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ON A NON-PARAMETIC ESTIMATION OF THE REGRESSION
FUNCTION

by
P. MAJOR

The regression function is usually estimated by a polynomial. In this paper an
other method is investigated, similar to one of the methods of density estimation.

It is the following method: Let (¢;,#;) i=1,2, ... be independent identically
distributed two-dimensional random variables, P(0=#;=1)=1. Let us divide the
interval [0, 1] into a, equal parts. We estimate the function R(x)=E(¢[n=x) by
the following R,(x)

_ @
M Ry() = , s . k  k+1
the number of n,—s (i = n) falling into the interval | —,

an an

xe[—k—, kel ] k=1,2, .y @).
a,’ a

i

We investigate the order of magnitude of R,(x)—R(x) in supremum norm. We
wtroduce some notations. f(x) is the density function of#;,

a*(x) = E([&—E&n)Pn: = x).
Our first statement is the following
THEOREM 1. Let us suppose that f(x), 6(x), R(x) are differentiable, |f'(x)| =K,
lo’(x)| =K, |R'(x)|=K and f(x)=K’, 6(x)>K’ for appropriate K, K'>0 and for
every x. Let us suppose further that E(et!élly =x) = c for appropriate t,>0 and

¢ for every 0=x=1. If n*<a,<n’, —3—<oc<ﬁ<1 then

VW R, () = R(x)

_ e v/2
B T < V2loga,—loglog a,,+y] — exp [— ]

Vn

nf(x) R,(x)—R(x) —e Y2

@ P [sup

x

as n— oo,
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348 P. MAJOR

If the functions f(x), R(x), o(x) are smooth enough, it is worth substituting
the estimation R,(x) by

ks Kty b 1
@  R=R |—2|+|&, R, (a,,x—k——]
a, n a,
for
1 1
k—7 < a,x < k+5.

Then we have our.

THEOREM U'.  If the conditions of Theorem 1 are fulfilled and, in addition
J(X), R(x) and o(x) are differentiable twice with bounded second derivatives, then the

relations (2) and (3) hold for n*<a,<n®, %<oc< p<1, if we substitute R,(x) by R, (x).

Now if we want to construct a “confidence strip’” i.e. we want to construct
a region 7 in the plane such that P(R (x) €T)>1—¢ with a prescribed &, then we
are interested in whether f(x) and ¢(x) in the formulae (2) and (3) can be substituted
by their estimations. The answer is in the affirmative.

THEOREM 2. Let

fi(x) = %{the number of #;—s (i = n) for wich nl.g[aﬁ’ k;r] ]}
a a 2
oa(x) = - i = Z &
o nf.(x) nié[aiz’k_;u_l]é nﬁ.(x)”ie[;k_’ %]
if the condition of Theorem I holds
xE{_]f_, k+1] k=0,1,..,a,—1.
a,’ a,
Then
. nf,(x) |R,(x)— R(x)| ] [__e—-y/Z]
2 P[su : 2loga,—logloga,+y| — ex i
) [ xpl/ a, 0,(x) = V2log gloga,+y p 7
and
’ n Rn(x)—R(X) _e—y/2
3 P[su Vn (x)_ < J2loga,—logloga,+y| — ex -
( ) xp ay O'n(x) V G 8108 Y p 2‘/7.5
if.

As an immediate consequence of Theorem 1 we get that

() [Ru(x) — R()|
P VZan loga, ) o(x) =l

X
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ESTIMATION OF THE REGRESSION FUNCTION 349

where the symbol = means convergence in probability. The question arises whether
this expression is also convergent with probability 1.
THEOREM 3. Under the conditions of theorem 1 we have

. nf(x) [R()—RXI _ .| _
P [llm sup Vzan loga, o(x) o 1} =1

n—> oo X

1

Il
Il

P[hmsupV nf(x) R,(x)—R(x) 1]

—— N T o (x)
if
1

n* < a, < nb, §<,oc<ﬁ<l.

For proving our theorems we need some lemmas:
LemMA 1. Let &4, Eps oo Em» n=1,2 ... be a double array of random variables

independent and identically distributed within a row. Let E¢,; =0, D*¢,;=1, Eetléml<¢
for appropriate t=0 and c. Then

e 6
P(6111+"-+§nn>l/n'xn)'\' l—d)(xn) fOl" xnzo(ﬁ]
where ®(x) is the standard normal distribution function.
The proof is essentially the same as in [2] page 517, and we omit it.

LEMMA 2. Let (¢, n{™) be pairs of random variables independent and identically
distributed for fixed n,

P(ni = k) = p, k=152 ;oostl;

2B =1, W=dgy<=nt &= 0,
n n )21, (n )2 C i (%
EGPIn™ =k) =0, EEG"P =k =00, = <pM <2

a, ay

E(ets™

M) se o =

for appropriate ¢y, ¢y, ¢, t = 0, ¢’ for every k and n. Then

o DTEW T
fmp &8 T n e
P | max " = < V2loga,—logloga,+y | - exp |——
k oy 21 I(,,(")=k) 2 V?'E
=1
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and

" i
2 &+ Ty —i
&

Y

n

P | max ‘?:) :
k Oy

P—E
- < V2loga,—logloga,+y| —~ exp[ — J
2 T =1 L
i=1

where Iyov_yy =1 if ni" =k and O otherwise.

Proor oF LEMMA 2. In the following we omit the superscript n. Let us introduce
n n
the notations s; = 2> &l,.-; and v; = > I, _;. Then
i=1 ‘ i=1

Plsy < X5 eos 8o, <= X Vi =t ooy vy, = 1,) =
:P(Sl = xllvl = rl) P(Sa,, = xanlvan = tan)

Let &;,i=1,2...j=1,2...a, be — for fixed j — independent identically distributed
random variables with distribution function P(¢;;<x)=P(¢;=x;|n,=J). Then

P(sj < xjlvj = 1)) = P&+ ... +&y; = X))
Now we prove that

La 31-9
®) P([v—npj]>Vnpjn 3 )éZexp[«n 3 J
Really

Loy n =
P(vj~npj =Vupyn ® )= P[Zl[l(,,i:j)—pj]> Vap; n @ ] =

=

&

1—-¢ n .~—D.
= P eXp I’IT ZI("—‘:J_—)—_——p—J] - exp (n%(l_s)) =
=1 Vnp;

1—¢ —_—D. n w—p. )2

[E [exp [n—g— L= PJ]]] [1 —l—%n%’(l_z)E [I(VII:J) p]] ]
. Vnpj _ V”Pj -
. exp (n¥=9) = exp (n3 =) -

exp [—i- (1 —pj)n%“‘”]

exp (n30-9)

=

n%(l_e)
=exp|— 3

and similarly

e A pi-2
P(vj—np; < — Vap;n @ ) = exp|— |-
Thus (5) is valid.
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Now, by lemma [ and by the relation e~ ¥~ 1 — &(x) for x— o we have
V2 x
P[}r’li > ]/2loga,,—logloga,,+y|vj = t] =
O’j \’j

Bt o+ !
—p _Té = V_ y210ga,,—logloga,,+y] =
oyt hp;

Vf;;; 1 7"’” (2log a,—logloga, + }) g

s e e
2nt Y2loga,—logloga,+y 21/7r a,

—— 1—=g
lt—np;| < Vnp; n 3

On the other hand from (5) we have

e G nid-9
P(lve—np = Vipen 3 for some k) = 2a, exp ——g—|= o(1)

Thus

Vap, s
P[max p".—"<y220ga,,—10g10ga,,+y =
k O Vk

1—

/2
= [I—L(l —l-o(l))] P(vi—npi| < Vapens— T for every k)+o(l) =
2Vna,

e~ ¥/2
=exp| ———=[+0(1)
[
as we have stated.
The second relation of lemma 2 can be proved in the same way.

Lemma 3. Under the conditions of lemma 2

n
>0 EM Tgemr iy

) e X =
P | max I 1‘(Dn) s = = - Vz ]Og a,— 3 IOg ]Og a,— 2]Og2 Vﬂ cl = c+10(1)
k k V[ (n) an
Ld (ﬂ,‘ =k)
i=1
Vip® Z R 1
P | max 1("’; = < ]/Zloga,,—3logloga,,—210g]/;c =
k O n
Zl(n}"’:k)
i=1

The proof is similar to that of Lemma 2.
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LEMMA 4. Under the conditions of Lemma 2 we have

Zn’ I(ngn)zk) [é(ﬂ} + 0 [V—GL_]]
(n) e i i
p l/p [1+0[ 1 ]] i=k nloga, &

o log a, 2
Tom =g
i;; (n; )

k

e~ V2
< V2loga,—logloga,+y | - exp|——=
2Vn

N A N i sfeevol) el

A1) log a,
Ty
i;; s .

e y/2
= ]/210ga,,~—log10ga,,+y] —~ exp [— = ]
T

Lemma 4 is an easy consequence of Lemma 2.

PrOOF OF THEOREM 1. Let us divide the interval [0,1] into 'a,, equal parts.

Obviously
k
j’RWVUa@
k—1
k—1 k
(n) — . =9 <—
f () dy
=
and i
L
[ e+ RO D &
k—1
. k—1 k|l _ = "
D2 —Dz[f N éni<a_,,]: i —[mPe

[ Fay

Let us define the random variables (¢, y{) i=1,2...n in the following way:

' o _ G—m? (k—3
P =k and &P = ICEE

if
k—1

§11,-<a£ e 1,2 o, K= 1,2 siys
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ESTIMATION OF THE REGRESSION FUNCTION 353

Then the conditions of Lemma 2 are satisfied for the sequence (£, n™). Indeed,
k

7 = f S()dy, thus <X <p(")< —= since f(x) is bounded both from above and
k 7 B n

1

below. E(&("[n{" =k)=0, (6,5"))2=Dz(f!">m"”=k)=02[k —

n

] is bounded from

(n)

below. is bounded from below and

D
17 )
an

is also bounded as required. By the Taylor formula

Elexp | 7o [EP | =k| = cexp (tym)

S =fO+@—x)-f(x+0(y—x))
R() = RX)+(p—x)-R(x+0(y—x) 0<0,0,0 <1
c(y) =a(X)+(y—x)-0'(x+0"(y—x))

The first derivatives of f(x), R(x), o(x) are bounded and so it can be seen easily

that mf® = R+0 (). pi = L0 ( ), D2@ointr = = 2 +0 )

n

f xe[k_l, ﬁ] Since n*<a, and a>i, 3 =0 l/ n and
a, ~ a, 37 a; nloga,

[n/ () _1 Vnp‘”)[ [ ! ]] [k—l k]
]/ a, o(x) m—|1+o Togd, for xe¢ ren i s

n

Hence Lemma 4 can be applied, and we get

Tyom = —R
/n e 12 w§m =k [&— R(x)]
Plsup  sup l , . < J2loga,—logloga,+y| -
* N o (x) .;ll(ng")=k)

] e—ylz
- €X ————
’ [ 2Vn]

which is identical to formula (3). The second statement of lemma 4 gives formula (4).
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The PrOOF of Theorem 1’ is almost the same. By the Taylor expansion up to
2 terms

— . e o
R(x):R[ka 2]+R’[ka - [x~ ka 2]+

| _1 _1)?
el ol A1) -2

2 a, a, da,

= h — 1 —dL
f(x):f[kaz]+f/[ka2] x_kal]_;_
Loo(k=% ol k=3[, _%=2)
(e gt =

1 _1 il
o(x):cr[k 2]+a’[k 2][x—k 2]+
a, a, a
A, =, _1)?
SR
2\ a, a,

where 0<0, 6", 0”<1. It implies that

k—1
f[ 2]
1
m = R[—ka Z]—I—O[%]; PP = ——aa'—'—.LO[ 1]

e 4
DAEPI™ = k) = a?[k ]+o[ai]

n

and

and these imply, just as in Theorem 1, the limit relation
P .
/ k—1 _1 _1
i W e e
P Sup an ali an
k a, [k ) ]
| "

=< VZIOg an—log IOg ay+y|

_e“‘)’/z
— €X e
0| 571 |
Now by
_1 1 1
R(x)= R k 2]+[R[k+7‘]—R(k 2]] [a,,x—k—i]+0[—1—2]
a, a, a, 2 a;
k—3% k+31 , .
for x¢ o = and (4) the statement of Theorem 1’ is valid.
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PROOF OF THEOREM 2. Since we have already proved Theorem 1, it is sufficient
to prove that

. [Su W o .6 ]»0

o(x) Vf(x) /log a,
and

G e Vloga,

P( W o) 6, ]%O

arm 4 V&

o(x 0,(X)
We shall estimate f, (x)—f(x) and o,(x)—o(x). This w111 be similar to the proof of

for an appropriate sequence 5,0, i.e. are near to each other.

Lemma 2.
l k+1 ki
- n) o . i
f(X) an[)k O [ ail ] " E [ all ’ aﬂ }
and

ay &
ﬁ,(X) nplfn) - 7 S’ [1(11§'1)=k)_ E](nfn):k]'

i=1

Thus, exactly the same way as in proving estimation (5) we get that

1-a [ l1—a
Vn i
[If,,(x) f(X) > N 3 Ea————— -] O(exp(_.n 3 ))
a,V pi™
2 Vu _l-a
ns —= =< K-n % for an appropriate constant X. Thus
a,V i
_lze Al
P(sup [fu(x) —f(x)| = K-n 6 )= a,0(exp(—n 3 )~ 0
We have
n 2
1 2 E i =iy ‘;;éi[(ﬂ,(”):k)
o*(x) — DY = O[a_] and o%(x) = = ==
' % Ty -y %I(ng")=k)
for
[k —1 k]
€ s — |
an an
Now we estimate
ZE 0{™ =) %
) | mim| = "
I (n)
Z ](r,,(")zk) Vnp
=1
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Let &,...&,...n=1,2, ... be independent identically distributed random variables
having the distribution

P < x) = P& —m < xnf = k)

Then
< i
v 1
> &l -y =
=
P ! ___mlgn) - [(ngn):k) —it| =
S Vap{ |i=n ™
.Zlvl(ﬂl‘")=k)
iz

-‘}Egli/‘?_,_é—‘[ =n 3 l/E;T)] = O(exp(—n ®))

=P[

1—a
for [t—np®™| <n3 Vnp{. On the other hand

1—a 1—a
~ nTV‘np@] = Ofexp (—n ®))

n
F [ 2 i =iy — npi”
=1

Thus

< 1
—a

Z; Eilig§m =1y 7 B b

Fou

Pll——— —m"| = s for some k| = a,0(exp(—n 3 )) -0

n n

~Zi1(rl§")=k) i

i

The relation

k
n [0*(») + R/ () dy i
28wy k1 1_3-
i=1 ' n
P . = = for some k| _ g
31w 5, Vnp®
2 (" =k) I
= [ fdy
k—1

can be proved in the same way. From these estimations it follows that [£,(0) —f ()]
and |e,(x)—0o(x)| are less than n~° for appropriate ¢=0 with a probability near 1.
Thus Theorem 2 is valid.

Proor oF THEOREM 3. First we prove that

; ] [ ()  [R,(x)—R(x)| b
¢ [ILHA Sup 2a,log a, o (x) =il -8] =1

for arbitrary £=0.

Studia Scientiarum Mathematicarum Hungarica 8 (1973)




ESTIMATION OF THE REGRESSION FUNCTION 357

It is easy to check the validity of the conditions of Lemma 2 for the sequence
(&M, n{m), therefore by Lemma 3 we can state that

M =

EP Ly =iy =
- >]/210ga,,—310glogan—210g]/7rc =

6[ a, ]2[("(")%)!

i

P | max Vnp™
k

N‘ Il
N[»—l

1

= a'C'*F o(1)

Thus, choosing n, large enough, by the Borel—Cantelly lemma we obtain

n
21 & Ty iy
mdx Vnp{™ }; - =
o VI( (”)—k)
an

i=1

N

< ]/2log a,—3logloga,—2logVrc for n=> 1y ()

with probability 1. Since

V’Ep,ﬁ_”)zl/nf(x)[wo(a ]] a[k; ] = a(x)+0[aL]

é )I(n(")‘k)_‘ l:é R(X)+0[ ]][(1](")—k)[1 + 0[ : ]]

N=

an

if x¢ [k" !
a a,
The proof of the relation

P[h—m S“pV W) |R@)—RW)| _ 1_8] I

2a,log a, o(x)

], our statement follows.

is more involved.

Set
ZH éi—E(éi[”i).

' D(&iln)

Let us define the random variable

T,(x)= 2 & 0=x=1.
=X
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We want to prove that
(6) _
1 4
P(4,) = P[ SUp  ———=[T,,(x) =T, ()| > [l e+
L)

Il

/e 11/ 2nloga,) _ 12
2 l/ a, geat’

y—x=—o

"ll
0=x<y=1
First we estimate, for fixed x, the probability

P[.‘»/.,ffl_jwv/()'r(x) Tl (IH)V a, ]

3+4¢
-

n

Let us order the #;-s falling into the interval [x, X4 ] in increasing order

€ . o " .
x=nf<nt..<nyr<x+ and denote by ¢/ the &; which is the pair of ni. Then

n

sup T(y) =T, (x)] = su

X<y<X-+

3a,

We can state that

the number of n;-s i = n falling
3+ 8] -

into the interval [x,x—l——
3a,

1S 1, #f = Xis o Hf = %
L 2nf(x)loga,
- [supZ 1+S)V%’ﬂ3 = ]

where Zl,Cz,. ,C, are mdependent and P({;=y)= P(g1<y|171—A) Now the

ko '2‘
M Plswp &= (1+e) | 21f(x) loga,
=t j= 2

sequence Z {;, k= , 1 forms a martingale, so exp ( ZC )lsa semimartingale

for arb1trary ¢, and by a well-known martingale inequality see [1] p. 314.,

® P[sup 30~ 149 2008 % -

B 2a,loga, X | ]<
_P[ski;t)exp[ N jg;(]] exp (2(1+g)loga,)| =

nf(x)

20+
n

) ,-]Jl [Vza . loga, .-]
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Now
) /zanloc a, ] lfza” 1Oganv 5
e Eexp[v oy ) = 1R S
a,loga, fe /2a,log a, 2a,log a, ] , [ ﬁ] a,loga,
*E[ G ” e U T T

N [[1 z;] a,loga, ]
= B5p * 2 nf(x)

It can be proved in the same way as relation (5) that

o1+4] R
Pllt————= f(‘C) = 8 ] ?f(x) = 0(exp(—n5”””))

'l

. L . 3
(t is the number of #;-s (i=n) falling into the interval [.\‘,x+ +8]), and so by

3a,
(7), (8) and (9)

P{ w (T.() ~To(x) = (1 + V?‘"f(x)]o”] < a}”

n

Using this relation for the sequence (—¢&;, 1y), ..., (—¢,, n,) we get that

/2nf(x)10g a,,] _ 2

1+e
a"

P[ sup_ T, =Tu(») = (1 +s)1

4
X<y<X+——
3 n

n

In the same way (x is fixed) we find

Pl sup m<y)—T,,<x)1>K2€1/ M}ﬂ%

l+e¢
x<y<x+—éf‘— n n
Thus
1 2nloga, 6
P[ SO Vg T =Tl = (1+e)1/ +] -
x<y<x+?3;]|—8 f(x) n n
x =—3k—€;[k=0 1 3”:]
and
sup
P[ e E L () =T, )] = 1/2”_“’gﬂ]<i€
Y=V 3, V 'f(x) 2 a, eat
e (-

Stucia Scientiarum Mathematiicarum Hungarica 8 (1973)



360 P. MAJOR

: . . 1
Let us now consider an arbitrary interval [u, v] such that 0<v—u = —. Choose

n

the integer k in such a way that for the number x = ;c; the inequality O<u—x < %
hold. Then ' )

T () - T, (w)| = SUP3+EITn(y)—Tn(x)|+ sup  [TW(») = Tu()l;

x<y<x+ 3

€
X<y<=X-+
n 3 n

and therefore (6) follows from the last two inequalities. Choosing a ¢ >% we get

1
P(4) = ek

(10) lim A4, =0

l>oo

and by the Borel—Cantelli lemma

Given a number # it determines a unique / for which /¢=n<(l+1)°. Then n—I°<
< ¢(l4+1)¢~1<2cn¢~1. By similar calculations as before we get

P [ Zn' Eil(n,(")=k,) o gl/w] < exp (___Dnllc)

i=l¢ n

with appropriate D=0 for k=1, 2, ..., a,, xe[k_l 3 Ek—] and
2nloga,
P(B,) =P s Z Edysm | = |/ ————=| < a,exp (—Dn'")
Vf (x) 1= ' n
e[t an]
This yields the relation
an lim B, = 0.

By the definition of 4, and B, and relations (10) and (11) we have with probability 1

|
(12) i sup /f(l 5 Sjﬁzl(n‘"’—k) [1+28-|—V8]|/ _2£1;)_g£,,_
xh i= n

for
[k—l k]
xkE oy

all an

for every large n.
An easy computation shows that with probability one

(13) )flz(n(n) = (=8 )”f("k), kg[ a—l,ﬁl

ay
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for every large n and k=1, 2, ..., @,. Since R(x), a(x) and f(x) are smooth enough

Ve
e Wl B {aedppd =
p | up |/ 2R T2

2a,log a, o(x) 1—e St

from the relations (12) and (13). Since it is true for arbitrary small =0, the first
statement of theorem 3 is valid. The second statement can be proved in the same way.
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