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A NOTE TO A PAPER OF DUDLEY
by

L. LOVASZ and P. MAJOR

R.M. Dubptey proved [1] some results about realization of probability measures
on a metric space as distribution of random variables. Among others he showed,
generalizing a result of Skorohod, that, given a separable metric space S and a
sequence {P,} of probability measures weakly converging to a probability measure
Py on S, there exists a probability space (2. ., P) and S-valued random variables
&, such that X, has distribution P, (n=0, 1, ...) and X, X, with probability 1.

In the present note we prove the following

THEOREM. Let S be a compact connected metric space; let the probability measures
£, (on the Borel sets of S) converge weakly to a probability measure P, such that
every open set has positive Py measure. Then there is a probability space (Q, o, P)
and random variables X,, (a=0, 1, ...) such that X, has distribution P, and X, X,
uniformly.

[tis a surprising fact, occuring already in DUDLEY’s paper, that the proof of the
theorem is based on a combinatorial lemma, the KONIG—EGERVARY theorem. How-
ever, here we use its “continuous” form:

Let G be a bipartite graph with vertices x; and y; G j=12,...,m) such that
the edges join x/'s with y;s; associate a non-negative real number pu) with every
vertex u of G. It is possible to associate a non-negative real v(e) with every edge e
of G in such a way that the sum of values v(e) associated with edges incident with u
be p(u), if and only if (i) Zp(v)=Zp(x;)) and (i) if IS {1, ...,n} and J is the set of
indices of points v; connected to points x; (i€1) then > p(y )= 2.

JEs I
PROOF of the Theorem. Let k=1. Divide S into disjoint sets F{*, ..., F® with

diameters = -, with boundaries of Py-probability 0 and having an inner point.

k
Then
(H lim P,(F®) = Py(F*y = 0.
Let us choose an », such that
(2) P, (F®F) = (1 —min Pm(F}’”))PO(F;"»’)
J=r

for m=mn,. We may assume n, <ny<---,

For m=m=mn,, ., consider the following bipartite graph Gt let
(4,j=1,2, ..., r,) be its vertices, x; and p, connected by an edge iff F*' Fif =20,
and let p(x;) =P (F®), p(y) =P, (F®). Then the conditions of the K&NIG—EGER-
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VARY theorem are fulfiled

f’p(r)“ ;p(\%— 1

iz i=1
and if 7< {1, ..., n} then the points x; (/1 €J) are connected to every point y; (i€7)
and, because of the connectedness of S, to at least one point y;, /41 Thus (2) im-~
plies (ii). ‘
Let a{” denote the value associated with the edge connecting x; to y;, and
afi =0 if no such edge exists. Consider the Cartesian product S><S>< ~=Q" and
{he product g-algebra o on it. Denote by X, (w) the (a+1)-st coordinate of w €Q".
We define a probability measure P on Q" as follows: let P(X,€4)=P,(4) and

P(,(Y,”EA!:: 0= Xgo vy Xm == xmml) = P(XméA]/Yﬂ = :“U} =

i acm)
‘T i R (k)
1 Po(FY) i i

for m=m-=ny.,; and \’;)\F;‘) Then

: P (AOFR) : ,
¢ PSS S, s L) Bt i 5’ RFY e ().
P(X,,cA) = 22 aij P,,,(F”‘)) 2 PAATLES) P,,f(A)

On the other hand, from the construction it follows that P((Z(JL s X)) = i) = 0

for mzn, and thus the set Q@ = [ {d(X(,, X,) = %} has probability 1. Thus,
k. n :

the functions X, restricted to @ 01ve the required construction.

Remark: The condition that S be connected and P, be positive seems to be
somewhat artificial. However, it is easy to see that they are necessary. For assume
S is not connected, and let P, be a positive probability measure on it. Let S = S§; U S,,
where d(S;, S,)=6=>0. Define the probability measure £, by

P(A) =( plue )]Po (4f wsl)+{ B ) pansy,

Then there are no random variables X, with the properties required in the theorem;
reaﬂy for each n there would be an o such that X, (w) € S; but X,(w)y€S, (because
Po(S) =P, (SY), e d(X,, Xo)=3.
On the other hand, imbed the preceding space S into a compact connected metric
space S;. and define al measures to be 0 on S, —S. Then, obviously, the preceding
argument remains valid.
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