Poisson Law for the Number of Lattice Points
in a Random Strip with Finite Area

Péter Major
Mathematical Institute of the Hungarian Academy of Sciences,
P.O.B. 127, H-1364, Budapest, Hungary

Summary. Let a smooth curve be given by a function r = f(¢) in po-
lar coordinate system in the plane, and let R be a uniformly distributed
random variable on the interval [a;L,asL] with some as > a; > 0 and
a large L > 0. Ya. G. Sinai has conjectured that given some real num-
bers ¢y > ¢1, the number of lattice points in the domain between the curves

( R+ %) f(p) and (R + %) f () is asymptotically Poisson distributed for

“good” functions f(-). We cannot prove this conjecture, but we show that
if a probability measure with some nice properties is given on the space of
smooth functions, then almost all functions with respect to this measure
satisfy Sinai’s conjecture. This is an improvement of an earlier result of
Sinai [9], and actually the proof also contains many ideas of that paper.

1. Introduction

Let us consider a curve on the two-dimensional Euclidean space R? which is
given by the equation r = f(p), 0 < ¢ < 6, with some 0 < # < 27 in polar
coordinate system, where f(-) > 0 is a continuous Lipschitz one function on
0,60]. Given some non-zero point x = (z1,z2) € R? let |z| = \/2? + 23 denote
its absolute value and ¢(z) the angle between the vectors (1,0) and = = (21, z2).
Let us fix two real numbers ¢ > ¢; and define for all sufficiently large R > 0

(we need that R + % > 0) the domain

Or = Ox(f) = {x e R2, 0 < o((z)) <0,

(B+ L) flo@)) < lal < (R+2) fleta))}. (1.1)

Simple calculation shows that the area of the domain Qg is

6
(1 + 612;202) (c2 — 01)/0 F2 () dp.

We are interested in the number of lattice points in Og, i.e. in the cardinality
of the set O NZ?2, where Z? denotes the points in R? with integer coordinates,
if R is a uniformly distributed random variable in an interval [a1L, azL]. Here
as > ap > 0 are fixed positive numbers, and the parameter L > 0 is large. More
precisely, we are interested in the limiting behaviour of the number of lattice
points in this domain if L. — oco. Ya. G. Sinai has formulated the conjecture
that for “typical” nice curves the distribution of the cardinality of this set tends
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to the Poisson distribution with parameter A = (cg — ¢1) foe f?(¢) dp. There is
no explicitly defined curve for which we can verify the above conjecture. On
the other hand, we can show that if a probability measure is given on the set
of continuous Lipschitz one functions with some nice properties, then almost
all functions with respect to this measure satisfy Sinai’s conjecture. This is
a strengthening of a result of Sinai in paper [9], and actually the proof also
depends heavily on the ideas of this paper. To formulate our result first we
introduce the following notion:

Definition of Property A. A probability measure P on the set of continuous

Lipschitz one functions f(¢), 0 < ¢ < 0, satisfies Property A if

1.) There are some positive numbers 0 < by < by and by > 0 such that almost
all functions f(p), 0 < ¢ < 0, with respect to the measure P satisfy the
inequality b1 < f(p) < b2 and |f(p1) — f(p2)| < bslpr — 2| for all 0 <
o1 <2 < 0.

2.) Let us fix some integer k > 2 and 0 < o1 < w2 < -+- < @ < 0. The
random vector (f(¢1),..., f(vr)) has a density function

pre(z1, . xk|p1, o ©k)

which satisfies the following properties:
2a.)

k
Pr(T1s - Tklp1, .- k) < C'kH i = pima| 7
i=2

with some T < 2 and Cy, depending only on k.

2b.) The density function pr(z1,...,Tkle1,- -, 0k), 0 < @1 < g < -+ <
vr < 0 is a differentiable function of its 2k arguments x1, ...,z and
01, .., 9k, and it satisfies the inequality

0
a—pk(ml,...,xk|g01,...,g0k) A

T — Dy
< Ci ] lei = wial

=2

’ azo(fc Tkl Dk
- Mk 1y dk 1y---3 ¥k
0p;

for all 3 = 1,... k with some C;, > 0 and Dy > 0 depending only
on k.

We shall prove the following

Theorem. Let P be a probability measure with Property A on the space of
continuous functions on the interval [0, 6], and let R be a uniformly distributed
random variable on the interval [a1 L, as L] with some as > a; > 0 and a param-
eter L > 0. Given some function f(-) on [0,6], consider the set Or(f) defined
by formula (1.1). Let &, = £ (f) denote the number of lattice points in Og(f),
i.e. the cardinality of the set Or(f) NZ2. Then for almost all functions f with
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respect to the measure P the random variables &5, tend in distribution to the
Poisson distribution with parameter A = (co — ¢1) foe f?(p)dy as L — oo.

Sinai proved in [9] a weaker version of this result. He proved that if the
function f(-) is chosen randomly and independently of the radius R with respect
to some probability distribution with nice properties, then the distribution of
the number of lattice points tends to a mixture of Poisson distributions with
different parameters. Sinai expressed the conditions on the distribution of the
functions f in a form slightly different from ours, with the help of certain condi-
tional density functions. Let us remark that our conditions are less restrictive,
and this is important in such applications as for instance the example given in
Section 2.

Most ideas of this work came from paper [9]. The most important step of
the proof, the formulation of the Proposition can be traced in a hidden way
in [9], and even the Proposition’s proof contains several ideas of that paper.
The proof of the Proposition is based on the estimate of the second moments of
a certain random variable. For Sinai, to prove his weaker result, it was enough
to estimate the first moment of a similar random variable. But he also remarked
that the higher moments of such variables can be estimated similarly, although
some additional technical difficulties appear.

Problems about the number of lattice points have been investigated for a
long time in number theory and probabilistic number theory. See e.g. [8] for
a classical treatment, [6] for the investigation of number of lattice points in a
large circle with random centre or [5] for a modern treatment of the problem.
Recently, this problem got even greater importance because of some questions
in physics. We are interested in the behaviour of the spectrum of an opera-
tor in a quantum system. In particular, we would like to understand whether
the quantization of a completely integrable classical mechanical system (which
has nice trajectories) gives a different type of spectrum than that of a hyper-
bolic system with chaotic behaviour. There are certain conjectures about this
problem. It is believed that the local behaviour of the spectrum is similar to
the realizations of a Poisson process in the case of the quantum counterpart of
a “typical” completely integrable system, and the spectrum satisfies Wigner’s
semicircle law in the case of quantization of hyperbolic systems. Actually, the
situation is much more complex. We do not want to discuss this problem in
detail, because this is not the subject of the present paper, and we are rather
far from its good understanding.

The investigation of the spectrum of certain quantum systems leads to the
problem about the number of lattice points in a given domain. An example for
completely integrable systems whose quantization leads to such a problem is
the free motion of a particle on a periodic rotation surface. (More precisely, we
make a factorization of the surface with respect to the period. In such a way
we get the motion of a particle on a compact surface resembling to a torus.)
The quantization of this model leads to the problem about the eigenvalues
of the Laplace—Beltrami operator on this surface. These eigenvalues can be
calculated with a sufficiently good accuracy by means of the so-called quasi-
classical approximation. (See papers [2] and [10]). Then the problem about the
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number of eigenvalues in an interval leads to the problem of counting the number
of lattice points in a domain in R? whose boundary is determined through the
rotation surface and the interval. (See [2] or [10]). We are interested both in
the local and global behaviour of the spectrum.

The local behaviour of the spectrum, the number of eigenvalues in a ran-
domly chosen interval of fixed constant length, leads to the probabilistic problem
investigated in this paper. This is the reason why Sinai formulated his conjec-
ture. We cannot prove this conjecture for any explicitly given curve. Our aim
was to show that it holds for typical curves. In the special case of circle, which
corresponds to the spectrum of the Laplace operator on the torus [0, 1] x [0, 1],
this conjecture does not hold. (See Problem 1 in Section 2.) Sinai’s conjecture
implies that the number of eigenvalues of the Laplace operator on a generic
rotation surface is asymptotically Poissonian in a randomly chosen interval of
constant length.

The global behaviour of the spectrum, the number of eigenvalues in a large
interval [0, L] leads to problems more intensively investigated in classical number
theory, namely to the number of lattice points in a large domain. Here again,
we are interested in the behaviour of generic curves. An investigation in this
direction is done in paper [7].

Other physical models lead to other number theoretical problems. We
mention in this direction paper [3] and the references in it, where the physi-
cal problem the authors considered led to the investigation of the number of
lattice points in a large circle with random center. This problem was studied
by means of computer simulation. Both the local and global behaviour of the
spectrum was investigated. The computer simulations indicate a Poissonian
local behaviour of this model too. A good description of the global behaviour
of the spectrum of this model is still an open question.

The theorem formulated above also has the following generalization:

Theorem’. For all m = (my,ms) € Z? define, with the help of a function f
and a random variable R, the (random) mapping

F=F(R,f):m— (go(m),R(f(%m—R)), m e Z?

and the random field
P = {F((m1,m2)); (m1,mz) € Z*}.

If R is a uniformly distributed random variable on an interval [a1L,asL], then
for almost all functions f with respect to a probability measure P with Prop-
erty A the finite dimensional distributions of the random field P tend to that
of a Poisson process on [0,0] x [—oo, 0] with counting measure f2(p)dedz as
L — oo. This convergence means that for any K > 1 and disjoint rectangles
[d;,d;] x [ej,&;] C[0,0] x [~00,00], 5 =1,..., K, the number of points in these
rectangles tend to independent Poissonian random variables with parameters

_ d.; .
A= (&5 —ej) [y fHe)de, j=1,... K.
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Theorem’ states in particular that the distribution of the number of lattice
points which are mapped by the transformation F' to the rectangle [0, 0] x [c1, ¢2]
tends to the Poisson distribution with parameter A = (co — ¢1) foe 2(¢)dp. In
such a way it contains the statement of the Theorem as a special case. The
proof of Theorem’ is based on the same ideas as the proof of the Theorem. But
since it is technically complicated we omit it.

2. Some remarks about the Theorem

The conditions of the Theorem can be slightly weakened. The following version
of the Theorem may be useful in certain applications.

Stronger version of the Theorem. The Theorem and Theorem’' remain
valid if Part 1.) of Property A is replaced by the following weaker condition 1.”)

1) There are some positive numbers 0 < by < ba such that almost all functions
flp), 0 < ¢ < 0, with respect to the measure P satisfy the inequality
b1 < f(¢) < ba and

P( wp D) =Sl ) < Kot 2.1)

0<p1<p2<6  |P1 — P2

for all x > 0 with some K >0 and A > 0.

At the end of this paper we briefly explain the modifications needed in the
proof of this stronger version of the Theorem.

We discuss the content of Property A and give the following example:

Remark 1. Let W(t) = W (t,w) be a Wiener process, and define the process
B(p) = B(p,w) = foga W(t,w)dt. Then the Theorem holds for almost all trajec-
tories of the process B(p,w) if a sufficiently big constant is added to it. More ex-
plicitly, B(p,w)+C(w) satisfies the Theorem if C(w) > — ming<,<g B(p,w)+c
with some positive constant c, i.e. the distribution of the number of lattice points
in Or(B(p,w) + C(w)) tends to the Poisson distribution with parameter

(e2—e1) / (Blp,w) + C(w)? dy

if R is uniformly distributed in the interval [a1L,as L] with some as > aq > 0,
and L — oo.

We briefly explain the proof of Remark 1 with the help of the Stronger
version of the Theorem.

Introduce the sigma algebra F, = {F(W(s)), s < ¢}. Then the process
(B(p,w),F,) is a Gaussian Markov process. We show that B(p,w) satisfies
Part 2) of Property A with 7 = % For this aim fix the parameters ¢1, ..., pg
and the values W(¢1) = y1, ..., W(pr) = yx. We calculate the conditional
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density function of the random vector (B(¢1), ..., B(px)) under this condition.
It equals

k
(1, TEle1, - o) = PV (z1]e1) Hp(yifl’yi)(xikpi—l, Vi, Ti—1),
i=2

where pWi-1¥4) (201, pi, x5_1) is the conditional density function of B(yp;)
under the condition B(p;—1) = x;—1, W(pi—1) = yi—1 and W(p;) = y;, and
p{' (z1]p1) is the conditional density of B(y1) under the condition W (p1) = 4.
These conditional density functions are Gaussian with expectation z;_1 + (¢; —

Yi—1 + Yi
i) L

D(pi—1,pi) = /w /% (min(s,t) — p;—1)(v; — max(s,t)) dsdt

7—1 7—1
=0 (|p; — pi_1]?)

for i > 2, and the density of p{* (z1]¢1) can be written down similarly. Part 2) of
Property A can be proved with the help of the above formulas after integration
with respect to the conditions W (ps) = ys, s = 1,..., k. (The appearance of
the parameter 7 = 3/2 can also be explained with the help of the observation
that B(p) and T~3/2B(T¢) have the same distribution.) But the distribution
of B(p) does not satisfy Part 1) of Property A, since although the derivative
B'(p,w) = W(p,w) is bounded, this bound depends on w.

A natural way to overcome this difficulty is to make a conditioning of the
process W (t) by the condition {sup |W (t)| < A} with some A > 0 or to consider
the process W (t) which is the reflected Wiener process W (t) with reflective
barriers —A and A, then to integrate this process and apply the Theorem for
the integrated process, (more precisely for the integrated process +A’, with
some A’ > A). Then we can exploit that the probability of the event that this
new process agrees with B(¢) tends to 1 as A — oo. To carry out this program
we should prove that the distribution of this new process satisfies Property A.
This statement is probably true, but we cannot check Part 2b) of Property A.
Hence we choose a slightly different approach.

Define the function h4(t),

and variance

- t—AkA if (dk—DA<t< (dk+ 1A, k=0,%1,...
AT Uk +2)A—t ifUk+1DA<t< (dk+3)A, k=0,%1,...

and the random process Bi(¢) = ha(B(p)). (The process Bi(p) is actually
the process B(p) after reflection with reflective barriers —A and A.) Then the
process By(p) + A" with A" > A satisfies Property A if Part 1) is replaced by
its weaker version Part 1’). Part 2) of Property A can be checked in this case,
since the density function appearing in it can be written down explicitly. It is
not difficult to show that Part 1) of Property A holds, since

sup |Bi(e1) — Biles)| < sup |[W(t)].

0<p1<p2<0 |801 - 902| C0<p<o
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Then we get the proof of Remark 1 by letting A tend to infinity.

Although the technically most difficult part in the proof of Remark 1 was
to check Part 2b), actually the most restrictive condition of Property A is
Part 2a), especially the restriction 7 < 2. It has the following content. For

fixed 0 < 1 < o < --+ < i the density function of the random vector
(f(¢1),-.., f(vr)) is a bounded function with a bound that may depend on
01, --., @k. Since by < f(p1) < be and |f(¢i) — f(@i-1)| < bslp; — pi—1] for
i = 2,...,k, hence the density function can differ from zero only on a set of

k
Lebesgue measure (by — by)bE™ [ (ws — @i_1). Hence

1=2

const.

sSup pk(xl,---7$k|9017---;90k) > L

T1,...,Tk H ((pz _ (pi_1>
=2

The upper bound imposed in Part 2a) of Property A on this density function
is a power of 7 < 2 of this lower estimate. It also gives a lower bound on the
Lebesgue measure of the set where the density function

pk<x1»---7$k|¢17---a@k)

is not zero. The requirement that the trajectory f(y) is chosen “sufficiently
randomly” is hidden in this condition. It is also connected with the smoothness
properties of the functions f(¢). We do not want to discuss this question in
detail, we only prove the following Remark 2, which also indicates the limits of
applicability of the Theorem.

Remark 2. Let a probability measure P on the space of continuous functions
satisfy Property A or its weaker version. Then the set of all twice differentiable
functions with bounded second derivatives has zero P probability.

To prove Remark 2 it is enough to show that

P lim sup
h—00<p<0—2n

f(so)+f(s0+}2bg)—2f(%0+h)'zoo> —1, (2.2)

because twice differentiable functions with finite second derivatives do not sat-

isfy this relation. To prove (2.2) fix some 0 < ¢ < 6 —2h, K > 0 and integer

T+1
k
>2

, define the event

Ap = Ap(k, 0, K)

:{ sy f(so+jh)+f(so+<j+2>h)—2f<so+(j+1>h))‘ <K}

2
and estimate its probability.
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Observe that
sup (1, .. Tpao|lo + ho+2h, ..., o+ (k4 2)h) < Cppgh™FFDT,
by Part 2a) of Property A. Hence
P(Ap) < const. h=*+UTX(By,)
with

Bh = Bh(k) = {(1131, ce 7$k+2)7 b1 S T1,T2 g b2,
|£Ej—|—$j+2—2$j+1|<Kh2, j=1,...,]€},

where A\(-) denotes Lebesgue measure. We have
A(Bu(K)) = (b2 — b1)*(2Kh?)",

since for fixed x1, ..., x; the point ;41 is in an interval of length 2Kh? for
J=2,...,k+ 1. Hence,

P(Ap) < const.h2~+tD7 < comst.h — 0 as h — 0,

where the const. may depend on K. Hence we get that

h2

p (hm sup | {PLH o +2h) —2f(p + 1) ‘ < K) _o
h—00<p<6—2n

Since this relation holds for all K > 0, hence relation (2.2) and Remark 2 holds.
We finish these remarks by posing two open problems.

Problem 1. Give explicit curves which satisfy the Theorem. In particular, let
us consider the ellipses given by the equations z2 + ay? = 1 with some a > 0.
Is it true that these ellipses satisfy Sinai’s conjecture for almost all a > 07 The
circle, i.e. the ellipsis with a = 1 does not satisfy it. In this case f(p) = 1,
and the problem leads to the following number theoretical question. Let r(n)
denote the number of integer solutions of the equation k2 + [?> = n. What can
be said about the distribution of the number theoretical function r(n)?

For the sake of simplicity, let us consider only the case when co — ¢; <

1/2. Then the interval [R + %, R+ %] contains the square root of only one

integer n, and the number of lattice points in Qg equals r(n) with this integer n.
On the other hand, the probability that this interval contains the square root
of a fixed integer n is less than const.L =2 if R is uniformly distributed on the
interval [a1L,asL]. The behaviour of the function r(n) is fairly well-known.
(See e.g. [4].) For our purposes it is enough to know that r(n) = 0 if the prime
factorization of n contains a prime factor of the form 4k + 3 on an odd power.
We also know that the density of the integers satisfying this property is one.
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The above facts imply that in the case of circle the probability that Qg contains
no lattice point tends to one as L — oo. A more detailed analysis also shows
that the conditional probability of the event that the number of lattice points
in Qg tends to infinity is almost one under the condition that O is not empty.
On the other hand, some computer simulations suggest that this is a degenerate
case, and almost all ellipses satisfy Sinai’s conjecture (see [1]).

Problem 2. Prove the Theorem for almost all functions with respect to such
probability measures which contain very smooth (e.g. analytic) functions with
positive probability.

3. Reduction of the proof of the Theorem

In the proof we apply a version of the method of moments. Let us first show
that if a sequence of random variables &, satisfies the relation

Bl A o all k=12 (3.1)
— — r = e .
k/’ k‘! ) ) )
as L — oo, then this sequence tends in distribution to the Poisson distribution
with parameter A. To prove this, let us observe that if £ is a Poisson distributed
random variable with parameter A, then

P =25 (1) = Y = e

n=~k =0

The moment EE,’{ can be expressed as a linear combination of the quantities
Bl , 0 < p < k. Hence if formula (3.1) holds, then E¢¥ tends to the k-
th moment of a Poisson distributed random variable with parameter A. But
if all moments of a sequence of random variables converge to the moments
of a Poisson distribution with parameter A, then this sequence converges in
distribution to the Poisson law with parameter A.

We have chosen this approach, because the following identity holds: For
all functions f

(&(i, R)) _ 3 x ({ms € Op(f), forall s=1,...,k}).

{mla“'amk}EZZk

Here x(A) denotes the indicator function of the event A. The summation is
taken for such k-tuples of lattice points where all points mq, ..., my are dif-
ferent, and two k-tuples are identified if they contain the same lattice points,
only in different order. Hence, for all functions f

E(&(f’ R)> - > Ex ({ms € Op(f) forall s=1,...,k}), (3.2)

k
{ml 7"'7mk}€Z2k
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where expectation is taken for a random variable R which is uniformly dis-
tributed in the interval [a1 L, asL]. We can handle the terms in the sum (3.2),
but only in the case when the differences between the angles p(ms), s =1,..., k,
are not too small. Hence, first we reduce the proof of the Theorem to the inves-
tigation of a sum where only such terms appear. To formulate this statement
more explicitly we need some notations. First we explain the strategy of our
proof.

We shall split the domain Qr(f) by means of small sectors D; and put even
smaller buffer zones C; between them. We shall prove that the contribution of
the sectors C; is negligible. This is the content of Lemma 1. We can show with
the help of Lemma 2 that the probability of the event that there is some D,
which contains two lattice points in Qg (f) tends to zero. This is a rareness type
argument, typical in the proof of Poissonian limit theorems. In our approach
however, we need a stronger statement. We shall drop all k-tuples which have
two points in the same sector ID; with some j and count only the remaining k-
tuples all of whose elements are in Qg(f). We show that only a negligible error
is committed in this way. This is the content of formula (3.3), and the reduction
of the Theorem to this statement is done by means of Lemma 3. The hard step
in the proof of the Theorem is the verification of formula (3.3). It states that
some moment type expression behaves so as if the number of lattice points of
Or in different sectors ID; were independent. There is no such independence in
our model, but we shall prove a Proposition which can be considered as a law of
large numbers type result (such results are related to some sort of independence)
and which implies the Theorem.

In these Lemmas and in the Proposition the random radius R does not ap-
pear. These results formulate some properties which almost all functions with
respect to a probability measure with Property A satisfy. Lemma 1 is excep-
tional in this respect. (The random radius R appears in it, but it formulates
a property which all positive continouus Lipschitz one functions satisfy.) We
shall show that a function with these properties satisfies Sinai’s conjecture.

Put
0=wo(n) <pi(n) < - <papr1(n) <0 < papra(n), (p=pn))
in such a way that
P21 — P25 = (logn)™*, j=0,1,...,p,

P2j42 — p2j+1 = (logn) ™7, j=0,1,...,p—1,

and  popt2 — popt+1 < (logn)™“

2
with some @ < # and o > Sy where 7 is the same number which appears
—T

in Part 2a) of Property A. (For the sake of simpler notations in the sequel we
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denote by log logarithm with base 2.) Clearly, p(n) < 27(logn)®. Define also
the sets

C; =Cj(n) ={z € R?,  An <|z[ < Bn, 2511 < p(z) < paj42},
D, =Dj(n) = {z € R?®, An <|z| < Bn, pa; < ¢(x) < 2541},
j=0,...,p(n).

In the definition of the sets C;(n) and D;(n) we choose A > 0 as sufficiently
small, B > 0 as sufficiently large fixed constants.

For all continuous Lipschitz one functions f(-), integers k = 1,2, ..., and
n > 0 we define the random variable (depending on R)

Cnlk, f, R) = >,

0<j1<---<jr<p(n)

> x({ms € Og(f) forall s=1,...,k})

msED;, (n)NZ>
s=1,..., k

and the number
EL(k7 f) = EC2"<k7 f7 R)7

where the integer n is determined by the relation 2" < L < 2"t n=1,2,...,
and the sign of expectation ' means again expectation for the random vari-
able R, distributed uniformly in the interval [a; L, asL]. We shall prove that if
f(+) is chosen randomly with respect to a probability measure satisfying Prop-
erty A, then

Llim Ep(f, k)= for all k =1,2,... for almost all f (3.3)

with A(f) = (c2 — 1) foe f?(¢) dp. First we show with the help of three lemmas
to be proved in Section 5 that formula (3.3) implies the Theorem. Let us
formulate these lemmas. We introduce the following notation. Given a finite or
countable set A, let |A| denote its cardinality.

Lemma 1. Let f(p), 0 < ¢ < 6, be an arbitrary continuous Lipschitz one
function such that a < f(p) < b with some 0 < a < b < oo for all 0 < ¢ < 0,
and R = Ry, a uniformly distributed random variable on the interval [a1 L, as L].
Let 2" < L < 2"t1 and define the random variables

p(2™)
o2 =a2(7) = |{mi me U €202 n0n(s)
=0

(1)

Then n;” = 0 as L — oo, where = means convergence in probability.
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Lemma 2. Let P be a probability measure with Property A on the space of
continuous Lipschitz one functions. For arbitrary K > 0 and function f(-)
define the sets A, (f), n=1,2,...,

A (f) = {(m,m), m e Z?, meZ? m+#m,

m € Dj;(n), m e D;(n) for some 0 < j < p(n),

| )

fle(m))  fle(m))

For almost all functions f(-) with respect to the measure P the relation

n

22n
| Agn (f)] < @2 if n>n(f)

holds.
The following Lemma 3 is a generalization of Lemma 2.

Lemma 3. Let the conditions of Lemma 2 be satisfied. For arbitrary K > 0,
k=0,1,... and function f(-) define the sets B, 1(f), n=1,2,...

Bni(f) = {(m,m,ml,...,mk), meZ? meZ? mseZ? forl<s<k,

m € Dj;(n), m e D;(n), with some 0 < j < p(n),

all lattice points m, m and ms, s =1,...,k are different,
i _nl| K
fle(m))  fle(m))| =~ n’
m| ____Ims] '<5 1<s<k}.
fle(m))  flo(ms))| n' 7 7

For almost all functions f(-) with respect to the measure P the relation

22n ‘
|B2n k(f)] < Ckm if n>n(f,k)

holds with some Cj, > 0.

Given some L > 1, introduce the integer n such that 2" < L < 2"*! and
define the random variables

p(2")
(Ll) = (Ll)(f, R) = the number of m € Z? such that m € QOg(f) N U D,;(2")
j=0
and

(LQ) = (LQ)(f, R) =the number of indices j
such that 3m € Z? N Og(f) ND;(2").
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We claim that if the function f(-) is chosen randomly with respect to a proba-
bility measure P with Property A, then

W, R) —€L(f,R) =0 as L — oo, (3.4)
and
O(f,R) —€L(f,R) = 0 as L — cc. (3.4/)
for almost all f(-).
p(2") p(2")
If m € Og, then m € U C;2mu U D, (2") if the constants A and B in

j=0 j=0
the definition of C; and ID; are appropriately chosen, since a1 L < R < asL, and
the function f is bounded away both from zero and infinity. Hence Lemma 1

implies (3.4). To prove (3.4") observe that

’f(w(m)) _f(|_| ‘ ‘f

if m, m € Or. Hence the random variable

ld

fp(m))

—R‘Jr‘ —R‘<2—n

M = Nn(f) = |{(m,m), m,m € Z2, (m,m) € Aan(f), m € ORr}|

satisfies the relation ,(:1)

(2)’ < M.

To prove (3.4") it is enough to show that 7,, = 0. To show this, first we
remark that for all positive continuous Lipschitz one functions f(-)

sup P(m € Og(f)) < const.2™"

m

if R is uniformly distributed in the interval [a1L,asL], and 2" < L < 27+
Then Lemma 2 yields that

2n

En, < sup P(m € Og(f)) < const.n®7=2/2 0,

ne(2—71)/2 m

Hence to prove the Theorem it is enough to show that

(2) /\k
E( (k]j’ )> =0 for almost all f(-) as L — oo. (3.5)

We prove that Lemma 3 and formula (3.3) imply this relation. For this aim we
introduce the random variables

Q(%l)(]g,f, R) = ‘{(m,m,ml,...,mk), (m,m,m1,...,mg) € By ix(f),

p(n)
mg € U D;, m,m,ms € Or(f), s=1,...,k}

j=1



14 Péter Major

and verify the relation

. (1. R)
Con (K, f, R) — én)(k—l,f,R)S( ’ )SCzn(k,f,R) fork=1,2,....

(3.6)
Indeed, if a k-tuple Dj, ,...,D;, is such that [D;, NOr(f)| = ps > 1 for all
s =1,...,k, then it is counted once in the middle term of (3. ) pe > 1
B opy—1
times at the right-hand side and p; - - - pg (1 - > p52 ) 1 times at the
s=1

left-hand side of (3.6). Taking expectation in (3.6) we get that

@)
Er(f,R) — EC (k —1,f,R)§E( (f: R))SEL(f,R) for k=1,2,...

with 27 < L < 2"*!. Hence to reduce the proof of the Theorem to formula
(3.3) it is enough to show that

E((l)( kE—1,f,R) — 0 if L — oo for almost all f and k =1,2,...,

where expectation is taken with respect to the random variable R which is
uniformly distributed in the interval [a1L,asL], and 2" < L < 2"*1. This
relation holds, because Lemma 3 implies that

2n
sup P(m € Qg(f)) < const.n=*2=7)/2
mez?

ECY (k, f,R) < Cy

ne(2—7)/2

if n>n(f k).
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4. Proof of the Theorem with the help of some Lemmas

The hardest part of the proof is the justification of formula (3.3). It is based on
a Proposition, which will be formulated below. To do this, first we introduce
some notations. Define the intervals

(p+1)o
Im|

1,(fm, ) = {%f(w(m)),

D
5:&f:&gmﬂ%p:QiL”wig, m € 72

o]

and

. [zn (z+ 1)n

I,=1,(n)= (Tog )7’ (logn)ﬁ] , A(logn)" < z < B(logn)",

where D, A and B are appropriate positive integers, and n > 0 and 7 > 0 are
also appropriately chosen. We define with their help the sets

Mk:,n(fvjlv s 7.jk7p27 s 7pk72)

:{(ml,...,mk), mSG]D)jSﬂZQ7 s=1,...,k,

~ (4.1)
[ma| € L(n),
|| ||
— €L, (f,mi,0n), s=2,...,k, .
flo(ms)) — fle(ma)) ~ 77
Put
Sn,k = {(j17~"7jk7p25"'7pk7z)7 0 S jl <]2 << jk Sp(n)a
D _ N _ N
Ips| < 557 2,...,k, A(logn)" <z < B(logn)”}.
(All numbers ji,...,jk, p2,...,pr and z in the definition of S,, j, are integers.)

Now we formulate the following Proposition.

Proposition. Let a continuous Lipschitz one function f(-) be chosen randomly
with respect to a probability measure with Property A. Then for almost all func-
tions f(-) and all k > 1 the relation

|Mk,2n(f7j17 oo 7jkap27 -y Pk, Z)|
2921y —ka—(k—1)n—27

lim sup
j15--0 JksP2,-,Pk,2) ESan

holds with probability one if n takes integer values.
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To explain the content of the Proposition define, for fixed k, n and arbitrary
integers j1,...,Jk, P2,...,Pr and z, the set

X(f) :X(f7k7n7.j17"~7j/€7p2;-'-7pk,z)

:{(xl,...,xk), €D, s=1,...,k |r:| € L(n),

EAI e el
R Tty © el =20k}

Some calculation shows that the volume of the set X (f) asymptotically equals

k
zn?(logn) 21— H 6n(logn) ™ £2(p2;.)
s=2
] k
= zn*(logn) TR DN TT 2 (i0g5,).

s=2

The Proposition states that for almost all functions f(-) with respect to a prob-
ability measure with Property A the number of lattice points in the sets X (f)
is asymptotically equal to the volume of these sets, at least for an exponentially
rare subsequence of indices, n = 2!, 1 =1,2,....

The Proposition is useful for the following reason: We split the set of
all k-tuples m = (mgq,...,my) which give a contribution to the expression
Con (K, f, R) into relatively few classes My on (their number is a power of n if L
is of order 2™). As the subsequent calculation will show, each k-tuple from a
class My, on gives contribution one to the sum (an (k, f) with almost the same
probability whose asymptotic value can be given explicitly. This is so, because
a k-tuple gives a contribution one to this sum if the random radius R falls in
the intersection of k intervals, and we know the length and relative position of
these intervals with a sufficiently good accuracy if we know which class My, on
this k-tuple belongs to. The Proposition gives the asymptotic size of the sets
M on. Hence, we can estimate the expected value of Ey(k, f) = E(an(k, f, R)
by multipying the cardinality of My on with the probability that the points
from a k-tuple of this class fall into Og(f) and then by summing up for all
classes. In such a way we can prove formula (3.3).

The following heuristic argument may explain why the subsequent calcu-
lation yields the desired result. We consider the following auxiliary problem.
Let us have a Poisson process, independent of a uniformly distributed random
variable R in an interval [a; L, asL]. Give the limit distribution of the number
of points ((L) of this Poisson process in the domain Og(f) if L — oo, and
ORgr(f) is defined in formula (1.1). It is not difficult to see that this limit is
Poissonian with the same parameter A which appeared in Theorem 1. Indeed,
the conditional distribution of (L) under the condition of prescribed R is Pois-
sonian with a parameter (the area of Qg(f)) which tends to A as R — oo. We

/\k
also have E(% ) — E This expectation could have been calculated in a
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more complicated way by means of sets defined analogously to the sets My, ,
in (4.1). The only difference in the definition is that now we count the number
of points of the underlying Poisson process instead of lattice points in the same

domain. Then F ]j equals asymptotically the sum of the expected value of

the cardinality of these sets multiplied with the probability of the event that
all points of a given k-tuple from this set is in Og(f). (These probabilities are
asymptotically the same for all k-tuples from a prescribed class.) What we do
in the subsequent calculation is to show that our model imitates the previous
one, and Fp(k, f) can be approximated by the same sum (disregarding some
negligible error terms) as F CkL in the auxiliary model. Hence this sum has

the right asymptotics. This program can be carried out if we know that the
asymptotic cardinality of the sets My ,, is the same as that of the analogous
sets in the auxiliary model. But this is the content of the Proposition.

Let us consider the elements of a class My, ,

(m17 .. '7mk) € Mk,n(jlv cee 7jk7p2> s 7pk'»Z)

with a fixed (j1,...,Jk,P2s---,DPk,2) € Snk. Then

ms € Op(f) forall s =1,...,k (4.2)
if and only if
Re 1™ ciatmy. mi), B, )] (4.3)
f(p(ma))
with some A(my,...,my) and B(mq,...,mk). The endpoints of this interval
satisfy the relation
A(m17 s ;mk:)
1 1 ; 1 v
= (logn)"(¢2;,) max{—cg, max —cg + psdn} + O (7( og 1) )
Zn 2<s<k n (4.3)
B(m17"'amk) .
7 . —w
= (ogn)" (2, min{—c;, min —c; + psdn,t + O (7(log n) > ,
zn 2<s<k n
where w = min{n,7,a}. In the case A(mi,...,my) > B(mq,...,my) the

interval defined in (4.3) is empty. The O(+) in (4.3') is uniform for

(j17 R 7jk‘7p27 <o 7pkaz) € Sn,k"

1
We remark that the main term in (4.3') is of order —, since z is of order
n

(logn)7. Hence the O(-) term in this formula is a negligible error. This also
means that the length of the interval where R has to fall to satisfy relation
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(4.2) is asymptotically the same for all k-tuples from a fixed class My, ,,. This
|1 |
flp(ma))
on which k-tuple in My, ,, is considered. But this holds only for the position

and not the length of the interval.

Let us first remark that (4.2) holds if and only if R satisfies the relation

interval is centered around the point , which place strongly depends

1 |ms|
B R = Fomy)

The left-hand side and right-hand side of (4.4) are monotone functions of R if
R is sufficiently large. Hence R is in the intersection of k intervals if L > L
with some fixed threshold L. Therefore (4.3) holds.

If my € Og(f), then
1 fle(mil) (L) , (4.5)

R | | n?

and if (4.2) holds, then for all

<R+ foralls=1,...,k. (4.4)

el
R

(m17 <. 'amk) S Mk,n(j17 s ajk7p2a s 7pk7z)

the relations

flo(ma))  (logn)7f(pay,)

= 4.5
1| zZn T ( )
s 5671 1 K ]
mal _ _lmal | pedn(logn)"f(e2s) | p0 oo
fle(ms))  fp(m1)) Zn "
(4.5")
: (logn)~ :
hold with some rg, 1 < s < k, less than const.————. Hence, if m; € Og(f),
n
s=1,..., k, then by (4.4)
] . 7 .
r o allogn)f(ea) oIl p o callogn)f(p2i) | o
zn fle(m)) zn
and
R4 c1(logn)™ f (¢a;,) V< mal psOn(logn)" f (a;,)
Zn ~ fle(m)) zn
<R+ ca(logn)" f(p2;,) v
n
1 v 1 B
for 2 < s < k with 7y < const.M and 7y < const.%, s=1,...,k.
n n
These relations imply that
log 1) f (02, logn)~*
A(my,...,mg) > (og n)" f(p2;,) max{—cg, max —cg + psOn} — Ki( og 1)
n 2<s<k n
log )7 f (02 log )~
B(my,...,mg) < (log )" f(p2;:) min{—c;, min —c; + psdn } + KM
n 2<s<k
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with an appropriate K > 0. To complete the proof of (4.3") we have to show
that (4.4) holds if (mq,...,mg) € My n(j1,---,Jk, P2, -, Dk, 2) and

1 n ; 1 v
(logn)" f(2;1) max{—cg, max —cg + pson} + Ki( 08 1)
zn 2<s<k n
[ma |
<R-————
f(p(ma))
U] . —w
< (].Ogn) f(SOQJl) min{—Cl, min —cy +p36n} _ KM
zn 2<s<k n

with a sufficiently large K > 0. Under these conditions relations (4.5)—(4.5")
hold again, and they imply together with the last relation that

[ | N (logn)" f(025,)

C1
R+ —=< —c1 + Psln
R Flom) et
Lo (logn)"f(p2jy) _ K (logn)™ _  |ms|
zn 2 n f(p(ms))
for all s = 1,...,k. The other inequality in relation (4.4) can be proved simi-
larly.
We can write
Bn"

Ep(k, f) = Z Z Br(f,j1,-- s Jk: 2) (4.6)

0<j1<go << <p(27) z=AnT

with
BL(f7j17"'ajk7Z) - Z
|ps|<Dn”
s=2,..., k
Z E(x{ms € Or(f) for all s =1,...,k}),

(mq,..., M) EMp on (1,3 Jk 025Dk Z)

(4.6)
where the dependence on L is present, since R is uniformly distributed in the
interval [a;L,azL]. (We recall that 2" < L < 2"+1)) To see the validity of the
above relations one has to observe that the condition ps < Dn" is not a real
restriction in formula (4.6"), since the expectation of all events

{x(ms € Ogr(f) forall s=1,...,k}

is considered in it which are non-empty if the constants A, B and D are suf-
ficiently large. We want to estimate the terms Br(f, ji,...,jk, 2). Let us first
observe that

azLn’ W
2 Fas) (1 + Kn~)

a1 Ln"
2n

if z >

Br(f,j1,--sJrs2) =0 (4.7)

or z < fpaj,)(1 = Kn™),



20 Péter Major

with some appropriate K > 0, since by formulas (4.3) and (4.3") (with their
application for 2™) the event mg € Qgr(f) can occur in this case only for such
R which are outside of the interval [a;L,asL]. To estimate By in other cases
introduce the quantities

Kty s Gy D2y oy PRy 2)
= sup E{x(ms € Ogr(f) for all s =1,...,k},
(ma,..,mp)EMyp an (J1,--0k,P25--Pk»Z)

K, (G1y -y ks D2y e v oy Piey 2)
= inf ng(ms € Og(f) forall s=1,...,k},

(ma,....mp)EMp an (J1,- 20k ,P25-- Dk Z

Because of the Proposition we have

k
(1 - gn)222nn—ka—(k—1)n—2ﬁ H f2(902j5)

s=2
Z ’C'r:(jla s 7jk7p27 s 7pk7z) S BL(f:jla e 7jk7z)
|ps|<Dn”
=2,...,k
) . (4.8)
< (L eq)222nken Um0 TT 2 )
s=2
Z IC;’L_(jlv"';jk7p27"'7pk72)
|ps|<Dn"
s=2,....,k

for almost all functions f(-) with respect to a probability measure with Prop-
erty A, where ¢,, — 0 uniformly for (ji,...,jk, P2, ..., Pk, 2) € Sk,2n as n — o0.
Introduce also the following notation: Given some interval A = [a,b], integers
P2, ..., pr and some number 0 < A < 1, define the interval

k
A(pg,...,pk,A) = [avb] N ﬂ[a+pSA(b_ a),b—i—pSA(b— a)],

s=2

and let ¢(A(p2,...,pr,A)) denote its length. It follows from formula (4.3) and
(4.3") (with their application for 2™) that

1

K (s ey G D2 e Pier 2) = [U(A(pay -, ps A)) + 027"

(J1s- s Jks D25 -+ - Pk 2) (a2_a1)L[( (25 Pk A)) 4 O( )]
1

Ko Gty is D2, s Pior2) = —————— [0(A(pay - ., poy A)) + 0270
(J1s s Ths D2y -+ Pk 2) (a2_a1)L[( (P2, -+, Pk, A)) 4 O )]
(4.9)

\n7 \n7 —n
with A = [a,b], a = —cp? P2y F@znt g n Ty

z2" AL Co — C1

(ma,...,mp) € Mgon(J1, -y JksD2s - -+ Dky 2),
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a1 Ln" B asLn’ _
and if o flp2,) 1+ Kn %)<z < on f(p25,)(1 — Kn~=*). We have to

observe that in this case the interval of R for which ms € Ogr(f), s=1,...,k,
is contained in [a1L,asL]. Moreover, the right-hand side of the first line in
formula (4.9) is an upper bound for I} for arbitrary =.

We need the following Lemma 4, which is a version of Lemma 3 in [9].

Lemma 4. Let an interval A = [a,b] and some number 0 < A < 1 be given.
Then, using the notation introduced above, the relation

Z U(A(p2,...,pk,A)) = (b_a)Al_k+O((b—a)A2_k)

—o00o<Pps <O
s=2,...,
holds.
Since only those terms ¢(A(ps,...,pk,A)) are non-zero in the sum ap-

pearing in Lemma 4 for which [ps| < const.A™1, 2 < s < k, and there are
only const.A'™* such terms, hence the following estimate holds. By Lemma 4
and (4.9)

Z K:;Lt(jlw"7jk7p27"'7pkaz)

|ps|<Dn"
s=2,....k
(ca — c1) 1 E=Dn f (g5 _
= 1+0(n~*
L(ag —a1)2"z ( +O(n ))
and by (4.8)
- k
, , 2"(ca — c1)Fn= 1 f(i095,) 2
B e = (1 " L ; 4.1
L(fvjla 7.7/672) ( +e€ ) L(a2_a1) gf (¢2]s) ( 0)
with some ¢,, = ,(j1,. .., jk, 2) — 0 uniformly for all
ay Ln" as Ln"

Flp2j )L+ En™) <2 < =5 f(25,) (1 — Kn™)
and 0 < j; < -+ < jr < p(27),

27’L

for almost all functions f(-). Moreover, the right-hand side of (4.10) is an upper
bound for all z. Hence (4.7), (4.10) and (4.6) imply that

vk, f) = (c2 — )" S (ten

0<j1 <o < <jr<p(2™)
az 35 f (@25, )n" oy, i k
e nr ) —« | | 2 . —«
2 L(as — a1)f(go2h)n Je2gn™ (a.11)

z=a1 g f (2, )07 §=2

k
=(1+¢e)(ca—c1)k Z Hf2(902j5)”_a

0<j1<ja <+ <jp<p(27) s=1
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for almost all functions f(-) with some ¢, — 0 and €/, — 0. The right-hand
side of (4.11) tends to the integral

(c2 —c1)”

0 6
Gt [ [ P e da

(02_Cl)k % k
:T</o f2(<P)d90> ;

A"
k!
k > 1 for almost all functions f(-). Hence relation (3.3) and the Theorem hold.

as n — oo. These relations imply that the limit of Ep(k, f) is for all

5. Proof of the Lemmas

p(2")
Proof of Lemma 1. The cardinality of the set C;(2™) N Z? is less than

7=0
const.22"(n~=% + n®=F). Hence

En'Y < .22 (p =« a=p P O
n;’ < cons (n~%+n )QnAgl?erf(gan (m € Or(f)) (5.1)

< const.(n”% + na_’g),
since in the case m € QOg(f) for 2" A < |m| < 2" B the variable R must be in
an interval of length const.2™™. Its probability is less than const.272" if R is

uniformly distributed in the interval [a; L, as L] with 2" < L < 2"*!. Relation
(5.1) implies Lemma 1. O

Proof of Lemma 2. For fixed m € Z? define the set
A (f) =Am, (m,m) € An(f)}-
We claim that
E|A™(f)| < const.(logn)* =2 if An < |m| < Bn. (5.2)
First we show that (5.2) implies Lemma 2. Indeed, it follows from (5.2) that
E|A,(f)| < const.n®(ogn)*™=2),

hence
22n

- —a(2—71)/2
P <\A2n ()] > na(2—7‘)/2) < const.n .

Since Zn‘a(Q_T)/ 2 < o0, the last relation together with the Borel-Cantelli
lemma imply Lemma 2.
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To prove (5.2) fix some small number a > 0 and introduce the sectors

Us =Uspn(m) = {x € R2, % < (r) —p(m) < @} ,

s=0,+1,+2,...

We show that for m € A™(f) N U, there exists some K = K (K, A, B, by, b, b3)
such that B
Hm[ — |m|| < aK(|s|+1).

Indeed, in this case

o KFGem) | [f(elm) — Fp(m)
[l = lml| < ===+ = )

Im| < aK(|s| + 1)

|
m|

_K L s+ )
n n

by the Lipschitz one property of the functions f(-) we are considering and the
fact that |m| is of order n. The set

Us =Usn{||m| — |m|| < aK(]s| +1)}

has no more than const.(|s| + 1) elements, and the sets Uy and U_; are empty
if An < |m| < Bn. The first statement is clear, and the second one holds for
the following reason. If there is some m € Uy or m € U_1, and m, m are lattice
points, then

1< |m—mf* = (jm| — |m])* + 2m||m| (1 — cos(p(m) — ¢(m)))

and B
Hm[ — \an < aK.

Since |m| > An, |m| > An, the above relations imply that

1 < 2422 ( — cos —) Y a2K? < (3A% + K)a® if n > no.
n

But this is impossible if a > 0 is sufficiently small, hence Uy and U_; are empty.
We can write

(logn)o‘ 7 K
.
E|A™(f)| < const. g Smeﬁfﬂup_fs—l (‘f(gp(m)) fle(m)) =

(5.3)
To estimate the above sum observe that by Part 2a) of Property A the prob-

ability density of the random vector (f(o(m)), f(p(m))) is less than (ﬁ)T if
_ s
m € Us UU_4_q1, and the Lebesgue measure of the set
[m| |m| ’ K }
fle(m))  f(e(m))

{wmmwmm»bmﬂwm<%
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is less than const.n™2, since m and m are of order n. Hence,

[ ™ K const. (n\T | .
P(‘f<w<m>>‘f<so<m>>‘<z)§ "R () imezrnUn0 s,

and (5.3) implies that

_n__
(logn)® o

E|A(f)| < const. Z

s=1

- < const.(log n)*(=2),
sTT

as we claimed. Lemma 2 is proved. [

Proof of Lemma 3. The proof of Lemma 3 is similar to that of Lemma 2. For
all m € Z? define the set

mk(f) ={(m,my,...,mg), (m,m,my,...,mp) € By r(f)}
Similarly to Lemma 2, to prove Lemma 3 it is enough to show that
E|B;"(f)| < const.(log n)*"=2) if An < |m| < Bn. (5.4)
To prove formula (5.4), let us introduce for all integers s1, ..., s, and § the set
U(S1,-..,8k,5) = {(m,ml,...,mk), m; €U;, 1<j<k, me Ug}7

where U, is the same as in the proof of Lemma 2. Let s7 <s5 <.-. < s}‘;+2 be
the monotone ordering of the numbers sy, ..., sg, 5 and 0, and let m, ..., mj_,
be the monotone ordering of the lattice points my, ..., mx, m, m by their angles,
ie. let p(my) < p(my) <--- < @(mj,,). Put s; =57, —s) for 1 <j<k+1.
Introduce the set

U(s1y...,8k,8) = {(m,ml,...,mk) € U(S1y.--,5k,5),

[[m! | — 5| < aR (s, + 1), j:l,...,k+1}.

We get, similarly to the argument in the proof of Lemma 2 that

U(Sb . '7Sk37§) A B?Tk(f) - U(Sb s 78k7'§)7

U(si,...,s,,5) =0 ifs;=0forsomel <j<k+1

and
k+1

\U(s1,...,5k,8)| < const. H 5.

j=1
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Let us also observe that we have to consider only such sequences 8;-, 1 <5<
k +1, for which mini<;j<+1 8, < n(logn)~<, since |[p(m) — p(m)| < (logn)~“.
A similar argument to that in Lemma 2 gives that

" m  m| | _K
(ﬁ%ml»~~-7mk)€pU(81,...,sk,§) P<' fp(m)) fo(m)) ‘ = n’
m|  ms] K )
‘f(w(m)) flomay| w0 1505 k) (5.5)

k+1 n T
< const.n = 2F2 H — .
S .

j=1 \"J

-
k+1 [
Indeed, we have to integrate a density function bounded by const. [] (—,)
i=1\ %j
on a set of Lebesgue measure const.n=2*=2 to calculate a probability term
appearing in (5.5). The above estimates yield that

k+1 1 n T—1
E|B)".(f)] < const. Z H - (S_/>

1<s’,<n, for all 1<j<k+1Jj=1 J
S]SW for some j

k —2~u
noq 1) TETT
< const. (Z;(;) > > )

s=1 s=1

< const.(logn)*(7=2),

Lemma 3 is proved. [

Proof of Lemma 4. The relation

(A(b—a))*—D Z L(A(pz2, -, Pk, A))

s=2,....,k (56)
_ /A;%b)(@, o aw) des. . deg+ O (A(b — a))

holds with

k
A;{a,b)(xz,. . ,xk) = )\ ([a,, b] N m[a+xsgb+xs]> )

s=2

where A(-) denotes Lebesgue measure. This relation holds, since the left-hand
side of (5.6) is an approximating sum of the integral at the right-hand side,
and O (A(b— a)) is the error of the approximation. To complete the proof of
Lemma 4 it is enough to show that

Te(a,b) = /)\,(ga’b)(xg,...,xk)dxg... dzy, = (b— a)". (5.7)
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To prove (5.7) observe that

/\](ca,b)(m, ey Th1,Tk) + )\,(f’b)(xz? cey Tp—1, 2k + (b—a))

= A (g, wpy) if 2 € [a— b,0]

and
/\,(:’b)(xg, coyTp—1,xE) =0 if x| >b—a
Hence,
Ji(a,b) = / D@, a) + M (@, + (b - )|
{a—b<zL<0}
drs ... dxy

- (b—a)/)\](f_’bl)(:cg,...,a:k_l)dxg... da 1 = (b— a)To1(a,b)

The last relation implies (5.7) by induction. Lemma 4 is proved. O

6. Reduction of the proof of the Proposition

Let us introduce the following notation:

$2j1+1

P2is+1
m(f,jl,...,jk):/ 1d90H/ (o) di
%)

271 s=2

We shall prove that

E |Mk,n(f7.j17 s ,jkivp27 cee >pl€7Z)‘

6.1
(z+3)n?on R T 4 (6.1)
B (logn)Qﬁ Hn(f,]]_,--.,jk) <

CMn
(log n)M

for all (j1,...,jk, P2, .-, Pk, 2) € Sy i and arbitrarily large M > 0.

We make some comments about the content of formula (6.1). The second
term at the left-hand side is an estimate of the volume of the domain in R?¥
where the k-tuples from My, , must fall. This is a better approximation of this
volume than that given in the discussion after the formulation of the Proposi-
tion. The second moment of | My ,| is of order n* divided by some power of
logn which depends on the parameters n,  and « appearing in the definition
of My n. The expression at the left-hand side of (6.1) is much smaller, since in
its estimate on the right-hand side we can divide by an arbitrary large power
of logn. Such an estimate holds only if the second term at the left-hand side is
appropriately chosen, i.e. if the volume of the domain where the points of My, ,,
must fall is computed with a sufficiently good accuracy. Let us also remark that
we have only gained a logarithmic factor on a large negative power by making
an appropriate centering of |[My ,,| on the left-hand side of (6.1).
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First we show that formula (6.1) implies the Proposition. For this aim we
introduce the events

An(jh v 7j/€7p2; s ,pk,Z) = {f()7 ’|Mk,n(f7j17 s 7jk7p2; s 7pk7z)‘

(z+ %) n2ok-1 , .
- (10gn)2’7 Hn(fajla'-'a.]k)

7’L2
>a%mMB}

in the space of continuous functions. By (6.1)

const.
P(A,(J1,. ., Jk.P2,s e PRy 2)) < ———,
and since M > 0 can be chosen arbitrary large
n=1 0<j1<j2<-<jr<p(2") |ps|<Ddn
s=2,...,k (62)
Bn
Z P (AZn(j17 v ajk'vp27 -y D,y Z)) <00
z=An"

Among the events

AQ"(jl; <. 7jk7p27 <o 7pk:7z)
for some (j1,...,JksD2s---+Dk,2) € Sanj only finitely many one will occur
with probability one by the Borel-Cantelli lemma and relation (6.2). On the

other hand, because of the continuity properties of the functions f(-) we are
considering, and since z has a value of order n" the relation

k
(24 5 ) Har (oo ) = 74 T] ) (14 00072 7))

s=2

holds. The last relation together with the fact that only finitely many events
Aon occur with probability one imply the Proposition.

Relation (6.1) follows from the following two lemmas:
Lemma 5. For arbitrary M >0 and (j1,...,jk,P2s-- Dk, 2) € Sn,k we have
E {’Mk,n(fvjlv C 7jk7p2a <y Pk Z)‘Z}

IR

(log n)

4

E@uthquﬂ+0(rj—_>

logn)M

where the O(+) is uniform in ji,...,Jk, P2,...,Pk and z.
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Lemma 6. For arbitrary M >0 and (j1,-..,Jk:P2s-- - Pk, 2) € Sn.x we have

E|Mk,n(f,j1,---7jk;p27-~-;pk,2>|Hn(f;j1;---,jk)

_ (= +3) ngy Y : . \9 n?
(logn)Qﬁ E{Hn(f7jl7v.7k) }+O W ’

where the O(+) is uniform in ji,...,Jk, p2,...,Pk and z.

First we give an informal explanation about the proof of Lemmas 5 and 6.
The second moment at the left-hand side of the formula in Lemma 5 can
be expressed as the sum of the probabilities that two pairs of k-tuples m =
(mi,...,mg) and m = (mq,...,my) fall simultaneously into the set My ,.
This statement is expressed in formula (6.4). All terms in this sum can be writ-
ten as an integral of the density function (introduced in Part 2 of the definition
of Property A)

p2k<xla oy Ty Th4-1y - - - 7x2]€’(10(m1)7 s 7(10<mk)790(m1)7 v 790(m1€)) (63)

of the random vector f(p(ma))...., f(p(mi)), F(@(m1)),- ... f(p(mx)). The
sum of these integrals can be considered as the approximating sum of an inte-

gral in an appropriate domain. As the subsequent calculation will show, this
integral equals the main term of the right-hand side of the formula in Lemma 5.
Lemma 5 gives a bound on the error which is committed when the integral
expressing F'H2 multiplied with the constant appearing in Lemma 5 is replaced
by the sum by which we expressed the left-hand side.

This error is small, because by Part 2b) of Property A the density function
(6.3) depends continuously on its arguments z1, ...,z and @(my), ..., p(myg),
w(m1),...,p(mk). But this property supplies a good estimate only if all differ-
ences between the angles ¢(ms) and p(ms) are not too small. The difference
between ¢(ms) and ¢(mg ) or p(m,) is bigger than logn=F, if s # s’ because
of the existence of the buffer zones C;, and the same statement holds for ¢(ms).
But p(ms) — @(ms) can be very small. Hence we fix some large positive number
v and split the sum (6.4) which expresses My, ,, into two parts. The first sum
contains all pairs such that |p(ms) —@(ms)| > logn™7 with some fixed v > 0 for
all s =1,..., k. This sum can be approximated by an appropriate integral very
well because of Part 2b) of Property A, and this is the content of Lemma 7B.
The remaining sum can be bounded sufficiently well for our purposes because
of Part 2a) of Property A, and this is done in Lemma 7A. The integral ap-
pearing in Lemma 7B is not equal to the main term at the right-hand side of
the formula in Lemma 5, because the domain of integration was diminished by
not taking all terms in the sum (6.4). But we show with the help of formula
(6.11) that this change of domain of integration causes only a negligible error.
These estimates together imply Lemma 5. The proof of Lemma 6 is analogous.
Here Lemmas 8B and 8A give the estimate of the main and the error term if
we split the sum expressing the left-hand side of the formula in Lemma 6 in an
appropriate way.
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To carry out the above program we introduce for fixed numbers k, ji,

- Jk, P2, --. , pr and z the notation M,, = My ..(f, 51, -, Jk: D25 - Pk, 2),
where My, , was defined in (4.1). Let Z = 2}, denote the set

Z=Z,={m=(my,...,my), msc€Z?foralls=1,...,k},

and put
Fn = My x M,,.

Clearly,

E{|Myn(frd1s- - desp2-spms2)? = DY Y P((m,m) € F,).  (6.4)

mezZmez

To prove Lemma 5 we have to estimate the sum at the right-hand side of (6.4).
We shall split this sum into two parts and handle differently those pairs (m, m),
m = (my,...,mg) and m = (Mmy,...,my), for which |p(ms) — @(ms)| is very
small for some 1 < s < k and those pairs for which all these differences are
not too small. To formulate this statement in a more explicit way we introduce
some notations.

Let us fix some very large v > 0 which may depend on k, but not on n or
on ji,...,Jk, p2,-..,pr and z. (This number will be chosen much bigger than
a, B, n and 7.) Define the set

Gn:{(tl,...,tk,fl,...,ik), t87is€R17
2. <toyts < poj.11, s=1,...,k},

and split it into two disjoint sets G%l) and G%Z) in the following way: For
w2, < t < paj,41 define £(t), 0 < £(t) < n?'~* as the integer ! for which
o, +InTY <t <o, + (I+1)n~7. Put

GV = {(tr,.. . ti b1, ... l,) € Gn, |l(ts) —L(Es)| > 1forall 1 < s < k}
and

G = {(t1,... tit1,. .. Tk) € Gn,  |0(ts) —£(E)| < 1 for some 1 < s < k}.

Clearly,
’ G, =GP ug®,

Given some measurable B C R?* define the integral

I(B) = / 220 2252 B
(tl,...,tk,fl,.‘.,fk)EB
(Z1seesThsT1s. ey T ) ERZP (6.5)
p(l‘l, ey Ty L1y e ,fk|t1,...,tk,t1,...,tk)

dry...dzpdz, ... dTdty ... dtdt; ... dty
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Since for fixed (t1,...,tk, t1,..., k)

2 2 =2 =2
/ m2...xkx2...l~k
($1,.‘.,xk,:fl,...,ifk)ERQk

p(:lj’l,...,xk,.]_ﬁl,...,Zik‘tl,...,tk,fl,...,fk) (66)
dry...dxpdzy ... dxy

= Ef2(ta) - f2(ty) 2 (E2) - - - F2(Tn),

hence

E{Hn(f. g1, 1)*} = I1(Gn) = I(G) + I(G). (6.7)

Let us also observe that since the right-hand side of (6.6) is bounded, hence
(6.5) and (6.6) imply that

I(B) < const.\(B), (6.8)

where A\(B) denotes the Lebesgue measure of the set B in R2¥,
We split the set F,, into two disjoint sets F} and F?2 in the following way:

( (m1), ,so(mk) p(ma), ... p(my)) € G}
Put
I(Fp)=>_ Z P((m,m) € F}) (6.9)
and
I(F})=>_ > P((mm)c 7). (6.9')
meZ mez
Then we have
E{{Myn(f.d1s - JksD2s -0, 2) P} = T(F)) + I(Fp). (6.10)

It follows from (6.8) and the observation that )\(G,(f)) < const.(logn)™7
that for sufficiently large v = (M, k)

I1(G?) < const.(logn)~Y < const.(logn) M. (6.11)

Lemma 5 follows from formulas (6.7), (6.10), (6.11) and the following Lem-
mas 7TA and 7B.

Lemma 7A. Ify=~(M,k) is sufficiently large, then
T(F?) < const.n*(logn) ™

for arbitrarily large M > 0.
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Lemma 7B. For allv> 0

nt (24 3)° 624D

P I(G)| < const.n®(logn)K
ogn

I(F,) -

with some appropriate K = K(vy) > 0.

(In our problem the upper bound const.n3(logn)¥X in Lemma 7B can be
replaced by the weaker estimate n*(logn)~" with a sufficiently large M > 0.)

We reduce the proof of Lemma 6, similarly to Lemma 5, to two Lemmas 8A
and 8B. To formulate them we introduce the following quantities. Given some
m = (my,...,mg) € 2 = 2 define the sets

Gg)(m) - {(h, ot €RY (@(ma), . o(me) by, ) € Gﬁf)}

and the integrals
TG m) = 7 (m). ) = [ Pt Pty dty
(tl ..... tk)eGgf) (m)
fori=1,2.
The identity

EMk’n(f’jl""’jk’pz""7pk7z)Hn(fvjla"'7jk)
=Y BEx(m e M,)7(GY(m)) + Ex(m € M,)7(G? (m)), (6-12)

mez

holds. Hence Lemma 6 follows from formulas (6.7), (6.11), (6.12) and the
following lemmas.

Lemma 8A. If v =~(M,k) is sufficiently large, then

Z Ex(m e M,)J(G?(m)) < const.n?(logn)~M

mez

for arbitrarily large M > 0.

Lemma 8B. For allv >0

(e ) ot
log n27

Z Ex(m € M,)7 (G (m)) — I(GM)| < const.n(logn)®

mez

with some appropriate K = K(vy) > 0.
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7. Proof of Lemmas 7A and 8A

Proof of Lemma 7A. Fix the numbers ji, ..., ji. Let us split the sets D;, into
smaller sectors U, [ =1,..., " defined by the formula
’ (logn)®

-1 l
Usy = {371 reDj,, @ + — < (@) < 25, + 5}-
Fix some positive number K > 0, and define the set
B(llv-"vlk7ilv"-azk):B(lb"'7lk7Z17"'aZkajla"'vjk7f)

= {(m,rh) = ((my,...,mg), (M1,...,my)) € Z X Z,

ms € Usy,, ms €Uy, s=1,...k,

R
p(ms))| ~ n
’f’mly _f(sLT;”Js))'<§ = ’“}

Introduce the random variables

Clas e Uiy iae D6) = B, b Ty T

The estimate

I(F?) < > B¢yl Dy ) (7.1)
0<lg,ls <ﬁ for all s=1,..., k,

[ls—1s \<W for some 1<s<k

holds. We prove some bounds on the expressions E((l1,...,lx,l1,...,lx). The

cases when |l; — Iy > 1 for all s = 1,...,k and when |I; — I,| < 1 for some

1 < s < k will be handled differently. First remark that all sets Uy ; contain

less than const.n lattice points. We also show that

flo(ms)) — _ f(p(ms)) )
m - \m1|m‘ < const.(|ls — 5| + 1)

forall s =2,...,k, if (m,m)eB(,...,01l1,...,0)

\\ms\ S

(7.2)

holds with m = (mq,...,my) and m = (mq,...,mg).
Indeed, we have

ey fem) | K
"mS' Ml oy e 1|f(<p(m1))‘< n
and
Helm)) - flelm))|
"ml'f«o(ml)) ‘1‘f<so<m1>>‘< (L — LI+ 1),



Poisson Law for the Number of Lattice Points 33

since the function f(-) is Lipschitz one. The last two relations imply (7.2).
The inequalities

My C
ot — 2ot <
|1| o =2k (7.3)
_ ms
totma) — 12 ptmi)| < 5
are also valid if (m,m) € B(ly,... g, 01, .., lg). Let us fix ly,...,l; and
li,..., 1. Take some m = (my,...,m) and m in such a way that ms € Uy,
s=1,...,k, and m € U, j, respectively. Introduce
Bm’m(ll,.. . ,lk,l_l,...,l_k> = {l’fl = (ml,...,mk),

(m7m)eB(ll,...,lk,Zl,...,Zk)’ m:ml}

and . B B . B B
Cm’m(ll, . ,lk,ll, e ,lk) = |Bm’m(ll, . ,lk,ll, e ,lk)‘

We estimate the expected value of (™™. TFirst we consider the case when

s — 1l >1foralls=1,... k.
Fix the values of f(p(mq)),..., f(e(mg)) and f(¢(m1)) and estimate con-
ditional expectation

E(Cm’m(ll,...,lk,l_h...,l_k) ’
flp(my)) = z1,..., flp(my)) = zk, f(e(m1)) = Z1).

Because of (7.2) we can determine with the help of the values of f(p(mq)),

k _
., flo(my)) and f(p(m1)) a set consisting of at most const. [] |ls—Is| vectors
5=2
m in such a way that only the vectors (m, m) with these m can be in the set

]Bm’m(ll, R ,lk, l_l, ey l_k)
Let us estimate the conditional probability of the event that such a vector m

really belongs to this set.

The conditional density of the random vector f(p(m2)),..., f(p(myg)) with
respect to the condition f(p(m1)) = 1, ..., flp(mg)) = zk, flp(my)) = &,

can be bounded by
k T
11 (7 7)
s=1 |ls B ls|

p(x1, .. Tr, Zrlo(ma), ..., o(my), (M)

We shall show that this conditional density function has the above estimate
for all f(e(me)) = Za,..., f(p(mg)) = Zg. Relation (7.4) follows from the
inequality

C(logn) k=187 (7.4)

p(z1, ..., Tk, T1, ..., Tk |p(Mm1), . ..,gp( k), p(my ,o(mg))

)

< C(logn)(k_l)ﬁT (
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The last inequality holds because of Part 2b) of Property A and the following
s —ls] —1

observations: |p(ms) — ¢(ms)| > , and all other terms |p(m) —

p(ms)], lp(ms) — p(ms )| and |p(ms) — @(my )| which appear in the upper
bound of the density we are considering are greater than (logn)~?. (This
statement holds, because there is a sector C; between these points.)

We claim that
P(ﬁl € Bm’m(ll, .. .,lk,fl, . ,Zk)’
flo(ma)) = x1,..., flo(me)) = 2, f(so(ﬁh

- H ( ) (7.5)

p(xy,. .. ,wk,371|90(m1)» p(my), e(ma))’

Hl

N |

< C(logn)k—DAT

and the conditional expectation of (™™ satisfies the inequality

E(Cm’m(ll,...,lk,il, Ce ,Zk)’
flp(mi)) = z1,..., flo(mg)) = zk, f(p(m1)) = 551)

MH( i|>T

p('fl? <oy Tk m1|90(m1) .. ,@(mk)v Qo(ml)) .

(7.5)

< C(logn)k—1A7

Indeed, to calculate the conditional probability in (7.5) we have to integrate
the conditional density which was bounded in (7.4) with respect to the variables
Z9,...,Zr by the Lebesgue measure on an appropriate set. But by the second
line of formula (7.3) this set is contained in the set

<£, s:2,...,k}

which is a set with Lebesgue measure less than const.n~2**2. This fact together
with our bound on the conditional density imply the bound on the conditional
density, and the estimate on the conditional expectation is obtained if we remark

that it is the sum of the conditional probability of at most const. H s — 1]
terms. =

Finally we show that

T—1
EC™ ™1y, .y, - - Ig) < Clogn) B HPTR3~ 3kH <|l |) (7.6)

for all pairs (m, m).

To prove (7.6) we make the following observations: The expectation of ™™
can be obtained by integrating the left-hand side of (7.5") with respect to the
measure

p(x1,. .., xk, ZT1lp(my), ..., o(mg),o(m1))dey ... drg dzy
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on a subset of

A:{(l’l,...,$k,f’1), C1 S I S Co,
m B Cll; — 1
S—’ Slatl <=, 5=2,...,k, and|w1—x1|<M},
|m1| n n

where C' > 0 is some appropriate constant. The first inequalities in the defini-
tion of the set A appeared because of the definition of B(l1,...,lk,l1,..., k),
and the last one, since
_ _ Iy — 1]
(1)) = fp(ma))] < bslp(mn) — p(ma)| < 23— —,

because of the Lipschitz one property of the function f(-). Now formula (7.6)
follows from (7.5") and the fact that the Lebesgue measure of the set A is less
than const.n'=2k|l; — .

Iiet us now consider the case when there are p > 1 indices s such that
lls — ls] < 1. We claim that in this case

T—1
m,m 7 7 (k—=1)B7,,—3k+p+3—¢ I II n
E¢ (llv""llﬁllv"'?lk)<C(10gn) n ' ('ls—l_s|)

for all pairs (m,m).
(7.6")

2—T1
with e = ——, where H/ denotes product with indices s € V' with
T

V={s; 1<s<kand|l,—1,]>2}

We prove (7.6") with some refinement of the proof of (7.6). We may assume
that 1 ¢ V, i.e. |l; — 1| < 1 with the help of the following observation. The set
B(ly,...,lg, 11, ... 1) becomes smaller if we make an arbitrary permutation of
the indices s and choose K/2 instead of K in its definition. On the other hand,
the order of the angles ¢(m ) has no importance in the subsequent arguments.

We shall consider the following two cases separately:
—1—¢

a) [p(my) —p(my)| >n""7F,
b) le(m1) — @(ma)| < n='7=.

In case a) we bound the conditional expectation of (™™ under the condi-
tion f(p(m1)) = x1,..., f(p(mk)) = xk, f(p(m1)) = Z1 similarly to the already
investigated case. Because of (7.2) we can determine a set of vectors m with
cardinality const. [’ |ls—I,| in such a way that only the pairs (m, m) with these
m can be in the set B™™(Iy,..., I, l1,...,1). Arguing similarly as before, with
the difference that now the conditional density of the vector (¢(f(ms)), s € V)
is estimated, we get that

E(Cm’m(ll,...,lk,zl,...,ik)‘
flp(mi)) = x1,..., flp(my)) = 2k, f(e(m1)) = 1)

(k—1)B1,, —2k+2 ! n ’ 7
C(logn) n PH (|l3—ls!) |ls — L]

p(x1, ..., Tk, Trlp(ma), ..., p(mg), @(m1))

<

[p(my) — @(my)] 7.
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Now we get similarly to the previous case by integrating the conditional expec-
tation with respect to the distribution of the condition

flo(ma)) =z1,..., flp(mk)) = zk, f(p(m1)) = 1
that
EC™™ (1, L D, 1) < C(logn) DB p2=8k+p

H/ (Ils . z‘s|>7_1 o(ma) — ()1

for all pairs (m,m).

We only have to observe that in the present case the Lebesgue measure of the
set where we integrate the conditional expectation is less than

const.n™ 22| p(my) — p(my)|.

Indeed, it is contained in a set defined analogously to the set A defined in the
previous case, only the last inequality in its definition must be replaced with
the inequality |x1 —Z1| < Clp(m1) —¢(m1)|. This estimate implies (7.6"), since
lo(m1) — @(m1)]' =7 > n!~¢ in case a).

In case b) we show that

B(C™™ (I, Dy, I [ F(o(ma) = 21, f(p(ma) = ax)
n—2k+2p+1—c H <|ls ﬁ l_5|) 0, — L] (7.7)

p(z1, ..., xklp(m), ..., p(mg))

< C(logn)k—167

In this case we estimate the conditional expectation when the value of
f(v(m1)) is not prescribed in the condition. Nevertheless, the value of f(p(m1))
can be determined by means of the conditioning terms appearing at the left-
hand side of (7.7) with a precision of const.n™'7¢ because of the Lipschitz
one property of the function f(-). Hence we can determine, with the help
of relation (7.2), const. ][ |ls — ls| elements m in such a way that under the
conditioning at the left-hand side of (7.7) the event

(m,rh) € Bm’m(ll,...,lk,il,...,ik)

can take place only with these elements m.

To prove relation (7.7) we remark that the conditional density function of
the vector {f(v(ms)) = s, s € V} with respect to the condition

{Flp(mi)) =z, fle(mr)) = i}
is bounded by

C(log n)(k—l)ﬁT H <‘ls — ls‘) (78)

p(x1, .. xkle(m), ... o(mg))’
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and for any B™™

P(m e B™™(ly,... NI .,l_k)|f(go(m1)) =x1,..., f(p(my)) = zk)

= 2k+2pt1—c H' (ll ﬁ - |)T (7.8")

p(T1, .. xklp(my), ..., o(mg))’

< C(logn)k—167

The estimate (7.8") follows from the estimate (7.8) on the conditional den-
sity and the following observation. To calculate the conditional probability of
the event m € B™™(ly,...,l,l1,...,1) one has to integrate the conditional
density bounded by formula (7.8) on the set

* * — — |m8| — C
A* = A*(x) :{(acs, sevV), s — - | < 3
for all s € V and |Tg — |n:bs 1| < Cn 1_5}
| |

with an appropriate constant C' > 0 and arbitrary s* € V. (We may assume
that V' is non-empty, i.e. p < k. In the case p = k relation (7.8") obviously
holds, since the right-hand side of (7.8') in this case is more than n'~=¢ divided
by a power of logn. To see this, observe that the denominator in (7.8) is less
than a power of logn.) The last inequality may be imposed in the definition of
A*, because

+W@
[y

| 1Z1 — x| < Cn~17¢

Tsx — 72 jl’

in case b). Now (7.8") follows from the bound in (7.8) and the fact that the
Lebesgue measure of the set A* is less than const.n=2F+2P+1=¢_ Relation (7.8)
implies (7.7), since there are []"|ls — I,| possibilities for choosing m. Formula
(7.6") follows from (7.7) and the observation that we have to integrate the
conditional expectation on a subset of the set

[ms| c
(xlu"'v'rk)a ClSJ:lSCQy Ts — Tl <_278:27"'7k7 ’
|m | n
which is a set of Lebesgue measure less than const.n=2F+2.
Since m = (mq,...,my) and m can be chosen with their coordinates m

k+1

in prescribed sectors U ; in const.n®" ways, formulas (7.6) and (7.6") imply

that

k T—1
~ B n
B¢l s D B) < Cllogm) =092k T (\z ] \)
s=1 s s

if I, =l >1foralls=1,...,k (7.9)
T—1
(k—1)B7, 4—2k+p—e TT n
v (2
if there are p > 1 indices s such that I, —[,| <1
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Let us remark that for all  the equation Iy —[, = [ has less than n solutions.
Hence relations (7.1) and (7.9) imply that

) 11 =0 e ()
I(F2) < Cllogm)®=197 [ SV 55

with
-1
0) _ n\"
SOy (2
T — S
~1<‘ZS|SW, s=1,..., k s=1
\ls|<m for some 1<s<k

and

() P N\T!

§ : _ n4—k—|—p—5 E : H ([_) )

1<|ls|< oy s 5=, k—p =1 °7°
We have
(logn)« -1 (Tog n) Y 1
(0) 4_k g n T g n T
E < const.n g — —
< const.n*(logn)~72~7)
and
n k—p
) oz )™ /N 7=1
E < const.n*~ktr—e E <—) < const.n*"¢
b

p=1
for 1 < p < k. Hence

I(F}) < C(logn)F=DoTp! (log n=(=07 4 n_5> < n*(logn)™
if v > 0 is sufficiently large. Lemma 7TA is proved. [

Proof of Lemma 8A. Since An < |mg| < Bn forall s =1, ..., kif m =
(m1,...,my), and there are less than const.n?* vectors m € Z satisfying this
condition, it is enough to show that

Ex(m € M,)J(G?(m)) < const.n™2*2(logn)~M

. (7.10)
for all m € Z if v > v(M, k)

to prove Lemma 8A. Let us introduce the notation ts = ¢(myg)), s = 1,... k.
We can rewrite the expression in formula (7.10) in the following form:

Ex(m € M,)7(G (m)) = / 2l

(Z1,...,Z)ED
(ml,...,mk)ERk
(t1,. - t) €GP (m)
p(l‘l,...,.’Ek,fl,...,,Tk’tl,...,tk,fl,...,fk)
dt1...dtpdzy ... drdzy ... dTy
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with
Ims| ||

D:{(fl,...,f‘k), .’1716]2, —
Tg 1

Let us first fix t1,...,tx and 1, ..., T, and integrate with respect to the vari-
ables 1, ..., zr. Because of the Lipschitz one property of the function f(-), the
density p(:|-) is concentrated on the set |x; — Z;| < bs|t; — t;|, and |z;| < bo.

Hence we get after integration with respect to the variables z1, ...,z that
Ex(m € M,)J(G? (m)) < const. / H [ts — ts|
(j17 ,Jlk)ED s=1
(t1,.tx) €GP (m)
sup p(x1, ..o Ty T1ye e Tilte, ooyt b,y k)
L1,y..3 Tk

dt1...dtpdx, ... dxy.

Then integrating with respect to the variables 5, s = 1,...,k and exploiting
that the Lebesgue measure of D is less than n~2#*2 (this is so, because for fixed
T1, T is in an interval of length const.n=2 forall s = 2,... kif (Z1,...,Zx) € D)
we get that

Ex(m e M,)J(G?(m)) < const.n=2k+2 / H |ts — ts

(t1,estr) €GP (m)” (7.11)
sup p(.Tl,...,$k,fl,...,fk’tl,...7tk,t1,...,tk)dt1 oo dtg.
L1y Tk
T1,...,Tk
Part 2a) of Property A implies that
p(:El, xk,:ﬁl,... fk|t1,...,tk,£1,...,fk)
k
_ 7.12
< H [7(ts) = m(ts—1)| 7" < Cllogn)*= V07 [T 1t — &7, (712
s=2
where {m(t1),...,m(t2x)} is the monotone ordering of the numbers tq, ..., tx,
t1, ..., tg. The last inequality in (7.12) holds, because |ts — ts|, |ts — ts| and

|ts — ts| are greater than (logn)~? if s # s’. (There is a sector C; between
them.) Relations (7.11) and (7.12) imply that

Ex(m € M,)J(G?(m)) < const.n=2**+2C(log n)(k_l)/BT

/ H Ite — ts| 7 dty ... dty.
(t1,eest) €GYY (m)

Since min|t; — t5] < (logn)~7 by the definition of the set Gg)(m), the last
inequality implies that

Ex(m € M,)7(G?(m)) < const.n=2**2(logn) =M,
if v > ~v(k, M). Lemma 8A is proved. [
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8. The proof of Lemmas 7B and 8B

Proof of Lemma 7B. Let us first observe that
- S ~ log n)&
|p($1,...,$2k|t1,...,t2k) —p(l’l,...,$2k|t1,...,t2k)| < COTLSt.( & )
c - C
if (t1,...tor) € G, and |Ty — x| < =, I —ts] < —, s=1,...,2k
n n

(8.1)
with some K = K(v,C). This statement follows from Part 2b) of Property
A and the fact that 7(ts) — w(ts—1) > (logn)~7, if (t1,...,t2k) € el (Here

m(ts), s = 1,...,2k, denotes again the monotone ordering of the sequence tg,
s=1,...,2k.)

The relation m = (my,...,my) € M,, holds if and only if

flp(ms)) € I (ma,ms, f(p(ma)))

|m8| ’ms’
ol (. D Tl po
Fotm T ) omay T Ja  P0m)
s=2,....k,  @(ms) € [p2., 025,41, s=1,...,k,
and |m,| € I, (8.2)

Y

Since An < |m1| < Bn and 0 < by < f(¢(m1)) < by < oo, hence the
interval I(mq, ms, f(¢(m1))) can be non-empty only if |mg| is of order n for all
s =1,...,n. Using this fact, we get with the help of standard calculation that

I (mb Mms, f(go(ml)))

e Pletm) +0 ()

We claim that

P((m,m) € F})
_/ ( M| img| Mo |mk|‘
= p\r, —x,..., A e R
[my | [my | [y | [y |

]wml),...,so<mk>,so<m1),...,so<m>) (53)

k
T logn) ¥
3(k=1) z3(k=1) 10 qz52k—1) s || O (log

if (p(m1),..., p(me), 9(ma), .., o(mx)) € Gi and |ml,lmi| € L. Other-
wise, this probability equals zero. Indeed, we get the above probability by
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fixing first the values f(p(m1)) =z and f(¢(m1)) = T, integrating the density
function

p(w,yg, ceo s Yk Ty Y2, 7gk|90(m1)7 s 790(mk)790(m1)7 s 790(mk))

on the set

(y27"'7ykag27--'7§/k>
El(ml,mg,x) X oo XI(ml,mk7x) XI(ﬁ’Ll,ﬁ’Lg,i‘) Xoeee XI(ml,mk,f‘)

and then integrating with respect to z and z.

It follows from (8.1) and the definition of the interval I(m1,ms, f(¢(m1)))
(logn)™

that we commit an error of order O (TS
Ak

) by substituting the argument

ys by %JJ and 7, by n_l—sla_t, the length of the intervals I(mi,ms,x) and

1 i
3 Mms

‘ml‘?’a: and 6, ENE

Z. (Observe that we may assume that by < z,Z < by, otherwise the density
function p(-|-) equals zero. Let us also observe that the density p(-|-) in the
integrand of (8.3) is less than a power of log n, because of Part 2a) of Property A
and the fact that the difference between the angles p(my) and p(my) is greater
than (logn)~7. We need this observation to show that the approximation of
the length of the intervals I(mi, ms,z) and I(my,ms, T) we have made causes

1 K
an error of order O (( 0gn)

m
[ms| 73 when integrating with fixed 2 and

I(my,ms, ) by 6

W) .) In such a way we get formula (8.3).
n

Fix some m € D, NZ? and m € D;, N Z?. Relations (8.1) and (8.3) imply
that

S P ((m, m) € FL)

= 52D / el . el
{w(ml>,<p<yz>,...,w(yk),si<mi>,w<g2>,..:¢<yk>}ea53’ (8.4)
p(xv |y2|7 ) |yk|ax7 |3/2|, ) |yk|‘
lo(m), o(y2), .- o(yx), (M), (2), - - ., o(Tk))
1 K
dys dijs . .. dyy, dg dz di + O (7( og") >
n
where y,,7s € R?, for s =2,...,k, 2,7 € R and ) (m.m) denotes summation
for such pairs (m,m) € F1, m = (mq,...,my), m = (mq,...,my) for which

my = m and m; = m. (We remark that the dependence of the last integral on
m and m appears only in the dependence of the density function p(:|-) on p(m)
and p(m).)

Indeed, let us estimate each term of the sum at the left-hand side of (8.4)
with the help of the integral (8.3). Let us fix the values z and Z in these
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integrals, and consider the sum of the integrands at the right-hand side of (8.3).
This is an approximating sum of the integral on the right-hand side of (8.4) with

2(k—1) 1 2(k—1)
fixed (x and ) on a lattice of span [0, —} X [O, _—} , and the
[my | | |

1
difference between the sum and the approximating integral is O <M> by
n

formula (8.1). Then integrating with respect to the arguments x and T we get
formula (8.4).

Summing up relation (8.4) for m and m we get with the help of relation
(8.1) that

n allgal . el
W Y2[|Y2| - - - |Yk||Yk

{(xryl 7777 yk?"frgl 77777 gk)eDk}

17} = 2

p(x, |y2|7 SRR |yk‘|7j7 |g2|7 SRR |yk||gp(y1)7 o '7<P(yk)790(g1)7 s 7¢(gk))

dyy ... dyy dxdz + O (n3(log n)K) ,
(8.5)
where the set Dy, is defined as

Dk:{(x’yla---7yk7373;371;---737k)a ;C”fERl, y5>gS€R2;8:17"'7k

(D )s- s o) @) o rp()) € GO, il € [02 + 1]}.

Here we exploit that Z(F}) is the sum of the expressions at the left-hand

1 4
side of formula (8.4), and %
n

hand side of (8.4) is an approximating sum of the integral at the right-hand

Mr

times the sum of the integrals at the right-

side in (8.5) on a lattice of span {O, . Rewriting the integral in (8.5)

in polar coordinate system, i.e. making the change of variables r; = |ys],
vs = o(ys) and 75 = |ys|, ¢s = ¢(ys) for all s = 1,...,k and then integrating
with respect to r; and 7, we get that

i () et o).

T(FL) = 52(k—1)
(FD=at

The last relation implies Lemma 7B. [J

The proof of Theorem 8B is similar, hence we only give a brief sketch of it.
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We get, arguing similarly to the proof of formula (8.3) that

Ex(m € M;)J (G (m))

_ [ma| [ .
- b\, Tyooiy T/ |y1| |y2| 7|yk|
[ | |

z€R! (y1,...,yr) ERF
(F2,...,T) €T (G (m))

o(mi),...,p(mg),t1,. .. tk) SED1ga gk da dyy - . ., dik
K
(k—1) || (logn)
i s [ 250 (15

To prove Theorem 8B first we sum up this formula for all m = (mq,...,mg)
with prescribed m then for m; and observe that these sums approximate well
certain integrals. In such a way we get formulas analogous to (8.4) and (8.5).
Then rewriting the formula analogous to formula (8.5) in polar coordinate sys-
tem (in the variables corresponding to the points m) we get Theorem 8B.

9. On the proof of the Stronger version of the Theorem

We have used Part 1) of Property A in the proof of Lemmas 7A, 8A and in
Lemmas 2 and 3. If only its weaker version Part 1’) is satisfied, then the
following observations help us to prove the Theorem.

If the estimate |f(p2) — f(v1)| < D|g2 — ¢1|logn holds with some D > 0
instead of the inequality |f(p2) — f(¢1| < const.|pa — ¢1|, then the bounds
we get are worse with a multiplying factor which is a power of logn. Such
estimates are appropriate in the proofs of Lemmas 7A and 8A, if the exponent
v is chosen sufficiently large in them. Hence we make the following approach.
Let us consider the event

F(D.m) = { wp 20 = £l

< Dlogn >,

0<p1<p2<0 1 — | }

where D = D(k) may depend on the number k appearing in Lemmas 7A and
8A. We get the necessary bound on this set and show that the contribution of
the complementary set is negligible.

In Lemma 7A we have to bound the sum (6.9”). There are only const.n?"
non-zero terms in this sum, and each of them can be bounded well by means
of formula (2.1) on the complementary set of F'(D,n). Hence, it is enough to
estimate the sum

Z Z (m,m) € F2} N F(D,n))

mezZmez

with sufficiently large D > 0. The estimates given in the proof of Section 7 work
in this case too, the only difference is that now an additional multiplying factor
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(log n)?* appears. But this term causes no problem if 4 > 0 is chosen sufficiently
large. The same argument works in the proof of Lemma 8A and Lemma 2, but
in the proof of Lemma 3 we have to be more careful. The problem which arises
in this case is that although a can be chosen large in the definition of the sets
D;(n), but it cannot depend on the number k appearing in this lemma. We
have to bound the expression in formula (5.4) more carefully. Actually, it is
enough to bound the expression

E|B (/) Ix(F'(ek, D)) (9-1)

with some appropriate €, > 0 and Dy > 0, where

Pe.D) - { A s (logn) < L))

< Dlogn ;,
0<p1<p2<0 ’901 - 902‘

The estimate on the complementary set of F’can be done by modifying the
argument of the proof in the same way as it was done in the case of Lemma TA.

We estimate the expression in (9.1) with the help of the Schwarz inequality
and the following observation:

. 5 2k+2 2k+1 .
il < (L77) 2 1mnl (9:2)

The estimate (9.2) holds, since at the left-hand side we have counted the number
of pairs (m, mi,...,mg) € B (f) and (m/,m,...,m) € B"(f), the union

2k + 2
of these two sets is contained in one of the sets B} (f), and at most ( i _:—1 )

different pairs can give the same union.

In such a way we get the inequality

ok 4 2 25t 1/2
BB (f)Ix(F'(ex, Dy) < < ) Z E(|B] () X(F/(€k,Dk))]

k+1 !

1/2
P ( sup |f(901) - f(§02)| > (logn)g’“>

0<p1<p2<0 |91 — P2

< const.(logn)*" ™ exp {—\(logn)°*} .

The right-hand side estimate of the last inequality holds. Indeed, the argument
of the proof of Lemma 3 yields that the first term of the right-hand side is an
S (1) = f(p2)]
1 — 2|
on the set F'(e,Dy). On the other hand, formula (2.1) gives the bound
exp{—A(logn)%*} on the probability in the middle term. Since this is the dom-
inating term in the expression at the right-hand side, we have got a sufficiently
good upper bound on the expression (9.1). In such a way we can prove Lemma 4
under the weaker condition Part 1’) instead of Part 1) in Property A.

upper bound on the sum of expectations, since < Dilogn
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