z® — M) + A, z(»?

+ Koc™ (|2 — M — M[)z®? c"z®  gni1 - M
oc" (|z [+l = Mz + | —— + == | (r = M)

< K¢ /2 exp{KeQCO'Qn + %MQ + gn(|lx| — M) — (29—]\714 — n) z(2)?

+ [Koc"(|x(1) — M|+ |r — M|) + K1gn(z®2 + |2 — M|)} 222

) Jn+1
+( Tt )(T—M)
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if |r— M| < ec™%4". Since 2= — A,, > ac” with some o > 0 and £(2)? > (14-¢)c 04"

oM
if € Q2

K&WMﬂm&Wm—MHW—Mn+m%wm+mm—MMﬂm

. (9_n _ n) 222

2M
— et _ (29_]\7;[ —A,+ 0 (CO.Sn)) £(2)2
< Ke2c02n (29_]\72 — A, 40 (CO.8n)> (14 ¢)2c08n
< - <2g—]\”4 . An) (14 &)c 080

if € > 0 is chosen sufficiently small. This relation together with (5.18) imply that
< K¢ /2 g Ye _ _ Gn_ ~0.8n
I,(r) < Kc exp{TM + gn(lz| — M) (1+€)<2M n)c

n.(1)
—I—(C; +gn2+1>(7’—M)} if |r — M| < ec™ 04,

With the help of this inequality, the estimate we have on the function p, (r) and
(5.17) we can bound the integral in (5.15) from above. We get that

7210 < Luexp {allel = 30) = (145 ) (22— 4, )0}

Since S!f(z) < St f(x) + T f(x) the last inequality together with (5.13) imply
(4.4) for x € Q2.

c) The estimation of S2 f(x) for x € QL and z € Q2.
We have

c" x +
0<S:f(x)= /{ . }eXp(Trcy>f(Ty)pn(y) dy
y, 55 e EL+1

< exp {_(gn+1 An+1>c—0.8(n+1) 4 qn+1

oM

c" r+y
/ eXP{Tl'y'i'gnH(' 5 ‘—M)}pn(y)dy.
{Z‘/’w-‘ry EQ?-L+1}

2

It follows from Lemma 3 that for x € QL U Q2

0s83ﬂ@szam{—(§&?—Amﬂ)aﬂawf

+w“+%MﬂwMM—Mﬁ-
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By Lemma 1 g,11c” "D > g.c® Ape™™ > Appiem ™Y de. goy1 > cgy, and
cA, > A,41. Hence

In+1 —0.8(n+1) 9n —0.8n 0.2 9n —0.8n
— A, > == — A, > (1 “— — A,
(ZM +1>c _(QM )c > +€)(2M )c

if 0 < e < ™ —1. Since e(Z&r — A,)c %" > /2" with some appropriate
g’(e) > 0 we get that

(9273—\}-41 _An+1)c—0.8(n+1) > (29_](} _An)c—o.sn 4 gl 02n

Therefore

(5.19)

S2f(z) < Kexp{%M2 + gn(|x| — M) — (g_” _ An>c—0.8n s _5/00.211}

gn —0.8n 5/ 0.2n
< — M) — 2 - - .
< L, exp {gn(m M) (QM n)c 20 }

This is estimate (4.5) (with %/ instead of ¢’). For x € Q)

gn — n
@ = M)+ 4,2 = gl = 3) = ( o = 4, )a®2 4 00,

hence (5.19) implies that for z € Q1
/
Szbf(x) < Ln exXp {gn(x(l) — M) + Anx(2)2 _ EZCOQn} ,

and this is relation (4.2) (with %/)

d) The estimation of S2 f(x) for x € QL and z € Q2.
Clearly

. c" T+
S7(w) = 52+ | eXp(—xy>f(—y)pn(y) dy,
{y, ZHLed  }nVe(x) T 2

2

where St f(x) and VS are defined in (4.8) and (4.8"). The term S f(z) is bounded
in (5.13). On the other hand, we claim that there is some £y = €¢(c) such that if
0<e<eand z € QL UQ?2 then the set {y, ZT¥ € Q3 } NV (2) is empty, hence
the last integral is zero. We have to show that if ||z| — M| < ¢704", y € V¢, ie.
ly| = M| < ec™®* and zy > ||ly| — ec™0*" then ZH ¢ Q3 |, ie. —c 040D
< |%| - M< 670.4(n+1).

Estimation from above:

2 2 2 -2

$+y‘_M§ |9U|_M+ ly| — M < 1+6c—0.4n§0—0.4(n+1)
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if 1% < ¢ %4, what holds for sufficiently small «.
Estimation from below:

2
syl e Pl A2y
2 4
_0.4n 2
- lz|? + |y|? + 2|z||y| — 2ec794 M= (Iw! +\y\) _ 2 E0an
- 4 2 2
M—C_O'4n+M—8C_O'4n 2 _M2 B EC—O.4TL
- 2 2
> (1 Me—04n _ & —04an _ _5r (1 i) —0.4n
> —(14+¢)Mc 5¢ tet o
Hence
1/2
T +y 2 € —0.4n
>\ M“—-—M(1 —
: ‘_( ( +5+2M)c
> M — (1 +52+ ﬁ)c—o.zm _ Ke0-8n
I e 1 —0.4n| .—0.4n —0.4(n+1)

if 2+ 51+ 537) + K %4 <704, what we had to show.
Hence S2 f(z) = S¢ f(x), and (5.13) implies (4.6). To prove (4.3) we still have
to remark that for z € QL

_ _ g_n_ —0.871_1 n/2
onlle] = 01) ~ (= 4, )05 — e

n 1 1
< gn(lz| — M) — (Qg_M — n)x(2)2 — 50”/2 < gn(zW — M) + Apz®? — EC”/Q.

e) The estimation of S, f(x) for z € Q3.
We get from (5.12) and Part a) of Lemma 2 that

c" 9n 2 2 " 2 2
<S8, < 2" —M? 4 2 — M?) - — —M? .
05 8,f0) < 2" exp { LM+ T (ol? - 32) = £ (o — M)
For z € Q2 g—;(|m|2 - M?) > Cg;n, hence (4.1”) implies that

cm ) On 0 0 C0.277,
0< Suf(x) < 2" exp{ SoM? 4+ I (|af2 - M2) -

T 2M 3T
< L, exp {29—]\72<\xy2 _ M2)} ,

i.e. relation (4.7) holds, as we have claimed. Proposition 1’ is proved.
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6. The proof of Theorem 1 and Proposition 2. Existence of the ther-
modinamical limit. First we show with the help of Proposition 1, Lemma 1 and
Theorem A that for all ¢, %2 < ¢ < 1, there exist some thresholds ng and Ny(n, q)
for n > ng such that if n > ng and N > Ny(n, q) then

dp,, 2"
(61) T’N(Jfl,...,l‘gn) = fr}zb,l}r\/' (2_HZIJ’>
Un =1
with
(6.2) fgljv(a;) = L, exp {gcn(:c(l) — M)+ Ac"z?? 4 sn(:z;)} for z € QF

where

(6.2") sup [en(7)] < ¢",

(6.3) fgfjv\,(x) < L, exp {gcn(|m| - M) — (i — fl) 02 4 q”} for x € Q2

oM
(6.4) £ (x) < Ly exp {%(W - MQ)} if o> M 4 ¢ 04n
(6.4) 15 (@) < Ly exp {%(W - MQ)} if 0<a2<M—c 0

with some appropriate norming constant L,, which satisfies the relation
(6.5) Cy < c 2L, < Cy with some 0 < C; < (g < .

Indeed, Proposition 1 and Lemma 1 imply (6.1)—(6.4") with some norming constant
L, = L,(N,hy). (In the domain Q3 we have divided the cases |z|?> — M? > 0 and
|z|? — M? < 0, since here we apply that gc" < g, < 2gc™. ) It remains to prove
(6.5) and to show that L,, can be chosen independently of N and hy. For this aim
we observe that

60 1= = [ @@ de = [ K / X /| .

By applying the change of variables = M + ¢~ "t and by using the function f,,(t)
defined in (4.11) we get that

M——0-4n
/ f:LL,]}rV<x)pn(x) der < / Ln(N7 hN)eXp{g— (T2 —M2)}T’pn(7°) dr
Q3 0

+/ Ln(N,hN)exp{gc (TQ—MQ)}Tﬁn(T)dr
M+C—O.4n
0.6n

= L,(N,hy) UC exp{ﬁ(QMt—f— Z—i)} (M +c7"t) fo(t)dt

—c"M

+ /c:zn exp {% <2Mt + 2—2) } (M + ¢ "t) fo(t) dt} .
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Relations (4.11") and (4.11"”) imply that

(6.7) / = L,(N,hy)O (exp(—K ")) with some K > 0.
03
Similarly,
1/ g -
7 < L,(N,h — == —A)O* L
(6.7) [, = ma e {5 (557 - )0}

(Observe that 2. — A > 0.)
Define the number T,,,

(6.8) T, /Q

It follows from Theorem A that

exp {gc" (2 — M) + flc"a:(Q)Q}pn(x) dx .

1
n

(6.9) Cic ™2 < T, < Cyc™/? with some 0 < C; < Oy < 0.

Indeed, since the expression in the exponent of (6.8) can be written in the form

gcn(x(l) — M)+ Acx(2)2 — ge"(|z| — M) — (ﬁ . A)Cnx(2)2 +0 (C—O.Zn) :

we get (6.9) by integrating (6.8) first by the variable 2(?). Some calculation with
the help of (6.2) and (6.2’) shows that

(6.10) < Lo(N, hy) g™ .

/Ql fylzyj}’\f(x)pn(x) dr — Ln(N7 hN)Tn

Relations (6.6), (6.7), (6.7") and (6.10) imply that
1= L,(N,hn)T, (14 e, + O(exp(—c™'™))) | and €, < q".

The last relation implies that relations (6.1)—(6.4") remain valid if we choose L,, =
T1, and this L, satisfies (6.5) by (6.9).

We prove Theorem 1 with the help of (6.1)—-(6.5). Fix some integer & > 0, and
define for all n > k and measurable sets A C (R2)2k the cylindrical set A(n) =
Ax (R2)2"=2" ¢ (R2)?". Put

2" on 9
fin(A) = L / Cexplgch2 Yy (@) — M)+ A (Z x§.2>>
A(n)

=1 =1

Mn(dxl e ,dxgn)
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with A(n) = A(n) N {(z1,...,22n), 277" Z?; z; € Q) }. We claim that if n > ng
and N > Ny(n,q) then

(6.11)

fin(A()) = 1% (A())| < Kg"
with some K > 0 independent of the set A. Indeed,

il A) = o (A < [ i @) da
Q2uUN3
271
+/~ Mn(dxl...,dxgn) fgf}(,(Z"ij)
A(n) j=1
2™ 2" 2
— Lypexp q gc"27" Z(xg.l) — M) + Ac"4™" (Z x§2)> ' =hL+1.
Jj=1 j=1

It follows from (6.5), (6.7) and (6.7") that
(6.12) I <exp (—00’1”) .

On the other hand we increase the term I by enlarging the domain of integration
to the set {(z1,...,29n), 27" Z?Il z; € Ql}. Hence

IQS/
QL

The last inequality together with (6.2) and (6.2’) imply that

I < 2q"uh%, ((32)2”> = 2" .
The last inequality together with (6.12) imply (6.11). Since for all £ > 0 and
measurable sets A € (R2)2k, kE <n < N we have HZ%(A(TL)) = MZf\]’V(A), relation
(6.11) implies that for all € > 0 there is some Ny(g) such that for N > Ny(e) and
N’ > Ny(e) the relation |quVN (A) —MZ%,(AN < € holds true. Let us emphasize that

the threshold N(g) does not depend on the set A. Hence the last relation means
that the limit fix(A) = limpy 00 /LZ%(A) exists, and the convergence is uniform in

n

fh,]\zjv(x) — Ly exp {gcn(w(l) - M)+ flcnx(gﬂ}‘pn(aﬁ) dx .

A. This implies that ,LLZ% — i, in variational metric. To complete the proof of
Theorem 1 we have to show that the measure jix does not depend on the sequence
hy. But it is not difficult to see with the help of (6.11) that this statement holds,
since fig(A) = lim,,— o fi(A(n)), and the right hand side of the last expression does
not depend on A .

Proof of Proposition 2. Let n > ng and N > Ny(n,q). Relations (6.1)—(6.5) hold for
such pairs n and N. By Theorem 1 the measures ,uszN converge in variational metric

to the projection fi,, of the measure fi to (R?)?" as N — oo. Since all measures

are absolute continuous with respect to the measure u,, the above convergence is
h N

. . . . d
equivalent to the convergence of the Radon—Nikodym derivatives ZZ‘N = f:L”]VV to
ZZ;: = f in L; norm in the space ((R2)2n,/vbn) as N — oo. Since all functions

fhf}’\,(x) satisfy (6.1)-(6.5) for N > Ny(n,q), their limit f also has this property.

n
Hence Proposition 2 holds true.
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7. The proof of Theorem 2. Existence of the large-scale limit. First we
need some results about the transformation @, = @, (k) of probability measures

on (R?)2""™" to probability measures on (R2)2" to be defined below. First we define
a transformation @, = Q,(k), Qn: (R2)2n+k — (R2)2k in the following way: For

all (x1,...,T9n4x), 7; € R j=1,... 27k
j2"
Qn(xl,---,$2n+k):(yl,---,QQk), yjzz_n Z xy, ]:1772k
I=(j—1)2n+1

This transformation induces the transformation @, of probability measures on
(R2)2n+k to probability measures on (RQ)Qk in a natural way. Namely, if v is a
probability measure on (R?) and (n(1),...,n(2"**)) is a v distributed vector
then Qv is the distribution of the random vector Q.,(n(1),...,n(2"**)). In Theo-
rem 2 we have to study an appropriately rescaled version of the measure Q) jt,+-
It is not difficult to see that relation (2.10) implies that

2n+kz

_ 2k
(7.1) M(azl,...,x%) = otk (2"“290]-).

dQnﬂn+k j=1

We formulate below Theorem C which follows from the relatively simple Theorem
1 in [4]. For the sake of completeness we present its proof in Appendix B.

Theorem C. The above defined measure Qppinir = Qnitnik(T,t) has a density
function hy(x1,...,x9x) of the form

1
hi(z1,...,x9:) = L(T,t,n, k) exp {_THk (c"/le, co,C x2k>} Hpn xj)

z; € R?, j:1,...,2k.

Here Hy, is the Hamiltonian function defined in (1.2') of Part I, p,(x) is the function
appearing in Theorem A, and L is an appropriate norming constant.

Formula (7.1) and Theorem C enable us to express the density function of the
random vector {R,, 0 (5), R,o®(j), 1 < j < 2*} with the help of the functions
pn(z) and f,,(x), where the sequence {o(j), j € Z} is i distributed, and R, o),
R0 are defined in (1.2) and (1.3) of Part II. This density equals to

(7.2)
P k(21,5 - -5 Tor)
2k
:Ln,kfn+k(2_k2£j) exp{——Hk( n/2 T1,...,C x2k>}Hpn
j=1

with
(7.2") T=2(x) = (M + c_":c(l),c_n/2:c(2)> for x = (x(l),x@)) .



The large-scale limit of Dyson’s hierarchical model 35

Let us define the sets W,, C R? and W,, C R? by the formulas

1/a
W, = {(x(l),x(m)’ MM x| < M + m 2®)] < ¢=0Bn 51 0}
cn cn

W, = {(a:(l),x(z)), #(z) € v‘v} ,

where 7 and « are the same constants as in Theorem A, and Z(x) is defined in
(7.2"). We shall show that there is some ng > 0 and 0 < ¢ < 1 such that

(73) P ((Ruo ™), Rao® () ¢ Wa) Sa" i n 2o

for a p distributed random field o(j), j € Z, and give a good asymptotic formula
for the expression Ay, (21, ..., 29x) defined in (7.2) if z; € W, for all 1 < j < 2%,
First we prove (7.3).

p ((7-\),710_(1)(]-)7 Rno.(Q)(j)) ¢ Wn> = P(Q_n i:o'(k) ¢ Wn)
=1

:/ _ fn($)pn($)d$:/ B +/ +/ :Il—f—fg—f—fg.
R2—=W, QLl-w, Jaz JQ3

We get similarly to the estimates (6.7) and (6.7) that

I3 <exp (—000'6”) ,

Iy < const.exp {— (% — A) 00'2”} < exp (—000'2")

The term I; has to be estimated a little more carefully.
Define

Ol = {(x(l),x@)), o] = M| < c™04n, [z®)] < ¢=04n 51 0} ,

o
- Jar-w,

We get, similarly to the estimation of I3 and I that I; 1 < exp(—Kc1"), and we
can write by (2.11) and (2.11") that

and write

ILi=hi1+15ip= /
Q

1
n

I o < 21},1/~ exp {gc"(a:(l) — M)+ flcnm(gp}pn(x) dx
QL -w,

< 3Ln/ exp {gc”(]:r:\ - M) — (g_n — A) c":r;(2)2}pn(:v) dx .
Q%_Wn 2M

Then integrating first by z(?) we get that

M—nnc™ MA4c—04n
Lo < KL, c ™2 {/ +/ } exp (gc™(r — M)) pp(r)dr < ¢"
M—c—0.4n M+77n1/cxc—n
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with the help of relations (1.8) and (1.10) in Theorem A. Let us emphasize that it
was the multiplying term ¢" in (1.8) that enabled us to give an exponentially small
bound for the second term in the last integral. The above estimates imply (7.3).

To estimate the expression (7.2) in the case z; € W,,, j =1,2,...,2% we make
some preparatory remarks. Put

lp(x) =c"(|Z(x)| — M) =c" { [(M + ¢ meW)? 4 c*”a:@)ﬂ v M}

We have
(7.4)
7(2)2

On(z) = 2

+0 (c*” (x(2)4 N |x(1)|$(2)2>>
(22

_ )
YT

+0(c7"%)  if zeW,,

because, as it is not difficult to see, ¢c™/2|z(?)| < 704" and M — 2¢79" <
M +c "z < M 4+ 2¢799 if £ € W,,. We show with the help of Theorem A and
(7.4) that

(7.5)

(2)2 (2)2
2 — _% m . * @ 1+ n
Pn(Z) exp{ T(M:z; + 5 )}g(T(Mx + 5 ))(1+O(q )

with some 0 < ¢ < 1 for z € W, if n > 0 is chosen sufficiently small in Theorem A.
Indeed, by Theorem A

po(@) e { =200 o (U 0) ) (140

(2)2
exp {—aOTMKn(x)} = exp {—% <Mx(1) + I 5 > +0 (0_0'8")} ,

and
(7.6) ‘g(%Mﬁn(x)) _ g<“_T1(Mx<1> n gm _ 005

by (7.4) and the boundedness of the function -=g(z). (See Lemma 13 in Part I.) On

the other hand, by Lemma 17 of Part I the relation —2nn < () + m;; < 2nnt/

if x € W,,, which holds because of the definition of W,,, and the inequality

M W TN g
n ot _ _ < —u.sn
*(|z(z)) ) (:1: + Wi >' < Kc

(2)2
E (1) l‘— —0.3n
g (T (Mx + 5 )> >c

we have
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if x € W, and 7 is chosen in Theorem A sufficiently small. Hence (7.6) can be
rewritten as

g (%Mﬁn(x)) (T <M (1) 4 %)) (1 n O(C—"/2)> .

The above relations imply (7.5).
We also claim that

(7.7)
Hk;( n/2I1,..., /2532k>
_ ok
== 3 > UG M@ +2) + aPaP - m?| 1 0(g")
i=1 j=i+1
and
— 2k 2
(78) Fusk (Wzazj) L exp ngzxw . A(Z x@)) L ot
Jj=1 J=1
ifx; € W,,j=1,...,2%
Indeed,
Hk( n2E, .. ,C”/Qi‘Qk)
2k_1 2k
=-> YU [ (M + a0 + ) + 222 |
i=1 j=i41

hence to prove (7.7) it is enough to remark that in the last expression the terms
—n (1) (1)
ca T w;
S W,.
k —
To prove (7.8) we have to show that 2% 2321 T; € Q. if &; € W, for all
j=1,...,2% and then apply Proposition 2. We can write with the notation Tj=

1) ~(2 (2 n —0.4n ~(1
(() ())that\Q ’“2315)\<0045 < c704ng=k and |2- k231§) M| <
2c™ 045”§4 —0-4n if p is sufficiently large (k is fixed, n — oo) and z; € W, for

j=1,...,2%. These relations imply that 2% ijzl Zj € Q}Wk. We get, by putting
(7.5), (7.7) and (7.8) into (7.2) that

Pon i (21, ..., Tok) = nkexp{ nga:(])+ A(Zx@))

12’“—1 2k " (292
CE T3 v (ol o) ) - 38 (a2 )

are negligibly small, since c*”xf;l):z;g.l) = O(c7%8) if x; € W,, and

(2)2

(e o+ )t



38 P. M. Bleher and P. Major

Withsome()<q<liijeWn,j:1,2,...,2k.

Simple calculation shows that — Zzzil Ui, j) = %, hence the coefficient of

xgl), (c/2)kg + % Zj; Ui, j) — % equals zero, and

(7.9) B g (1, -y on) = hpe(1, -, 290 ) (1+ O(q™))

if ; € Wy, j=1,2,...,2% where hy is defined in (1.12) (with p = 2). It is not
difficult to see that (7.3) also holds with a random vector with density function
(1.12). Hence (7.3) and (7.9) imply Theorem 2.

8. Some open problems and conjectures. Dyson [12] has defined a more
general class of models than that considered in this work. He defined, with the help
of a real function ¢: Z — R!, models with the Hamiltonian function

(8.1) Ho)=—> > oldi, )8, f(x)i)o(s),  o=/{o(i), i€Z},
i€Z jEZ
7>t
where d(+,-) denotes the hierarchical distance on Z given in formula (1.1) of Part I.
In this work we have considered models in the special case p(z) = |x|~® with a =
2— }85; One question we are going to discuss here is that which are the functions
¢ for which Dyson’s model with the Hamiltonian (8.1) has a phase transition at
low temperatures. In the boundary case some more delicate phenomena appear
which we also want to discuss. The behaviour of vector and scalar-valued models
is different. First we discuss the vector-valued case.
The quantities M,, = M,,(T") considered in Part I can be defined in a natural
way in the general case. The arguments of Part I suggest that the relation

1
4 M,(27)

(82) M’n,—|—1 - Mn

holds true. The existence or non-existence of phase transition depends on whether
M = lim,_,., M, equals to zero or not if T is small, i.e. if Mj is large. Hence
formula (8.2) suggests that a phase transition at low temperatures occurs if and
only if »° W is convergent. Dyson has formulated the same conjecture in [13]

and proved its convergent part in the special case when o(i) € R®. He has also
solved the problem for scalar-valued models. He proved that there is a phase tran-
sition at low temperatures if p(n) > C log:z# with some C > 0, and there is
none if go(n)log;# — 0. Moreover, in the boundary case ¢(n) = C’log;# the
following Thouless effect occurs: There is some critical parameter T, such that
M(T) = limy, 0o M, (T) > 0 for T < T, and M(T) =0 for T > T,,.. The quan-
tity M (T') has a physical content, it is called the spontaneous magnetization. The
interesting feature of the above result is that it states that the function M (7T') has
a discontinuity at T' = T,... This particular behaviour of the spontaneous magneti-
zation appears only in the boundary case ¢(n) = C’logi#. On the other hand, the
Thouless effect occurs in some other models too, like in the one-dimensional Ising
1

model with = interaction, in one-dimensional percolation models if the proba-

bility of the event that the points i and j are connected has the order C(T')|i — j| 2,
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e.t.c.. In recent time several interesting papers appeared on this subject, (see e.g.
[1], [2], [17]). On the other hand, there are some other interesting phenomena
connected with the Thouless effect, like the irregular behaviour of the correlation
function, whose investigation requires essentially new ideas.

The appearance of phase transitions and the Thouless effect in scalar-valued
models are connected with the behaviour of the sequence M,,. The quantity M, 11
can be expressed asymptotically in a simple way with the help of M,, and the
function ¢ in scalar-valued models too. But this formula is essentially different
from his vector-valued counterpart, namely

1
(8.3) M1 ~ M, [1 - exp{—fMgél”go(Z”)}} .
In the particular case p(n) = bg;# we have
/ 1 2
(8.3 nt1 ~ M, [1 - exp{—TMn log n}] :

Formula (8.3") may help us to understand the cause of the Thouless effect, at least
at a heuristic level. If M, (T) < /T for some n then relation (8.3) implies that
M(T) = lim,,—,0o M,(T') = 0, hence either M(T) > VT or M(T) = 0. Since
M (T) # 0 for small T, this relation implies the discontinuity of the function M (T).
In vector-valued models relation (8.2) does not suggest such a behaviour. We expect
however that some delicate effects appear in this case too, and we are going to study
them in the future.

Let us remark that the study of existence or non-existence of phase transitions
at low temperatures seems to be an essentially simpler problem than the study
of the Thouless effect and related questions. In the first problem it is enough to
consider sufficiently low temperatures, and in the case of vector-valued models with
Hamiltonian function of the form (8.1) for instance the method of the present paper
works without any essential changes. In the second problem however, one has to
study the behaviour of the model near the critical temperature, and this requires
more work and new ideas.

Another problem we are going to discuss here is the description of the large-scale
limit of vector-valued equilibrium states with translation invariant Hamiltonian
function. We have discussed its scalar-valued counterpart in Section 8 of our paper
[6], and formulated our conjectures about it.

Let us consider vector-valued models on the d-dimensional integer lattice with
Hamiltonian function

H(o)=— > ali)o(i) = Y _ plo(i)

li—j]=1 ic€Zd
i,j€Z?
with )
t x
ple)= Lt - L s,
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and the Lebesgue measure on RP with some p > 2 as the free measure of the model.
The expression o(i)o(j) in the above formulas denotes scalar product.

Let {X (k) = (X,il), . ,Xlip)), k € Z} be a random field with the distribution
of a (pure) equlibrium state with the above Hamiltonian function at a certain tem-
perature 1. If d > 3 then there exists a spontaneous magnetization at sufficiently
low temperatures. This is proved with the help of the infrared bounds (see e.g.
[14]). In case of phase transition we consider that pure state for which the direction

of the spontaneous magnetization is e; = (1,0,...,0), i.e. EX,gl) =M > 0, and
EX,ES) =0fors=2,...,p.

Define the “renormalized” random fields {Yi(N) = (Yi(N)',...,Yi(N)P)},
N =1,2,... by the formulas

(8.4) V(NP =AN)™ S (xiY - BxY)
JEDE(N)
(8.4') (N =B Y X, s=2,...p,
JEDE(N)
with

Dy(N) = {j = (W, ez, KIN+1<50<ED 41N,
r=1... ,d} )

We are interested in the question that for which choice of A(N) and B(N) the fields
Y (N) have a non-trivial limit, i.e. a limit which is not concentrated on a single
configuration. We also want to describe the distribution of the limit field.

Dyson’s hierarchical model with parameter ¢, 1 < ¢ < 2 can be considered as an
approximation of translation invariant models with nearest neighbour interaction
on the d-dimensional lattice Z¢ with d = ﬁch' (See paper [21] for a discussion
of this approximation.) It must be admitted that the above approximation is made
only at a heuristic level, but it helps us to get a better understanding about the
behaviour of the large-scale limit. On the basis of the present work and [5] we
can formulate the following conjectures about the large-scale limit of translation
invariant models at low temperatures.

The behaviour of the large-scale limit is different in the cases d > 4, d =4 and
d < 4, and they correspond to the cases ¢ > v/2, ¢ = v/2 and ¢ < v/2 in Dyson’s
hierarchical model. In accordance with [5] we expect that for d > 4 the large-scale
limit exists at low temperatures with A(N) = N2 and B(N) = N(@+2)/2 The

limit field {V; = (YV,...,¥;"), k € Z9} is such that the fields {Y,\7), k € 24},
j=1,2,...,p are independent, {Yk(l), k € Z%} consists of independent identically

distributed Gaussian random variables with zero mean, {Yk(s), k ez}, s =
2,...,p, are massless free Gaussian fields, i.e. they have the same distribution as
the field

Yi = C/ exp(ikz) ﬁ{exp(m(j)) -1 }W(d:z:), ke z¢,

|;(;| ok ix(j)
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with some C' > 0, where W (dz) is a complex-valued white noise field on R¢ with
the conjugation property W(z) = W(—=x). (For the definition of W (x) see e.g.
[16].) The situation is similar in the case d = 4, i.e. the investigation of Dyson’s
model suggests a similar behaviour with the only difference that a logarithmic factor
appears in the normalizing term A(n). More precisely, for d = 4 the fields Yk,(N)
defined in (8.4) and (8.4' ) with A(N) = N?\/logN and B(N) = N(@+2)/2 = N3
have a Gaussian limit as N — oo which consists of independent components s =
1,...,p, similarly to the case d > 4. The limit of the fields Yk(s), §=2,...,p, is a
massless free field.
The result of the present work motivates the following conjecture for d = 3.

Conjecture. For d = 3 the large-scale limit exists al low temperatures with the
normalizations A(N) = N? and B(N) = N°/2. The large-scale limit has the same

distribution as the random field {Yy = (Yk(l), . ,Yk(p)), k € Z3} defined by the

formulas

3 .
85 V= /exp‘;’]m 1;[ ’Z(:) YWilde), kez®, s—2. . p
and
(8.6)
> () 4 ()] —
v = Z// exp Z\];!i/ry ]1;[1{ expli f;(j iz(])))] 1}Ws(dx)Ws(dy)7
keZ?,

where C' > 0 is an appropriate positive constant, and Ws(dz), s = 1,...,p are

independent complex valued white noise fields on R3 with the conjugation property
W(z) = W(—z). (For the definition of two-fold stochastic integrals with respect to

a Gaussian field see e.g. [16]. Such an integral appears in the definition of Yl(s) )

The fields Ys(k), s = 2,...,p defined in (8.5) are massless free fields, the field
defined in (8.6) belongs to the class of self-similar fields constructed in Dobrushin’s
paper [11]. It is a quadratic functional of a Gaussian field, just as the corresponding
field in Dyson’s model for 1 < ¢ < V2.

The large-scale limit of the equilibrium state in Dyson’s model described in The-
orem 2 of Part II has the following independence property: The random variables
Yk(l) + ﬁ Z§:2 Yk(s)2 are independent for different k. This independence property
does not hold for their translation invariant counterpart defined in (8.5) and (8.6).
It cannot be preserved, because translation invariant models have less symmetry.
Nevertheless, the following non-rigorous argument shows some analogy between the
behaviour of the fields defined in (8.5) and (8.6) and the above mentioned indepen-
dence property. In this non-rigorous argument we consider the limit field appearing
in the Conjecture as the discretization of a generalized field.
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Let 0(t) denote the Dirac-delta function in the point ¢, and consider the gener-
alized field which at §(t) takes the value Y(§(¢)) = (Y ((¢)),..., Y (5(¢))),

Y<s>(5(t>):C/%W@(dm), T
it(z+vy))
v (5(1)) — // exp(i ) ( da) WS ( du)
(5t 2M§j o WO Wy

Actually this definition is not correct, since the above stochactic integrals are mean-
ingless because of the divergence of the integrals [pq % and [ [po %. But
the integral

y“)(so):/Y(”(é(t))so( = 2MZ// P 9) 3179 ) W) ().

|z|ly]
and
Y (p /Y(S) o(t)dt = C/ ] W(S)(dx) 2<s<p,
are meaningful for nice funtions (. In particular, they are meaningful for the
indicator functions of the unit cubes ﬁl[k‘i, k; + 1) which we denote by ¢ if k =

(k1, ko, ks). The random field appearing in the Conjecture can be considered as the
discretization of the above defined generalized field if we identify Y} with Y (¢(k)).

A formal application of It6’s formula (see e.g. [16]) would supply the relation
YW (5(t) — 537 SF_, Y (5(¢))? = const., and this can be considered as the ana-
logue of the mdependence property of the large-scale limit of Dyson’s model for the
above defined generalized field Y (§(-)). On the other hand by our Conjecture the
discretization of this generalized field is the large-scale limit of the three-dimensional
translation invariant vector-valued model at low temperatures.

Let us finally discuss the cases d = 1 and d = 2. The case d = 1 is rather
simple. In this case there is no phase transition, and if { X}, k € Z'} is a random
field with the distribution function of an equilibrium state at any temperature
then it satisfies the central limit theorem with the usual normalization. The case
d = 2 is more delicate. In this case the dimension p, (o(i) € RP), also plays an
important role. In this case there is no symmetry breaking, but for d =2, p =2
a more delicate phenomenon, the so-called Kosterlitz—Thouless effect occurs. (See
[15]). This means that at low temperatures the correlation function decreases rather
slowly, only power-like. Hence a non-trivial large-scale limit should appear in this
case. For d =2, p > 3 it is expected that the Kosterlitz—Thouless effect does not
occur, but for the time being it is proved only at a physical level (see[18]). Hence,
it is expected that for d = 2, p > 2 the large-scale limit has the same (trivial)
behaviour as for d = 1.

When typing the final version of this work the authors learned about some recent
results about the Kosterlitz—Thouless effect (see [22], [23]). The arguments of these
works, also supported by computer simulation, suggest that the situation in two-
dimensional translation invariant models is essentially different from what we had
expected. In particular, the difference between the cases p = 2 and p > 2 in the
models we have discussed at the end of this Section does nevertheless not occur.
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APPENDIX

Appendix A. The proof of the basic recursive relations (2.1) and (2.1')
in Part I. Formula (2.1") immediately follows from (1.4) in Part I with n = 0. To
prove (2.1) let us first observe that the recursive relation

(AL)
Hn—|—1 (xla e 7x2”+1) =H, (:1717 ) 7372") +Hny (5132714.1, s >x2”+1)

2n+1

2TL
(2 a) (e X w)
i=1 j=2n 41
holds for n > 0, where

2n 2"
Hn(l‘l, . ,l‘gn) = —Z Z U(z,j)xzx] y

i=1 j=i+1
and U (i, j) is defined by (1.1) and (1.2") in Part I. By relation (1.4) in Part I
(A2)

1 1
Pz, T) = m /exp{—THn(xl, . .,332n+1)}

2n+1 2n+1
5(2_(”+1) Z T; — az) H p(x;) dx; |
i=1 i=1
where Z,,11(T,t) is an appropriate norming constant, and 5(2 (n+1) 22n+1 Ti— :1;)

means that integration in (A2) is taken on the hyperplane 2=+ Y% "2, = x
with respect to the Lebesgue measure. Let us fix some number u, and calculate
the integral on the right-hand side of (A2) by integrating first on the hyperplane

. _ on _ 2n+1
defined by the relations 27" » 7, x; =z +wand 27" Y 7 5., ; = z —u and then

by integrating by u. We get with the help of relations (A1) and (A2) that
Cn
T _
pole )= 5y [ Gt -]

[ exp{ LRV xgn}5(2_"5_21%-—(36—1—@)f[lp(xi)daci]

2n+1
1
[ exp{ —Hn( x2n+1,...,x2n+1)}6(2_” Z xi—(:z:—u))
1=2"+1
2n+1
H p T dxz}
=27 +1

_¢, /exp {%(:ﬁ _ u2)}pn(:ﬁ + w)pn(z — u) du,

as we have claimed.
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Appendix B. The proof of Theorem C. Since the measure p,; has the
density function

2n+k:
1 1
— ——H vy Zom ;
R LNl Y | EOF
the density function of the measure Q,, i+, the function hi(z1, ..., zor) equals to
(B1)
e )= 5 [ e o )
Tlyenn, Tok) = — exp{ —— Z1y.v.,Z9n
k\L1, y L2k Zn—|—k p T n+k\<1, y “ontk
2m 2'n+k
H5(2 " Y mea) [ [T »te0 e
j=(— 1)2n+1

k
where H12:1 5(2- 222 (I—1)2n41%; — @1) in the integral (B1) means that integra-
tion is taken on the hyperplane defined by the relations 27" Zézl(l—1)2n+1 zj = xy,

I =1,...,2% with respect to the Lebesgue measure. The special structure of the
hierarchical distance implies that

2k 2k
Hoik (21,0, Zonik) = E Hu(Za—1)2n41,- -+ Zi2n) g E (4,7)zi%; ,
=1

=1 j=i+1

with z; = 27 ”Zp (i—1)2n41 2ps &= 1...,2k
Hence relation (B1) can be rewritten as

2k
1
hi(z1,...,298) = eXp Z Z U(i, )iz,

1=1 g=1+1

2k
1
'H/eXP{—an(Z(Z—1)2n+17---,212")}
=1
127 12"
5(2—" Yoz —xl) I p)dz

j=(—1)27+1 j=(—1)27+1

1
- Ck'ﬂl exp{—?Hk(Cn/le,... x2k }Hpn :El7 )

as we have claimed.

Appendix C. The calculation of the Radon—Nikodym derivatives. The
proof of formulas (2.1)—(2.3") in Part II. For n = N relations (2.1) and (2.2)
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of Part II immediately follow from formula (1.4) in Part II. Hence it is enough to
prove our relations by induction from n + 1 to n. Clearly,

Poii(z1, .. xont1) = Cp P21, ...y xon ) Py(Ton g1, ..o, Ton1)
2n 2n+1
Cn
e (2T w) (2 2 o)
j=1 j=2n+1

with some norming constant C,,. Given some measurable set A C (RP)%" define
the cylindrical set A C (Rp)ZnH as A = A x (RP)?". By our inductive hypothesis
for n 41

2n+1

,u:;’N / AN (2 (n+1) Z x]) 1 (1,0 Tont1) dxy . L dTon+r

- frna( (£33 7))

(1'1,.. xgn)Pn(.’L‘Qn+1,...,fL’2n+l)
Cn 2n 2n+1
exp T (2”’ Zx]> (2” Z mj) dxy ...dxon+1 .
J=1 Jj=2"+1

Let us calculate the last integral by first integrating on the hyperplanes where
n+1
T1,...,2Ton and y = 2% 2 _onyq Zj are fixed. Since P, (ani1y ..., Tont1) is the

only term in the integrand which is not constant on such a hyperplane, and its
integral equals p,(y) on it, we get that

271
hn — hN —n x_] g "
=0 [ (2 (S )P ) ont)

mn 2"
c
exp{?2_”(z xj)y} dry ... drondy .
j=1

Hence we get, by integrating first by the variable y that

2’n

/L,Z]\]’\,(A) = C’;%/ Snff;ﬁl’N (2_”Za:j)Pn(x1,...,xzn)darl ... dTon .
A

Jj=1

Since this relation holds for all measurable sets A C (RP)?", it implies our inductive
hypothesis for n.

Appendix D. On limit Gibbs states. Here we briefly describe the definition
of limit Gibbs states (also called equilibrium states in the literature,) and discuss
some important questions related to this definition. Limit Gibbs states are defined
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with the help of a Hamiltonian (often called energy) function, a free measure and
a physical parameter, the temperature T. The Hamiltonian function is a formal
series. Let us have a subset Z C Z? of the d-dimensional integer lattice and a closed
set K C RP in the p-dimensional Euclidedan space. We consider a Hamiltonian
function H(o) of the form

Ho)=— > Uli,jo(@)a(j), o={o(j), oj) € K, j € Z},

1,jEZ

where U(-,-) is a given function, U : Z x Z — R!, and o(i)o(j) denotes scalar
product. (There is a more general definition of Hamiltonian functions, but this
special class is sufficiently large for our purposes.) Given some finite set V' C Z, we
define the energy function Hy (o) as

(D1) Hy(o) =~ Ulij)o()o(j),  o={ao(i), iV},
1,jEV
and the conditional energy in V' with respect to a configuration ¢ in Z — V as

(D2) My (ole) =Hy (o)=Y > Uli,j)o(i)a()),

eV EZ-V
o={o(i), 1€V}, o

(G(i), icZ -V},

provided that the last sum is convergent. Given some h € RP, we also introduce
the energy of a configuration ¢ in the volume V' with respect to the external field
h as

(D3) Hiy (o) = Hy (o) —h Y o(i).

eV

Given some finite set V' C Z, a configuration ¢ = {5(j),j € Z—V} outside V, a
Hamiltonian function H(o)) and a free measure P(dx) on K, we define the Gibbs
measure in volume V with respect to the external field & at temperature 7" as the
probability measure py 7 (-]5) on KV given by the formula

o) e ap) = ot [ eo{-Trveln ] I Pt

JjeV

where A € K" is an arbitrary measurable set, o = {o(j),j € V} and Z(V,T,5) is
an appropriate norming constant, provided that the above expression is meaningful.
Now we formulate the following

Definition of Gibbs states. A probability measure ji is a Gibbs state with Hamil-
tonian function 'H and free measure P at temperature T if a i1 distributed random
field o(j), j € Z satisfies the following relation: For any finite set V' and measurable
set A C KV the conditional probability of the event 0 € A, o = {0(j),j € V} with
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respect to the condition {o(j) = &, j € Z —V'} with a configuration & = {&(j), j €
Z —V} equals to

fio € Al{o(j), j €2 -V} =0)=pvr(Alo)

with [ probability one, where pyr is defined in (D4).

The question arises whether Gibbs states on K?% exist, and whether they are
unique. A natural way to construct Gibbs states is to carry out the following pro-
cedure. Choose an increasing family of sets V,, C Z, UV,, = Z, fix a configuration
& =05" ={5(j),j € Z—V,} for each V,,, and consider the measures uy, 7(-|7)
defined in (D4). Prove that under some mild restrictions there is a convergent
subsequence of this sequence, and the limit of this subsequence is a Gibbs state.
The problem about the uniqueness of Gibbs states is closely related to the question
whether, in dependence of the choice of the external configuration (™, different
limits can appear in the above construction. A slightly different, and often useful
approach is to choose a sequence h, € R"™, h, — 0, and try to construct Gibbs
states as the limit of a sequence of measures of the form ,u(ﬁ-z,T, where we define the

probability measure //{/’T as
(D5)

Wl (A) = Z(VlT h)/exp{__(zzU” A thi)}HP(dxi).

i€V jev i€V eV

If K is a compact subset of RP then standard results in probability theory imply
the compactness of the measures uy, r(-|5) or of ,u}‘l/z’T in weak topology, i.e. the
existence of a convergent subsequence in this topology. (See e.g. [3].) Nevertheless,
there are many interesting models, where the set K is non-compact (e.g. K =
RP)) and in such cases a hard analysis is needed to prove the existence of such a
convergent subsequence. (See e.g. [10] or [20] as an example.) In order to prove that
the limit of the sequence of measures py, r(-|7) (or H}\L/Z,T) is really a Gibbs state
it is worth while to rewrite the definition of Gibbs states in an equivalent integral
form. Let f = f(zj,,...,2;,) and g = g(xy,,...,21,), x;, € RP, x;, € RP, be two
bounded and continuous functions with finitely many arguments, V' = {ji,...,jx},
W =A{ly,...,lx}, V CZ, W C Z such that VW = {).

The measure ji on KZ is a Gibbs state if and only if

(D6) fodi = /K ulhgdn

KZ
for all functions f and g with the above properties, where
(D7)
p(f) = p(f)(o) = va(a(h), -5 0(jr)) pvr(dolo)
o={0(j),j eV}, o={a(j),jeZ-V},

and py 7 is defined in (D4).
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Let us consider an arbitrary sequence of sets V,, C Z, UV,, = Z, and numbers
hn, € RP, h, — 0. Some calculation shows that for sufficiently large n (if V' C V,,,
W cV,)

(D8) fgdplr o = / W' (f)g dpy? 7
KVn KVn—V
with
Mh"(f) va T(f7 (1), €Va—=V)
[ f(o(r),--.,0(k)) exp{—F(Hvv, (0) — hn Y o(i))} ] P(do(i))

= =
Jexp{—7(Hvv, (0) = hn 3 o(i)} I] P(do(i)) ’
eV eV
where
Hvv, (o) =3 D ol
i€V jeV,

If the sequence /'L(L/Z,T tends weakly to the measure ji then the left-hand side of
(D8) converges to that of (D6). Hence to prove that the limit measure fi is a Gibbs
state it suffices to establish the convergence of the right-hand side of (D8) to that
of (D6). If the Hamiltonian function has a finite range interaction, i.e. there is
some number r > 0 such that U(i,j) = 0 if |[i — j| > r then it is not difficult to
see that p(f)(e) — u(f)(7), and the required convergence can be proved with
the help of this relation. In case of infinite range interaction one must be more
careful, especially if the state space K is non-compact. Dyson’s model which we
are investigating is such a model. In Theorem 1 of Part II we have proved the weak
convergence of the measures /i?vn to fi. (Actually, we have proved a stronger form
of convergence.) In Appendix E we prove Theorem B, i.e. we show that the limit
measure is a Gibbs state. In the proof we approximate Dyson’s model with a model
with finite range interaction, and this enables us to carry out the required limiting
procedure. In Appendix E we restrict ourselves to Dyson’s model, although the
argument also works in more general cases.

Appendix E. The proof of Theorem B. We apply the argument of Appendix
D. The proof of Theorem B can be completed by showing that also in the case of
Dyson’s model the right-hand side of (D8) tends to that of (D6). We formulate this
statement in more detail.

It suffices to consider the case when V = {1,2,...,2*}, W = {2F +1,2,...,2™}
with some 0 < k < m, ie. f = f(z1,...,29¢), g = g(Toryq,...,22m) and Vy =
{1,2,...,2V}. (We apply the notation of Appendix D.) Introduce the functions

(E1)
PZ,N(%, ey Tk | Tk, ..., ToN)
k N k
_ eXp{_% 222 1 232 i+1 U(Z,'])Ib‘zl'] - hzgzl xz)}
- ] % % )
fexp{—%(z Zy =i+1 (27]>mixj —h Z?:l mz)} H?:l p(x;) dx;

2N

l’jGRp,jZI,...,
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and
(E1) Pr(T1,- .., Tok|Toryq,...)

exp{—% 1221 Z;‘;i—l-l U(z’,j)xixj}

- 2k .. ok )
fexp{—% D et ?ii+1 U(%J)xixj} [Ti=; p(:) d;
Z; eERP, j=1,...,

where the function U(+,-) is defined in (1.2) and p(z) in (1.3) of Part I. Put
(E2)
H’Z,N(f)(x2k+1a~--7$21\f) = /f(ml,...,gczk)

2k:
p27N($1,...,$2k’$2k+1,...,$2N)Hp(.f17i) dxz
i=1
and
2k
(E2") pn(f)(zoryq,...) :/f(.Tl,...,[EQk)pk(ﬁl)l,...,$2k|$2k+1,...)Hp(.’lfi)dllfi.
i=1

The convergence of the right hand side of (D8) to that of (D6) is equivalent to
the relation

(E3) i [ g (7l = [ (1)

in our case, where M}&N and [i are the same probability measures on (Rp)2N and
(RP)Z as in Theorem 1 of Part I.

To prove this relation let us introduce the sets A(K, k,n, N) and A(K, k,n),where
KecR', K>0, k,n,N €Z and k <n < N, defined by the formulas

A(K, k,n,N) = {(zgry1,...,2on), 7, ERP, j=2"+1,...2" |z;] < K
if 28 < j < 2" and |z;] <2 if 2 <j <2 I=n,..  N-1}

and
A(K, k,n) = {(wr41,...), z; € RP, j=2"4+1,..., |z < K

if 28 < j <27 and |o;] <2@if2l <j <2t l=nn+1,...},
Wherea:%—%iggg.

We claim that for all € > 0 some n = n(e) and K = K(e,n) can be chosen in
such a way that

(E4) P (g gqy - on) & A(K, kyn, N)) < e
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and

(E4) i((@ein,-. ) & A(K, k,n,)) <e.

To prove relations (E4) and (E4’) let us first observe that there is a universal
constant C, C' > 0, such that if Sflf(x)j) is the j-th coordinate of a p¥ or i
distributed random variable then the inequality Eo?(j) < C holds for all j € Z
and measures ,u};,N and . This can be seen by observing that the argument of
Section 6 in Part IT actually implies that all moments of the j-th coordinate o ()
of a ,u]](,N distributed random vector ¢ converge to the corresponding moment of
the j-th coordinate of a i distributed random vector as N — co. Then we get,by
exploiting that 1 — 2« > 0 that

n_2k

N
S <.

M?\TN {(gj2k+1, cooyon) & A(K kyn,N)} < C<2
j=n

if first » and then K is chosen sufficiently large. The proof of (E4’) is the same. (We
remark that relations (E4) and (E4’) hold with arbitrary « > 0 in the definition of
the sets A(-,-,-). To prove it we have to apply the stronger statement Eo?* < Cj,
for all £ > 1. This observation is needed if we want to prove Theorem B in the case
V2<e<?2 t00.)

We claim that for all € > 0 there is some Ny = Ny(e, K, n) such that for N > Ny

(E5)
pZ’"N(acl, ey Tk | Tk gy ..., TN ) — piNO(azl, ey Tk |Tok g .., ToNg)
2k 2k
< 6(2 ym) exp{(ZKn +1)) m\}
i=1 i=1
and
(B5')
Pr(T1, ..., Tok|Toryq...) —p%NO(xl, ey Tk |Tok 1 ., ToNg)

<<(Sind) esp{ern 3 1o}

if (zoki1,...,29n) € A(K,k,n,N) and (z9r41,...) € A(K,k,n). (The constants
K and n in formulas (E5) and (E5’) are the same as in the definition of the sets
A(K,k,n,N).) First we show that (E5) and (E5’) together with (E4) and (E4’)
imply (E3), hence also Theorem B. Indeed, since p,(x) decreases at infinity faster
than exp(—z?/2) hence (E5) and (E5’) imply that

/Lll;bf\]rv(f)(ka—l-lv Ce TN ) — Mg,No(f)(%ker -y ToNg )| < const.e
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and

|k (F) (@an g1, - ) = i g () (@28 41, - T )| < comste .
if (xgry1,...) € A(K,k,n). This implies that (zoryq,...,2o8) € A(K,k,n,N).
Since this relation holds on a set of 1 — ¢ uﬁ,” resp. [ probability by (E4) and
(E4), the functions f, g, ,uZ’jV( f) and p(f) are bounded, hence an error less than
const.c is committed if /ﬂk”j\] and pu,(f) is replaced by py v, in formula (E3). After
this replacement relation (E3) holds, because the projections of the measures ,uﬁ]N

0 (Rp)2N converge to the projection of i to the same subspace. Since € > 0 can
be chosen arbitrary small, relation (E3) holds in its original form.

We prove only (E5) the proof of (E5’) being the same. Let us first observe
that for any n > 0 there is some Ny = Ny(K,n,n) such that for N > Ny and
(Xoky1,...,Ton) € A(K, k,n,N)

(E6)
2k ok 2k 2No
exp{——z Z ZJxxj—hNle}—exp{——Z Z zga:arj}
1=1 j=141 =1 j=i4+1
1 2k- 2N
:eXp{_fZ Z U(i,j)mixj}

i=1 j=i+1
1 2k 2N 2k
exp _T(Z 3 U(i,j)xia:j—hNZ:ci)
1=1 j=2No 41 =1

ok 2k
L | 2Kn +
< ULZ%| d exp{ —o 1 > ]

In the last relation we have applied the inequality |e® — 1| < |z|el®! together with
the relations hy < /2, |Z _ovo 1 UG 9)xs] < 12272 N, 27(@=1) ()| < /2 and

N
|32 UG j)ay] < 2Knif N > No, j > 25, (2ge4s,...,29n) € A(K k,n,N)
and Ny is sufficently large. Integrating inequality (E6) with respect to the measure
k
H?le(xi) dx; we get that

'/ eXp{‘fCZ
/ { 22+ (i j)xixj} ifj[lp(xi) d;

where the const. may depend on K and n. In formulas (E6) and (E7) we have
shown that both the numerators and the denominators of the functions p;ﬂv and

(E7)

(i,7)zix; —hNsz)}Hp(xi)dxi

=1

< const.n ,

Se
>
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p% N, defined in (E1) are close to each other. The number 7 can be chosen arbitrary
small in these estimates by fixing first n then K = K (n) and finally Ng = No(K,n)
in an appropriate way. Moreover, given some appropriately chosen n and K the
number 7 > 0 can be taken arbitrary small if Ny = No(K,n,n) is sufficiently large.
Hence we prove (E5) by showing that

2F  2No 2k

(E8) /exp{—% Z Z U(i,j)ziz; } Hp(%) dz; > D

i=1 j=i+1

with some D > 0 on the set A(K,k,n, Ny), i.e. the integral in (E8) is separated
from zero. Here the constant D may depend on K and n but not on Ny. Relation
(E8) holds, since if |z;| < 1, j =1,2,...,2% and (w9xq,...,79n) € A(K, k,n, Ny)
then the integrand in (ES8) is separated from zero.
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