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Péter Major
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Given the partial sums of i.i.d.r.v.s with a distribution function F(x), | x dF(x)=0,
[ x*dF(x)=1 we want to approximate these r.v.s with the partial sums of inde-
pendent standard normal variables. This problem was discussed in papers [1]
and [2]. The case when the third moment of the distribution does not exist was .
omitted. The aim of this paper is to fill this gap.

Introduction

In papers {1] and [2] a sequence of partial sums of iid.r.v.s was approximated
with normal summands. The case when the third moment of the summands does
not exist was omitted because some statements of the paper were based on the
Berry-Essen theorem which holds only if the third moment exists. Here we will
prove somewhat weaker results in the case when the third moment does not exist
and show that these weaker results are sufficient to make an optimal construction
possible. We could choose the same construction as in [1] and [2] but we choose
another one which is just as good and simpler. Similar constructions are also
found in [3, 4] and [5].
We prove the following:

Theorem 1. Let F(x) be a distribution function such that {x dF(x)=0, | x* dF(x)=1
and [ x* g(|x|) dF (x)<co where g(x) satisfies the following conditions

1) g(x)/x is monotonically decreasing,

1) g(x)=g(x)/x* is monotonically increasing with an appropriate £>0.

Then one can construct a sequence of iidr.vs X, X,, ... with distribution F(x)

and another sequence Y;, Y,, ... with standard normal distribution in such a way
that the sequences

n

Sn:ZXIU ’T;IZZY; (n=152:"')?
k=1

k=1
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satisfy the relation

P (lim sup lS;l;q)T"' §L>=1 1)

with an appropriate constant L. Here h(x) denotes the inverse of the function x* g(x).
Instead of i) we could write

(i il(ic)z is monotonically decreasing. (¢ is sufficiently small.)

Observe, that if | x* g(|x]) dF (x) <co then there is a function u(x) 20, u(x) > o0
suchthat | x? g(]x[)u(|x|) dF (x) < co. Applying Theorem 1 with g(x)u(x) instead
of g(x) we obtain the following

Corollary. Under the conditions of Theorem1 one can construct the sequences
X, X,,... Y, Y,, ... insuch a way that
Sn B T;:
h(n)

Specifically choosing g(x)=|x|""% 2<r=<3 we obtain that if ||x|"dF(x)<oo
2<r<3 then

— 0, with probability one.

Sn_Tn
1

nr

- 0. (2)

Using the results of [2] one sees that (2') holds true for every r>2.
Proofs. To prove our Theorem we need the following lemmas.

Lemma 1. Let X,, X,, ... be iidruvs, EX? g(|X,])< oo where g(x) satisfies (i) and
(ii). Define

X’—{Xi if |X;|<cy/nlogn

Y10 otherwise,

. X|—EX .
Xi:—ﬁ{-’ F(x)=P(X,<x),
and
F,,(x):P( L F 21; T "<x>.
n

Then we have
1

| —E(x)=[1 - ®(x)] [1+0 (m)]

F(-x)=0(~3) [1+0 (gal/ﬁ))]

if nggg—]/log n. (P(x) is the standard normal distribution.)
c
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Proof. The proof applies the standard large-deviation technique. We prove only
the first relation, the proof of the second one being the same. Define dV(x)=

Lj;j(];—)(ﬁ’ where R(t):j e'*dF(x) and let Y(r)=1log R(t). We have
[—F(x)=1-F*"/nx)= }O VO JYE) (3). 2

Vax

1
Provided £ <—"— Viogn
6¢ n
are bounded by a constant, and
IR (1) éj’ Ix|3 & dF(X)gj 'xl3+f dF(x)

g
<(n og n) 1/;1*

S x* g(|x[) dF(x) < :
B E i

Thus calculating the derivatives of ¥(f) we obtain that [y (2)], | (), | Y (1) are
bounded by a constant and

» then some calculations show that |R(z)], |R'(z)], |R"(2)]

w/// (t) é K __ﬁ_e‘
g/mn’
Choose t as the solution of the equation x =1/n ¥ (1). Then x <—8% V' log n implies

thatt<j— Vlogn
= 6¢

][ - Expressing t as a function of x, the Taylor-series of £(x) gives
n

that

X - x?
T\
We want to approximate V'* ™ (x) by a normal distribution with expectation n (1)

and variance n " (t). Now I*®(x) may not have a bounded third moment, but

Sl av -1 B

Therefore, we can state (see e.g. [6] p. 141) that

< | x?g(x) dF(x)<K.

xX—ny'(t) A
su V*(’"(x)—@( )é_
P Vv @ /|7 84/ mn?

with an appropriate constant 4.

Let us approximate (2) by

e —ny'(t)

u= | eIt 4p <~——-—y . )

Substituting z= ymny ) +iny (1) one gets

V' (©
tZ
w=exp (n |-ty O+ 50 0)]) (00 ViT@)
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where

 [00—w 0+ 5 v 0] =0 (—(%—;) =0 (-7
and 7 i

or =g =0 (o)
Therefore,

w=[1~ & (x)] (1+0 (E(I]/T)))

Integration by parts shows that 1—F,(x)— U is less than

2A
2 e -1 )]
gW/mn’
B o2t
s/nnt ow ("L aeyny  EVY

These estimations prove Lemma 1.
Now define the inverse of a distribution function F(x) as

F~1(t)=sup(y; F(y)=1).
Then given a uniformly distributed r.v. £ on [0, 1], the r.v. F1(£) has distribution

F(x).
We need the following corollary of Lemma 1.

Corollary. Let ;%:di“l(é), %=Fn‘1(§) where & is a uniformly distributed

random variable on [0, 11. The estimation

D*(5,~T,)=0 (g(% )

3
128(2 +¢) v
Proof of the Corollary. 10<S,<¢ Vnlogn, c’=§gc-, then

S, -
e e )2 F"(V'g‘) 1 o
“[-o ()] (1+e () -2 (k50 5)

Ky/n
g(/n)

holds if we take c*= in Lemma 1.

with an appropriate K>0; thus |S,—T,|<
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By Hélder’s inequality,

2

[ x?dR(x)<P (15"_>c’]/logn)2—“ [f 1212+ dF,(x)]? **
x>c¢ Yiogn n
<n7L22'2i£S1.
= “n

The tail of 7, can be similarly estimated. Similar estimations are valid if S, <0,
and these estimations imply the Corollary.

We need the next lemma in order to work with truncated random variables
instead of the original ones.

Lemma 2. Let X, X,, ... be i.idr.vs with df. F(x), EX,=0, EX} =1, EX? g(|X,])

[g_l (lor{; n\)]z

logn
the inverse of g(x). Let v,, n=1,2, ... be a monotone increasing sequence of positive
integers such that v, < Ba, with appropriate B> 0.

Define

n n—1 n
s )X i | X <g™! (ﬁ>, v,2k< Y v,
szI k k logn j; J El I

0  otherwise

<co where g(x) is as in Theorem 1. Define a,= where g7(x) is

and
XE:ZjKE:ZEQXE.
DX,
Then the sequences S,=) X;, S,= Y X, and S,= Y X; n=1,2,... satisfy the
relations j=t j=t =1
a) |S,—S,|£K(w) with probability one,
b) S;z(_nf" -0 with probability one

(h(x) is again as in Theorem 1, that is the inverse of x* 2(x)).

2
Let us remark that h(na,)=g (—n—), since noc,,z[g*‘ ( t )] I
logn logn logn

Proof of Lemma 2. Denote g~! (é;) by u,.
a) We have
Z P(X+X)= Z v, P X [2u,)
k=1 n=1
SBY no, Plu,<|X,|<u, )

Un+ 1

=BY | u?g(u, dF(x)<B | x*g(lx)dF(x)< 0.
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Therefore X, (w)=+ X, () only finitely many times.
b) It is enough to prove the estimations

EX,—X,) D*(X,— X))
E(X,— Xk)
b1) ; n s Zh(n )lx‘iunlxldF(x)
<Y xaFsC | 2Relx)dF) <.
B Up+ 1> x| >0 — 0

b 2) DZ(X Xm) (1- - DX, g DZX —I—EX2 +(EX, )2.
Furthermore

(EX,)° EX,
L0y = L <

and

1—EX}? cno, 5
Z hZ(k) _Z hz(nan) un<|x|j<u,.+1‘)CI dF(X)

<c [ x? g(Ix]) dF(x)<c0.

Proof of Theorem 1. Define S,,S, and S, as in Lemma 2. (We define v, later.)
Because of Lemma 2 it is enough to prove formula (1) writing S, instead of S,.

n
Denote y,= Z o;. Using the notation of our previous lemmas, our construction

will be the followmg
Let £,,¢&,, ... beiid.r.vs and let & be uniformly dlstrlbuted on[0,1]. Lett>0
be a sufficiently small fixed number, denote [t(y,—7v._,)] by v, and put w,

Y v,. We construct the random variables
k=1
S5
R (7
Vo,
TW +1 - 7—"4? —_
S g (E).
Vo
(F,()/nx) is the distribution of §,.)
Complete the sequences SW",NTWH into two sequences S,, T, so that the joint
distrlbutlon of the sequences S, and T, n=1,2, ... be the prescribed one, while
S, T,,, should agree with the previously constructed S, and T,, . We prove that
these S, and T, satisfy (1).
First we state that
S, — T,
e
hno,) ~

n=1,2,....
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Since E (Swn— T,)=0 this relation follows from the estimation

p*((S,,-S,, )T, ~T, .
Z((nn)( 7, )

. W (na)
an
K200 ) 2(1/%)?

%, _2 K
2 = —
g()/,)? logn
g(f)z (log n)

28 (IOg n)z o

<KZ

if ¢ is chosen sufficiently small.
Here we used the estimation

g (/%) 8(/a,logn)
1/0(7,, - Vo, logn ’

which is true by (i), and thus

]/—)> g(/a,logn)  n
Vlogn ~ (logn)?’

It remains to prove that

S,—8
lim sup wn<sklilzvnu—b_—\ hk(n a:”)"l <L, (3)

and the same relation holds writing T instead of S.
Using Lemma 1 with an approximately chosen L

Sk Swn S~Wn+l_SWn L)
P<w,1<i‘i%n , hlnw )>L) ZP( hino,) 2

:2P (SW'H'l_Sw,. L h(I’lOC ))

Un+1 2 I/ n+1
<2P (M>L 1/Tog u,,) <L
I/ vn+1 _7’12

Thus the Borel-Cantelli lemma implies (3). This relation can be similarly proved
with 7,-s instead of S,-s.
Finally we state the following

Theorem 2. Let F(x) and h(x) be as in Theorem 1. Then for any x, x* g(x)=n
x<ynlogn there exists two finite sequences X;,X,,... X, resp. Y, Y,,... Y,
k

of iidruv.s with d.f. F(x) resp. @(x) such that the sequences S,= ) X;, T, Y;

i=1 i

HMa-
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k<1, ... n satisfy the relation
o(n)

x* g(x)

The proof is similar to that of Theorem 1, so we give only a rough sketch of it.

It is enough to prove this formula with O (+) instead of o( - ) and then the same
remark can be applied as after Theorem 1.

P(suplS,— T >x)= @

Let us truncate the r.v.-s X at %, and denote the partial sums made from the

standardized form of these truncated variables by S,, k=1,2, ... n. Approximate
: 5 & X n

the variables S;,—S;_1ym by T—T;_1y, Where m=tfog—x’ j=12, T and

t>01is an appropriate fixed constant, in the same way as it was done in the corollary
of Lemma 1, and complete the sequences S and T asin the construction of Theorem
1. Then similar arguments like in the proof of Theorem 1 show that (4) holds with

S, instead of S, and % instead of x.
On the other hand

o)
x? g (x)’

and these estimations prove Theorem 2.

P (sup|Sk—S’k|>—)2&> =
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