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Preface

This lecture note has a fairly long history. Its starting point was an attempt to solve
some limit problems about the behaviour of non-linear functionals of a sequence
of independent random variables. These problems could not be solved by means of
classical probabilistic methods. I tried to solve them with the help of some sort of
Taylor expansion. The idea was to represent the functional we are investigating as
a sum with a leading term whose asymptotic behaviour can be well described by
means of classical results of probability theory and with some error terms whose ef-
fect is negligible. This approach worked well, but to bound the error terms I needed
some non-trivial estimates. The proof of these estimates was interesting in itself, it
was a problem worth of a closer study on its own right. So I tried to work out the
details and to present the most important and most interesting results I met during
this research. This lecture note is the result of these efforts.

To solve the problems I met I had to give a good estimate on the tail distribution
of the integral of a function of several variables with respect to the appropriate power
of a normalized empirical distribution. Besides, I also had to consider a generalized
version of this problem when the tail distribution of the supremum of such integrals
has to be bounded. The difficulties in these problems concentrate around two points.

a) We consider non-linear functionals of independent random variables, and we
have to work out some techniques to deal with such problems.

b) The idea behind several arguments is the observation that independent random
variables behave in many respects almost as if they were Gaussian. But we have
to understand how strong this similarity is, when we can apply the techniques
worked out for Gaussian random variables. Besides, we have to find methods to
deal with our problems also in such cases when the techniques related to Gaus-
sian and almost Gaussian random variables do not work.

To deal with problem a) I have discussed the theory of multiple random inte-
grals and their most important properties together with the properties of so-called
(degenerate) U-statistics. I considered the Wiener—It6 integrals which are multiple
Gaussian type integrals, and provide a useful tool to handle non-linear functionals
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viii Preface

of Gaussian sequences. I also proved some results about a good representation of the
product of Wiener—It6 integrals or degenerate U -statistics as a sum of Wiener—It0 in-
tegrals or degenerate U-statistics. A comparison of these results indicates some sim-
ilarity between the behaviour of Wiener—Ito integrals and degenerate U-statistics. |
tried to present a fairly detailed discussion of Wiener—Itd integrals and degenerate
U -statistics which contains their most important properties.

Problem b) appeared in particular in the study of the supremum of a class of
random integrals. It may be worth mentioning that there is a deep theory worked
out mainly by Michel Talagrand which gives good estimates in such problems, at
least in the case if only one-fold integrals are considered. It turned out however that
the results and methods of this theory are not appropriate to prove such estimates
that I needed in this work. Roughly speaking, the problems I met have a different
character than those investigated in Talagrand’s theory. This point is discussed in
more detail in the main text of this work, in particular in Chapter 18, which gives an
overview of the problems investigated in this work together with their history. The
problems get even harder if the supremum not only of one-fold but also of multiple
random integrals have to be estimated. Here some new methods are needed which
we can find by refining some symmetrization arguments appearing in the theory of
so-called Vapnik—Cervonenkis classes.

I have also considered an example in Chapter 2 which shows how to apply the
estimates proved in this work in the study of some limit theorem problems in math-
ematical statistics. Actually this was the starting point of the research described in
this work. I discussed only one example, but I consider it more than just an exam-
ple. My goal was to explain a method that can help in solving some non-trivial limit
problems and to show why the results of this lecture notes are useful in their investi-
gation. I think that this approach works in a very general setting, but this is the task
of future research. Let me also remark that to understand how this method works
and how to apply it one does not have to learn the whole material of this lecture
note. It is enough to understand the content of the results in Chapter 8 together with
some results of Chapter 9 about the properties of U-statistics.

I had two kinds of readers in mind when writing this lecture note. The first kind
of them would like to learn more about such problems in which relatively few in-
dependence is available, and as a consequence the methods of classical probability
theory do not work in their study. They would like to acquire some results and meth-
ods useful in such cases, too. The second kind of readers would not like to go into
the details of complicated, unpleasant arguments. They would restrict their attention
to some useful methods which may help them in proving the limit theorem problems
of probability theory they meet also in such cases when the standard methods do not
work. This lecture note can be considered as an attempt to satisfy the wishes of both
kinds of readers.

Budapest, January 2013
Péter Major



Chapter 1
Introduction

First I briefly describe the main subject of this work.

Fix a positive integer n, consider n independent and identically distributed ran-
dom variables &;,...,&, on a measurable space (X,.2") with some distribution p
and take their empirical distribution , together with its normalization \/n(W, — it).
Besides, take a function f(x1,...,x;) of k variables on the k-fold product (X*, 27%)
of the space (X, Z), introduce the k-th power of the normalized empirical measure
V(i — ) on (X*, 2°%) and define the integral of the function f with respect to
this signed product measure. This integral is a random variable, and we want to give
a good estimate on its tail distribution. More precisely, we take the integrals not on
the whole space, the diagonals x; = xy, 1 < 5,5’ <k, s # §', of the space X* are
omitted from the domain of integration. Such a modification of the integral seems
to be natural.

We shall also be interested in the following generalized version of the above
problem. Let us have a nice class of functions .% of k variables on the product space
(x*, 2°%), and consider the integrals of all functions in this class with respect to the
k-fold direct product of our normalized empirical measure. Give a good estimate on
the tail distribution of the supremum of these integrals.

One may ask why the above problems deserve a closer study. I found them impor-
tant, because they may help in solving some essential problems in probability theory
and mathematical statistics. I met such problems when I tried to adapt the method
of proof about the Gaussian limit behaviour of the maximum likelihood estimate to
some similar but more difficult questions. In the original problem the asymptotic
behaviour of the solution of the so-called maximum likelihood equation has to be
investigated. The study of this problem is hard in its original form. But by applying
an appropriate Taylor expansion of the function that appears in this equation and
throwing out its higher order terms we get an approximation whose behaviour can
be well understood. So to describe the limit behaviour of the maximum likelihood
estimate it suffices to show that this approximation causes only a negligible error.

One would try to apply a similar method in the study of more difficult questions.
I met some non-parametric maximum likelihood problems, for instance the descrip-
tion of the limit behaviour of the so-called Kaplan—-Meyer product limit estimate
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when such an approach could be applied. But in these problems it was harder to
show that the simplifying approximation causes only a negligible error. In this case
the solution of the above mentioned problems was needed. In the non-parametric
maximum likelihood estimate problems I met, the estimation of multiple (random)
integrals played a role similar to the estimation of the coefficients in the Taylor ex-
pansion in the study of maximum likelihood estimates. Although I could apply this
approach only in some special cases, I believe that it works in very general situa-
tions. But it demands some further work to show this.

The above formulated problems about random integrals are interesting and non-
trivial even in the special case k = 1. Their solution leads to some interesting and
non-trivial generalization of the fundamental theorem of the mathematical statistics
about the difference of the empirical and real distribution of a large sample.

These problems have a natural counterpart about the behaviour of so-called U-
statistics, which is a fairly popular subject in probability theory. The investigation
of multiple random integrals and U-statistics are closely related, and it turned out to
be useful to consider them simultaneously.

Let us try to get some feeling about what kind of results can be expected in these
problems. For a large sample size n the normalized empirical measure /n(L, — W)
behaves similarly to a Gaussian random measure. This suggests that in the problems
we are interested in similar results should hold as in the analogous problems about
multiple Gaussian integrals. The behaviour of multiple Gaussian integrals, called
Wiener—It6 integrals in the literature, is fairly well understood, and it suggests that
the tail distribution of a k-fold random integral with respect to a normalized empir-
ical measure should satisfy such estimates as the tail distribution of the k-th power
of a Gaussian random variable with expectation zero and appropriate variance. Be-
sides, if we consider the supremum of multiple random integrals of a class of func-
tions with respect to a normalized empirical measure or with respect to a Gaussian
random measure, then we expect that under not too restrictive conditions this supre-
mum is not much larger than the ‘worst’ random integral with the largest variance
taking part in this supremum. We may also hope that the methods of the theory of
multiple Gaussian integrals can be adapted to the investigation of our problems.

The above presented heuristic considerations supply a fairly good description of
the situation, but they do not take into account a very essential difference between
the behaviour of multiple Gaussian integrals and multiple integrals with respect to
a normalized empirical measure. If the variance of a multiple integral with respect
to a normalized empirical measure is very small, what turns out to be equivalent to
a very small L,-norm of the function we are integrating, then the behaviour of this
integral is different from that of a multiple Gaussian integral with the same kernel
function. In this case the effect of some irregularities of the normalized empirical
distribution turns out to be non-negligible, and no good Gaussian approximation
holds any longer. This case must be better understood, and some new methods have
to be worked out to handle it. The hardest problems discussed in this work are
related to this phenomenon.

The precise formulation of the results will be given in the main part of the work.
Besides their proofs I also tried to explain the main ideas behind them and the no-
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tions introduced in their investigation. This work contains some new results, and
also the proof of some already rather classical theorems is presented. The results
about Gaussian random variables and their non-linear functionals, in particular mul-
tiple integrals with respect to a Gaussian field, have a most important role in the
study of the present work. Hence they are discussed in detail together with some
of their counterparts about multiple random integrals with respect to a normalized
empirical measure and some results about U-statistics.

The proofs apply results from different parts of the probability theory. Papers
investigating similar results refer to works dealing with quite different subjects, and
this makes their reading rather hard. To overcome this difficulty I tried to work out
the details and to present a self-contained discussion even at the price of a longer
text. Thus I wrote down (in the main text or in the Appendix) the proof of many
interesting and basic results, like results about Vapnik—éervonenkis classes, about
U-statistics and their decomposition to sums of so-called degenerate U-statistics,
about so-called decoupled U -statistics and their relation to ordinary U-statistics, the
diagram formula about the product of Wiener—Itd integrals, their counterpart about
the product of degenerate U-statistics, etc. I tried to give such an exposition where
different parts of the problem are explained independently of each other, and they
can be understood in themselves.

As all the topics treated in the individual chapters relate to each other it seemed
natural to me to tell the history of how the various results were reached in one
last chapter. This last chapter, Chapter 18, just before the Appendix, also contains
the complete reference list. I tried to give satisfactory referencing to all essential
problems discussed, concentrate on explaining the main ideas behind the proofs
and indicate where they were published. I did not attempt to provide an exhaustive
literature list for fear that more would be less. As a consequence the reference list
reflects my subjctive preferences, my way of thinking.






Chapter 2

Motivation of the investigation. Discussion of
some problems

In this chapter I try to show by means of an example why the solution of the prob-
lems mentioned in the introduction may be useful in the study of some important
problems of probability theory. I try to give a good picture about the main ideas, but
I do not work out all details. Actually the elaboration of some details omitted from
this discussion would demand hard work. But as the present chapter is quite inde-
pendent of the rest of the work, these omissions cause no problem in understanding
the subsequent part.

I start with a short discussion of the maximum likelihood estimate in the simplest
case. The following problem is considered. Let us have a class of density functions
f(x,) on the real line depending on a parameter ¥ € R!, and observe a sequence
of independent random variables & (®),...,&,(®) with a density function f(x, ¥),
where ¥ is an unknown parameter we want to estimate with the help of the above
sequence of random variables.

The maximum likelihood method suggests the following approach. Choose that
value 3, = 1§n(<§1 ,---,&y) as the estimate of the parameter ¥ where the density
function of the random vector (&, ...,&,), i.e. the product

1/ ) =cxp { y logf@k,m}
k=1 k=1

takes its maximum. This point can be found as the solution of the so-called maxi-
mum likelihood equation

Ao,
¥ g toe (& 9) =0 @

We are interested in the asymptotic behaviour of the random variable B, — B, where
¥, is the (appropriate) solution of the equation (2.1).

The direct study of this equation is rather hard, but a Taylor expansion of the
expression at the left-hand side of (2.1) around the (unknown) point ¥, yields a
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good and simple approximation of 3, and it enables us to describe the asymptotic
behaviour of 9, — .
This Taylor expansion yields that

n

n 9
;;logf (& dn) =Y, a;s; S5 Do)

k=1 S, Do)
o 2pgm (BrEo)
a 902 ) _ ’ (D — )2
O X e ey || O %))
i‘, M+ G(Dn — 00)) + 0 (n(d — %)?) (2.2)
where
2? 9 ?
A L Sl (/&)
=" F (&, o) “ T F(& Do) F2(&, Do)

for k =1,...,n. We want to understand the asymptotic behaviour of the (random)
expression on the right-hand side of (2.2). The relation

[ 2/t 0)
£ (x, B0)

holds, since [ f(x,9)dx =1 for all ¥, and a differentiation of this relation gives the

9 2
last identity. Similarly, En? = —E{ = [ % dx>0, k=1,...,n. Hence by

Eng f(x,ﬂo)dx:%/f(mﬁo)dx:

n
the central limit theorem ), = ﬁ Y mx is asymptotically normal with expectation
k=1

(2 f(x0)
)

I is called the Fisher information. By the laws of large numbers 1 2 &~ 1.

zero and variance I = [ dx > 0. In the statistics literature this number

Thus relation (2.2) suggests the approximation of the maxnnum hkehhood es-

>
timate ¥, by the random variable ¥, given by the identity ¥, — ¥ = ,kgl Zk,
k
and the previous calculations imply that /n(d, — ) is asymptotically normal
with expectation zero and variance 12 The random variable B, is not a solution
of the equation (2.1), the value of the expression at the left-hand side is of or-
der O(n(®d, — %)?) = O(1) in this point. On the other hand, some calculations
show that the derivative of the function at the left-hand side is large in this point,
it is greater than const.n with some const. > 0. This implies that the maximum-
likelihood equation has a solution 9, such that ¥, — 9, = O (%) Hence \/n (19,1 — %)

and /n(9, — ) have the same asymptotic limit behaviour.
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The previous method can be summarized in the following way: Take a simpler
linearized version of the expression we want to estimate by means of an appropriate
Taylor expansion, describe the limit distribution of this linearized version and show
that the linearization causes only a negligible error.

We want to show that such a method also works in more difficult situations. But
in some cases it is harder to show that the error committed by a replacement of the
original expression by a simpler linearized version is negligible, and to show this the
solution of the problems mentioned in the introduction is needed. The discussion
of the following problem, called the Kaplan-Meyer method for the estimation of
the empirical distribution function with the help of censored data shows such an
example.

The following problem is considered. Let (X;,Z;), i = 1,...,n, be a sequence of
independent, identically distributed random vectors such that the components X; and
Z; are also independent with some unknown, continuous distribution functions F (x)
and G(x). We want to estimate the distribution function F of the random variables X;,
but we cannot observe the variables X;, only the random variables ¥; = min(X;, Z;)
and §; = I(X; < Z;). In other words, we want to solve the following problem. There
are certain objects whose lifetime X; are independent and F distributed. But we
cannot observe this lifetime X;, because after a time Z; the observation must be
stopped. We also know whether the real lifetime X; or the censoring variable Z; was
observed. We make n independent experiments and want to estimate with their help
the distribution function F.

Kaplan and Meyer, on the basis of some maximum-likelihood estimation type
considerations, proposed the following so-called product limit estimator S,(u) to
estimate the unknown survival function S(u) = 1 — F (u):

i N(Y; 1(Yi<u,§;=1) .
iIJI (N(Ié)ll) if u <max(Yy,...,Y,)

0if u > max(Yy,...,Y,), and §, =1,
undefined if u > max(Yy,...,Y,), and §, =0,

1= Fy(u) = S,(u) = (2.3)

where
Nty =#Y;, Yi>t,1<i<n}=Y1(Y;>1).
i=1

We want to show that the above estimate (2.3) is really good. For this goal we
shall approximate the random variables S,(u) by some appropriate random vari-
ables. To do this first we introduce some notations.

Put

H(u)=PY;<u,&=1), H(u)=PY;<u,&=0) (2.4)

and
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Halu) = Y 1% <) 25)
i=1

A=Y <us=1. Aw='Y1m<us=0).
i=1 i=1

Clearly H (1) = H(u) +H(u) and H,(u) = H,(u) + H, (1). We shall estimate F, (1) —
F(u) foru € (—oo, T] if

1—-H(T)> 38 withsome fixed 6 > 0. (2.6)

Condition (2.6) implies that there are more than gn sample points Y; larger than T
with probability almost 1. The complementary event has only an exponentially small
probability. This observation helps to show in the subsequent calculations that some
events have negligibly small probability.

We introduce the so-called cumulative hazard function and its empirical version

A(u)=—log(1—F(u)), Au(u)=—log(l—F,(u)). 2.7)

Since Fy,(u) — F (u) = exp(—A(u)) (1 —exp(A (u) — A,(u))) a simple Taylor expan-
sion yields

Fo(u) = F (1) = (1= F (u)) (An(u) = A(u)) + Ry (u), (2.8)

and it is easy to see that Ry (1) = O ((A(u) — A, (u))?). It follows from the subse-
quent estimations that A (u) — A,(u) = O(n~"/2), thus R, (u) = O(}). Hence it is
enough to investigate the term A, (u). We shall show that A, («) has an expansion
with A («) as the main term plus n~!/2 times a term which is a linear functional of an
appropriate normalized empirical distribution function plus an error term of order

o(n=1).
From (2.3) it is obvious that

An () z—il()’iﬁu, 6 =1)log (1 _1+1N(Y,)>

It is not difficult to get rid of the unpleasant logarithmic function in this formula by
means of the relation —log(1 —x) = x+ O(x?) for small x. It yields that

Ii<u§=1)
N(Y:)

with an error term R, () such that nR (u) is smaller than a constant with probability
almost one. (The probability of the exceptional set is exponentially small.)

+ Ry (u) = Ap(u) + Ry (u) (2.9)
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The expression A, (u) is still inappropriate for our purposes. Since the denom-

inators N(Y;) = i I(Y; > Y;) are dependent for different indices i we cannot see
j=1
directly the limit behaviour of A, (u).

We try to approximate A,(u) by a simpler expression. A natural approach
would be to approximate the terms N(Y;) in it by their conditional expectation
(n—1)H(Y;) = (n—1)(1-H(Y;)) = E(N(Y;)|Y;) with respect to the o-algebra gen-
erated by the random variable Y;. This is a too rough ‘first order’ approximation, but
the following ‘second order approximation’ will be sufficient for our goals. Put

Y 1(Y; > Y;) —nA(Y)
10> Y) =nA(Y) | 1+ T

n

N =

-

and express the terms —— in the sum defining A,,, (with A, introduced in (2.9))

N(Y;)
by means of the relation - = ¥ (—1)kz* = 1 —z+¢(z) with the choice z =
k=0
£ 101 1)
/_T(Y,) As [e(z)] < 222 for |z] < § we get that
10> v —na)\
> 1) —n i
A LI <u,6=1) — =
Alw) =Yy ————~| 1+ - _
igi nH(Y;) ,;1 nH(Y;)
- 1(¥; > ¥;) —nH(¥)
2O <u, 8 =1) ]gl s '
- Z 7 1— = +R3(u)
i=1 HH(Y,) nH(Y,)
= 2A(u) — B() + R3 (1), (2.10)
where ( 5 |
- (Yi<u, §=1
A u :A n,u)= _
() = A(n,u) ; 1)
and

o IY,‘SM,&ZlIY/' Y,
B(u):B(n,u):Z}:l( nzgz<%)(-> ).
e

i=1

It can be proved by means of standard methods that nR3(u) is exponentially small.
Thus relations (2.9) and (2.10) yield that

An(u) =2A(u) — B(u) +negligible error. (2.11)
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This means that to solve our problem the asymptotic behaviour of the random
variables A(«) and B(u) has to be given. We can get a better insight to this problem
by rewriting the sum A(u) as an integral and the double sum B(u) as a two-fold
integral with respect to empirical measures. Then these integrals can be rewritten
as sums of random integrals with respect to normalized empirical measures and
deterministic measures. Such an approach yields a representation of A,(u) in the
form of a sum whose terms can be well understood.

Let us write

_ [Ty <u)
A<“>—/m1f b A
Feo e I (y § x>y) N
w=["[71 o )

We rewrite the terms A(u) and B(u) in a form better for our purposes. We express
these terms as a sum of integrals with respect to dH (u), dH () and the normalized
empirical processes d+/n(H,(x) — H(x)) and d+/n(H,(y) — H(y)). For this goal ob-

serve that
Hy(x)Hy(y) = HX)H () +H(x)(Ha(y) —H(y)) + (Ha(x) — H(x))H (y)
+(Ha(x) — H(x)) (Ha(y) = H(»))-

Hence we can write that B(u) = By (u) + B2 (u) + B3(u) + Ba(u), where

/ / ) d).

In the above decomposition of B(u) the term Bj is a deterministic function, By,
Bj are linear functionals of normalized empirical processes and By is a nonlinear
functional of normalized empirical processes. The deterministic term Bj () can be
calculated explicitly. Indeed,

//+oo x>y dH(X)dﬁ(y)/—l:old—HI-(I}g))'

Then the relations A (u) = [“_ (1 —-G(t))dF(t) and 1 —H = (1 — F)(1 — G) imply
that
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Bl(u)/_l;%log(lF(u))A(u). 2.12)
Observe that
" dHn()’)
Au) /_71_ ()

_ /‘” dH / H,(y)-H(y)))
ol — ) NG 1 —H(y)
= By (u) + By (u). (2.13)
From relations (2.11), (2.12) and (2.13) it follows that
An(u) — A(u) = By (u) — B3(u) — B4(u) + negligible error. (2.14)

Integration of B, and B3 with respect to the variable x and then integration by parts
in the expression B, yields that

1 e d(Va(Ha(y)—H()))
Ba(u) = 7/ I—H( )

_ Vo (Hy(w) —H(w) u f( W(v) —H(y))
Vn(1—H(u)) f (1—H(y))*
Lo m(HY) = HaY) A
B) = / o)

With the help of the above expressions for B, and B3 (2.14) can be rewritten as

dH(y),

\/ﬁ(A,,(u)—A(u)):ﬁ(HIn()? ) j_ n(flfngm)())dH()

G A D)
—+/nB4(u) + negligible error. (2.15)

Formula (2.15) (together with formula (2.8)) almost agrees with the statement
we wanted to prove. Here the random variable /n (A, (1) — A (u)) is expressed as a
sum of linear functionals of normalized empirical distributions plus some negligible
error terms plus the error term /nB4(u). So to get a complete proof it is enough to
show that /nB4(u) also yields a negligible error. But nBy(u) is a double integral of
a bounded function (here we apply again formula (2.6)) with respect to a normalized
empirical distribution. Hence to bound this term we need a good estimate of multiple
stochastic integrals (with multiplicity 2), and this is just the problem formulated in
the introduction. The estimate we need here follows from Theorem 8.1 of the present
work. Let us remark that the problem discussed here corresponds to the estimation of
the coefficient of the second term in the Taylor expansion considered in the study of
the maximum likelihood estimation. One may worry a little bit how to bound nB4(u)
with the help of estimations of double stochastic integrals, since in the definition of
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By (u) integration is taken with respect to different normalized empirical processes in
the two coordinates. But this is a not too difficult technical problem. It can be simply
overcome for instance by rewriting the integral as a double integral with respect to
the empirical process (/7 (H,(x) — H(x)),v/n (H.(y) — H(y))) in the space R?.
By working out the details of the above calculation we get that the linear func-
tional B (u) — B3 (u) of normalized empirical processes yields a good estimate on the
expression v/n(A,(u) — A (u)) for a fixed parameter u. But we want to prove some-
what more, we want to get an estimate uniform in the parameter u, i.e. to show that
even the random variable sup |\/n(A, () —A(u)) — Ba(u) + B3(u)| is small. This
u<T

can be done by making estimates uniform in the parameter u in all steps of the
above calculation. There appears only one difficulty when trying to carry out this

program. Namely, we need an estimate on sup [nB4(u)|, i.e. we have to bound the
u<T
supremum of multiple random integrals with respect to a normalized random mea-

sure for a nice class of kernel functions. This can be done, but at this point the second
problem mentioned in the introduction appears. This difficulty can be overcome by
means of Theorem 8.2 of this work.

Thus the limit behaviour of the Kaplan—-Meyer estimate can be described by
means of an appropriate expansion. The steps of the calculation leading to such
an expansion are fairly standard, the only hard part is the solution of the problems
mentioned in the introduction. It can be expected that such a method also works in
a much more general situation.

I finish this chapter with a remark of Richard Gill he made in a personal conver-
sation after my talk on this subject at a conference. While he accepted my proof he
missed an argument in it about the maximum likelihood character of the Kaplan—
Meyer estimate. This was a completely justified remark, since if we do not restrict
our attention to this problem, but try to generalize it to general non-parametric maxi-
mum likelihood estimates, then we have to understand how the maximum likelihood
character of the estimate can be exploited. I believe that this can be done, but only
with the help of some further studies.




Chapter 3

Some estimates about sums of independent
random variables

We shall need a good bound on the tail distribution of sums of independent random
variables bounded by a constant with probability one. Later only the results about
sums of independent and identically distributed variables will be interesting for us.
But since they can be generalized without any effort to sums of not necessarily
identically distributed random variables the condition about identical distribution
of the summands will be dropped. We are interested in the question when these
estimates give such a good bound as the central limit theorem suggests, and what
can be told otherwise.

More explicitly, the following problem will be considered: Let Xi,...,X, be in-
dependent random variables, EX; = 0, VarX; = O'jz, 1 < j < n, and take the random

n n

sum S, = Y X; and its variance Var§, = Vn2 =Y Gf. We want to get a good bound
j=1 j=1

on the probability P(S, > uV,). The central limit theorem suggests that under gen-

eral conditions an upper bound of the order 1 — & (u) should hold for this probability,

where @(u) denotes the standard normal distribution function. Since the standard

. : . . . . . Ry
normal distribution function satisfies the inequality (1 — i) e/ <1l—P(u) <

u 1,{3 \/ﬁ
2
%e \/%2 for all u > 0 it is natural to ask when the probability P(S, > uV,) is com-

parable with the value ¢~/2. More generally, we shall call an upper bound of the

form P(S, > uV,) < ¢~C with some constant C > 0 a Gaussian type estimate.

First I formulate Bernstein’s inequality which tells for which values u the prob-
ability P(S, > uV,) has a Gaussian type estimate. It supplies such an estimate if
u < const.V,. On the other hand, for u > const.V,, it yields a much weaker bound. I
shall formulate another result, called Bennett’s inequality, which is a slight improve-
ment of Bernstein’s inequality. It helps us to tell what can be expected if Bernstein’s
inequality does not provide a Gaussian type estimate. I shall also present an example
which shows that Bennett’s inequality is in some sense sharp. The main difficulties
we meet in this work are closely related to the weakness of the estimates we have
for the probability P(S, > uV,) if it does not satisfy a Gaussian type estimate. As
we shall see this happens if u > const. V,,.

13
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In the usual formulation of Bernstein’s inequality a real number M is introduced,
and it is assumed that the terms in the sum we investigate are bounded by this num-
ber. But since the problem can be simply reduced to the case M = 1 I shall consider
only this special case.

Theorem 3.1 (Bernstein’s inequality). Let X, ..., X, be independent random vari-
n
ables, P(|X;| <1) =1, EX; =0, 1< j<n Put6; =EX;, 1< j<n S,= ¥ X;
j=1
n
andV} = VarS, = ¥, GJZ. Then
j=1

u2

P(Sy>uV,) <exp ———~ » forallu>0. 3.1

2<1+l u)

Proof of Theorem 3.1. Let us give a good bound on the exponential moments Ee
for appropriate parameters ¢ > 0. Since £EX; =0 and E |X '-‘+2| < G? for k > 0 we can

. ) o 22 22
wrlteEe’XJ:k); REXF <1457 <1+Z wan ><1+ (1+ 213 ktk>

1Sn

2 262

1+Tj 1 Sexp{zj }1f0<z<3 Hence

._.
|
W~

L,.z\

S T X Vo1
Ee :jl;[lEe I <exp > 1_% for0 <r<3.

The above relation implies that

2v/2
2v2 o1
P(S, > uVy) = P("Sn > "V) < EelSre ™V < exp { ?” T tan}
3

if 0 <t < 3. Choose the number ¢ in this inequality as the solution of the equation

t2V2 1, =tuV,, i.e. putt = ﬁ Then 0 <t < 3, and we get that P(S, > uV,) <
3 :
—tuV, )2 _ 2
e exp{ 20*%%)} O
If the random variables X1, ..., X, satisfy the conditions of Bernstein’s inequality,
then also the random variables —Xj,...,—X, satisfy them. By applying the above

result in both cases we get that P(|S,| > uV,) < 2exp {_2(112'“)} under the con-
3Vn

ditions of Bernstein’s inequality.

By Bernstein’s inequality for all € > 0 there is some number o(€) > 0 such that
in the case y- < o/(€) the inequality P(S, > uV,) < ¢~ (1-6)*/2 holds. Besides, for
all fixed numbers A > 0 there is some constant C = C(A) > 0 such that if {- <A,

then P(S, > uV,) < ¢~C’  This can be interpreted as a Gaussian type estimate for
the probability P(S, > uV,) if u < const.V,,.
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On the other hand, if ;- is very large, then Bernstein’s inequality yields a much
worse estimate. The quest10n arises whether in this case Bernstein’s inequality can
be replaced by a better, more useful result. Next I present Theorem 3.2, the so-called
Bennett’s inequality which provides a slight improvement of Bernstein’s inequal-
ity. But if vl,, is very large, then also Bennett’s inequality provides a much weaker
estimate on the probability P(S, > uV,) than the bound suggested by a Gaussian
comparison. On the other hand, I shall present an example that shows that (with-
out imposing some additional conditions) no real improvement of this estimate is
possible.

Theorem 3.2 (Bennett’s inequality). Let X|,...,X, be independent random vari-

n
ables, P(|X;| <1) =1, EX; =0, 1< j<n Puto; =EX;, 1< j<n S,= Y X;
j=1

andV2 Var§, = Z G Then
j=

P(S, >u)<exp{ [(1+Vn>log(1+€2>—é]} forallu>0. (3.2)

As a consequence, for all € > 0 there exists some B = B(&) > 0 such that

P(S,>u) §exp{(1£)ulog‘f2} ifu>BV?, (3.3)

n

and there exists some positive constant K > 0 such that

P(Sy > u) < exp {Kulog‘fz} ifu>2v2. (3.4)
n

Proof of Theorem 3.2. We have

and Ee'S < %€ =11 for all t > 0. Hence P(S, > u) < e "Ee'Sn < g~ tutVii(¢'=1-1)
for all + > 0. We get relation (3.2) from this inequality with the choice r =
log (1 + V‘—}%) (This is the place of minimum of the function —tu +V?(e' — 1 —1t)
for fixed u in the parameter ¢.)

= 1 with the choice v = %
imply formula (3. 3) Because of relation (3.3) to prove formula (3.4) it is enough
to check it for 2 <z <B with some sufficiently large constant B > 0. In this case

Relation (3.2) and the observation lim w
o) vlogy

relation (3.4) follows directly from formula (3.2). This can be seen for instance by
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2 u u ) _u
v [(‘*v&)“g(‘*vz) vz}
ulogv%

function of the variable % in the interval 2 < % < B, hence its minimum in this

observing that the expression is a continuous and positive

interval is strictly positive. a

Let us make a short comparison between Bernstein’s and Bennett’s inequalities.
Both results yield an estimate on the probability P(S, > u), and their proofs are
very similar. They are based on an estimate of the moment generating functions
R;(t) = E¢'%i of the summands X, but Bennett’s inequality yields a better estimate.
It may be worth mentioning that the estimate given for R;(t) = Ee'*/ in the proof of
Bennett’s inequality agrees with the moment generating function E¢'Yi—£Yi) of the
normalization Y; — EY; of a Poissonian random variable Y; with parameter VarX;. As
a consequence, we get, by using the standard method of estimating tail-distributions
by means of the moment generating functions such an estimate for the probability
P(S, > u) which is comparable with the probability P(T,, — ET, > u), where T,, is a
Poissonian random variable with parameter V,, = Var§,. We can say that Bernstein’s
inequality yields a Gaussian and Bennett’s inequality a Poissonian type estimate for
the sums of independent, bounded random variables.

Remark. Bennett’s inequality yields a sharper estimate for the probability P(S, > u)
than Bernstein’s inequality for all numbers « > 0. To prove this it is enough to show
that for all 0 < ¢ < 3 the inequality Ee’S < ¢"i(¢~1=") appearing in the proof of
Bennett’s inequality is a sharper estimate than the corresponding inequality Ee’S" <

2y/2
exp {t ;/" 11 T appearing in the proof of Bernstein’s inequality. (Recall, how we

estimate the probability P(S, > u) in these proofs with the help of the exponential

I 2
moment Ee'S7.) But to prove this it is enough to check thate! — 1 —¢ < = L for
p g 71
-3
1

all 0 <t < 3. This inequality clearly holds, since ¢’ — 1 —¢ = k);2 %k, and % T

(8]

¥ b5k

Next I present Example 3.3 which shows that Bennett’s inequality yields a sharp
estimate also in the case u > V> when Bernstein’s inequality yields a weak bound.
But Bennett’s inequality provides only a small improvement which has only a lim-
ited importance. This may be the reason why Bernstein’s inequality which yields a
more transparent estimate is more popular.

Example 3.3 (Sums of independent random variables with bad tail distribution
for large values). Let us fix some positive integer n, real numbers u and 6> such that
0<o0?< %, n>4u > 6 and u > 4nc?. Let 62 be that solution of the equation x2 —
x+ 62 =0 which is smaller than % Take a sequence of independent and identically
distributed random variables Xi,...,X, such that P(X; = 1) = 6% P(X; =0) =

—&%forall 1< j<n PutX;,=X,—EX;=X;,—6%1<j<n S, = j
1 - 62 N1<j<n PutX;=X;—EX;=X;—-6%1<j<n S X;
j=1

and Vn2 = no?. Then P(|X,| <1)=1, EX; =0, VarX, = 02, hence ES, = 0, and
Var S, = V2. Besides,
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P(S, > u) > exp {Bulog ‘ZZ}

with some appropriate constant B > 0 not depending on n, ¢ and u.

Proof of Example 3.3. Simple calculation shows that EX; = 0, VarX; = 62 -6 =
02, P(]X;] < 1) =0, and also the inequality 6> < 6% < 302 holds. To see the
upper bound in the last inequality observe that 6% < 1, i.e. 1— 62 > %, hence 62 =
62(1-62%) > 25 G In the proof of the inequality of Example 3.3 we can restrict our
attention to the case when u is an integer, because in the general case we can apply
the inequality with i = [u] + 1 instead of u, where [u] denotes the integer part of u,
and since u < i1 < 2u, the application of the result in this case supplies the desired
inequality with a possibly worse constant B > 0.
n

Put §, = ¥ X;. We can write P(S, > u) = P(S, > u+n&?) > P(S, > 2u) >
=1

P(S, =2u) = (5)5%(1— 62)<’"2“) > (”2‘_;2 )2”(21 62)"=20) since u > nG2, and
n > 2u. On the other hand (1 — §2)("=24) > =207 (n—2u) > e~219” > ¢~ hence

P(S,>u) > exp{ 2ulog( 52 2u10g2—u}

:exp{ 2ulog( ) 2ulog—2ulog2—u}

Example 3.3 is proved. a

In the case u > 4V,? Bernstein’s inequality yields the estimate P(S, > u) < e~ %
with some universal constant o > 0, and the above example shows that at most an
additional logarithmic factor K log % can be expected in the exponent of the upper
bound in an improvement of this estimate. Bennett’s inequality shows that such an
improvement is really possible.

I finish this chapter with another estimate due to Hoeffding which will be later
useful in some symmetrization arguments.

Theorem 3.4 (Hoeffding’s inequality). Let €1, . .., &, be independent random vari-
ables, P(gj = 1) = P(¢j = —1) = 3, 1 < j <n, and let ay,...,a, be arbitrary real

numbers. PutV = Z a;€j. Then
=1

2

P(V>u)§exp{ oy
j=14 J

} forallu > 0. 3.5)
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Remark 1: Clearly EV =0 and VarV = } a?, hence Hoeffding’s inequality yields

j=1
such an estimate for P(V > u) which the central limit theorem suggests. This esti-
mate holds for all real numbers ay,...,a, and u > 0.

Remark 2: The Rademacher functions r(x), k = 1,2,..., defined by the formu-
las r(x) = 1if (2j—1)27%F <x<2j2% and r(x) = -1 if 2(j—1)27 % <x <
(2j—1)27% 1< j<2¥! forall k=1,2,..., can be considered as random vari-
ables on the probability space 2 = [0, 1] with the Borel o-algebra and the Lebesgue
measure as probability measure on the interval [0, 1]. They are independent random
variables with the same distribution as the random variables €1, ..., &, considered
in Theorem 3.4. Therefore results about such sequences of random variables whose
distributions agree with those in Theorem 3.4 are also called sometimes results about
Rademacher functions in the literature. At some points we will also apply this ter-
minology.

Proof of Theorem 3.4. Let us give a good bound on the exponential moment
n (gajt+g7a./t)

Ee" for all 1 > 0. The identity Ee'V = [] Ee'%% = [] ~—5— holds, and

j=1 j=1
ajt | —ajt oo 2k oo +\2k
(”276’) =Y o< ¥ (G~ — %12, since (2k)! = 2%! for all k > 0. This
k=0 . k=0 :
implies that Ee’¥ < exp {122 a? } Hence P(V > u) <exp { —tu+ % Yy a?}, and
j=1 j=1 "

-1
n
we get relation (3.5) with the choice t = u < Yy a%) . O
j=1



Chapter 4
On the supremum of a nice class of partial sums

This chapter contains an estimate about the supremum of a nice class of normalized
sums of independent and identically distributed random variables together with an
analogous result about the supremum of an appropriate class of one-fold random in-
tegrals with respect to a normalized empirical distribution. The second result deals
with a one-variate version of the problem about the estimation of multiple integrals
with respect to a normalized empirical distribution. This problem was mentioned
in the introduction. Some natural questions related to these results will be also dis-
cussed. It will be examined how restrictive their conditions are. In particular, we are
interested in the question how the condition about the countable cardinality of the
class of random variables can be weakened. A natural Gaussian counterpart of the
supremum problems about random one-fold integrals will be also considered. Most
proofs will be postponed to later chapters.

To formulate these results first a notion will be introduced that plays a most
important role in the sequel.

Definition of L,-dense classes of functions. Let a measurable space (Y, %) be
given together with a class 4 of % measurable real valued functions on this space.
The class of functions & is called an L,-dense class of functions, 1 < p < oo, with
parameter D and exponent L if for all numbers 0 < € < 1 and probability measures
v on the space (Y, %) there exists a finite e-dense subset G v ={g1,...,gm} CY in
the space L,(Y,% ,v) withm < De~L elements, i.e. there exists such a set Gz, C 4
with m < De~L elements for which 161(1} [lg—gj|? dv < €” for all functions g € 9.
8jSTe,v

(Here the set G,y may depend on the measure v, but its cardinality is bounded by a
number depending only on €.)

In most results of this work the above defined L,-dense classes will be consid-
ered only for the parameter p = 2. But at some points it will be useful to work also
with L,-dense classes with a different parameter p. Hence to avoid some repeti-
tions I introduced the above definition for a general parameter p. When working
with L,-dense classes we shall consider only such classes of functions ¢ whose el-
ements are functions with bounded absolute value. Hence all integrals appearing in
the definition of L,-dense classes of functions are finite.

19
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The following estimate will be proved.

Theorem 4.1 (Estimate on the supremum of a class of partial sums). Ler us
consider a sequence of independent and identically distributed random variables
&1, &n m > 2, with values in a measurable space (X, Z") and with some dis-
tribution W. Besides, let a countable and Ly-dense class of functions .F with some
parameter D > 1 and exponent L > 1 be given on the space (X, Z") which satisfies
the conditions

[1f ]l = su)I?If(X)I <1, forallfeZF .1
XE

178 = [ Peuax) <> forallfe 7 “2)

with some constant 0 < ¢ < 1, and

/f(x)u(dx) =0 foral fe.%. 4.3)

n
Define the normalized partial sums S, (f) = ﬁ Y f(&) forall f € F.
k=1

There exist some universal constants C > 0, o« > 0 and M > 0 such that the
supremum of the normalized random sums S, (f), f € F, satisfies the inequality

2
P (sup ISu(f)] > u) < Cexp {a (%) } for those numbers u

feF

for which \/no? > u > MG(L3/410g1/2 % + (logD)3/4)7 (4.4)

where the numbers D and L in formula (4.4) agree with the parameter and exponent
of the Ly-dense class .F.

Remark. Here and also in the subsequent part of this work we consider random
variables which take their values in a general measurable space (X, .2"). The only
restriction we impose on these spaces is that all sets consisting of one point are
measurable, i.e. {x} € 2 forall x € X.

The condition \/n62 > u > Mo (L¥/*log'/? 24 D3/*) for the numbers u for
which inequality (4.4) holds is natural. I discuss this after the formulation of Theo-
rem 4.2 which can be considered as the Gaussian counterpart of Theorem 4.1. I also
formulate a result in Example 4.3 which can be considered as part of this discussion.

The condition about the countable cardinality of .% can be weakened with the
help of the notion of countable approximability introduced below. For the sake of
later applications I define it in a more general form than needed in this chapter. In the
subsequent part of this work I shall assume that the probability measure I work with
is complete, i.e. for all such pairs of sets A and B in the probability space (2,47, P)
for which A € &7, P(A) =0 and B C A we have B € </ and P(B) = 0.
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Definition of countably approximable classes of random variables. Let us have
a class of random variables U(f), f € F, indexed by a class of functions f € F
on a measurable space (Y,%). This class of random variables is called countably
approximable if there is a countable subset F' C F such that for all numbers u > 0

the sets A(u) = {w: ;219)7|U(f)(a))| > u} and B(u) = {o: fseugl|U(f)(a))| > u}
satisfy the identity P(A(u) \B(u)) =0. f

Clearly, B(u) C A(u). In the above definition it was demanded that for all u > 0

the set B(u) should be almost as large as A(u). The following corollary of Theo-
rem 4.1 holds.

Corollary of Theorem 4.1. Let a class of functions .F satisfy the conditions of The-
orem 4.1 with the only exception that instead of the condition about the countable
cardinality of .F it is assumed that the class of random variables S,(f), f € .Z#,
is countably approximable. Then the random variables S,(f), [ € F, satisfy rela-
tion (4.4).

This corollary can be simply proved, only Theorem 4.1 has to be applied for the
class .#’. To do this it has to be checked that if .% is an L,-dense class with some
parameter D and exponent L, and .%' C .%, then .#’ is also an L,-dense class with
the same exponent L, only with a possibly different parameter D'.

To prove this statement let us choose for all numbers 0 < € < 1 and probability

measures v on (Y, %) some functions fi,..., f,, € # withm < D (%)4‘ elements,
m

such that the sets Z; = {f: [1f = fil?dv < (%)2} satisfy the relation |J Z; =Y.
j=1

For all sets 7; for which 2;N.7" is non-empty choose a function f; € 2;N.7". In
such a way we get a collection of functions f’ j’ from the class .%’ containing at most
2LDe~! elements which satisfies the condition imposed for L,-dense classes with
exponent L and parameter 2-D for this number &€ and measure v.

Next I formulate in Theorem 4.1" a result about the supremum of the integral
of a class of functions with respect to a normalized empirical distribution. It can
be considered as a simple version of Theorem 4.1. I formulated this result, because
Theorems 4.1 and 4.1 are special cases of their multivariate counterparts about the
supremum of so-called U-statistics and multiple integrals with respect to a normal-
ized empirical distribution discussed in Chapter 8. These results are also closely
related, but the explanation of their relation demands some work.

Given a sequence of independent p distributed random variables &y, ..., &, taking
values in (X, .2") let us introduce their empirical distribution on (X, .2") as

1
U (A) (@) = ;#{j: 1<j<n é(w)eA} forallAc 2, (4.5)
and define for all measurable and u integrable functions f the (random) integral

In(F) = () = Vi [ ) st dx) — () +6)
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Clearly
1= 7 LUE) - EAE) =5i(7)

with f(x) = f(x) — [ f(x)u(dx). It is not difficult to see that sup|f(x)| < 2 if

xeX
up ()| < 1, f () =0, [ () < [ f(x)p(d), and if  is an Lo-

dense class of functions with parameter D and exponent L, then the class of functions
Z consisting of the functions f(x) = % (f(x) — [ f(x)u(dx)), f € .7, is an L,-dense
class of functions with parameter D and exponent L. Indeed, since [(f—§)*dv <
I —Pdv+ 3 [(f —g)du = [(f —)* 5%, hence {fi,..., [} is an &-
dense set of .% in the Ly(v)-norm if {fi,...,fn} is an e-dense set of .% in the
Lg(“TJrv)-norm. Hence Theorem 4.1 implies the following result.

Theorem 4.1’ (Estimate on the supremum of random integrals with respect to
a normalized empirical distribution). Let us have a sequence of independent and
identically distributed random variables &y, ... ,&,, n > 2, with distribution |1 on a
measurable space (X, Z") together with some class of functions .F on this space
which satisfies the conditions of Theorem 4.1 with the possible exception of condi-
tion (4.3). The estimate (4.4) remains valid if the random sums S, (f) are replaced
in it by the random integrals J,,(f) defined in (4.6). Moreover, similarly to the corol-
lary of Theorem 4.1, the condition about the countable cardinality of the set ¥ can
be replaced by the condition that the class of random variables J,(f), f € Z, is
countably approximable.

All finite dimensional distributions of the set of random variables S, (f), f € .7,
considered in Theorem 4.1 converge to those of a Gaussian random field Z(f),
f € .7, with expectation EZ(f) = 0 and correlation EZ(f)Z(g) = [ f(x)g(x)u(dx),
f,8 € .Z as n — . Here, and in the subsequent part of the paper a collection
of random variables indexed by some set of parameters will be called a Gaussian
random field if for all finite subsets of these parameters the random variables in-
dexed by this finite set are jointly Gaussian. We shall also define so-called lin-
ear Gaussian random fields. They consist of jointly Gaussian random variables
Z(f), f € ¢, indexed by the elements of a linear space f € ¢ which satisfy
the relation Z(af +bg) = aZ(f) + bZ(g) with probability 1 for all real numbers
a and b and f,g € 4. (Let us observe that a set of Gaussian random variables
Z(f), indexed by the elements of a linear space f € ¢ such that EZ(f) = 0, and
EZ(f)Z(g) = | f(x)g(x) u(dx) for all f,g € .7 is a linear Gaussian random field.
This can be seen by checking the identity E[Z(af 4+ bg) — (aZ(f) +bZ(g))]> = O for
all real numbers @ and b and f, g € ¢ in this case.)

Let us consider a linear Gaussian random field Z(f), f € ¢, where the set of
indices &4 = ¢, consists of the functions f square integrable with respect to a o-
finite measure U, and take an appropriate restriction of this field to some parameter
set .7 C . In the next Theorem 4.2 I present a natural Gaussian counterpart of
Theorem 4.1 by means of an appropriate choice of .#. Let me also remark that
in Chapter 10 the multiple Wiener—It6 integrals of functions of k variables with
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respect to a white noise will be defined for all kK > 1. In the special case k = 1 the
Wiener—Itd integrals for an appropriate class of functions f € .# yield a model for
which Theorem 4.2 is applicable. Before formulating this result let us introduce the
following definition which is a version of the definition of L,-dense functions.

Definition of L,-dense classes of functions with respect to a measure u. Let a
measurable space (X, Z") be given together with a measure L on the G-algebra
X and a set F of X measurable real valued functions on this space. The set of
functions F is called an Ly-dense class of functions, 1 < p < oo, with respect to
the measure L with parameter D and exponent L if for all numbers 0 < € < 1 there
exists a finite €-dense subset F¢ = {f1,..., fu} C F inthe space L,(X, Z", ) with
m < De~L elements, i.e. such a set Fe C F with m < De~L elements for which
inf [|f—fj|Pdu <&€P for all functions f € F.

fi€Fe
Theorem 4.2 (Estimate on the supremum of a class of Gaussian random vari-
ables). Ler a probability measure [L be given on a measurable space (X, Z") to-
gether with a linear Gaussian random field Z(f), f € &, such that EZ(f) = 0,
EZ(f)Z(g) = [ f(x)g(x)u(dx), f,8 €Y, where ¢ is the space of square integrable
functions with respect to this measure |. Let % C 9 be a countable and L;-dense
class of functions with respect to the measure | with some exponent L > 1 and
parameter D > 1 which also satisfies condition (4.2) with some 0 < ¢ < 1.

Then there exist some universal constants C > 0 and M > O (for instance C = 4
and M = 16 is a good choice) such that the inequality

P(sup|z(f)|>u) <C(D+1)ex —i(ﬁ)z
rop == P17 256 \o
ifu> ML1/2clog1/2% (4.7)

holds with the parameter D and exponent L introduced in this theorem.

Remark. In formulas (4.4) of Theorem 4.1 and in (4.7) of Theorem 4.2 we had a
slightly different lower bound on the numbers u for which these results give an
estimate on the probability that the supremum of certain random variables is larger
then u. Nevertheless in the most interesting cases when the exponent L and the
parameter D of the L,-dense class of functions we consider in these theorems are
separated both from zero and infinity these bounds behave similarly. In such cases
they have the magnitude const. Glogl/ 2 % In (4.7) the lower bound on the number u
did not depend on the parameter D, since the dependence on this parameter appeared
in the coefficient at the right-hand side of the inequality in this relation. The formula
providing a lower bound on the number u had a coefficient L3/* in (4.4) and not a
coefficient L'/2 as in (4.7). This is a weak bound if L is very large, and it could be
improved. But we did not work on this problem, because we were mainly interested
in a good bound in the case when the exponent L is separated from infinity.

The exponent at the right-hand side of inequality (4.7) does not contain the best

possible universal constant. One could choose the coefficient 1%5 with arbitrary
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small € > 0 instead of the coefficient ﬁ in the exponent at the right-hand side
of (4.7) if the universal constants C > 0 and M > 0 are chosen sufficiently large
in this inequality. Actually, later in Theorem 8.6 such an estimate will be proved
which can be considered as the multivariate generalization of Theorem 4.2 with the
expression — (1;;%“2 in the exponent.

The condition about the countable cardinality of the set .% in Theorem 4.2 could
be weakened similarly to Theorem 4.1. But I omit the discussion of this question,
since Theorem 4.2 was only introduced for the sake of a comparison between the
Gaussian and non-Gaussian case. An essential difference between Theorems 4.1
and 4.2 is that the class of functions .# considered in Theorem 4.1 had to be L,-
dense, while in Theorem 4.2 a weaker version of this property was needed. In The-
orem 4.2 it was demanded that there exists a finite subset of .# of relatively small
cardinality which is dense in the L, (i) norm. In the L,-density property imposed in
Theorem 4.1 a similar property was demanded for all probability measures v. The
appearance of such a condition may be unexpected. It is not clear why we demand
this property for such probability measures v which have nothing to do with our
problem. But as we shall see, the proof of Theorem 4.1 contains a conditioning ar-
gument where a lot of new conditional measures appear, and the L,-density property
is needed to work with all of them. One would also like to know some results that
enable us to check when this condition holds. In the next chapter a notion popular
in probability theory, the notion of Vapnik—Cervonenkis classes will be introduced,
and it will be shown that a Vapnik—éervonenkis class of functions bounded by 1 is
L,-dense.

Another difference between Theorems 4.1 and 4.2 is that the conditions of for-
mula (4.4) contain the upper bound /76> > u, and no similar condition was im-
posed in formula (4.7). The appearance of this condition in Theorem 4.1 can be
explained by comparing this result with those of Chapter 3. As we have seen, we do
not loose much information if we restrict our attention to the case u < const.V? =
const.nc? in Bernstein’s inequality (if sums of independent and identically dis-
tributed random variables are considered). Theorem 4.1 gives an almost as good
estimate for the supremum of normalized partial sums under appropriate conditions
for the class .# of functions we consider in this theorem as Bernstein’s inequality
yields for the normalized partial sums of independent and identically distributed
random variables with variance bounded by 2. But we could prove the estimate
of Theorem 4.1 only under the condition /762 > u. (Actually we could slightly
improve this result. We could impose the condition B/n6? > u with an arbitrary
constant B > 0 in (4.4) if the remaining constants are appropriately chosen in de-
pendence of B in this formula.) It has also a natural reason why condition (4.1) about
the supremum of the functions f € .% appeared in Theorems 4.1 and 4.1’, and no
such condition was needed in Theorem 4.2.

The lower bounds for the level u were imposed in formulas (4.4) and (4.7) be-
cause of a similar reason. To understand why such a condition is needed in for-
mula (4.7) let us consider the following example.

Take a Wiener process W(z), 0 <t < 1, define for all 0 < s <t < 1 the func-
tions f;,(-) on the interval [0,1] as fi,(u) =1if s <u <t, fo,(u) =0if 0 <u<s
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or t < u < 1, and introduce for all o > 0 the following class of functions .Z5.
Fo={fss: 0<s<r<1,t—s5< 02, s and ¢ are rational numbers.}. The integral
Z(f) = Jo f(x)W(dx) can be defined for all square integrable functions f on the
interval [0, 1], and this yields a linear Gaussian random field on the space of square
integrable functions. In the special case f = f;, we have Z(f;;) = [ fs; ()W (du) =
W(t) — W (s). It is not difficult to see that the Gaussian random field Z(f), f € Fo,
satisfies the conditions of Theorem 4.2 with the number ¢ in formula (4.2). It is

2 . .
natural to expect that P | sup Z(f) >u | < e const (/0)” However, this relation
fes

does not hold if u = u(c) < 2(1 —€)olog'/* L

with some € > 0. In such cases

P < sup Z(f) > u) — 1, as 0 — 0. This can be proved relatively simply with the
f€Fs

help of the estimate P(Z(fi) > u(c)) > const. 62176 if |t — 5| = 6> and the in-

dependence of the random integrals Z(f; ) if the functions f;, are indexed by such

pairs (s,¢) for which the intervals (s,7) are disjoint. This means that in this example

formula (4.7) holds only under the condition u > Mo log'/ 2 é with M =2.

There is a classical result about the modulus of continuity of Wiener processes,
and actually this result helped us to find the previous example. It is also worth men-
tioning that there are some concentration inequalities, see Ledoux [31] and Tala-
grand [56], which state that under very general conditions the distribution of the
supremum of a class of partial sums of independent random variables or of the el-
ements of a Gaussian random field is strongly concentrated around the expected
value of this supremum. (Talagrand’s result in this direction is also formulated in
Theorem 18.1 of this lecture note.) These results imply that the problems discussed
in Theorems 4.1 and 4.2 can be reduced to a good estimate of the expected value
E sup |S,(f)] and E sup |Z(f)| of the supremum considered in these results. How-

cF 2

ever, the estimation of the expected value of these suprema is not much simpler than
the original problem.
Theorem 4.2 implies that under its conditions

2
E sup |Z(f)| < const.clog'/? =
feF o

with an appropriate multiplying constant depending on the parameter D and ex-
ponent L of the class of functions .#. In the case of Theorem 4.1 a similar es-
timate holds, but under more restrictive conditions. We also have to impose that
\/no? > const. Glog]/ 2 % with a sufficiently large constant. This condition is needed
to guarantee that the set of numbers u satisfying condition (4.4) is not empty. If this
condition is violated, then Theorem 4.1 supplies a weaker estimate which we get
by replacing ¢ by an appropriate 6 > o, and by applying Theorem 4.1 with this
number &.

One may ask whether the above estimate on the expected value of the supremum

of normalized partial sums holds without the condition \/#6?> > const. Glogl/ 2 %.
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We show an example which gives a negative answer to this question. Since here we
discuss a rather particular problem which is outside of our main interest in this work
I give a rather sketchy explanation of this example. I present this example together
with a Poissonian counterpart of it which may help to explain its background.

Example 4.3 (Supremum of partial sums with bad tail behaviour). Let &, ..., &,
be a sequence of independent random variables with uniform distribution in the
interval [0,1]. Choose a sequence of real numbers, €, n=3,4,..., such that €, — 0
as n — oo, and % > €, > n=% with a sufficiently small number & > 0. Put o, =

&1/ 10%, and define the set of functions f;,(-) and fj,(-) on the interval [0,1] by
the formulas Fin(x)=1if (j—1)0% <x< jo?, fiju(x) =0 otherwise, and f; ,(x) =
fin) =g n=34,., 1 <j< & Put Fy={fin(): 1< j< 5} Sulf) =

1 v a _ A logn _ . .
NG kglf(ék)forf € F, and u, = rrm— with a sufficiently small A > 0. Then

lim P ( sup S,(f) > un> =1.

noee \ feF

This example has the following Poissonian counterpart.

Example 4.3’ (A Poissonian counterpart of Example 4.3). Let P, (x) be a Poisson

process on the interval [0, 1] with parameter n and P, (x) = ﬁ [B)(x)—nx],0<x<1.

Consider the same sequences of numbers €,, o, and u, as in Example 4.3, and

define the random variables Z,,_j = P,(jo2) — Py((j— 1)07) for alln=3,4,... and

1<j<-L. Then

G’l
lim P sup Zp ;i >u, | =1
gk

The classes of functions .%, in Example 4.3 are L,-dense classes of func-
tions with some exponent L and parameter D not depending on the parameter n
and the choice of the numbers o,. It can be seen that even the class of function
F ={fsrt fsulx)=1,if s <x <1, f;;(x) =0 otherwise.} consisting of functions
defined on the interval [0, 1] is an Ly-dense class with some exponent L and pa-
rameter D. This follows from the results discussed in the later part of this work
(mainly Theorem 5.2), but it can be proved directly that this statement holds e.g.
with L = 1 and D = 8. The classes of functions .%, also satisfy conditions (4.1),
(4.2) and (4.3) of Theorem 4.1 with 6% = 62 = 6> — G}, lim & =1, and the

number u, satisfies the second condition u, > M&,(L3/*log!/ > Z + (logD)**)
in (4.4) for sufficiently large n. But it does not satisfy the first condition /15?2 > u,
of (4.4), and as a consequence Theorem 4.1 cannot be applied in this case. On the

other hand, some calculation shows that u,, > (i)l/ Z%Gn logl/ 2 %n. Hence

1+40 £, log =
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lirginfenlogg1 'WE sup S, (f) > 0 in this case. As enloggi —0asn— oo,
n—oo n n

JE€EFn
this means that the expected value of the supremum of the random sums considered
in Example 4.3 does not satisfy the estimate lim sup WE sup S, (f) < oo sug-
n—»oo on  fEFn
gested by Theorem 4.1. Observe that \/nG? ~ const. €,6;, logl/ 22 1n this case, since
2 logn 1/2 2 logn
\/n6?2 ~ g2 \gf,andcnlog/ 5 ~ const. 8,,\/%;.

The proof of Examples 4.3 and 4.3'. First we prove the statement of Example 4.3,

1 n n
For a fixed index n the number of random variables Z, ; equals oz > &2 Togn > losn o

and they are independent. Hence it is enough to show that P(Z, ; > u,) > n1/2
if first A > 0 and then § > 0 (appearing in the condition &, > n~%) are chosen
sufficiently small, and n > ny with some threshold index ny = no(A, 6).
Put i, = [\/nu, +no?] + 1, where [] denotes integer part. Then P(Z, ; > u,) >
— _ 2\iin 2 ity
P(P,(02) > iiy) > P(P,(02) = it) = %e*”" > ( o ) ¢~"% . Some calcu-

2 8 lo,
Alogn+8210gn+l < 2A10§I;n noj > gg,,

. I‘IU
lation shows that iz, < Tog gl o = 7 , and log

—210gi if the constants A > 0, § > 0 and threshold index n are approprlately
chosen. Hence P(Zn/ > un) >e —2iiy log(1/&,)—nc? > ¢~ 2Alogn— g2 logn > \[ ifAg >0
is small enough.

The statement of Example 4.3 can be deduced from Example 4.3’ by applying
Poissonian approximation. Let us apply the result of Example 4.3’ for a Poisson
process P, /> with parameter 4 and with such a number &, , with which the value of
0,2 equals the previously defined o,,. Then &,/ ~ %, and the number of sample

points of P, /2 1s less than n with probability almost 1. Attaching additional sample
points to get exactly n sample points we can get the result of Example 4.3. T omit
the details. OO

In formulas (4.4) and (4.7) we formulated such a condition for the validity of
Theorem 4.1 and Theorem 4.2 which contains a large multiplying constant ML3/*
and ML'/? of crlogl/2 % in the lower bound for the number u if we deal with such an
Ly-dense class of functions .% which has a large exponent L. At a heuristic level it
is clear that in such a case a large multiplying constant appears. On the other hand, I
did not try to find the best possible coefficients in the lower bound in relations (4.4)
and (4.7).

In Theorem 4.1 (and in its version, Theorem 4.1’) it was demanded that the class
of functions .# should be countable. Later this condition was replaced by a weaker
one about countable approximability. By restricting our attention to countable or
countably approximable classes we could avoid some unpleasant measure theoret-
ical problems which would have arisen if we had worked with the supremum of
non-countably many random variables which may be non-measurable. There are
some papers where possibly non-measurable models are also considered with the
help of some rather deep results of the analysis and measure theory. Here I chose
a different approach. I proved a simple result in the following Lemma 4.4 which
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enables us to show that in many interesting problems we can restrict our attention to
countably approximable classes of random variables. In Chapter 18, in the discus-
sion of the content of Chapter 4 I write more about the relation of this approach to
the results of other works.

Lemma 4.4. Let a class of random variables U(f), f € .#, indexed by some set

F of functions be given on a space (Y, % ). If there exists a countable subset F' C

F of the set F such that the sets A(u) = {®w: sup |[U(f)(®)| > u} and B(u) =
feF

{o: sup |U(f)(®)| > u} introduced for all u > 0 in the definition of countable
feF!

approximability satisfy the relation A(u) C B(u— ¢€) for all u > € > 0, then the class
of random variables U (f), f € .7, is countably approximable.

The above property holds if for all f € .7, € >0 and ® € Q there exists a function
f=1(f.e,0)€F suchthat |U(f)(0)| = [U(f)(w)|-e.

Proof of Lemma 4.4. If A(u) C B(u— ¢€) for all € > 0, then P*(A(U)\ B(u)) <
lin}) P(B(u—¢€)\ B(u)) =0, where P*(X) denotes the outer measure of a not nec-
£

essarily measurable set X C Q, since (| B(u — &) = B(u), and this is what we
£—0

had to prove. If @ € A(u), then for all € > 0 there exists some f = f(w) € .F
such that [U(f)(®)| > u— 5. If there exists some f = f(f, 5, ), f € F’ such that
|U(f)(@)] > |Uf(w)|— %, then |U(f)(®)| > u—e, and ® € B(u— €). This means
that A(u) C B(u—€). O

The question about countable approximability also appears in the case of multiple
random integrals with respect to a normalized empirical measure. To avoid some
repetition we prove a result which also covers such cases. For this goal first we
introduce the notion of multiple integrals with respect to a normalized empirical
distribution.

Given a measurable function f(xi,...,x;) on the k-fold product space (X¥, 27%)
and a sequence of independent random variables &y, ..., &, with some distribution
i on the space (X, Z") we define the integral J, x(f) of the function f with re-
spect to the k-fold product of the normalized version of the empirical distribution
U, introduced in (4.5) by the formula

nk/2 !
Iual ) =" [ £ ) () = () . () — (),

!
where the prime in / means that the diagonals x; = x;,

1 < j <1<k, are omitted from the domain of integration. 4.8)

In the case k > 2 it will be assumed that the probability measure y has no atoms.
Lemma 4.4 enables us to prove that certain classes of random integrals J, & (f),
f € Z, defined with the help of some set of functions f € .# of k variables are
countably approximable. I present an example for a class of such random integrals.
I restrict my attention in this work to this case, because this seems to be the most im-
portant case in possible statistical applications. The result I formulate says roughly
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speaking that if we take the (multiple) integral of a function restricted to all possible
rectangles (with respect to a normalized empirical distribution), then the class of
these integrals is countably approximable. Hence the results of this lecture note is
applicable for them.

Let us consider the case when X = R’, the s-dimensional Euclidean space with
some s > 1. For two vectors u = (ul"),... .u®®)) e RS, v = (v, ... 1)) € R® such
that u < v, i.e. ul¥) < v forall 1 < J < slet B(u,v) denote the s-dimensional rect-
angle B(u,v) = {z: u <z <v}. Let us fix some function f(xi,...,x;) of k variables
such that sup|f(x,...,x;)| < 1, on the space (X*, 27%) = (R*, 5*), where %'
denotes the Borel o-algebra on the Euclidean space R', together with some proba-
bility measure 1 on (R*,.%*). For all pairs of vectors (uj,...,ux), (vi,...,v) such
thatu;,v; € R® andu; <v;, 1 < j <k, let us define the function f;;, ... 4 v,,...,y, Which
equals the function f on the rectangle (uy,v1) X -« X (uy, vg), and it is zero outside
of this rectangle. Let us call a class of functions .% consisting of functions of the
form fy, ... u.vi....v, closed if it has the following property. If fy, ..u ;... € Z for
some vectors (u1,...,ux) and (vi,...,v), and u; < i; <v; <vj, 1 < j <k, then
Jay iy € % .In Lemma 4.5 a closed class .% of functions will be considered,
and it will be proved that the random integrals of the functions from this class of
functions .# introduced in formula (4.8) constitute a countably approximable class.

Lemma 4.5. Let a function f on the Euclidean space R* satisfy the condition
|f] < 1in all points, and let us consider a closed class .F of functions of the form
paragraph with the help of this function f. Let us take n independent and identically
distributed random variables &y, ..., &, with some distribution [l and values in the
space (RS, %*). Let W, denote the empirical distribution of this sequence. Then the
class of random integrals J,, (fu1 plhg V] Lk) defined in formula (4.8) with functions
Jut gy € F is countably approximable.

Proof of Lemma 4.5. We shall prove that the definition of countable approximability
is satisfied in this model if the class of functions .%#’ consists of those functions
Sy ooy vy wj < vj, 1 < j <k, for which all coordinates of the vectors u; and v;
are rational numbers.

Given some function fy, . ., v,,..v» @ Teal number 0 < € < 1 and ® € Q2 let us
choose a function fz, ... 5.7 € Z' determined with some vectors ij= ﬁj(e, ),
vj=vj(e, ) 1 < j <k, with rational coordinates u; < ii; < v; < v; in such a way
that the sets K; = B(u;,v;) \ B(ii;, 7;) satisfy the relations p(K;) < g2 2+1p=k/2,
and §;(w) ¢ K forall j=1,...,kand [ =1,...,n. Let us show that

‘Jn,k(fﬁl ..... ﬁk,ﬁl,...,ﬁk)(w) _Jmk(ful,...,uk,vl,...,vk)(w)| <e. (49)

Lemma 4.4 (with the choice U(f) = J,x(f)) and relation (4.9) imply Lemma 4.5.
Relation (4.9) holds, since the difference of integrals at its left-hand side can
be written as the sum of the 2F — I integrals of the function f with respect to the
k-fold product of the measure \/n(i, — i) on the domains D X --- x D; with the
omission of the diagonals x; = X7, 1<j,j<k,j# J, where D is either the set K; or
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B(uj,vj) and D; = K; for at least one index j. It is enough to show that the absolute
value of all these integrals is less than €27, This follows from the observations that
om0 <1,V — ) (Kj) = —/np(K), w(K;) < €272 1n74/2 and the
total variation of the signed measure \/n(u, — i) (restricted to the set B(uj,v;)) is
less than 24/n. O

In Lemma 4.5 we have shown with the help of Lemma 4.4 about an impor-
tant class of functions that it is countably approximable. There are other interesting
classes of functions whose countable approximability can be proved with the help
of Lemma 4.4. But here we shall not discuss this problem.

Let us discuss the relation of the results in this chapter to an important result in
probability theory, to the so-called fundamental theorem of the mathematical statis-
tics. In that result a sequence of independent random variables & (), ..., &, (®)
is taken with some distribution function F'(x), the empirical distribution function
Fy(x) = Fy(x,0) = 1#{j: 1 < j <n, &;(®) < x} is introduced, and the difference
F,(x) — F(x) is considered. This result states that sup|F,(x) — F(x)| tends to zero

X

with probability one.
Observe that sup|F,(x) — F(x)| = n~ /2 sup |[J,(f)|, where .# consists of the
X feF

functions f,(-), x € R', defined by the relation f,(u) = 1 if u < x, and f,(u) = 0 if
u > x. Theorem 4.1’ yields an estimate for the probabilities P  sup |[J,(f)| > u |.
feF

We have seen that the above class of functions .% is countably approximable. The
results of the next chapter imply that this class of functions is also L,-dense. Let me
remark that actually it is not difficult to check this property directly. Hence we can
apply Theorem 4.1’ to the above defined class of functions with ¢ = 1, and it yields

that P | n=Y/2 sup |J,(f)| > u) < e O §f 1 >y > Cn~1/? with some universal
feF

constants C > 0 and C > 0. (The condition 1 > u can actually be dropped.) The
application of this estimate for the numbers € > 0 together with the Borel-Cantelli
lemma imply the fundamental theorem of the mathematical statistics.

In short, the results of this chapter yield more information about the closeness the
empirical distribution function F;, and distribution function F' than the fundamental
theorem of the mathematical statistics. Moreover, since these results can also be ap-
plied for other classes of functions, they yield useful information about the closeness
of the probability measure u to the empirical distribution L,,.



Chapter 5

Vapnik—Cervonenkis classes and L,-dense
classes of functions

In this chapter the most important notions and results will be presented about
Vapnik—Cervonenkis classes, and it will be explained how they help to show in
some important cases that certain classes of functions are L,-dense. The classes of
L»-dense classes played an important role in the previous chapter. The results of this
chapter may help to find interesting classes of functions with this property. Some of
the results of this chapter will be proved in Appendix A.

First I recall the definition of the following notion.

Definition of Vapnik-Cervonenkis classes of sets and functions. Ler a set X be
given, and let us select a class 9 of subsets of this set X. We call 9 a Vapnik—
Cervonenkis class if there exist two real numbers B and K such that for all positive
integers n and subsets S(n) = {xi,...,x,} C X of cardinality n of the set X the collec-
tion of sets of the form S(n) "D, D € 9, contains no more than BnX subsets of S(n).
We shall call B the parameter and K the exponent of this Vapnik—Cervonenkis class.

A class of real valued functions F on a space (Y,%') is called a Vapnik—
Cervonenkis class if the collection of graphs of these functions is a Vapnik—Cervo-
nenkis class, i.e. if the sets A(f) = {(y,): y €Y, min(0, f(y)) <t <max(0, f(y))},
f € .Z, constitute a Vapnik—Cervonenkis class of subsets of the product space
X =Y xR.

The following result which was first proved by Sauer plays a fundamental role in
the theory of Vapnik—éervonenkis classes. This result provides a relatively simple
condition for a class 2 of subsets of a set X to be a Vapnik—Cervonenkis class. Its
proof is given in Appendix A. Before its formulation I introduce some terminology
which is often applied in the literature.

Definition of shattering of a set. Let a set S and a class & of subsets of S be given.
A finite set F C S is called shattered by the class & if all its subsets H C F can be
written in the form H = E N F with some element E € & of the class of sets of &.

Theorem 5.1 (Sauer’s lemma). Let a finite set S = S(n) consisting of n elements
be given together with a class & of subsets of S. If & shatters no subset of S of
cardinality k, then & contains at most () + (1) +---+ (") subsets of S.

31
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The estimate of Sauer’s lemma is sharp. Indeed, if & contains all subsets of S
of cardinality less than or equal to k — 1, then it shatters no subset of a set F of
cardinality k (a set F' of cardinality k cannot be written in the form ENF, E €
&), and & contains (8) + ('11) +- 4 (kfl) subsets of S. Sauer’s lemma states, that
this is an extreme case. Any class of subsets & of S with cardinality greater than
(5) + (1) +---+(,",) shatters at least one subset of S with cardinality k.

Let us have a set X and a class of subsets & of it. One may be interested in
when 2 is a Vapnik—Cervonenkis class. Sauer’s lemma gives a useful condition
for it. Namely, it implies that if there exists a positive integer k such that the class
9 shatters no subset of X of cardinality k, then & is a Vapnik—Cervonenkis class.
Indeed, let us take some number n > k, fix an arbitrary set S(n) = {xi,...,x,} C X of
cardinality n, and introduce the class of subsets & = &(S(n)) = {S(n)ND: D C Z}.
If 2 shatters no subset of X of cardinality k, then & shatters no subset of S(n) of
cardinality k. Hence by Sauer’s lemma the class & contains at most (g) + ('11) 4+ 4+
(,",) elements. Let me remark that it is also proved that (§) + () +---+ (") <

nk*l

I'SW if n > k4 1. This estimate gives a bound on the parameter and exponent

ofa Vapnik—éervonenkis class which satisfies the above condition.

Moreover, Theorem 5.1 also has the following consequence. Take an (infinite)
set X and a class of its subsets &. There are two possibilities. Either there is some
set S(n) C X of cardinality n for all integers n such that &(S(n)) contains all subsets
of S(n), i.e. Z shatters this set, or  sup  |&(S)| tends to infinity at most in a

S: §CX,|S|=n
polynomial order as n — oo, where |S| and |£'(S)| denote the cardinality of S and
&(S).

To understand why Sauer’s lemma plays an important role in the theory of
Vapnik—Cervonenkis classes let us formulate the following consequence of the
above considerations.

Corollary of Sauer’s lemma. Let a set X be given together with a class 9 of subsets
of this set X. This class of sets 9 is a Vapnik—Cervonenkis class if there exists a
positive integer k such that 9 shatters no subset F C X of cardinality k. In other
words if each set F = {xi,...,x} C X of cardinality k has a subset G C F which
cannot be written in the form G = DNF with some D € 9, then 9 is a Vapnik—
Cervonenkis class.

The following Theorem 5.2, an important result of Richard Dudley, states that a
Vapnik—Cervonenkis class of functions bounded by 1 is an L;-dense class of func-
tions.

Theorem 5.2 (A relation between the L;-dense class and Vapnik—éervonenkis
class property). Let f(y), f € .%, be a Vapnik—Cervonenkis class of real valued
Sfunctions on some measurable space (Y, %) such that sup |f(y)| < 1 forall f € F.
yey
Then Z is an Li-dense class of functions on (Y,%'). More explicitly, if F is a
Vapnik—Cervonenkis class with parameter B > 1 and exponent K > 0, then it is an
Ly-dense class with exponent L = 2K and parameter D = B*(4CK)*X with some
universal constant C > 0.
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Proof of Theorem 5.2. Let us fix some probability measure v on (¥,%/) and a real
number 0 < € < 1. We are going to show that any finite set Z(&,v) ={f1,...,fu} C
Z such that [ |f; — fildv > €if j#k, fj, fr € Z(¢,V) has cardinality M < De L
with some D > 0 and L > 0. This implies that .% is an L;-dense class with parame-
ter D and exponent L. Indeed, let us take a maximal subset Z(&,V) = {fi,..., fu} C
Z such that the L; (v) distance of any two functions in this subset is at least €. Max-
imality means in this context that no function fy; 41 € .# can be attached to (g, V)
without violating this condition. Thus the inequality M < De L means that Z (g, V)
is an e-dense subset of .7 in the space L;(Y,%,v) with no more than De’ ele-
ments.

In the estimation of the cardinality M of a set 2(g,v) = {fi,..., fu} C .Z with
the property [|fj — fi|dv > € if j # k we exploit the Vapnik—Cervonenkis class
property of % in the following way. Let us choose relatively few p = p(M, €) points
(vi,ty), €Y, —1<1,<1,1<I<p,inthespace Y x [—1,1] in such a way that the
set So(p) ={(vi,11), 1 <1< p} and graphs A(f;) ={(y,): y €Y, min(0, fj(y)) <
t <max (0, f;(y))}, fj € Z(&,v) C .Z have the property that all sets A(f;) N So(p),
1 < j <M, are different. Then the Vapnik—Cervonenkis class property of .% implies
that M < BpX. Hence if there exists a set So(p) with the above property and with a
relatively small number p, then this yields a useful estimate on M. Such a set Sy(p)
will be given by means of the following random construction.

Let us choose the p points (y;,), 1 <1 < p, of the (random) set Sp(p) in-
dependently of each other in such a way that the coordinate y; is chosen with
distribution v on (Y,%’) and the coordinate #; with uniform distribution on the
interval [—1,1] independently of y;. (The number p will be chosen later.) Let
us fix some indices 1 < j k < M, and estimate from above the probability that
the sets A(fj) NSo(p) and A(fy) NSo(p) agree, where A(f) denotes the graph
of the function f. Consider the symmetric difference A(f;)AA(fi) of the sets
A(fj) and A(fx). The sets A(f;) NSo(p) and A(fi) NSo(p) agree if and only if
(vi,11) & A(f;)AA(fx) for all (y;,1;) € So(p). Let us observe that for a fixed [ the
estimate P((y1.1) € A()AA(f) = 3 (v x A (A(F)AA(f) = & [ 1~ fildv > §
holds, where A denotes the Lebesgue measure. This implies that the probabil-
ity that the (random) sets A(f;) NSo(p) and A(fi) NSo(p) agree can be bounded
from above by (1 —£)” < ¢~7¢/2. Hence the probability that all sets A(f;) N So(p)

are different is greater than 1 — (%)e78/2 > 1 — MTZe’Pe/ 2. Choose p such that
%e”e/z > ePt1)E/2 5 A2 > oP€/2 (We may assume that M > 1, in which case there
is such a number p > 1. We may really assume that M > 1, since we want to give an
upper bound on M. Moreover, the estimate we shall give on it, satisfies this inequal-
ity.) Then the above probability is greater than é, and there exists some set So(p)
with the desired property.

The inequalities M < BpX and M? > ¢¢/2 imply that M > eP€/* > &M
ie. 101%4111/1/11(“ > k- As 101%4111/1/11(/’( < CM~'/?K for M > 1 with some universal con-
stant C > 0, this estimate implies that Theorem 5.2 holds with the exponent L and
parameter D given in its formulation. ad

l/K/4Bl/K
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Let us observe that if .% is an Lj-dense class of functions on a measure space

(Y, %) with some exponent L and parameter D, and also the inequality sup | f(y)| < 1
yey
holds for all f € .%, then .% is an L,-dense class of functions with exponent 2L and

parameter D2%. Indeed, if we fix some probability measure v on (Y, %) together
with a number 0 < € < 1, and Z(g,v) = {fi,...,fu} is an %-dense set of .% in
the space Li(Y,%,v), M < 2De~?L, then for all function f € .% some function
f; € Z(g,Vv) can be chosen in such a way that [(f — f;)?dv <2 [|f — fj|dv < €.
This implies that .% is an Ly-dense class with the given exponent and parameter.

It is not easy to check whether a collection of subsets Z of a set X is a Vapnik—
Cervonenkis class even with the help of Theorem 5.1. Therefore the following Theo-
rem 5.3 which enables us to construct many non-trivial Vapnik—éervonenkis classes
is of special interest. Its proof is given in Appendix A.

Theorem 5.3 (A way to construct Vapnik—éervonenkis classes). Let us consider
a k-dimensional subspace 9. of the linear space of real valued functions defined on
a set X, and define the level-set A(g) = {x: x € X, g(x) > 0} for all functions g € %,.
Take the class of subsets 9 = {A(g): g € %} of the set X consisting of the above
introduced level sets. No subset S = S(k+ 1) C X of cardinality k+ 1 is shattered
by 9. Hence by Theorem 5.1 9 is a Vapnik—Cervonenckis class of subsets of X.

Theorem 5.3 enables us to construct interesting Vapnik—Cervonenkis classes.
Thus for instance the class of all half-spaces in a Euclidean space, the class of
all ellipses in the plane, or more generally the level sets of k-order algebraic
functions of p variables with a fixed number k constitute a Vapnik—Cervonenkis
class in the p-dimensional Euclidean space R”. It can be proved that if 4’ and &
are Vapnik—éervonenkis classes of subsets of a set S, then also their intersection
€N ={CND: C€%,Dec P}, theirunion U2 ={CUD: C€¥¢,D<c P}
and complementary sets ¢ = {S\ C: C € €} are Vapnik—Cervonenkis classes.
These results are less important for us, and their proofs will be omitted. We are
interested in Vapnik—Cervonenkis classes not for their own sake. We are going to
find Ly-dense classes of functions, and Vapnik—Cervonenkis classes help us in this.
Indeed, Theorem 5.2 implies that if & is a Vapnik—Cervonenkis class of subsets
of a set S, then their indicator functions constitute a Vapnik—Cervonenkis class of
functions, and as a consequence an L|-dense, hence also an L,-dense class of func-
tions. Then the results of Lemma 5.4 formulated below enable us to construct new
L>-dense classes of functions.

Lemma 5.4 (Some useful properties of L,-dense classes). Let & be an L-dense
class of functions on some space (Y,%) whose absolute values are bounded by one,
and let f be a function on (Y, %) also with absolute value bounded by one. Then
F-9={f g g€9}isalso an Ly-dense class of functions. Let 4, and %, be
two Ly-dense classes of functions on some space (Y,%) whose absolute values are
bounded by one. Then the classes of functions % +% = {g1+g2: 81 €%, 8 €
gz}, G -G = {glgz: g1 € 4 , 82 € gz}, min(% ,gz) = {min(g] ,gz): g1 € 4 , 82 €
%}, max(4,%) = {max(g1,82): g1 €%, 8 € %} are also Ly-dense. If 4 is an
Ly-dense class of functions, and ¢' C 4, then 4' is also an L»-dense class.
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The proof of Lemma 5.4 is rather straightforward. One has to observe for instance
that if g1,81 € 41, g2,82 € % then |min(gy,g2) —min(g1,82)| < [g1 —&1)| + g2 —
g2, hence if g1.1,...,81.m, is an §-dense subset of %) and g21,...,82.m, is an 5-
dense subset of % in the space L, (Y, %/, v) with some probability measure v, then
the functions min(g1,j,824), 1 < j <M, 1 < k < M, constitute an e-dense subset
of min(¥),%) in Ly(Y,%/,v). The last statement of Lemma 5.4 was proved after
the Corollary of Theorem 4.1. The details are left to the reader. a

The above result enable us to construct some L,-dense class of functions. We
give an example for it in the following Example 5.5 which is a consequence of
Theorem 5.2 and Lemma 5.4.

Example 5.5. Take m measurable functions f;(x), 1 < j < m, on a measurable
space (X, Z") which have the property sup |fj(x)| <1 forall 1 < j <m. Let 7 be a
xeX

Vapnik-Cervonenkis class consisting of measurable subsets of the set X. Define for
all pairs (fj,D), fj, 1 < j<m, and D € 9 the function fjp(-) as fjp(x) = fj(x) if
x€D,and fjp(x) =0ifx & D, i.e. fjp(-) is the restriction of the function f;(-) to
the set D. Then the set of functions F ={fjp: 1< j<m, D€ P} is Lr-dense.

Besides, Theorem 5.3 helps us to construct Vapnik-Cervonenkis classes of sets.
Let me also remark that it follows from the result of this chapter that the random
variables considered in Lemma 4.5 are not only countably approximable, but the
class of functions fy, .4, v,....v, appearing in their definition is L,-dense.






Chapter 6

The proof of Theorems 4.1 and 4.2 on the
supremum of random sums

In this chapter we prove Theorem 4.2, an estimate about the tail distribution of the
supremum of an appropriate class of Gaussian random variables with the help of a
method, called the chaining argument. We also investigate the proof of Theorem 4.1
which can be considered as a version of Theorem 4.2 about the supremum of par-
tial sums of independent and identically distributed random variables. The chaining
argument is not a strong enough method to prove Theorem 4.1, but it enables us
to prove a weakened form of it formulated in Proposition 6.1. This result turned
out to be useful in the proof of Theorem 4.1. It enables us to reduce the proof of
Theorem 4.1 to a simpler statement formulated in Proposition 6.2. In this chapter
we prove Proposition 6.1, formulate Proposition 6.2, and reduce the proof of Theo-
rem 4.1 with the help of Proposition 6.1 to this result. The proof of Proposition 6.2
which demands different arguments is postponed to the next chapter. Before pre-
senting the proofs I briefly describe the chaining argument.

Let us consider a countable class of functions .7 on a probability space (X, 2", i)
which is L,-dense with respect to the probability measure p. Let us have ei-
ther a class of Gaussian random variables Z(f) with zero expectation such that
EZ(f)Z(g) = [ f(x)g(x)u(dx), f,g € F, or a set of normalized partial sums

n
Su(f) = ﬁ Zlf(éj), f €%, where &,...,&, is a sequence of independent U
=

distributed random variables with values in the space (X,.2"), and assume that
Ef(Ej) =0 for all f € .. We want to get a good estimate on the probability

P <sup Z(f) > u> or P (sup Su(f) > u) if the class of functions % has some
fesz feF
nice properties. The chaining argument suggests to prove such an estimate in the
following way.
Let us try to find an appropriate sequence of subset %] C %, C --- C .% such that

U Fn =%, Zy is such a set of functions from .# with relatively few elements for
N=1

which fin; [(f—f)*du < 8y with an appropriately chosen number 8y for all func-
€EFN

37
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tions f € .7, and let us give a good estimate on the probability P ( sup Z(f) > uN>
[EFN

or P ( sup S,(f) >uy | for all N =1,2,... with an appropriately chosen mono-

fE€FN
tone increasing sequence uy such that Al]im uy = u.
—»00

We can get a relatively good estimate under appropriate conditions for the class
of functions .# by choosing the classes of functions .%y and numbers 8y and uy in
an appropriate way. We try to bound the difference of the probabilities

P< sup Z(f) > MN+I> —-P < sup Z(f) > uN>
f€ETN1 feIn

or of the analogous difference if Z(f) is replaced by S,(f). For the sake of com-
pleteness define this difference also in the case N = 1 with the choice .%y = 0, when
the second probability in this difference equals zero.

The above mentioned difference of probabilities can be estimated in a natural
way by taking for all functions fj, ., € %1 a function fj, € .%y which is close to
it, more explicitly [(fjy,, — fjy)>du < 8%, and calculating the probability that the
difference of the random variables corresponding to these two functions is greater
than uy4+1 — uy. We can estimate these probabilities with the help of some results
which give a relatively good bound on the tail distribution of Z(g) or S, (g) if [ g*>du
is small. The sum of all such probabilities gives an upper bound for the above
considered difference of probabilities. Then we get an estimate for the probability

P < sup Z(f) >uy | forall N =1,2,..., by summing up the above estimate, and
feFN

we get a bound on the probability we are interested in by taking the limit N — oo,
This method is called the chaining argument. It got this name, because we estimate
the contribution of a random variable corresponding to a function fj, , € Fny1
to the bound of the probability we investigate by taking the random variable corre-
sponding to a function f;, € .#y close to it, then we choose another random variable
corresponding to a function fj, , € %n_1 close to this function, and by continuing
this procedure we take a chain of subsequent functions and the random variables
corresponding to them.

First we show how this method supplies the proof of Theorem 4.2. Then we
turn to the investigation of Theorem 4.1. In the study of this problem the above
method does not work well, because if two functions are very close to each other in
the Ly (p)-norm, then the Bernstein inequality (or an improvement of it) supplies a
much weaker estimate for the difference of the partial sums corresponding to these
two functions than the bound suggested by the central limit theorem. On the other
hand, we shall prove a weaker version of Theorem 4.1 in Proposition 6.1 with the
help of the chaining argument. This result will be also useful for us.

Proof of Theorem 4.2. Let us list the elements of .# as { fo, f1,...} =%, and choose
forall p=0,1,2,... asetof functions Fp, = {fy(1p):- - fa(m,p)} C F withm), <
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(D +1)2%PL6~L elements in such a way that inf [(f— Ja(j I,))zdu < 274g?
lgjgmp ’

for all f € .7, and let the set .7, contain also the function f,. (We imposed the
condition f,, € %, to guarantee that the relation f € .%, holds with some index p
for all f € .%. We could do this by slightly enlarging the upper bound we can give
for the number m,, by replacing the factor D by D+ 1 in it.) For all indices a(j, p) of
the functions in .%,, p=1,2,..., define a predecessor a(j’, p— 1) from the indices
of the set of functions ., in such a way that the functions f(; ,) and fu(jr ,—1))

satisfy the relation [(fy(; ) — fu(j p—1))>dit < 27*P~1a2. With the help of the

behaviour of the standard normal distribution function we can write the estimates

P(A(j,p)) =P (IZ(ﬁ,<,-7,,)) ~Z(fuyp1)) = 27<1+p>u)

2-2(p+1),2 22042
< A N st
S2EP) T g2 2eXp{ 12802}

1 Sjgm])a P = 1727"'3

and
2

5%‘2}7 1 < j<my.

P(B0) =P (2ol = §) < e -

The above estimates together with the relation |J .%, = % which implies that
p=0
1) mp mo
{1Z(H >u}t c U UA(,p)U U B(s) for all f € .# yield that
p=1j=1 s=1

P <sup Z(f)| > u) <P (O LjA(j,p)u UOB(S)>
s=1

fe7 p=1j=1
oo Mp mo
<Y Y P(A(j,p))+ ) P(B(s))
p=1j=1 s=1
0o 22pu2 M2
2pL —L L
g;Z(D—H)Z” c exp{—lzgcz}—i-Z(D—i—l)c exp{—w}.

Ifu ZMLl/zclogl/z% withM > 16 (and L> 1 and 0 < o < 1), then

2p,2 202
22PLgLexp {2252; } < WLgL (%)2 PM?L/256 <Pl < yp

for all p=0,1..., hence the previous inequality implies that
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oo 22pu2
P(sup 1Z(f)] Zu) <2(D+1) ) 2”exp{—25662}

fez p=0

M2

Theorem 4.2 is proved. a

With an appropriate choice of the bound of the integrals in the definition of the
sets .7, in the proof of Theorem 4.2 and some additional calculation it can be proved
that the coefficient %6 in the exponent of the right-hand side (4.7) can be replaced by
1%5 with arbitrary small € > 0 if the remaining (universal) constants in this estimate
are chosen sufficiently large.

The proof of Theorem 4.2 was based on a sufficiently good estimate on the prob-
abilities P(|Z(f) — Z(g)| > u) for pairs of functions f,g € .% and numbers u > 0.
In the case of Theorem 4.1 only a weaker bound can be given for the correspond-
ing probabilities. There is no good estimate on the tail distribution of the difference
Su(f) —Sn(g) if its variance is small. As a consequence, the chaining argument sup-
plies only a weaker result in this case. This result, where the tail distribution of
the supremum of the normalized random sums S,(f) is estimated on a relatively
dense subset of the class of functions f € .% in the Ly(¢) norm will be given in
Proposition 6.1. Another result will be formulated in Proposition 6.2 whose proof
is postponed to the next chapter. It will be shown that Theorem 4.1 follows from
Propositions 6.1 and 6.2.

Before the formulation of Proposition 6.1 I recall an estimate which is a simple

n
consequence of Bernstein’s inequality. If S,(f) = ﬁ Y. f(&)) is the normalized
=1

sum of independent, identically random variables, P(|f (&) <1)=1,Ef(&) =0,
Ef(&1)? < 62, then there exists some constant & > 0 such that

P(IS,(f)| > u) < 2e74°/9" it 0 < u< /no> 6.1)

In Proposition 6.1 we shall give a good (Gaussian type) estimate on the probabil-

ity P ( sup [S,(f)| > 5 | with some parameter A > 1, where .%5 is an appropriate
fe7s

finite subset of a set of functions .# satisfying the conditions of Theorem 4.1. (We
introduced the number A because of some technical reasons. We can formulate with
its help such a result which simplifies the reduction of the proof of Theorem 4.1 to
the proof of another result formulated in Proposition 6.2.) We cannot give a good
estimate for the above probability for all # > 0, we can do this only for such num-
bers u which are in an appropriate interval depending on the parameter ¢ appearing
in condition (4.2) of Theorem 4.1 and the parameter A we chose in Proposition 6.1.
This fact may explain why we could prove the estimate of Theorem 4.1 only for
such numbers u which satisfy the condition imposed in formula (4.4). The choice of
the set of functions .%5 C .% depends of the number u appearing in the probability
we want to estimate. It is such a subset of relatively small cardinality of .% whose
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L, (u)-norm distance from all elements of .Z is less than & = &(u) with an appro-
priately defined number & (u). With the help of Proposition 6.1 we want to reduce
the proof of Theorem 4.1 to a result formulated in the subsequent Proposition 6.2.
To do this we still need an upper bound on the cardinality of .%5 and some upper
and lower bounds on the value of &(u). In Proposition 6.1 we shall formulate such
results, too.

Proposition 6.1. Let us have a countable, Ly-dense class of functions F with pa-
rameter D > 1 and exponent L > 1 with respect to some probability measure |l on
a measurable space (X, Z") whose elements satisfy relations (4.1), (4.2) and (4.3)
with this probability measure W on (X, 2") and some real number 0 < o < 1. Take
a sequence of independent, [L-distributed random variables &;,...,E,, n > 2, and

define the normalized random sums S, (f) = ﬁ )5 F(&), forall f € F. Let us fix
I=1

some number A > 1. There exists some number M = M(A) such that with these
parameters A and M = M(A) > 1 the following relations hold.

For all numbers u > 0 such that nc> > (%)2 > M(Llog% +logD) a number

6 =6(u), 0< 6 <0 <1, and a collection of functions F5 ={f1,...,fu} C F

with m < D&~ elements can be chosen in such a way that the union of the sets

Di={f: f€Z,[If—fi?du < &%}, 1 < j<m, cover the set of functions 7,
m

ie. U 2 =%, and the normalized random sums S,(f), f € F5, n > 2, satisfy the
j=1
inequality

u u 2
P (fz;{gﬁl&(fﬂ > A) < 4eXp{_a (10AG) }

under the condition nc* > ( )2 > M(Llog% +logD) (6.2)

u
c
with the constants o in formula (6.1) and the exponent L and parameter D of the

Ac
number 6 = 6 (u). If the number u satisfies also the inequality

2
Ly-dense class .%. The inequality %6(%)2 > nG? > é (i) also holds with the

2 u\? 32700 2 3/2
no 2<6> 2M<L 10g0_+(logD) (6.3)

with a sufficiently large number M = M(A), then the relation né2 > Llogn+logD
holds, too.

Remark. Under the conditions L > 1 and D > 1 of Proposition 6.1 the condition
formulated in relation (6.3) (with a sufficiently large number M = M(A)) is stronger
than the condition (£)* > M(Llog % +log D) imposed in formula (6.2). To see this
observe that although (log D)3/ 2 <logDiflogD < 1, but this effect can be compen-
sated by choosing a sufficiently large parameter M in formula (6.3) and exploiting
that Llog% > log?2.
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Proposition 6.1 helps to reduce the proof of Theorem 4.1 to the case when
such classes of functions .% are considered whose elements are such functions
whose L,-norm is bounded by a relatively small number 6. In more detail, the
proof of Theorem 4.1 can be reduced to a good estimate on the distribution of the
supremum of random variables sup |S,(f — f;)| for all classes Z;, 1 < j < m, by

feo hi

means of Proposition 6.1. To carry out such a reduction we also need the inequality
n6? > Llogn +logD (or a slightly weaker version of it). This is the reason why we
have finished Proposition 6.1 with the statement that this inequality holds under the
condition (6.3). We also have to know that the number m of the classes ; is not too
large. Besides, we need some estimates on the number & = & (u) which is an upper
bound for the L,-norm of the functions f — f;, f € ;. To get such bounds for & that
we need in the applications of Proposition 6.1 we introduced a large parameter A in
the formulation of Proposition 6.1 and imposed a condition with a sufficiently large
number M = M(A) in formula (6.3). This condition reappears in Theorem 4.1 in the
conditions of the estimate (4.4).

Let me remark that one of the inequalities the number & introduced in Proposi-
tion 6.1 satisfies has the consequence u > const. /76> with an appropriate constant.
Hence to complete the proof of Theorem 4.1 we have to estimate the probability

P <sup Su(f)| > u | also in such cases when the L, norm of the functions in .7 is
feF

bounded with such a number & for which u > const. \/7162. On the other hand, we
got an estimate in Proposition 6.1 if u < \/ﬁcz, (see formula (6.2), and this is an in-
equality in the opposite direction. Hence to complete the proof of Theorem 4.1 with
the help of Proposition 6.1 we need a result whose proof demands an essentially
different method. Proposition 6.2 formulated below is such a result. I shall show
that Theorem 4.1 is a consequence of Propositions 6.1 and 6.2. Proposition 6.1 is
proved at the end of this chapter, while the proof of Proposition 6.2 is postponed to
the next chapter.

Proposition 6.2. Let us have a probability measure L on a measurable space
(X, Z") together with a sequence of independent and W distributed random vari-
ables &;,...,E,, n> 2, and a countable, Ly-dense class of functions f = f(x) on
(X, Z") with some parameter D > 1 and exponent L > 1 which satisfies condi-
tions (4.1), (4.2) and (4.3) with some 0 < ¢ < 1 such that the inequality no? >
Llogn+1logD holds. Then there exists a threshold index Ao > 5 such that the nor-
malized random sums S, (f), f € .7, introduced in Theorem 4.1 satisfy the inequality

g (s“p 1S4(f)] > A”1/2“2> <e A A > A, (6.4)
feF

I did not try to find optimal parameters in formula (6.4). Even the coefficient
—AY2 in the exponent at its right-hand side could be improved. The result of Propo-
sition 6.2 is similar to that of Theorem 4.1. Both of them give an estimate on
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a probability of the form P <sup [Sx(f)| > u | with some class of functions .%.
feF

The essential difference between them is that in Theorem 4.1 this probability is

considered for u < n'/26% while in Proposition 6.2 the case u = An'/26? with

A > Ap is taken, where Ag is a sufficiently large positive number. Let us observe

that in this case no good Gaussian type estimate can be given for the probabil-

ities P(Sn(f) > u), f € .Z. In this case Bernstein’s inequality yields the bound

P(Sy(f) > An'/6?) = P ( Y f(&)> an> < emoomstAne? ity — Ay/no and
I=1

Vu = /no for each single function f € % which takes part in the supremum of
formula (6.4). The estimate (6.4) yields a slightly weaker estimate for the supre-
mum of such random variables, since it contains the coefficient A'/2 instead of A in
the exponent of the estimate at the right-hand side. But also such a bound will be
sufficient for us.

In Proposition 6.2 such a situation is considered when the irregularities of the
summands provide a non-negligible contribution to the probabilities P(|S,(f)| > u),
and the chaining argument applied in the proof of Theorem 4.2 does not give a
good estimate on the probability at the left-hand side of (6.4). This is the reason
why we separated the proof of Theorem 4.1 to two different statements given in
Proposition 6.1 and 6.2.

In the proof of Theorem 4.1 Proposition 6.1 will be applied with a sufficiently
large number A > 1 and an appropriate number M = M(A) appearing in the for-
mulation of this result. Proposition 6.2 will be applied for the sets of functions

T = }‘j = {g Ji . g€ Y } and number ¢ = G, with the number &, functions f;

and sets of functions Z; introduced in Proposition 6.1 and with the parameter Ao
appearing in the formulation of Proposition 6.2. We can write

P <sup MAGIE ) <p ( sup [, (f)] > j;) (6.5)
feﬁz fey(;

m
)l ()
4+ ) P| sup ( > -——= ,

jzzl (869. 2 2 24

where m is the cardinality of the set of functions .%5 appearing in Proposition 6.1,
which is bounded by m < D&~ We want to choose the number A in such a way that
the inequality (% — ﬁ)u > Ag/n6 holds, since in this case Proposition 6.2 with the
choice A = Ag yields a good estimate on the second term in (6.5). This inequality

1

is equivalent to ng? < (270 — m) (£)2. On the other hand, ( 4-)* > nG* by
1

Proposition 6.1, hence the desired inequality holds if —0 — ZA—OA > 4 - Hence with
Ag+2

the choice A = max(1,~%=) and a sufficiently large M = M(A) we can bound both
terms at the right-hand side of (6.5) with the help of Propositions 6.1 and 6.2.
With such a choice of A we can write by Proposition 6.2
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P| sup |S, (f,g)‘ > ( — _> ul <P| suplS, (fj g) ‘ > Ag\/nG>
8€9; 2 2 24 ge@, 2

< oM ne?)2 forall 1 < j<m.

(Observe that the set of functions fi ’2 , & € 9}, is an L,-dense class with parameter

D and exponent L.) Hence Proposition 6.1 together with the bound m < D&% and
formula (6.5) imply that

u 1/2 =2
P n > <4 _ —7L —Ay "né /2. ]
(;2§|S (Nl u> exp{ a (10 ) }+D 0 (6.6)

To get the estimate in Theorem 4.1 from inequality (6.6) we show that the in-
equality nG> > Llogn +logD (with L > 1, D > 1 and n > 2) which is valid un-
der the conditions of Proposition 6.1 implies that DG < o’ Indeed, we have
to show that logD—+—Llogl < n6?. But we have n62 > Llogn > logn, hence

é <., /10g < n, thus log < logn, and logDJrLlog <logD + Llogn < né2,

as we have claimed.
This inequality together with the inequality n6? > (4% )?, proved in Proposi-
tion 6.1 imply that

1/2 1/2
A Ay =2 2
D_iL AO/ n6 /2<6Xp{— <g —1>n62}§exp{—(1028fi2) (g) }

Hence relation (6.6) yields that

o uN2 (A =2) un?
>ul < -z (£ _WBo TS u
P(ﬁ;‘;““”—“)—“”{ 100A2<0'> }+eXp{ 12842 (0') )

and because of the relation Ayp > 5 this estimate implies Theorem 4.1. Let me re-
mark that the condition /762 > u > Mo (L3/*log!/? 24 (logD)3/*) appears in for-
mula (4.4) because of condition (6.3) imposed in Proposition 6.1. (The parameter M
in formula (4.4) can be chosen as twice the parameter M in (6.3).) In such a way we
have proved Theorem 4.1 with the help of Propositions 6.1 and 6.2. a

I finish this chapter with the proof of Proposition 6.1.

Proof of Proposition 6.1. Let us list the members of .%, as f1, f2,..., and choose

forall p=0,1,2,... aset Fp = {fo(1 p)s-+ > fam,.p)} CF With m, < D2*Lot

elements in such a way that inf [(f — fy; ,,))zdu < 27%¢2 for all f € Z.
1<j<m, ’

For all indices a(j,p), p =1,2,..., 1 < j < m,, choose a predecessor a(j’,p —

1), j=j(,p), 1 <j < mpy, in such a way that the functions f; ) and

Ja(j p—1) satisfy the relation [ |f,; —fa(j/,p_1)|2d,u < 62274=1) Then we have

2
f(fa(jb) f !/ p— 1)) d’J §462274P and
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sup fa(jﬁp)( ) fa Jj'.p—1) ( )’ <1
xeX 2
Relation (6.1) yields that
. 2—(1+p)y,
P(A(],p)) =P | (fajp fa Jjp— l)|>T
<2expl —a 2u\® if 62>26p( - )2
= cexp 8Ac ne- = 16Ac/ ’
1<j<m,, p=12,..., (6.7)
and
u u \2
PB() =P (15 (o)l > 1) <zexp{—a(ZA_G) } 1<s<m,
2
2> e
if no ( _G) (6.8)

Choose an integer R = R(u), R > 1, by the inequality

26(R+1)(ﬁ)2>n6222ﬂ(ﬁ)2’

define 62 = 27*Ro? and F5 = Fy. (As no? > (%)2 and A > 1 by our condi-
tions, there exists such a number R > 1. The number R was chosen as the largest
number p for which the second relation of formula (6.7) holds.) Then the car-
dinality m of the set .Z5 equals mg < D2?RLg—L = DG~L, and the sets D; are

Dj=A{f: f €T, [(fajmy— F)?dp <27*R6?}, 1 < j < mg, hence U@

Jj=
Besides, with our choice of the number R inequalities (6.7) and (6.8) can be applied
for 1 < p < R. Hence the definition of the predecessor of an index (j, p) implies that

{w: sup |S,(f)(@)] = A} C U LjA(] p)U U B(s), and
fegs p=1j=1

<sup 1S, (f)] > Z><P<Cj r[jA]p UUB )

p=1j=1
R mp
<Y Y PAG.p +ZP
p=1j=1 s=1
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If the relation (£)* > M(Llog % +log D) holds with a sufficiently large constant M
(depending on A), and o < 1, then the inequalities

20u\? 2°u \?
2%l Lexp! —a il <27Pexpq —a e
8Ac 10Ac

hold for all p=1,2,..., and
2 2
Do Lexp! —a (L) <exp —oc( “ ) .
2Ac 10Ac
Hence the previous estimate implies that
P| sup |S (f)|>E <iZ 2 Pexp (x< 2u >2
fezs AT & 10Ac
u \2 u \2
2 - ( = ) <4 - (7-) )
* eXp{ 10Ac }— eXp{ 10Ac

and relation (6.2) holds.
As 62 = 2*R5? the inequality

20k

s (o

2
) < né? =2"*fpg?

<o DUy Ly
256 \Ac 4 AG

holds, and this implies (together with the relation R > 1) that

G () <net< (LY
64 \Ao/ — 16 \Ag/ ’

as we have claimed. It remained to show that under the condition (6.3) né? >
Llogn+logD.
This inequality clearly holds under the conditions of Proposition 6.1 if 6 <n
. . . 1 _
since in this case log% > %%, and né? > é(ﬁ)z > W%ZM(Llog% +logD) >

19;AZM(Llogn +1logD)) > Llogn+1logD if M > My(A) with a sufficiently large

number My(A).

2
If o > nl/ 3 we can exploit that the inequality 26R ( AMT;) < 256n0? holds be-
cause of the definition of the number R. It can be rewritten as

~1/3

272/3
o
9—4R - »~16/3 (Aff) )
- no?



6 The proof of Theorems 4.1 and 4.2 on the supremum of random sums 47

Hence n62 =2 *fno? > 2{;—;’3/3(7162)1/3 (%)4/3. As 10g% >log2 > % the inequali-
tiesno? >n'/? and (£)2> M(L3?1og 24 (logD)3/?) > %(L3/2+ (log D)3/?) hold.
They yield that
i i 2/3
nG? > As—jf(noz)‘“ (2)4/3 > /45740/3,11/9 <1g> " (01 oDy
M3/ (L +1ogD)
- 10044/3

> Llogn+logD

if M = M(A) is chosen sufficiently large. O






Chapter 7
The completion of the proof of Theorem 4.1

This chapter contains the proof of Proposition 6.2 with the help of a symmetrization
argument, and this completes the proof of Theorem 4.1. By symmetrization argu-
ment I mean the reduction of the investigation of sums of the form }’; f (&) to sums
of the form }’;€;f (&), where ¢; are independent random variables, independent
also of the random variables ;, and P(¢; = 1) = P(g; = —1) = . First a sym-
metrization lemma is proved, and then such an inductive statement is formulated
in Proposition 7.3 which implies Proposition 6.2. Proposition 7.3 will be proved
with the help of the symmetrization lemma and a conditioning argument. To carry
out such a program we shall need some estimates which follow from Hoeffding’s
inequality formulated in Theorem 3.4.
First I formulate the symmetrization lemma we shall apply.

Lemma 7.1 (Symmetrization Lemma). Let Z, and Z,, n = 1,2,..., be two se-
quences of random variables independent of each other, and let the random vari-
ables Z,, n=1,2,..., satisfy the inequality

P(|Z)| <a)>P foralln=1,2,... (7.1)

with some numbers & > 0 and 3 > 0. Then

1 -
P( sup |Z,,|>u+(x> <BP( sup |Z,,—Z,,>u) Sforall u> 0.

1<n<eo 1<n<eo

Proof of Lemma 7.1. Put T = min{n: |Z,| > u+ o} if there exists such an index
n, and T = 0 otherwise. Then the event {T = n} is independent of the sequence of
random variables Z;,2,... forall n = 1,2, ..., and because of this independence

P({t=n}) < %P({r —n} {1z < a}) < %P({r =1} {|Z0— 2] > u)

foralln=1,2,.... Hence

49
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P( sup |Z,| > u—i—a) = ZP(r:
1<n<eo =1

1 & _
SBZ {r=0n{1Z - 27| > u})
I=1
1 & -
< =Y PUT=110 swp |Z,~ 2| > u})
ﬁ =1 1<n<eo
1
< =P <sup |Z, Z|>u>
ﬁ 1<n<eo
Lemma 7.1 is proved. ad

We shall apply the following Lemma 7.2 which is a consequence of the Sym-
metrization Lemma 7.1.

Lemma 7.2. Let us fix a countable class of functions ¥ on a measurable space
(X, Z") together with a real number 0 < o < 1. Consider a sequence of in-
dependent and identically distributed random variables &1, ...,&, with values in
the space (X, 2) such that Ef(&) =0, Ef*(&)) < o? for all f € F together
with another sequence €1, .. 8,, of independent random variables with distribution
P(gj=1)=P(gj=—1) = 2, 1 < j < n, independent also of the random sequence
&i,..., & Then

Zfé;

> An'/26?
(fﬁ2§ " )
§4P<\[sup 2o 2) fA>i. (7.2)

Z &f(&)) NG

Proof of Lemma 7.2. Let us construct an independent copy & Lyenes fn_of the sequence
&1,...,&, in such a way that all three sequences &;,...,&,, &,..., &, and €,..., ¢,
are independent. Define the random variables

Sulf) = = f f(&) and S,(f)=—=Y (&)
Jn = :
J=

for all f € #. The inequality

P (sup 1Sa(f)] >A\/ﬁ62> <2P <sup 1Su(f) = Su(f)| > §A\/562> . (13)

fez feF

follows from Lemma 7.1 if it is applied for the countable set of random vari-
ables Z,(f) = Su(f) and Z,(f) = Su(f), f € .7, and the numbers u = 3A\/nc>
and a = JA\/no?, since the random fields S,(f) and S,(f) are independent, and
P(S.(f)| < a) >  forall f € Z. Indeed, a = 3A\/nc* > V20, ES,(f)* < o2,
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thus Chebishev’s inequality implies that P(|S,(f)| < &) > P(|S,(f)| < V20) > 1
forall f € Z#.
Let us observe that the random field

$:0)=50l0) = 5 X (F&) ~1E) . S, 4
j=1
and its randomized version
= Yo E)-1@). re7 7.5)

have the same distribution. Indeed, even the conditional distribution of (7.5) under
the condition that the values of the €;-s are prescribed agrees with the distribution
of (7.4) for all possible values of the €;-s. This follows from the observation that the
distribution of the random field (7.4) does not change if we exchange the random
variables &; and é ; for those indices j for which €; = —1 and do not change them for
those indices j for which £; = 1. On the other hand, the distribution of the random
field obtained with such an exchange of its variables agrees with the conditional
distribution of the random field defined in (7.5) under the condition that the random
variables €; take these prescribed values.
The above relation together with formula (7.3) imply that

)| 2 ant )

L /(&)

sup
<\ffe§6‘

gzp( ;SB st,[ ) - F(EN]| > An1/2 2)

§2P<\lffsgp Zejf &) 23 n'/? 2)
+2P<f]§£ Jzig]f(gj) A g 2)

:4P<\fsup Zg]fgj A /2 2)

Lemma 7.2 is proved. 0O

First I try to explain briefly the method of proof of Proposition 6.2. A probability

n

of the form P <n1/2 sup | ¥ f(&;)| > u | has to be estimated. Lemma 7.2 enables
fe7z |j=1

us to replace this problem by the estimation of the probability
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n
Pn "2 sup | Y ef(&))] > 5
fe7 |j=1 3
with some independent random variables €;, P(¢; = 1) = P(¢; = —1) = %, Jj=
1,...,n, which are also independent of the random variables &;. We shall bound

the conditional probability of the event appearing in this modified problem under
the condition that each random variable &; takes a prescribed value. This can be
done with the help of Hoeffding’s inequality formulated in Theorem 3.4 and the
L,-density property of the class of functions .% we consider. We hope to get a sharp
estimate in such a way which is similar to the result we got in the study of the
Gaussian counterpart of this problem, because Hoeffding’s inequality yields always
a Gaussian type upper bound for the tail distribution of the random sum we are
studying.

Nevertheless, there appears a problem when we try to apply such an approach.
To get a good estimate on the conditional tail distribution of the supremum of the
random sums we are studying with the help of Hoeffding’s inequality we need a
good estimate on the supremum of the conditional variances of the random sums we
are studying, i.e. on the tail distribution of sup % )n: fz(é,-). This problem is similar

fez  j=1
to the original one, and it is not simpler.

But a more detailed study shows that our approach to get a good estimate with
the help of Hoeffding’s inequality works. In comparing our original problem with
the new, complementary problem we have to understand at which level we need a
good estimate on the tail distribution of the supremum in the complementary prob-
lem to get a good tail distribution estimate at level u in the original problem. A
detailed study shows that to bound the probability in the original problem with pa-

rameter u we have to estimate the probability P [ n~'/2 sup i F(E)| > ulte
fez! |j=1

with some new nice, appropriately defined L,-dense class of bounded functions %’

and some number ¢ > 0. We shall exploit that the number u is replaced by a larger

number #'*% in the new problem. Let us also observe that if the sum of bounded

random variables is considered, then for very large numbers u the probability we

investigate equals zero. On the basis of these observations an appropriate backward

induction procedure can be worked out. In its n-th step we give a good upper bound

Y f(&j)| > u | if u> T, with an appropriately
j=1

on the probability P <n_1/ 2 sup

fez
chosen number 7,,, and try to diminish the number 7, in each step of this induction
procedure. We can prove Proposition 6.2 as a consequence of the result we get by
means of this backward induction procedure. To work out the details we introduce
the following notion.

Definition of good tail behaviour for a class of normalized random sums. Let
us have some measurable space (X, Z") and a probability measure L on it together
with some integer n > 2 and real number & > 0. Consider some class F of functions
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f(x) on the space (X, Z"), and take a sequence of independent and | distributed
random variables &y, ..., &, with values in the space (X, Z"). Define the normalized

n
random sums S,(f) = ﬁ ‘Zl f(&)), f € Z. Given some real number T > 0 we say
j=

that the set of normalized random sums S, (f), f € F, has a good tail behaviour at
level T (with parameters n and 6> which will be fixed in the sequel) if the inequality

P <sup 1S,(f)] = A\/ﬁ62> < exp {fAl/zncz} (7.6)

feF
holds for all numbers A > T.

Now I formulate Proposition 7.3 and show that Proposition 6.2 follows from it.

Proposition 7.3. Let us fix a positive integer n > 2, a real number 0 < ¢ < 1 and a

probability measure |1 on a measurable space (X, Z") together with some numbers

L>1and D > 1 such that no* > Llogn +1logD. Let us consider those countable

Ly-dense classes & of functions f = f(x) on the space (X, Z") with exponent L and

parameter D for which all functions f € .F satisfy the conditions sup|f(x)| < 1,
xeX

J f(x)u(dx) =0and [ f*(x)u(dx) < o>
Let a number T > 1 be such that for all classes of functions F which satisfy the

n
above conditions the set of normalized random sums S, (f) = ﬁ ‘):1 f(&), feZ,
=

defined with the help of a sequence of independent | distributed random variables
&1,..., & have a good tail behaviour at level T*/3. There is a universal constant A
such that if T > Ao, then the set of the above defined normalized sums, S,(f),
f € Z, have a good tail behaviour for all such classes of functions .% not only at
level T*/3 but also at level T.

Proposition 6.2 simply follows from Proposition 7.3. To show this let us first
observe that a class of normalized random sums S,(f), f € %, has a good tail
behaviour at level Ty = é if this class of functions .% satisfies the conditions of
Proposition 7.3. Indeed, in this case

P sup15,(1)] = avie® | <P sup 5,00 > ¥ ) =0
reF feF 4
for all A > Tp. Then the repetitive application of Proposition 7.3 yields that a class
of random sums S,(f), f € %, has a good tail behaviour at all levels T > TO(3/ 4’
with an index j such that T0(3/ 4’ > A if the class of functions .Z satisfies the con-
ditions of Proposition 7.3. Hence it has a good tail behaviour for T = Ag/ 3 with the
number A appearing in Proposition 7.3. If a class of functions f € .% satisfies the
conditions of Proposition 6.2, then the class of functions .% = { f= %: fez }

satisfies the conditions of Proposition 7.3, with the same parameters o, L and D.
(Actually some of the inequalities that must hold for the elements of a class of



54 7 The completion of the proof of Theorem 4.1

functions .% satisfying the conditions of Proposition 7.3 are valid with smaller
parameters. But we did not change these parameters to satisfy also the condition
no? > Llogn +logD.) Hence the class of functions Sq(f), f € Z, has a good tail

behaviour at level T = Ag/ 3. This implies that the original class of functions .
satisfies formula (6.4) in Proposition 6.2, and this is what we had to show.

Proof of Proposition 7.3. Fix a class of functions .% which satisfies the conditions
of Proposition 7.3 together with two independent sequences &;,..., &, and €1,...,¢&,
of independent random variables, where &; is p-distributed, P(g; = 1) = P(g; =
—1)= %, 1 < j < n, and investigate the conditional probability

élv L) én)

for all functions f € .#, A > T and values (§i,...,&,) in the condition. By the
Hoeffding inequality formulated in Theorem 3.4

> %\/ﬁoz

P(f,AIS1, -, 60) =P (Jﬁ j_ilejf(é'j)

LAZ 4
P(faA|€17---7§n>SZGXP{—ZSZ(%%} (7.7)

with

n

_ 1
Sz(fvxlv'“axn):;Zfz(xj)v ny

J=1

Let us introduce the set

H=H(A)= {(xl,...,xn): sup Sz(f,xl,...7x,1) > (1 +A4/3) 62}. (7.8)
fez

I claim that v
P((&1,...,6) €H) <e " ifAST. (7.9)

(The set H is the small exceptional set of those points (xi,...,x,) for which we
cannot give a good estimate for P(f,Al&(®),...,E(®)) with & (o) = xi,...,
&, (w) = x,, for some f € .F.)

To prove relation (7.9) let us consider the functions f = f(f), f(x) = f>(x) —
[ f2(x)u(dx), and introduce the class of functions .% = {f(f): f € .Z}. Let us
show that the class of functions .Z satisfies the conditions of Proposition 7.3, hence
the estimate (7.6) holds for the class of functions .Z if A > T4/3.

The relation [ f(x)pt(dx) = 0 clearly holds. The condition sup|f(x)| < § < %
also holds f sup | £(x)] < 1, and [ P(x)a(dx) < | () (dv) < 15 [ £2(x) () <
‘I’—é < o if f € 7. It remained to show that .% is an L,-dense class with exponent L
and parameter D. For this goal we need a good estimate on [(f(x) — g(x))?p(dx),

where f, g € .%, and p is an arbitrary probability measure.
Observe that
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(700~ gx)7p(an
<2 [(P() - £200p(a) +2 [(7209) (9P
< 257091+ g6 ([ (109~ P (pla) + ()
< [0 -g(0)*p(ay

forall f,g € .7, f = f(f). g = &(g) and probability measure p, where p = £7£.
This means that if {fi,..., fi,} is an €-dense subset of .7 in the space L, (X, Z",p),
then {fi,..., fin} is an &-dense subset of .% in the space L,(X, 2", p), and not only
7, but also .7 is an L,-dense class with exponent L and parameter D.

Because of the conditions of Proposition 7.3 we can write for the number A*/3 >
T*/3 and the class of functions .# that

P((&1---,&n) € H)
g zgere) o)

<p (Sup v Zf ) > A3 2 2) < e,AZ/snaz’

feF
i.e. relation (7.9) holds.
By formula (7.7) and the definition of the set H given in (7.8) the estimate
P(fAG. . &) <2 g (g g EH (710)

holds for all f € .% and A > T > 1. (Here we used the estimate 1 +A4/3 < 2A4/3.)
Let us introduce the conditional probability
él IR 5 )

for all (§,...,&,) and A > T. We shall estimate this conditional probability with
the help of relation (7.10) if (&,...,&,) ¢ H.
Given a vector x) = (xy,...,x,) € X", let us introduce the probability measure

P(E7A|§l7"'a§)_P<sup Jf(é]) \fG

V=v(xi,....x) =v(x"™) on (X,2)

which is concentrated in the coordinates of the vector x) = (x,...,x,), and
v({x;}) = L for all points x;, j = 1,...,n. If [ f*(u)v(du) < & for a function

f, then

% i Ejf(xj)| < n'2 [|f(u)|v(du) < n'/?8. As a consequence, we can
=1

write that
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fc

\fZSJf Xj)— fszg x;)

lf/ Vdv(u) < (Agzy. (7.11)

Remark. We may assume in our proof that the distribution of the random variables
éj, 1 < j <n, are non-atomic, and as a consequence we can restrict our attention
to such measures v(x()) for which all coordinates of the vector x") are different.
Otherwise we can define independent and uniformly distributed random variables
on the interval [0, 1], 11, ..., Ny, Which are also independent of the random variables
i, 1 < j < n. With the help of these random variables 1; we can introduce the
random variables E i =1(&j,n;j), 1 < j <n, and the class of functions Z on the space
X x [0, 1] consisting of functions f(x,y) = f(x), f € .Z, withx € X and 0 <y < 1.
It is not difficult to see that the random variables é ; and the class of functions Z
satisfy the conditions of Proposition 7.3, and the distribution of the random variables
&; is non-atomic. Hence we can apply Proposition 7.3 with such a choice, and this
provides the statement of Proposition 7.3 in the original case, too.

Let us list the elements of the (countable) set % as . = {f1, f2,...}, fix

the number § = A—gz, and choose for all vectors x") = (x,...,x,) € X" a se-
quence of indices p;(x"),...,p.(x") taking positive integer values with m =

max(1,D8 %) = max(1,D(;%;)") elements in such a way that Inf J(f(u) —
sism

fp](x(,,)>(u))2dv( x")(u) < 8% for all f € .Z and x") € X" with the above defined

measure v(x")) on the space (X, .2). This is possible because of the L,-dense prop-
erty of the class of functions .% . (This is the point where the L,-dense property of the
class of functions .7 is exploited in its full strength.) In a complete proof of Proposi-
tion 7.3 we still have to show that we can choose the indices p; (x(")), 1<j<m,as
measurable functions of their argument x") on the space (X", 2°"). We shall show
this in Lemma 7.4 at the end of the proof.

Put £ (@) = (&1(w),...,E,(w)). Because of relation (7.11), the choice of the
number & and the property of the functions f (x() (+) we have

{ : sup Vno? } (7.12)

1 A
D — >—\/n 2}.
CIL:JI{(O 7 Vo

We can estimate the conditional probability at the right-hand side of (7.12) under
the condition that the vector (&;(®),...,&,()) takes such a prescribed value for
which (&} (w),...,&(®)) € H. We get with the help of (7.12), inequality (7.10) and
the definition of the quantity P(f,A|Ey,...,&,) before formula (7.7) that

®))| >

w\:b

n

Y (o), oo (5]( )

J=1
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agE

P(yaA|€17"'7§n) < P(fpl(g("))7A|éla"-aén)

\_
Il

1

6 \* —A23nc? /144
< 2max (1 D<A62> )e no”/

if (&,...,6,) ¢ Hand A > T. (7.13)

If A > A with a sufficiently large constant A, then this inequality together with
Lemma 7.2 and the estimate (7.9) imply that

Z f(&7)

amlinle)
Zsjf )

<4p sup
<ffe, £

6 L
< max (47 8D (W) ) €7A2/3”62/144 —|—467AZ/3"62 ifA>T.

%o 2) (7.14)

(We may apply Lemma 7.2 if A > A with a sufficiently large Ao, since no? >
Llogn+logD > log2, hence \/nc > /log2, and the condition A > % demanded
in relation (7.2) is satisfied.)

By the conditions of Proposition 7.3 the inequalities n6> > Llogn + log D hold

with some L > 1, D > 1 and n > 2. This implies that n> > Llog2 > 1, (r?,z)L <

2. - . . e
(ZH’L s)E<nl = ellogn < "9 if A > A, with some sufficiently large constant Ay > 0,

and 2D = elog2tlogD < ¢3"9” Hence the first term at the right-hand side of (7.14)
can be bounded by

L
max | 4.8D 6 A2/3n62/144< ~A?3nc? /144 4 Anc? <l —A2ng?
’ Ac? -2
if A > Ay with a sufficiently large Ag. The second term at the right-hand side

of (7.14) can also be bounded as 4e—AYno? < %e‘AI/Z""z with an appropriate choice
of the number Ay.
By the above calculation formula (7.14) yields the inequality

Zfé‘;

_Al/2,52
sup >Anl/2 2 A'/“no
(\ffeﬂ

if A > T, and the constant Ay is chosen sufficiently large. ad

To complete the proof of Proposition 7.3 we still show in the following Lemma
7.4 that the functions p; (x(")), 1 <1 < m, we have introduced in the above argu-
ment can be chosen as measurable functions in the space (X", 2™). This implies
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that the expressions f,, =) q)) (§j()) in formula (7.12) are .# (&i,...,&,) measur-
able random variables. Hence the formulation of (7.13) is legitime, no measurability
problem arises. We shall present Lemma 7.4 together with some generalizations in
Lemma 7.4A and Lemma 7.4B that we shall apply later in the proof of Proposi-
tions 15.3 and 15.4 which are multivariate versions of Proposition 7.3. We shall
need these results in the proof of the multivariate version of Proposition 6.2. We
have formulated them not in their most general possible form, but in the form as we
shall need them.

Lemma 74. Let F = {f1, f2,...} be a countable and Ly-dense class of functions
with some exponent L > 0 and parameter D > 1 on a measurable space (X, Z"). Fix
some positive integer n, and define for all x") = (X1,...,x,) € X" the probability
measure v(x")) = v(xi,...,x,) on the space (X, ") by the formula v(x")(x;) =
11 < j <n. For a number 0 < & <1 put m=m(e) = [De~L], where [] denotes
integer part. For all 0 < € < 1 there exists m = m(&) measurable functions p;(x"),
1 <1 <m, on the measurable space (X", Z™) with positive integer values in such a
way that 1<1?£mf(f(u) *fpl(x(n))(u))ZV(x("))(dM) <& forallx™ € X" and f € F.

In the proof of Proposition 15.3 we need the following result.

Lemma 7.4A. Let F = {1, f2,... } be a countable and L,-dense class of functions
with some exponent L > 0 and parameter D > 1 on the k-fold product (Xk, z k)
of a measurable space (X, Z") with some k > 1. Fix some positive integer n, and

define for all vectors x") = (xl(j), 1<1<n1<j<k) X" where xl(j) € X for
all j and | the probability measure p(x™)) in the space (X*, 2Z°%) by the formula

p(x(’o)(x;;)7 1<j<k,1<lj<n)= n—lkforallsequences (x§11>,...,xl(f>) , 1< i<k

1 <1 < n, with coordinates of the vector X = (xlm, 1<1<n,1<j<k). Forall
0 < & < 1 there exist m = m(€) = [De ] measurable functions p,(x"), 1 <r <m,
on the measurable space (X" 2°%") with positive integer values in such a way that
1<11rl;fmj(f(u) —fpr(x(n))(u))zp(x<"))(du) < & forall x") € X*" and f € F.

In the proof of Proposition 15.4 the following result will be needed.

Lemma 74B. Let & = {f1, f2,...} be a countable and Ly-dense class of func-
tions with some exponent L > 0 and parameter D > 1 on the product space
(X* Y, 2% x %) with some measurable spaces (X, Z") and (Y, %) and integer k >

1. Fix some positive integer n, and define for all vectors X = (xl('i’l>,x§j"71), 1<

1<n 1<j<k)eX? where xl(j’il) € X for all j and | a probability measure
a(x™) in the space (X* x Y, 2% x %) in the following way. Fix some probabil-

ity measure p in the space (Y, %) and two 1 sequences ka) =(&1,1,...,&,) and

eék) = (€12,..., &) of length k. Define with their help first the following proba-

bility measures o (x')) = oy (x("),sfk),eék),p) and o (x") = ay (x("),el(k),ez(k),p)

in the space (X* <Y, 2% x ) for all x) € 22" Let o (x(”))({xgll’el’l)

{xl(f’gk’]>} X B) = % and ag(x(”))({xgl]’gl’ﬂ} X ee X {xl(]f’ek‘Z)} x B) = % with

}X...X
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)

(J:€j2)

1<lj<nforalll < j<kandBe ¥ ifxl(ij’gj'l and X7, are the appropriate co-

ordinates of the vector xn) e x2kn_ py; Oc(x(”)) = w. Forall0<e<1
there exist m = m(€) = [De ] measurable functions p,(x"), 1 < r < m, on the
measurable space (X", 272" with positive integer values in such a way that
inf [(f(u) = £, (o (@) a(x")(du) < € for all ") € X*" and f € F.

1<r<m pr(x )

Proof of Lemma 7.4. Fix some 0 < € < 1, put the number m = m(€) introduced in
the lemma, and let us list the set of all vectors (ji,...,jn) of length m with pos-
itive integer coordinates in some way. Define for all of these vectors (ji,...,jm)
the set B(ji,...,jm) C X" in the following way. The relation x") = (xi,...,x,) €
B(j1;-->jm) holds if and only if inf [(f(u)- fi (u)?dv(x) (u) < €2 for all

f € .Z. Then all sets B(ji,...,Jjm) are measurable, and U B(iseeeyjm) =

(J15esdm)
X" because .# is an Lp-dense class of functions with exponent L and parame-
ter D. Given a point x(") = (x1,...,%,) let us choose the first vector (ji,...,Jjm) =

(1 (x™), ..., jm(x))) in our list of vectors for which x") € B(ji, ..., jn), and de-
fine p;(x)) = j;(x") for all 1 < < m with this vector (ji,..., ju). Then the func-
tions p; (x(")) are measurable, and the functions fmx(n ) 1 <1 < m, defined with
)

)
their help together with the probability measures v(x<") satisfy the inequality de-
manded in Lemma 7.4. O

The proof of Lemmas 7.4A and 7.4B is almost the same. We only have to modify
the definition of the sets B(j, ..., j,;) in a natural way. The space of arguments x()
are the spaces X and X?*" in these lemmas, and we have to integrate with respect
to the measures p(x(") in the space X¥ and with respect to the measures o(x(")) in
the space X* x Y respectively. The sets B(ji,...,jn) are measurable also in these
cases, and the rest of the proof can be applied without any change.






Chapter 8
Formulation of the main results of this work

Former chapters of this work contain estimates about the tail distribution of normal-
ized sums of independent, identically distributed random variables and of the supre-
mum of appropriate classes of such random sums. They were considered together
with some estimates about the tail distribution of the integral of a (deterministic)
function with respect to a normalized empirical distribution and of the supremum
of such integrals. This two kinds of problems are closely related, and to understand
them better it is useful to investigate them together with their natural Gaussian coun-
terpart.

In this chapter I formulate the natural multivariate versions of these results. They
will be proved in the subsequent chapters. To formulate them we have to introduce
some new notions. I shall also discuss some new problems whose solutions help
in their proof. I finish this chapter with a short overview about the content of the
remaining part of this work.

I start this chapter with the formulation of two results, Theorems 8.1 and 8.2
together with some simple consequences. They yield a sharp estimate about the
tail distribution of a multiple random integral with respect to a normalized empir-
ical distribution and about the analogous problem when the tail distribution of the
supremum of such integrals is considered. These results are the natural versions of
the corresponding one-variate results about the tail behaviour of an integral or of the
supremum of a class of integrals with respect to a normalized empirical distribution.
They can be formulated with the help of the notions introduced before, in particular
with the help of the notion of multiple random integrals with respect to a normalized
empirical distribution introduced in formula (4.8).

To formulate the following two results, Theorems 8.3 and 8.4 and their conse-
quences, which are the natural multivariate versions of the results about the tail
distribution of partial sums of independent random variables, and of the supremum
of such sums we have to make some preparations. First we introduce the so-called
U-statistics which can be considered the natural multivariate generalizations of the
sum of independent and identically distributed random variables. Besides, observe
that in the one-variate case we had a good estimation about the tail distribution of
sums of independent random variables only if the summands had expectation zero.

61
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We have to find the natural multivariate version of this property. Hence we define
the so-called degenerate U-statistics which can be considered as the natural mul-
tivariate counterparts of sums of independent and identically distributed random
variables with zero expectation. Theorems 8.3 and 8.4 contain estimates about the
tail-distribution of degenerate U -statistics and of the supremum of such expressions.

In Theorems 8.5 and 8.6 I formulate the Gaussian counterparts of the above re-
sults. They deal with multiple Wiener-Itd integrals with respect to a so-called white
noise. The notion of white noise and multiple Wiener—Ito integrals with respect to
it and their properties needed to have a good understanding of these results will be
explained in Chapter 10. Still two results are discussed in this chapter. They are Ex-
amples 8.7 and 8.8, which state that the estimates of Theorems 8.5 and 8.3 are in a
certain sense sharp.

To formulate the first two results of this chapter let us consider a sequence of
independent and identically distributed random variables &;,.. ., &, with values in a
measurable space (X,.2"). Let u denote the distribution of the random variables &;,
and introduce the empirical distribution of the sequence &, ..., &, defined in (4.5).
Given a measurable function f(xj,...,x;) on the k-fold product space (X¥, 27%)
consider its integral J, x(f) with respect to the k-fold product of the normalized
empirical distribution /n(, — 1) defined in formula (4.8). In the definition of this
integral the diagonals x; = x;, 1 < j <[ < k, were omitted from the domain of
integration. The following Theorem 8.1 can be considered as the multiple integral
version of Bernstein’s inequality formulated in Theorem 3.1.

Theorem 8.1 (Estimate on the tail distribution of a multiple random integral
with respect to a normalized empirical distribution). Let us take a measurable
function f(x1,...,x;) on the k-fold product (X*, 2% of a measurable space (X, Z")
with some k > 1 together with a non-atomic probability measure |1 on (X, 2") and
a sequence of independent and identically distributed random variables &, ... &,
with distribution |t on (X, Z"). Let the function f satisfy the conditions

Iflle = sup  |f(x1,....%)| <1, (8.1)

xjeX, 1<j<k
and

IF1B = [ #2000, oxp(dn) o) < 0 52

with some constant 0 < ¢ < 1. There exist some constants C = Cy, > 0 and o« = 0y, >
0 such that the random integral J, x(f) defined in formulas (4.5) and (4.8) satisfies
the inequality

P(Ik1, 1 (f)] > u) < Cmax (e*"‘("/ P gmalm)! “‘“)) (8.3)

for all u> 0. The constants C = Cy, > 0 and @ = oy > 0 in formula (8.3) depend
only on the parameter k.

Theorem 8.1 can be reformulated in the following equivalent form.
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Theorem 8.1'. Under the conditions of Theorem 8.1
Pk (f)] > u) < Ce @™ forall 0 <u<ntckt!  (8.4)

with a number o, 0 < ¢ < 1, satisfying relation in (8.2) and some universal con-
stants C = Cy > 0, a = oy, > 0, depending only on the multiplicity k of the integral

Jn,k(f)‘

Theorem 8.1 clearly implies Theorem 8.1/, since in the case u < nk/2gk+l
the first term is larger than the second one in the maximum at the right-hand
side of formula (8.3). On the other hand, Theorem 8.1’ implies Theorem 8.1 also
if u > n¥/26**!. Indeed, in this case Theorem 8.1 can be applied with 6 =

(un_k/z)l/(kﬂ) >oifu< nk/z, since the condition 0 < & < 1 is satisfied. This
yields that P (|k!J,x(f)| > u) < Cexp {—a (4)2/](} =Cexp {—a(nuz)l/(k“)} if

(o)
n*2 >y > %26kt and relation (8.3) holds in this case. If u > 2*n*/2, then
P!, i (f)] > u) = 0, and if n*/? < u < 2kn*/2, then

P(kMui(£)] > u) < P(kMy i ()] > n*/?)
< Cexp {_a((”'nk/z)z)l/(kﬂ)} < Cexp {—Z’ka(mﬂ)‘/("“)} )

Hence relation (8.3) holds (with a possibly different parameter ) in these cases,
too.

Theorem 8.1 or Theorem 8.1" state that the tail distribution P(k!|J, x(f)| > u)
of the k-fold random integral k!J, x(f) can be bounded similarly to the probability
P(|const.on¥| > u), where 7 is a random variable with standard normal distribu-
tion, and the number 0 < ¢ < 1 satisfies relation (8.2), provided that the level u
we consider is less than n¥/26%*1. As we shall see later (see Corollary 1 of The-
orem 9.4), the value of the number 62 in formula (8.2) is closely related to the
variance of k!J, x(f). At the end of this chapter an example is given which shows
that the condition u < n*/26**! is really needed in Theorem 8.1'.

The next result, Theorem 8.2, is the generalization of Theorem 4.1’ for multiple
random integrals with respect to a normalized empirical measure. In its formula-
tion the notions of Lp-dense classes and countable approximability introduced in
Chapter 4 are applied.

Theorem 8.2 (Estimate on the supremum of multiple random integrals with re-
spect to an empirical distribution). Let us have a non-atomic probability measure
U on a measurable space (X, Z") together with a countable and L,-dense class
F of functions f = f(x1,...,x;) of k variables with some parameter D > 2 and
exponent L > 1 on the product space (X*, 2°%) which satisfies the conditions

Iflle = sup |f(x1,...,x)| <1, forall f € F (8.5)

xjEX, 1< j<k

and
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I£15=Ef* (&1, &) = /fz(X1,~--axk)u(dX1)...u(ka) <o’
forall f € F (8.6)

with some constant 0 < ¢ < 1. There exist some constants C =C(k) >0, o = a(k) >
0 and M = M (k) > 0 depending only on the parameter k such that the supremum
of the random integrals k\J, x(f), f € F, defined by formula (4.8) satisfies the in-
equality

2/k
P (sup kW i ()] > u) < Cexp{—a %) } for those numbers u

feF

u

for which ng® > (E) > M(L31og % +(logD)¥?), (8.7

where the numbers D and L agree with the parameter and exponent of the L,-dense
class F.

The condition about the countable cardinality of the class F can be replaced
by the weaker condition that the class of random variables k\J, ;(f), f € F, is
countably approximable.

The condition given for the number u in formula (8.7) appears in Theorem 8.2
for a similar reason as the analogous condition formulated in (4.4) in its one-variate
counterpart, Theorem 4.1. The lower bound is needed, since we have a good es-
timate in formula (8.7) only for u > E sup |k!J,x(f)|. The upper bound appears,

feF

since we have a good estimate in Theorem 8.1’ only for 0 < u < n*/2¢**1. If a
pair of numbers (u,c) does not satisfy condition (8.7), then we may try to get an
estimate by increasing the number o or decreasing the number u.

To formulate such a version of Theorems 8.1 and 8.2 which corresponds to the
results about sums of independent random variables in the case k = 1 the following
notions will be introduced.

Definition of U-statistics. Let us consider a function f = f(x1,...,x;) on the k-th
power (X¥, 2°%) of a space (X, Z") together with a sequence of independent and
identically distributed random variables &1, ..., &E,, n > k, which take their values in
this space (X, Z"). The expression

1

ha(f) =4 Y ) (8.8)
S (laenl): 1S0S0, j=1000k,
Li# Ly if j#]
is called a U-statistic of order k with the sequence &y, ... ,&,, and kernel function f.

Remark. In later calculations sometimes we shall work with U-statistics with kernel
functions of the form f(x,,,...,x,, ) instead of f(xi,...,xx), where {uy,... uz} is
an arbitrary set with different elements. The U-statistic with such a kernel function
will also be defined, and it equals the U-statistic with the original kernel function f
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defined in (8.8), i.e.

I’hk(f(x“l e 7x“k)) = ,,’k(f(xl, ... ,xk)). (8.9)

(Observe that if we define the function fr(x1,...,%) = f(xz(1),---,%z)) for all
permutations 7 of the set {1,...,k}, then I, x(fz) = L, x(f), hence the above defini-
tion is legitimate.) Such a definition is natural, and it simplifies the notation in some
calculations. A similar convention will be introduced about Wiener—Itd integrals in
Chapter 10.

Some special U-statistics, called degenerate U -statistics, will also be introduced.
They can be considered as the natural multivariate version of sums of identically dis-
tributed random variables with expectation zero. Degenerate U -statistics will be de-
fined together with canonical kernel functions, because these two notions are closely
related. For the sake of simpler notation in later discussions we shall allow general
indexation of the variables in the definition of canonical functions, and we shall

consider functions of the form f(x;,,...,x; ) instead of f(xy,...,x).

Definition of degenerate U-statistics. A U-statistic I, x(f) of order k with a se-
quence of independent and identically distributed random variables &, ... &, is
called degenerate if its kernel function f(xi,...,x;) satisfies the relation

E(f(&,--, 818 =x1,-. .81 = xj1,. 81 = X1, G =x) =0
foralll < j<kandx; €X,s#j.

Definition of a canonical function. A function f(x;,...,x; ) taking values in the
k-fold product of a measurable space (X, Z") is called a canonical function with
respect to a probability measure [l on (X, Z") if

/f(X[l7...,X[I;I,M,XIjJrl,...,X[k),u(du) =0
forall1 < j<k and x;, € X, s# j. (8.10)

For the sake of more convenient notations in the subsequent part of this work we
shall also speak of U-statistics of order zero. We shall write I, o(c) = ¢ for any con-
stant ¢, and 7, o(c) will be called a degenerate U-statistic of order zero. A constant
will be considered as a canonical function with zero arguments.

It is clear that a U-statistic I, (f) with kernel function f and independent u-
distributed random variables &1, ..., &, is degenerate if and only if its kernel function
is canonical with respect to the probability measure 1. Let us also observe that

Li(f) = I i(Sym f) (8.11)

for all functions of k variables.
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The next two results, Theorems 8.3 and 8.4, deal with degenerate U-statistics.
Theorem 8.3 is the U-statistic version of Theorem 8.1, and Theorem 8.4 is the U-
statistic version of Theorem 8.2. Actually Theorem 8.3 yields a sharper estimate
than Theorems 8.1, because it contains more explicit and better universal constants.
I shall return to this point later.

Theorem 8.3 (Estimate on the tail distribution of a degenerate U-statistic).
Let us have a measurable function f(xi,...,x;) on the k-fold product (X*, 2°%),
k > 1, of a measurable space (X, Z") together with a probability measure [L on
(X, Z") and a sequence of independent and identically distributed random variables
Ely.o & n >k, with distribution u on (X, 2°). Let us consider the U-statistic
Lk (f) of order k with this sequence of random variables &, ...,&,. Assume that
this U-statistic is degenerate, i.e. its kernel function f(xi,...,x;) is canonical with
respect to the measure |L. Let us also assume that the function f satisfies condi-
tions (8.1) and (8.2) with some number 0 < & < 1. Then there exist some constants
A =A(k) > 0 and B = B(k) > 0 depending only on the order k of the U-statistic
Lk (f) such that

W2l

262/k (1 +B (un+/2G(k+1) 1/k)

P2k ()] > u) < Aexp{ — (8.12)

forall 0 < u < n*2g*+1,
Let us also formulate the following simple corollary of Theorem 8.3.

Corollary of Theorem 8.3. Under the conditions of Theorem 8.3 there exist some
universal constants C = C(k) > 0 and oo = a(k) > 0 that

u

2/k
P(n %2k, 4 ()] > u) < Cexp {—a (5) } forall 0 < u < n*/2G*+1,
(8.13)

The following estimate holds about the supremum of degenerate U-statistics.

Theorem 8.4 (Estimate on the supremum of degenerate U -statistics). Let us have
a probability measure [L on a measurable space (X, Z") together with a countable
and Ly-dense class F of functions f = f(x1,...,x;) of k variables with some pa-
rameter D > 2 and exponent L > 1 on the product space (X*, 2°%) which satisfies
conditions (8.5) and (8.6) with some constant 0 < ¢ < 1. Let us take a sequence
of independent | distributed random variables &;,...,E,, n > k, and consider the
U-statistics I k() with these random variables and kernel functions f € F. Let us
assume that all these U-statistics 1, x(f), f € &, are degenerate, or in an equivalent
form, all functions f € .F are canonical with respect to the measure L. Then there
exist some constants C = C(k) >0, oo = a(k) > 0 and M = M(k) > 0 depending
only on the parameter k such that the inequality



8 Formulation of the main results of this work 67

P (sup nik/z\k!lnvk(fﬂ > u) < Cexp{ ( ) } holds for those

feF

/k
numbers u for which nc* > (6) (L3/210g + (logD)*/?),
(8.14)

where the numbers D and L agree with the parameter and exponent of the L,-dense
class 7.

The condition about the countable cardinality of the class F can be replaced
by the weaker condition that the class of random variables n=*/ 2I,,,k( f), feZz is
countably approximable.

Next I formulate a Gaussian counterpart of the above results. To do this I need
some notions that will be introduced in Chapter 10. In that chapter the white noise
with a reference measure p will be defined. It is an appropriate set of jointly Gaus-
sian random variables indexed by those measurable sets A € 2~ of a measure space
(X, 2", u) with a o-finite measure u for which p(A) < ee. Its distribution depends
on the measure p which will be called the reference measure of the white noise.

In Chapter 10 it will also be shown that given a white noise Uy with a non-atomic
o-additive reference measure { on a measurable space (X,2") and a measurable
function f(xi,...,x;) of k variables on the product space (X*,.2) such that

[P mudn) - (dn) < 0% <o (8.15)

a k-fold Wiener-Itd integral of the function f with respect to the white noise fy

Zus(F) = g5 [ £, mp(dn) . gay () (8.16)

can be defined, and the main properties of this integral will be proved there. It will
be seen that Wiener-Itd integrals have a similar relation to degenerate U-statistics
and multiple integrals with respect to normalized empirical measures as normally
distributed random variables have to partial sums of independent random variables.
Hence it is useful to find the analogues of the previous results to estimates about the
tail distribution of Wiener-1t6 integrals. This will be done in Theorems 8.5 and 8.6.

Theorem 8.5 (Estimate on the tail distribution of a multiple Wiener-Ito inte-
gral). Let us fix a measurable space (X, 2") together with a o-finite non-atomic
measure L on it, and let [Ly be a white noise with reference measure (L on (X, Z).
If f(x1,...,X;) is a measurable function on (X*, 2°%) which satisfies relation (8.15)
with some 0 < ¢ < oo, then

P(K\Zyu i (f)] > u) SCexp{; (”)2/k} (8.17)

o

Sor all u > 0 with some constants C = C(k) depending only on k.
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Theorem 8.6 Estimate on the supremum of Wiener-It6 integrals). Let .% be a
countable class of functions of k variables defined on the k-fold product (X*, 2°%)
of a measurable space (X, Z") such that

/fz(xl,...,xk)u(dxl)...u(dxk) <o? withsome0< o <1forall fc.Z

with some non-atomic c-additive measure [ on (X, 2"). Let us also assume that
F is an Ly-dense class of functions in the space (X*, 2 Y with respect to the mea-
sure U* with some exponent L > 1 and parameter D > 1, where u* is the k-fold
product of the measure [. (The classes of Ly-dense classes with respect to a mea-
sure were defined in Chapter 4.)

Take a white noise Ly on (X, Z") with reference measure |, and define the
Wiener—Ito integrals Zy, i (f) for all f € F. Fix some 0 < & < 1. The inequality

B 2k
P <sup K1 Zy 1 (f)] > u) < CDexp{—] ((18)”> } (8.18)
feF ' 2 o

holds for those numbers u which satisfy the inequality u > MLK 2(fé(logk/ 2% +

log/? %) Here C =C(k) >0, M = M (k) > 0 are some universal constants depend-
ing only on the multiplicity k of the integrals.

Remark: Theorem 8.6 is the multivariate version of Theorem 4.2 about the tail distri-
bution of the supremum of Gaussian random variables. In Theorem 4.2 we could get
good estimates for such levels u which satisfy the inequality u > const. Glogl/ 2%
with an appropriate constant, while in Theorem 8.6 we had a similar estimate under
the condition u > const.clogk/ 2% with an appropriate constant. In Chapter 4 we
presented an example which shows that the above condition on the level u in The-
orem 4.2 cannot be dropped. A similar example can be given about the necessity
of the analogous condition in Theorem 8.6 with the help of the subsequent Exam-

ple 8.7.
k
Put fy,(u1,...,ux) = I1 f2,(u;), where f2,(u) denotes the indicator function of
=1 |

the interval [s,7]. Take the class of functions
F=Fs={fsy: 0<s<t<1l,t—s5< Gz/k, s and t are rational },

and define for all functions f;, € .% the k-fold Wiener—Itd integral
1
Z(fsﬁt) = E /]%7,(u1, ceey Ltk)W(dul) .. .W(duk).

Then EZ( fs’,)2 < %2 forall f;, € .%, and it can be seen with the help of Example 8.7
similarly to the corresponding argument applied in Chapter 4 that there is some ¢ > 0

k/2 2
(e}

such that P | sup Z(fs,) > colog
fs1€F6

— 1 as 0 — 0. Besides, it can be seen
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that .7 is an Ly-dense class with respect to the Lebesgue measure. This implies that
the lower bound imposed on u in Theorem 8.6 cannot be dropped. I omit the details
of the proof.

Formula (8.18) yields an almost as good estimate for the supremum of Wiener—
1t6 integrals with the choice of a small € > 0 as formula (8.17) for a single Wiener—
1t6 integral. But the lower bound imposed on the number « in the estimate (8.18)
depends on &, and for a small number € > 0 it is large.

The subsequent result presented in Example 8.7 may help to understand why
Theorems 8.3 and 8.5 are sharp. Its proof and the discussion of the question about
the sharpness of Theorems 8.3 and 8.5 will be postponed to Chapter 13.

Example 8.7 (A converse estimate to Theorem 8.5). Let us have a 6-finite mea-
sure [L on some measure space (X, Z") together with a white noise uy on (X, Z")
with counting measure W. Let fo(x) be a real valued function on (X, Z") such that
[ fo(x)?u(dx) = 1, and take the function f(xi,...,x;) = o fo(x1)--- fo(xx) with
some number & > 0 together with the Wiener-Ito integral Z (f) introduced in
formula (8.16).

Then the relation [ f(x1,...,x)> u(dxy) ... u(dxy) = 62 holds, and the Wiener—
It integral Zy, i (f) satisfies the inequality

with some constant C > 0.

The above results show that multiple integrals with respect to a normalized em-
pirical distribution or degenerate U -statistics satisfy some estimates similar to those
about multiple Wiener—It0 integrals, but they hold under more restrictive conditions.
The difference between the estimates in these problems is similar to the difference
between the corresponding results in Chapter 4 whose reason was explained there.
Hence this will be only briefly discussed here.

The estimates of Theorem 8.1 and 8.3 are similar to that of Theorem 8.5. More-
over, for 0 < u < en*/26**! with a small number & > 0 Theorem 8.3 yields an
almost as good estimate about degenerate U-statistics as Theorem 8.5 yields for
a Wiener-Itd integral with the same kernel function f and underlying measure L.
Example 8.7 shows that the constant in the exponent of formula (8.17) cannot be im-
proved, at least there is no possibility of an improvement if only the L,-norm of the
kernel function f is known. Some results discussed later indicate that neither the es-
timate of Theorem 8.3 can be improved. The main difference between Theorem 8.5
and the results of Theorem 8.1 or 8.3 is that in the latter case the kernel function f
must satisfy not only an L but also an L., norm type condition, and the estimates
of these results are formulated under the additional condition u < W2k It can
be shown that the condition about the L. norm of the kernel function cannot be
dropped from the conditions of these theorems, and a version of Example 3.3 will
be presented in Example 8.8 which shows that in the case u > nk/2Gk 1 the left-
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hand side of (8.12) may satisfy only a much weaker estimate. This estimate will be
given only for k = 2, but with some work it can be generalized for general indices k.

Theorems 8.2, 8.4 and 8.6 show that for the tail distribution of the supremum of
a not too large class of degenerate U-statistics or multiple integrals a similar upper
bound can be given as for the tail distribution of a single degenerate U-statistic or
multiple integral, only the universal constants may be worse in the new estimates.
However, they hold only under the additional condition that the level at which the
tail distribution of the supremum is estimated is not too low. A similar phenomenon
appeared already in the results of Chapter 4. Moreover, such a restriction had to be
imposed in the formulation of the results here and in Chapter 4 for the same reason.

In Theorem 8.2 and 8.4 an L,-dense class of kernel functions was considered,
and this meant that the class of random integrals or U-statistics we consider in this
result is not too large. In Theorem 8.6 a similar, but weaker condition was imposed
on the class of kernel functions. They had to satisfy a similar condition, but only
for the reference measure u of the white noise appearing in the Wiener-Ito inte-
gral. A similar difference appears in the comparison of Theorems 4.1 or 4.1" with
Theorem 4.2, and this difference has the same reason in the two cases.

Next I present the proof of the following Example 8.8 which is a multivariate
version of Example 3.3. For the sake of simplicity I restrict my attention to the case
k=2.

Example 8.8 (A converse estimate to Theorem 8.3). Let us take a sequence of
independent and identically distributed random variables &, ... &, with values in
the plane X = R? such that &i=(Mj1,Mmj2), nj1 and ) are independent random
variables with the following distributions. The distribution of 1; 1 is defined with
the help of a parameter 6%, 0 < 6% < é, in the same way as the distribution of the
random variables X; in Example 3.3, i.e. nj = 7j1 — Efj1 with P(f}j1 = 1) = 62,
P(fj1 =0) = 1 — &2, where &2 is that solution of the equation x* —x+ 6> =0,
which is smaller than % The distribution of the random variables 1; > is given by the
formula P(Mj>=1)=P(Mj2=—1)= % or all 1 < j < n. Introduce the function
FOy) = F((,x), (01,52)) = x1y2 +x2y1, x = (x1,%2) € R, y = (y1,2) € R? if
(x,y) is in the support of the distribution of the random vector (§1,&,), i.e. if x| and
y1 take the values 1 — 6% or —&% and x> and y, take the values +1. Put flx,y)=0
otherwise. Define the U -statistic

1 1
La(f) =5 Y R Y (MM +man;a)

1<j.k<n, j#k 1<) k<n, j#k

of order 2 with the above kernel function f and sequence of independent random
variables &, .. .,&,. Then I,»(f) is a degenerate U-statistic such that | sup f(x,y)| <
1 andEfz(éj,éj) =02

If u > Bino?> with some appropriate constant By > 2, B;ln > u > Byn~ /2 with
a sufficiently large fixed number By > 0 and % > 02> n% and n is a sufficiently
large number, then the estimate
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P(n" La(f) > u) > exp {—Bn1/3u2/3 log (#) } (8.20)

holds with some B > 0.

Remark: In Theorem 8.3 we got the estimate P(n~'I,2(f) > u) < e~/ for the
above defined degenerate U-statistic 1, (f) if 0 <u < no3. In the particular case

u=no3 we have the estimate P(n~ 1, 5(f) > n6®) < e~%9"_ On the other hand, the
above example shows that in the case u >> no> we can get only a weaker estimate. It
is worth looking at the estimate (8.20) with fixed parameters n and u and to observe
the dependence of the upper bound on the variance 6 of L, 2(f). In the case o’ =
u23n2/3 we have the upper bound e—on' Example 8.8 shows that in the case
0% < u*n~?3 we can get only a relatively small improvement of this estimate. A

similar picture appears as in Example 3.3 in the case k = 1.

It is simple to check that the U-statistic introduced in the above example is de-
generate because of the independence of the random variables 1;; and 1;, and
the identity En;1 = En;» = 0. Besides, Ef(§;,&;)? = 02. In the proof of the es-
timate (8.20) the results of Chapter 3, in particular Example 3.3 can be applied for
the sequence 1;,1, j = 1,2,...,n. Besides, the following result, known from the the-
ory of large deviations will be applied. If Xi, ..., X, are independent and identically
distributed random variables, P(X; = 1) = P(X; = —1) = %, then for any number
0 < o < 1 there exists some numbers C; = Cy(a) > 0 and C; = Co(@) > 0 such

n
that P ( X; > u> > Cre @/ forall 0 < u < an.
j=1

Proof of Example 8.8. The inequality

P(n Lo (f) > u) (8.21)

ZP((ZT]/J) ( T]jg) >4nu> —P( nj’mj’2>2nu>
=1 =1 =1

holds. Because of the independence of the random variables 7;,1 and 1);> the first
probability at the right-hand side of (8.21) can be bounded from below by bounding
the multiplicative terms in it with v; = 4n'/342/3 and v, = n?3u'/3. The first term
will be estimated by means of Example 3.3. This estimate can be applied with the
choice y = vy, since the relation v > 4no? holds if u > Byno> with By > 1, and the
remaining conditions 0 < ol < % and n > 4vq > 6 also hold under the conditions of
Example 8.8. The second term can be bounded with the help of the large-deviation
result mentioned after the remark, since v, < %n ifu< Bz_ 1 with a sufficiently large
By > 0. In such a way we get the estimate
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(g0 (20)
(el

{ Blvllog Vi )—BZ‘Z}
{ _Bsn'/3 2/310g( )}

with appropriate constants By > 1, B, > 0 and B3 > 0. On the other hand, by apply-
ing Bennett’s inequality, more precisely its consequence given in formula (3.4) for
the sum of the random variables X; = 1; 171> at level nu instead of level u we get
the following upper bound for the second term at the right-hand side of (8.21).

| V

\ V

. u
P(Z} njin;2 >2nu> < eXp{—Knulogg}
=
< _2Bun' P31 (L)}
< exp{ o' PP log (~= ) ¢

since EnN;1M;j2 =0, En]%1 ”;2;2 = 02, nu > B n20> > 2no? because of the conditions
By > 2 and no > 1. Hence the estimate (3.4) (with parameter nu) can be applied
in this case. Besides, the constant B4 can be chosen sufficiently large in the last
inequality if the number n or the bound B, in Example 8.8 us chosen sufficiently
large. This means that this term is negligible small. The above estimates imply the
statement of Example 8.8. ad

Let me remark that under some mild additional restrictions the estimate (8.20)
can be slightly sharpened, the term log can be replaced by logz/ 3 in the exponent of
the right-hand side of (8.20). To get such an estimate some additional calculation is

needed where the numbers v; and v, are replaced by v = 4n!/3,2/3 logfl/ 3 (#)
and 7> = n?3u'31og'/? (#)

I finish this chapter with a short overview about the remaining part of this work.

In our proofs we needed some results about U-statistics, and this is the main
topic of Chapter 9. One of the results discussed there is the so-called Hoeffding
decomposition of U-statistics to the linear combination of degenerate U-statistics
of different order. We also needed some additional results which explain how some
properties (e.g. a bound on the L, and L., norm of a kernel function, the L,-density
property of a class .% of kernel function) is inherited if we turn from the original
U -statistics to the degenerate U-statistics appearing in their Hoeffding decomposi-
tion. Chapter 9 contains some results in this direction. Another important result in
it is Theorem 9.4 which yields a decomposition of multiple integrals with respect
to a normalized empirical distribution to the linear combination of degenerate U-
statistics. This result is very similar to the Hoeffding decomposition of U-statistics.
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The main difference between them is that in the decomposition of multiple integrals
much smaller coefficients appear. Theorem 9.4 makes possible to reduce the proof
of Theorems 8.1 and 8.2 to the corresponding results in Theorems 8.3 and 8.4 about
degenerate U-statistics.

The definition and the main properties of Wiener—It6 integrals needed in the proof
of Theorems 8.5 and 8.6 are presented in Chapter 10. It also contains a result, called
the diagram formula for Wiener—It6 integrals which plays an important role in our
considerations. Besides, we proved a limit theorem, where we expressed the limit of
normalized degenerate U-statistics with the help of multiple Wiener—Itd integrals.
This result may explain why it is natural to consider Theorem 8.5 as the natural
Gaussian counterpart of Theorem 8.5, and Theorem 8.6 as the natural Gaussian
counterpart of Theorem 8.6.

We could prove Bernstein’s and Bennett’s inequality by means of a good estima-
tion of the exponential moments of the partial sums we were investigating. In the
proof of their multivariate versions, in Theorems 8.3 and 8.5 this method does not
work, because the exponential moments we have to bound in these cases may be in-
finite. On the other hand, we could prove these results by means of a good estimate
on the high moments of the random variables whose tail distribution we wanted to
bound. In the proof of Theorem 8.5 the moments of multiple Wiener—Itd integrals
have to be bounded, and this can be done with the help of the diagram formula for
Wiener—It6 integrals. In Chapter 11 and 12 we proved that there is a version of the
diagram formula for degenerate U-statistics, and this enables us to estimate the mo-
ments needed in the proof of Theorem 8.3. In Chapter 13 we proved Theorems 8.3,
8.5 and a multivariate version of the Hoeffding inequality. At the end of this chapter
we still discussed some results which state that in certain cases when we have some
useful additional information about the behaviour of the kernel function f besides
the upper bound of their L, and L., norm the estimates of Theorems 8.3 or 8.5 can
be improved.

Chapter 14 contains the natural multivariate versions of the results in Chapter 6.
In Chapter 6 Theorem 4.2 was proved about the supremum of Gaussian random
variables and in Chapter 14 its multivariate version, Theorem 8.6. Both results are
proved with the help of the chaining argument. On the other hand, the chaining ar-
gument is not strong enough to prove Theorem 4.1. But as it is shown in Chapter 6,
it enables us to prove a result formulated in Proposition 6.1, and to reduce the proof
of Theorem 4.1 with its help to a simpler result formulated in Proposition 6.2. One
of the results in Chapter 14, Proposition 14.1, is a multivariate version of Propo-
sition 6.1. We showed that the proof of Theorem 8.4 can be reduced with its help
to the proof of a result formulated in Proposition 14.2, which can be considered a
multivariate version of Proposition 6.2. Chapter 14 contains still another result. It
turned out that it is simpler to work with so-called decoupled U -statistics introduced
in this chapter than with usual U-statistics, because they have more independence
properties. In Proposition 14.2' a version of Proposition 14.2 is formulated about
degenerate U-statistics, and it is shown with the help of a result of de la Pefia and
Montgomery—Smith that the proof of Proposition 14.2, and thus of Theorem 8.4 can
be reduced to the proof of Proposition 14.2".
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Proposition 14.2’ is proved similarly to its one-variate version, Proposition 6.2.
The strategy of the proof is explained in Chapter 15. The main difference between
the proof of the two propositions is that since the independence properties exploited
in the proof of Proposition 6.2 hold only in a weaker form in this case, we have
to apply a more refined and more difficult argument. In particular, we have to ap-
ply instead of the symmetrization lemma, Lemma 7.1, a more general version of
it. We presented an appropriate version of this result in Lemma 15.2. It is hard
to check the conditions of Lemma 15.2 when we try to apply it in the problems
arising in the proof of Proposition 14.2'. This is the reason why we had to prove
Proposition 14.2” with the help of two inductive propositions, formulated in Propo-
sitions 15.3 and 15.4, while in the proof of Proposition 6.2 it was enough to prove
a single result, presented in Proposition 7.3. We discuss the details of the problems
and the strategy of the proof in Chapter 15. The proof of Propositions 15.3 and 15.4
is given in Chapters 16 and 17. Chapter 16 contains the symmetrization arguments
needed for us, and the proof is completed with its help in Chapter 17.

Finally in Chapter 18 we give an overview of this work, and explain its relation
to some similar researches. The proof of some results is given in the Appendix.



Chapter 9
Some results about U -statistics

This chapter contains the proof of the Hoeffding decomposition theorem, an impor-
tant result about U-statistics. It states that all U-statistics can be represented as a sum
of degenerate U-statistics of different order. This representation can be considered
as the natural multivariate version of the decomposition of a sum of independent
random variable to the sum of independent random variables with expectation zero
plus a constant (which can be interpreted as a random variable of zero variable).
Some important properties of the Hoeffding decomposition will also be proved. In
particular, it will be investigated how some properties of the kernel function of a
U-statistic is inherited in the behaviour of the kernel functions of the U-statistics in
its Hoeffding decomposition.

If the Hoeffding decomposition of a U-statistic is taken, then the L, and Le.-
norms of the kernel functions appearing in the U-statistics of the Hoeffding de-
composition will be bounded by means of the corresponding norm of the kernel
function of the original U-statistic. It will also be shown that if we take a class of
U-statistics with an Lp-dense class of kernel functions (and the same sequence of
independent and identically distributed random variables in the definition of each U-
statistic) and consider the Hoeffding decomposition of all U-statistics in this class,
then the kernel functions of the degenerate U -statistics appearing in these Hoeffding
decompositions also constitute an Ly-dense class. Another important result of this
chapter is Theorem 9.4. It yields a decomposition of a k-fold random integral with
respect to a normalized empirical distribution to the linear combination of degener-
ate U-statistics. This result enables us to derive Theorem 8.1 from Theorem 8.3 and
Theorem 8.2 from Theorem 8.4, and it is also useful in the proof of Theorems 8.3
and 8.4.

Let us first consider Hoeffding’s decomposition. In the special case k = 1 it states

n
that the sum S, = Y &; of independent and identically distributed random variables
j=1
. n n . .
can be rewritten as S, = Y. (§; —E&;)+ | ¥ E&; |, i.e. as the sum of independent
Jj=1 Jj=1
random variables with zero expectation plus a constant. We introduced the conven-

75
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tion that a constant is the kernel function of a degenerate U -statistic of order zero,
and 7, o(¢) = ¢ for a U-statistic of order zero. I wrote down the above trivial formula,
because Hoeffding’s decomposition is actually its adaptation to a more general sit-
uation. To understand this let us first see how to adapt the above construction to the
case k =2.

In this case a sum of the form 21,,(f) = Y f(&.&) has to be consid-
1<jk<n,j#k

ered. Write £(&;, &) = [£(&;, &) —E(f (&, &) 18] +E(f (&), &) |E) = f1 (&, &) +
J1(&) with f1(E;, ) = f(&;, &) —E(f(Ej,Ex)|Ek), and f1 (&) = E(f(&, &)|&) to

make the conditional expectation of fi(&;, &) with respect to & equal zero. Re-
peating this procedure for the first coordinate we define f>(&;,&) = f1(&;, &) —
E(f1(&},80)1&;) and f2(&;) = E(f1(;,&)IE)). Let us also write fi(&) = [f1 (&) —
Efi(&)] + Efi(&) and f2(&;) = [f2(E;) — Ef2(E;)] + Ef2(&;). Simple calcula-
tion shows that 21, ,(f2) is a degenerate U-statistics of order 2, and the identity
2p2(f) = 22 (£2) + Ini (0 = V(s = ER)) + Lt (0 = D)((f2 — Efs)) +nln —
1)E(fi1 + f») yields the decomposition of ,>(f) into a sum of degenerate U-
statistics of different orders.

Hoeffding’s decomposition can be obtained by working out the details of the
above argument in the general case. But it is simpler to calculate the appropriate
conditional expectations by working with the kernel functions of the U-statistics.
To carry out such a program we introduce the following notations.

Let us consider the k-fold product (X*, 2% u*) of a measure space (X, 2", u)
with some probability measure i, and define for all integrable functions f(x1,...,xx)
and indices 1 < j < k the projection P; f of the function f to its j-th coordinate, i.e.
integration of the function f with respect to its j-th coordinate.

For the sake of simpler notations in our later considerations we shall define
the operator P; in a slightly more general setting. Let us consider a set A =
{P1y-oops} C{L Lk put XA =X, X X)) X+ X X, X4 =20y X Xy X+ X
T pes WA = p, X Ly, X -+ X Wy, take the product space (X4, 274, u?) and if j € A,
then define the operator P; as mapping a function on this product space to a function
on the product space (XA\U/}, 2°4\{7}) by the formula

(ij)(x,,l,...,xprfl,x,,m,...,xps):/f(x,m...,x,,s)u(dxj), if j=p,. (9.1)

Let us also define the (orthogonal projection) operators Q; =1—Pjas Q;f = f —P;f
for all integrable functions f on the space (X4, 24, u4), and j € A, i.e. put

(ij)(xp] g 7x[?s) = (Iin)f(xpl g axps)
= F(pyene xp) — /f(xp],...,xpj),u(dxj‘). 9.2)
In the definition (9.1) P;f is a function not depending on the coordinate x;, but in

the definition of Q; we introduce the fictive coordinate x; to make the expression
Q,f = f — P;f meaningful.
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Remark. 1 shall use the following notation. (P;f)(Xp,,...,Xp,_,Xp,.;s---,Xp,) Will
denote the value of the function P;f in the point (x,,,...,Xp, ,Xp, |,---:Xp,). On
the other hand, I write sometimes P; f(x, ,...,xp,) (without parentheses) instead of

P;f when it is natural to write the function f together with its arguments. The same
notation will be applied for the operator Q;.

The following result holds.

Theorem 9.1 (The Hoeffding decomposition of U-statistics). Let f(xj,...,x;) be
an integrable function on the k-fold product (X*, 2%, u*) of a space (X, 2", ) with
a probability measure L. It has a decomposition of the form

f(xl,...,xk) = Z fv(le,...,xj‘v‘) (93)

vc{l,..k}

with fv(xj'],...,x]“v‘): ( H PjHQj')f(xla"'7xk)7

Je{L.. .k} \V  jlev

withV = {ji1,...,jy|}, j1 <Jo <+ <y forallV C{l,... k}. Besides, all func-
tions fy, V. C{l,...,k}, defined in (9.3) are canonical with respect to the probability
measure WL with |V| arguments.

Let &, ..., &, be a sequence of independent U distributed random variables, and
consider the U-statistics I, ;(f) and L, \y|(fv) corresponding to the kernel functions
£, fv defined in (9.3) and random variables &, ..., &,. Then

KL(f)= Y, (—=V)na=|V[=1)-(n—k+ DV, (fr) ©O4

is a representation of kI, x(f) as a sum of degenerate U-statistics, where |V| de-
notes the cardinality of the set V. (The product (n—|V|)(n—|V|—1)---(n—k+1)
is defined as 1 for V.={1,...,k}, i.e. if |V| = k.) This representation is called the
Hoeffding decomposition of k\I, i (f).

k
Proof of Theorem 9.1. Write f = [] (P; + Qj)f. By carrying out the multipli-
j=1

cations in this identity and applying the commutativity of the operators P; and
Q; for different indices j we get formula (9.3). To show that the functions fy
in formula (9.3) are canonical let us observe that this property can be rewritten
in the form P;fy = 0 (in all points (x;, s € V' \ {j}) if j € V). Since P; = P?,
and the identity P;Q; = P; — Pj2 = 0 holds for all j € {1,...,k} this relation fol-
lows from the above mentioned commutativity of the operators P; and Q;, as

Pify = ( 1 A Il Qs> P;Q;f = 0. By applying identity (9.3) for all
se{l . kP\V

..... seV\{)}
terms f(&;,,...,&;,) in the sum defining the U-statistic k!I, x(f) (see formula (8.8))
and then summing them up we get relation (9.4). a

In the Hoeffding decomposition we rewrote a general U-statistic in the form of
a linear combination of degenerate U-statistics. In many applications of this result
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we still we have to know how the properties of the kernel function f of the original
U-statistic are reflected in the properties of the kernel functions fy of the degen-
erate U-statistics taking part in the Hoeffding composition. In particular, we need
a good estimate on the L, and L., norm of the functions fi; by means of the corre-
sponding norm of the function f. Moreover, if we want to prove estimates on the tail
distribution of the supremum of U-statistics I, x(f) defined with the help of an L,-
dense class of kernel functions .% with some exponent L and parameter D, then we
may need a similar estimate on the classes of kernel functions #y = {fy: f€ .7}
with functions fy,V € {1,...,k} appearing in the Hoeffding decomposition of these
functions. We have to show that this class of functions is also L,-dense, and we also
need a good bound on the exponent and parameter of this L,-dense class. In the next
result such statements will be proved.

Theorem 9.2 (Some properties of the Hoeffding decomposition). Let us consider
a square integrable function f(x,...,x;) on the k-fold product space (X*, 2%, u*)
and take its decomposition defined in formula (9.3). The inequalities

[ Rt ienTTntan) < [ £l mu(dn).alde) — ©5)
Jjev
and
sup |fy(xj, j€V)[ <2V sup |f(xr,... x| (9.6)
xj,jeV xj, 1<j<k

hold for all V- C {1,...,k}. In particular,

fo < /f Xiyeoxi)U(dxy) .. u(dxy)  forV =0.

Let us consider an Ly-dense class F of functions with some parameter D > 1
and exponent L > 0 on the space (Xk, 2K, take the decomposition (9.3) of all
functions f € F, and define the classes of functions Fy = {27 VI fy: fe . F forall
V C{1,...,k} with the functions fy taking part in this decomposition. These classes
of functions Fy are also Ly-dense with the same parameter D and exponent L for
allvVv .c{l,... k}.

Theorem 9.2 will be proved as a consequence of Proposition 9.3 presented below.
To formulate it first some notations will be introduced.

Let us consider the product (Y x Z,% x %) of two measurable spaces (¥, %)
and (Z, %) together with a probability measure i on (Z, %) and the operator

(P)(y) = (Puf)y /fy, dz), yevY zeZ 9.7)

defined for those y € Y for which the above integral is finite. Let / denote the identity
operator on the space of functions on Y x Z, i.e. let (1f)(y,z) = f(,2), and introduce
the operator Q = Q, =1—-P=1—-F,
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(Q,uf)(y’Z) = ((I_P#)f)(yvz) =f(y7z) - (pr)(y,z) :f(y7Z> - /f()@Z),LL(dZ),
' (9.8)
defined for those points (y,z) € ¥ x Z whose first coordinate y is such that the ex-
pression (P, f)(y) is meaningful. (Here, and in the sequel a function g(y) defined
on the space (Y,%) will be sometimes identified with the function g(y,z) = g(y) on
the space (Y x Z,% x %) which actually does not depend on the coordinate z.) The
following result holds:

Proposition 9.3. Ler us consider the direct product (Y X Z,% x %) of two measur-
able spaces (Y, %) and (Z, %) together with a probability measure |l on the space
(Z,%). Take the transformations Py and Qy defined in formulas (9.7) and (9.8).
Given any probability measure p on the space (Y,%) consider the product mea-
sure p X pon (Y X Z,% x Z). Then the transformations P, and Q,, as maps from
the space Ly(Y X Z,% x Z , uxp)to Ly(Y,% ,p) and L,(Y X Z,% x % ,p x 1)
respectively, have a norm less than or equal to 1, i.e.

[Eaneretan < [ 1.7 (@)ua), ©9

and

[@unvarptanuan < [ fo.2Pplanuia)  ©.10

Sor all functions f € Ly(Y X Z,% x Z,p x ).

If F is an Ly-dense class of functions f(y,z) in the product space (Y X Z, % x
%), with some parameter D > 1 and exponent L > 0, then also the classes 9,1 =
{Puf, feF}tand 9, = {%Qﬂf: %(ffP”f), f € F} are Ly-dense classes with
the same exponent L and parameter D in the spaces (Y, %) and (Y X Z,% x &)
respectively.

The following corollary of Proposition 9.3 is formally more general, but it is a
simple consequence of this result. Actually we shall need this corollary.

Corollary of Proposition 9.3. Let us consider the product (Y| X Z X Yo, % x 2 X
%) of three measurable spaces (Y1,%), (Z,%) and (Y»,%5) with a probability
measure L on the space (Z, %) and a probability measure p on Yy X Y», % X %),
and define the transformations

(PuHora2) = [forzmu(ds), meh,zezmern 1D
and

(Quf)1,2,y2) = (I=Pu) ) 1:2,52) = f1,2,2) — (Puf)(1,2,y2)  (9.12)
= f1,2,2) —/f(yhz,yz)u(dZ), VEY,ZEZ N

for the measurable functions f on the space Y1 X Z X Y, integrable with respect the
measure L X p. Then
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/(Pllf)()’l>y2)2p(d)’17 dy;) < /f(y,z)z(p x w)(dyt,dz, dys) 9.13)

for all probability measures p on (Y X Y2, %4 x %), where p X | is the product of
the probability measure p on (Y1 X Y2, %, x %) and W is a probability measure on
(Z,2). Also the inequality

J(©@un1.232Pp (A1, dyauldz) < [ 10z, (. dy2)u(ds) ©.14)

holds for all functions f € Ly(Y X Z,% x Z,p x ).

If & is an Ly-dense class of functions f(y1,z,y2) on the product space (Y; X
Z XY, x Z x Y,), with some parameter D > 1 and exponent L > 0, then also
the classes #y = {Puf, f € F} and 9, = {%Qufz %(f—Puf), feZF}arel,-
dense classes with exponent L and parameter D in the spaces (Y] X Y, % X %) and
(Y1 X Z X Y2, %1 X & x %) respectively.

This corollary is a simple consequence of Proposition 9.3 if we apply it with
(Y, %) = (Y1 x Yo, % X %) and take the natural mapping f((y1,y2),2) = f(1,2,y2)
of a function from the space (Y x Z,% x %) to a function on (Y} X Z x Y2, % x
Z x %). Besides, we apply that measure on (Y] X Z x Y5, %) x % x %) which is
the image of the product measure p x u with respect to the map induced by the
above transformation on the space of measures.

Proposition 9.3, more precisely its corollary implies Theorem 9.2, since it implies
that the operators P;, Qs, 1 < s < k, applied in Theorem 9.2 do not increase the
L(1) norm of a function f, and it is also clear that the norm of P is bounded
by 1, the norm of Qs = I — P is bounded by 2 as an operator from L., spaces to
L. spaces. The corollary of Proposition 9.3 also implies that if .# is an Lp-dense
class of functions with parameter D and exponent L, then the same property holds
for the classes of functions .Zp, = {Pf: f € F} and Fp, = {30,f: f € F},

se{l,..k}\V s€V
imply Theorem 9.2. a

1 < < k. These relations together with the identity fy = ( 11 P I1 Qs> f

Proof of Proposition 9.3. The Schwarz inequality yields that

(Puf)(y /f v,z2)°u(dz) forallyey,

and integrating this inequality with respect to the probability measure p(dy) we get
inequality (9.9). Also the inequality

[(@u:22p(au(d) = /'my,) Puf (022)p (dy)a(d)
< [ 1.2 (anu(ds)
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holds, and this is relation (9.10). This follows for instance from the observation
that the functions f(y,z) — (Puf)(y,z) and (Pyf)(y,z) are orthogonal in the space
Ly (Y XZ,% x Z,pxu).

Let us consider an arbitrary probability measure p on the space (Y,%/). To prove
that .%, is an L,-dense class with parameter D and exponent L if the same relation
holds for .# we have to find forall 0 <& < laset {fi,...,fn} C Fp, 1 <j<m
with m < De~L elements, such that 1<i?£mf(fj —f)*dp < e*forall f € .7,.Buta

similar property holds for .% in the space Y x Z with the probability measure p X (.
This property together with the property of P, formulated in (9.9) imply that .7, is
an L,-dense class.

To prove that &, is also Lp-dense with parameter D and exponent L under the
same condition we have to find for all numbers 0 < € < 1 and probability measures p

onY x Zasubset {g1,...,gm} C ¥, withm < De " elements such that 1<ir'1£ J(gj—
sjsm

g)*dp < e*forall g€ Y.

To show this let us consider the probability measure p = %(p +p X U) on
(Y X Z,% x &), where p is the projection of the measure p to (¥Y,%), i.e. p(A) =
p(AxZ) for all A € #, take a class of function Zy(g,p) = {fi1,....fu} C F
with m < De~L elements such that 1<i£_1£mf(fj —f)zdﬁ < g for all f € .7,

and put {g1,....&m} = {3Qufis-.-,3Qufn}. All functions g € ¥, can be writ-
ten in the form g = %Qu f with some f € .#, and there exists some function
f; € Zo(e,p) such that [(f — f;)?dp < €*. Hence to complete the proof of Proposi-
tion 9.3 it is enough to show that [ 1(Quf — Ouf)?dp < [(f — f)?dp for all pairs
f.f € 7. This inequality holds, since [ }(Quf— Quf)*dp < [5(f— f)*dp +
J3(Puf —Puf)*dp, and [(Pyf —Puf)*dp = [Pu(f —F)*dp < [(f = F)*d(p x
W) by formula (9.9). The above relations imply that [ %(Quf —Quf)*dp < [(f—
F)*id(p+p x )= [(f— f)*dp as we have claimed. O

Now we shall discuss the relation between Theorem 8.1' and Theorem 8.3 and
between Theorem 8.2 and Theorem 8.4. First we show that Theorem 8.1 (or Theo-
rem 8.1") is equivalent to the estimate (8.13) in the corollary of Theorem 8.3 which
is slightly weaker than the estimate (8.12) of Theorem 8.3. We also claim that The-
orems 8.2 and 8.4 are equivalent. Both in Theorem 8.2 and in Theorem 8.4 we can
restrict our attention to the case when the class of functions .7 is countable, since the
case of countably approximable classes can be simply reduced to this situation. Let
us remark that integration with respect to the measure 1, — 1 in the definition (4.8)
of the integral J, x(f) yields some kind of normalization which is missing in the
definition of the U-statistics I, x(f). This is the cause why degenerate U-statistics
had to be considered in Theorems 8.3 and 8.4. The deduction of the corollary of
Theorem 8.3 from Theorems 8.1" or of Theorem 8.4 from Theorem 8.2 is fairly
simple if the underlying probability measure u is non-atomic, since in this case the
identity I, x (f) = J,.x(f) holds for a canonical function with respect to the measure
u. Let us remark that the non-atomic property of the measure u is needed in this
argument not only because of the conditions of Theorems 8.1’ and 8.2, but since
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in the proof of the above identity we need the identity [ f(xi,...,x)u(dx;) =0
in the case when the domain of integration is not the whole space X but the set
X\{xl,...,xj,l,xjﬂ,‘..,xk}.

The case of possibly atomic measures (t can be simply reduced to the case of non-
atomic measures by means of the following enlargement of the space (X, 2", 1).
Let us introduce the product space (X, 2, 1) = (X, 2, 1) x ([0,1],%, 1), where
2 is the c-algebra and A is the Lebesgue measure on [0, 1]. Define the function

F((xr,u),. .. (xk,ug)) = f(x1,. .., x) in this enlarged space. Then I,  (f) = L, x(f),
the measure Il = y x A is non-atomic, and f is canonical with respect to i if f is
canonical with respect to t. Hence the corollary of Theorem 8.3 and Theorem 8.4
can be derived from Theorems 8.1" and 8.2 respectively by proving them first for
their counterpart in the above constructed enlarged space with the above defined
functions.

Also Theorems 8.1’ and 8.2 can be derived from Theorems 8.3 and 8.4 respec-
tively, but this is a much harder problem. To do this let us observe that a random
integral J, (f) can be written as a sum of U-statistics of different order, and it can
also be expressed as a sum of degenerate U-statistics if Hoeffding’s decomposition
is applied for each U-statistic in this sum. Moreover, we shall show that the mul-
tiple integral of a function f of k variables with respect to a normalized empirical
distribution can be decomposed to the linear combination of degenerate U -statistics
with the same kernel functions fiy which appeared in Theorem 9.1 with relatively
small coefficients. This is the content of the following Theorem 9.4. For the sake of
a better understanding I shall reformulate it in a more explicit form in the special
case k = 2 in Corollary 2 of Theorem 9.4 at the end of this chapter.

Theorem 9.4 (Decomposition of a multiple random integral with respect to
a normalized empirical measure to a linear combination of degenerate U-
statistics). Ler a non-atomic measure |L be given on a measurable space (X, Z")
together with a sequence of independent, [L-distributed random variables &y, ..., &,.
Take a function f(x1,...,x;) of k variables integrable with respect to the product
measure ¥ on the product space (X*, 2°%), and consider the empirical distribution
W, of the sequence &1, ..., &, introduced in (4.5) together with the k-fold random
integral J, i (f) of the function f defined in (4.8). The identity

Ko ()= Y Clk |V V2V, v (fr) (9.15)
vc{l,.. k}

holds with the set of (canonical) functions fy(x;j, j € V) (with respect to the measure
W) defined in formula (9.3) together with some appropriate real numbers C(n,k, p),
0 < p <k where I, y|(fv) denotes the (degenerate) U-statistic of order |V| with
the random variables &y, ... &, and kernel function fy. The constants C(n,k,p) in
SJormula (9.15) satisfy the inequality |C(n,k,p)| < C(k) foralln>kand 0 < p <k
with some constant C(k) < oo depending only on the order k of the integral J, i (f).
The relations JEEOC(n,k,p) = C(k, p) hold with some appropriate constant C(k, p)

forall 1 < p <k, and C(n,k,k) = 1.
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Remark. As the proof of Theorem 9.4 will show, the constant C(n,k, p) in for-
mula (9.15) is a polynomial of order k — 1 of the argument n~1/2 with some co-
efficients depending on the parameters k and p. As a consequence, C(k, p) equals
the constant term of this polynomial.

Theorems 8.1’ and 8.2 can be simply derived from Theorems 8.3 and 8.4 re-
spectively with the help of Theorem 9.4. Indeed, to get Theorem 8.1’ observe that
formula (9.15) implies the inequality

-Iviy2 v
Pk ()] > 1) < zk}P(n WV () > i) ©19

with a constant C(k) satisfying the inequality p!C(n,k,p) < k!C(k) for all coef-
ficients C(n,k,p), 1 < p <k, in (9.15). Hence Theorem 8.1’ follows from The-
orem 8.3 and relations (9.5) and (9.6) in Theorem 9.2 by which the Ly-norm of
the functions fy is bounded by the L,-norm of the function f and the L..-norm of
fv is bounded by 2!"I-times the L..-norm or f. It is enough to estimate each term
at the right-hand side of (9.16) by means of Theorem 8.3. It can be assumed that
2KC(k) > 1. Let us first assume that also the inequality W > 1 holds. In this
case formula (8.4) in Theorem 8.1’ can be obtained by means of the estimation of

2/s
each term at the right-hand side of (9.16). Observe that exp { - (W) } <

2/k
exp{—a (m) } for all s < k if m > 1. In the other case, when

FCWo < 1, formula (8.4) holds again with a sufficiently large C > 0, because in
this case its right-hand side of (8.4) is greater than 1.
Theorem 8.2 can be similarly derived from Theorem 8.4 by observing that re-

lation (9.16) remains valid if |/, x(f)| is replaced by sup |[J,x(f)| and |I, v|(fv)]
feF
by sup |I,y|(fv)| in it, and we have the right to choose the constant M in for-
fveFy

mula (8.7) of Theorem 8.2 sufficiently large. The only difference in the argument is
that besides formulas (9.5) and (9.6) the last statement of Theorem 9.2 also has to
be applied in this case. It tells that if .% is an L,-dense class of functions on a space
(X*, 2°%), then the classes of functions .y = {2~V fy,: f € .Z} are also L,-dense
classes of functions for all V C {1,...,k} with the same exponent and parameter.

Before its proof I make some comments about the content of Theorem 9.4.
The expression J,, x(f) was defined as a k-fold random integral with respect to the
signed measure [, — i, where the diagonals were omitted from the domain of in-
tegration. Formula (9.15) expresses the random integral J, «(f) as a linear com-
bination of degenerate U-statistics of different order. This is similar to the Ho-
effding decomposition of the U-statistic 1, x(f) to the linear combination of de-
generate U-statistics defined with the same kernel functions fy. The main differ-
ence between these two formulas is that in the expansion (9.15) of J,x(f) the
terms 1, |y|(fv) appear with small coefficients C(n,k, [V])|V| !W. As we shall see,
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E(C(n,k, \V\)|V|!ﬁln7v(fv))2 < K with a constant K < e not depending on n
for each set V C {1,...,k}. This can be so interpreted that the sum at the right-
hand side of (9.15) consists of such random variables C(n, k, |V )|V |'n~VI/21, v (fv)
which are of constant magnitude. The smallness of these coefficients is related to
fact that in the definition of J, +(f) integration is taken with respect to the signed
measure [, — U instead of the empirical measure f,,, which means some kind of nor-
malization. On the other hand, these coefficients C(n,k, |V |) may have a non-zero
limit as n — oo also for |V| < k. In particular, the expansion (9.15) may contain a
constant term C(n,k,0) # 0 such that even r}grolc C(n,k,0) # 0. In such a case also the

expected value EJ, x(f) does not equal zero. But even in such a case this expected
value can be bounded by a finite number not depending on the sample size n. Next I
show an example for a two-fold random integral J,, »(f) such that 2EJ,»(f) = —1.

Let us choose a sequence of independent random variables &, ..., &, with uni-
form distribution on the unit interval, let u, denote its empirical distribution, let
f = f(x,y) denote the indicator function of the unit square, i.e. let f(x,y) =1
if 0 <x,y <1, and f(x,y) = 0 otherwise. Let us consider the random integral
20n2(f) = 1 [izy f(x,9)(Un(dx) — dx)(un(dy) — dy), and calculate its expected
value 2EJ,»(f). By adjusting the diagonal x =y to the domain of integration
and taking out the contribution obtained in this way we get that 2EJ,»(f) =
nE(fy (tn(dx) — (dx))* —n?- niz = —1. (The last term is the integral of the func-
tion f(x,y) on the diagonal x = y with respect to the product measure (1, X U, which
equals (1, — i) x (W, — 1) on the diagonal.)

Now I turn to the proof of Theorem 9.4.

Proof of Theorem 9.4. Let us remark that for a canonical function g (with respect to
the measure f1) of p variables the identity n~?/2 P!y p(8) = plJnp(g) holds. (At this
point we also exploit that ¢ is a non-atomic measure, which implies that the identity
Jg(x1,...,xp)u(dxj) = 0 for all 1 < j < p remains valid for arbitrary arguments
Xu, | <u<p,u#j, also if we omit finitely many points from the domain of in-
tegration.) This relation implies that if we calculate the (random) integral p!J, ,(g)
for a canonical function g we do not change the value of this integral by replacing
the measures ,(dx;) — u(dx;) by p,(dx;) for all 1 < j < p. The integral we get
after such a replacement equals p!n~'/2I, ,(g). Since all functions f; appearing in
formula (9.15) are canonical, the above relation between U-statistics and random
integrals has the consequence that formula (9.15) can be rewritten in an equivalent
form as

Ke(f)=Y  Clnk[V)IVIU, v (f). (9.17)
Vc{l,...k}

Here we use the convention that a constant ¢ is a canonical function of order zero,
and J,, o(c) = ¢. We shall prove identity (9.17) by means of induction with respect
to the order k of the integral k!J,, ;(f).

In the case k = 1 f1)(x) = £(x) — [ f(R)u(d). fo = [ f(x)u(dx). and

Ina(fy) =V [[(FG) = fo) () = () = Jus (£),
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since [ (Un(dx)—p(dx))=0.Hence formula (9.17) holds for k = 1 with C(n, 1,1) =
1 and C(n,1,0) = 0. For k = 0 relation (9.17) holds with C(n,0,0) = 1 if the con-
vention fy = f is applied for a function f of zero variables, i.e. if f is a constant
function, and V = 0. In the case k > 2 we can write by taking the identity (9.3)
formulated in the Hoeffding decomposition Theorem 9.1, integrating it with respect

k
to the product measure [T (u,(dx;) — u(dx;)) and omitting the diagonals from the
j=1

domain of integration that

kM (f) = kMnx(fr1,0) + Y ki (fi)- (9.18)
VOl k) VA{L k)

Observe that in the case V C {1,...,k}, V # {1,...,k} the function f; has strictly
less than k arguments, while the terms J,, x(fj) at the right-hand side of (9.18) are
random integrals of order k. We can rewrite these k-fold integrals as the linear com-
binations of random integrals of smaller multiplicity with the help of the following

Lemma 9.5. Let us take a measure space (X, Z ,|t) with a non-atomic probabil-
ity measure |l and an integrable function f(xy,...,x,_1) on its k — 1-fold product,
(X1 21wkl k> 2. Let us also take the operator (Pif)(x;, j € {1,....k—
IINA{1}) = [ f(x1,. .o oxp—1 ) (dxy) for all 1 <1< k— 1. Let us consider the func-
tion f also as a function f(xy,...,x) of k variables which does not depend on its
last coordinate xy. The identity

k=1

ki (f) = =072 (k= 1) (k= D)Wt (f) = X (k= 2)Wax2(Rf)  (9.19)
=1

holds. The function Pf has arguments with indices j € {1,...,k—1}\{l}, and in
the term Jy, o2 (P,f) in (9.19) we take integration with respect to

n©22 T (dualx)) — p(dx))).
Jell k=1 {1}

Proof of Lemma 9.5. Formula (9.19) is equivalent to the identity

[ 70 () = () s ) — ()
k—1

— _k;il/,f(xl,.. Sy Xk—1) H(Iln(dxs) — p(dx;s))

s=1

;I;_Z;// {/f(xl,--ka—l).u(dxl)

(.un(dxs) - :u(dxs))'
1<s<k—1,s#1
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The expressions at the two sides of this identity are linear combinations of terms of
the form

'/'/f<x1,...,xH)Hun(dxz) M u(dx)

lev 1e{1,. k—1}\V

withV C {1,...,k—1}. A term of this form with |V| = p at the left-hand side of this
identity has coefficient (—1)* (1 —"£) = (—=1)*"7L_ To see this let us calculate
the integral

[ rtm ) Tl T el ((dx) - u(dw))

lev le{l,...k—1}\V

by successive integration, and integrating with respect to the variable x; in the last
step. Then we integrate a constant function in the last step. Besides, since the (ran-
dom) measure L, is concentrated in n points with weights %, and in the integra-
tion [ we omit the diagonals from the domain of integration, we integrate with
respect to a measure with total mass “-2 when we are integrating with respect
to U, (dxy). On the other hand, the first term at the right-hand side of the identity

we want to prove has coefficient (—1)*~7) k;—l and the second term has coefficient
(—1)k=P=D =122 T emma 9.5 follows from these calculations. O

Lemma 9.5 was proved by means of elementary calculations. One may ask how
its form can be found. It may be worth observing that there are some diagram for-
mulas that play an important role in some subsequent proofs, and they also supply
the identity formulated in Lemma 9.5 together with its proof.

In these diagram formulas the product of some random integrals or U-statistics
are expressed by means of the sum of appropriately defined random integrals or U-
statistics. In the subsequent part of this lecture note I discuss the diagram formula
for Wiener-Ito integrals and U -statistics. I shall also mention that there is a diagram
formula for the product of multiple integrals with respect to a normalized empirical
distribution, and I shall indicate what its form looks like. An explicit formulation and
proof of this result can be found in [35]. Lemma 9.5 can be obtained as a special
case of this formula.

To get Lemma 9.5 with the help of the diagram formula take the function e(x) = 1
on the space (X, Z). Then we have J, | (¢) = 0 with probability one. Given a func-
tion f(x1,...,x¢—1) write up the identity J, x—1(f)Jy,1(e) = O with probability one,
and rewrite its left-hand side by means of the diagram formula. The identity we get
in such a way agrees with Lemma 9.5. One of the terms in this identity is k!J, x(f)
which appears as the integral of the function f(xi,...,xx) = f(x1,...,xc_1)e(xx),
and writing up all terms we get the desired formula.

Now I return to the proof of Theorem 9.4.

Completion of the proof of Theorem 9.4 with the help of Lemma 9.5. We shall prove
the following slightly more general version of (9.17). If f(x;, j € V) is an integrable
function with arguments indexed by a set V C {1,...,k}, then
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KT (f) =Y, Clnk, [V, VDIV, 0 (f) (9.20)

vcv

with some coefficients C(n,k, p,q), 0 < p < g < k such that |C(n,k, p,q)| < Cj < oo
for all arguments n and 0 < p < g <k, the limit nli_r}goC(n, k,p,q) = C(k, p,q) exists,
and C(n,k, k. k) = 1.

At the left-hand side of formulas (9.20) and (9.17) the same integral J,, x(f) of
order k of a function f with less than or equal to k arguments is taken. (We define this
integral by redefining its kernel function f as a function of k arguments by means
of the introduction of some additional fictive coordinates.) At the right-hand side
of these formulas the same canonical functions f;, V C {1,...,k}, appear. They
were introduced in the Hoeffding decomposition (9.3). But in (9.20) we take the
integrals of the functions fy only with respect to their ‘real’ coordinates with indices
1 €V C V. For the sake of simpler notations first we restrict our attention to the case
V ={l1,...,q} with some 0 < g < k. (Actually, it can be seen with the help of
the subsequent proof that we can choose C(n,k, p,q) = C(n,k, p) with the constant
C(n,k, p) appearing in (9.15) or (9.17).)

We shall prove (9.20) by means of induction with respect to k. This relation holds
for k = 0, and to prove it for k = 1 we still we have to check that it also holds in the
special case when f is a function of zero variable, i.e. if it is a constant, and V = 0.
But relation (9.20) holds in this case with C(n,1,0,0) = 0, since J,, 1 (f) = 0 if f is
a variable of zero arguments, i.e. if it is a constant.

We shall prove relation (9.20) for general parameter k with the help of for-
mula (9.18), Lemma 9.5 and formula (9.3) in the Hoeffding decomposition which
gives the definition of the functions fy; appearing in (9.18). I formulate a formally
more general result than relation (9.19) which follows from Lemma 9.5 if we rein-
dex the variables of the function f considered in it. I formulate this result, because
this will be applied in our calculations.

Let us take a number p € {1,...,k}, k > 2, and a function f(x;, j € {1,...,k}\
{p}), integrable with respect to the appropriate direct product of the measure u
together with the functions P(f) = P(f)(xj, j € {1,...,k} \ {/,p}) for all [ €
{1,...,k} \ {p} that we get by integrating the function f with respect to the mea-
sure (L(dx;). The following modified version of (9.19) holds in this case.

Kui(f) = =nPl= D1 k=Ddsr ()= Y (k=2)Ysa(PS)
le{l,..k\{p}
(9.21)

where J, ;1 (f) is the integral of the function f with respect to the measure

nD2 T (a(dxg) — p(dx;))

and J, x—2 (P, f) is the integral of the function P, f with respect to the measure

nk=2)/2 H ((un(dx;) — p(dx;)).
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(Naturally the diagonals are omitted from the domain of integration.)

First we prove (9.20) in the case V = {1,...,k}. We rewrite k!J, x(f) by means
of (9.18) as a sum of random integrals of order k with kernel functions fy, vV C
{1,...,k}. We rewrite each term k!J, x(fy) with V. C {1,....k}, V # {1,...,k} in
this sum (i.e. we do not consider the integral k!],,,k(f{l,_”’k})) as a linear combi-
nation of multiple random integrals of the form J,, x—1(fy) and J, 2 (P, fy) of or-
der kK — 1 and k — 2 respectively with the help of identity (9.21). Then we can apply
formula (9.20) for them because of our inductive hypothesis. Let us understand what
kind of kernel functions appear in the integrals we get in such a way. If V. C V, then
(fy)y = fy by formula (9.3). On the other hand, P, fy = fy\ (), and in the expan-
sion of J, x (P, fy)) by means of (9.20) we get a linear combination of random inte-
grals J, p/(fy) with V. C V\ {{}. By applying all these identities, summing them up,
our inductive assumptions a representation k!, x(f) = ¥ C(n,k,V)|V|'J, p/(fp)

vcv

(where V = {1,...,k}) of the random integral k!J,s(f) with such coefficients

C(n,k,V) for which |C(n,k,V)| < C(k) and the limit C(,V) = I}EEQC(n,k,V) ex-
ists. We still have to show that these coefficients can be chosen in such a way that
C(n,k,V) = C(n,k,|V|), i.e. C(n,k, V1) = C(n,k,V») if [Vi| = |[Va|.

Given a set V C {1,...,k}, V # {1,...,k}, let us express the random integrals
Jni—1(fy) and Jyx—2(Pify) for all p € {1,...,k}\ V in the above way, and write
Joi(fy) and J, (P, fy) as the average of these sums. Working with these expressions
for J, «(f7) and J, (P, fy) it can be seen that our inductive assumption also holds
with such coefficients C(n,k, V) for which C(n,k, V) = C(n,k,V3) if |V1| = |Va|.

In the next step let us consider the case when f = f(x;, j € V) with aset V =
{1,...,q} such that 0 < g < k. I claim that in this case the identity f;; = 0 holds for
those sets V C {1,...,k} for which VN {g+1,...,k} # 0, and as a consequence
Juk(fi) = 0 with probability 1 for such sets V. First I show that relation (9.20) can
be proved in the present case with the help of this relation similarly to the previous
case.

In the present case formula (9.18) has the form klJ, x(f) = ¥ &Mk (fy), and

vev

we can express each term k!J,, «(fi7), V C V, in this sum by means of formula (9.21)
by choosing fi; as the function f and an integer p such that ¢ +1 < p <k (i.e.
pe{l,...,k}\V)init Insuch a way we can write k!J, x(f) as the linear combina-
tion of random integrals of the form (k— 1)1, x—1(fy) and (k—2)x—2(P1fy) =
(k—2)Wp k-2 (fi\ ;1) with some sets V C V and numbers [ € {1,...,k}\ {p}, where
we took some number p such that g+ 1 < p < k. Then we can apply relation (9.20)
for parameters k — 1 and k — 2 by our inductive hypothesis, and this enables us to
write J, x(f) as the linear combination of random integrals |V |\, p|(fy) with sets
V C V. Moreover, it can be seen similarly to the previous case (by writing the above
identities for all p € {1,...,k}\ V and taking their average) that the coefficients in
this linear combination can be chosen in such a way as it was demanded in for-
mula (9.20).
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To prove that fy = 0if VN {g+1,...,k} #0 and f = f(x1,...,x) is the ex-
tension of a function f = f(x;, j € {1,...,q}) to X* with the help of some ‘fictive’
coordinates take a number r € VN {g+1,...,k}, observe that P,.f = f and Q,.f =0
for the operators P and Q, defined in (9.1) and (9.2), since r ¢ V = {1,...,q}. The
definition of the function fi is given in formula (9.3). Observe that in the present
case the operator Q, and not the operator P, appears in the formula defining fy.
Hence formula (9.3) and the exchangeability of the operators P; and O imply that

Formula (9.20) in the general case simply follows from the already proved results
by a reindexation of the variables of the function f. Since (9.17) is a special case
of (9.20) Theorem 9.4 is proved. O

Two corollaries of Theorem 9.4 will be formulated. The first one explains the
content of conditions (8.2) and (8.6) in Theorems 8.1—8.4.

Corollary 1 of Theorem 9.4. If I, . (f) is a degenerate U-statistic of order k with
some kernel function f, then

£ (0P
n(nfl) “(n—k+1)
knk

_k,/f X1 p(dn) i (dxg), 922)

/Symfz(xl,...,xk)u(dxl)...u(dxk)

where WL is the distribution of the random variables taking part in the definition
of the U-statistic I, x(f), and Sym f is the symmetrization of the function f. The
k-fold multiple random integral J, x(f) with an arbitrary square integrable kernel
function f satisfies the inequality

EJoi(f /f X1y X)) (dxr) i (do)

with some constant C(k) depending only on the order k of the integral J,, x(f).
Proof of Corollary 1 of Theorem 9.4. The identity

( k/21 ( k’ (kN2 Z 5117 glk)f(él’l 1o él,’() (9.23)

holds, where the prime in ¥’ means that summation is taken for such pairs of k-
tuples (I1,..., k), (I4,---, ;) 1 < 1,15 < n, for which [; # I;; and I, # l;., if j#£J.
On the other hand, the degeneracy of the U-statistic I, x(f) implies that

Ef(é/p"wglk)f(él'l gl'):

if the two sets {/y,...,lt} and {/],...,[;} differ. This can be seen by taking such
an index /; from the first k-tuple which does not appear in the second one, and by
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observing that the conditional expectation of the product we consider equals zero
by the degeneracy condition of the U-statistic under the condition that the value of
all random variables except that of 51/ is fixed in this product. On the other hand,

Ef(él[7"'7€lk)f(§li7""€l]/‘,)
:/f(xl,...,xk)f(x,r(l),...,x,,(k)),u(dxl)...,u(dxk)

if (14,...,0;) = (x(ly),...,7(lx)) with some (7(1),...,7w(k)) € II;, where I de-
notes the set of all permutations of the set {1,...,k}. By summing up the above
identities for all pairs (y,...,l) and (I{,...,[;) and by applying formula (9.23) we
get the identity at the left-hand side of formula (9.22). The second relation in (9.22)
is obvious.

The bound for J, « (f) follows from Theorem 9.4, formula (9.5) in Theorem 9.2
by which the Ly-norm of the functions fy is not greater than the Lp-norm of the
function f and the bound that formula (9.22) yields for the second moment of the
degenerate U-statistics n I/ 21n7‘v| (fv) appearing in the expansion (9.15). a

In Corollary 2 the decomposition (9.15) of a random integral J, »(f) of order 2
is described in an explicit form. This result follows from the proof of Theorem 9.4.

Corollary 2 of Theorem 9.4. Let the random integral J,, 2 (f) satisfy the conditions
of Theorem 9.4. In this case formula (9.15) can be written in the following explicit
form:

2na(1) = 2a i)~ rhaa (i)~ o (fiz) ~ fo
with the functions
fuay) = fy)= [ eyn(an = [ Femuy)
+ [ resu(dnn(dy)
Sy = [Fenuidy) = [ Flxyu(dnndy)
oy = [feyn(d - [ feyu@u(dy), and
fo = [ reyn@nu(ay).

Corollary 2 of Theorem 9.4 states that in the case k = 2 formula (9.15) holds with

C(n,2,2)=1,C(n,2,1) = —ﬁ and C(n,2,0) = —1.



Chapter 10

Multiple Wiener—Ito integrals and their
properties

In this chapter I present the definition of multiple Wiener—It6 integrals and some
of their most important properties needed in the proof of the results formulated in
Chapter 8. Wiener—It6 integrals provide a useful tool to handle non-linear function-
als of Gaussian processes. To define them first I introduce the notion of the white
noise with some reference measure. Then I define the multiple Wiener—It6 integrals
with respect to a white noise with some non-atomic reference measure. A most
important result in the theory of multiple Wiener—Itd integrals is the so-called dia-
gram formula presented in Theorem 10.2A. This enables us to rewrite the product
of two Wiener—Itd integrals in the form of a sum of Wiener—It6 integrals. The proof
of the diagram formula is given in Appendix B. This result will be generalized in
Theorem 10.2 to a formula about the representation of the product of finitely many
Wiener-It6 integrals as a sum of Wiener—Ito integrals.

Another interesting result about Wiener-1t6 integrals, formulated at the end of
this chapter in Theorem 10.5 states that the class of random variables which can be
written in the form of a sum of Wiener—It6 integrals of different order is sufficiently
rich. All random variables with finite second moment which are measurable with
respect to the o-algebra generated by the (Gaussian) random variables appearing in
the underlying white noise in the construction of multiple Wiener—It6 integrals can
be written in such a form.

I shall also give a heuristic explanation of the diagram formula which may in-
dicate why it has the form appearing in Theorem 10.2A. It also helps to find its
analogue for (random) integrals with respect to the product of normalized empirical
measures. Such a result will be useful later. A simple and useful consequence of
Theorem 10.2A about the representation of the product of finitely many Wiener—It6
integrals in the form of a sum of Wiener—Ito integrals will be formulated in Theo-
rem 10.2. This result will be also called the diagram formula. It has an important
corollary about the calculation of the moments of Wiener—It6 integrals. Theorem 8.5
will be proved with the help of this corollary.

I shall give the proof of two other results about Wiener—Itd integrals in Ap-
pendix C. The first one, Theorem 10.3, is called 1t6’s formula for Wiener—Ito inte-
grals, and it explains the relation between multiple Wiener-Itd integrals and Hermite

91
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polynomials of Gaussian random variables. This result is a relatively simple conse-
quence of the diagram formula and some basic recursive relations about Hermite
polynomials.

The other result proved in Appendix C, Theorem 10.4, is a limit theorem about
a sequence of appropriately normalized degenerate U-statistics. Here the limit is
presented in the form of a multiple Wiener—It6 integral. This result is interesting
for us, because it helps to compare Theorems 8.3 and 8.1 with their one-variate
counterpart, Bernstein’s inequality. In the one-variate case Bernstein’s inequality
provides a comparison between the tail distribution of sums of independent random
variables and the tail of the standard normal distribution. The normal distribution
appears here in a natural way as the limit in the central limit theorem.

Theorem 8.3 yields a similar result about degenerate U-statistics. The upper
bound for the tail-distribution of a degenerate U-statistic given in Theorem 8.3 or
in its Corollary is similar to the bound of Theorem 8.5 about the tail-distribution of
a Wiener-Ito integral with the same kernel function. On the other hand, by Theo-
rem 10.4 this Wiener—Itd integral also appears as the limit of degenerate U -statistics
with the same kernel function. This shows some similarity between Theorem 8.3,
and its one-variate version, the Bernstein inequality. Theorem 8.1 which is an esti-
mate of multiple integrals with respect to a normalized empirical distribution also
has a similar interpretation.

My Lecture Note [32] contains a rather detailed description of Wiener-Itd in-
tegrals. But in that work the emphasis was put on the study of a slightly different
version of it. The original version of this integral introduced in [26] was only briefly
discussed there, and not all details were worked out. In particular, the diagram for-
mula needed in this work was formulated and proved only for modified Wiener—It6
integrals. I shall discuss the difference between these random integrals together with
the question why a modified version of Wiener—It6 integrals was studied in [32] at
the end of this chapter.

To define multiple Wiener—Itd integrals first I introduce the notion of white noise.

Definition of a white noise with some reference measure. Let us have a o-finite
measure |1 on a measurable space (X, Z"). A white noise with reference measure |
is a Gaussian random field ty = {uw(A): A € 2", U(A) < o}, i.e. a set of jointly
Gaussian random variables indexed by the above sets A, which satisfies the relations
Euw(A) =0 and Epw (A)pw (B) = L(ANB) for all A,B € 2 such that L(A) < oo
and [L(B) < oo

I make some comments about this definition.

Remark: In the definition of a white noise sometimes also the property py (A U
B) = uw(A) + uw (B) with probability 1 if ANB =0, and t(A) < oo, i1(B) < oo i
mentioned. But this condition can be omitted, because it follows from the remaining
properties of the white noise. Indeed, simple calculation shows that E (uy (A UB) —
tw (A) — uw (B))? = 0 if ANB = 0, hence (AU B) — uw (A) — uw (B) = 0 with
probability 1 in this case. It can also be observed that if some sets Ay, ..., Ay € 2,
U(Aj) < oo, 1 < j <k, are disjoint, then the random variables pw(A;), 1 < j <k,
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are independent because of the uncorrelatedness of these jointly Gaussian random
variables.

It is not difficult to see that for an arbitrary reference measure | on a space
(X, Z") a white noise uy with this reference measure really exists. This follows
simply from Kolmogorov’s fundamental theorem, by which if the finite dimensional
distributions of a random field are defined in a consistent way, then there exists a
random field with these finite dimensional distributions.

Now I turn to the definition of multiple Wiener—Ito integrals with respect to a
white noise with some reference measure (. First I introduce the class of functions
whose Wiener—Ito integrals with respect to a white noise Uy with a non-atomic
reference measure y will be defined.

Let us consider a measurable space (X, Z"), a o-finite, non-atomic measure [
on it and a white noise py on (X,.2") with reference measure . Let us define the
classes of functions %’ﬁ)k, k=1,2,..., consisting of functions of k variables on
(X, Z") by the formula

Hyp = {f(xl, X)) fx1,...,x;) is an 2°F measurable, real valued

function onXk,and/fz(xl,...,xk)u(dxl)...,u(dxk) <°°}. (10.1)

We shall call a o-finite measure {4 on a measurable space (X,.2") non-atomic if
for all sets A € 2" such that p(A) < e and all numbers € > 0 there is a finite

N
partition A = |J By of the set A with the property u(B;) < € for all 1 <s < N.

There is a fornslallly weaker definition of a non-atomic measures by which a o-finite
measure U is non-atomic if for all measurable sets A such that 0 < f1(A) < o there is
ameasurable set B C A with the property 0 < tt(B) < 1 (A). But these two definitions
of non-atomic measures are actually equivalent, although this equivalence is not
trivial. I do not discuss this problem here, since it is a little bit outside from the
direction of the present work. In our further considerations we shall work with the
first definition of non-atomic measures.

I would also remark that non-atomic measures behave not completely so, as our
first heuristic feeling would suggest. It is true that if ( is a non-atomic measure,
then p({a}) = 0 for all one-point sets {a}. But the reverse statement does not hold.
There are (in some sense degenerate) measures ( for which each one-point set has
zero U measure, and which are nevertheless not non-atomic. I omit the discussion
of this question.

The k-fold Wiener-It6 integrals of the functions f € .57}, ; with respect to the
white noise uy will be defined in a rather standard way. First they will be defined
for some simple functions, called elementary functions, then it will be shown that
the integral for these elementary functions has an L, contraction property which
makes possible to extend it to the class of all functions in J7, ;.

Let us first introduce the following class of elementary functions .77}, ; of k vari-
ables. A function f(xi,...,x) on (X¥, 27) belongs to 7, ; if there exist finitely
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many disjoint measurable subsets A1,..., Ay, | <M < oo, of the set X with finite
p-measure (i.e. A;NAy =0if j# j/, and u(A;) < oo forall 1 < j < M) such that
the function f has the form

C(j],...,jk) if(xl,...,xk)EAj]><'~~XAjkWith
some indices (Jji,...,jx), 1<j<M,1<s<k,

flxr, . x) = such that all numbers j, ..., j; are different
0 if(xl,...,xk)¢ U Ajlx---xAjk

(Jseerfi) s 155 <M, 1<5<k,
and all jy,..., i are different.

(10.2)
with some real numbers c(ji,...,jk), 1 < js <M, 1 <5 <k, defined for such ar-
guments for which ji,..., ji are different numbers. This means that the function

S is constant on all k-dimensional rectangles A; x --- x A; with different, non-
intersecting edges, and it equals zero on the complementary set of the union of
these rectangles. The property that the support of the function f is the union of rect-
angles with non-intersecting edges is sometimes interpreted so that the diagonals
are omitted from the domain of integration of Wiener—Itd integrals.

The Wiener-Itd integral of an elementary function f(xj,...,x;) of the form (10.2)
with respect to a white noise uy with the (non-atomic) reference measure [ is
defined by the formula

/f(xl,...,xk),uw(dx]).. .,uw(dxk)
= Z c(ts- i) tw (Ajy) - pw (A ). (10.3)

1<js<M, 1<s<k
all jy,..., j are different

(The representation of the function f in (10.2) is not unique, the sets A; can be
divided into smaller disjoint sets, but the Wiener—Ito integral defined in (10.3) does
not depend on the representation of the function f. This can be seen with the help
of the additivity property Uy (AUB) = uw(A) + uw (B) if ANB = 0 of the white
noise Uy .) The notation

Zual) = g [ Fromomy () oo (dn), (104)

will be used in the sequel, and the expression Z,, () will be called the normalized
Wiener—It6 integral of the function f. Such a terminology will be applied also for
the Wiener—Ito integrals of all functions f € .7, x to be defined later.

If fis an elementary function in % ; defined in (10.2), then its normalized
Wiener-Itd integral defined in (10.3) and (10.4) satisfies the relations
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EK\Zui(f) =0,
E(K\Zyx(f))? = Yy Y el i)elingys v dnw)

(J15ndi) s 1<Gs <M, 1 <5<k, mEI
and all jy,..., i are different.

E“W(Ajl ) ) "“W(Ajk)nuw (Ajn:(l)) o 'nuW(Ajn(k))
:k!/Symfz(xl,...7xk)u(dx1)...u(dxk)

<K [ Ploxu(dn) . p(d), (10.5)

with Sym f(x1,...,x) = % f(Xz(1)- > Xz(x))> Where IT; denotes the set of all

)y
welly
permutations 7 = {x(1),...,mw(k)} of the set {1,...,k}.

The identities written down in (10.5) can be simply checked. The first relation
follows from the identity Euw (A;,)---uw(A;,) = 0 for disjoint sets Aj,,...,Aj,,
which holds, since the expectation of the product of independent random variables
with zero expectation is taken. The second identity follows similarly from the iden-
tity

Epw(Aj,) - pw (Aj ) bw(Aj ) pw(Ay) =0

if the sets of indices {1, ..., ji} and {j},..., j.} are different,
E(Aj,) - tw (Aj )Mw(Ag )b (Ay) = (Aj,) - u(Aj)

if {1, ik = oo did e i 1 = a(ryse ok = Jaii)

with some permutation 7 € ITy,

which holds because of the facts that the (i measure of disjoint sets are independent
with expectation zero, and E ty (A)?> = p(A). The remaining relations in (10.5) can
be simply checked.

It is not difficult to check that

EZy 1 (f)Zyw(g) =0 (10.6)
for all functions f € ., s and g € 5,  if k # k', and
Zy 1 (f) =Zyu x(Sym f) (10.7)

for all functions f € 7 4.

The definition of Wiener—It6 integrals can be extended to general functions f €
J, x with the help of formula (10.5). To carry out this extension we still have to
know that the class of functions 7 ; is a dense subset of the class .7}, x in the
Hilbert space L, (X*, 2%, uk), where u* is the k-th power of the reference measure
u of the white noise uyy . I briefly explain how this property of %;ﬁ‘k can be proved.
The non-atomic property of the measure p is exploited at this point.

To prove this statement it is enough to show that the indicator function of any
product set Ay x - -- X Ag such that f1(A ;) < eo, 1 < j <k, but the sets Ay,...,A; may
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be non-disjoint is in the Ly (u¥) closure of %,k- In the proof of this statement it will

be exploited that since  is a non-atomic measure, the sets A; can be represented

forall € >0and 1 < j <k as afinite union A; = JB; ; of disjoint sets B; ; with the
\

property [1(Bjs) < €. By means of these relations the product A X --- X Ay can be
written in the form

Al X oo XAk = U BLS' Xoeee XBk,Sk (108)

with some sets Bj;; such that u(B j7sj) < & for all sets in this union. Moreover, we
may assume, by refining the partitions of the sets A; if this is necessary that any two
sets Bj;; and B ¢ in this representation are either disjoint, or they agree. Take such

a representation of A| X --- X A, and consider the set we obtain by omitting those
products By 5 X -+ X By, from the union at the right-hand side of (10.8) for which
Bis; = Bjs; forsome 1 <i < j < k. The indicator function of the remaining set is in
the class 77, ;. Hence it is enough to show that the distance between this indicator
function and the indicator function of the set A} x --- X Ay is less than const. € in
the L, ( ,uk ) norm with some const. which may depend on the sets Ay, ...,Ay, but not
on €. Indeed, by letting € tend to zero we get from this relation that the indicator
function of the set A| X Ay X -+ X Ay is in the closure of %;ﬁ,k in the L,(u*) norm.
Hence to prove the desired property of .7}, ; it is enough to prove the following
statement. Take the representation (10.8) of A X --- X Ay (which depends on €) and
fix an arbitrary pair of integers i and j such that 1 <i < j < k. Then the sum of the
measures /,Lk(BLS] X -+ X By, ) of those sets By g, X --- X By g, at the right-hand side
of (10.8) for which B;, = B Jis is less than const. €. To prove this estimate observe
that the u* measure of such a set can be bounded by the u*~! measure of the set we
obtain by omitting the i-th term from the product defining it in the following way:

k k—1
H (Blm X X Bk»‘k) S Eu (Blm X X Bi1 s X Big1si X0 X Bk,Sk)'

Let us sum up this inequality for all such sets By 5, x - -+ X By 4, at the right-hand side

of (10.8) for which B;;, = B ¢ - The left-hand side of the inequality we get in such

a way equals the quantity we want to estimate. The expression at its right-hand side

islessthan e ]  u(A,), since e-times the u*~! measure of such disjoint sets
1<s<k, s#i

are summed up in it \zﬁvhich are contained in the set A X - -+ X A;j_1 X Aj11 X -+ X Ap.

In such a way we get the estimate we wanted to prove.

Knowing that c%;ﬁ_’k is a dense subset of 7}, x in Ly (u*) norm we can finish the
definition of k-fold Wiener—itd integrals in the standard way. Given any function
f € 7%, x a sequence of functions f, € jﬁl’k, n=1,2,..., can be defined in such a
way that

/|f(x1,...,xk)ffn(xl,...,xk)|2/.1(dx1).../.L(dxk) 0 asn s o,
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By relation (10.5) the already defined Wiener—It6 integrals Z, x(f,) of the functions
fu,n=1,2,..., constitute a Cauchy sequence in the space of the square integrable
random variables living on the probability space, where the white noise is given.
(Observe that the difference of two functions from the class jfp « also belongs to this
class.) Hence the limit ,}ijgoz“vk(f”) exists in Ly norm, and this limit can be defined

as the normalized Wiener-Ito integral Z, ;(f) of the function f. The definition of
this limit does not depend on the choice of the approximating functions f,, hence
it is meaningful. It can be seen that relations (10.5) and (10.6) remain valid for
all functions f € .7, ;. The following Theorem 10.1 describes the properties of
multiple Wiener—Ito6 integrals. It contains already proved results. The only still non-
discussed part of this Theorem is Property f) of Wiener—It6 integrals. But it is easy
to check this property by observing that one-fold Wiener—It6 integrals are (jointly)
Gaussian, they are measurable with respect to the c-algebra generated by the white
noise . Besides, the random variable py (A) for aset A € 27, 1(A) < oo, equals
the (one-fold) Wiener—It6 integral of the indicator function of the set A.

Theorem 10.1 (Some properties of multiple Wiener-Ito integrals). Let a white
noise Wy be given with some non-atomic, ¢-additive reference measure on a mea-
surable space (X,Z"). Then the k-fold Wiener—Ito integrals of all functions in
the class 7, introduced in formula (10.1) can be defined, and their normalized

versions Zy i (f) = % JfGer,oxi) uw (dxr) ... tw (dxg) satisfy the following rela-
tions:

a) Zyx(of +Bg) = aZy i (f) + BZux(g) for all f,g € ) and real numbers o
and B.

b) IfAy,...,Ay are disjoint sets, [L(Aj) < oo, then the function fy, .., defined by the
relation fAl7"'7Ak (xl, ce ,xk) =1 ifx1 €A ..., x; €A fAl 77777 Ay ()Cl7 e ,xk) =0
otherwise, satisfies the identity

1
Zu g (fay,n, (X150 x0)) = EIJW(AI) - U (Ag).

1 1
EZyx(f) =0, and EZy(f) = mlISym /13 < ZIf13

for all f € 5, where ||f||3 = [ f2(x1,....x)1(dx1)... u(dxy) is the square
of the Ly norm of a function f € ;.

d) Relation (10.6) holds for all functions f € 7 x and g € 7, o ifk # K .

e) Relation (10.7) holds for all functions f € ), .

f) The Wiener—It6 integrals Zy, | (f) of order k =1 are jointly Gaussian. The small-
est G-algebra with respect to which they are all measurable agrees with the G-
algebra generated by the random variables Ly (A), A € 2, U(A) < oo, of the
white noise.

We have defined Wiener—It6 integrals of order k for all k = 1,2, . ... For the sake
of completeness let us introduce the class 7}, ¢ for k = 0 which consists of the
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real constants (functions of zero variables), and put Z, o(c) = c¢. Because of rela-
tion (10.7) we could have restricted our attention to Wiener—Ito integrals with sym-
metric kernel functions. But at some points it was more convenient to work also
with Wiener—It6 integrals of not necessarily symmetric functions.

Now I formulate the diagram formula for the product of two Wiener—It6 integrals.
For this goal first I introduce some notations. Then I formulate the diagram formula
with their help in Theorem 10.2A. To make this result more understandable I shall
present after its formulation an example together with some pictures which may help
to understand how to calculate the terms appearing in the diagram formula. A similar
approach will be applied when the generalization of this result for the product of
several Wiener—Itd integrals will be discussed, and also in the next chapter when
a version of the diagram formula will be presented for the product of degenerate
U -statistics.

To present the product of the multiple Wiener—Itd integrals of two functions
flxi,...,x) € Ak and g(xi,...,x;) € A in the form of sums of Wiener—Ito
integrals a class of diagrams I" = I"(k, ) will be defined. The diagrams y € I"(k,1)
have vertices (1,1),...,(1,k) and (2,1),...,(2,1), and edges ((1,1),(2, /1)) .-+
((1,js),(2, /%)) with some 1 < s < min(k,/). The indices ji,..., j; in the definition
of the edges are all different, and the same relation holds for the indices j{,..., ji.
All diagrams y with such properties belong to I'(k, ). The set of vertices of the form
(1,/), 1 < j <k, will be called the first row, and the set of vertices of the form (2, j/),
1 < j' <, the second row of a diagram. We demanded that edges of a diagram can
connect only vertices of different rows, and at most one edge may start from each
vertex of a diagram.

Given a diagram y € I'(k,/) with the set of edges

E(y)={(1,j1): (2, 71):--- ((1,]s), (2,0}

let
Vl(’V) = {(171)7""(lﬁk)}\{(lajl)r"7(17js)}
and

Vz(}’) = {(271)""v(271)}\{(z’j/l)v'~'a(2aj;)}

denote the set of those vertices in the first and in the second row of the diagram y
respectively from which no edge starts. Put ay((1,)) = (2,') if ((1,/),(2,))) €
E(7y) and oy ((1,j)) = (1, ) if the diagram 7y contains no edge which is of the form
((1,7),(2,))) € E(y). In words, the function oy (-) is defined on the vertices of
the first row of the diagram 7. It replaces a vertex to the vertex it is connected to
by an edge of the diagram if there is such a vertex, and it does not change those
vertices from which no edge starts. Put |y| = k+1—2s, i.e. let | 7| equal the number
of vertices in y from which no edge starts. Given two functions f(x1,...,x;) € € &
and g(x1,...,x;) € S, let us introduce their product

(fo8)(X(1,1)s- -+ X(1,k), X (2,1) - - - X (20))
= F(X(11)5 - X (10))8(X2,1)5 -5 X(20)) (10.9)



10 Multiple Wiener—Itd integrals and their properties 99

together with its transform

(fog)y(xaj: (L) eVi(y), xpp: 1< <)
= (o ((1,1))5- - Xay ((1.0)))8 (X (2,1)5 - -, X(2,1)) - (10.10)

(Here the function f(xy,...,x;) is replaced by f(x(; 1),--,X(14)) and the function
g(x1,...,x) by g(x(2,1),- - -, X(2,1)).) With the help of the above introduced sets Vi (7),
V> (y) and function oty(-) let us introduce the functions Fy(f,g) as

Fy(f,8)(x )X, (1L,J) €Vi(y), (2,7) € Va(¥))
= [Fo8)tarin: (1.0) €K, Xan)seeeran)

‘U(dX(z_’j/)) (10.11)
2. /)e{2,1),, (2012 (7)

for all diagrams y € I'(k,[). In words: We take the product defined in (10.9), then
if the index (1, ) of a variable x(; ;) is connected with the index (2,,") of some
variable x(, ;) by an edge of the diagram ¥, then we replace the variable x(; ;) by
X(2,j) in this product. Finally we integrate the function obtained in such a way with
respect to the arguments with indices (2, j}),...,(2, j;), i.e. with those vertices of
the second row of the diagram y from which an edge starts. It is clear that Fy is a
function of |y| variables. It depends on those coordinates whose indices are such
vertices of y from which no edge starts.

For the sake of simpler notations we shall also consider Wiener—Itd integrals
with such kernel functions whose variables are more generally indexed. If the k-
fold Wiener-It6 integral with a kernel function f(xj,...,x;) is well-defined, then
we shall say that the WienerIt6 integral with kernel function f(x,,,...,x,, ), where
{u1,...,ur} is an arbitrary set with k different elements, is also well defined, and it
equals the Wiener—Itd integral with the original kernel function f(xj,...,x;), i.e. we
write

/f(xul,...,xuk),uw(dxul)...,uw(dxuk) - /f(xl,...,xk)uw(dxl) i (dxp).

(10.12)
(We have right to make such a convention since the value of a Wiener—Itd integral
does not change if we permute the indices of the variables of the kernel function
in an arbitrary way. This follows e.g. from (10.7).) In particular, we shall speak
about the Wiener-Itd integral of the function Fy(fi, f>) defined in (10.11) without
reindexing its variables x(; ;) and x(3 ) ‘in the right way’. Now we can formulate
the diagram formula for the product of two Wiener—Ito integrals.

Theorem 10.2A (The diagram formula for the product of two Wiener-It6 in-
tegrals). Let a non-atomic, o-finite measure | be given on a measurable space
(X, Z") together with a white noise [y with reference measure |, and take two
functions f(xy,...,xx) € Ak and g(x1,...,x;) € A . (The classes of functions
e and ) were introduced in (10.1).) Let us consider the class of diagrams
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I"(k,1) introduced above together with the functions Fy(f,g), y € I' (k,1), defined by
formulas (10.9), (10.10) and (10.11) with its help. They satisfy the inequality

1Ey(f:8)ll2 <[ fll2llgll2 forall y € T'(k,1), (10.13)

where the Ly norm of a (generally indexed) function h(xy, , ..., Xy, ) is defined as

13 = [ B2 () ).

Besides, the product k\Zy, 1 (f)1'Z,1(8) of the Wiener-It6 integrals of the functions
f and g (the notation Z, ;. was introduced in (10.4)) satisfies the identity

(K Zy k(120 a(8)) = Y, V1120 (Fy(f,8))
yel (k,)

= Y M'Zyy(SymFy(f,g).  (10.14)
yer (k,l)

The next example may help to understand how to apply the diagram formula.

Take two Wiener—Itd integrals 2!Z,(f) = [ f(x1,x2) uw (dx)) w (dx;) and

31Z3() = [ . m.xs)paw () () ()

with kernel functions f(x;,x,) and g(x;,x2,x3). Let us understand how to calculate
a term in the sum at the right-hand side of (10.14) which expresses the product
217>(f)3!Z3(g) as a sum of Wiener—Ito integrals.

When we apply the diagram formula first we reindex the arguments of the functions
f and g by the indices (1,1),(1,2) and (2,1),(2,2),(2,3) respectively, and take the
product of these reindexed functions. We get the function

(fog) (x(l,l)vx(l,Z) »X(2,1) »x(z,z),x(zg)) = f(x(l,l)ax(l,Z))g(x(Z,l) ax(2,2)7x(2,3))'

We define the two rows of the diagrams we will be working with. The labels of
their vertices agree with the indices of the arguments of the functions f and g. (See
picture.)
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(1,1) 1,2

[} [}

[ ] [ ] [ J
2,1 (2.2) (2.3)

The vertices of the diagrams

We consider all diagrams 7y in which vertices from the first and second row are
connected by edges, and from each vertex there starts zero or one edge. We define
with the help of these diagrams y some function Fy(f,g) which will be the kernel
functions of the Wiener—It6 integrals appearing in the diagram formula (10.14). Let
us consider that diagram y which contains one edge connecting the vertices (1,2)
and (2,1).

w1 12)
°
[ ] [ J
@1 22 23

The diagram we consider

We make a relabelling of the vertices by replacing the label of the vertices from
the first row from which an edge starts with the label of the vertex with which this
vertex is connected. Then we make the same reindexation with the indices of the
function (f o g). In the present case the diagram we take is

(1,1) (21)
[ ]
[ J [ J
21 (2.2) (23)

The reindexed version of our diagram

and we define the function

(f 0 8)y(x(1,1):X(@.1): X(22):X(2.3)) = F(X(1,1):X2,1))8(X(2,1):X(2.2) X (2,3))-
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Finally we define the function Fy(f,g) by integrating the function (f o g), with re-
spect to those variables whose indices agree with the label of a vertex from the
second row of the diagram 7y from which an edge starts. (In the present case this is

X2,1)-)

Fy(f,8)(X(1,1):X2,2):X(2,3)) Z/(fog)y(x(1,1>7x(z,1)7)6(2,2),x<2,3))ﬂ(dx(z,1))-

We got a function of 3 variables, and the contribution of the above diagram 7 to the
diagram formula (10.14) is

3'Zu 5 (Fy(f8))

= /Fy(f,g)(x(1,1)7x(z,z>7X(2,3))Nw(dx(1,1))ﬂw(dx(z,z))ﬂw(dx<z,3>)~

In the last step some technical inconvenience appears. Originally we defined the
Wiener—Ito integral of functions of the form f(x,...,x;), i.e. of functions whose
variables have a different indexation. Generally this inconvenience is overcome in
the literature by a reindexation of the variables of the kernel function Fy(f,g). I
chose a slightly different approach by introducing a formally more general Wiener—
1t6 integral in (10.12) which makes the above integral meaningful.

Theorem 10.2A will be proved in Appendix B. The following consideration
yields a heuristic explanation for it. Actually it can also be considered as a sketch of
proof.

In the theory of general It6 integrals when stochastic processes are integrated
with respect to a Wiener processes, one of the most basic results is Itd’s formula
about differentiation of functions of Itd integrals. It has a heuristic interpretation by
means of the informal ‘identity’ (dW)? = d. In the case of general white noises this
‘identity’ can be generalized as (uw (dx))? = u(dx). We present a rather informal
‘proof” of the diagram formula on the basis of this ‘identity’ and the fact that the
diagonals are omitted from the domain of integration in the definition of Wiener—Itd
integrals.

In this ‘proof” we fix two numbers k > 1 and / > 1, and consider the product of
two Wiener-Ito integrals of the functions f and g of order k and /. This product is a
bilinear form of the functions f and g. Hence it is enough to check formula (10.14)
for a sufficiently rich class of functions. It is enough to consider functions of the
form f(X] b ,)Ck) = IAl (x] ) = 'IAk (xk) and g(xl yeen ,xl) = IB] ()C] ) .. 'IBI (xl) with dis-
joint sets Ay, ..., Ay and disjoint sets By, ..., B;, where I4 (x) is the indicator function
of a set A. (Here we have exploited that the functions f and g disappear in the diag-
onals.) Let us divide the sets A; into the union of small disjoint sets Dg-m>, 1<j<k
Sm)) < £ with some

fixed € > 0, and the sets B; into the union of small disjoint sets Fj<m), 1 <j <, with

with some fixed number 1 < m < M in such a way that u(D

some fixed number 1 < m < M, in such a way that u(F j(m)) < & with some fixed

€ > 0. Besides, we also require that two sets D™ and F .(,ml)

i ; should be either disjoint
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or they should agree. (The sets D;m) are disjoint for different indices, and the same
relation holds for the sets F].(,m/).)
Then the identities '

k M
KZux () =T1 (Z uw<D§-’"))>
Jj=1 \un=1

and

l M ,
1Zu1(g) = I1 ( Yy uW(F,S’”’>> ,
j=1

m'=1

hold, and the product of these two Wiener—It6 integrals can be written in the

form of a sum by means of a term by term multiplication. Let us divide the

terms of the sum we get in such a way into classes indexed by the diagrams
y € I'(k,1) in the following way: Each term in this sum is a product of the form
k l /

) (m)

1 (DY) T o (Fy)

= J'=

y with edges ((1, /1), (2,j})). .., and ((1,js),(2,j;)) if the elements in the pairs
(mjy) i) (mje) pmy) ~ -

(D, F, )oeees (D} Fy " ) agree, and otherwise all terms are different.

1 s s

Then letting € — 0 (and taking partitions of the sets D; and F corresponding to
the parameter €) the sums of the terms in each class turn to integrals, and our calcu-

lation suggests the identity

. Let it belong to the class indexed by the diagram

(K Zu k() Zui(8)) = Y, Zy(f.8) (10.15)
yel (k1)
with
Zy(f,8) =/f(xay(u,w)w--,Xay(u,k)))g(x(z,nw--,X(z,z)) (10.16)

tw (dxg,((1,1))) - - Hw (dX gy, ((1 1)) ) Hw (dx(2,1)) - - Bw (dx(2,1))

with the function a(-) introduced before formula (10.9). The indices a/(1, j) of the
arguments in (10.16) mean that in the case oy((1,/)) = (2, /') the argument x(;
has to be replaced by x5 ;. In particular,

tw (dxg (1, Mw (dx (2 ) = (w (dxo,7)))* = w(dx o, )

in this case because of the ‘identity’ (tw (dx))? = u(dx). Hence the above informal
calculation yields the identity Z,(f,g) = |Y]!Z |y (Fy(f,g)), and relations (10.15)
and (10.16) imply formula (10.14).

A similar heuristic argument can be applied to get formulas for the product of
integrals of normalized empirical distributions or (normalized) Poisson fields, only
the starting ‘identity’ (uw (dx))?> = u(dx) changes in these cases, some additional
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terms appear in it, which modify the final result. I return to this question in the next
chapter.

It is not difficult to generalize Theorem 10.2A with the help of some additional
notations to a diagram formula about the product of finitely many Wiener—It6 in-
tegrals. We shall do this in Theorem 10.2. Then to understand this result better I
present an example which shows how to calculate the terms in the sum expressing
the product of three Wiener—It0 integrals as a sum of Wiener—It0 integrals.

We consider the product of the Wiener—Itd integrals k,,!Zu,kp ( f,,), 1<p<m,of
m > 2 functions fp(xl,...,xkp) € %pu.,kp’ of order k, > 1, 1 < p <m, and define a
class of diagrams I' = I"(ky, ..., k;,) in the following way.

The diagrams y € I' = I'(ky,...,k,) have vertices of the form (p,r), 1 < p <
m, 1 <r < k,. The set of vertices {(p,r): 1 < r < k,} with a fixed number p
will be called the p-th row of the diagram y. A diagram y € I' = I'(ky,...,ky)
may have some edges. All edges of a diagram connect vertices from different rows,
and from each vertex there starts at most one edge. All diagrams satisfying these
properties belong to I'(ky,...,k,). If a diagram ¥ contains an edge of the form
((p1,11),(p2,72)) with p; < pa, then (py,r;) will be called the upper and (p2,r2) the
lower end point of this edge. Let E(y) = {((pi")mﬁ“)), (pé"),réu))), pE") < p<2”)7 1<
u < s} denote the set of all edges of a diagram ¥ (the number of edges in y was

denoted by s = |E(7)|), and let us also introduce the sets V*(y) = {((pgu) , r(1”>), 1<

u < s}, the set of all upper end points and V?(y) = {((pé”),réu)), 1 <u <s}, the set
of all lower end points of edges in a diagram y. Let V. =V (y) ={(p,r): 1 <p <
m,1 <r <k,} denote the set of all vertices of 7, and let |y| = ki +- - +ky —2|E(Y)]
denote the number of vertices in y from which no edge starts. Vertices from which no
edge starts will be called free vertices in the sequel. Let us also define the function
ay((p,r)) for a vertex (p,r) of the diagram 7 in the following way: ay((p,r)) =
(p,F), if there is some pair of integers (p,7) such that ((p,r),(p,7)) € E(y) and
p < p.ic. (p,r) € VA(y) and ((p,r). (5,7)) € E(7). and put ay((p.r)) = (p.r) for
(p,r) € V(y)\V*(7). In words, the function o (-) was defined on the set of vertices
V() in such a way that it replaces the label of an upper end point of an edge with
the label of the lower end point of this edge, and it does not change the labels of the
remaining vertices of the diagram.

With the help of the above quantities the appropriate multivariate version of the
functions given in (10.9), (10.10) and (10.11) can be defined. Put

(fiofaor o fu)(xXpr, 1 <p<m,1 <r<k,)

= pr(x(p,l)w"7x(p,kl)))7 (10.17)
p=1

(fiofao 0 fu)y(X(pr), (P.1) EV(V)\VH(Y))

am B

Fo oy (p1))s+ oty (piky))): (10.18)

I
=

p
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and
Fy(fie- ) 3oy, () €V (VP (1) UV () (10.19)
~ [(refo o fmy s, (pr) €VD\V'(R)
[T nldxgp).
(pr)evh(y)
In words, first we replace the indices 1,...,k, of the function fj(x1,...,x,) by

(p,1),...,(p,kp), and take the product of the functions f, with these reindexed
variables in (10.17). Then we replace those indices of the variables in this product
which agree with the index of the upper end-point of an edge in y with the index
of the lower end-points of this edge in (10.18). Finally we integrate the function
obtained in such a way with respect to those variables whose indices agree with the
index of a lower end-point of an edge of yin (10.19).

With the help of the above notations the diagram formula for the product of
finitely many Wiener—It6 integrals can be formulated.

Theorem 10.2 (The diagram formula for the product of finitely many Wiener—
It6 integrals). Let a non-atomic, c-finite measure L be given on a measurable space
(X, Z) together with a white noise [y with reference measure [. Take m > 2 func-
tions fp(xi,... ,xkp) € Ak, with some order k, > 1, 1 < p < m. Let us consider
the class of diagrams I'(ky,...,ky) introduced above together with the functions
Fy(fi,.--s fm), Y€ L'(k1,... ky), defined by formulas (10.17), (10.18) and (10.19)
with its help. The Lr-norm of these functions satisfies the inequality

IF(fise s Sl < [T Wl forally e T(ky, ... k). (10.20)
p=1

m
Besides, the product 1] kp'Zy , (fp) of the Wiener—Ité integrals of the functions f,
p=1 '

1 < p < m, satisfies the identity

1520, () = Y, I Zu (B froee s fon) (10.21)
p=1

7€F(k] 7-~-7km)

= Z |Y|'Zﬂ“7‘(symFy(f17afm))

Yer (ky,....km)

To understand the notations of the above result better let us take the product of
three Wiener-Itd integrals 2!Z, 5(f2)4!Z, 4(f2)3'Z, 3(f3) with kernel functions
Si(x1,x2), fa(x1,x2,x3,x4) and f3(x1,x2,x3) and see how to calculate a term in the
sum of diagram formula (10.21) which expresses this product as a sum of Wiener—
1t6 integrals.
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Let us first define the rows of the diagrams we shall working with together with their
labelling. There will be three rows with labels (1, 1), (1,2), then with (2,1), (2,2),
(2,3), (2,4) and finally with (3,1), (3,2), (3,3). We consider all possible diagrams
which are graphs containing these vertices and edges connecting vertices from dif-
ferent rows with the restriction that from each vertex there can start at most one edge.
We define with the help of all diagrams a function which will be the kernel-function
of a Wiener—Ito integral appearing in the diagram formula (10.21). Let us consider
for instance the diagram 7y containing the edges ((1,1),(3,2)), ((1,2),(2,2)) and
((2,4),(3,3)), (see picture).

11 @2

e\ 22 @3 /s

[
G G2 (33
The diagram we consider

Let us relabel the vertices of the diagram Y by relabelling the upper vertices of
each edge by the lower vertex of this edge.

B2 (@2

[ °
2y \ 22 (23 (3,3)

(9?,1) (3.2 (33

The relabelled version of our diagram

We take the product of our functions with the indexation of the variables corre-
sponding the labels of the diagrams. Then we reindex these variables corresponding
to the relabelling of our diagram 7, i.e. define first the function

(f1of20f3)(X(1,1),%(1.2):X(2,1)5X(2.2)X(2,3) X (2.4):X(3,1)5X(3,2)X(3,3))
= fi(x1,1):X(12) 2 (X2,1):X(2,2),X(2,3)5 X(2.4)).S3 (X(3,1),X(3,2):X(3.3))
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and then

(fiof2013)y(X(2,1),%(2.2):X(2,3):%(3,1),X(3,2):X(3.3))
= f[1(x3.2):X22) L2 (X(2,1):X(2,2),X(2,3),%(3,3)).3 (X(3,1),X(3.2):X(3,3) ) -

Then we integrate the function (fj o f>0 f3)y with respect to the variables whose
indices correspond to the labels of those vertices which are the lower labels of some
edge. In our cases these are the indices (2,2), (3,2) and (3.3). This means that we
define the function

FY(fl °f2 of3)(x(271),x(273),X(371))
= /my(x(zﬁl),x(z!z),x<2’3)7)C(3l’1))_x(3’2)’x<373))
p(dxo0))u(dxz ) pn(dxs3).

The function Fy(f1, f2, f3) is a function of three variables, and the contribution of the
diagram ¥ to the sum at the right-hand side of (10.17) equals 3!Z, 3(Fy(f1, f2, f3))
with the above defined kernel function Fy(f1, f2, f3). In the definition of this integral
we apply again the convention described in (10.12).

Theorem 10.2 can be relatively simply derived from Theorem 10.2A by means of
induction with respect to the number of terms whose product we consider. We still
have to check that with the introduction of an appropriate notation Theorem 10.2A
remains valid also in the case when the function f is a constant.

Let us also consider the case when f = ¢ is a constant, and g € J7,;. In
this case we apply the convention Z, o(c) = ¢, introduce the class of diagrams
I'(0,1) that consists only of one diagram y whose first row is empty, its second
row contains the vertices (2,1),...,(2,1), and it has no edge. Besides, we define
Fy(e,8)(X2,1)5 -+ X21)) = €8(X(2,1), - - - »X(2,1)) for this diagram y. With such a con-
vention Theorem 10.2A can be extended to the case of the product of two Wiener—
1t6 integrals of order k > 0 and / > 1. Theorem 10.2 can be derived from this slightly
generalized result by induction with respect to the number of terms m in the product.

I explain only briefly the proof of Theorem 10.2 which is similar to the proof
of Theorem 11.2 about the product of degenerate U-statistics given in Chapters 11
and 12, only some technical difficulties disappear in this case.

We can define, similarly to the corresponding definition in Chapter 11 where the
diagram formula for the products of U-statistics will be formulated such a diagram
Yor €L (ki,...,ky—1) forall y e I'(ky,...,k,) which is actually the restriction of the
diagram  to its first m — 1 rows. Besides, we can define a diagram Y., € I'(|¥r|, ki),
where |7,,| denotes the number of free vertices of 7, in the following way. This
diagram consists of two rows with |y,.| and k,, vertices respectively. It contains
those edges of y (after a reenumeration of the free vertices of ¥,, with the num-
bers 1,2,...,]¥,/|) whose lower end points are in the m-th row of y. It can be seen
that Fy(f1,. ., fm) = Fy, (Fy,.(f1;-- -, fm—1), ), and there is such a one to one cor-
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respondence (7,7) <> ¥ between the pairs of diagrams (7,7), ¥ € I'(k1,...,km—1),
Y€ I'(|7],kn) and diagrams y € I"(k1,...,k,,) for which ¥ = ¥, and ¥ = .

To prove the diagram formula for a product of the form ﬁ kp'Zy k., (fp) first we

express the product H kp'Zy k., (fp) with the help of the diagram formula by ex-

ploiting that by our 1nduct1ve hypothesis it can be applied for the parameter m — 1.

In such a way we can rewrite the above product as a sum of Wiener—Itd integrals
with such kernel functions which can be calculated with the help of the restrictions
Ypr to the first m — 1 rows of the diagrams y € I'(ki,...,k;,). Then by multiplying
each term of this sum by k,,!Z, s, (fn). calculating these products with the help
of Theorem 10.2A and summing up the expressions we get in such a way we can
rewrite the product at the left-hand side of (10.21) as a sum of Wiener—Ito integrals.
It can be seen with the help of the properties of the diagrams y € I"(ky,. ..k, ) men-
tioned in the previous paragraph that the identity we get in such a way is equivalent
to formula (10.21) in Theorem 10.2. a

By statement c) of Theorem 10.1 all Wiener—Itd integrals of order k > 1 have
expectation zero. This fact together with Theorem 10.2 enable us to compute the
expectation of a product of Wiener—Itd integrals. Theorem 10.2 makes possible to
rewrite the product of Wiener—Itd integrals as a sum of Wiener—It6 integrals. Then
its expectation can be calculated by taking the expected value of each term and
summing them up. Only Wiener-It6 integrals of order zero yield a non-zero contri-
bution to this expectation. These terms agree with the integrals of kernel functions
Fy(f1,..., fm) corresponding to diagrams with no free vertices. In the next corollary
I write down the result we got in this way.

Corollary of Theorem 10.2 about the expectation of a product of Wiener-Ito
integrals. Let a non-atomic o-finite measure L be given on a measurable space
(X, Z") together with a white noise [y with reference measure [. Take m > 2
functions fy(x1,...,X,) € H k,, and consider their Wiener—Ité integrals Z, i, (fp),
1 < p < m. The expectation of the product of these random variables satisfies the
identity

m
E (H k,,!zwp(fp)) = Y R, ), (10.22)
p=1 YEL (K y.nn k)

where I (ky, ... kn) denotes the set of those diagrams y € I'(ky, ..., ky) which have
no free vertices, i.e. |y| = 0. Such diagrams will be called closed diagrams in the
sequel. (If [ (ky,... ky) is empty, then the sum at the right-hand side of (10.22)
equals zero.) The functions Fy(fi,...,fn) for Yy € I'(ki,...,kn) are constants, and
they satisfy the inequality

Ey(fis- o )| S [T fplla forallye Liky,... kn). (10.23)
p=1

Proof of the Corollary. Relation (10.22) is a straight consequence of formula (10.21),
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part ¢) of Theorem 10.1 and the identity Z, o(Fy(f1,-..,fn)) = Fy(f1,---, fm), if
|7| = 0. Relation (10.23) follows from (10.20).

The next result I formulate is 1t6’s formula for multiple Wiener—It6 integrals. It
can also be considered as a consequence of the diagram formula. It will be proved
in Appendix C.

Theorem 10.3 (Itd’s formula for multiple Wiener-Ité integrals). Let a non-
atomic, C-finite measure [L be given on a measurable space (X, Z") together with a
white noise [y with reference measure [L. Let us take some real valued, orthonor-
mal functions @Q(x),..., @u(x) on the measure space (X, 2 , ). Let Hi(u) denote
the k-th Hermite polynomial with leading coefficient 1. Take the one-fold Wiener—Ito
integrals My = Zy 1(¢p), 1 < p < m, and introduce the random variables Hy, (1)),

p
1 < p <m, with some integers k, > 1, 1 < p<m. Put K, = Y k,, 1 <p<m,
=1

Ko =0. Then ny,...,n, are independent, standard normal random variables, and
the identity

m m Kp
18, () = Kn'Zy x, (H < I1 <pp(x,-)>> (10.24)
p=l p=1

j:Kl7—1+l

= Kun'Zy k,, (Sym (ﬁ < ﬁ 1(pp(xj)>>>

holds. In particular; if ¢(x) is a real valued function such that [ @*(x)u(dx) = 1,
then

e ([ oo (@) = [ o) ol (@) v@x). 1025

I also formulate a limit theorem about the distribution of normalized degenerate
U -statistics that will be proved in Appendix C. The limit distribution in this result
is given by means of multiple Wiener—It6 integrals.

Theorem 10.4 (Limit theorem about normalized degenerate U -statistics). Let us
consider a sequence of degenerate U-statistics I (f) of order k, n=k,k+1,...,
defined in (8.8) with the help of a sequence of independent and identically dis-
tributed random variables £1,&,, ... taking values in a measurable space (X, Z")
with a non-atomic distribution [ and a kernel function f(xi,...,x;), canonical
with respect to the measure U, defined on the k-fold product (Xk v k) of the space
(X, Z) for which [ f*(xi,...,x)p(dx1)... u(dxy) < oo. Then the sequence of nor-
malized U-statistics n~*/ 2I,,’k( f) converges in distribution, as n — oo, to the k-fold
Wiener—Ito integral

Zuy(f) = %/f(xh-~~axk)Hw(dx1)---Mw(dxk)
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with kernel function f(xi,...,x;) and a white noise Ly with reference measure [L.

Remark. The limit behaviour of degenerate U-statistics I,  (f) with an atomic mea-
sure 1 which satisfy the remaining conditions of Theorem 10.4 can be described
in the following way. Take the probability space (U,% ,A), where U = [0,1], %
is the Borel o-algebra and A is the Lebesgue measure on it. Introduce a sequence
of independent random variables 11, 1>, ... with uniform distribution on the interval
[0, 1], which is independent also of the sequence &}, &, .... Define the product space
(X, 2 1) = (X xU,Z xU,u x L) together with the function f(%,...,%) =
F(Ger,un), .., (,ue)) = f(x1,...,x) with the notation ¥ = (x,u) € X x U, and
& =(&,n;), j=1,2,.... Then L+ (f) = I x(f) (with the above defined function
f and fi distributed random variables é ;). Besides, Theorem 10.4 can be applied for
the degenerate U-statistics In_yk(f), n=1,2,....

In the next result I give an interesting representation of the Hilbert space consist-
ing of the square integrable functions measurable with respect to a white noise Ly .
An isomorphism will be given with the help of Wiener—Itd integrals between this
Hilbert space and the so-called Fock space to be defined below. To formulate this
result first some notations will be introduced.

Let ,%’;LO’,{ C Ak denote the class of symmetric functions in the space .77}, x,

k=0,1,2,...,ie. f € J is in its subspace %‘{k if and only if f(xi,...,x) =
Sym f(xi,...,x). Let us introduce for all k =0,1,2,... the Hilbert space ¥ con-
sisting of those random variables 17 (on the probability space where the white noise
W 1is defined) which can be written in the form

n=Zu(f)= %/f(X1,~--,Xk)NW(dX1)~~~HW(dxk)

with some f € e%ﬁ{ou.

It follows from part a) and c) of Theorem 10.1 that the map f — Z, x(f) is a
linear transformation of 77,0, to %, and £ |f||53 = EZ}, ,(f) forall f € 2, where
|l f]l2 denotes the usual Ly-norm of the function f with respect to the k-fold power
of the measure u. By the definition of Wiener—Ito integrals the set ¢ consists of
jointly Gaussian random variables with expectation zero. The spaces .7}, o and %
consist of the real constants. Let us define the space Exp (.7},) of infinite sequences
f=fosfis ) fi € H74 k=0,1,2,.., such that || f|5 = kgoﬁufkug < 0. The

space Exp (.77, ) with the natural addition and multiplication by a constant and the
above introduced norm || f||» for f € Exp(7,) is a Hilbert space which is called
the Fock space in the literature.

Let ¢ denote the class of random variables of the form

=)

Z(f) =Y. Zux(fi)s  f=(fo,f1,f2s--.) € Exp(SQ).

k=0
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The next result describes the structure of the space of random variables ¢. It is
useful for a better understanding of Wiener—Itd integrals, but it will be not used in
the sequel. In its proof I shall refer to some basic measure theoretical results.

Theorem 10.5 (Isomorphism of the space of square integrable random vari-
ables measurable with respect to a white noise with a Fock space). Let a non-
atomic, O-finite measure (L be given on a measurable space (X, ") together with
a white noise [y with reference measure L. Let us consider the class of functions

‘%710#’ k=0,1,2,..., and Exp (/) together with the spaces of random variables

Y. k=0,1,2,..., and 9 defined above. The transformation Z: Z(f) = E Zy i (fi)s
k=0

f=(fo.f1,f2,...) € Exp(J#,), is a unitary transformation from the Hilbert space
Exp () to 9. The Hilbert space & consists of all random variables with finite
second moment, measurable with respect to the c-algebra generated by the random
variables iy (A), A € 2, u(A) < eo. This c-algebra agrees with the c-algebra
generated by the random variables Z,, 1 (f1), fi € %071.

Remark. For the sake of simpler notations we restrict our attention to the case when
the measure space (X, %2, 1) is such that the Hilbert space of square integrable
functions on this space is separable. This condition is satisfied in all interesting
cases.

Proof of Theorem 10.5. Properties a) and c¢) in Theorem 10.1 imply that the trans-
formation fi — Zy x(fx) is a linear transformation of jﬁ?k to %, and %ka”% =
EZy i (f)*. Besides, EZyx(f)Zuw(fy) = 0 if fi € S0, and f, € %Ok, with
k # k' by properties d) and ¢). (The latter property is needed to guarantee this re-
lation also holds if kK = 0 or K = 0.) It follows from these relations that the map

Z:Z(f)= kiozu’k(fk)’ f=(fo,f1,f2,...) € Exp(s#,) is an isomorphism between

the Hilbert sEaces Exp (/7,) and 9.
It remained to show that ¢ contains all random variables with finite second
moment, measurable with respect to the corresponding c-algebra. Let g;(u), j =

1,2,..., be an orthonormal basis in %91 = %’@1, and introduce the random vari-
ables ; = Z,1(gj), j = 1,2,.... These random variables are independent with

standard normal distribution, and by Itd’s formula for Wiener—Itd integrals (Theo-
rem 10.3) all products H,, (1;,) ... Hy,(n;,) with r +---+r, = k are in the space ¥,
where H,(-) denotes the Hermite polynomial of order r with leading coefficient 1.
We also recall the following results from the classical analysis:

a) Hermite polynomials constitute a complete orthonormal system in the L,-space
on the real line with respect to the standard normal distribution. (This result will
be proved in Appendix C in Proposition C2.)

b) If a random variable { is measurable with respect to the o-algebra generated by
some random variables 1,732, ..., then there exists a Borel measurable function
Sf(x1,x2,...) on the infinite product of the real line (R*,.%*) in such a way that

C=f(m,m,...).



112 10 Multiple Wiener—It6 integrals and their properties

This means in our case that any random variable { measurable with respect to
the c-algebra generated by the random variables 1; = Z,1(g;), j = 1,2,..., can
be written in the form § = f(n,M2,...) with the above introduced independent,
standard normal random variables 1,7, .... If { has finite second moment, then
the function f appearing in its representation is a function of finite L,-norm in the
infinite product of the real line with the infinite product of the standard normal
distribution on it. Hence some classical results in analysis enable us to expand the
function f with respect to products of Hermite polynomials, and this also yields the
identity

{= Zc(jl7rl7-~~aj57rs)Hr1 (njl)"'Hrs(nj.v)

with some coefficients ¢(ji,r1, ..., js, rs) such that
YUty s o) l1Hr ()| - |y ()| < oo,

(Actually it is known that ||Hj ()||> = k!, but here we do not apply this fact.)
The above relations yield the desired representation of a random variable { with
finite second moment, if it is measurable with respect to the c-algebra generated by

the random variables in ¢, . Indeed, the identity { = Y. {; holds with
k=0

Ck: Z C(jlar17"'7jSarS)Hr1(njl)"'HrS(njj)a
ry+-trs=k

and §; € ¢ by 1td’s formula.

To complete the proof it is enough to remark that the o-algebra generated by the
random variables Ny, My,... and Uy (A), A € 27, U(A) < oo agree, as it was stated
in part f) of Theorem 10.1. a

The results about Wiener—Ito integrals discussed in this Chapter are useful in the
study of non-linear functionals of a white noise. In my Lecture Note [32] similar
problems were discussed, but in that work a slightly different version of Wiener—It6
integrals was introduced. The reason for this modification was that the solution of
the problems studied in [32] demanded different methods.

In work [32] stationary Gaussian random fields were considered, and I was
mainly interested in it in limit theorems for sequences of non-linear functionals
on a stationary Gaussian random field. In a stationary Gaussian random field a shift
operator can be introduced. This shift operator can be extended in a natural way to
all random variables measurable with respect to the underlying stationary Gaussian
random field. In [32] we needed a technique which helps in working with this shift
operator. In an analogous case, when functions on the real line are considered, the
Fourier analysis is a useful tool in the study of the shift operator. In the work [32] we
tried to unify the tools of multiple Wiener—It6 integrals and Fourier analysis. This
led to the definition of a slightly different version of Wiener—Ito integrals.

In the work [32] we have shown that not only the correlation function of a sta-
tionary Gaussian field can be given by means of the Fourier transform of its spec-
tral measure, but also a random spectral measure can be constructed whose Fourier
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transform expresses the stationary Gaussian process itself. After the introduction of
this random spectral measure a version of the multiple Wiener—It0 integral can be
defined with respect to it, and all square integrable random variables, measurable
with respect to the o-algebra generated by the underlying Gaussian stationary ran-
dom field can be expressed as the sum of such integrals. Moreover, such an approach
enables us to apply the methods of multiple Wiener—It6 integrals and Fourier anal-
ysis simultaneously. The modified Wiener-It6 integral introduced in [32] behaves
similarly to the original Wiener—It6 integral, only it has to be taken into account
that the random spectral measure behaves not like a white noise, but as its ‘Fourier
transform’. I omit the details. They can be found in [32].

The spaces ¢ consisting of all k-fold Wiener—It6 integrals were introduced also
in [32], and this was done for a special reason. In that work the Hilbert space of
square integrable functions, measurable with respect to an underlying stationary
Gaussian field was studied together with the shift operator acting on this Gaussian
field. The shift operator could be extended to a unitary operator on this Hilbert space.
The introduction of the subspaces ¥, turned out to be useful, because they supplied
such a decomposition of this Hilbert space which consists of orthogonal subspaces
invariant with respect to the shift operator.

In the present work no shift operator was defined, and limit theorems for non-
linear functionals of a Gaussian field were not studied here. The introduction of the
spaces ¥ was useful because of a different reason. In the study of our problems
we need good estimates on the 2p-th moment of random variables, measurable with
respect to the underlying white noise for large integers p. As it will be shown, the
high moments of the random variables in the spaces ¢ with different indices k
show an essentially different behaviour. The high moments of a random variable in
¢, behave similarly to those of the k-th power £X of a Gaussian random variable
& with zero expectation. This statement will be formulated in a more explicit form
in Proposition 13.1 or in its consequence, formula (13.2). A partial converse of this
result will be presented in Theorem 13.6.






Chapter 11

The diagram formula for products of degenerate
U -statistics

There is a natural analogue of the diagram formula for the products of Wiener—It6
integrals both for the products of multiple integrals with respect to normalized em-
pirical measures and for the products of degenerate U-statistics. These two results
are closely related. They express the product of multiple random integrals or degen-
erate U-statistics as a sum of multiple random integrals or degenerate U-statistics
respectively. The kernel functions of the random integrals or U-statistics appear-
ing in this sum are defined, — similarly to the case of Wiener—Itd integrals, — by
means of diagrams. This is the reason why these results are also called the diagram
formula. The main difference between these diagram formulas and their version for
Wiener-Itd integrals is that in the present case we have to work with a more gen-
eral class of diagrams. The diagram formula for multiple integrals with respect to a
normalized empirical measure will be discussed only at an informal level, while a
complete proof of the analogous result about degenerate U-statistics will be given.
The reason for such an approach is that the diagram formula for the product of
degenerate U-statistics can be better applied in this work.

We want to prove the estimates about the tail distribution of degenerate U-
statistics and multiple integrals with respect to a normalized empirical distribution
formulated in Theorems 8.3 and 8.1 with the help of good bounds on the high mo-
ments of degenerate U-statistics and multiple random integrals. In the case of degen-
erate U-statistics the diagram formula yields an explicit formula for these moments.
We exploit that this formula expresses the product of degenerate U-statistics as a
sum of degenerate U-statistics of different order. Besides, the expected value of all
degenerate U-statistics of order kK > 1 equals zero. Hence the expected value we
are interested in equals the sum of the zero order terms appearing in the diagram
formula.

The analogous problem about the moments of multiple integrals with respect to a
normalized empirical measure is more difficult. The diagram formula enables us to
express the moments of multiple random integrals as the sum of the expectation of
such integrals of different order also in this case. But the expected value of random
integrals of order k > 1 with respect to a normalized empirical distribution may be
non-zero. Before the proof of Theorem 9.4 we showed this in an example.

115
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First I give an informal description of the diagram formula for the product of two
random integrals with respect to a normalized empirical measure. Its analogue, the
diagram formula for the product of two Wiener—It6 integrals can be described in an
informal way by means of formulas (10.15) and (10.16) together with the ‘identity’
(uw (dx))? = u(dx) in their interpretation. The diagram formula for the product of
two multiple integrals with respect to a normalized empirical measure has a similar
representation. (Observe that in the definition of the random integral J,17k(~) given
in formula (4.8) the diagonals are omitted from the domain of integration, similarly
to the case of Wiener—Ito integrals.) In this case such a version of formulas (10.15)
and (10.16) can be applied, where the random integrals Z, ; are replaced by J;,,
and the white noise measure py is replaced by the normalized empirical measure
V, = /n(i, — ). But the analogue of the ‘identity’ (uw (dx))? = u(dx) needed in
the interpretation of these formulas has a different form. It states that (v, (dx))? =
w(dx)+ ﬁvn(dx). Let us ‘prove’ this new ‘identity’.

Take a small set A, i.e. a set A such that p(A) is very small, write down the
identity (v,(A))? = n(U,(A))* +n(u(A))? — 2nu,(A)u(A) and observe that only
a second order error is committed if the terms n(u(A))? and 2nu,(A)u(A) are
omitted at the right-hand side of this identity. Moreover, also a second order er-
ror is committed if n(u,(A))? is replaced by w,(A), because it has second order
small probability that there are at least two sample points in the small set A. On the
other hand, n(u,(A))> = w,(A) if A contains only zero or one sample point. The

above considerations suggest that (v, (dx))? = u,(dx) = u(dx) + ﬁ [vn(p,(dx) —

w(dx))] = u(dx) + ﬁvn(dx). (This means that in the ‘identity’ expressing the

square (V,(dx))? of a normalized empirical measure a correcting term ﬁvn(dx)
appears. If the sample size n — oo, then the normalized empirical measure tends to
a white noise with counting measure u, and this correcting term disappears.)

The diagram formula for the product of two multiple integrals with respect to a
normalized empirical measure was proved in paper [35] with a different notation.
Informally speaking, the result in this work states that the identity suggested by the
above heuristic argument really holds. We remark that if the form of this identity
is found, then it can be proved with the help of some algebraic calculations sim-
ilarly to the proof of Lemma 9.5. We omit the proof of this result, since we shall
not work with it. We shall prove instead a version of it about the product of de-
generate U-statistics that we can better apply. This result is similar to the diagram
formula for the products of multiple integrals with respect to a normalized empirical
distribution. This similarity will be discussed in Remark 4 after Theorem 11.1.

In this chapter first I formulate the diagram formula about the product of two
degenerate U-statistics in Theorem 11.1, then its generalization about the product
of finitely many degenerate U -statistics in Theorem 11.2. Their proofs is postponed
to the next chapter. I also present a Corollary of Theorem 11.2 about the expected
value of the product of degenerate U-statistics which follows from this result and
the observation that the expected value of a U-statistic of order k > 1 equals zero.
This result together with Lemma 11.3 which yields a bound on the Ly-norm of the
kernel functions of the degenerate U-statistics appearing in the diagram formula will
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enable us to prove good estimates on the high moments of degenerate U-statistics.
We can prove Theorem 8.3 about the tail distribution of degenerate U -statistics with
the help of such estimates. One might try to prove the analogous result, Theorem 8.1
about the tail distribution of multiple integrals with respect to a normalized empir-
ical distribution in a similar way with the help of the diagram formula for multiple
random integrals. But that would be much harder, since the diagram formula for
multiple integrals with respect to a normalized empirical distribution does not sup-
ply such a good formula for the moments of random integrals as the analogous result
about degenerate U-statistics.

To describe the results of this chapter we introduce some new notions. In the
formulation of the diagram formula for the product of degenerate U -statistics a more
general class of diagrams has to be considered than in the case of multiple Wiener—
1td integrals. I shall define them under the name coloured diagrams. The kernel
functions of the U-statistics appearing in the diagram formula will be defined with
their help. First I introduce the notations needed in the formulation of the diagram
formula for the product of two degenerate U-statistics, then I present this result in
Theorem 11.1. After this, to understand the notations better I explain with the help
of an example how to calculate a general term in this diagram formula.

A class of coloured diagrams I"(ki, . .., k) will be defined whose vertices will be
the pairs (p,r), 1 < p <m, 1 <r <k, and the set of vertices (p,r), 1 <r <k,, with
a fixed number p will be called the p-th row of the diagram. To define the coloured
diagrams of the class I"(ky, ..., k) first the notions of chains and coloured chains
will be introduced. A sequence B = {(p1,71),..., (ps,rs) f With 1 < p; < pp <--- <
ps <mand 1 <r, <kp, forall 1 <u <s will be called a chain. The number s of
vertices (py,r,) in this sequence, denoted by ¢(f), will be called the length of the
chain . Chains of length ¢(3) = 1, i.e. chains consisting only of one vertex (pi,r;)
are also allowed. We shall define a function ¢(f8) = 41 which will be called the
colour of the chain 3, and the pair (B,c(B)) will be called a coloured chain. We
shall allow arbitrary colouring c¢(f3) = +1 of a chain with the only restriction that a
chain of length 1 can only get the colour —1, i.e. ¢(B) = —1if £(f) = 1.

A coloured diagram y € I'(ky,...,k;), is a partition of the set of vertices
Aky,... k) ={(p,r): 1 < p<m,1 <r<kp} to the union of some coloured
chains § € vy, i.e. U B =A(ky,...,kn), and each vertex (p,r) € A(ky,. .., kp) is

Bey
the element of exactly one chain 8 € . Besides, each chain 8 € y has a colour
cy(B) = £1. The set I'(ky,...,ky) consists of all coloured diagrams y with the
above properties with the only restriction that for a chain § = {(p,r)} € y of length
£(B) =1 of adiagram y € I'(ky,...,k,) we have ¢y(B) = —1.

Let us define for all coloured diagrams y € I' (k... k) the set of open chains
O(y) ={B: B € 7,¢cy(B) = —1} and the set of closed chains C(y) = {B: B €
Y, cy(B) = 1} of this diagram y. We shall define for all sets of bounded func-
tions fp = fp(x1,...,%,) € Ly(Xke, 2% ukr), 1 < p < m, and diagrams y €
I'(ki,...,kn) abounded function Fy(f1,. .., fm) = Fy(f1,- -, fm) (X1, -, X|0(y)) With
|O(7)| variables on the product space (X!OWI 2710M1 1y 100]) where |O(y)| de-
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notes the number of open chains in the diagram 7. The arguments of the function
Fy(fi1,...,fm) will correspond to the open chains of the diagram y. We will see that
the function Fy(f1,..., fix) is canonical (with respect to the measure ) if the same
relation holds for the functions fi, ..., f,;. In the diagram formula we shall express

m
the product of normalized degenerate U-statistics H1 nke/ %k, Un g, (fp) as alinear
=
combination of the normalized degenerate U-statistics

n_‘o(y>|/2|0(')/)|!Im‘o(y)‘(F}’(flv e afm))'

To define the above mentioned functions Fy(fi,..., fi) first we fix for all pairs
of positive integers kj,k, = 1,2,... and diagrams y € I"(k;,k;) an enumeration of
the chains of ¥, and besides, we also fix an enumeration of the open chains of all
diagrams y € I'(ky,...,kn), m =2,3,.... (For m > 3 we shall need an enumera-
tion only for the open chains.) For the sake of simpler notation we choose such
an enumeration of the chains of a diagram Y for m = 2 where the chains get the
labels 1,2,...,|0(y)| + |C(y)], and the open chains get the first |O(y)| labels, i.e.
B(1) is an open chain if 1 <1 <|O(7)|, and it is a closed chain if |O(y)|+1 <1 <
|O(7)] + |C(7y)|. In the case m > 3 we give an enumeration only of the open chains
of a diagram 7, and they will be indexed by the numbers 1 </ < |O(y)]|. This means
that B (1) will be defined for 1 <7 < |O(7)|, and it is an open chain of }.

We shall fix an enumeration of the chains of the diagrams with two rows and of
the open chains of the diagrams with at least three rows at the start, and during the
application of the diagram formula we shall always apply this enumeration of the
chains. The subsequent definition of the functions Fy(fi,..., fi») will depend on this
enumeration, but the results formulated with the help of these functions are valid for
an arbitrary (previously fixed) enumeration of the chains. Hence the non-uniqueness
in the definition of the functions Fy(f1,. .., f,») will cause no problem.

First we formulate the diagram formula for the product of two degenerate
U-statistics, i.e. we consider the case m = 2. Let us have a measurable space
(X, Z") with a probability measure y on it together with two measurable func-
tions f1(x1,...,xx, ) and fo(x1,...,x;,) of k1 and k, variables on this space which are
canonical with respect to the measure i. Let &1, &>, ... be a sequence of (X, Z") val-
ued, independent and identically distributed random variables with distribution u.
We want to express the product n=%1/2k; 11, 4 (f1)n*2/%ky 1,4, (f>) of normalized
degenerate U-statistics defined with the help of the above random variables and ker-
nel functions f; and f> as a sum of normalized degenerate U-statistics. For this goal
we define some functions Fy(fi, f2) for all y € I'(ki,k2).

We shall define the function Fy(fi, f>) with the help of the previously fixed enu-
meration of the chains of the diagram 7. We shall introduce with the help of this enu-
meration also an enumeration of the vertices (1,p), (2,9), | <p <k, 1 < g <k,
of the diagram 7. We put

ay((p,r) =1 if(p,r)eB(l), p=12, 1<r<k,. (11.1)
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Let us have two functions fi(xi,...,x;,) and f>(x1,...,x,) together with a
coloured diagram y € I"(k;, k>). We define the function Fy(f1, f2) in two steps. First
we define the function

(frof2)y(x1s. s Xy(y))
= filxay((1.1))s- - Xay (1) L2 (Kay(21)) - -+ Xy (2k2)))> (11.2)

where s(y) = |O(y)| +|C(y)| is the number of chains in ¥, and the indices oty(1, /)
and ay(Z, J') were defined in (11.1). (In formula (11.2) the arguments of both func-
tions fi and f> have different indices. But two indices o, ((1, j)) and oty((2, j')) may
agree in some cases. This happens if the vertices (1, j) and (2, ;') belong to the same
chain f € y of length 2.) In the second step we define the function

Fy(f1, £2)(x1,- - Xj0(p)) (11.3)

=< [T » II Qj/>(f1sz)y(X1,~--,X|o<y>+c<y>)

J:BGeCy)  J': B()€0a(y)

with the operators P; and O defined in formulas (9.1) and (9.2), where C (7) is the
set of closed chains of the diagram 7, and O, () C O(7) is the set of open chains of y
with length 2,i.e. O2(y) ={B: ¢y(B) = —1, and £(B) = 2}. Let us also remark that
the operators P; and Q y in formula (11.3) are exchangeable, hence it is not important
in what order we apply them.

Let me remark that if we applied a different enumeration of the diagrams
y € I'(ky,ky) then we would get a different function Fy(fi, f>). This would be a
reindexed version of the original function Fy(f1, f2). But the value of the U-statistic
Ly jo(n)| (Fy(f1,f2)) does not depend on the indexation of the variables in its ker-
nel function. Hence the identity which will be formulated in formula (11.4) of the
subsequent Theorem 11.1 does not depend on the enumeration of the chains of the
diagrams y € I'(k1,k;). Now we can formulate the following result.

Theorem 11.1 (The diagram formula for the product of two degenerate U-
statistics). Let a sequence of independent and identically distributed random vari-
ables &1,&,,... be given with some distribution [L on a measurable space (X, Z")
together with two bounded, canonical functions fi(x1,...,xy,) and f>(x1,...,X,)
with respect to the probability measure W on the product spaces (X1, 2°%1) and
(Xk2, 27%2) respectively. Let us take the class of coloured diagrams I (ky,ky) in-
troduced above together with the functions Fy(f1, f2) defined in formulas (11.1)—
(11.3).

The functions Fy(f1, f>) are bounded and canonical with respect to the measure 1
with |O(y)| arguments for all coloured diagrams y € I', where O(y) and C(y) denote
the set of open and closed chains of the diagram Y. The product of the normalized
degenerate U-statistics n=*1/2ky\L, ., (f1) and n=*2/%kx\1, 1, (f2), n > max(ki,k2),
defined in (8.8) can be expressed as



120 11 The diagram formula for products of degenerate U-statistics

O 1 s(p) 4 1
n_kl/zkl !In,kl (fl) : n_k2/2k2 !In,kz (fZ) - Z H ( >

vel (ki ky) Jj=1
w2100 210(p) |1, 00 (Fr (1, 12) (11.4)

with W (y) = ki + ko —|O(y)| — 2|C(7)| (we explain in Remark 1 after Theorem 11.1

that W(y) = |02(7)|, i.e. it equals the number of open chains with length 2) and

s(y) = |0(y)|+|C(7)| (which equals the number of coloured chains in y). Here ¥'™)

means that summation is taken only for such coloured diagrams y € I' (ky,ky) which
Ic()l

satisfy the inequality s(y) <n, and [] equals 1 in the case |C(y)| = 0. The term
j=1

(9)|(Fy(f1, f2)) can be replaced by I, ()| (SymFy(f1, f2)) in formula (11.4).
Consider the Ly-norm of the functions Fy(f1, f>)

IR 2B = [P foP o H (dx,).

The inequality
1F(fi, 212 < [ fill2ll 2l if W(y)=0 (11.5)

holds for this norm. The condition W (y) = 0 in formula (11.4) means that the di-
agram y € I'(ky,k2) has no chains B of length £(B) = 2 with colour cy(B) = —1.
For a general diagram y € I (ky, ky) under the condition sup | fa(x1,...,x,)| < 1the
inequality

IE,(fi, )l < 2V D £ (11.6)

holds. Inequalities (11.5) and (11.6) remain valid also in the case when f| and f>
may be non-canonical functions.

Inequality (11.5) is actually a repetition of estimate (10.13) about the diagrams
appearing in the case of Wiener—Itd integrals. Inequality (11.6) yields a weaker
bound about the L,-norm || Fy(f1, f2)||» for a general diagram y. We formulated it in
a form where the functions f; and f> do not play a symmetrical role. This estimate
depends on the L-norm of the function f}, and it is assumed in it that the supremum
of the function | f>| is less than 1. We chose such a formulation of this inequality be-
cause it can be well generalized to the case when the product of several U-statistics
is considered. The appearance of the condition about the supremum of the func-
tion | f>| in the estimate (11.6) is closely related to the fact that in the estimates on
the tail distribution of U-statistics, — unlike the case of Wiener—It6 integrals, — a
condition is imposed not only on the L,-norm of the kernel function f, but also on
its Lo-norm. I return to this question later.

Next I show an example which may help to understand how to apply the diagram
formula for the product of two degenerate U-statistics.

Take two normalized degenerate U-statistics n~>/23!1, 5(f1) and n=24!1, 4(f2) with
kernel functions fj(xj,x2,x3) and f>(x1,x2,x3,%4), and let us see how to calculate
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with the help of formula (11.4) a term of the sum which expresses the product
311,3(f1)4!,.4(f>) as a sum of degenerate U-statistics.

Let us first understand which are the coloured diagrams we have to consider in
the diagram formula (11.4), and then let us calculate the term corresponding to a
coloured diagram at the right-hand side of this formula.

The coloured diagrams we have to consider have two rows with vertices labelled
by (1,1), (1,2), (1,3) and (2.1), (2,2), (2,3), (2,4) respectively. The coloured dia-
grams are such partitions of the vertices whose elements contain from each row at
most one element. The elements of these partitions which we call chains contain
1 or 2 elements. (We speak here about chains and not about graphs, because we
want to apply such a terminology which also works in the more general case when
we consider the diagram formula for the product of several degenerate U-statistics.)
We give each chain either the colour +1 or —1. Chains consisting of only 1 vertex
(chains of length 1) get the colour —1 while chains containing 2 vertices (chains of
length 2) can get both colours +1 and —1. We take all coloured diagrams satisfy-
ing the above properties, and each of them yields a contribution to the sum at the
right-hand side of (11.4). Let us look what kind of contribution yields the coloured
diagram y which contains a closed chain ((1,1),(2,2)) (with colour +1) and an
open chain ((1,3),(2,4)) (with colour —1) of length two, and besides, it contains
chains of length 1 and colour —1. They are (1,2) from the first row, and (2,1), (2,3)
from the second row. (See the picture.)

) 12 @)
°(1]

(0]
21D 22 23 (29

The diagram with the labelling of its chains

(0—o denotes open and e—e denotes closed chains)

We fix a labelling of the chains of the digram 7y, and define with its help a rela-
belling of the vertices. We label the chains subsequently from 1 to 5 in such a way
that the open chains get the smaller labels, 1,2,3 and 4. Otherwise, we choose arbi-
trary labelling. We have the right for it, since although the kernel function of the U-
statistic we shall define with the help of the diagram y will depend on this labelling,
but the U-statistic determined by it will not depend on it. Let us give the following
labels for the chains: (1,2)-label 1, (2,1)-label 2, ((1,3),(2,4))-label 3, (2,3)-
label 4, ((1,1),(2,2))-label 5. (This was an arbitrary choice.) Then we relabel the
vertices contained in a chain with the label of this chain. (See the picture). (We used
such a notation where the labels of the chains are put in a box, like this )
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5 1 3
°(1]

2 5 4 3

The relabelled version of our diagram

Then we reindex the variables of the functions f; and f> corresponding to the
new labels of the vertices in the first and second row respectively. In the present
case we take the reindexed functions f(xs,xj,x3) and f>(x2,xs,%4,x3). Then we
define the product of these reindexed functions

(fl sz)y(-xl 7-x27'x37-x47-x5) = fl (XS,.X'] 7-x3)f2(-x27x57x47x3)'
Next we define the function Fy(fi, f>) introduced in (11.3) as

Fy(f1, f2)(x1,x2,x3,x3) = Q3P5(f1 0 f2)y(x1,%2,X3,X4,X5),

where Ps and Q3 corresponding to the closed chain with label 5 and open chain of
length 2 with label 3 are the operators defined in (9.1) and (9.2) with j =5and j =3
respectively. Thus

Ps(f10 fa)y(x1,X2,X3,x4,X5) = /fl (x5,x1,%3) f2 (%2, %5, X4,%3) 1 (dxs),

and

Fy(f1, f2)(x1,x2,x3,x4) = Q3P5(f1 0 f2)y(x1,%2,%3,%X4,%5) (11.7)
:/fl (x5,x1,X3) fo(x2,X5,%x4,%x3) 1 (dxs)

—/f1(X5,x17X3)f2(X2,X5,X4,X3)H(dx3)ﬂ(dxs).
The normalized degenerate U-statistic corresponding to the diagram v is

n 24, 4 (Fy(f1, 1)),

and the contribution of the diagram Y to the sum in the diagram formula, i.e. to the
sum at the right-hand side of (11.4) is =% . n='/2 . n=2411, 4(F,(f1, f2)). Here the

n
factor n~='/2 is the term n~"(¥)/2 in (11.4) which is a contraction term which roughly
speaking depends on the difference of the diagram 7y from the ‘regular diagrams’
appearing also in the diagram formula for Wiener—It6 integrals. The factor ”%4 isa
technical term which has no great importance. Its appearance is related to the form

of the Hoeffding decomposition. In formula (9.4), expressing this relation a factor
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of the form (n— |[V|)(n— V| —1)--- (n—k+ 1) appears instead of the ‘regular term’
n*~IV!, and this is the reason for the appearance of this factor.

Finally the notation ¥/ (") in formula (11.4) means that the above calculated term
corresponding to the diagram 7y takes part in the summation only if the sample size n
of the U-statistic satisfies the inequality n > 5. This restriction is related to the fact
that a k-fold U-statistic can be defined only if n > k for the sample size. The U-
statistic with kernel function Fy(f1, f) has order 4. Nevertheless, a slightly stronger
restriction is imposed. The reason for it is that, as the proof of Theorem 11.1 will
show, the U-statistic we considered here appears as a term in the Hoeffding decom-
position of the U-statistic with kernel function (fj o f»),. This is a U-statistic of
order 5, and the condition n > 5 comes from here.

Next we make some comments to Theorem 11.1.

Remark 1. The expression W (y) = k;j + k2 — |O(y)| — 2|C(7)| appearing in formu-
las (11.4) and (11.5) equals |Oz(7)|, i.e. it is the number of the chains § € y for
which ¢(B) =2, and ¢y(B) = —1. Indeed, if W (y) equals the number of chains § € ¥
for which ¢(f) = 1 (and as a consequence cy(f) = —1), then [O2(y)| +W(y) =
|O(7y)|, and 2C|(y)| +2|0(y)| — W () = ki + k2. (In the last identity we calculated
the number of vertices in ¥ in two different ways.) Because of the definition of W ()
the last identity can be rewritten as W (y) + W () = |O(y)|. These relations imply
the statement of this remark.

Remark 2. The term I, |o(y)|(Fy(f1, f2)) with some coloured diagram y € I"(ky, k)
appeared in the sum at the right-hand side of (11.4) only if the condition s(y) < n
was satisfied, which means that the sample size n of the U-statistic is sufficiently
large. This restriction in the summation had a technical character, which has no great
importance in our investigations. It is related to the fact that a U-statistic I, x(f) was
defined only if n > k. As a consequence, some U-statistics disappear at the right-
hand side of (11.4) if the sample size n of the U-statistics is relatively small. The
term 1, |o(y)|(Fy(f1, f2)) appeared in (11.4) through the Hoeffding decomposition of
a U-statistic with kernel function (f| o f>)y defined in (11.2). This function has s(7)
arguments, and the U-statistic corresponding to it appears in our calculations only
if the sample size n is not smaller than the number s(7).

Remark 3. As 1 earlier mentioned the functions Fy(fi,f>) depended on the la-
belling of the chains 8 € I'(k;,k>). This non-uniqueness in the formulation of iden-
tity (11.4) has no importance in its applications. Moreover, we can get rid of this
non-uniqueness by working with symmetrical functions fi and f> (with functions
which do not change by a permutation of their variables) and by replacing the func-
tions Fy(f1, f>) by their symmetrizations. A similar remark holds for the general
version of the diagram formula to be discussed later, where we may consider the
product of several degenerate U -statistics.

Remark 4. The diagram formula formulated in Theorem 11.1 is similar to its version
about the product of two multiple integrals with respect to a normalized empirical
distribution. The latter result was not written up here explicitly, but its form was
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explained in an informal way at the beginning of this chapter. The kernel functions
of the U-statistics and random integrals appearing in these formulas are indexed by
the same diagrams. Their definitions are different, because in the U-statistic case we
have to work with canonical functions while in the multiple integral case we have no
such restriction. As a consequence we define the functions Fy(f, f) in this case by
means of a modified version of formula (11.3), where the operators O are omitted
from the definition. The coefficients of the normalized degenerate U-statistics and
random integrals in the two results are slightly different. In the multiple integral
case we have to multiple with n~"("/2 while in the U-statistic case this term is
multiplied with a factor between 0 and 1. This is related to the form of the Hoeffding
decomposition of U-statistics given in (9.3). The restriction in the summation Z’(”)
is also related to the properties of U-statistics.

Let us turn to the formulation of the general form of the diagram formula for
the product of finitely many degenerate U-statistics. After introduction of some
notations we present this result in Theorem 11.2. Then we discuss an example to
understand its notation better.

This result has a more complicated form than its analogue about Wiener-It6 in-
tegrals, because in the present case we cannot define the kernel functions of the
U-statistics appearing in the diagram formula in a simple, direct way. We shall de-
fine them with the help of an inductive procedure. To do this first we introduce some
conventions which will be useful later.

Let us recall the convention introduced after the definition of canonical degen-
erate U-statistics by which I, (c) is a degenerate U-statistic of order zero, and
I, 0(c) = c for a constant ¢. If y € I'(ky,k2) is such a diagram for which |O(y)| =0,
i.e. cy(B) =1 for all chains B € 7, then the expression Fy(fi, f>) defined in (11.3)
is a constant, and for such a diagram y we define the term I, |o(,)|(Fy(f1,/2)) in
relation (11.4) by means of the previous convention.

We introduce another convention (similarly to the discussion of Wiener—It6 inte-
grals in Chapter 10) which enables us to extend the validity of Theorem 11.1 to the
case when k; = 0, and the function f, = ¢ with a constant c. In this case I"(k,k2)
consists of only one diagram Y containing the chains B, = {(2,p)} of length
one and with colour ¢y({(2,p)}) = —1, 1 < p < ko, and we define Fy(fi, f>) =
cfa(x1,...,x,). Besides, we have C(y) =0, O(y) = {(2,1),...,(2,k2)}, hence
W(y) = ki + ko —|0(y)| = 2|C(y)] = 0, |C(y)| = 0. We also have s(y) = k2, thus
the inequality (y) < n holds under the conditions of Theorem 11.1. Hence for-
mula (11.4) remains valid also in the case k; = 0. For the sake of completeness
we introduce a listing of the (open) chains B € O(y) of the diagram(s) of the set
I'(0,k). We define (1) = {(2,1)}, 1 < <k in this case. We have introduced the
above conventions because they are useful in the inductive argument we shall apply
in the proof of the diagram formula for the product of degenerate U-statistics in the
general case.

To formulate the diagram formula for the product of degenerate U -statistics in the
general case first we define a function Fy(f1, ..., fin) = Fy(f1,-- - fn) (X1, -, X|0(y)|)
for each coloured diagram y € I'(ky, ..., k) and collection of canonical functions
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(canonical with respect to a probability measure 1 on a measurable space (X, .2"))
fis--s fn With ky,... Ky, variables. The function Fy(fi,..., f;) we shall define has
|O(y)| arguments. It will appear as the kernel function of the degenerate U-statistic
corresponding to the diagram 7 at the right-hand side of the diagram formula.

The functions Fy(fi,..., fin) Will be defined by induction with respect to the
number m of the components in the product of degenerate U-statistics. For m =
2 we have already defined them. Let the functions Fy(fi,...,fin—1) be defined
for each coloured diagram y € I'(ky,...,k,—1). To define Fy(fi,...,fn) for a
coloured diagram y € I"(ki,...,k,) first we define the predecessor ¥, = ¥,-(y) €
I'(ki,...,km—1) of y. It consist of the restrictions of the chains of the diagram y
to the first m — 1 rows of this diagram together with an appropriate colouring of
these restricted chains. Then we define the function Fy, (f1,. .., fin—1) With |O(7,,)]
arguments in our inductive procedure. We shall also define a coloured diagram
Yer € T (|O(Ypr)|, ki) of two rows, which has the heuristic content that it contains the
additional information we need to reconstruct the diagram y € I'(ky,..., k) from
its predecessor 7. We shall define F(fi,..., f,») which will be a canonical func-
tion with |O(y)| variables with the help of the diagram ¥,; and the pair of functions
pr}_(f] yeoo ,fmfl) and fm

The diagram 7, € I'(ki,. .., ky,—1) will consist of the chains

Bpr:B\{(m71)7"'v(m7km)}a BEV,

i.e. we get the chain 3, by dropping from f its vertex contained in the last row
{(m,1),...,(m,kn)} of the diagram if it contains such a vertex. If we get an empty
set in such a way (this happens if 8 consists of a single vertex of the form(m, p)) then
we disregard it, i.e the empty set will be not taken as a chain of y,,.. We define the

colour of By, as ¢y, (Bpr) = cy(B) if B = By, ie. if BO{(m,1),...,(m,kn)} =0,

and ¢y, (Bpy) = —1 if B contains a vertex of the form (m, p), 1 < p < k;,. After
the definition of the diagrams ¥, € I'(k1,...,kn—1) we can define the canonical
function Fy, (f1, ..., fm—1) with arguments xi, ... +X|0(7,)| by means of our inductive
procedure.

We also define the diagram ¥; € I'(|O(Y,r)|, ki) for a diagram y € I'(ky, ... k).
We must tell which are the chains {(1,p),(2,7)}, 1 < p <|0O(Ypr)|, 1 <1 <k,
of length two of the diagram 7., and we have to define their colour. The set
{(1,p),(2,r)} is a chain of length two of the diagram 7, if and only if the open
chain B(p) € 7, (the chain B(p) is that open chain of ¥, € I'(ki,...,ky—1) which
got the label p in the enumeration of the open chains of 7,,) is the restriction f8,. of
that chain 8 € y for which (m,r) € B. If {(1,p),(2,7)} € Y., then its colour in 7y
is defined as ¢y, ({(1,p), (2,r)}) = ¢;(B) with the chain B = B(p) € 7. which is
the chain for which (m,r) € B. Those vertices (1,p) and (2,7), 1 < p < [0(Y,r)|s
1 <r <k, which are not contained in such a chain of length 2 will be chains of
length 1 of 7,; with colour —1.

Given some bounded functions fi,..., fi, of k, variables, 1 < p < m, and a
diagram y € I'(ky,...,k,) we shall define the function Fy(fi,...,fn) with the
help of the pair of functions Fy, (fi,...,fm-1) and f, and the diagram Y, €
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I'(|0(¥pr)|),km) by the formula

F}’(fh' "7fm)(-x17x21 cee 7x‘0()/)|)
= F%:I(prr(fh'"?fm*1)7fm)(x17”‘ ax\O(yC,)\))' (11.8)

Here we applied formula (11.3) with the choice ¥ = 7,; and pair of functions f| =
Fy,, (fi,--sfm-1) and fo = f,. To justify the correctness of formula (11.8) we still
have to show that |O(y)| = |O(Yu)|.

To prove this identity observe that the number of those open chains of y,; which
contain a vertex from the first row of },; equals the number of those open chains of
B € v which have a vertex outside of the m-th row of the diagram y. The remaining
open chains of },; contain one vertex from the second row of 7,;, and they correspond
to those open diagrams of y which consist of one vertex from the m-th row of the
diagram. The above observations imply the desired identity.

To formulate the general form of the diagram formula for the product of degener-
ate U-statistics we introduce some quantities which are the versions of the quantities
W (7), s(7) appearing in the identity (11.4) in Theorem 11.1 in the case m > 2. Put

W)= ) B)-1D+ ), (tB)-2), vel(ki....kn),  (119)

Beo(y) BeC(y)

where /(f3) denotes the length of the chain 3.

To define the next quantity let us introduce some notations. We consider the
chains of the form 8 = {(p1,r1),...,(p1,r1)}, 1 < p1 < pa <--- < py <m, with ele-
ments in the set A(ki, ..., kn) ={(p,r): 1 <p<m,1<r<k,}, and define their up-
per level u() = pi, and deepest level d() = p;. With the help of these notions we
introduce for all diagrams y € I'(ky,...,k,) and integers p, 1 < p < m, the follow-
ing subsets of the diagram y. Put %, (y,p) ={B: B € v, cy(B) =1,d(B) = p}, and
Bo(1,p) = {B: BEv.cy(B)=—1,d(B) < pYU{B: B e v,ulB) < p,d(B)> p}.
In words, %(y,p) consists of those chains 8 € ¥ which have colour 1, all their
vertices are in the first p rows of the diagram, and contain a vertex in the p-th row.
The set %, (1, p) consists of those chains 3 € ¥ which have either colour —1, and all
their vertices are in the first p rows of the diagram, or they have (with an arbitrary
colour) a vertex both in the first p rows and in the remaining rows of the diagram.
Put By (y,p) = | %1 (v, p)| and Bx (7, p) = | %2 (7, p)|. With the help of these numbers
we define

n

By (7.p) (

n=Bi(vp)=Bo(0)+i) i B >
]’1(}/717) = j ) 1(Y7p) =

| (11.10)

for all 2 < p < m and diagrams y € I (ky, ..., kn).
Theorem 11.2 will be formulated with the help of the above notations.

Theorem 11.2 (The diagram formula for the product of several degenerate U-
statistics). Let a sequence of independent and identically distributed random vari-
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ables &,&,, ... be given with some distribution W on a measurable space (X, Z")
together with m > 2 bounded functions f,(x1,...,x,) on the spaces (Xke, 27k,
1 < p < m, canonical with respect to the probability measure [L. Let us con-
sider the class of coloured diagrams I'(ki,... ,ky) together with the functions
Fy=F/(fi,....fm), YET (ki,...,kn), defined in formulas (11.8) and the constants
W(y) and J,(y,p), 1 < p <m, given in formulas (11.9) and (11.10).

The functions Fy(f1,. .., fm) are bounded and canonical with respect to the mea-
sure W with |O(y)| variables, and the product of the normalized degenerate U-
statistics n_kP/zkp!I,,,kp (fp)1<p<mn> 11<na<x kp, defined in (8.8) can be written

<p<m

in the form
k rn,m) [ 17
Hn P, (F) = X" TT0(rp)
’}’EF(kl ~~~~~ km) p=2
n WOy IO 0(9) 1, 100 (Fy(frs - i), A1.11)
where Y! (™) means that summation is taken forthose y € I'(ky,. .. k) which sat-

isfy the relation B (Y, p) +Ba(y, p) < nforall 2 < p < mwith the quantities By (Y, p)
and By (7, p) introduced before the definition of J,(y, p) in (11.10), and the expres-
sion W (y) was defined in (11.9). The terms I, |o(y)|(Fy(f1,-- ., fm)) at the right-hand
side of formula (11.11) can be replaced by I, |o( >|(SymFy(f1 seeesSm))-

To understand better the formulation of Theorem 11.2 let us consider the follow-
ing example.

Take three normalized degenerate U-statistics n >/ 23!1,,73( 1), n’24!1,1,4( f2) and
n~3/2311, 3(f3) with canonical kernel functions f;(x1,x2,x3), fa(x1,%2,%3,%4) and
f3(x1,x2,x3), and let us see how to calculate a term from the sum at the right-hand
side of formula (11.11) which expresses the product

w23, 5 () 24 4 (f2)n 3, 5(f3)

in the form of a linear combination of degenerate U -statistics.

In this case we have to consider coloured diagrams with rows of vertices (1,1),
(1,2), (1,3), then (2,1), (2,2), (2,3), (2,4), and finally (3,1), (3,2), (3,3). We have to
consider all coloured diagrams with these rows, and to calculate their contribution
to the sum at the right-hand side of (11.11). Let us consider for instance the dia-
gram containing two closed chains (with colour 1) ((1,3),(2,4),(3,3)) of length 3,
((1,1),(2,2)) of length 2, an open chain (with colour —1) ((2,1),(3,1)) of length 2,
and the remaining vertices (1,2), (2,3), (3,2) are chains of length 1 which are conse-
quently open (with colour —1). (See picture.)
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1) (12 1.3
(o]

21 22 (2,3) (2,4

o
B1) G2 @I
Our diagram y

We want to calculate Fy(f1, f2, f3). For this goal first we have to determine the
coloured diagrams ¥, € I'(3,4) and Y € I'(4,3) (here the first parameter 4 in
the definition of the class of diagrams where 7,; belongs to is the number of open
chains in y,,, which is, as we will see, equals 4), and the kernel function Fy,, (f1,/2)-
(See the picture of the diagram ¥, together with a labelling of its chains and the
diagram 7,; to which we also attached a labelling.)

11y 12 @3 11y 12 @3 (149

o o

o
21y 22 @3 29 21y 22 (23
The diagram 7, constructed
with the help of ¥, and of
the enumeration of its open
chains

The diagram 7y, correspond-
ing to 7y together with the enu-
meration of its open chains

In our example 7, is a diagram with two rows (1,1), (1,2), (1,3) and (2,1), (2,2),
(2,3), (2,4). It contains a closed chain ((1,1),(2,2)) and an open chain ((1,3),(2,4))
of length 2, (the latter is the restriction of a chain of length 3), and open chains of
length 1, which are the vertices (1,2), (2,1), (2,3). This is the same diagram which
we considered in the example after Theorem 11.1. In that example we have fixed
an enumeration of the chains of this diagram. We also made the convention that
the enumeration of the chains of a diagram fixed at the start cannot be modified
later. Hence we have the following enumeration of the open chains of this diagram:
(1,2)-label 1, (2,1)-label 2, ((1,3),(2,4))-label 3, and (2,3)-label 4.

We define the coloured diagram ¥,; with the help of the diagram ¥,, and the enu-
meration of its open chains. It has two rows. The vertices of the first row (1,1),
(1,2), (1,3) and (1,4) correspond to the open chains of the diagram 7,, with la-
bels 1, 2, 3 and 4 respectively. The vertices of the second row, (2, 1), (2,2) and (2,3)
correspond to the vertices (3,1), (3,2) and (3,3) of the last row of the original di-
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agram ¥. The diagram ¥,; has an open chain ((1,2),(2,1)) of length two, (here the
open chain (2,1) of 7, labelled by 2, is connected to the vertex (3,1) with second
index 1), a closed chain of length 2 ((1,3),(2,3)) (here the open chain of ¥,, la-
belled by 3 is connected with the vertex (3,3)), and the remaining open chains of
Yer of length 1 are (1,1), (1,4) (the open chains (1,2) and (2,3) of ¥, with labels 1,
and 4), and (2,2).

Actually we have already calculated the function Fy,, (f1,/2) in formula (11.7).
We can calculate similarly the function Fy(fi, f2,f3) = Fy, (Fy,.(f1,/2), f3). First
we fix a labelling of the chains of the diagram 7,;, say (1,1)-label 1, ((1,2),(2,1))—
label 2, (1,4)-label 3, (2,2)-label 4, and ((1,3),(2,3))-label 5. (I have denoted this
labelling in the corresponding picture.) With such a labelling

Fy(f1, f2,13)(x1,%2,%3,X4) = Q2 P5(Fy,, (x1,%2,%5,%3) f3 (%2, %4, X5))

:/prr(xlszs7X3)f3(X2,x4,XS)H(dXS)
—/pr,(xl7x2ax5ax3)f3(x27x4>x5)l~1(dx2)l~l(dx5)~
The normalized degenerate U -statistic corresponding to ¥ is

n_24!ln,4(F}’(flvf27f3))a

and the term corresponding to Fy in formula (11.11) is

n—4\? -1 -2
( >n 24, (B (fis o f3))

n

if n > 5. In the case n < 4 this term disappears.

In Theorem 11.2 the product of such degenerate U-statistics were considered
whose kernel functions were bounded. This also implies that all functions F appear-
ing at the right-hand side of (11.11) are well-defined (i.e. the integrals appearing in
their definition are convergent) and bounded. In the applications of Theorem 11.2 it
is useful to have a good bound on the L,-norm of the functions Fy(fi, ..., fiu). Such
a result is formulated in the following

Lemma 11.3 (Estimate about the L,-norm of the kernel functions of the U-
statistics appearing in the diagram formula). Let m functions f,(x1,...,x,), 1 <
p < m, be given on the products (X*», 2% u*r) of some measure space (X, %", ),
1 < p <m, with a probability measure [, which satisfy inequality (8.1) (if the index
k is replaced by the index k, in formula (8.1)). Let us take a coloured diagram
y € I'(ki,...,ky), and consider the function Fy(fi,..., fi) defined inductively by
means of formula (11.8). The Ly-norm of the function Fy(f1,..., fu) (with respect
to the product measure [L X --- X |l on the space where Fy(f1,..., fn) is defined)
satisfies the inequality
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HFV(f]a' .. afm)H2 < ZW(Y) H ||fPH27

PEU(Y)

where W () is given in (11.9), and the set U(y) C {1,...,m} is defined as

U(y) ={p: 1 <p<m, forallvertices (p,r), 1 <r<k,thechain €y
forwhich (p,r) € B has the property that either u(f) = p

ord(B) =pandcy(B)=1}. (11.12)
(If the point (p,r) is contained in a chain B = {(p,r)} € v of length 1, then u(f) =
d(B) = p, and cy(B) = —1. In this case the vertex (p,r) satisfies that condition

which all vertices (p,r), 1 < r < k,, must satisfy to guarantee the property p €
U().)

Remark. Let us give a less formal definition of the set U(y) in formula (11.12). It
contains the indices of those rows of the diagram y whose vertices behave in a sense
nicely. This nice behaviour means the following. Each vertex is contained in a chain
B of the diagram 7. We say that a vertex behaves nicely if it is either at the highest or
the lowest level of the chain B € y containing it. Moreover, if it is at its lower level,
then we also demand that § must be closed, i.e. ¢(f8) = 1. If a vertex is contained
in a chain containing no other vertex, then it is both at the higher and lower level of
this chain. In this case we say that the vertex behave nicely.

The last result of this chapter is a corollary of Theorem 11.2. In this corollary we
give an estimate on the expected value of a product of degenerate U-statistics. To
formulate this result we introduce the following terminology. We call a (coloured)
diagram y € I'(k1,... k) closed if ¢, (B) = 1 for all chains 3 € 7, and denote the set
of all closed diagrams by I"(ki,... k). Observe that Fy(fi,...,f,) is constant (a
function of zero variable) if and only if y is a closed diagram, i.e. y € I'(ky,...,kn),
and

In,‘O(}’)l(F'}’(fla'-'afm)) = n,O(F'}’(fla“')fm)) = F’Y(fla'-'7fm)

in this case. Now we formulate the following result.

Corollary of Theorem 11.2 about the expectation of a product of degenerate
U-statistics. Let a finite sequence of functions f,(x1,... ,xkp), 1 < p <m, be given
on the products (X*», 2% of some measurable space (X, 2") together with a se-
quence of independent and identically distributed random variables with value in
the space (X, Z") and some distribution [l which satisfy the conditions of Theorem
11.2.

Let us apply the notation of Theorem 11.2 together with the notion of the above
introduced class of closed diagrams I (ky,...,ky). The identity
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E <ﬁ n” p/2kp!1,,,kp(fkp)> (11.13)
p=1

holds. This identity has the consequence

E( n—kp/zkp![mkp(fkp)) < Y nVORERA,. L fu)l (1114
p=1

Besides, if the functions fp, 1 < p < m, satisfy conditions (8.1) and (8.2) (with in-
dices ky, instead of k in them), then the numbers |Fy(fi,..., fu)| at the right-hand
side of (11.14) satisfy the inequality

Ey(f1y- s fon)| <2V DGV forall y € T (ky,. .. k). (11.15)

In formula (11.15) the same number W () and set U(y) appear as in Lemma 11.3.
The only difference is that in the present case the definition of U(Yy) becomes a bit
simpler, since cy(B) = 1 for all chains B € Y.

Remark: We have applied a different terminology for diagrams in this chapter and
in Chapter 10, where the theory of Wiener—Itd integrals was discussed. But there
is a simple relation between their terminology. If we take only those diagrams con-
sidered in this chapter which contain only chains of length 1 or 2, and besides, the
chains of length 1 have colour —1, and the chains of length 2 have colour 1, then
we get the diagrams considered in the previous chapter. Moreover, the functions
Fy = Fy(fi,...,fm) are the same in the two cases. Hence formula (10.22) in the
Corollary of Theorem 10.2 and formula (11.14) in the Corollary of Theorem 11.2
make possible to compare the moments of Wiener—It6 integrals and degenerate U-
statistics.

The main difference between the estimates of this chapter and those given in the
Gaussian case is that formula (11.14) contains some additional terms. They are the
contributions of those diagrams y € I"(ky, ..., k,) which contain chains § € y with
length ¢(B) > 2. These are those diagrams y € I"(ky,...,k,) for which W(y) >
1. The estimate (11.15) given for the terms F, corresponding to such diagrams is
weaker, than the estimate given for the terms F,, with W(y) = 0, since |U(y)| <m
if W(y) > 1, and |U(y)| = m if W(y) = 0. On the other hand, such terms have a
coefficient n~"(1)/2 at the right-hand side of formula (11.14). A closer study of
these formulas may explain the relation between the estimates given for the tail
distribution of Wiener—Itd integrals and degenerate U-statistics.






Chapter 12
The proof of the diagram formula for U -statistics

In this chapter the results of the previous chapter will be proved. First I prove its
main result, the diagram formula for the product of two degenerate U-statistics.

Proof of Theorem 11.1. In the first step of the proof the product

k'L, g, (f1)k2 gy (f2)

of two degenerate U-statistics will be rewritten as a sum of not necessarily degen-
erate U-statistics. In this step a term by term multiplication is carried out for the
product ki !, k, (f1)k2!I, 1, (f2), and the terms of the sum obtained in such a way are
put into different classes indexed by the (non-coloured) diagrams with two rows of
length k; and k. This step is very similar to the heuristic argument leading to formu-
las (10.15) and (10.16) in our explanation about the diagram formula for Wiener-1t6
integrals.
In this step we consider all sets of pairs

rstr

{(,0),..., (1)}, 1 <r<min(k;, k),

with the following properties: 1 <1; <l < --- <l < ky, the numbers [{,...,I. are
all different, and 1 < l; <ky,foralll <s<r.

To a set of pairs {(I1,1]),..., (I [,)} with the above properties let us correspond
the following diagram 7((/,1}),. .., (I;,1.)) € I (ki,k2), where I (k1 , k2 ) denotes the
set of (non-coloured) diagrams with two rows of length k; and k. The diagram
y((I,17), .., (1,,1)) has two rows, {(1,1)...,(1,k;)}, and {(2,1),...,(2,k2)}, its
chains of length 2 are the sets {(1,4),(2,)}, 1 <s < r, and besides, it contains
the chains {(1,p)}, p € {L,....ki} \ {h,....0;}, and {(2,p)}, p € {1,....ko}\
{1},...,1l} of length 1. All (non-coloured) diagrams ¥ € I"(k,k2) can be rep-
resented in the form ¥ = ¥((1;,1}),...,(l,,1.)) with the help of a set of pairs
{(h,1}),..., (1, 1)}, 1 <r <min(k;, k), with the above properties in a unique way.

To make the notation in the subsequent discussion simpler we introduce, sim-
ilarly to the notation of Chapter 11, a labelling of the chains of the diagrams

133
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7 € I'(ky,k>), and then we define the labelling of the vertices of this diagram ¥
with its help.

Let us choose the following natural labelling of the chains of a diagram. Con-
sider the diagram 7= 7((I1,1}),...,(l;,1.)) € I (ki k) which has s(7) =k +k, —r
chains. The chain 3 € ¥ containing the vertex (1, p) gets the label p,i.e. {(1,p)} =
B(p) it 1 <p<k,andpé¢{l,... I}, and {(1,L),(2,))} = B(p) if p =1
with some 1 < < r. The remaining chains of ¥ have the form {(2,p)} with p €
{L,...,k2}\{l},...,I.}. Let us list the numbers p with this property in an increasing
order, i.e. write {1,....ka}\{0},.... 0.} ={l1,..., Ly} with 1 <[} <+ <[iyy,
and define {(2,1,)} = B (ki + p) for 1 < p <k —r. In such a way we have labelled
the chains of a diagram 7 € I"(k;, k). After this, we label its vertices (p,r) by the
formula a((p,r)) = [ with that label [ for which (p,r) € B(I). Let us also define
thesets Vi =Vi(¥) ={1,....ki +ka —r}\{l1,....L,} and Vo =Vo(}) = {Lx,...,I}}.
These sets yield the labels of the chains of length 1 and length 2 respectively, i.e.
B(p) is a chain of length 1 if p € V}, and it is a chain of length 2 if p € V5.

We have defined a special labelling of the chains of the diagrams 7 € I"(k;,k»),
and we shall work with it during the proof. First we prove a slightly modified ver-
sion of relation (11.4) with functions Fy(fi, f>) defined with the help of the above
labelling of the chains, which may not satisfy all conditions we imposed for a la-
belling of the chains before the formulation of Theorem 11.1. Then we show that
identity (11.4) remains valid with the formulation of Theorem 11.1 (i.e. with that
labelling of the chains which we considered there).

Let us consider the product ki !, &, (f1)k2!1,k,(f2), and let us rewrite it in the
form of the sum we get by carrying out a term by term multiplication in this expres-
sion. We put the terms obtained in such a way into disjoint classes indexed by the
diagrams 7 € I"(k;, k) in the following way: A product

JiGjisee 8 V2808 )

belongs to the class indexed by the diagram ¥((/1,11),..., (I, [.)) with the parame-
ters (ll,li),...,(lhl;), 1 <r<min(ky,kp), where | <lj <l <--- <l <k, the
numbers [{,...,I, are different, and 1 < I; < ky, for all 1 <s < r if the indices
Jis-+sJkys Jis- -+ Jt, in the arguments of the variables in fi(-) and f>(-) satisfy the
relation j; = j&, 1 < s <r, and there is no more coincidence between the indices
FIIRN Y AU

It is not difficult to see by applying the above partition of the terms in the prod-
uct ki !k, (f1)ka!Ly i, (f2), and exploiting that each diagram 7 € I"(kj,k») can be
represented in the form ¥((y,1}),...,(l,,1})) in a unique way that the identity

I’likl /2k1 !In,k| (fl )k2 !nikZ/zln.kz (f2)

_ Z/<n>n7(kl+k2)/2s(/}_/)!Inys(')_/) ((fl sz)y) (121)
761:<k17k2)
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holds, where the functions (fi o f2)y = (f1 © f2)7(x1,..., %) are defined in for-
mula (11.2) with the help of the above introduced labelling of the chains of the
diagram ¥, and s(¥) = k; + k2 — [V2(7)| denotes the number of chains in §. (Observe
that with our labelling of the chains the indices of the function (f o f2)y are the
numbers 1,...,s(¥).) The notation ¥’ (") in (12.1) means that summation is taken
only for such diagrams 7 € I"(ky,k,) for which n > s(7). (Let me remark that al-
though formula (11.2) was defined for coloured diagrams, the colours of the chains
played no role in it.)

Relation (12.1) is not appropriate for our purposes, since the functions (fi o f2)y
in it may be non-canonical. To get the desired formula, Hoeffding’s decomposition
will be applied for the U-statistics 1, 45 ((f1 © f2)7) appearing at the right-hand side
of formula (12.1). This decomposition becomes slightly simpler because of some
special properties of the function (f; o f2)y which follow from the canonical property
of the initial functions fj and f5.

To carry out this procedure let us observe that a function f(xi,...,x;) is canonical
if and only if (P;f)(xy, s € {1,...,k} \ {/j}) = O with the operator P; defined in (9.1)
for all indices j and {x;: 1 <s <k, s+# j}. Besides, the condition that the functions
f1 and f> are canonical implies the relation P,(fi o f2)y = 0 if v € Vi(¥) for all
diagrams ¥ € I"(k;,k2). (The set Vi () denoted the labels of the chains of length 1
in the diagram 7.) This relation remains valid if the function (fj o f2)y is replaced
by such functions which we get by applying the product of some transformations
Py and Q,s, V' € V»(¥), for the function (fj o f2)y with the transformations P,; and
Q, defined in formulas (9.1) and (9.2).

Besides, the transformations P, or Q, are exchangeable with the operators P,
or Q for any pairs of indices v,V/, and P, + Q, = I, where I denotes the identity
operator. Besides, P,Q, = 0, since P,Q, = P, — PV2 = 0. The above relations make
possible the following decomposition of the function (f; o f>)y to the sum of canon-
ical functions for all ¥ € I'(k1, k). (In the proof of the Hoeffding decomposition a
similar argument was applied.)

(ficf)y= I P+Q)(fiof)y (12.2)

veVa(7)

= X (HPV I Qv) (fiofo)y =

ACVy(7) \VEA  vEW\A

Fy(flafZ)v
2]

yel

where I"(¥) denotes the set of those coloured diagrams y € I'(k;,k») which contain
the same chains (with colour 1 or —1) as the non-coloured diagram ¥. Here I" ()
denotes the set of all such coloured diagrams which have the same chains as the
diagram 7, their chains of length 2 may have colour 1 or —1, while the colour of their
chains with length 1 is —1. The function F(fi, f>) is defined for a diagram y € I'(¥)
in the following way. If the colouring of the chains of a coloured diagram y € I"(¥)
is defined with the help of a set A C V»(¥) by the relations ¢y (B(v)) = 1 if v € A,
cy(B(v)) = —1if v € V2(¥) \ A, (and for the remaining chains 8 € y with length 1
cy(B) = —1), then
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Fy(flafZ) = FY(flva)(xll7"'axl‘0(7)‘)
=TI~ I @ (fior)slxi, . x5)- (12.3)

veA veVr\A

Here the indices [, ... ,l‘o(m, h<-- < l|0(y)|, of the variables of the function
Fy(f1, f>) are the labels of the open chains (chains with colour —1) of the diagram 7,
i.e, they are the elements of the set (V2(7) \A) UV} (7). (Clearly, s(y) = s(¥) for the
number of chains of y and ¥ if y € I'(¥).) In such a way we have defined Fy(fi, /»)
for each y € I'(7). The definition of this function is very similar to that of Fy(fi, f>)
in formula (11.3). They differ only in the indexation of their variables. (The vari-
ables of the function Fy( f1, f2) have indices [, ..., |o(y)|» and the set of these indices
may be different of the set {1,...,|O(y)|}. But we have defined the U-statistics with
a kernel function also in this case.)

It is not difficult to check relation (12.2). We claim that it implies that a U-statistic
with kernel function (fi o f2)y satisfies the identity

= MERIS(), 1) ((fr0 £2)5) (12.4)
;>n (1 th2) 2ylCON g, ()| OV o)) (Fy( 1 12))
yel'(y

with the function F,(f1, f2), where C(¥) is the set of closed chains of ¥, and J,(7) is
defined as J,(y) = 1 if |C(y)| =0, and

<o)l
-1 ( +J) if [C(y)| >0 (12.5)

J=1

forall 7 € I"(ky,k2).

Relation (12.4) follows from relation (12.2) in the same way as formula (9.4)
follows from formula (9.3) in the proof of the Hoeffding decomposition. Let us
understand why the coefficient n/€(Y)lJ, (y) appears at the right-hand side of (12.4).

This coefficient can be calculated in the following way. Let us write up the iden-
tity

(k]JrkZ /2( lofz) (é/p éjé(?))
Y o CERIPE(AL B o)

vel(y)
with the help of (12.2) for all sequences &; ..., & jy(z» and let us sum it up for all such
sets of arguments (ji,. .., jy(y ) for which all indices j,, 1 < p < s(7), are different,

and 1 < j, <n. Then we get at the left-hand side of the identity the U-statistic

n- RN, <) ((fro f)7) -
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We still have to check that at the right-hand side of this identity we get a sum, where
a term of the form ni(kl+k2)/2F’)/(fl 7f2)(€”1 yorey éfl‘o( ) ) appears with multlpllCIty
X Y

nl€WIJ, (7). Indeed, such a term appears for such vectors (ji,..., Js(y)) for which
the value of |O(y)| arguments are fixed, the remaining arguments can take arbitrary
value between 1 and n with the only restriction that all coordinates must be different.
(The operators P, are applied for these remaining coordinates.) There are n/¢(V)1J, (7)
such vectors. The above observations imply identity (12.4).

Let us observe that k; + k, — 2|C(7y)| = |O(y)| + W (y) with the number W (¥y)
introduced in the formulation of Theorem 11.1. Hence

= (ki) 2,107 (0210012

= niW
Let us replace the left-hand side of the last identity by its right-hand side in (12.4),
and let us sum up the identity we get in such a way for all ¥ € I"(k;, ky) such that
s(¥) < n. The identity we get in such a way together with formulas (12.1) and (12.5)
imply such a version of identity (11.4) where the kernel functions Fy(fi, f>) of the
U-statistics at the right-hand side of the equation are replaced by the kernel functions
Fy(f1, f>) defined in (12.3). But we can get the function Fy(fi, f>) by reindexing
the arguments of the function Fy(f1, f2). This can be seen by taking the original
indexation of the chains of ¥ and looking at the indexation of the vertices it implies.
On the other hand, we know that the reindexation of the variables of the kernel
function does not change the value of the U-statistic. Hence 1, |o(y)|(Fy(f1,/2)) =
Loty (Fy(f1, fz)) and identity (11.4) holds in its original form.

Clearly, (Fy(flafZ)) = In,\O(Y)\(SyInF'}’(flafZ)) hence I, 0(y) (F}’(flafZ))
can be replaced by Lijo(y)(SymFy(f1, £2)) in formula (11.4). Bemdes we have
shown that the functions Fy( f1, f2) are canonical, and it can be simply shown that
they are bounded, if the functions f; and f> have this property. We still have to prove
inequalities (11.5) and (11.6).

Inequality (11.5), the estimate of the L-norm of the function Fy(f, f2) follows
from the Schwarz inequality, and actually it agrees with inequality (10.13), proved
at the start of Appendix B. Hence its proof is omitted here.

To prove inequality (11.6) let us introduce, similarly to formula (9.2), the opera-
tors

(th)(X],..-,Xr) xla X +/h X1yeees X dxj) IS]S",

in the space of functions A(xy, . ..,x,) with coordinates in the space (X, Z"). Observe
that both the operators Q; and the operators P; defined in (9.1) are positive, i.e. they
map a non-negative function to a non-negative function. Besides, Q; < Q;, and the

norms of the operators < and P; are bounded by 1 both in the L; (), the L,(t) and
the supremum norm.
Let us define the function
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Fy(fi, )15 X 00)

—<,ﬁH P 1 Qi’)(fl°f2)7(xﬂlv""x0(7)+lc(7))
j:

(NeCy)  j': B(/)€0a(y)

with the notation of Chapter 11. The function Fy( f1,/2) was defined similarly to
Fy(f1, f>) defined in (11.3) with the help of (fi o f2)y only the operators Q; were
replaced by Q; in its definition.

The properties of the operators P; and 0 ; listed above together with the condition
sup |f2(x1,...,x)| <1 imply that

IF(fi.£2)l < BAIALLAD < FALD, (12.6)

where ‘<’ means that the function at the right-hand side is greater than or equal
to the function at the left-hand side in all points, and the term 1 in (12.6) denotes
the function which equals identically 1. Because of the relation (12.6) to prove rela-
tion (11.6) it is enough to show that

ICE AL Dyll2

( P; I1 Q,‘/) L1 (e ((1,1)) -+ > Xary (1,41 )]
JjrBHeCly) ' B("),€02(y) 2

SZ‘OZ(meleZZWmelHZ- (12.7)

But this inequality trivially holds, since the norm of all operators P; in formula
(12.7) is bounded by 1, the norm of all operators Q; is bounded by 2 in the L, (1)
norm, and [Oz(y)| = W (7). O

Proof of Theorem 11.2. Theorem 11.2 will be proved with the help of Theorem 11.1
by induction with respect to the number m of the terms in the product of the degen-
erate U-statistics k!l x, (fp), 1 < p <m.Itis not difficult to check with the help
of Theorem 11.1 and the recursive definition of the functions Fy by applying induc-
tion with respect to m that the functions Fy(fi, ..., fix) are bounded and canonical if
the functions f1,..., f,, satisfy the same properties. We still have to prove the iden-
tity (11.11). This will be proved also by induction with respect to m with the help of
Theorem 11.1.

For m =2 formula (11.11) follows from Theorem 11.1, since in this case it agrees
with relation (11.4). To prove this formula for m > 3 first we express with the help
of our inductive hypothesis the product of the first m — 1 terms in the product of
degenerate U-statistics as a sum of degenerate U-statistics. Then we express the
product of each term in this sum with the last U-statistic of the product as a sum
of U-statistics with the help of Theorem 11.1, and sum up these identities. In such
a way we express the product of m degenerate U-statistics in the form of a sum of
degenerate U-statistics. We have to show that in such a way we get formula (11.11).
In the proof of this statement we shall exploit that in the calculation of the product of
the first m — 1 U-statistics we have to work with the diagrams ¥,, and if we calculate
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the product of these terms with the m-th the U-statistic, then we calculate with the
diagrams 7,;.

To carry out the above program first we observe that a diagram y € I'(ky, ..., k)
is uniquely determined by the pairs of (¥,,,7%.) defined with the help of 7, i.e. if
v,Y € (ki,... . kn), and y# ¥, then either ,, # ¥,,, or Y. # Y., Hence we can iden-
tify each diagram y € I"(ky,. .., k,,) with the pair (¥,, Y.r) we defined with its help.
Besides, the pairs of diagrams (Y, ) satisfy the relations v, € I'(ki,...,kn—1)
and Y € I'(|O(Ypr)|,km). Moreover, the class of pairs of diagrams (Y, Ye), ¥ €
I'(ky,... kn), have the following characterization. Take all such pairs of diagrams
(7,7) for which ¥ € I'(ky,...,kn—1) and ¥ € I'(|O(7)|,km). There is a one to one
correspondence between the pairs of diagrams (7, §) with this property and the dia-
grams y € I'(ky,...,ky) in such a way that ¥ = 7, and § = 7. (This correspondence
depends on the labelling of the open chains of the diagrams ¥ € I"(ky,. .., k,_1) that
we have previously fixed.) It is not difficult to check the above statements, and I
leave it to the reader.

Because of our inductive hypothesis we can write by applying relation (11.11) of
Theorem 11.2 with parameter m — 1 the identity

Hn Pkl ()= Y (Hf )

')/EF( ~~~~~ Kin— l)
n_W(_)/2.n_ )|/2|O(7)|‘Inﬂ\0(7)|(F}"(f1aafmfl)) (128)

(Here we use the notations of Chapter 11.)
We get by applying the identity (11.4) of Theorem 11.1 for the product

n D210, 10 (Fy(frs - fine)) -0 2k Dy g, (fon),

m—1 _
and by multiplying it with < T 7.(7, p)) n~W(7)/2 that the identity
p=2

m—1
(Hzfn(?,p)> VDR OO0 o5 (Fr(fis -+ fn1))
p=

.n—k,,,/ka !In,km (fm)

m—1 €D 70— o(9) 1 4
(Han)emmn g ()
p=2

YL (007 k) J=1
w2 ODR09) |y o) (Fy(Fy(fis- s fon1)s fon)-

holds for all ¥ € I'(ky,...,ky—1), where ):/(") means that summation is taken
Fer (|0(71)km)

for such diagrams ¥ € I'(|O(7)|, ki) for which s(7) = |O(9)| + |C(?)| < n, and H
equals 1, if |C(§)| =0
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We shall prove relation (11.11) for the parameter m with the help of rela-
tions (12.8) and (12.9).

Let us sum up formula (12.9) for all such diagrams ¥ € I'(ky, .. ., kpu—1) for which
Bi(7,p) +Ba2(¥,p) <nforall2 < p <m— 1. The numbers B (-) and B> () in these
inequalities are the numbers introduced before formula (11.10), only in this case
the diagram 7y is replaced by 7. We imposed those conditions on the terms ¥ in
this summation which appear in the conditions of the summation in ):’(”*m_1> at the
right-hand side of formula (12.8) when it is applied with parameter m — 1. Hence
formula (12.8) implies that the sum of the terms at the left-hand side of these identi-

m
ties equals n ke 2k 1 , i.e. the left-hand side of (11.11) for parameter m.
q p-ink,\Jp P
=1

To prove folr)mula (11.11) for the parameter m it is enough to show that the sum of the
right-hand side terms of the above identities equals the right-hand side of (11.11).

In the proof of this relation we shall apply the properties of the pairs of diagrams
(Ypr, Yer) coming from a diagram y € I"(ki,...,k,) mentioned before. Namely, we
shall exploit that there is a one to one correspondence between the diagrams y €
I'(ky,...,ky) and pairs of diagrams (¥,7), ¥ € I'(k1, ..., km—1), ¥ € L' (|O(P)|, km)
in such a way that y and the pair (%, §) correspond to each other if and only if ¥ = 7,
and ¥ = 7y,.;. This correspondence enables us to reformulate the statement we have
to prove in the following way. Let us rewrite formula (12.9) by replacing ¥ with 7y,
and § by 7, with that diagram y € I"(ky,...,ky,) for which ¥ = 7y, and § = . Itis
enough to show that if we take those modified versions of (12.9) which we get by
replacing the pairs (7, ¥) by the pairs (Y, ¥;) with some y € I' (k.. ., k) and sum
up them for those y for which By (¥, p) + B2 (Ypr, p) <nforall2 < p <m—1, then
the sum of the right-hand side expressions in these identities equals the right-hand
side of (11.11).

We shall prove the above identity with the help of the following statements to be
verified later.

For all y € I'(ki,...,ky) the identities W (y,,) + W () = W(y) and

m O /st + 7Y
np) 11 ((” ’):mw»
p=2 p=2

j=1 "

[C(ye)]
hold, where [] = 1if|C(yy)| =0. The inequalities B; (¥, p) + Ba2(y,p) < n hold
j=1

simultaneously for all 2 < p < m for a diagram 7 if and only if the inequalities
Bi(YVpr,p) +B2(Ypr,p) <nforall2 < p <m—1and s(y;) < n hold simultaneously
for this 7.

To prove the identity we claimed to hold with the help of the above relations let
us first check that we sum up for the same set of y € I'(ky,...,k,,) if we take the
sum of modified versions of (12.9) for all y such that By (Y, p) +B2(¥pr, p) < n for
all 2 < p <m— 1 and if we take the Y™™ at the right-hand side of (11.11). Indeed,
in the second case we have to take those diagrams 7y for which By (v, p) +Ba(y, p) <
n for all 2 < p < m, while in the first case we take those diagrams 7y for which
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B (YprsP)+Bo(Vpr,p) <nforall2 < p <m—1,and s(y.) < n. The last condition is
contained in a slightly hidden form in the summation ¥’ () of formula (12.9). Hence
the above mentioned relations imply that have to sum up for the same diagrams 7y in
the two cases.

Besides, it follows from (11.8) that the same U -statistics appear for a diagram y €
I'(ki,...,kn)in (11.11) and in the modified version of (12.9). We still have to check
that they have the same coefficients in the two cases. But this holds, because the
previously formulated identities imply that

= W) /2, W) /2 — ,=W()/2

)

m—1 ICODl 7 o (. i m
[Tt T ("=2250) = [T
p=2 i

J=1 p=2

and n~100)l12|0 ()|t = n~19MI/2|0(y)|1, since |O(y)| = |O(¥e1)], as we have seen
before.

To complete the proof of the identity it remained to check the relations we applied
in the previous argument. We start with the proof of the identity W (7,,) + W () =
W () for the function W (-) defined in (11.9).

Let us first remark that W (y.;) = |O2(¥er)|, where Oa(7.) is the set of open chains
in ¥, with length 2. Besides, if B € y is such that B N {(m,1),...,(mk)} =0,
i.e. if the chain B contains no vertex from the last row of the diagram 7y, then
B) = UBpr), and cy(B) = ¢y, (Bpr)- If B {(m,1),...,(m,k)} # 0, then ei-
ther cy(B) = 1, £(Bp) = £(B) — 1, and ¢y, (B) = —1 or ¢y(B) = —1 and one
of the following cases appears. Either /() = 1, and the chain 3, does not ex-
ists, or £(B) > 1, and £(B,,) = £(B) — 1, ¢y, (Byr) = —1. We get by calculating
W (y) with the help of the above relations that W(y) = W(¥,,) + |#(y)|, where
V() = 1B: Bey.Briml),....omk)} £0,6B) > 1,¢,(B) = —1}. Since
|7 (y)| = |02(¥e1)], the above relations imply the desired identity.

To prove the remaining relations first we observe that for each diagram y €
I'(kiy,...,ky) and number 2 < p < m — 1 the identities B; (Y, p) = Bi(7,p) and
By (Ypr, p) = Ba(7,p) hold. Besides, |C(y.)| = Bi(y,m) and [O(Yu)| = Ba2(¥,m).
The identity about |C(y,;)| simply follows from the definition of ¥, and B;(y,m).
To prove the identity about |O(7,;)| observe that |O(y.;)| = |O(y)|, and |O(7y)| =
B (7, m). (Observe that in the case p = m the definition of the set %, (y,m) becomes
simpler, because there is no chain f§ € 7y for which d(f) > m.)

The remaining relations can be deduced from these facts. Indeed, they imply that

) ICODI )4

Ja(Ypr.p) = Ju(7,p) for all 2 < p < m— 1. Besides, ] (%) = Ju(¥,m)
j=1

because of the relations |C(Y.)| = B1(y,m) |O(ve)| = B2(v,m), s(Yer) = |C(¥er)| +

|O(|7.1)| and the definition of J,(7y,m). Hence the identity about the product of the

terms J,, (¥, p) holds. It can be seen similarly that the relations By (7, p) + B (Y, p) <

n holds for all 2 < p <m — 1 if and only if B{ (¥, p) +B2(Ypr,p) < n forall 2 <
p <m—1,and By (y,m) + Ba(y,m) < nif and only if s(y.) < n.
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Thus we have proved identity (11.11). To complete the proof of Theorem 11.2

we still have to show that under its conditions Fy(fi,..., fn) is a bounded, canon-
ical function. But this follows from Theorem 11.1 and relation (11.8) by a simple
induction argument. ad

Proof of Lemma 11.3. Lemma 11.3 will be proved by induction with respect to
the number m of the terms in the product of U-statistics with the help of inequali-
ties (11.5) and (11.6). These relations imply the desired inequality for m = 2. In the
case m > 2 we apply the identity (11.8) Fy(f1, ..., fm) = Fy, (Fy,.(f1,-- s fm—1); fm)-
We have seen that W(y) = W(¥,,) + W(¥x), and it is not difficult to show that
U(y) =U(¥pr) +U(Ya). Hence if U(y.) =0, i.e. if y; contains a chain of length 2
with colour —1, then U(y) = U(Y,,), and an application of (11.8) and (11.6) for the
diagram 7,; implies Lemma 11.3 in this case.

If U(Ya) = 1, then W(yy) =0, U(y) = U(Ypr) + 1, W(y) = W(¥pr), and the
application of (11.8) and (11.5) for the diagram 7y,; implies Lemma 11.3 in this case.
O

The corollary of Theorem 11.2 is a simple consequence of Theorem 11.2 and
Lemma 11.3.

Proof of the corollary of Theorem 11.2. Observe that Fy is a function of [O(Yy)]
arguments. Hence a coloured diagram y € I"(ky,...,ky) is in the class of closed
diagrams, i.e. ¥y € I'(ky,...,ky) if and only if Fy(f,...,fn) is a constant. Thus
formula (11.13) is a simple consequence of relation (11.11) and the observation that
Eln7|0<y)‘ (Fy(f] g ,fm)) =0if |0(’}’)| > 1,ie. if Y ¢ F(kl s ,km), and

1117\0(7)\(177(]‘17-~~afm)) = n,O(FV(flw"aan)) = FY(f17"'7fm)
ity e Pk, k).

Relations (11.14) and (11.15) follow from relation (11.13) and Lemma 11.3. O



Chapter 13
The proof of Theorems 8.3, 8.5 and Example 8.7

In this chapter we prove the estimates on the distribution of a multiple Wiener—
1td integral or degenerate U-statistic formulated in Theorems 8.5 and 8.3, and also
present the proof of Example 8.7. Besides, we prove a multivariate version of Ho-
effding’s inequality (Theorem 3.4). The latter result is useful in the estimation of the
supremum of a class of degenerate U-statistics. The estimate on the distribution of
a multiple random integral with respect to a normalized empirical distribution given
in Theorem 8.1 is omitted, because, as it was shown in Chapter 9, this result follows
from the estimate of Theorem 8.3 on degenerate U-statistics. We finish this chapter
with a separate part Chapter 13 B, where the results proved in this chapter are dis-
cussed together with the method of their proofs and some recent results. These new
results state that in certain cases the estimates on the tail distribution of Wiener—
1t6 integrals and U-statistics considered in this chapter can be improved if we have
some additional information on the kernel function of these Wiener—It6 integrals or
U -statistics.

The proof of Theorems 8.5 and 8.3 is based on a good estimate on high moments
of Wiener—Itd integrals and degenerate U-statistics. Such estimates can be proved
with the help of the corollaries of Theorems 10.2 and 11.2. This approach slightly
differs from the classical proof in the one-variate case. The one-variate version of
the above problems is an estimate about the tail distribution of a sum of independent
random variables. Such an estimate can be obtained with the help of a good bound
on the moment generating function of the sum. This method does not work in the
multivariate case, because, as later calculations will show, there is no good estimate
on the moment-generating function of U-statistics or multiple Wiener—Itd integrals
of order k > 3. Actually, the moment-generating function of a Wiener—It6 integral
of order k > 3 is always divergent, because the tail distribution behaviour of such a
random integral is similar to that of the k-th power of a Gaussian random variable.
On the other hand, good bounds on the moments EZ*M of a random variable Z
for all positive integers M (or at least for a sufficiently rich class of parameters M)
together with the application of the Markov inequality for Z** and an appropriate
choice of the parameter M yield a good estimate on the tail distribution of Z.

143
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Propositions 13.1 and 13.2 contain some estimates on the moments of Wiener—Ito
integrals and degenerate U -statistics.

Proposition 13.1 (Estimate on the moments of Wiener-Ito integrals). Ler us
consider a function f(xi,...,x;) of k variables on some measurable space (X, Z")
which satisfies formula (8.15) with some o©-finite non-atomic measure [L. Take the
k-fold Wiener—It6 integral Z,, i(f) of this function with respect to a white noise [y
with reference measure [L. The inequality

E(KZui(H))M <135 kM —1)6™  forallM=1,2,...  (13.1)

holds.

By Stirling’s formula Proposition 13.1 implies that

kM
E(K'Zy k()M < %cw <A C) (kna)M M (13.2)

forany A > /2 if M > My = M, (A). Formula (13.2) can be considered as a simpler,
better applicable version of Proposition 13.1. It can be better compared with the
moment estimate on degenerate U-statistics given in formula (13.3).

Proposition 13.2 provides a similar, but weaker inequality for the moments of
normalized degenerate U-statistics.

Proposition 13.2 (Estimate on the moments of degenerate U-statistics). Let us
consider a degenerate U-statistic I, (f) of order k with sample size n and with a
kernel function f satisfying relations (8.1) and (8.2) with some 0 < 6> < 1. Fix a
positive number 11 > 0. There exist some universal constants A < o> and C < oo such
that

k)2 m a2\ KM oM
B (rPnan) " < Aoy (2) o
for all integers M such that 0 < kM < T]ncrz. (13.3)
In formula (13.3) the constant C can be chosen as C = V2.

Proposition 13.2 yields a good estimate on E (n=*/2k!, x( f))zM with a fixed
exponent 2M with the choice n = % With such a choice of the number 7 for-

mula (13.3) yields an estimate on the moments E (n=%/2k!1, i ( f))ZM comparable
with the estimate on the corresponding Wiener—Itd integral if M < nc?, while it
yields a much weaker estimate if M > no?.

Now I turn to the proof of these propositions.

Proof of Proposition 13.1. Proposition 13.1 can be simply proved by means of the
Corollary of Theorem 10.2 with the choice m =2M, and f, = f forall 1 < p <2M.
Formulas (10.22) and (10.23) yield that



13 The proof of Theorems 8.3, 8.5 and Example 8.7 145

where |I3)(k)| denotes the number of closed diagrams 7 in the class I"(k,... k)
——
2M times

introduced in the corollary of Theorem 10.2. Thus to complete the proof of Propo-
sition 13.1 it is enough to show that [I3p(k)| < 1-3-5---(2kM — 1). But this can
easily be seen with the help of the following observation. Let I3y, (k) denote the class
of all graphs with vertices ([, j), | <1 <2M, 1 < j <k, such that from all vertices
(1, j) exactly one edge starts, all edges connect different vertices, but edges connect-
ing vertices (,j) and (I, ") with the same first coordinate / are also allowed. Let
|50 (k)| denote the number of graphs in I3y (k). Then clearly [Ty (k)| < [Ty (k)|
On the other hand, |3y (k)| =1-3-5---(2kM — 1). Indeed, let us list the vertices
of the graphs from I3y (k) in an arbitrary way. Then the first vertex can be paired
with another vertex in 2kM — 1 way, after this the first vertex from which no edge
starts can be paired with 2kM — 3 vertices from which no edge starts. By following
this procedure the next edge can be chosen 2kM — 5 ways, and by continuing this
calculation we get the desired formula. a

Proof of Proposition 13.2. Relation (13.3) will be proved by means of relations
(11.14) and (11.15) in the Corollary of Theorem 11.2 with the choice m = 2M
and f, = f for all 1 < p < 2M. Let us take the class of closed coloured dia-

grams I'(k,M) = I'(k,...,k). This will be partitioned into subclasses I"(k,M,r),
——
2Mtimes
1 <r<kM, where I"(k,M,r) contains those closed diagrams y € I" (k, M) for which
W (y) = 2r. Let us recall that W () was defined in (11.9), and in the case of closed
diagrams W(y) = ¥, ({(B) —2). For a diagram y € I"(k,M), W () is an even num-
Bey
ber, since W () + 2s(y) = 2kM, i.e. W(y) = 2r with r = kM — s, where s = s(y)
denotes the number of chains in 7.
First we prove an estimate about the cardinality of I"(k, M, r). We claim that there
exists a universal constant A < oo such that

2kM

T (k,M,r)| < < 5 >1-3.5..~(2kM2r1)(kMr)2’ (13.4)

r

2\ (2kM
<A () ( ’2‘ )2r(kM)kM+’ forall 0 < r < kM
e r

with some universal constant A < oo,

To prove formula (13.4) let us first observe that |I"(k,M,r)| can be bounded from
above with the number of such partitions of a set with 2kM points which consists of
s = kM — r sets containing at least two points. Indeed, for each v € I'(k,M,r) the
chains of the diagram Y yield a partition of the set {(p,r): 1 <p <2M,1 <k<r}
consisting of 2r sets such that each of them contains at least two points. Moreover,
the partition given in such a way determines the chains of 7, because the vertices of a
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chain are listed in a prescribed order. Namely, the indices of the rows which contain
them follow each other in increasing order. This implies that we can correspond to
each diagram y € I'(k,M,r) a different partition of a set of 2Mk elements with the
prescribed properties.

The number of the partitions with the above properties can be bounded from
above in the following way. Let us calculate the number of possibilities for choos-
ing s = kM — r disjoint subsets of cardinality two from a set of cardinality 2kM,
and multiply this number with the possibility of attaching each of the remaining 2r
points of the original set to one of these sets of cardinality 2.

We can choose these sets of cardinality 2 in (%¥)1-3-5--(2kM — 1) ways,
since we can choose the union of these sets, which consists of 2kM — 2r points
in (,, 1™ ) = (%) ways, and then we can choose the pair of the first element
in 2kM — 2r — 1 ways, then the pair of the first still not chosen element in 2kM —
2r — 3 ways, and continuing this procedure we get the above formula for the number
of choices for these sets of cardinality 2. Then the remaining 2r points of the original
set can be put in (kM — r)*" ways in one of these kM — r sets of cardinality 2. The
above relations imply the first inequality of formula (13.4).

To get the second inequality observe that by the Stirling formula 1-3-5--- (2kM —

2r—1)= 21{5315%7,;‘,,2:);), <A (%)kM_r (kM — )™= ith some universal constant A <

co. Besides, we can write (kM — r)M*" < (kM)" (kM — r)"™ = (kM)*M+7(1 —
)M < 7" (kM )M These estimates imply the second inequality in (13.4).

We prove the estimate (13.3) with the help of the relations (11.14), (11.15)
and (13.4). First we estimate the term n~"()/2|F,| for a diagram y € I"(k,M,r)
under the conditions kM < T]rurr2 and 62 < 1 with the help of relation (11.15).

In this case we can write |U(7y)| > 2M — W () = 2M — 2r for the function U (y)
defined in (11.12). Hence by relation (11.15)

nfw(y)/2|Fy| < 22rn7rG\U(y)\ < 22r (l’le)ir GzM < T]r22r(kM)7r62M

for y € I"(k,M, r) because of the conditions kM < nno? and 62 < 1.
This estimate together with relation (11.14) imply that for kM < nno?

2M
E (n_k/zk!lmk(fk)) S Z n—W('Y)/Z. |F}’|
yel (kM)

kM
< Y10 (M, ) 722 (kM) 62,
r=0

Hence by formula (13.4)
M 2\ M KM okM 2
—k/2p) < kM _2M
E (0Kt (fi) SA(6> (kMY o ;0( ), ) (v2n)

| (i) kM kg2 (1 . ﬁ\/ﬁ) 2kM

IN
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if 0 < kM < nno?. Thus we have proved Proposition 13.2 with C = /2. a
It is not difficult to prove Theorem 8.5 with the help of Proposition 13.1.

Proof of Theorem 8.5. By formula (13.2) which is a consequence of Proposition 13.1
and the Markov inequality

P (|k\Zy i ()] > u) < (13.5)

kM
E (KZu 1 (f))™ [ 2k
M = eu2/k
with some constant A > v/2 if M > M, with some constant My = M, (A), and M is
an integer.

Put M = M(u) = 5 (%)z/k, and M = M(u) = [M], where [x| denotes the integer

part of a real number x. Choose some number u( such that i (%0)2/ k > My+1.
Then relation (13.5) can be applied with M = M (u) for u > ug, and this yields that

A kM k kbl
P(|K1Zyx(f)| >u) <A o <e ™ <Aefe”

1/ uN2/k
— k Y 1 >
= Ae exp{ > ( ) } if u > uy. (13.6)

Relation (13.6) means that relation (8.17) holds for u > u(y with the pre-exponential
coefficient Ae*. Besides, uy < const.. By enlarging this coefficient if it is needed it
can be guaranteed that relation (8.17) holds for all # > 0. Theorem 8.5 is proved. O

Theorem 8.3 can be proved similarly by means of Proposition 13.2. Nevertheless,
the proof is technically more complicated, since in this case the optimal choice of
the parameter in the Markov inequality cannot be given in such a direct form as
in the proof of Theorem 8.5. In this case the Markov inequality is applied with an
almost optimal choice of the parameter M.

Proof of Theorem 8.3. The Markov inequality and relation (13.3) with n = %
imply that

E (n*2k10, 1(£)) ™

P(n 2|k, (f)] > u) < (13.7)

M
5 kM
/ 2k
<allowm <1+CkM> (g)
e \/no u

for all integers M > 0.

Relation (8.12) will be proved with the help of estimate (13.7) under the condi-
tion 0 < % < n*/26*. To this end let us introduce the number M by means of the
formula
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_ 1 qunN2k 1 1 fuN\2/k 1
kM = — _— _— = = -_
2 (c) 1+ \/gc (%)l/k 2 (o) 1+B(un7k/267(k+1))1/k

with a sufficiently large number B = B(C) > 0 and M = [M], where [x] means the
integer part of the number x.

_ _ 1/k
Observe that VM < (%)l/k, % < (un—k/zc—(kﬂ)) <1, and

—\ 2 —

V/ V/ 1/k

PR gV <un*’</2cr<k+1>)
Vno \V/no

with a sufficiently large B = B(C) > 0if & < nk/2G*. Hence

é.sz <1+c\/m>2 (9)2/k < é.sz <1+cm>2 (E)Z/k

\V/no u \V/no u
Vit \?
1+C
L (1) <! (13.8)
e 1k = e

1+ B (un~*2c~(k+1)
if 5 < nk2gk. Inequalities (13.7) and (13.8) together yield that
P(n PR ()] > u) < Ae ™™ < Acke M

if 0 < £ < n*/26*. Hence the choice of the number M implies that inequality (8.12)
holds with the pre-exponential constant Ae* and the sufficiently large but fixed num-
ber B > 0. Theorem 8.3 is proved. a

Remark. One would like to understand why the introduction of the quantities M
and M in the proof of Theorem 8.3 was a good choice. The natural choice for M
would have been that number where the right-hand side expression in (13.7) takes
its minimum. But we cannot calculate this number in a simple way. Hence we chose
instead a sufficiently good and simple approximation for it. We get a first order
approximation of this quantity if we consider the minimum of the simplified expres-

2
sion we get by dropping the factor (1 +C ‘\/[%) from the formula at the right-hand

side of (13.7). We get in such a way the approximation My = le(%)z/ k, but this is
not a sufficiently good choice of the number M for our purposes. We get a better
approximation by determing the place of minimum of the expression we get by re-
placing the number M with the number M in the factor we omitted in the previous
approximation, i.e. we look for the place of minimum of
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A(i-%M(H—C \/kﬁﬂi")z((;)z/kylw
il en (10 €y oy
(e (O ()

2
) /k — L for the place of
(67
. . . . . 2’,0- o o
minimum we are looking for. We can choose a similar expression for the parame-
ter M which is almost as good as this number, but it is simpler to work with it. To
find it observe that under the conditions of Theorem 8.3 we commit a small error

by replacing the term (1 + ﬁ (£)!/%)2 in the denominator of the formula defin-

ing M by 1+ %(%)1/". To see this observe that the condition & < nk2Gk of

Theorem 8.3 implies that ﬁ(%)l/ k< '1. Moreover, in the really interesting cases

This suggests the approximation M| = 21—,( (%

this expression is very close to zero. This suggests to expand the above square, and
make an approximation by omitting the quadratic term. We can try to choose the
number M obtained in such a way in the proof of Theorem 8.3. Moreover, it is use-
ful to replace the parameter C with another number with which we can work better.
It turned out that we can work better if the number C is replaced with another large
2/k 1

) 1 (8)
with a sufficiently large (but fixed) number B in the proof of Theorem 8.3.

coefficient. This led to the introduction of the quantity kM = % (%

Example 8.7 is a relatively simple consequence of 1t6’s formula for multiple
Wiener—It6 integrals.

Proof of Example 8.7. We may restrict our attention to the case k > 2. It6’s formula
for multiple Wiener-1t6 integrals, more explicitly relation (10.25), implies that the
random variable k!Z,, i (f) can be expressed as k!Z, 1 (f) = cHy ([ fo(x)uw (dx)) =
O H; (1), where Hy(x) is the k-th Hermite polynomial with leading coefficient 1, and
N = [ fo(x)uw (dx) is a standard normal random variable. Hence we get by exploit-
ing that the coefficient of x*~! in the polynomial Hy(x) is zero that P(k!|Zy x(f)| >
u) = P(|H(n)| > £) > P(In*| — D|n*7?| > %) with a sufficiently large constant
D > 0if & > 1. There exist such positive constants A and B for which

_ u u u\ (k=2)/k u
P(lnkl—Dlnk 2|>E) 2P<nk|>G+A(G) > le>B'

Hence

P(K!NZy 1 ()] > u) > p(|n| - (g)l/k <1+A (z)—Z/k>>
C_’exp{_%<%)2/k}
>

> (£)1/k+1

(g




150 13 The proof of Theorems 8.3, 8.5 and Example 8.7

with an appropriate C > 0 if % > B. Since P(k!|Z,«(f)| > 0) > 0, the above in-
equality also holds for 0 < & < B if the constant C > 0 is chosen sufficiently small.
This means that relation (8.19) holds. a

Next we prove a multivariate version of Hoeffding’s inequality. Before its formu-
lation some notations will be introduced.

Let us fix two positive integers k and n and some real numbers a(jy, ..., ji) for
all sequences of arguments {jj,..., jx} such that 1 < j; <n, 1 <1<k, and j; # jy
ifl#£1.

With the help of the above real numbers a(-) and a sequence of independent

random variables &i,...,&,, P(g;=1) =P(g; = —1) = %, 1 < j < n, the random
variable
V= Z a(jla-~~vjk)€jl-~.gjk (13.9)
(J1semsik): 1<y <n for all 1<I<k,
Ji gy A
and number
§?= Z a1y Jk)- (13.10)
(J1semdi): 1< jy<n for all 1<I<k,
Ji#jp A

will be introduced.
With the help of the above notations the following result can be formulated.

Theorem 13.3 (The multivariate version of Hoeffding’s inequality). The random
variable V defined in formula (13.9) satisfies the inequality

2/k
P(IV| > u) gCexp{; (g) / } forallu>0 13.11)

with the constant S defined in (13.10) and some constants C > O depending only on
the parameter k in the expression'V.

Theorem 13.3 will be proved by means of two simple lemmas. Before their for-
mulation the random variable

Z= )y la(jt,-- s o)y -y, (13.12)
(J1seeesdi): 1<jy<n forall 1<I<k,
i Jp i A
will be introduced, where 1y, ..., 7, are independent random variables with stan-
dard normal distribution, and the numbers a(jy,...,jx) agree with those in for-

mula (13.9). The following lemmas will be proved.
Lemma 13.4. The random variables V and Z introduced in (13.9) and (13.12) sat-
isfy the inequality

EVM <E7ZM  forallM =1,2,....

Lemma 13.5. The random variable Z defined in formula (13.12) satisfies the in-
equality
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EZM <1.3.5...(2kM —1)S™  forallM=1,2,... (13.13)

with the constant S defined in formula (13.10).

Proof of Lemma 13.4. We can write, by carrying out the multiplications in the ex-
pressions EV?M and EZ?M by exploiting the additive and multiplicative properties
of the expectation for sums and products of independent random variables together
with the identities E¢7*"! = 0 and En7**' =0 forall k=0, 1,... that
. . 2
EVM — Yy AQjrs ooy jimy, .. om)E€" - E€;™ (13.14)

(J1seeesf1s ML 5eeestg)
1<js<n,ms>1, 1<s<l, my+--+m=kM

and
. . 2 2
EZM — ) B(jis-- -y jismiy..omp) En" - Eni™ o (13.15)
(J1seeonfis M 5eeestity) :
1<js<n, mg>1, 1<s<I, my+--+my=kM
with some coefficients A(jy,...,j;,mi,...,m;) and B(ji,...,j;,mi,...,m;) such
that

|A(j1,...,jl,m1,...,m1)| SB(jl,...,jl,ml,...,ml). (1316)

The coefficients A(,-,-) and B(-,-,-) could be expressed explicitly, but we do not
need such a formula. What is important for us is that A(-,-,-) can be expressed as
the sum of certain terms, and B(-,-,-) as the sum of the absolute value of the same
terms. Hence relation (13.16) holds. Since E 8]2'” <E n?m for all parameters j and m
formulas (13.14), (13.15) and (13.16) imply Lemma 13.4. O

Proof of Lemma 13.5. Let us consider a white noise W(-) on the unit interval [0, 1]
with the Lebesgue measure A on [0, 1] as its reference measure, i.e. let us take a
set of Gaussian random variables W (A) indexed by the measurable sets A C [0, 1]
such that EW(A) = 0, EW(A)W(B) = A(A N B) with the Lebesgue measure A for
all measurable subsets of the interval [0, 1]. Let us introduce n orthonormal func-
tions @ (x),...,@,(x) with respect to the Lebesgue measure on the interval [0, 1],
and define the random variables n; = [ @;(x)W (dx),0 < j <n.Thenny,...,n, are
independent random variables with standard normal distribution, hence we may as-
sume that they appear in the definition of the random variable Z in formula (13.12).
Besides, the identity 0, ---1nj, = [ @;, (x1)--- @, (xx)W (dx1)...W(dxi) holds for
all k-tuples (ji,..., jx) such that 1 < j; <nforall 1 <s <k, and the indices j,...,
Js are different. This identity follows from It6’s formula for multiple Wiener—Itd
integrals formulated in formula (10.24) of Theorem 10.3.
Hence the random variable Z defined in (13.12) can be written in the form

Z— /f(xl,...,xk)W(dxl)...W(dxk)

with the function
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flrn,.om) = ) [a(j1y - J) @ (x1) -+ @ ()
(jla“'ajk): l§j1§n for all 1§Z§k,
iy A

Because of the orthogonality of the functions ¢;(x)
522 fz(xl,...,xk)dxl...dxk.
[0,1]¢
Lemma 13.5 is a straightforward consequence of the above relations and for-
mula (13.1) in Proposition 13.1. a

Proof of Theorem 13.3. The proof of Theorem 13.3 with the help of Lemmas 13.4
and 13.5 is an almost word for word repetition of the proof of Theorem 8.5. By
Lemma 13.4 inequality (13.13) remains valid if the random variable Z is replaced
by the random variable V at its left-hand side. Hence the Stirling formula yields that

2kM)! 2\
EvM < pm < PR ou o (2 gy gom
- 2T T e (M)

for any C > /2 if M > My(A). As a consequence, by the Markov inequality the

estimate o
EVM 2%M [ S\

holds for all C > v/2 if M > My(C). Put kM = kM (u) = 1 (4)** and M = M(u) =

[M], where [x] denotes the integer part of the number x. Let us choose a threshold

number ug by the identity 2Lk ('%0)2/ = My(C) + 1. Formula (13.17) can be applied
with M = M (u) for u > ug, and it yields that

7 1 2/k
P(|V|>u) < Ce™™ < Ceke ™™ = Cekexp {2 (g) } if u > u.
The last inequality means that relation (13.11) holds for u > u if the constant C is re-
placed by Ce¥ in it. With the choice of a sufficiently large constant C relation (13.11)
holds for all # > 0. Theorem 13.3 is proved. a

13. B) A SHORT DISCUSSION ABOUT THE METHODS AND RESULTS.

A comparison of Theorem 8.5 and Example 8.7 shows that the estimate (8.17) is
sharp. At least no essential improvement of this estimate is possible which holds for
all Wiener—Ito6 integrals with a kernel function f satisfying the conditions of Theo-
rem 8.5. This fact also indicates that the bounds (13.1) and (13.2) on high moments
of Wiener-It6 integrals are sharp. It is worth while comparing formula (13.2) with
the estimate of Proposition 13.2 on moments of degenerate U-statistics.

Let us consider a normalized k-fold degenerate U-statistic n—*/ 2k!Imk( f) with
some kernel function f and a u-distributed sample of size n. Let us compare its
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moments with those of a k-fold Wiener-It6 integral k!Z,, ; (f) with the same kernel
function f with respect to a white noise Ly with reference measure pt. Let o denote
the L,-norm of the kernel function f. If M < eno? with a small number € > 0, then
Proposition 13.2 (with an appropriate choice of the parameter 7 which is small in
this case) provides an almost as good bound on the 2M-th moment of the normal-
ized U-statistic as Proposition 13.1 does on the 2M-th moment of the corresponding
Wiener—Itd integral. In the case M < Cno? with some fixed (not necessarily small)
number C > 0 the 2M-th moment of the normalized U-statistic can be bounded by
C(k)™ times the natural estimate on the 2M-th moment of the Wiener-Ito integral
with some constant C(k) > 0 depending only on the number C. This can be so in-
terpreted that in this case the estimate on the moments of the normalized U -statistic
is weaker than the estimate on the moments of the Wiener—Ito6 integral, but they are
still comparable. Finally, in the case M > nc? the estimate on the 2M-th moment
of the normalized U-statistic is much worse than the estimate on the 2M-th moment
of the Wiener—It6 integral.

A similar picture arises if the distribution of the normalized degenerate U-
statistic

Ey(u) = P(n™ "2 ki ()] > u)

is compared to the distribution of the Wiener—Ito integral
G(u) = P(|K'Zy k (f)| > u).

In the case 0 < u < en*/26**! with a small &€ > 0 Theorem 8.3 yields an almost
as good estimate for the probability F,(u) as Theorem 8.5 yields for G(u). In the
case 0 < u < n*/26**! these results yield similar bound for F, (1) and G(u), only in
the exponent of the estimate on F,(u) in formula (8.12) a worse constant appears.
Finally, if u > nk/2 o**t! then — as Example 8.8 shows, at least in the case k = 2,
— the (tail) distribution function F,(u) satisfies a much worse estimate than the
function G(u).

A similar picture arose in the one-variate version of this problem discussed in
Chapter 3, where the normalized sums of independent random variables were inves-
tigated, and their tail-distributions were compared to that of a normally distributed
random variable. To understand this similarity better it is useful to recall Theo-
rem 10.4, i.e. the limit theorem about normalized degenerate U-statistics. Theo-
rems 8.3 and 8.5 enable us to compare the tail behaviour of normalized degenerate
U-statistics with their limit presented in the form of multiple Wiener—Ito integrals,
while the one-variate versions of these results compare the distribution of sums of
independent random variables with their Gaussian limit.

The proofs of the above results show that good bounds on the moments of de-
generate U-statistics and multiple Wiener—Itd provide a good estimate on their dis-
tribution. To understand the behaviour of high moments of degenerate U-statistics
better it is useful to have a closer look at the simplest case k = 1, when the moments
of sums of independent random variables with expectation zero are considered.
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Let us consider a sequence of independent and identically distributed random

n
variables &1, ..., &, with expectation zero, take their sum S, = ¥ &;, and let us try
J=1
to give a good estimate on the moments ES2M for all M = 1,2,.... Because of the
independence of the random variables &; and the condition E; = 0 the identity

(2M)!

2M
S = Jit ]

J1 Js
EE)'- EE) (13.18)
(jla“'ujsvlla“'jlé')
J1+tJjs=2M, j,>2, for all 1<u<s
1< <ly<<ls<n

holds. Simple combinatorial considerations suggest that the main contribution to the
right-hand side of (13.18) is given by such vectors (ji,..., jm; [1,...,Iy) for which

Jju=2forall 1 <u < M. Their contribution is () (22%)! (EEAWM ~ M gfﬁ: (EEXM.
The last asymptotic relation holds if the number 7 of terms in the random sum S,
is sufficiently large. The above considerations suggest that under not too restrictive
conditions ES2M ~ (ncz)M gﬁ%}: = En2Y,, where 6% = E&? is the variance of the
terms in the sum S,, and 7, denotes a random variable with normal distribution
with expectation zero and variance u. The question arises when the above heuristic
argument gives a valid estimate.

For the sake of simplicity let us restrict our attention to the case when the ab-
solute value of the random variables &; is bounded by 1. Let us observe that even
in this case the above heuristic argument holds only under the condition that the

variance 6 of the random variables & j 1s not too small. Indeed, let us consider such
random variables &;, for which P(§; =1) =P(§j=—1) = %2, P(&;=0)=1-0"
Then these random variables & ; have variance 62, and the contribution of the terms

Eész 1 < j < n, to the sum in (13.18) equals nc?>. If 62 is very small, then it may

happen that n6? > (n0'2)M g\fﬁ: , and the approximation given for ES2™ in the pre-

vious paragraph does not hold any longer. Hence the asymptotic relation for a very
high moment E SﬁM suggested by the above heuristic argument may only hold if the
variance 62 of the summands satisfies an appropriate lower bound.

In the proof of Proposition 13.2 a similar picture appears in a hidden way. In the
calculation of the moments of a degenerate U-statistic the contribution of certain
(closed) diagrams, more precisely of some integrals defined with their help, has to be
estimated. Some of these diagrams (those in which all chains have length 2) appear
also in the calculation of the moments of multiple Wiener—It6 integrals. In the calcu-
lation of the moments of sums of independent random variables the terms consisting
of products of second moments play a similar role in the sum in formula (13.18) as
the ‘nice’ diagrams consisting of chains of length 2 play in the calculation of the
moments of degenerate U-statistics in formula (11.14). In nice cases the remaining
diagrams (multiplied with their small coefficients in formula (11.14)) do not give
a greater contribution to the moments of degenerate U-statistics than these ‘nice’
diagrams, and we get an almost as good bound for the moments of a normalized
degenerate U-statistic as for the moments of the corresponding multiple Wiener—Itd
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integral. The proof of Proposition 13.2 shows that such a situation appears under
very general conditions.

Let me also remark that there is an essential difference between the tail behaviour
of Wiener—It6 integrals and normalized degenerate U-statistics. A good estimate
can be given on the tail distribution of Wiener—It6 integrals which depends only on
the Ly-norm of the kernel function, while in the case of normalized degenerate U -
statistics the corresponding estimate depends not only on the L,-norm but also on
the L., norm of the kernel function. In Theorem 8.3 such an estimate is proved.

For k > 2 the distribution of k-fold Wiener-It6 integrals are not determined by the
Ly-norm of their kernel functions. This is an essential difference between Wiener—
1t6 integrals of order k > 2 and k = 1. In the case k = 1 a Wiener-Itd integral is a
Gaussian random variable with expectation zero, and its variance equals the square
of the Ly-norm of its kernel function. Hence its distribution is completely deter-
mined by the L,-norm of its kernel function. On the other hand, the distribution of
a Wiener—Itd integral of order k > 2 is not determined by its variance. Theorem 8.5
yields a ‘worst case’ estimate on the distribution of Wiener—Itd integrals if we have
a bound on their variance. In the statistical problems which were the main motiva-
tion for this work we need such estimates, but it may be interesting to know what
kind of estimates are known about the distribution of a multiple Wiener—Itd integral
or degenerate U-statistic if we have some additional information about its kernel
function. Some results will be mentioned in this direction, but most technical details
will be omitted from our discussion.

H. P. Mc. Kean proved the following lower bound on the distribution of multiple
Wiener-Ito integrals. (See [32] or [44].)

Theorem 13.6 (Lower bound on the tail distribution of Wiener-Ito integrals).
All k-fold Wiener—Ito integrals Z,, i (f) satisfy the inequality

—Aul/k

P(|Zy(f)| > u) > Ke (13.19)

with some numbers K = K(f, ) >0and A =A(f,u) > 0.

The constant A in the exponent Au®** of formula (13.19) is always finite, but

Mc. Kean’s proof yields no explicit upper bound on it. The following example shows
that in certain cases if we fix the constant K in relation (13.19), then this inequality
holds only with a very large constant A > 0 even if the variance of the Wiener—It6
integral equals 1.

Take a probability measure p and a white noise Ly with reference measure
on a measurable space (X,.2"), and let @;,¢s,... be a sequence of orthonormal
functions on (X, 2") with respect to this measure . Define for all L =1,2,..., the
function

L
FOn o) = folxn, o) = (k)L Y @) @i(0)  (13.20)
=1

and the Wiener—Ito0 integral
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Zui(f) =Zui(fr) = %/fL(Xh---,xk)ﬂw(dm)mliw(dxk)-

Then EZﬁ)k( f) =1, and the high moments of Z, (f) can be well estimated. For a
large parameter L these moments are much smaller, than the bound given in Proposi-
tion 13.1. (The calculation leading to the estimation of the moments of Z,, (f) will
be omitted.) These moment estimates also imply that if the parameter L is large,
then for not too large numbers u the probability P(|Z, «(f)| > u) has a much better
estimate than that given in Theorem 8.5. As a consequence, for a large number L
and fixed number K relation (13.19) may hold only with a very big number A > 0.
We can expect that if we take a Gaussian random polynomial P(&y,...,,) whose
arguments are Gaussian random variables &;,...,&,, and which is the sum of many
small almost independent terms with expectation zero, then a similar picture arises
as in the case of a Wiener-Ito integral with kernel function (13.20) with a large
parameter L. Such a random polynomial has an almost Gaussian distribution by the
central limit theorem, and we can also expect that its not too high moments behave
so as the corresponding moments of a Gaussian random variable with expectation
zero and the same variance as the Gaussian random polynomial we consider. Such
a bound on the moments has the consequence that the estimate on the probability
of the event {®: P(& (®),...,&E(®)) > u} given in Theorem 8.5 can be improved
if the number u is not too large. A similar picture arises if we consider Wiener—
1t6 integrals whose kernel function satisfies some ‘almost independence’ properties.
The problem is to find the right properties under which we can get a good estimate
that exploits the almost independence property of a Gaussian random polynomial or
of a Wiener—Itod integral. The main result of R. Latata’s paper [29] can be considered
as a response to this question. This paper has some precedents, see [20] and [23], or
paper [19] where such a result was applied. I describe the result of this paper below.

To formulate Latata’s result some new notions have to be introduced. Given
a finite set A let £?(A) denote the set of all its partitions. If a partition P =
{Bi1,...,Bs} € Z(A) consists of s elements then we say that this partition has or-
der s, and write |P| = s. In the special case A = {1,...,k} the notation Z(A) = Z
will be used. Given a measurable space (X, .2") with a probability measure y on it
together with a finite set B = {by,...,b;} let us introduce the following notations.
Take j different copies (X, Zp,) and ., 1 < r < j, of this measurable space
and probability measure indexed by the elements of the set B, and define their prod-

J J J
uct (XB), 27 (B) By = (H Xp,, [1 25,, I1 ,ubr>.Thepoints (Xpy s+ Xp) ex(B)
r=1 r=1 r=I1

will be denoted by xB) e XB) in the sequel. With the help of the above notations I

introduce the quantities needed in the formulation of the following Theorem 13.7.
Let f = f(x1,...,x) be a function on the k-fold product (X*, 2% u*) of a

measure space (X, 2", 1) with a probability measure p. For all partitions P =

{Bi1,...,Bs} € Poftheset {1,...,k} consider the functions g, (x(B’)) on the space
X (B’>, 1 <r <s, and define with their help the quantities
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a(P) = (P f,u)

where supremum is taken for such functions
gls---:8ss  &r: XB — R! for which

/g% (x<B’)) ,u(B’) (dx(Br)) <1 foralll <r<s, (13.21)

and put

o= max o(P), 1<s<k. (13.22)

PPy, |Pl=s

In Latata’s estimation of Wiener—It6 integrals of order k the quantities o, 1 < s <k,
play a similar role as the number o2 in Theorem 8.5. Observe that in the case |P| = I,
ie. if P={1,...,k} the identity o>(P) = [ f*(x1,...,x0)1(dx1)...u(dx;) holds,
which means that &y = ¢. The following estimate is valid for Wiener—Itd integrals
of general order.

Theorem 13.7 (Latala’s estimate about the tail-distribution of Wiener-Ito inte-
grals). Let a k-fold Wiener—It6 integral Zy, i (f), k > 1, be defined with the help of a
white noise Wy with a non-atomic reference measure |1 and a kernel function f of
k variables such that

/f2()€1,~-,xk),u(dxl)...u(dxk) < oo,

There is some universal constant C(k) < oo depending only on the order k of the
random integral such that the inequalities

oM
E(Zui(f)™M < (C (k) max (M°/ 2ocs)) : (13.23)
and
1 u Z/S
P(|Zyx(f)| > u) < C(k)exp {_C(k) llysigk (O‘) } (13.24)

hold forall M = 1,2,... and u > 0 with the quantities o, defined in formulas (13.21)
and (13.22).

Inequality (13.24) is a simple consequence of (13.23). In the special case when
o < M~=6-D/2 for all 1 < s <k, tinequality (13.23) yields such an estimate on the
moment EZ,, i (f )?™ which has the same magnitude as the 2M-th moment of a stan-
dard Gaussian random variable multiplied by a constant, and (13.24) yields a good
estimate on the probability P(|Z, x(f)| > u). Actually the result of Theorem 13.7
can be reduced to the special case when oy < M~ 6~1/2 for all 1 < s < k. Thus it
can be interpreted so that if the quantities ¢ of a k-fold Wiener—Itd integral are suf-
ficiently small, then these ‘almost independence’ conditions imply that the 2M-th
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moment of this integral behaves similarly to a one-fold Wiener—It6 integral with the
same variance.

Actually Latata formulated his result in a different form, and he proved a slightly
weaker result. He considered Gaussian polynomials of the following form:

1 . .
“ )y aji . )l e (1325

T (Jlseedi) 1< )s<n, 1<s<k

where 5}‘0, 1 <j<mnand 1 <s <k, are independent standard normal random vari-
ables. Latala gave an estimate about the moments and tail-distribution of such ran-
dom polynomials.

The problem about the behaviour of such random polynomials can be reformu-
lated as a problem about the behaviour of Wiener—It6 integrals in the following way:
Take a measurable space (X,.2") with a non-atomic measure u on it. Let Z, be a
white noise with reference measure U, let us choose a set of orthogonal functions
hy) (x), 1 <j<n, 1<s<k, on the space (X,.2") with respect to the measure [,
and define the function

Far o) = = Y a(jr,. .. goh) ) -nY (a) - (13.26)
T (Jlseedi) 1< )s<n, 1<s<k

together with the Wiener—Itd integral Z, x(f). Since the random integrals E}s) =

i hg-s) (x)Zy(dx), 1 < j <n,1<s <k, are independent, standard Gaussian random
variables, it is not difficult to see with the help of 1t6’s formula (Theorem 10.3 in
this work) that the distributions of the random polynomial P(& J(‘Y), 1<j<n 1<
s < k) and Z, x(f) agree. Here we reformulated Latala’s estimates about random
polynomials of the form (13.25) to estimates about Wiener—Ito integrals with kernel
function of the form (13.26).

These estimates are equivalent to Latata’s result if we restrict our attention to
the special class of Wiener—It6 integrals with kernel functions of the form (13.26).
But we have formulated our result for Wiener—It6 integrals with a general kernel
function. Latata’s proof heavily exploits the special structure of the random polyno-

mials given in (13.25), the independence of the random variables & ;S) for different
parameters s in it. (It would be interesting to find a proof which does not exploit this
property.) On the other hand, this result can be generalized to the case discussed in
Theorem 13.7. This generalization can be proved by exploiting the theorem of de
la Pefia and Montgomery—Smith about the comparison of U-statistics and decou-
pled U-statistics (formulated in Theorem 14.3 of this work) and the properties of
the Wiener—It6 integrals. I omit the details of the proof.

Latata also proved a converse estimate in [29] about random polynomials of
Gaussian random polynomials which shows that the estimates of Theorem 13.7 are
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sharp. We formulate it in its original form, i.e. we restrict our attention to the case
of Wiener—Ito integrals with kernel functions of the form (13.26).

Theorem 13.8 (A lower bound about the tail distribution of Wiener-Ito inte-
grals). A random integral Z,, i(f) with a kernel function of the form (13.26) satisfies
the inequalities

2M
EZu ()M > (c<k> mix <M‘f/2as>) ,

1<s<k

and

u 2/s
P(Zus(F)] > 1) 2 Cgk)exp{—c(k) 2 (a) }

Sforall M = 1,2,... and u > 0 with some universal constant C(k) > 0 depending
only on the order k of the integral and the quantities Q;, defined in formula (13.21)
and (13.22).

Let me finally remark that there is a counterpart of Theorem 13.7 about degen-
erate U-statistics. Adamczak’s paper [1] contains such a result. Here we do not dis-
cuss it, because this result is far from the main topic of this work. We only remark
that some new quantities have to be introduced to formulate it. The appearance of
these conditions is related to the fact that in an estimate about the tail-behaviour
of a degenerate U-statistic we need a bound not only on the L,-norm but also on
the supremum norm of the kernel function. In a sharp estimate the bound about the
supremum of the kernel function has to be replaced by a more complex system of
conditions, just as the condition about the Lp-norm of the kernel function was re-
placed by a condition about the quantities o, 1 < s < k, defined in formulas (13.21)
and (13.22) in Theorem 13.7.






Chapter 14
Reduction of the main result in this work

The main result of this work is Theorem 8.4 or its multiple integral version Theo-
rem 8.2. It was shown in Chapter 9 that Theorem 8.2 follows from Theorems 8.4.
Hence it is enough to prove Theorem 8.4. It may be useful to study this problem
together with its multiple Wiener—Ito integral version, Theorem 8.6.

Theorems 8.6 and 8.4 will be proved similarly to their one-variate versions, The-
orems 4.2 and 4.1. Theorem 8.6 will be proved with the help of Theorem 8.5 about
the estimation of the tail distribution of multiple Wiener—Ito integrals. A natural
modification of the chaining argument applied in the proof of Theorem 4.2 works
also in this case. No new difficulties arise. On the other hand, in the proof of The-
orem 8.4 several new difficulties have to be overcome. I start with the proof of
Theorem 8.6.

Proof of Theorem 8.6. Fix a number 0 < € < 1, and let us list the elements of the
countable set .% as fi, f,.... Forall p=0,1,2,... let us choose by exploiting the
conditions of Theorem 8.6 a set of functions 7, = {fu(1p):-- -+ fa(m,p)} C F With

m, < 2D22P 4Le=Lg=L elements in such a way that inf [(f — fa(j p>)2d/.L <
1<j<mp ’
248262 forall f € Z, and also let f, € .Z,. Forall indices a(j,p), p=1,2,...,
1 < j < m,, choose a predecessor a(j/,p—1), j/' = j(j,p), 1 <j <m,_y, in
such a way that the functions f,; ,) and fy(j ,1) satisfy the relation Il Ja(jp) —
fajr p-1y*dp < €267274P+1) Theorem 8.5 with the choice & = i1(p) =2~ P+ Veu

and 6 = &(p) = 27?P~2¢0 yields the estimates

PAGp) =P (‘k!z”*k(fa(j-,p) — fa(y p-1)1 = 27<1+”)Su)

1 /201 2
< Cexp —2< ) L 1<j<m, (141

o

forall p=1,2,...,and
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€
P(B(s)) = P (I Zusfuo)| = (1-5 ) u)

2/k
1 ((1-¢
< Cexp —3 <<62)”> C1<s<mp. (14.2)

Since each f € . is the element of at least one set %, p =0,1,2,..., (We made a
construction, where f, € %)), the definition of the predecessor of an index a(J, p)
and of the events A(j,p) and B(s) in formulas (14.1) and (14.2) together with the
previous estimates imply that

P (sup |K'Zy ik (f)] > M) <P (U UAG.pu UB(S)>
fez p=1j=1 s=1

<

PAG.P) + Y. P(B(s))

s=1

41 2/k
2CD2(2p+4)L£LGLexp{_; (21’6 u) }

IN
agk

S|
I
~
I

[ngk

<

P

2/k
14+4L L, —L 1 (1_%)” !
+2 CDe "0 ~exp S5\ T . (14.3)

Some calculations show that if u > ML/ o L (1og"/? 2 +10g"/? 2) with a sufficiently
large constant M = M (k), then the inequalities

Lo\ 2/k 2k
2(2’7+4)L8L6L€XP{—1 <2p+ u) } <277 {—1 ((1 _g)u) }
2 o 2 o

hold forall p=1,2..., and

2/k 2k
L 1 (l—g)u 1/ (l—€)u
4L o—L ——L 1 2 < - i
2" e "o "exp 5 ( ) exp{ 5 < ) .

These inequalities together with relation (14.3) imply relation (8.18). Theo-
rem 8.6 is proved. d

The proof of Theorem 8.4 is harder. In this case the chaining argument in itself
does not supply the proof, since Theorem 8.3 gives a good estimate about the distri-
bution of a degenerate U-statistic only if it has a not too small variance. The same
difficulty appeared in the proof of Theorem 4.1, and the method applied in that case
will be adapted to the present situation.

A multivariate version of Proposition 6.1 will be proved in Proposition 14.1, and
another result which can be considered as a multivariate version of Proposition 6.2
will be formulated in Proposition 14.2. It will be shown that Theorem 8.4 follows
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from Propositions 14.1 and 14.2. Most steps of these proofs can be considered as
a simple repetition of the corresponding arguments in the proof of the results in
Chapter 6. Nevertheless, I wrote down them for the sake of completeness.

The result formulated in Proposition 14.1 can be proved in almost the same way
as its one-variate version, Proposition 6.1. The only essential difference is that now
we apply a multivariate version of Bernstein’s inequality given in the Corollary of
Theorem 8.3. In the calculations of the proof of Proposition 14.1 the term (%)2/ k
shows a behaviour similar to the term (%)2 in Proposition 6.1. Proposition 14.1
contains the information we can get by applying Theorem 8.3 together with the
chaining argument. Its main content, inequality (14.4), yields a good estimate on the
supremum of degenerate U-statistics if it is taken for an appropriate finite subclass
Z& of the original class of kernel functions .%. The class of kernel functions %4
is a relatively dense subclass of .% in the L, norm. Proposition 14.1 also provides
some useful estimates on the value of the parameter G which describes how dense
the class of functions .%3 is in .%.

Proposition 14.1. Let the k-fold power (X*, 2°%) of a measurable space (X, 2") be
given together with some probability measure (L on (X, Z") and a countable, L,-
dense class F of functions f(xi,...,xx) of k variables with some exponent L > 1
and parameter D > 1 with respect to the measure u* on the product space (X k gk )
which also has the following properties. All functions f € ¥ are canonical with
respect to the measure U, and they satisfy conditions (8.5) and (8.6) with some real
number 0 < o < 1. Take a sequence of independent, [L-distributed random variables
&i,....&n n > max(k,2), and consider the (degenerate) U-statistics I x(f), f € F,
defined in formula (8.8), and fix some number A = Ay > 2~.

There is a number M = M(A, k) such that for all numbers u > 0 for which the
inequality nc* > (%)z/k > M(Llog % +logD) holds, a number 6 = 6(u), 0 < & <
6 < 1, and a collection of functions F5 = Fg() = {f1,--,fm} C F withm <

DG L elements can be chosen in such a way that the union of the sets 9 i={f: f€
m

F, [If = fil*dn < 6%}, 1 < j < m cover the set F. i.e. F = |J 9j, and the
j=1
(degenerate) U-statistics Ik (f), | € F 5y, satisfy the inequality

) < 2Cexp{—oc < 1026)2/](}
M

2/k 2
if ncrzZ(%) > <Llogo_+logD> (14.4)

_ u
P( sup n K2 |k, 4 (f)] >z
fe'—’gié'(u)

with the constants oo = o(k), C = C(k) appearing in formula (8.13) of the Corol-
lary of Theorem 8.3 and the exponent L and parameter D of the Ly-dense class % .

2/k 2/k
Besides, also the inequality 4 (ﬁ) > nG? > 61—4 (ﬁ) holds for this number

G = 6(u). If the number u satisfies also the inequality



164 14 Reduction of the main result in this work

2 U2k 32,02 32
no 2(6) > M(L*10g = + (logD)*?) (14.5)

with a sufficiently large number M = M (A, k), then the relation n5> > Llogn+log D

holds, too.

Proof of Proposition 14.1. Let us list the elements of the countable set .# as
f1,f2,.... Forall p=0,1,2,... let us choose, by exploiting the L,-density prop-
erty of the class .% with respect to the product measure i, a set

yp = {fa(l,p)a"'vfa(mp,p)} cF

with m, < D25~ elements in such a way that 1<ijn<fmp J(f— fa(j,p))zd“ <

2-%¢? forall f € #. Forall indices a(j,p), p=1,2,...,1 < j <my,, choose a pre-
decessor a(j/,p—1), j/ = j'(j,p), 1 < j < mp_1, in such a way that the functions
fa(jp) @nd fu(jr p—1) satisfy the relation [|fy(;j ) 7fa(jlﬁp_1)‘2dl.l < g2,

o 2
Then the inequalities [ (M) du < 46%27% and

Ja(j.p) 1 - 5%%) = fa(y p-1) (K1, Xk)
2

<1

sup
xjeX,1<j<k

hold. The Corollary of Theorem 8.3 yields that

A

opy \ 2k opyy \ Mk
< Cexp{(x <8A$) if 4nc?2 4 > <8Ai) ,

1<j<m, p=12,..., (14.6)

. _ 2—(1+p)y,
P(A(j,p)) =P <n ULk (Faj) = Fatrp-1)| = )

and

P(B(s)) =P (n kit x(fo)| > i) < Cexp {_a (ch)z/k}’

2/k
1 <s<my, ifnGzz( ?) .

14.7
2A0 ( )

Introduce an integer R = R(u), R > 0, which satisfies the relations

2 (@+2/K)(R+1) (_L)z/k < 9246/kyy 52 > p(4+2/bR (_L)Z/k
Ao - - Ao )
and define 62 =2 *R6? and .F5 = Fx (this is the class of functions F, introduced

at the start of the proof with p = R). We defined the number R, analogously to the
proof of Proposition 6.1, as the largest number p for which the condition formulated
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in (14.6) holds. As no? > ( )2/ k and A > 2K by our conditions, there exists such
a positive 1nteger R) The cardinality m of the set %5 is clearly not greater than
D& L, and U 9; = 7. Besides, the number R was chosen in such a way that
the 1nequa11t1es (14.6) and (14.7) hold for 1 < p < R. Hence the definition of the
predecessor of an index a(j, p) implies that

R mp
P(sup n 2k ()] > :) <P<U UAU.p UUB )

fe7s p=1j=1

R mp

< X, L PGP + L PIBS)

j=1 s=1

i 20\ 2/, u \2/k
<Y D2 o Lexpd —a | = CDo Lexp{ —a <—) .
= Zl P 8Ac * P 240

If the condition ( 6)2/ “>m (Llog 2 +log D) holds with a sufficiently large constant

M (depending on A), then the inequalities

opyy \ 2/k opyy N\ 2/k
D2*toLexp{ —a il <27Pexpq —a b
8Ac 10Ac

hold for all p=1,2,..., and

DGLeXp{—OC (21;6)2/1(} < exp{—(x ( 1026)2/1(} .

Hence the previous estimate implies that

- 2y 2/k
p —k/2 kI, > Z < c2r - T
(fseliggn | ,k(f)\_A _,,; exp 10Ac
4\ u \2/k
Cexpd ( d ) <2Cexpq — ( . ) )
+ eXp{ %\ Toio }— e"p{ “\Toio

and relation (14.4) holds.
The estimates

é (%)2/" 7—2-6/kn2R/k (AG>2/ — 9—4R (4+2/k)R-2-6/k (AG>2/"

< 062 =2 *Rpg? < 2 4R Q(A+2/K)(R+1)-2~ 6/k( u )2/"

- Ao

_ g2-4/k H2R/k (_L)z/" S2-4/k | Z_M( u )2/k< 4(_u )2/k
Ao AG - \A¢G



166 14 Reduction of the main result in this work

hold because of the relation R > 1. This means that 62 has the upper and lower
bound formulated in Proposition 14.1. It remained to show that n62> > Llogn + D if
relation (14.5) holds.

This inequality clearly holds under the conditions of Proposition 14.1 if 0 <
n~!/3, since in this case log 2 > %" and

1 u 2/k 1 - 2
_2 —2/k
né: > — (—_ ) > —A M| Llo +logD
Ao ( go- £ )>

~ 64 ~ 64
1 -
> @A’Z/I‘M(Llogn—i-logD) > Llogn+logD

if M = M(A,k) is sufficiently large.
2/

If 6 > n~'/3, then the inequality 2(++2/%)R < 2%+6/kp 62 can be applied.

2 Ik 4/ (@+2/K)
This implies that 248 > 2~4(2+6/k))/(4+2/k) { , and
2—16/3 u 4 2
=2 A—4R, 2
6°=2 o° > — G (—) ithy= > .
n "o = T (n c } wiy= 4+2 73

)2k > M(L*?1log 2 + (logD)*/?) >
They yield that for sufficiently large

The inequalities no? > n'/3 and no? >
%(Ly2 + (log D)?/?) hold, (since log % >
M =M(A,k)

w2 (2

and

(5
2

2/3 2/3

= (nc?)!/(k+1) {(z)zq ;

A—4/3 2/3

=2 N1/ (2k+1) | (B 2/k
n6” 2 —55=(no”) [(o)

A3 13k (M 23 3/2 3/242/3
> —mn 5 (L + (logD)*/=)*/° > Llogn+logD.

50
O

A multivariate analogue of Proposition 6.2 is formulated in Proposition 14.2, and
it will be shown that Propositions 14.1 and 14.2 imply Theorem 8.4.

Proposition 14.2. Let a probability measure [l be given on a measurable space
(X, 2") together with a sequence of independent and W distributed random vari-
ables &1,...,&, and a countable L,-dense class .F of canonical (with respect to
the measure W) kernel functions f = f(x1,...,x;) with some parameter D > 1
and exponent L > 1 on the product space (X*, 2°%). Let all functions f € . sat-
isfy conditions (8.1) and (8.2) with some 0 < & < 1 such that n> > Llogn + D.
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Let us consider the (degenerate) U-statistics I, (f) with the random sequence
&1,..., &, n>max(2,k), and kernel functions f € F. There exists a threshold index
Ao = Ao (k) > 0 and two numbers C = C(k) > 0 and y = y(k) > 0 depending only on
the order k of the U-statistics such that the degenerate U-statistics I, x(f), f € &,
satisfy the inequality

P <sup nik/z‘k!ln,k(fﬂ > Ank/26k+l> < Cef'yAl/ano'Z ifA > Ao. (14.8)
feF

Proposition 14.2 yields an estimate for the tail distribution of the supremum of
degenerate U-statistics at level u > Aonk/ 2gkt1 je. in the case when Theorem 8.3
does not give a good estimate on the tail-distribution of the single degenerate U-
statistics taking part in the supremum at the left-hand side of (14.8).

Formula (8.14) will be proved by means of Proposition 14.1 with an appropriate
choice of the parameter A in it and Proposition 14.2 with the choice 6 = 6 = 6 (u)

and the classes of functions .#; = {A;f i:gc @,} with the number &, functions f;

and sets of functions .@j, 1 < j <m, introduced in Proposition 14.1. Clearly,

P (sup n PRk (£)] > ) <P < sup 1”2kt i(f)] = Z)

feF feFs

Kl (ffz_g) ‘ > (; - 21A) u> . (14.9)

where m is the cardinality of the set of functions .%s appearing in Proposition 14.1.
We shall estimate the two terms of the sum at the right-hand side of (14.9) by means
of Propositions 14.1 and 14.2 with a good choice of the parameters A and the cor-
responding M = M(A) in Proposition 14.1 together with a parameter A > Ag in
Proposition 14.2.

We shall choose the parameter A > A in the application of Proposition 14.2
so that it satisfies also the relation ¥ A'/2¥ > 2 with the number y appearing in

relation (14.8), hence we put A = max (Ao, (%,)2") After this choice we want to

m
+ Z P sup n k2
j=1 8€9;

define the parameter A in Proposition 14.1 in such a way that the numbers u sat-

isfying the conditions of Proposition 14.1 also satisfy the relation (% - ﬁ)u >
Ank/2G%+1 with the already fixed number A and the number & = G (u) defined
in the proof of Proposition 14.1. This inequality can be rewritten in the form

A~ k(L — 217)2/ k(%)z/ k> n&2. On the other hand, under the conditions of Propo-

sition 14.1 the inequality 4(%)** > nG? holds. Hence the desired inequality holds
if A.‘z/k(% — 52)¥% > 4A~%/% Thus the number A = 2¥"1A 4 1 is an appropriate
choice. _ _

With such a choice of A (together with the corresponding M = M(A,k)) and A

we can write
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P (sup n k2 37 A (f,;g) ‘ > (; — 2}) u)

8€9;
K\, (f,2g> ‘ > Ank/26k+1> < C‘e—yAl/zk,,az

<P| sup n k2
gE_@j

for all 1 < j < m. (Observe that the set of functions fj;g, g € 9, is an Ly-dense
class with parameter D and exponent L.) Hence Proposition 14.1 (relation (14.4)
together with the inequality m < D&~%) and formula (14.8) with our A > Ag and

relation (14.9) imply that

2/k _ _

P { sup n (kU k()] = u <2€exp{‘°‘(u-) }+CD6‘Le‘7Al/2k”"2.
fez ' 10Ac

(14.10)

We show by repeating an argument given in Chapter 6 that DGt < "%’ In-

deed, we have to show that log D + Llogé < n62. But, as we have seen, the rela-

tion n62 > Llogn +logD with L > 1 and D > 1 implies that n5> > logn, hence
1 1 =2

log = < logn, and logD + Llog z < logD + Llogn < nG~. On the other hand,

yA'/% > 2 by the definition of the number A, and by the estimates of Proposi-

Ao
e VA6 2 exp {fl—gSAl/ZkA’z/k (%)z/k}. Hence relation (14.10) yields that

2k i
tion 14.1 n6% > (—i) . The above relations imply that DG—Le~7A"*15” <

P <sup n K2l ()] > u)

fez
o u\2/k _ Y _ un 2/k
<2Cexpd — (7) Cexpd ——L_Al/2kg-2/k (7) ,
= eXp{ (10A)? \o }+ eXp{ 128 -
and this estimate implies Theorem 8.4. a

To complete the proof of Theorem 8.4 we have to prove Proposition 14.2. It
will be proved, similarly to its one-variate version Proposition 6.2, by means of a
symmetrization argument. We want to find its right formulation. It would be natural
to formulate it as a result about the supremum of degenerate U-statistics. However,
we shall choose a slightly different approach. There is a notion, called decoupled
U-statistic. Decoupled U -statistics behave similarly to U-statistics, but it is simpler
to work with them, because they have more independence properties. It turned out
to be useful to introduce them and to apply a result of de la Pefia and Montgomery—
Smith which enables us to reduce the estimation of U-statistics to the estimation of
decoupled U-statistics, and to work out the symmetrization argument for decoupled
U -statistics.

Next we introduce the notion of decoupled U-statistics together with their ran-
domized version. We also formulate a result of de la Pefia and Montgomery—Smith
in Theorem 14.3 which enables us to reduce Proposition 14.2 to a version of it, pre-
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sented in Proposition 14.2’. It states a result similar to Proposition 14.2 about decou-
pled U-statistics. The proof of Proposition 14.2’ is the hardest part of the problem.
In Chapter 15, 16 and 17 we deal essentially with this problem. The result of de la
Penia and Montgomery—Smith will be proved in Appendix D.

Definition of decoupled and randomized decoupled U-statistics. Let us have k
independent copies 61(1),...,5,51), 1 < j <k of a sequence &,...,&, of indepen-
dent and identically distributed random variables taking their values in a measur-
able space (X, Z") together with a measurable function f(xi,...,x;) on the product
space (X*, 2% ) with values in a separable Banach space. The decoupled U -statistic

Lk (f) determined by the random sequences 51“),...,5,5”, 1 < j <k, and kernel
function f is defined by the formula

- 1 1 k
(=5 Y ooosEleng?). asm
: (]1 7"'7lk) : lgljgn‘ ]:1,.4.,/(,
Ay i AT

Let us have besides the sequences of random variables 51(] ), . 5,5’ ), 1<j<k and
Sunction f(xi,...,x;) a sequence of independent random variables € = (gy,...,&,),
Plgg=1)=P(gg=—-1)= % 1 <1 <n, which is independent also of the sequences
of random variables 61(] ), ety 5,51 ), 1 < j <k. The randomized decoupled U -statistic

Lk (f.€) (depending on the random sequences élm, e é,ﬁf), 1 < j <k, the kernel
function f and the randomizing sequence €1, ..., €&,) is defined by the formula

] 1
Ed) =1 Y &, e f (glﬁl),...,gi">) . (14.12)
C(lendi): 15550, =1k,
AL i 7T

A decoupled or randomized decoupled U-statistics (with a real valued kernel
function) will be called degenerate if its kernel function is canonical. This terminol-
ogy is in full accordance with the definition of (usual) degenerate U-statistics.

A result of de la Pefia and Montgomery—Smith will be formulated below. It gives
an upper bound for the tail distribution of a U-statistic by means of the tail distribu-
tion of an appropriate decoupled U-statistic. It also has a generalization, where the
supremum of U-statistics is bounded by the supremum of decoupled U -statistics. It
enables us to reduce Proposition 14.2 to a version of it formulated Proposition 14.2’,
which gives a bound on the tail distribution of the supremum of decoupled U-
statistics. It is simpler to prove this result than the original one.

Before the formulation of the theorem of de la Pefia and Montgomery—Smith I
make some remark about it. In this result we consider more general U-statistics with
kernel functions taking values in a separable Banach space, and we compare the
norm of Banach space valued U-statistics and decoupled U-statistics. (Decoupled
U -statistics were defined with general Banach space valued kernel functions, and the
definition of U-statistics can also be generalized to separable Banach space valued



170 14 Reduction of the main result in this work

kernel functions in a natural way.) This result was formulated in such a general form
for a special reason. This helped us to derive formula (14.14) of the subsequent
theorem from formula (14.13). It can be exploited in the proof of formula (14.14)
that the constants in the estimate (14.13) do not depend on the Banach space where
the kernel function f takes its values.

Theorem 14.3 (Theorem of de la Peiia and Montgomery-Smith about the com-
parison of U-statistics and decoupled U-statistics). Let us consider a sequence
of independent and identically distributed random variables &, ..., &, with values

in a measurable space (X, ") together with k independent copies 51(1 ), . .,§,§j ),
L < j <k, of this sequence. Let us also have a function f(xy,...,x;) on the k-fold
product space (X*, 2°%) which takes its values in a separable Banach space B. Let
us take the U-statistic and decoupled U-statistic I, x(f) and L x(f) with the help of

the above random sequences &y, ..., &, élm, . .,é,sj), 1 < j <k, and kernel func-
tion f. There exist some constants C = C(k) > 0 and y = y(k) > 0 depending only
on the order k of the U -statistic such that

P (k'L ()] > u) < CP (|[k i (f)I| > yu) (14.13)

forallu> 0. Here || - || denotes the norm in the Banach space B where the function f
takes its values.

More generally, if we have a countable sequence of functions fs, s = 1,2,...,
taking their values in the same separable Banach-space, then

P( sup ||k k()] >u) §C‘P< sup ||k k()] > yu>. (14.14)
1<s<oo

1<s<o0
Now I formulate the following version of Proposition 14.2.

Proposition 14.2'. Let a probability measure | be given on a measurable space
(X, Z") together with a sequence of independent and W distributed random vari-
ables &,...,&,, n > max(k,2), and a countable L,-dense class F of canonical
(with respect to the measure I) kernel functions f = f(x1,...,xx) with some pa-
rameter D > 1 and exponent L > 1 on the product space (X*, Z°%). Let all func-
tions f € F satisfy conditions (8.1) and (8.2) with some 0 < ¢ < 1 such that
no? > Llogn +logD. Let us take k independent copies 51(1), .. .,5,51), 1<j<k
of the random sequence &, ...,&,, and consider the decoupled U-statistics I x(f),
f € %, defined with their help in formula (14.11).

There exists a threshold index Ay = Ao(k) > 0 depending only on the order k
of the decoupled U-statistics I, i (f), f € F, such that the (degenerate) decoupled
U-statistics L x(f), f € F, satisfy the following version of inequality (14.8):

P (Sul;nk/2|k!]_n,k(f)| ZAnk/ZGkH) < e—2*(1/2+1/2k)A1/2kn0.2 ifA > Ao,
fes
(14.15)
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It is clear that Proposition 14.2" and Theorem 14.3, more explicitly formula
(14.14) in it, imply Proposition 14.2. Hence the proof of Theorem 8.4 was reduced
to Proposition 14.2" in this chapter. The proof of Proposition 14.2’ is based on a
symmetrization argument. Its main ideas will be explained in the next chapter.






Chapter 15

The strategy of the proof for the main result of
this work

In the previous chapter the proof of Theorem 8.4 was reduced to that of Propo-
sition 14.2'. Proposition 14.2" is a multivariate version of Proposition 6.2, and its
proof is based on similar ideas. An important step in the proof of Proposition 6.2
was a symmetrization argument in which we reduced the estimation of the proba-

n n
bility P (sup Y f(&) > u> to that of the probability P (sup Y &if(&) > g) ,

feF j=1 fez =1

where &;,...,&, is a sequence of independent and identically distributed random
variables, and €;, 1 < j < n, is a sequence of independent random variables with
distribution P(¢; = 1) = P(g; = —1) = 1, independent of the sequence &;. We want
to prove a similar symmetrization argument which helps to prove Proposition 14.2’.

The symmetrization argument applied in the proof of Proposition 6.2 was carried
out in two steps. We took a copy &/,..., &, of the sequence &, ..., &,, i.e. a sequence
of independent random variables which is independent also of the original sequence
&1,...,&,, and has the same distribution. In the first step we compared the tail dis-

tribution of the expression sup i [£(&j) — f(&})] with that of sup i f(&;) with
fez j=1 ’ feZ j=1

the help of Lemma 7.1. In the second step, in the proof of Lemma 7.2, we applied
a ‘randomization argument’ which stated that the distribution of the random fields
n n
!/ ! . .
j)z:l [f(&;) — f(&))] and jgl &i[f(§;) = f(&))], f € 7, agree. The symmetrization ar-
gument was proved with the help of these two observations.
In the proof of Proposition 14.2" we would like to reduce the estimation of the

tail distribution of the supremum of decoupled U-statistics sup I, x(f) defined in
fez
formula (14.11) to the estimation of the tail distribution of the supremum of the ran-

domized decoupled U-statistics sup I°,(f) defined in formula (14.12) in a similar
fes#

way. To do this we have to find the multivariate version of the ‘randomization argu-
ment’ in the proof of Lemma 7.2. This will be done in the subsequent Lemma 15.1.
In Lemma 7.2 this randomization argument was formulated with the help of some
random variables introduced in formulas (7.4) and (7.5). We shall define their mul-

173
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tivariate versions in formulas (15.1) and (15.2), and they will play a similar role in
the formulation of Lemma 15.1.

The adaptation of the first step of the symmetrization argument of the proof
of Proposition 6.2 is much harder. The proof of Proposition 6.2 was based on a
symmetrization lemma formulated in Lemma 7.1. This result does not work in the
present case. Hence we shall generalize it in Lemma 15.2. The proof of the sym-
metrization argument needed in the proof of Proposition 14.2' is difficult even with
the help of this result. The hardest part of our problem appears at this point. I return
to it after the formulation of Lemma 15.2.

To formulate Lemma 15.1 we introduce the following notations.

Let % = {(v(1),...,v(k)): v(j) = =1, forall 1 < j <k} denote the set of all
+1 sequences of length k. Let m(v) denote the number of —1 digits in a sequence
v=(v(1),...,v(k)) € Y. Let a (real valued) function f(xi,...,x;) of k variables be
given on a measurable space (X,.2") together with a sequence of independent and
identically distributed random variables &, ..., &, with values in the space (X, 2").
Take 2k independent copies 51("’1), . .,5,5"’1) and 51("’71),...,5,5"’71), 1 <j<k, of
the sequence &, ..., &,. Let us have besides them another sequence € = (gy,...,&,),
P(gj = 1) = P(¢; = —1) = 4, of independent random variables, also independent
of all previously introduced random variables. With the help of the above quantities
we introduce the random variables

7 1 m(v 1v(1 kv(k
() =5 L (=D" Y £ g asay
C VeV (o) s 1<l,<n,r=1,...k,
Ir#Ly if r£r
and
-, 1
E(f) ==Y (- (15.2)
k! =

&, & f (gl(ll,v(l)), o é(k,v(k)))

l
(Iseei): 1<0<n, =100k, !
Ir#Lr if r#r
The number m(v) in the above formulas denotes the number of the digits —1 in
the +1 sequence v of length k, hence it counts how many random variables é;j’ "l),
1 < j <k, were replaced by the ‘secondary copy’ él(jj Vorave ¥ in the inner
sum in formulas (15.1) or (15.2).
Remark. The definition of the linear combination of decoupled U-statistics IN,ik( 7
defined in (15.2) shows some similarity to the definition of a Stieltjes measure de-

termined by a function f(xj,...,x;). One can argue that there is a deeper cause of
these resemblance.

The following result holds.

Lemma 15.1. Ler us consider a (non-empty) class of functions F of k variables
f(x1,...,x¢) on the space (X*, %) together with the random variables I, () and
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(f) defined in formulas (15.1) and (15.2) for all f € F. The distributions of the
mndomﬁelds L (f), f€F, and IE (f), f € F, agree.

Let me recall that we say that the distribution of two random fields X (f), f € .7,
and Y (f), f € .7, agree if for any finite sets { f,..., f,} € .% the distribution of the
random vectors (X (f1),...,X(fp)) and (Y(f1),...,Y(fp)) agree.

Proof of Lemma 15.1. 1 even claim that for any fixed sequence
w= (), uln)), u(l)=%1, 1<1<n,

of length n the conditional distribution of the field I:fﬁk( f), f € Z, under the con-
dition (&1, ...,&,) = u = (u(1),...,u(n)) agrees with the distribution of the field of
in,k(f)’fey- B

Indeed, the random variables In,k( f ), f 6 7, defined in (15.1) are functions of
a random vector with coordinates (§, 51 ) = (§ 71 5,“ 7])), 1<Ii<n1<;<
k, and the distribution Qf this random vector remams the same if the coordinates
(él(J),E(J)) _ (él(l-l),él(la*])) are replaced by (51 51 ) =(§ (=1) élj D ) for such
pairs of indices (l J) for which u(l) = —1 (and the index j is arbitrary), and the

coordinates (él 75(1 )) with such pairs of indices (Z,j) for which u(l) = 1 are not

modified. As a consequence, the distribution of the random field I, x(f|u), f € .Z,
we get by replacing the original vector (51(1),51(])), 1<1<n, 1< j<k, in the
definition of the expression in,k( f) in (15.1) for all f € .# by this modified vector
depending on u has the same distribution as the random field I~,,7k (f), fe #.0n
the other hand, I claim that the distribution of the random field in.,k( flu), fe 7,
agrees with the conditional distribution of the random field irf’ «(f), f € .F, defined
in (15.2) under the condition that (g1,...,&,) = u with u = (u(1),...,u(n)).

To prove the last statement let us observe that the conditional distribution of the
random field i,ik(f), f € Z, under the condition (gi,...,&,) = u is the same as
the distribution of the random field we obtain by putting u(l) =&, 1 <1 <n, in
all coordinates & of the random variables [ k( f). On the other hand, the random
variables we get in such a way agree with the random variables appearing in the
sum defining 7, (f|u), only the terms in this sum are listed in a different order.
Lemma 15.1 is proved. ad

Next I prove the following generalized version of Lemma 7.1.

Lemma 15.2 (Generalized version of the Symmetrization Lemma). Let Z,, and
Zy, p=1,2,..., be two sequences of random variables on a probability space
(2,47 ,P). Let a c-algebra B C o be given on the probability space (2,47 ,P)
together with a #-measurable set B and two numbers o, > 0 and B > 0 such that
the random variables Z,, p = 1,2,..., are % measurable, and the inequality

P(1Z,| < a|B)(w)>B forallp=1,2,...if ®EB (15.3)

holds. Then
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P< sup |Z,| > Oc—l—u) < ;P( sup |Z, —Zp| >u> +(1-P(B)) (154

1<p<e 1<p<oo
forall u > 0.

Proof of Lemma 15.2. Put T =min{p: |Z,| > a +u) if there exists such an index
p > 1, and put 7 = 0 otherwise. Then we have, as {t = p}NB € %A

|
P({t= ﬁBz/ l-dP§/ —P(|Z,| < a|B)dP
(e=pyom)= [ L CARY S

1
B
géP({T:p}ﬂ{|Z,,—Zp|>u}) forall p=1,2,....

P({t=p}n{|Z,| < a}NB)

Hence

P| sup |Z,|>oa+u|—(1—-P(B))<P sup |Z,| > a+upNB
1<p<eo 1<p<oo

o = )
=) P{r=p}nB) < B Y Pt =p}n{1Z, —Zy| > u})
p=1 p=1
1 -
< —=P| sup |Z,—Z,|>u].
B 1<p<eo
Lemma 15.2 is proved. a

Next I give a short explanation about the difficulties we meet in the proof of
Proposition 14.2" and the approach applied in this work to overcome them with the
help of some symmetrization type arguments.

To find a symmetrization argument useful in the proof of Proposition 14.2" we

want to bound the probability P (nk/ 2 sup |k (f)] > u) by
fez

C-P (nk/z sup k!, k()| > cu) + anegligible error term
feF

with some appropriate numbers C < oo and 0 < ¢ < 1. The random variables 1, x(f)
and in,k( f) appearing in these formulas were defined in (14.11) and (15.1). (Actu-
ally we work with a slightly modified version of formula (14.11) where the ran-
dom variables <§I<j ) are replaced by the random variables fl(" ’1).) We shall prove
such an estimate with the help of Lemma 15.2. To find the random variables Z,
and Z, we want to work with in Lemma 15.2 let us list the elements of the class
of functions .# as % = {fi, f2,... }. We shall apply Lemma 15.2 with the choice
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Zy, = n*2k\, i (fp) and Z, = n %2k L, (fp) — Lok (fp)], p = 1,2,..., together
with the o-algebra 2 = Z(E\) 1< 1<n, 1 < j<k).

Let us observe that Z, is a decoupled U-statistic depending on the random vari-
ables ‘51(/ 71), 1<j<k 1<I<n,while Zp is a linear combination of decoupled
U-statistics whose arguments may contain not only the random variables of the
form él(/ =1 , but also the random variables of the form é,(j D As a consequence,
the random variables Z, and Z, are not independent. This is the reason why we
cannot apply Lemma 7.2 in the proof of Proposition 14.2.

We shall show that Lemma 15.2 with the choice of the above defined random
variables Z, and Z,, and the c-algebra % may help us to prove the estimates we need
in our considerations. To apply this lemma we have to show that condition (15.3)
holds with an appropriate pair of numbers (¢, 3) and a .Z measurable set B of
probability almost 1. To check this condition is a hard but solvable problem.

In Lemma 7.2 condition (7.1) played a role similar to condition (15.3) in
Lemma 15.2. In that case we could check this condition by estimating the second
moments EZ? for all indices n. In the present case we shall estimate the supremum
su;;] E (Zf, | ) of conditional second moments. In this formula Z, is a (complicated)
fr€Z
rgndom variable depending on the function f, € .%. The estimation of the supremum
of the conditional second moments we want to work with is a hard problem, and the
main difficulties of our proof appear at this point.

The conditional second moments whose supremum we want to estimate can be
expressed as the integral of a random function that can be written down explicitly.
In such a way we get a problem similar to the original one about the estimation of

sup n%/2k\L, 1 (f). It turned out that these two problems can be handled similarly.
fez

We can work out a symmetrization argument with the help of Lemma 15.2 in both
cases, and an inductive argument similar to Proposition 7.3 can be formulated and

proved which supplies the results we want to prove.

We shall prove Proposition 14.2" as a consequence of two inductive propositions
formulated in Propositions 15.3 and 15.4. Here we apply an approach similar to the
proof of Proposition 6.2 which was done with the help of an inductive proposition
formulated in Proposition 7.3. But now we have to prove two inductive proposi-
tions simultaneously, because we also have to bound the supremum of some condi-
tional variances, and this demands special attention. To formulate the new inductive
propositions first we introduce the notions of good tail behaviour for a class of de-
coupled U -statistics and good tail behaviour for a class of integrals of decoupled
U-statistics.

Definition of good tail behaviour for a class of decoupled U -statistics. Let some
measurable space (X,2") be given together with a probability measure [ on it.
Let us consider a countable class F of functions f(x1,...,x;) on the k-fold product
(X*, 2°%) of the space (X, ). Fix some positive integer n > k and a positive num-
ber 0 < o < 1, and take k independent copies élm, AU &,ﬁ”, 1< j <k, ofasequence
of independent, U-distributed random variables &, ..., &,. Let us introduce with the
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help of these random variables the decoupled U-statistics L, (f), f € F, defined
in formula (14.11). Given some real number T > 0 we say that the set of decoupled
U-statistics determined by the class of functions F has a good tail behaviour at
level T (with parameters n and 6* which are fixed in the sequel) if

P (sup |n*k/2k!l_n’k(f)| 2Ank/26k+1> < exp{—Al/zknO'Z} forallA>T.
feF
(15.5)

Definition of good tail behaviour for a class of integrals of decoupled U-
statistics. Let us have a product space (X* x Y, 2% x &) with some product mea-
sure u* x p, where (Xk A [,Lk) is the k-fold product of some measurable space
(X, 2", 1) with a probability measure |, and (Y,% ,p) is some other measur-
able space with a probability measure p. Fix some positive integer n > k and
a positive number 0 < 6 < 1, and consider a countable class F of functions
f(x1,...,xx,y) on the product space (X* xY, 2% x % u* x p). Take k indepen-
dent copies 51(] >, . .,én(] ), 1 < j <k, of a sequence of independent, LL-distributed
random variables &,...,&,. For all f € F and y €Y let us define the decoupled
U-statistics I ;(f,y) = Lix(fy) by means of these random variables él(j), .. .75,51),
1 < j <k, the kernel function fy(x1,...,x¢) = f(x1,...,X,y) and formula (14.11).
Define with the help of these U-statistics I, x(f,y) the random integrals

Hos(f) = [WTu(FPp(dy), fe 7. (15.6)

Choose some real number T > 0. We say that the set of random integrals H, i (f),
f € .Z, has a good tail behaviour at level T (with parameters n and 6> which we
fix in the sequel) if

P (sup n*H,  (f) > A2nk62k+2> <exp {fAl/(zkH)nGz} forallA>T.
feF

(15.7)

Propositions 15.3 and 15.4 will be formulated with the help of the above notions.

Proposition 15.3. Ler us fix a positive integer n > max(k,2), a real number 0 <
o <2kt 4 probability measure |L on a measurable space (X, Z") together with
two real numbers L > 1 and D > 1 such that no? > Llogn+logD. Let us consider
those countable Ly-dense classes F of canonical kernel functions f = f(x1,...,xx)
(with respect to the measure L) on the k-fold product space (Xk, v ") with ex-
ponent L and parameter D for which all functions f € F satisfy the inequalities
sup | f(xpy x| <27 D and [ 2 (xy,. . x0)p(dxy). .o (dx) < 62

xjeX,1<j<k
There is a real number Ag = Ao(k) > 1 such that if for all classes of functions F
which satisfy the above conditions the sets of decoupled U-statistics I, x(f), f € .Z,
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have a good tail behaviour at level T3 for some T > Ay, then they also have a
good tail behaviour at level T.

Proposition 15.4. Fix a positive integer n > max(k,2), a real number 0 < ¢ <
2=+ 4 product space (XK x Y, 2% x &) with some product measure u* x p,
where (X%, 2°%, u¥) is the k-fold product of some probability space (X, 2", 1), and
(Y, % ,p) is some other probability space together with two real numbers L > 1 and
D > 1 such that the inequality nc* > Llogn +log D holds.

Let us consider those countable Ly-dense classes F consisting of canonical func-
tions f(x1,...,x,y) on the product space (X* x Y, 2% x %) with exponent L > 1
and parameter D > 1 whose elements f € .F satisfy the inequalities

sup [ f(xrenxy)| < 276D (15.8)
x;EX, 1< j<k,yeY

and
/fz(xl,...,xk,y),u(dxl)...y(dxk)p(dy) <o? fordlfe Z. (15.9)

There exists some number Ag = Ao(k) > 1 such that if for all classes of functions
F which satisfy the above conditions the random integrals H, 1 (f), f € F, defined
in (15.6) have a good tail behaviour at level T@HD/2k yith some T > Ao, then they
also have a good tail behaviour at level T.

Remark: To complete the formulation of Proposition 15.4 we still have to clarify
when we call a function f(xi,...,x,y) defined on the product space (X* x ¥, 27% x
% ,u* x p) canonical. Here we apply a definition which slightly differs from that
given in formula (8.10).

We say that a function f(x1,...,x;,y) on the product space (X¥ x Y, 2% x
%, 1k x p) is canonical if

/f(xl,...,xj,l,u,xjﬂ,...,xk,y),u(du):()
forall 1 < j<k,x;€X,s# jandy€Y.

In this definition we do not require the analogous identity if we integrate with respect
to the variable Y with fixed arguments x; € X, 1 < j < k.

Let me also remark that the estimate (15.7) we have formulated in the definition
of the property ‘good tail behaviour for a class of integrals of U-statistics’ is fairly
natural. We have applied the natural normalization, and with such a normalization
it is natural to expect that the tail behaviour of the distribution of sup n’kak( f)

feF
is similar to that of const. (Gnk)z, where 7 is a standard normal random variable.
Formula (15.7) expresses such a behaviour, only the power of the number A in the
exponent at the right-hand side was chosen in a non-optimal way. Formula (15.5)
in the formulation of the property ‘good tail behaviour for a class of decoupled
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U-statistics” has a similar interpretation. It says that sup |[n =%/ 2k, 1 (f)| behaves
feF

similarly to const. o|n*| with a standard normal random variable 7.

We wanted to prove the property of good tail behaviour for a class of integrals
of decoupled U-statistics under appropriate, not too restrictive conditions. Let me
remark that in Proposition 15.4 we have imposed besides formula (15.8) a fairly
weak condition (15.9) about the L,-norm of the function f. Most difficulties appear
in the proof, because we did not want to impose more restrictive conditions.

It is not difficult to derive Proposition 14.2" from Proposition 15.3. Indeed, let us
observe that the set of decoupled U-statistics determined by a class of functions %
satisfying the conditions of Proposition 15.3 has a good tail-behaviour at level 7y =
o~ 1 since under the conditions of this Proposition the probability at the left-
hand side of (15.5) equals zero for A > o~ 1) Then we get from Proposition 15.3
by induction with respect to the number j, that this set of decoupled U-statistics has
a good tail-behaviour also for all 7 =T} = T(J(3/4)'/ = o DGMA i —=0,1,2,...,
with such indices j for which T; = o (kr1)B3/4) > Ao. This implies that if a class of
functions .% satisfies the conditions of Proposition 15.3, then the set of decoupled
U-statistics determined by this class of functions has a good tail-behaviour at level
T = Ag/ 3, i.e. at a level which depends only on the order k of the decoupled U-
statistics. This result implies Proposition 14.2’, only it has to be applied for the class
of function .7’ = {2~ ¢ f € F} instead of the original class of functions .7
which appears in Proposition 14.2’ with the same parameters o, L and D.

Similarly to the above argument an inductive procedure yields a corollary of
Proposition 15.4 formulated below. Actually, we shall need this corollary of Propo-
sition 15.4.

Corollary of Proposition 15.4. If the class of functions .F satisfies the conditions
of Proposition 15.4, then there exists a constant Ay = Ag(k) > 0 depending only on
k such that the class of integrals H, ;(f), f € F, defined in formula (15.6) have a
good tail behaviour at level A.

Proposition 15.3 will be proved by means of a symmetrization argument which
applies Lemma 15.2. The main difficulty arises when we want to check condi-
tion (15.3) with the quantities we are working with in Proposition 15.3. This dif-
ficulty can be overcome by means of Proposition 15.4, more precisely by means
of its corollary. It helps us to estimate the conditional variances of the decoupled
U -statistics we have to handle in the proof of Proposition 15.3. The proof of Propo-
sitions 15.3 and 15.4 apply similar arguments, and they will be proved simultane-
ously. The following inductive procedure will be applied in their proof. First Propo-
sition 15.3 and then Proposition 15.4 will be proved for k = 1. If Propositions 15.3
and 15.4 are already proved for all X’ < k for some number k, then first we prove
Proposition 15.3 and then Proposition 15.4 for this number k.

The symmetrization arguments needed in the proof of Propositions 15.3 and 15.4
will be proved in Chapter 16. Then Propositions 15.3 and 15.4 will be proved in
Chapter 17 with their help. These results imply Proposition 14.2’, hence also Theo-
rem 8.4.



Chapter 16
A symmetrization argument

The proof of Propositions 15.3 and 15.4 applies some ideas similar to the argument
in the proof of Proposition 7.3. But here some additional technical difficulties have
to be overcome. As a first step, two results formulated in Lemma 16.1A and 16.1B
will be proved. They can be considered as a randomization argument with the help
of Rademacher functions. They are analogous to Lemma 7.2 which was applied in
the proof of Propositions 7.3. Lemma 16.1A will be applied in the proof of Propo-
sition 15.3 and Lemma 16.1B in the proof of Proposition 15.4. In this chapter these
lemmas will be proved. Their proofs will be based on some additional lemmas for-
mulated in Lemmas 16.2A, 16.2B, 16.3A and 16.3B. By exploiting the structure of
Propositions 15.3 and 15.4 we may assume when proving them for parameter k that
they hold (together with their consequences) for all parameters k' < k.

Lemma 16.1A is a natural multivariate version of Lemma 7.2. Lemma 7.2 en-
abled us to replace the estimation of the supremum of a class of sums of independent
random variables with the estimation of the supremum of the randomized version of
these sums. Lemma 16.1A will enable us to reduce the proof of Proposition 15.3 to
the estimation of the tail-distribution of the supremum of an appropriately defined
class of randomized decoupled, degenerate U -statistics. This supremum will be esti-
mated by means of the multi-dimensional version of Hoeffding’s inequality given in
Theorem 13.3. Lemma 16.B plays a similar role in the proof of Proposition 15.4. But
its application is more difficult. In this result the probability investigated in Propo-
sition 15.4 is bounded by means of an expression depending on the supremum of
some random variables W( f), f € &, which will be defined in formula (16.7). The
expressions W (f), f € .7, are rather complicated, and they are worth studying more
closely. This will be done in the proof of Corollary of Lemma 16.1B which yields a
more appropriate bound for the probability we want to estimate in Proposition 15.4.
In the proof of Proposition 15.4 the Corollary of Lemma 16.1B will be applied in-
stead of the original Lemma 16.1B.

The proof of Lemmas 16.1A and 16.1B is similar to that of Lemma 7.2. First

we introduce k additional independent copies El(j ), ceey é_,sj ) besides the k (indepen-

dent and identically distributed) copies 51(] ), . .,J;,Ef ), 1 < j <k, of the sequence

181
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&1,...,&, applied in the definition of the decoupled U-statistics I, x(f), and con-
struct with their help some appropriate random sums. We shall prove in Lem-
mas 16.2A and 16.2B that the original random sums we want to estimate have the
same distribution as their randomized versions we shall work with in the proof of
Lemmas 16.1A and 16.1B. These Lemmas formulate a natural multivariate version
of an important argument in the proof of Lemma 7.2. In the proof of Lemma 7.2 we
have exploited that the random sums defined in (7.4) have the same joint distribution
as their randomized versions defined in (7.5). Lemmas 16.2A and 16.2B are natural
multivariate versions of this statement. They enable us (similarly to the correspond-
ing argument in the proof of Lemma 7.2) to reduce the proof of Propositions 16.1A
and 16.1B to the study of some simpler questions. This will be done with the help
of Lemmas 16.3A and 16.3B. In Lemma 16.3A the supremum of some conditional
variances is estimated under appropriate conditions. This lemma plays a similar role
in the proof of Lemma 16.1A as condition (7.1) plays in the proof of Lemma 7.1. Its
result together with Lemma 15.2, which is a generalized form of the symmetriza-
tion Lemma, Lemma 7.1, enable us to prove Lemma 16.1A. Lemma 16.1B will be
proved similarly, but here the conditional distribution of a more complicated ex-
pression has to be estimated. This can be done with the help of Lemma 16.3B. In
Lemma 16.3B the supremum of the conditional expectation of some expressions is
bounded.
The main results of this chapter are the following two lemmas.

Lemma 16.1A (Randomization argument in the proof of Proposition 15.3). Let
F be a class of functions on the space (X*, 2°%) which satisfies the conditions of
Proposition 15.3 with some probability measure L. Let us have k independent copies
51(1 ), ey é,sj ), 1 < j <k of a sequence of independent | distributed random vari-
ables &,,...,&, and a sequence of independent random variables € = (g,...,&,),
P(g =1)=P(g=—1)= 1 1<1<n, which is independent also of the ran-
dom sequences 51(]>, . 5,51), 1 < j <k. Consider the decoupled U-statistics I, ;(f),
f € Z, defined with the help of these random variables by formula (14.11) together
with their randomized version It ,(f) defined in formula (14.12).

There exist some constants Ag = Ao(k) > 0and y= vy, > 0 such that the inequality

P <sup n*2 |k ()| > Ank/zck“)

feF
<2MTP | sup [KIEE ()] > 27 FFD ARk 6!
feF ’
ok kT nAl B Una? (16.1)

holds for all A > A,.

It may be worth remarking that the second term at the right-hand side of for-
mula (16.1) yields a small contribution to the upper bound in this relation because
of the condition n6> > Llogn + logD.
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To formulate Lemma 16.1B first some new quantities have to be introduced.
Some of them will be used somewhat later. The quantities I_X +(f,y) introduced in
the subsequent formula (16.2) depend on the sets V C {1,...,k}, and they are the
natural modifications of the inner sum terms in formula (15.1). Such expressions are
needed in the formulation of the symmetrization result applied in the proof of Propo-

sition 15.4. Their randomized versions I_IS_‘;’E) (f,y), introduced in formula (16.5), cor-
respond to the inner sum terms in formula (15.2). The integrals of these expressions
will be also introduced in formulas (16.3) and (16.6).

Let us consider a class .% of functions f(x1,...,x,y) € % on a space (X* x
Y, 2% x &, uk x p) which satisfies the conditions of Proposition 15.4. Let us take
2k independent copies él(j), ey 5,5”, ‘51(/)7 ey E,Ej), 1 < j <k, of a sequence of inde-
pendent u distributed random variables &1, ..., &, together with a sequence of inde-
pendent random variables (&1,...,&,), P(g=1)=P(gg=—1)= %, 1 << n,which
is also independent of the previous random sequences. Let us introduce the notation
51(1’1) = 51(1) and 51(1’71) = 5_1(’), 1<1<n,1<j<k ForallsubsetsV C {1,...,k} of
the set {1,...,k} let |V] denote the cardinality of this set, and define for all functions
S, xe,y) € F and sets V C {1,... k} the decoupled U-statistics

1 8 8
I_:l/,k(fﬂy) =7 Z f él(llr I(V))w "aé[(k7 k(V))ay ) (162)
k! k
T (lsesl) s 10 <n, j=1,..0k
lﬂélj/ if j#

where 0;(V) = =1, 1 < j <k, is defined as 6;(V) =1if j €V, and §;(V) = —1 if
J ¢V, together with the random variables

(D) = [E(Fa)Pelay. fe 7. (163

We shall consider I_r‘l/ «(f,y) defined in (16.2) as a random variable with values in the
space L, (Y, % ,p).
Put
La(fy) =10 (), Huf) =HY M (), (16.4)

i.e. I,x(f,y) and H,y(f) are the random variables I\, (f,y) and HY (f) with
V ={1,...,k}, which means that these expressions are defined with the help of
the random variables 51(]) = 51(1’1), 1<j<k,1<I<n.

Let us also define the ‘randomized version’ of the random variables I_X «(f,y) and

Hr‘l/’k(f) as

v, 1 1,8, (v kS (V
I_I(l,ke)(f,y) =4 Z 811"'elkf(§1(l 1 ( ))7“.’ ZE{ i ( ))’y)’
'(Zl....,lk)i lSljﬁn,jil ..... k
Ly if j)
if fe 7, (16.5)

and
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B (0= [0 )Petay. fe 7, (16.6)

where 6;(V) =11if j €V, and §;(V) = —1if j € {1,...,k} \ V. Similarly to for-
mula (16.2), we shall consider I_X kg (f,y) defined in (16.5) as a random variable with

values in the space Ly (Y, %/, p).
Let us also introduce the random variables

2
W(f)= / [ Y (1)<"‘V’k!é,vlf)(f,y)] p(dy), feZ. (167

With the help of the above notations Lemma 16.1B can be formulated in the follow-
ing way.

Lemma 16.1B (Randomization argument in the proof of Proposition 15.4). Let
F be a set of functions on (X* x Y, 2% x %) which satisfies the conditions of
Proposition 15.4 with some probability measure pu* x p. Let us have 2k independent

copies él(j’il)7...,€,5j’i1), 1 < j <k, of a sequence of independent | distributed
random variables &1, ... &, together with a sequence of independent random vari-
ables €1, ...,&, P(¢j=1)=P(g; = —1) =%, 1 < j <n, which is independent also

of the previously considered random sequences.

Then there exist some constants Ay = Ao(k) > 0 and 'y = Y such that if the in-
tegrals H, 1 (f), f € F, determined by this class of functions F have a good tail
behaviour at level T*1)/2k for some T > Ay, (this property was defined in Chap-
ter 15 in the definition of good tail behaviour for a class of integrals of decoupled
U-statistics before the formulation of Propositions 15.3 and 15.4), then the inequal-

uy

27
P (sup |Hui(f)] > Aznz"oz("“)> <2P <sup W (f)| > Azk'HZkGZ(kH))

feF feF

+22k+1nkflef’}’kAl/2kn62/k (168)

holds for all A > T with the random variables H, (f) introduced in the second
identity of relation (16.4) and with W (f) defined in formula (16.7).

A corollary of Lemma 16.1B will be formulated which can be better applied than
the original lemma. Lemma 16.B is a little bit inconvenient, because the expres-
sion at the right-hand side of formula (16.8) contains a probability depending on
sup [W(f)|, and W(f) is a too complicated expression. Some new formulas (16.9)

cF

and (16.10) will be introduced which enable us to rewrite W (f) in a slightly sim-
pler form. These formulas yield such a corollary of Lemma 16.B which is more
appropriate for our purposes. To work out the details first some diagrams will be
introduced.

Let ¥ = ¥(k) denote the set of all diagrams consisting of two rows, such that both
rows of these diagrams are the set {1,...,k}, and these diagrams contain some edges
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{(1,71) -+, Us» Ji) }» 0 < s < k, connecting a point (vertex) of the first row with a
point (vertex) of the second row. The vertices jy, ..., j; which are end points of some
edge in the first row are all different, and the same relation holds also for the vertices
Ji»---.Jy in the second row. Given a diagram G € ¢ let e(G) = {(ji1, 1) ---, (Js, /i) }
denote the set of its edges, and let v{(G) = {ji,..., s} be the set of those vertices
in the first row and v2(G) = {j},..., j.} the set of those vertices in the second row
of the diagram G from which an edge of G starts.

Given a diagram G € ¢, two sets V|,V, C {1,...,k}, a function f defined on
the space (X¥x,¥, 2% x %) and a probability measure p on (Y,%') we define the
following random variables H, (|G, Vi,V>) with the help of the random variables
55”1),...7551’1), 51(1’71)7...,.‘,‘,5/’71), 1<j<k, and € = (g,...,¢,) taking part in
the definition of the random variables W (f):

H, 1 (f1G,V1,V2)

- ) R |
(sl 1) JE{L ki (G)  je{l,.. kP \n2(G)
1<li<n, li#1y if j#)',1<),j <k,
I<U<n LA i j#] <)) <k,

L=t if (), €e(G), LAl if (). ) ¢e(G)

[t gk y)
AL yp(ay), (16.9)

where 6,»(V1) =1lifjeV, 5j(V1) =—1lifj ¢ V1, and 5j(V2) =1ifjeV,, Sj(Vz) =
—1if j ¢ V,. (Let us observe that if the graph G contains s edges, then the product of
the €-s in (16.9) contains 2(k — s) terms, and the number of terms in the sum (16.9)
is less than n%~5) As the Corollary of Lemma 16.1B will indicate, in the proof of
Proposition 15.4 we shall need a good estimate on the tail distribution of the random
variables H, x(f|G,V1,V») for all f € % and G € ¢, V|,Vo C {1,...,k}. Such an
estimate can be obtained by means of Theorem 13.3, the multivariate version of
Hoeffding’s inequality. But the estimate we get in such a way will be rewritten in
a form more appropriate for our inductive procedure. This will be done in the next
chapter.
The identity

W(f) = Yy (—)MHEVlg, L (F1G VW) (16.10)
GE%,VI,Vzc{l ..... k}

will be proved.
To prove this identity let us write first

W= X OV R (e (fyp ().
Vi AVQC{L.A.,k}
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Let us express the products k‘f}g‘;‘ ) (f,y)k!l_r(lj;f’s) (f,y) by means of formula (16.5).
Let us rewrite this product as a sum of products of the form

HEJ VACE Hgl’

and let us define the following partition of the terms in this sum. The elements of this
partition are indexed by the diagrams G € ¢, and if we take a diagram G € ¢ with
the set of edges ¢(G) = {(j1,/});- -, (Js, j;) }, then the term of this sum determined
by the indices I1,...,l,!],...,[; belongs to the element of the partition indexed by
this diagram G if and only if [;, = l’ forall 1 <u <'s, and no more numbers between

the indices I1,..., I, [] ..., may agree Since g; 81/ = 1forall I <u <sand the set

of indices of the remaining random variables &, is {l Je{L,...;k}\vi(G)}, the
set of indices of the remaining random variables & is{lj: je {1 Lk \n(G)},

we get by integrating the product k'I Vl’ (f, y)k‘I_(VZ’ (f,y) with respect to the mea-
sure p that

JREOGIEE rpdy) = ¥ Hualf1G.92)

Ge9

for all Vi,V, € {1,...,k}. The last two identities imply formula (16.10).
Since the number of terms in the sum of formula (16.10) is less than 2%¥k!, this
relation implies that Lemma 16.1B has the following corollary:

Corollary of Lemma 16.1B (A simplified version of the randomization argu-
ment of Lemma 16.1B). Ler a set of functions .F satisfy the conditions of Proposi-
tion 15.4. Then there exist some constants Ay = Ag(k) > 0 and y = Y, > 0 such that
if the integrals Hy, i (f), f € F, determined by this class of functions & have a good
tail behaviour at level T 2k+1)/2k for some T > Ay, then the inequality

P (sup |an( )| >A2n2k 2(k+1)>

feF

<2

(sup Hoa (716 vs) | >
Ge9 vy, VzC{l ..... } fEf

2k k=1 Al Hna? ik (16.11)

A2p2k g2(k+1)
94k+1

holds for all A > T with the random variables H, (f) and H, (f|G,V1,V>) defined
in formulas (16.4) and (16.9).

In the proof of Lemmas 16.1A and 16.1B the result of the following Lemmas 16.2A
and 16.2B will be applied.

Lemma 16.2A. Let us take 2k independent copies
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i1 i1 i1 i1 .
EVV LB ana €TV E0TY, 1< <k,

of a sequence of independent W distributed random variables &, ... &, together
with a sequence of independent random variables (€, ...,€,), P(§ =1) = P(g =
-1)= %, 1 <1 <n, which is also independent of the previous sequences.

Let .7 be a class of functions which satisfies the conditions of Proposition 15.3.
Introduce with the help of the above random variables for all sets V. C {1,...,k}
and functions f € % the decoupled U -statistic

(== Y f(é,ﬂ"‘s'(v L gleAw) ) (16.12)

T yeli): 1<, =1,k
iy if £

and its ‘randomized version’

v, 1 1,8 ( (k.8 (
1_1(1,](8) (f) = E Z g[k (g( 1 5[ (V ) )
S (i) 1<lj<n, j=1,. k
Li#Ly tfﬁéj

feZ, (16.13)

where 8;(V) = £1, and we have 6;(V) =1 if j €V, and §;(V)=—11if j €
{1,...,k}\V.

Then the sets of random variables

S(H= Y HEVIrE, fez, (16.14)
Vc{l,...k}
and
S(f) = Z (_1)(k*|V\>k!]‘r(:28)(f)7 fez, (16.15)
V{l,...k}

have the same joint distribution.

Lemma 16.2B. Let us take 2k independent copies
él(j71)7"'7€75j71) and éfjﬁil))"'75r§j7il)7 1 §j§k7

of a sequence of independent, 1 distributed random variables &1, ... &, together
with a sequence of independent random variables (€1,...,&,), P(g =1) = P(g =
-1)= % 1 <1 <n, which is independent also of the previous sequences.

Let us consider a class .F of functions f(x1,...,x,y) € .F on a space (X* x
Y, Zkxw, /.L X p) which satisfies the conditions of Proposition 15.4. For all func-
tions f € F and V € {1,...,k} consider the decoupled U-statistics I:Y «(f,y) de-

fined by formula (16.2) with the help of the random variables él(j’l), AP é;,fj’” and
51(]’71), ooy 6,51’71), and define with their help the random variables
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2

W(f) = / [ Y, (DEVIREL(£)| p(dy), feF.  (16.16)

Then the random vectors {W(f): f € F} defined in (16.16) and {W (f): f € F}
defined in (16.7) have the same distribution.

Proof of Lemmas 16.2A and 16.2B. Lemma 16.2A actually agrees with the already
proved Lemma 15.1, only the notation is different. The proof of Lemma 16.2B is
also very similar to that of Lemma 15.1. It can be shown that even the follow-
ing stronger statement holds. For any +1 sequence u = (uy,...,u,) of length n
the conditional distribution of the random field W (f), f € .%, under the condition
(e1,...,&)=u=(uy,...,u,) agrees with the distribution of the random field W (f),
fez.

To see this relation let us first observe that the conditional distribution of the
field W (f) under this condition agrees with the distribution of the random field we
get by replacing the random variables & by u; for all 1 </ < n in formulas (16.5),
(16.6) and (16.7). Besides, define the vector (é(u)gj’l),é(u)l(j’_l)), 1<j<k 1<
1 < n, by the formula (é(u)gj'l),é(u)l(j’_l)) = (él(j’_1)7 §l<j'1)) for those indices (j,/)
for which u; = —1, and (é(u)gj’l),é(u)l(/’_l)) = (51(1,1)’;(/,—1)) for which u; =1
(independently of the value of the parameter j). Then the joint distribution of the
vectors (& () )", 1< j<k 1<I<nand £V, V) 1< <k,
1 <1< n, agree. Hence the joint distribution of the random vectors I_,‘l/ (), feEZ,
V C{1,...,k} defined in (16.2) and of the random vectors W (f), f € %, defined
in (16.16) do not change if we replace in their definition the random variables &,(/ D

and 51(1’71) by §(u)l(”l) and §(u)§j’7l). But the set of random variables W (f), f €
%, obtained in this way agrees with the set of random variables we introduced to get
a set of random variables with the same distribution as the conditional distribution
of W(f), f € Z under the condition (g,...,€,) = u. (These random variables are
defined as the square integral of the same sum, only the terms of this sum are listed
in a different order in the two cases.) These facts imply Lemma 16.2B. a

In the next step we prove the following Lemma 16.3A.

Lemma 16.3A. Let us consider a class of functions F satisfying the conditions of
Proposition 15.3 with parameter k together with 2k independent copies él(j ’1),. .
5”““) and él(j’_w, o é,ﬁf"”, 1 < j <k, of a sequence of independent, LL-distributed
random variables &1, ... E,. Take the random variables I:Y ((f), defined for f € F
andV C {1,...,k} in formula (16.12). Let

#=2EM,. & 1< j<k)
denote the 6-algebra generated by the random variables 51(191)7 ey g,Ef” , 1 <<k,

i.e. by the random variables with upper indices of the form (j,1), 1 < j <k. There
exists a number Ay = Ao(k) > 0 such that for all V .C {1,...,k}, V # {1,...,k}, the
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inequality

P <sup E (W (NP ) > z—<3k+3>Azn2k02k+2> < 1AV
fez
16.17)
holds with a sufficiently small y, > 0 if A > Ao.

Proof of Lemma 16.3A. Let us first consider the case V = (. In this case the es-
timate £ (K10, (£))2| 2) = E (012, (£))?) < kin“0? < 2tkin* 62+ holds for
all f € .Z. In the above calculation it was exploited that the functions f € .% are
canonical, which implies certain orthogonalities, and also the inequality no?> > %
holds, because of the relation n6> > Llogn + log D. The above relations imply that
for V = 0 the probability at the left-hand side of (16.17) equals zero if the number
Ay is chosen sufficiently large. Hence inequality (16.17) holds in this case.

To avoid some complications in the notation let us first restrict our attention to
sets of the form V = {1,...,u} with some 1 < u < k, and prove relation (16.17) for
such sets. For this goal let us introduce the random variables

ir"lfk(fvlu+17"’71k)

1 11 ul) g(utl,—1 k-1
:E Z f(él(l )a"-7§]i )7§1( )7--~a€1£, >)

u+1
(11 ,...,lu):
1<lj<n, j=1,...,u,
1j#y if j#) forall 1<,/ <k

for all f € % and sequences I(u) = (l,+1,...,lx) with the properties 1 <1I; <n
forall u+1<j<kandl;#lyif j# j', i.e. let us fix the last k — u coordinates
:‘,‘Iiﬂ] =D él(kk’fl) of the random variable 1", () and sum up with respect the first

u coordinates. Then we can write

E (I (f)*| #)

2
=E Y Do(filurr, o) | |
(g 15e5li) = 11i<n j=ut1,.. 0k,
iy it j#)
— Yy E (L) (flurs-- )| ). (16.18)

(L 15-5lk) : ]§1j§”7 J=utl ok,
Ly if AT

The last relation follows from the identity
E (I (f bty DD (f o by 1) | B) =0

if (Liyt,..o k) # (415, 1;), which holds, since f is a canonical function. We

still exploit that the random variables é;j '1), 1 < j < u are 8 measurable, while the
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random variables él(jj "_1), u+1 < j <k, are independent of the o-algebra Z. These

facts enable us to calculate the above conditional expectation in a simple way.
It follows from relation (16.18) that

{w: sup E ([} (/)| 2) (w) > 2_(3k+3)A2n2k62]‘+2} (16.19)

feF

1<l;<n, j=ut1,...k.
Li#ly if j#]
A2p2k g 2k+2 }

. 7V 2
{CO. fsél};zE ([k'ln,k(fa lqulv-“alk)} ’%) ((O) > 2 (3k+3) jjk—u

The probability of the events in the union at the right-hand side of (16.19) can be
estimated with the help of the Corollary of Proposition 15.4 with parameter u < k
instead of k. (We may assume that Proposition 15.4 holds for u < k.) I claim that
this corollary yields that

» ) A2pftug2kt2
P ?ggE([k'ln,k(fvlu+1a"'vlk)] | %) > ToBk3)
< e*?’kAl/(z“H)(nJruflc)cf2 (16.20)

with an appropriate ¥, > 0 for all sequences (lyt1,...,0), 1 <I; <n,u+1<j <k,
such that [; # 1 if j # j'.

Let us show that if a class of functions f € % satisfies the conditions of
Proposition 15.3, then it also satisfies relation (16.20). For this goal introduce
the space (Y,%,p) = (XK~ 27k uk=4), the k — u-fold power of the measure
space (X, 2", 1), and for the sake of simpler notations write y = (x,41,...,x;) for
a point y € Y. Let us also introduce the class of those function .# in the space
(X" XY, Z"x %, u* x p) consisting of functions f of the form f(xy,...,x,,y) =
S(xr, .. x) with y = (x4, ..,%) and some function f(xy,...,x;) € F. If the
class of function .7 satisfies the conditions of Proposition 15.3 (with parameter k),
then the class of functions .# satisfies the conditions of Proposition 15.4 with pa-
rameter u < k. Hence the Corollary of Proposition 15.4 can be applied for the class
of functions .# by our inductive hypothesis. We shall apply it for decoupled U-
statistics with the class of kernel functions .% and parameters n+ u —k and u
(instead of n and k), with the help of the independent random sequences él(*’ "l),
1<j<ule{l,...;n}\{lut1,...,l} of independent, p-distributed random vari-
ables of length n + u — k, where the set of numbers {/,+1,...,l;} is the set of indices
appearing in formula (16.20). This means that we work with random variables 51(] D
with index / from the set {1,...,n}\ {ly41,..., L} instead of 1 <u <n+u—k. As
a consequence, we shall work in the application of Proposition 15.4 with the ran-

dom variables I_:l(fi_m (f,y) and H,ll(ft)l_ 4. (f) to be defined below which we get by



16 A symmetrization argument 191

slightly modifying the definition of 4, (f,y) and Hy,—.(f) by taking into

account the indexation of the random variables 51(1 D,
It can be seen by means of some calculation that the conditional expecation

E ([k!l:‘{‘k(f, Littyeees lk)]2|%) we are working with can be calculated as

E (kUi (f luss- ,>]2|@)
/”‘1n+u  Fy)Pp(dy) = H“ k()5 (16.21)

where the function f € .% is defined as f(xq,...,x,,y) = f(x1,...,x) with y =

(Xu+1,---,X), and the random variables I_,i(f:i_ ko f,y) and Hn% ulf f) are defined,

similarly to (16.2)—(16.4), by the formulas

1 (7

=_\~
|
/N

U IG{I """ ) ARTORETINNS Ny £ W
I 76[ g if jEf

and

D) = [ FPe(dy). TeZ.

The value of Hn(ﬂi kulf f) depends on the choice of the sequence /(u), but its distri-
bution does not depend on it. Hence we can make the following estimate with the
help of the corollary of Proposition (15.4) for u < k and relation (16.21). Choose a

sufficiently small ¥ = 7, > 0. Then we have

P((sup B oo P12) 2 920 0 k200204
fes

- (?“§<"+uk> “HY ()2 oA k)""2"+2>
€7
< e AP 0 for 4 s A (u)y 4, (16.22)

It is not difficult to derive formula (16.20) from relation (16.22). It is enough to
A2 k+u 62A+2

check that the level =r5— in the probability at the left-hand side of (16.20) can

be replaced by yk4”+2 A?(n+u—k)*c?*2 if 3, > 0 is chosen sufficiently small.
4u+2)A2(n tu— k)2uo-2u+2 < Y4u+2)A2 o2t2 <

if the constant 9, > 0 is chosen sufficiently small, since n6> > Llogn <

This statement holds, since y,i
A2 k+u62k+2
2(3k+3)

% by the conditions of Proposition 15.3.

Relations (16.19) and (16.20) imply that
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P <sup E ([k!fv ’93) )>2" (3k+3) 2, 2% 5 2k+2>
fe7z

< k== nAY @D (ntu—k)o?

Since e~ 1AV (ntu-k)o? < e NA PG [k i, <k—1,n>kand A > Ay with
a sufficiently large number Ag, inequality (16.17) holds for all sets V of the form
V={l,...,u}, 1 <u<k.

The case of a general set V C {1,...,k}, 1 <|V| <k, can be handled similarly,
only the notation becomes more complicated. Moreover, the case of general sets
V can be reduced to the case of sets of form we have already considered. Indeed,
given some set V C {1,...,k}, 1 < |V| <k, let us define a new class of function
ZFy we get by applying a rearrangement of the indices of the arguments xi, ..., x;
of the functions f € .% in such a way that the arguments indexed by the set V are
the first [V | arguments of the functions fy € Zy, and put V = {1,...,|V|}. Then
the class of functions .Zy also satisfies the condition of Proposition 15.3, and we
can get relation (16.17) with the set V by applying it for the set of function .#y and
setV. a

Now we prove Lemma 16.1A with the help of Lemma 16.2A, the generalized
symmetrization lemma 15.2 and Lemma 16.3A.

Proof of Lemma 16.1A. First we show with the help of the generalized symmetriza-
tion lemma, i.e. of Lemma 15.2 and Lemma 16.3A that

P (sup n 2 k()| > Ank/zcrkH) (16.23)
feF

< 2P | sup [S(f)| >A k g+l Jrank—16_7,kAl/(2k71),,(,2/k
fez 2

with the function S(f) defined in (16.14). To prove relation (16.23) introduce the
random variables Z(f) = k!I, {1 """ (f) and

Z(f) =~ ) (=D VKU (f)
V{l,.. k), VA{L,.. k} '

for all f € %, the 6-algebra Z considered in Lemma 16.3A and the set

B= ) {w: sup E ([kll_xk(f)}2| B) (o) < 2(3k+3)A2n2k02k+2} )
VC{I,...,k} feF
VAL

Observe that S(f) = Z(f) —Z(f), f € F, B € #, and by Lemma 16.3A the in-

equality 1 — P(B) < 2kp*—1 e WA ISk po1ds. To prove relation (16.23) apply

Lemma 15.2 with the above introduced random variables Z(f) and Z(f), f € F
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(both here and in the subsequent proof of Lemma 16.1B we work with random
variables Z(+) and Z(-) indexed by the countable set of functions f € .%, hence the
functions f € & play the role of the parameters p when Lemma 15.2 is applied) ran-
dom set B and o = §nf o1, u = 4n* "1, (At the left-hand side of (16.23) we can
replace k!, ¢ (f) with Z(f), f € ., because they have the same joint distribution.)
It is enough to show that

_ A 1
P <Z(f)| > znkck+1|%) (@) <5 forallfe.F ifweB. (16.24)
But

P (k!\l_r‘:/k' (f)| > 2*<k+1>Anka+1|%> ()

VvV
2EVEDL(FPIB)©0) e
= A2p2k 2(k+1) =

for all functions f € .% and sets V C {1,...,k}, V £ {l,... k}, if @ € B by the
‘conditional Chebishev inequality’, hence relations (16.24) and (16.23) hold.

Lemma 16.1A follows from relation (16.23), Lemma 16.2A and the observa-
tion that the random variables Ij:;(@ (f), f € Z, defined in (16.13) have the same
distribution for all V' C {1,...,k} as the random variables I? ,(f), defined in for-
mula (14.12). Hence Lemma 16.2A and the definition (16.15) of the random vari-
ables S(f), f € %, imply the inequality

P <sup S(F)| > g‘nkok“) _p <sup 5(5)| > gnkok“)

feF fez
< 2kp <sup |KITE ()] > 2<’<+‘>Ankck+1> :
fez ’

Lemma 16.1A is proved. a

Lemma 16.1B will be proved with the help of the following Lemma 16.3B, which
is a version of Lemma 16.3A.

Lemma 16.3B. Ler us consider a class of functions ¥ satisfying the conditions of
Proposition 15.4 together with 2k independent copies

g0 gV ana gV ETD 1< <k,
of a sequence of independent, U-distributed random variables &1, ... &,. Take the
random variables I—r‘{,k(fv)’) and H,‘,fk(f), feZz, vc{l,.. k} defined in formu-
las (16.2) and (16.3) with the help of these quantities. Let

#=2EM,. e 1< j<k)
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denote the 6-algebra generated by the random variables él(j’l), A 5,5’*”, 1< <k
i.e. by those random variables which appear in the definition of the random vari-
ables I_Xk(f,y) and H,‘lfk(f) introduced in formulas (16.2) and (16.3), and have sec-
ond argument 1 in their upper index.

a) There exist some numbers Ay = Ag(k) > 0 and ¥ = Y > 0 such that for all V C
{1,...,k}, V#{L,... k}, the inequality

27(4k+4)
P (sup E(H,Zk (f)1A) > WA(Zkfl)/kn2k62k+2 < kg nA ok
fez !
(16.25)
holds if A > Ayp.

b) Given two subsets Vi,Vo C {1,...,k} of the set {1,...,k} define the integrals (of
random kernel functions)

B () = [ R le(dy), feF, (1626

with the help of the functions I_,Y ((f.y) defined in (16.2). There exist some num-
bers Ag = Ao(k) > 0 and y =y, > 0 such that if the integrals H,;(f), f € Z,
determined by this class of functions F have a good tail behaviour at level
T(2k+1)/2k for some T > Ay, then the inequality

—(2k+2
P <SUP E(Hy(,‘;hvz)(fﬂz%’) > El ( )A2n2k62k+2> < 2kl nAPno? Jk
s ’ k!
fEeEF
(16.27)
holds for any pairs of subsets Vi,Vo C {1,...,k} with the property that at least
one of them does not equal the set {1,... k} if the number A satisfies the condi-
tionA>T.

Proof of Lemma 16.3B. Part a) of Lemma 16.3B can be proved in almost the same
way as Lemma 16.3A. Hence I only briefly explain the main step of the proof. In
the case V = 0 the identity E(H,(f)|%) = E(H,) ,(f)) holds, hence it is enough to
show that E(HXk(f)) < klnfo? < 2%k1n?k6%+2 for all f € .F under the conditions
of Proposition 15.4. (This relation holds, because the functions of the class .# are
canonical.) The case of a general set V, V # @ and V # {1,...,k}, can be reduced
to the case V = {1,...,u} with some 1 <u < k.

GivenasetV ={1,...,u}, 1 <u <k, letus define for all f € .% and sequences
l(u) = (Luis1,.- ., Ik) with the properties 1 <[; <nforallu+1< j<kandl; # 1l
if j # j' the random variable
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I_r‘l/,k(fallt+la"-7lk7y)
! (1,1) u) g (utl,—1) (k,—1)
:H Z f(éll 7”.7514 ’élLH»I ,...7611( ,y).

1<li<n, j=1,0t,
1Ly if j#7 forall 1<),j/<k

It can be shown, similarly to the proof of relation (16.18) in the proof of Proposi-
tion 16.3A that since the functions f € .% have the canonical property the identity

E@2) = L [ BRI b k)] 2) p(dy)

(L 15l :
1<lj<n, j=u+l,...k,

zﬂélj,if#j’
holds, and the proof of part a) of Lemma 16.3B can be reduced to the inequality

oy 2 A(2k71)/k k+u62k+2
P supE (/[kumk(fvllﬁ»]w--alkay)] p(dy)‘%) > (4k+4)(k‘)

feF

- eiykA(Zk—l)/Zk(zu-%—l) (n+u—k)o2

with a sufficiently small 9 > 0. This inequality can be proved, similarly to rela-
tion (16.20) in the proof of Lemma 16.3A with the help of the Corollary of Proposi-
tion 15.4. Only here we have to work in the space (X x ¥, 2™ x %, u* x p) where
V=XKUxy, & =254 x %, p=u*"x p with the class of function f € .%
consisting of the functions f defined by the formula f(xy,...,%,,7) = f(x1,...,X,)
with some f(xj,...,x,y) € %, where § = (X,41,...,%,y). Here we apply the fol-
lowing version of formula (16.21).

— l —_
E (Kb le)P18) = [l (F9)PP(d5) =H, ()
with the function f € .# for which the identity
f_(xlw"?xl,{?y) :f(x1>"'7xk7y)

holds with ¥ = (x,1,...,X,y), and we define the random variables In +u . A .9

and Hn(+,1 k. W f) similarly to the corresponding terms after formula (16.21), or_lly y

is replaced by 7, the measure p by p, and the presently defined functions f € .% are
considered. I omit the details.

Part b) of Lemma 16.3B will be proved with the help of Part a) and the inequality

1/2 1/2
sup E(H, W‘”(M%)s(gp/ﬁ( <>|%>> (;ng( ()%)) .
(16.28)



196 16 A symmetrization argument
To prove inequality (16.28) observe that the random variables H’% 2) (f), HZ ()
and Hr‘l/zk( /) can be expressed as functions of the random variables él(j D, él(j ’71),
1 < j <k, 1 <1< nwhich are independent of each other, and the random variables
él(j D are 2 measurable, while the random variables él(j D are independent of this
c-algebra. Hence we can calculate the conditional expectations E(H ,(l‘;‘ V) (NNA),
E (HX (f)|%) and E (H,‘l/zk( f)|#) by putting the value of the random variables
§<j -1)(w) in the appropriate coordinate of the functions expressing these random
variables and integrating by the remaining coordinates with respect the distribution

of the random variables fl(j =D, By writing up the above conditional expectations in
such a way and applying the Schwarz inequality for them we get the inequality

2 2
Emﬁyﬁ@@)g(E(H,Zlk(f)\@))l (E(H,Z@(f)\@))l forall f € 7.

It is not difficult to deduce relation (16.28) from this inequality by showing that it

remains valid if we put the sup expressions in it in that way as it is done in (16.28).
reF
In the proof of Part b) of Lemma 16.3B we may assume that V; # {1,... k}.
Inequality (16.28) implies that

(Vi.V2) 27D akin
P sugE(Hn,k' (H)|A#) > TA n“o
fe !

% 2 e 1k 2k k2
<P supE(Hn’lk(f)|93)>(kTA< ~/kp2k g2+

feF

+P (sup E(HXi(f)|gg) > A(2k+1)/kn2k62k+2)

fez

Hence if we know that also the inequality
P <sup E(H2(f)|2) >A(2k+1)/kn2k62k+2> < gkl mA ¥ nc? k(16 29)
feF ’

holds, then we can deduce relation (16.27) from the estimate (16.25) and (16.29).
Relation (16.29) follows from Part a) of Lemma 16.3B if V, £ {1,...,k} and A > 1,
since in this case the level A(¥T1)/ky2kG2k+2 cap be replaced by the smaller number
2~ (4k+2) A (2k=1)/k 2%k 52k+2 i the probability of formula (16.29). In the case Vo =
{1,...,k} it follows from the conditions of Part b) of Lemma 16.3B if the number ¥,
is chosen so that ¥, < 1. Indeed, since Ak /2k - 7 (2k+1)/ 2k and by the conditions
of Proposition 15.4 (and as a consequence of Lemma 16.3B) inequality (15.7) holds
for all A > T(2+1)/2k e can apply this relation for the parameter A¥+1)/2 In
such a way we get inequality (16.29) also for V, = {1,...,k}. ad

Now we turn to the proof of Lemma 16.1B.
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Proof of Lemma 16.1B. By Lemma 16.2B it is enough to prove that relation (16.8)
holds if the random variables W ( f) are replaced in it by the random variables W ( f)
defined in formula (16.16). We shall prove this by applying the generalized form

of the symmetrization lemma, Lemma 15.2, with the choice of Z( f) = H}E‘Z V)( 5,
1)
VAL L2 = Z() W) e F. A =BG, 8 < <)

2
a=75 n2k62k+2 u= A7112"62”2 and the set

=N

(Vi1.Va): V{1, k), j=1.2,
ViA{l,. K} or VaA{1,... k}

27(2k+2)
{w: sup E( rg‘;cl VZ)(f)L%))((D) < o A2n2k62k+2} _
fe7z :

By part b) of Lemma 16.3B the inequality

|- P(B) < 22k+1nk—1e—ykA‘/2km2/k

holds. Observe that Z(f) = Hii’v)(f) = H,(f) for all f € .%. Hence to prove
Lemma 16.1B with the help of Lemma 15.2 it is enough to show that

forall f € % if ® € B. (16.30)

N —

o A% o s

93) (w) <
To prove this relation observe that because of the definition of the set B

E(1Z(1)||#)(w)

2
(V1,V2) A 2k g 2k+2
ViVa): Vie{l,...k}, j=12,
Vi#{l,...k} or VaA{1,....k}
if € B for all f € #. Hence the ‘conditional Markov inequality’ implies that
P(|Z( ) > 5 A% 2k g 2kD) ‘%) % < } if @ € B, and inequal-
ity (16.30) holds. Lemma 16.1B is proved. a






Chapter 17
The proof of the main result

In this chapter Propositions 15.3 and 15.4 are proved with the help of Lemmas 16.1A
and 16.1B. They complete the proof of Theorem 8.4, of the main result in this work.

A.) THE PROOF OF PROPOSITION 15.3.

The proof of Proposition 15.3 is similar to that of Proposition 7.3. It applies an
induction procedure with respect to the order k of the U-statistics. In the proof of
Proposition 15.3 for parameter kK we may assume that Propositions 15.3 and 15.4
hold for u < k. We want to give a good estimate on the expression

P sup [kITE (f)] > 27 FF DAk gt H!
feF '

appearing at the right-hand side of the estimate (16.1) in Lemma 16.1A. To estimate
this probability we introduce (using the notation of Proposition 15.3) the functions

2N 1<t <n 1< j<k)
= ~AHEA) res a7.1)

(l1seesli)
1<li<n, =1k,

Ly if 2]
with x¥) € X, 1 <1< n, 1 < j < k. We define with the help of this function the

following set H = H(A) C X* for all A > T similarly to formula (7.8) in the proof
of Proposition 7.3:

H:H(A):{(x}f'),lglgn,lgjgk) :
sup 2, (/)Y 1<l <n 1< j<k)> 2kA4/3nk62}. (17.2)
fez

First we want to show that

199
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30 ; ; k,—A?*no?
PHw: (" (w),1<j<n 1<j<k)eH})<2% ifA>T. (17.3)

To prove relation (17.3) we take the Hoeffding decomposition of the U-statistics

with kernel functions f2 (x1,...,%), f € Z, given in Theorem 9.1, i.e. we write
Fonox)= Y, fxjjev), feZ, (17.4)
vc{l,..k}

with fy (x;,j € V) = 1 P; T1 Q;f*(x1,...,xc), where P; and Q; are the operators
jev - JEV
defined in formulas (9.1) and (9.2).
The functions fy appearing in formula (17.4) are canonical (with respect to the
measure 1), and the identity 52, (f)(§\ 1 <1< n,1 < j <k) = kI, 4() holds for
all f € .7 with the expression I, x(-) defined in (14.11). By applying the Hoeffding

decomposition (17.4) for each term fz(él(ll) . .,élik)) in the expression S,zhk( f) we
get that '

P <sup SNED 1<i<n1<j<k)> 2kA4/3nk62>
fez

< Y P(supnk|v||V|!I_n7V|(fv)>A4/3nk62> (17.5)
vc{l,.k} \feF

with the functions fy appearing in formula (17.4). We want to give a good estimate
for each term in the sum at the right-hand side in (17.5). For this goal first we
show that the classes of functions {fy: f € %} in the expansion (17.4) satisfy the
conditions of Proposition 15.3 forall V C {1,... k}.

The functions fy are canonical for all V C {1,... k}. It follows from the condi-
tions of Proposition 15.3 that | £2(xy,...,x)| <272**1) and

/fA(xla---Jk),li(dxl)...u(dxk) <o kD52

Hence relations (9.5) and (9.6) of Theorem 9.2 imply that

sup  fy(xj,je V)| <27 <o)

xjeX, jev

and [ fZ(xj,j€V) I p(dx;) <2-* g2 <62 forall V C {1,...,k}. Finally, to
jev

check that the class of functions %y = {fy: f € %} is Ly-dense with exponent
L and parameter D observe that for all probability measures p on (X¥,.27%) and
pairs of functions f,g € .7 the inequality [ (> —g?)>dp <27 [(f —g)*dp holds.
This implies that if {f1,..., fn}, m < De~L, is an e-dense subset of .Z in the space
Ly(XK, 2% p), then the set of functions {2%f2,...,2%f21 is an e-dense subset of
the class of functions .7’ = {2¢f2: f € .F}, hence .Z' is also an L,-dense class
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of functions with exponent L and parameter D. Then by Theorem 9.2 the class of
functions %y is also Ly-dense with exponent L and parameter D for all sets V C
{1,...,k}.

For V = 0, the function fy is constant, the relation

fv= /fz(xl,...,xk)u(dxl)...u(dxk) <o’

holds, and Tjy(fiv))| = fv < o2. Therefore the term corresponding to V = @ in the
sum of probabilities at the right-hand side of (17.5) equals zero under the conditions
of Proposition 15.3 with the choice of some Ag > 1. I claim that the remaining terms
in the sum at the right-hand side of (17.5) satisfy the inequality

P n*Visup ||V, v (fr)] > A* b o2
feF '

<P (sup ||V|'I_n7‘V|(fV)| >A4/3nvl(‘;|v+1> < e—Az/y‘nG2
feF
if1< V<« (17.6)

The first inequality in (17.6) holds, since ¢!VI*! < ¢ for [V| > 1,and n >k > |V|.
The second inequality follows from the inductive hypothesis if |V| < k, since in
this case the middle expression in (17.6) can be bounded with the help of Proposi-
tion 15.3 by e~ (") 2V1no® < ,=4%%n0? i A\ — A\ (k) in Proposition 15.3 is chosen
sufficiently large. In the case V = {1, ..., k} it follows from the inequality A > T and
the inductive assumption of Proposition 15.3 by which the supremum of decoupled
U-statistics determined by such a class of kernel-functions which satisfies the con-
ditions of Proposition 15.3 has a good tail behaviour at level T4/3, Relations (17.5)
and (17.6) together with the estimate in the case V = 0 imply formula (17.3).

By conditioning the probability P (‘k!l_:_ «(f) ’ > 2~ (kH+2) g pk/2 Gk+1) with respect

to the random variables él(j ), 1 <1<n 1< j<kwe get with the help of the
multivariate version of Hoeffding’s inequality (Theorem 13.3) that

PR > 272 ant et |6 (@) = xf 1 <1 <01 < <k)

1k
1 A2p2k g2(k+1)
<Cexpq —= 5
2\ 22482 (N 1 <1 <n 1< <k
< Ce_27474/1%2/3](”02 forall fe.%#
if(z('i),lélgn,lgjgk)géH (17.7)

with some appropriate constant C = C(k) > 0.
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Define for all 1 < j <k and sets of points xl( ) e X, 1 <1 < n, the probability
measures p; = pj’ &, 1<1<n)’ 1 < j <k on X, uniformly distributed on the set of
points {x , 1< l < n},ie. let pj(x,(/)) = Lforall 1 </ < n.Letus also define the

product p = p( ,1<1<n,1<j<k)=p;x--x p; of these measures on the
space (X*, 3&”"). Iff is a function on (X*, 27%) such that [ f>dp < &% with some
8 > 0, then

1/2
<n /|f ur, ... u)|p(duy, ..., du) <nf (/fzdp> <8,
uj € R 1< Jj <k, and as a consequence

sup KIS (A 1<i<n 1< j<k) (17.8)

€1y--€n

K@) 1<l <n 1< j<k)

< 2 (k42) gk ko1 1f/f @)2dp < (2~ Agk+1Y2

where I (f)(x,(),lglgn,lgjg
)by E)fralll<1<k and 1 </; <ninit, and
, 1 <1<n, 1< j<k) defined above.

k) equals the expression I_'S «(f) defined

V\A

in (14.12) if we replace &
p is the measure p = p(xl(

Remark. Similarly to the remark made in the proof of Proposition 7.3 we may restrict

our attention to the case when the random variables 51(1 ) are non-atomic. A similar
statement holds also in the proof of Proposition 15.4,

Let us fix the number § = 2_<k+2)A6k+1, and let us list the elements of the set

ﬁasgf:{fl,fz,...}.Put
m=m(8) = max(1,D8 ) = max(1,D(2* A~ (D g~ (k+1))Ly,

and choose for all vectors x") = (xl( ), 1<I<n 1<j<k)e X" such a sequence
of positive integers py (x), ..., p(x™ ))) for which

inf [ (f(u) = £, 00 () (") (du) < 8> forall f € .F and x™) € X*",

1<I<m
(Here we apply the notation p(x()) = p(xl( ), 1<1<n,1<j<k), which is a
probability measure on X* depending on x() ) This is possible, since .# is an L;-
dense class with exponent L and parameter D, and we can choose m = DS~ L if
8 < 1, Besides, we can choose m = 1 if § > 1, since [|f — g|>dp < sup|f(x) —
g(x)]> <27k < 1 for all f,g € .. Moreover, we have shown in Lemma 7.4A that
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the functions p; (x(”)), 1 <1 < m, can be chosen as measurable functions of the
argument x") e X~

Let us consider the random vector &) (@) = (51(")(60), 1<1<n,1<j<k).By
arguing similarly as we did in the proof of Proposition 7.3 we get with the help of
relation (17.8) and the property of the functions fpz (x() (+) constructed above that

{a): sup [k!Iy  (f)(@)] >27 (k1) gk k“}
feF

c U { KT () e ) ()] = 2’("*2)Ank6(k+1)} .
The above relation and formula (17.7) imply that

sup [KITE(£) (@) >

N Anko-k+1
(st >

m A nk GkJr 1

<yr (|k!1_,ik(fpl(§(,1)(m))(a)) Z ok

=1

g@) =, 1<1<n,1 gg«)

_o—4—4/kp2/3k; 52 _p—4-4/kp2/3ky 52

< C(14D22A7 g~y
if () 1<1<n1<j<k}¢H. (17.9)

< Cm(8)e

Relations (17.3) and (17.9) imply that

P <sup |KUE ()] > 2<’<+‘>Ankck+1> (17.10)
feF

S C(l +D(2k+2A—lG_(k-‘rl))L)e—27474/kA2/3kn(72 + 2ke—A2/3kn62 lfA > T.

Proposition 15.3 follows from the estimates (16.1), (17.10) and the condition
no? > Llogn+logD, L,D > 1, if A > A, with a sufficiently large number A.

P 25 1 (9k+24—1 ~—(k+1)\L 602 N L(k1)/2
Indeed, in this case no” > 5, (27°A o (k+1) S(m) < pkkt1)/2 —

2 2
eLlogn<(k+1)/2 < e(k+1)no‘ /2’ D = elogD < "% and

44k p2/3k, 52 1 7A|/2sz

C(1+D(22a7 o= (ke <

w \

The estimation of the remaining terms in the upper bound of the estimates (16.1)
and (17.10) leading to the proof of relation (15.5) is simpler. We can exploit that
e,A2/3kn02 < e*A'/zknc2 and as nk*l < e(k*])ncz, hence 2kefA2/3kn0'2 < %e,Al/anUZ
2k k=1 o=%AY P Vna? [k ok ,(k—1)no? ;=AY P Dno? [k <A

b}

and Y00 for large
number A. U
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Now we turn to the proof of Proposition 15.4.
B.) THE PROOF OF PROPOSITION 15.4.

Because of formula (16.11) in the Corollary of Lemma 16.1B to prove Proposition
15.4 i.e. inequality (15.7) it is enough to choose a sufficiently large parameter Ag
and to show that with such a choice the random variables H, (f|G,V1,V>) defined
in formula (16.9) satisfy the inequality

A2k g2kt 1) Al/2k, 2
P (;g};’Hn,k(fGavlaVZ)’ v T p— < okt AT no

forallGEY and V;,Vo€{l,....k} ifA>T>Ay (17.11)

under the conditions of Proposition 15.4.

Let us first prove formula (17.11) in the case |e(G)| = k, i.e. when all vertices
of the diagram G are end-points of some edge, and the expression H, ¢ (f|G,V1,V»)
contains no ‘symmetrizing term’ €;. In this case we apply a special argument to
prove relation (17.11).

We will show with the help of the Schwarz inequality that for a diagram G such
that |e(G)| =k

|H,x(f|G,V1,V2)] (17.12)
1/2

S| X [PE g p(ay)
(Z|.....lk)2

1<l;<n, 1<j<k,
Ly if j#]
1/2

Y e g o (ay

(Iyeli):
1<l;<n, 1< j<k,

Ly if j#]

with 8;(Vy) = 1if j e Vy, 6;(Vi) = —1if j ¢ Vi, and §;(V») = 1if j € V2, §;(Va) =
—1if j ¢ V,.

Relation (17.12) can be proved for instance by bounding first the absolute value
of each integral in formula (16.9) by means of the Schwarz inequality, and then by
bounding the sum appearing in such a way by means of the inequality ¥ |a;b;| <

1/2 1/2
(Za?) (Zb?) . Observe that in the case |(e(G)| = k the summation in (16.9)

is taken for such vectors (I1,..., I, ,...,1;) for which (I{,...,]}) is a permutation
of the sequence (/1,...,l;) determined by the diagram G. Hence the sum we get
after applying the Schwarz inequality for each integral in (16.9) has the form Y a;b;
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where the set of indices j in this sum agrees with the set of vectors (I1,...,I) such
that 1 <1, <nforall 1 <p <k, andl, # 1, if p#p'.
By formula (17.12)

A2k 20k+1)
{a): sug|Hn,k(f|G,V1,V2)(w)‘ > BT
fez

c {(D: sup Z /fz(él(]l,&(vl))(w)’.“’ l(kA,Sk(Vl))(w)’y)p(dy)

> k
fej (lla-"!lk):
1<l;<n, 1< j<k,

Li#Ly if j#j
A2p2k 5 2(k+l)k!
T }

orsm £ [PED @) 8 0l
JET (Il
1<l;<n, 1<j<k,

zﬂézj, if j#£j

A2pZ s 2(k+1)k!
|

hence

A252k 52(k+1)
P H, G,V —
;gg | n.k (f‘ s V1 2)| 24k+1

A2n2k 2(k+1)

1,1 k,1
FEF | (k)
1<l;<n, 1< <k,

Ly if ]

B A2p2k g2(k+1)
=2P | sup |k i(hf)| > ——7— | (17.13)
ez nk\ILf 4kt 1

where I, x(hys), f € .Z, are the decoupled U-statistics defined in (14.11) with the
kernel functions As(xi,...,x;) = [ f2(x1,...,x%,y)p(dy) and the random variables
51(1’1), 1 < j <k, 1 <1< n.(In this upper bound we could get rid of the terms &;(V;)
and 8;(V»), i.e. of the dependence of the expression H,, x(f|G,Vi,V>) on the sets V;
and V5, since the probability of the events in the previous formula do not depend on
them.)

I claim that

P (sup kT, 1 (hyp)| > 2kAnk62> < oke=AHn0  for A > A (17.14)
feF
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if the constant Ag = Ag(k) is chosen sufficiently large in Proposition 15.4. Relation
(17.14) together with the relation 22287 ™ > 2¥Ank62 (if A > Ay with a suffi-
ciently large Ag) imply that the probability at the right-hand side of (17.13) can be
bounded by 26141 and the estimate (17.11) holds in the case |e(G)| = k.

Relation (17.14) is similar to relation (17.3) (together with the definition of the
random set H in formula (17.2)), and a modification of the proof of the latter esti-
mate yields the proof also in this case. Indeed, it follows from the conditions of
Proposition 15.4 that 0 < [hy(xy,...,x)p(dx1)... u(dxy) < o2 for all f € F,
and it is not difficult to check that sup [1¢(x1,...,x;)| <2721 "and the class of
functions 5 = {2*hy, f € F} is an Ly-dense class with exponent L and parame-
ter D. Hence by applying the Hoeffding decomposition of the functions &y, f € .7,
similarly to formula (17.4) we get for all V C {1,...,k} such a set of functions
{hy)v, f € Z}, which satisfies the conditions of Proposition 15.3. Hence a natural
adaptation of the estimate given for the expression at the right-hand side of (17.5)
(with the help of (17.6) and the investigation of [V|!]jy(fv) for V = 0) yields
the proof of formula (17.14). We only have to replace S, «(f) by k!I, «(hy), then
V[, v (fv) by [V[1 L, v ((hr)v) and the levels 2¢A*/3nf 62 in (17.3) and A*/3n* o2
in (17.5) by 2¥An*o? and An*o? respectively. Let us observe that each term of the
upper bound we get in such a way can be directly bounded, since during the proof of
Proposition 15.4 for parameter k we may assume that the result of Proposition 15.3
holds also for this parameter k.

In the case of a diagram G € ¢ such that ¢(G) < k formula (17.11) will be proved
with the help of the multivariate version of Hoeffding’s inequality, Theorem 13.3. In
the proof of this case an expression, analogous to Sﬁ’k( f) defined in formula (17.1)
will be introduced and estimated for all sets Vi, V> C {1,...,k} and diagrams G € ¢
such that |¢(G)| < k. To define it first some notations will be introduced.

Let us consider the set Jo(G) = Jo(G, k,n),

J(G) ={(l,. ol ) V<L <n V< j <k i # Ly if j# f,
LAVt j# ], =1 (j,)) €e(G), i #1if (j,j') ¢ e(G)}.
The set Jo(G) contains those sequences (I1,...,I,1},...,[;) which appear as indices
in the summation in formula (16.9) for a fixed diagram G. We also introduce an

appropriate partition of it.
For this aim let us first define the sets

Mi(G) ={j(1),....Jj(k=le(G)])} = {1,....k}\v1(G),
J(1) < < jik—e(G)]),
and

My (G) ={j(1),....j(k—[e(G])} = {1,....k} \n2(G),
J(1) < < jlk—le(Gl),
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the sets of those vertices of the first and second row of the diagram G, indexed in in-
creasing order, from which no edge starts. Let us also introduce the set V(G) =
V(G,n,k), which consists of the restriction of the vectors (I1,...,k,[,...,[;) €
Jo(G) to the coordinates indexed by the elements of the set M;(G) UM (G). For-
mally,

V(G) = {(lj(l)’ e ’lj(k*|e(G)‘>7l}(l)’ .. '7l}(k—‘e(G)|)): 1 S lj(P)’l;_(p) S n
V< p<k=1e(G)]: L) # Litp)» By # L)
it p£p',1<p,p <k—le(G),
i) # Ly 1 < pop! <K= 1e(G)]}.

The elements of V (G) are vectors with elements indexed by the set M} (G) UM, (G),
which take different integer values between 1 and 7.
We write all vectors v = (), .. .,lj(k_|e(c)|),l}(1), e ’l}(k—\e(G)\)) € V(G) in the

form v = (v, v with

1 2
vV = sl eey) and v = (T )

i.e. v(1) contains the first k — |e(G)| coordinates of v with indices of the set My (G),
and v(!) contains the last k — |e(G)| coordinates of v with indices of the set Ms(G).
We define with their help the set Eg(v) which consists of those vectors ¢ =
(hiy. . I 1, 1) € Jo(G) whose restrictions to the coordinates with indices in
M, (G) and My (G) equal v(") and v(?) respectively. More explicitly, we put

Eg(v) ={(li,-- sl 01, 1) 1< <n, 1 <17 <n, for 1 <j,j<k,
AL it T AL £ T,
1;=15if (j,]) € e(G) and I; # I5if (j, ]) ¢ e(G), and
Liry = v(r), l}(r) =9(r), 1 <r<k—le(G)|}, forallveV(G),
where {j(1),..., j(k—[e(G)))} = Mi(G), {j(1),..., j(k=|e(G))} = Ma(G), v
(VD vy with v() = (u(1),...,v(k— |e(G)])) and v¥) = (5(1),...,5(k — |e(G)]))

in the last line of this definition. Besides, let us define

ELW) ={(l1,....1)): (Iy,.... I, 11,...,1}) € Eg(v)}

and

EEW)={l},....1.): (Iy....It.,1},....I}) € Eg(v)}.
The vectors £ = (I1,...,It,1},...,I;) € Eg(v) can be characterized in the following
way. For j € M;(G) their coordinates /; agree with the corresponding elements of
v, for J € M>(G) their coordinates l} agree with the corresponding elements of

v(®). The indices of the remaining coordinates of ¢ can be partitioned into pairs
(s, Jy), 1 <s,5" <|e(G)| in such a way that (js, jy) € e(G). The identity /;, = l},
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holds if (js, jy) € e(G), and if (js, jy) ¢ e(G), then the coordinates /;, and l}/ are
different. Otherwise, the coordinates /;; and l}/ can be freely chosen from the set
{1,...,n}\ {v(), v}, The sets E};(v) and Ecz;(v) consist of the vectors containing
the first k and the second k coordinates of the vectors ¢ € Eg(v).

The sets Eg(v), v € V(G), constitute a partition of the set Jo(G), and the random
variables H, «(f|G,Vi,V>) defined in (16.9) can be rewritten with their help as

k=]e(G)] k—le(G)|
Hux(F1G:V1,V2) (@) = )y I1 €, (@) &, (@)
v=(D ey (G) s=I 1

[ & @), 55 (@), )

(Il s} ) EEG (V)

FE @) g @) y)p(dy). (17.15)

where 5]'(‘/1) =1ifjeV, 5j(V1) =—1if j¢V;,and 5j(V2) =1if jeV,, 5j(V2) =
—1if j ¢ Vh.

Let us fix some diagram G € ¢ and sets V;,V, C {1,...,k}. We will prove the
inequality

P (32(9\G,VI,V2) > 22kA8/3n2kc74> < k1A noie A > A and e(G) < k
(17.16)
for the random variable

S(ZIG.V1.V2) = sup Y ( Y [ gty
(G) (Il

f€F vev &) EEG(Y)
2
f(éz(flh&(m)""’glfgk’ak(VZ))’y)p(dy)) : (17.17)

where 5j(V1) =1lifjeV, 8j(V1) =—1ifj ¢ Vi, and 6](V2) =1ifjeV,, 5j(V2) =

—1if j ¢ V5. The random variable $%(.% |G, Vy,V,) defined in (17.17) plays a similar

role in the proof of Proposition 15.4 as the random variable sup S, (f) with S2, (f)
fez '

defined in formula (17.1) played in the proof of Proposition 15.3.
To prove formula (17.16) let us first fix some v € V(G), and let us show that the
following inequality, similar to relation (17.12) holds.
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8 0
( y /f@z(ll' 00 g ka0 )
(ool ) EEG(Y)
2
5 8
PG gD () )

(, I, [PED g E ) o ay)

S L )

(I}l ) EEZ (V)

forall f € .% and v € V(G). Indeed, observe that for a vector v = (v;,7,) € Eg(v)
with 7 € EL(v) and #, € EZ(v), the coordinates of the vector 7} in the set M;(G)
and the coordinates of the vector v, in the set M»(G) are prescribed, while the coor-
dinates of v; in the set v| (G) are given by a permutation of the coordinates v, in the
set v2(G). (The sets vi(G) and v»(G) were defined before the introduction of for-
mula (16.9) as the sets of those vertices in the first and second row of the diagram G
respectively from which an edge of G starts.) This permutation is determined by the
diagram G. Inequality (17.18) can be proved on the basis of the above observation
similarly to formula (17.12).
We shall prove with the help of formula (17.18) the following inequality.

S2(F|G, Vi, V) (17.19)

' 61 ( Si(
<sup Y )» /f%élﬁ‘*“ LR y)p(dy)
FEFVeV(6) \(hdi)EEL ()"

) /f g g o (ay)

(], L) EEE (Y

< sup [PE D ERD o ay)

1<z <n, 1<,<k

l#l;ltﬁéj

81 ( .0
sup ): /f g{ta02) --,33,([’ V2D y)p(dy)

fez

|77

1<li<n, 1<,<k

1_’,-#;., if j#/
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The first inequality of (17.19) is a simple consequence of formula (17.18) and the
definition of the random variable S?(.% |G, V1, V3). To check its second inequality let

us observe that it can be reduced to the simpler relation where the expression sup
fez
is omitted at each place. The simplified inequality obtained after the omission of

the expressions sup can be checked by carrying out a term by term multiplication
between the products of sums appearing in (17.19). At both sides of the inequality
a sum consisting of terms of the form

JRE O ERD, y)p(dy)
[PE D gD o a), (17.20)

appears. It is enough to check that if a term of this form appears in the middle term
of the simplified version formula of (17.19), then it appears with multiplicity 1,
and it also appears at the right-hand side of this formula. To see this, observe that
each term of the form (17.20) which appears in the sum we get by carrying out
the multiplications in middle term of (17.19) determines uniquely the index v =
(v(V v()) € V(G) in the outer sum of the middle term in the inequality (17.19).
Indeed, if the random variables defining this expression of the form (17.20) have
indices £ = (I1,...,It,1},...,1}), then this vector ¢ uniquely determines the vector
v = v®) € V(G), since v{!) must agree with the restriction of the vector [ =
(I1,...,I) to the coordinates with indices in M;(G) and v(?) must agree with the
restriction of the vector I’ = (I},...,I;) to the coordinates with indices in M>(G).
Besides, by carrying out the multiplication at the right-hand side of (17.19) we get
such a sum which contains all such terms of the form (17.20) which appeared in the
sum expressing the middle term in inequality (17.19). The above arguments imply
inequality (17.19).
Relation (17.19) implies that

P(S*(F|G,V1,Va)) > 2% A8 6%y < 2P ( sup k'l i (hys) > 2"A4/3nk0'2> ,
feF

where I,(hy), f € .F, are the decoupled U-statistics defined in (14.11) with
the kernel functions hy(xy,...,x) = [ f2(x1,...,x,y)p(dy) and the random vari-

ables 51(1 ’l), 1 <j<k 1<1<n. (Here we exploited that in the last formula
S2(.Z|G,V1,V3) is bounded by the product of two random variables whose distri-
butions do not depend on the sets V; and V5.) Thus to prove inequality (17.16) it is
enough to show that

2P (Sup kL, g (hy) > 25AY 3n"62> <kl mAYHne® e A s A0 (17.21)
fez
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Actually formula (17.21) follows from the already proven formula (17.14), only the
parameter A has to be replaced by AY3 init.

With the help of relation (17.16) the proof of Proposition 15.4 can be completed
similarly to Proposition 15.3. The following version of inequality (17.7) can be
proved with the help of the multivariate version of Hoeffding’s inequality (The-
orem 13.3) and the representation of the random variable H,(f|G,V1,V») in the
form (17.15).

A? ;
P<|H,,,k(fG,v1,v2) > 24k+2n2k62(k+1) g 1<i<n i §j§k>(w)

< Ce—2*(°+2/")A2/3"n02 (17.22)
if S2(F|G,Vi,Va) () < 2%*A%3n*6* and A > A,

with an appropriate constant C = C(k) > 0 for all f € .% and G € ¢ such that
le(G)| < k and V1,Vo C {I,...,k}. (Observe that the conditional probability esti-
mated in (17.22) can be represented in the following way. In a point @ € € fix the
values of 51(1 ’il)((o) for all indices 1 </ <nmand | < j <k in the random variable
H, x(f|G,V1,Vy), and the conditional probability in this point @ equals the proba-
bility that the random variable, (depending on the random variables &, 1 <[ < n),

obtained in such a way is greater than 24,{f2k! n2kg2(k+1) )
Indeed, in this case the conditional probability considered in (17.22) can be
bounded because of the multivariate version of Hoeffding’s inequality by

1 Ak g4kt 1/2j 1 / A%/3 2k g4\ 1/2)
oo a(wierenmm) o)
with an appropriate C = C(k) > 0, where 2j = 2k —2|e(G)|, and 0 < |e(G)| < k—1.
Since j <k, no? > %, and also 2?3%; > 2 if Ay is chosen sufficiently large we can
write in the above upper bound for the left-hand side of (17.22) j = k, and in such a
way we get inequality (17.22).
The next inequality, in which we estimate sup H, x(f|G,Vi,V»), is a natural ver-

fes
sion of formula (17.9) in the proof of Proposition 15.3. We shall show that

A 2k <2(k
P<;§1;|Hn,k(f|G7V1>V2)| > 24k+1n c (1)

D4k+3 L 0~ (64+2/K) 42/3k 2

if S2(Z|G,V1,V2)) () < 2%*A%3n*6* and A > A, (17.23)

g 1<i<n,1 §j§k>(w)

for all G € ¢4 such that |e(G)| < k and V;,Vo C {1,...,k}.
To prove formula (17.23) let us fix two sets V;,V, C {1,...,k} and a diagram G

such that |e(G)| < k. We shall define for all vectors x(") = (xgj "1),xl(j Di<i<
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n, 1< j<k)e X some probability measure o/(x(")) on the space X* x ¥ (with
the space Y which appears in the formulation of Proposition 15.4) With which we
can work so as we did with the probability measures v(x(")) and p (x(")) in the proof
of Propositions 7.3 and 15.3.

To do this we define first for a vector x(") = (x l(j’l) xgj’_l) 1<1<n1<j<

k) € X2 and for all 1 < j < k two probability measures v( ) = .< )( ) vy)

2 _

and Vv; v( )( (") V) in the space (X,2) in the following way. The mea-

sures v(l)( (n ) Vi) and vj(-2> (x\"), V) are uniformly distributed in the set of points

J
Js j(Vl) , ] S l Snandx;]-ﬁj(‘é))

forall 1 < j <k (and sets Vi and V») the probability measures v}l) ({xl(j 9 (Vl))}) =

1 and v ({ /5 v2) }) =1 forall 1 <1< n, where §;(Vy) =1 if j eV,

0j(Vi)=—1if j ¢ Vy, and similarly §;(V>) = 1 if j € V; and 5]~(V2) =—1if j¢ V.

Let us consider the product measures o = o (x (m) V) = vl(l)

o = o (x,V,) = vl(z) - X v ) x p on the product space (Xk xY, %k X %),
where p is that probability measure on (Y, %) which appears in Proposition 15.4.
With the help of the measures o) and op we define the measure o = Oc(x(”)) =
a(x(”),Vl,Vg) = % in the space (X* x ¥, 2% x %). Let us also define the mea-

sure & = & (x) = a(x™, v, V) = vl(l) X ~-v,£1) X v1(2> X ~v,§2>

(X* XY, 2, x %),

Define H,(f|G,Vi,V») as a function in the product space (X2, 2°%") (with
arguments x( D) and x( = , 1< j <k, 1 <1 < n)by means of formula (17.15) by
é (j:0;( Vl))(w) by 1(175 (V1))

, 1 <1 <n,respectively. More explicitly, we define

1 xpand

X p in the space

replacing the random variables and the random variables

5/5 () (w) by x(j’éf(v» initforall 1 <j<kand 1</l <

value of the coefficients €, and 81/( : in (17.5) fixed.) With such a notation we can

< n. (We consider the

write for any pairs f,g € .7 andx( " = =(x l]l) xl(j’_l), 1<j<k1<I<n) € X2kn
by exploiting the properties of the above defined measure & the inequality

sup |H,. i (f1G,V1,V2)(x") — Hy i (8]G, V1, V2) (2]
€1,..,&

<

v=(D) v@)eV(G) (Lsernliol] ot} EEG(Y)

1,6,(V, &8 (V. 1,8, (V- 6. (V.
/|f(x( 01 ( l))v""xl(k i ( 1))’y)f(xl(; 1 2))’.._7x§/ i ( 2))7y)

1,6 (V] k.6 (Vi 1,8, (V- k,6(V2)

_g(xl(l 1 ( 1))7.._’x§k e ( ]))’y)g(xl(;/ 1( 2)),...,x§/ (V2)) 3)p(dy)
Snzk/|f(xl7'''7xk7y)f(xk-‘v-17"'7x2k7y)

7g(x17“'axkay)g(xk+l7'"7x2k7y)|a(dxla"'7dx2k7dy)' (17.24)

Besides, since both sup | f(x1,...,x¢,y)| < 1 and sup|g(x1,...,x,y)| < 1, we have
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F e e Xy ) f (k-5 X2k, 9) = 8(X15 3%k, )8 (Xt 15 -+ 5 X2k, Y) |
SO o I 155020, Y) — 8 (kg 15+ -, %2k, Y)|
Hlg(krty x|l f 1y Xk, y) — 8(X1 5 - - vy X1y V)|
< farts 5%k, Y) — 8Kkt 15+ -5 X2, V)|
Hf Gty y) — g1,k Y)-

It follows from this inequality, formula (17.24) and the definition of the measures
a, oy, ap and o that

sup |, x(F1G. Vi, Va) (")) — Hy g (8] G, Vi, Va) ()]

< [t ) = 80011520
s xGY) — g (Xt x| e (dxy, - - - dxog, dy)
:nZk/|f(x1,...,xk,y) —g(x1,. x5,y
(oq(dxy,... dxg, dy)+ op(dxy,...,dxg, dy)) (17.25)

:2n2k/|f(x1,...,xk,y)—g(xl,...,xk,y)|06(dx1,...,dxk,dy)

1/2
< 2n2k </ |f(-x17"'7xk7y) _g(xla"'7xk7y)|2a(dx17"'adxkv dy))

with the previously defined probability measure o0 = a(x)). Put § = Az;,z{ik; D ,

list the elements of % as .# = {f,f2,...}, and choose such a set of indices
p1(x™),..., pm(x") taking positive integer values with m = max(1,D8 ) ele-
ments for which

min / (f(u) = f oy ()Pt (x") (du) < 8% forall f € F and x") € X*",

1<I<m

(Here integration is taken with respect to u € X*¥ x ¥.)

Such a choice of the indices p; (x(”)), 1 <1 <m,is possible, since .% is L,-dense
with exponent L and parameter D. Moreover, by Lemma 7.4B we may chose the
functions p; (x(”)), 1 <1 < m, as measurable functions of their argument xn) g x2%n,

Put £ (@) = (é;j‘il)(w)7 1 <1<n, 1< j<k). By arguing similarly as we did
in the proof of Propositions 7.3 and (15.3) we get with the help of relation (17.25)
and the property of the functions fm (x() (+) constructed above that

A2k g2(k+1)
w: H, GViWn)(®)|> —Fg——
{ fsélg"| n,k(f| 1 2)( )| 2(4k+1)

m A2p2k g2k D)
c IL—J1 {COZ Huge(f, e ()| G- V1, V2) (@) (@) > Y
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Hence
A2p2k G2kt 1) ) .
(Sup |H, 1 (f|G, V1, Va)| > T él(f’i”,lglgn,lgjgk)(w)
fez
= A2k g2(k+1)
SZP<|Hn,k(fm(§(n)(w))|G,V],V2)| T
=1

g 1 <i<n1 <j<k>(w>

for almost all @. The last inequality together with (17.22) and the inequality m =
L
max(1,D8 %) <1+D (ﬁ) imply relation (17.23).
It follows from relations (17.16) and (17.23) that

A2n2k62(k+1) 42/, 52
P (sug |Hn_’k(f|G,V1 ,V2)| > W S 2k+1€ A 10
feF

D4k+3 L o (6+2/K) 42/3kpg2 .

forall Vi, Vo C {1,...,k} and diagram G € ¢ such that |¢(G)| < k — 1. This inequal-
ity implies that relation (17.11) holds also in the case |¢(G)| < k — 1 if the constants
Ay is chosen sufficiently large in Proposition 15.4, and this completes the proof of

Proposition 15.4. To prove relation (17.11) in the case |e(G)| < k— 1 with the help
of the last inequality it is enough to show that D(%)L < eeomstno® jf 4 5 Ag

with a sufficiently large Ay, since this implies that the second term at the right-hand
of our last estimation is not too large.

This relation follows from the inequality 76> > Llogn -+ logD which implies
that

94k+3 L nk+1) L )
< < n(k+1)L _ e(k+1)Llogn < e(k+l)nc7
A2g2(k+1) - (2n62)(k+1) = -

if A is sufficiently large, and D = ¢l°¢P < o’ a



Chapter 18

An overview of the results and a discussion of
the literature

I discuss briefly the problems investigated in this work, recall some basic results
related to them, and also give some references. I also write about the background of
these problems which may explain the motivation for their study. I list the remarks
following the subsequent chapters in this work. Chapter 1 is an introductory text,
the real work starts at Chapter 2.

CHAPTER 2

I met the main problem considered in this work when I tried to adapt the method
of proof of the central limit theorem for maximum-likelihood estimates to some
more difficult questions about so-called non-parametric maximum likelihood esti-
mate problems. The Kaplan—-Meyer estimate for the empirical distribution function
with the help of censored data investigated in the second chapter is an example for
such problems. It is not a maximum-likelihood estimate in the classical sense, but it
can be considered as a non-parametric version of it. In the estimation of the distribu-
tion function with the help of censored data we cannot apply the classical maximum
likelihood method, since in this problem we have to choose our estimate from a too
large class of distribution functions. The main problem is that there is no dominat-
ing measure with respect to which all candidates which may appear as our estimate
have a density function. A natural way to overcome this difficulty is to choose an
appropriate smaller class of distribution functions, to compare the probability of
the appearance of the sample we observed with respect to all distribution functions
of this class and to choose that distribution function as our estimate for which this
probability takes its maximum.

The Kaplan—Meyer estimate can be found on the basis of the above principle in
the following way: Let us estimate the distribution function F(x) of the censored
data simultaneously together with the distribution function G(x) of the censoring
data. (We have a sample of size n and know which sample elements are censored
and which are censoring data.) Let us consider the class of such pairs of estimates
(Fu(x),Gp(x)) of the pair (F(x),G(x)) for which the distribution function F,(x) is
concentrated in the censored sample points and the distribution function G, (x) is
concentrated in the censoring sample points; more precisely, let us also assume that

215
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if the largest sample point is a censored point, then the distribution function G, (x)
of the censoring data takes still another value which is larger than any sample point,
and if it is a censoring point then the distribution function F,(x) of the censored
data takes still another value larger than any sample point. (This modification at the
end of the definition is needed, since if the largest sample point is from the class of
censored data, then the distribution G(x) of the censoring data in this point must be
strictly less than 1, and if it is from the class of censoring data, then the value of the
distribution function F(x) of the censored data must be strictly less than 1 in this
point.) Let us take this class of pairs of distribution functions (F;(x),G,(x)), and
let us choose that pair of distribution functions of this class as the (non-parametric
maximum likelihood) estimate with respect to which our observation has the great-
est probability.

The above extremum problem about a pair of distribution functions (F,(x), G,(x))
can be solved explicitly, (see [28]), and it yields the estimate of F;,(x) written down
in formula (2.3). (The function G,(x) satisfies a similar relation, only the random
variables X; and Y; and the events 0; = 1 and J; = 0 have to be replaced in it.) If
we want to prove that the estimate of the distribution function we found in such a
way satisfies the central limit theorem, then we can do this with the help of a good
adaptation of the method applied in the study of maximum likelihood estimates. We
apply an appropriate linearization procedure, and there is only one really hard part of
the proof. We have to show that this linearization procedure gives a small error. This
problem led to the study of a good estimate on the tail distribution of the integral of
an appropriate function of two variables with respect to the product of a normalized
empirical measure with itself. Moreover, as a more detailed investigation showed,
we actually need the solution of a more general problem where we have to bound
the tail distribution of the supremum of a class of such integrals. The main subject
of this work is to solve the above problems in a more general setting, to estimate not
only two-fold, but also k-fold random integrals and the supremum of such integrals
for an appropriate class of kernel functions with respect to a normalized empirical
distribution for all £k > 1.

The proof of the limit theorem for the Kaplan—Meyer estimate explained in this
work applied the explicit form of this estimate. It would be interesting to find such
a modification of this proof which only exploits that the Kaplan—Meyer estimate is
the solution of an appropriate extremum problem. We may expect that such a proof
can be generalized to a general result about the limit behaviour for a wide class
of non-parametric maximum likelihood estimates. Such a consideration was behind
the remark of Richard Gill I quoted at the end of Chapter 2.

A detailed proof together with a sharp estimate on the speed of convergence for
the limit behaviour of the Kaplan—-Meyer estimate based on the ideas presented in
Chapter 2 is given in paper [40]. Paper [41] explains more about its background,
and it also discusses the solution of some other non-parametric maximum likeli-
hood problems. The results about multiple integrals with respect to a normalized
empirical distribution function needed in these works were proved in [33]. These
results were satisfactory for the study in [40], but they also have some drawbacks.
They do not show that if the random integrals we are considering have small vari-



18 An overview of the results and a discussion of the literature 217

ances, then they satisfy better estimates. Besides, if we consider the supremum of
random integrals of an appropriate class of functions, then these results can be ap-
plied only in very special cases. Moreover, the method of proof of [33] did not allow
a real generalization of these results. Hence I had to find a different approach when
I tried to generalize them.

I do not know of other works where the distribution of multiple random integrals
with respect to a normalized empirical distribution is studied. On the other hand,
there are some works where a similar problem is investigated about the distribu-
tion of (degenerate) U-statistics. The most important results obtained in this field
are contained in the book of de la Pefia and Giné Decoupling, From Dependence
to Independence [9]. The problems about the behaviour of degenerate U-statistics
and multiple integrals with respect to a normalized empirical distribution function
are closely related, but the explanation of their relation is far from trivial. The main
difference between them is that integration with respect to u,, — i instead of the em-
pirical distribution y,, means of some sort of normalization, while this normalization
is missing in the definition of U-statistics. I return to this question later.

Let me finish my discussion about Chapter 2 with some personal remarks. Here
Iinvestigated a special problem. But in my opinion the method applied in this chap-
ter works well in several similar problems about the limit behaviour of a non-linear
functional of independent identically distributed random variables. In the study of
such problems we express the non-linear functional we are investigating as an inte-
gral with respect to the normalized empirical distribution determined by the random
variables we are working with plus some negligibly small error terms. Then we have
to describe the limit behaviour of the random integral we got, and this can be done
with the help of some classical results of probability theory. Besides, we have to
show that the remaining error terms are really small. This can be done, but at this
point the results discussed in this work play a crucial role. I believe that a similar
picture arises in many cases. In certain problems it may happen that the main term is
not a one-fold, but a multiple integral with respect to the normalized empirical dis-
tribution. But the limit distribution of such functionals can also be described. This
is the content of Theorem 10.4’ proved in Appendix C.

CHAPTER 3

The main part of this work starts at Chapter 3. A general overview of the results
without the hard technical details can be found in [36].

First the estimation of sums of independent random variables or of one-fold ran-
dom integrals with respect to a normalized empirical distribution and the supremum
of such expressions is investigated in Chapters 3 and 4. This question has a fairly
big literature. I would mention first of all the books A course on empirical pro-
cesses [13], Real Analysis and Probability [14] and Uniform Central Limit Theo-
rems [15] of R. M. Dudley. These books contain a much more detailed description
of the empirical processes than the present work together with a lot of interesting
results.

In Chapter 3 I presented the proof of some classical results about the tail be-
haviour of sums of independent and bounded random variables with expectation
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zero. They are Bernstein’s and Bennett’s inequalities. Their proofs can be found
at many places, e.g. in Theorem 1.3.2 of [15] and [6].) We are also interested in
the question when these results give such an estimate that the central limit theo-
rem suggests. Actually, as it is explained in Chapter 3, Bennett’s inequality gives
such a bound that the Poissonian approximation of partial sums of independent ran-
dom variables suggests. Bernstein’s inequality provides an estimate suggested by
the central limit theorem if the variance of the sum we consider is not too small.
The results in Chapter 3 explain these statements more explicitly. If the variance
of the sum is too small, then Bennett’s inequality provides a slight improvement
of Bernstein’s inequality. Moreover, as Example 3.3 shows, Bennett’s inequality is
essentially sharp in this case. But these results are much weaker than the estimates
suggested by a normal comparison.

The relative weakness of Bernstein’s and Bennett’s inequality for random sums
with small variance had a deep consequence in our investigation about the supre-
mum (of appropriate classes) of sums of independent random variables. Because of
the weakness of these estimates in certain cases we had to find a new method. We
could overcome the difficulty we met with the help of a symmetrization argument
which is explained in Chapter 7. But to apply this method we needed another result,
known under the name Hoeffding’s inequality. It yields an estimate about the tail
behaviour of linear combinations of independent Rademacher functions. This result
always provides such a good bound as the central limit theorem suggests. This is
the reason why I discuss this inequality at the end of Chapter 3, in Theorem 3.4. It
is also a classical result whose proof can be found for instance in [25].

The content of Chapter 3 can be found in the literature, e.g. in [13]. The main dif-
ference between my discussion and that of earlier works is that I put more emphasis
on the investigation of the question when the estimates on the tail distribution of
partial sums of independent random variables are similar to their Gaussian counter-
part. I had a good reason to discuss this question in more detail. I was also interested
in the estimation of the tail distribution of the supremum of partial sums of indepen-
dent random variables, and in the study of this problem we have to understand when
the classical methods related to Gaussian random variables can be applied and when
we have to look for a new approach.

CHAPTER 4

Chapter 4 contains the one-variate version of our main result about the supremum of
the integrals of a class .# of functions with respect to a normalized empirical mea-
sure together with an equivalent statement about the tail distribution of the supre-
mum of a class of random sums defined with the help of a sequence of independent
and identically distributed random variables and a class of functions .# with some
nice properties. These results are formulated in Theorems 4.1 and 4.1’. They ap-
peared in [33]. Also a Gaussian version of them is presented in Theorem 4.2 about
the distribution of the supremum of a Gaussian random field with some appropriate
properties. A deeper version of Theorem 4.2 is studied in paper [12]. The content of
these results can be so interpreted that if we take the supremum of random integrals
or of random sums determined by a nice class of functions .% in the way described
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in Chapter 4, then the tail distribution of this supremum satisfies an almost as good
estimate as the ‘worst element’ of the random variables taking part in this supre-
mum. But such a result holds only if we consider the value of this tail distribution at
a sufficiently large level, since — as some concentration inequalities imply — the
supremum of these random sums are larger than the expected value of this supre-
mum with probability almost one. I also discussed a result in Example 4.3 which
shows that some rather technical conditions of Theorem 4.1 cannot be omitted.

The most important condition in Theorem 4.1 was that the class of functions .7
we considered in it is Lp-dense. This property was introduced before the formulation
of Theorem 4.1. One may ask whether one can prove a better version of this result,
which states a similar bound for a different, possibly larger class of functions .%. It is
worth mentioning that Talagrand proved results similar to Theorem 4.1 for different
classes of functions .% in his book [58]. These classes of functions are very different
of ours, and Talagrand’s results seem to be incomparable with ours. I return to this
question later in the discussion of Chapters 6 and 7, which deal with the proof of
the results of Chapter 4. In the remaining part of the discussion of Chapter 4 I write
about the notion of countably approximable classes of random variables and its role
in the present work.

In the first formulation of our results we have imposed the condition that the
class of functions .# is countable, i.e. we take the supremum of countably many
random variables. In the proofs this condition was heavily exploited. On the other
hand, in some important applications we also need results about the supremum of a
possibly non-countable set of random variables. To handle such cases I introduced
the notion of countably approximable classes of random variables and proved that
in the results of this work the condition about countability can be replaced by the
weaker condition that the supremum of countably approximable classes is taken.
R. M. Dudley worked out a different method to handle the supremum of possibly
non-countably many random variables, and generally his method is applied in the
literature. The relation between these two methods deserves some discussion.

To understand the problem we are discussing let us first recall that if we take a
class of random variables S, t € T, indexed by some index set 7', then for all sets
A measurable with respect to the o-algebra generated by the random variables S,
t € T, there exists a countable subset 77 = T'(A) C T such that the set A is mea-
surable also with respect to the smaller c-algebra generated by the random variable
S;, t € T'. Besides, if the finite dimensional distributions of the random variables
S;,t € T, are given, then by the results of classical measure theory the probability
of all events measurable with respect to the o-algebra generated by these random
variables S;, t € T, is also determined. But it may happen that we want to deal with
such events whose probability cannot be defined in such a way. In particular, if T is

a non-countable set, then the events {a): supS; (@) > u p are non-measurable with
teT
respect to the above o-algebra, and generally we cannot speak of their probabilities.

To overcome this difficulty Dudley worked out a theory which enabled him to work
also with outer measures. His theory is based on some rather deep results of the
analysis. It can be found for instance in his book [15].
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I restricted my attention to such cases when after the completion of the prob-
ability measure P we can also speak of the real (and not only outer) probabilities

teT
ties really exist. More explicitly, I was interested in the case when for all u > 0 there

exists some set A = A, measurable with respect to the c-algebra generated by the
random variables S;, t € T, such that the symmetric difference of the sets A, and

P (sup S; > u) . I tried to find appropriate conditions under which these probabili-

{w: sup Sy (w) > u} is contained in a set which is measurable with respect to the
teT
o-algebra generated by the random variables S;, ¢ € T, and it has probability zero. In

such a case the probability P (sup S; > u) can be defined as P(A,). This approach
teT
led me to the definition of countable approximable classes of random variables. If

this property holds, then we can speak about the probability of the event that the
supremum of the random variables we are interested in is larger than some fixed
value. I proved a simple but useful result in Lemma 4.4 which provides a condition
for the validity of this property. In Lemma 4.5 I proved with its help that an impor-
tant class of functions is countably approximable. It seems that this property can be
proved for many other interesting classes of functions with the help of Lemma 4.4,
but I did not investigate this question in more detail.

The problem we met here is not an abstract, technical difficulty. Indeed, the dis-
tribution of the supremum of uncountably many random variables can become dif-
ferent if we modify each random variable on a set of probability zero, although their
finite dimensional distributions remain the same after such an operation. Hence, if
we are interested in the probability of the supremum of a non-countable set of ran-
dom variables with prescribed finite dimensional distributions we have to tell more
explicitly which version of this set of random variables we consider. It is natural to
look for such an appropriate version of the random field S;, r € T, whose ‘trajecto-
ries” S;(®), € T, have nice properties for all elementary events ® € Q. Lemma 4.4
can be interpreted as a result in this spirit. The condition given for the countable
approximability of a class of random variables at the end of this lemma can be con-
sidered as a smoothness type condition about the ‘trajectories’ of the random field
we consider. This approach shows some analogy to some important problems in the
theory of stochastic processes when a regular version of a stochastic process is con-
sidered, and the smoothness properties are investigated for the trajectories of this
version.

In our problems the version of the set of random variables S;, t € T, we work
with appears in a simple and natural way. In these problems we have finitely many
random variables &, ..., &, at the start, and all random variables S;(®), 7 € T, we
are considering can be defined individually for each w as a function of these random
variables &; (), ..., &, (). We take the version of the random field S, (), € T, we
get in such a way and want to show that it is countably approximable. In Chapter 4
this property is proved in an important model, probably in the most important model
in possible applications we are interested in. In more complicated situations when
our random variables are defined not as a function of finitely many sample points,
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for instance in the case when we define our set of random variables by means of
integrals with respect to a Gaussian random field it is harder to find the right regular
version of our sets of random variables. In this case the integrals we consider are
defined only with probability 1, and it demands some extra work to find their right
version. But in the problems studied in this work the above sketched approach is
satisfactory for our purposes, and it is simpler than that of Dudley; we do not have
to follow his rather difficult technique. On the other hand, I must admit that I do not
know the precise relation between the approach of this work and that of Dudley.

CHAPTER 5

In Chapter 4 the notion of L,-dense classes, 1 < p < o, also has been introduced.
The notion of L,-dense classes appeared in the formulation Theorems 4.1 and 4.1’
It can be considered as a version of the €-entropy, discussed at many places in the
literature. (See e.g. [13] or [14].) On the other hand, there seems to be no standard
definition of the €-entropy. The term of L,-dense classes seemed to be the appropri-
ate object to work with in this lecture note. To apply the results related to L,-dense
classes we also need some knowledge about how to check this property in concrete
models. For this goal I discussed here Vapnik—éervonenkis classes, a popular and
important notion of modern probability theory. Several books and papers, (see e.g.
the books [15], [49], [59] and the references in them) deal with this subject. An
important result in this field is Sauer’s lemma, (Theorem 5.1) which together with
some other results, like Theorem 5.3 imply that several interesting classes of sets or
functions are Vapnik—éervonenkis classes.

I put the proof of these results to the Appendix, partly because they can be found
in the literature, partly because in this work Vapnik—Cervonenkis classes play a dif-
ferent and less important role than at other places. Here Vapnik—Cervonenkis classes
are applied to show that certain classes of functions are L,-dense. At this point a re-
sult of Dudley formulated in Theorem 5.2 plays an important role. It implies that
a Vapnik—éervonenkis class of functions with absolute value bounded by a fixed
constant is an L, and as a consequence also an Lp-dense class of functions. The
proof of this important result which seems to be less known even among experts of
this subject than it would deserve is contained in the main text. Dudley’s original
result was formulated in the special case when the functions we consider are indi-
cator functions of some sets. But its proof contains all important ideas needed in
the proof of Theorem 5.2. A proof of the result in the form formulated in this work
can be found in [49]. This book also contains the other results of this chapter about
Vapnik—Cervonenkis classes.

CHAPTERS 6 AND 7

Theorem 4.2, which is the Gaussian counterpart of Theorems 4.1 and 4.1" is proved
in Chapter 6 by means of a natural and important technique, called the chaining
argument. This means the application of an inductive procedure, in which an appro-
priate sequence of finite subsets of the original set of random variables is introduced,
and a good estimate is given on the supremum of the random variables in these sub-
sets by means of an inductive procedure. The subsets became denser subsets of the
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original set of the random variables at each step of this procedure. This chaining
argument is a popular method in certain investigations. It is hard to say with whom
to attach it. Its introduction may be connected to some works of R. M. Dudley. It is
worth mentioning that Talagrand [58] worked out a sharpened version of it which
yields in the study of certain problems a sharper and more useful estimate. But it
seems to me that in the study of the problems of this work this improvement has a
limited importance, it turns out to be useful in the study of different problems.

Theorem 4.2 can be proved by means of the chaining argument, but this method
is not strong enough to supply a proof of Theorem 4.1. It provides only a weak es-
timate in this case, because there is no good estimate on the probability that a sum
of independent random variables is greater than a prescribed value if these random
variables have too small variances. As a consequence, the chaining argument sup-
plies a much weaker estimate than the result we want to prove under the conditions
of Theorem 4.1. Lemma 6.1 contains the result the chaining argument yields under
these conditions. In Chapter 6 still another result, Lemma 6.2 is formulated. It can
be considered as a special case of Theorem 4.1 where only the supremum of partial
sums with small variances is estimated. We also show in this chapter that Propo-
sitions 6.1 and 6.2 together imply Theorem 4.1. The proof is not difficult, despite
of some non-attractive details. It has to be checked that the parameters in Proposi-
tions 6.1 and 6.2 can be fitted to each other.

Proposition 6.2 is proved in Chapter 7. It is based on a symmetrization argument.
This proof applies the ideas of a paper of Kenneth Alexander [3], and although
its presentation is different from Alexander’s approach, it can be considered as a
version of his proof. It may be worth mentioning that the symmetrization arguments
were first applied in the theory of Vapnik—Cervonenkis classes to get some useful
estimates (see e.g. [49]). But it turned out that an appropriate refinement of this
method supplies sharper results if we are working with L,-dense classes instead of
Vapnik—Cervonenkis classes of functions.

A similar problem should also be mentioned at this place. M. Talagrand wrote
a series of papers about concentration inequalities, (see e.g. [55] or [56]), and his
research was also continued by some other authors. I would mention the works of
M. Ledoux [30] and P. Massart [43]. Concentration inequalities give a bound about
the difference between the supremum of a set of appropriately defined random vari-
ables and the expected value of this supremum. They express how strongly this
supremum is concentrated around its expected value. Such results are closely re-
lated to Theorem 4.1, and the discussion of their relation deserves some attention.
A typical concentration inequality is the following result of Talagrand [56].

Theorem 18.1 (Theorem of Talagrand). Consider n independent and identically
distributed random variables &, ... &, with values in some measurable space
(X, Z). Let & be some countable family of real-valued measurable functions

n
of (X, ") such that ||f|le < b < oo for every f € F. Let Z= sup ¥, f(&) and
fezi=1

n
v=E (sup Yy f2(§,)> . Then for every positive number x
feFi=1
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1 x xb
P(Z>EZ+x) <Kexp —leog 1+ —
v

and

2
X
P(Z>EZ+x) <Kexp{ ——————
= )< p{ 2(01\/—1—021996)}7
where K, K', ¢\ and ¢, are universal positive constants. Moreover, the same inequal-
ities hold when replacing Z by —Z.

Theorem 18.1 yields, similarly to Theorem 4.1, an estimate about the distribution
of the supremum for a class of sums of independent random variables. (The paper
of P. Massart [43] contains a similar estimate which is better for our purposes. The
main difference between these two estimates is that the bound given by Massart de-

pends on 62 = sup )n: Var f(&;) instead of v=FE (sup )n: (&) |.) Theorem 18.1
feZzi=1 fezi=1

can be considered as a generalization of Bernstein’s and Bennett’s inequalities when

the distribution of the supremum of partial sums (and not only the distribution of one

partial sum) is estimated. A remarkable feature of this result is that it assumes no

condition about the structure of the class of functions .# (like the condition of L;-

dense property of the class .%# imposed in Theorem 4.1). On the other hand, the

estimates in Theorem 18.1 contain the quantity EZ = E (sup i f (5,)) . Such an

fezi=1
expectation of some supremum appears in all concentration inequalities. As a con-
sequence, they are useful only if we can bound the expected value of the supremum
we want to estimate. It is difficult to find a good bound on this expected value in
the general case. Paper [18] provides a useful estimate on it if the expected value of
the supremum of random sums is considered under the conditions of Theorem 4.1.
But I preferred a direct proof of this result. Let me remark that because of the above
mentioned concentration inequality the condition u > const. Glogl/ 2% with some
appropriate constant which cannot be dropped from Theorem 4.1 can be interpreted
so that under the conditions of Theorem 4.1 const. Glogl/ 2 % is an upper bound for
the expected value of the supremum we investigated in this result. Example 4.3 im-
plies that if the conditions of Theorem 4.1 are violated, then the expected value of
the above supremum may be larger.

It is also worth mentioning Talagrand’s work [58] which contains several inter-
esting results similar to Theorem 4.1. But despite their formal similarity, they are
essentially different from the results of this work. This difference deserves a special
discussion.

Talagrand proved in [58] by working out a more refined, better version of the

chaining argument a sharp upper bound for the expected value E sup&; of the supre-
teT
mum of countably many (jointly) Gaussian random variable with zero expecta-

tion. This result is sharp. Indeed, Talagrand proved also a lower bound for this
expected value, and the quotient of his upper and lower bound is bounded by a
universal constant. By applying similar arguments he also gave an upper bound for
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E sup % (&) in Proposition 2.7.2 of his book if &, ..., Ey is a sequence of inde-

‘e F k=1
peildent, identically distributed random variables with some known distribution u,
and .Z is a class of functions with some nice properties. Then he proved in Chap-
ter 3 of this book some estimates with the help of this result for certain models
which solved some problems that could not be solved with the help of the original
version of the chaining argument.

Let me make a short comparison between our Theorem 4.1 and Talagrand’s re-
sult. Talagrand investigated in his book [58] the expected value of the supremum
of partial sums, while we gave an estimate on its tail distribution. But this is not an
essential difference. Talagrand’s results also give an estimate on the tail distribution
of the supremum by means of concentration inequalities, and actually his proofs
also provide a direct estimate for the tail distribution we are interested in without
the application of these results. The main difference between the two works is that
Talagrand’s method gives a sharp estimate for different classes of functions .%.

Talagrand could prove sharp results in such cases when the class of functions
7 for which the supremum is taken consists of smooth functions. An example for
such classes of functions which he thoroughly investigated is the class of Lipschitz 1
functions. In particular, in Chapter 3 of his book [58] he proved that if &, ...,&, isa
sequence of independent random variables, uniformly distributed in the unit square
D =10,1] x [0,1], and .Z is the class of Lipschitz 1 functions on the unit square D
such that [, fdA =0 for all f € %, where A denotes the Lebesgue measure on D,

then E sup i f(&) < Ly/nlogn with a universal constant L. He was interested in
eF =1

this res{ﬂt, because it is equivalent to a theorem of Ajtai—-Koml6s—Tusnady [2]. (See

Chapter 3 of [58] for details.) On the other hand, we can give sharp results in such

cases when .# consists of non-smooth functions, (see Example 5.5), and Talagrand’s

method does not work in the study of such problems.

This difference in the conditions of the results in these two books is not a small
technical detail. Talagrand heavily exploited in his proof that he worked with such
classes of functions .# from which he could select a subclass of functions of .% of
relatively small cardinality which is dense in .%# not only in the L,(u)-norm with
the probability measure y he was working with, but also in the supremum norm.
He needed this property, because this enabled him to get sharp estimates on the tail
distribution of the differences of functions he had to work with by means of Bern-
stein’s inequality. The smallness of the supremum norm of these random variables
was useful, since it implied that Bernstein’s inequality provides a sharp estimate in a
large domain. Talagrand needed such sharp estimates to apply (a refined version of)
the chaining argument. On the other hand, we considered such classes of functions
.Z which may have no small subclasses which are dense in .% in the supremum
norm.

I would characterize the difference between the results of the two works in the
following way. Talagrand proved the sharpest possible estimates which can be ob-
tained by a refinement of the chaining argument, while our main problem was to
get sharp estimates also in such cases when the chaining argument does not work.
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Let me remark that we could prove our results only for such classes of functions .
which are L,-dense. (See Theorem 4.1.) In the Gaussian counterpart of this result, in
Theorem 4.2, it was enough to impose that .7 is an Lp-dense class with respect to a
fixed probability measure 1. We needed the extra condition about L,-dense property
to prove sharp results about the tail distribution of supremum of partial sums when
the chaining argument does not work.

CHAPTER 8

The main results of this work are presented in Chapter 8. One of them is Theo-
rem 8.3 which is a multivariate version of Bernstein’s inequality (Theorem 3.1)
about degenerate U-statistics. A weaker version of this result was first proved in
a paper of Arcones and Giné in [4]. In the present form it was proved in my pa-
per [39]. Its version about multiple integrals with respect to a normalized empirical
measure formulated in Theorem 8.1 is proved in [35]. This paper contains a direct
proof. On the other hand, Theorem 8.1 can be derived from Theorem 8.3 by means
of Theorem 9.4 of this paper. Theorem 8.5 is the natural Gaussian counterpart of
Theorem 8.3. The limit theorem about degenerate U -statistics, Theorem 10.4 (and
its version about limit theorems for multiple integrals with respect to normalized
empirical measures, presented in Theorem 10.4’ of Appendix C was discussed in
this work to explain better the relation between degenerate U -statistics (or multiple
integrals with respect to normalized empirical measures) and multiple Wiener—Itd
integrals. A proof of this result based on similar ideas as that discussed here can be
found in [16]. Theorem 6.6 of my lecture note [32] contains such a weaker version
of Theorem 8.5 which does not take into account the variance of the random integral
we are considering.

Example 8.7 is a natural supplement of Theorem 8.5. It shows that the estimate
of Theorem 8.5 is sharp if only the variance of a Wiener—It0 integral is known. At
the end of Chapter 13 I also mentioned the results of papers [1] and [29] without
proof which also have some relation to this problem. I discussed mainly the con-
tent of [29], and explained its relation to some results discussed in this work. The
proof of these papers apply a method different of those in this work. I make some
comments about them in the discussion of Chapter 13.

Theorems 8.2 and 8.4 which are the natural multivariate counterparts of Theo-
rem 4.1 and 4.1’ yield an estimate about the supremum of (degenerate) U-statistics
or of multiple random integrals with respect to a normalized empirical measure
when the class of kernel functions in these U-statistics or random integrals satisfy
some conditions. They were proved in my paper [37]. Actually I consider these the-
orems the hardest and most important results of this lecture note. Earlier Arcones
and Giné proved a weaker version of this result in paper [5], but their work did not
help in the proof of the results of this note. The proofs of the present note were based
on an adaptation of Alexander’s method [3] to the multivariate case. Theorem 8.6 is
the natural Gaussian counterpart of Theorems 8.2 and 8.4.

Example 8.8 in Chapter 8 shows that the condition u# < const.nc> imposed in
Theorem 8.3 in the case k = 2 cannot be dropped. The paper of Arcones and Giné [4]
contains another example explained by Talagrand to the authors of that paper which
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also has a similar consequence. But that example does not provide such an explicit
comparison of the upper and lower bound on the probability investigated in Theo-
rem 8.3 as Example 8.8. Similar examples could be constructed for all k£ > 1.

Example 8.8 shows that at high levels only a very weak (and from practical point
of view not really important) improvement of the estimation on the tail distribution
of degenerate U-statistics is possible. But probably there exists a multivariate ver-
sion of Bennett’s inequality, i.e. of Theorem 3.2 which provides such an estimate.
Moreover, there is some hope to get a similar strengthened form of Theorems 8.2
and 8.4 (or of Theorem 4.2 in the one-dimensional case). This question is not inves-
tigated in the present work.

CHAPTER 9

Chapter 9 deals with the properties of U-statistics. Its first result, Theorem 9.1, is
a classical result. It is the so-called Hoeffding decomposition of U-statistics to the
sum of degenerate statistics. Its proof first appeared in the paper [24], but it can
be found at many places. The explanation of this work contains some ideas similar
to [54]. I tried to explain that Hoeffding’s decomposition is the natural multivariate
version of the (trivial) decomposition of sums of independent random variables to
sums of independent random variables with expectation zero plus the sum of the ex-
pectations of the original random variables. Moreover, even the proof of Hoeffding’s
decomposition shows some similarity to this simple decomposition.

Theorem 9.2 and Proposition 9.3 can be considered as a continuation of the in-
vestigation about the Hoeffding decomposition. They tell us how some properties
of the kernel function of the original U-statistic are inherited in the properties of
the kernel functions of the degenerate U-statistics taking part in its Hoeffding de-
composition. In several applications of Hoeffding’s decomposition we need such
results.

The last result of Chapter 9, Theorem 9.4, enables us to reduce the estimation of
multiple random integrals with respect to normalized empirical measures to the es-
timation of degenerate U-statistics. This result is a version of Hoeffding’s decompo-
sition, where instead of U-statistics multiple integrals with respect to a normalized
empirical distribution are decomposed to the sum of degenerate U -statistics. In these
two decompositions the same degenerate U-statistics appear. The main difference
between them is that in the decomposition of the random integrals in Theorem 9.4
the coefficients of the degenerate U-statistics are relatively small. The appearance
of small coefficients in this decomposition is due to the cancellation effect caused
by integration with respect to a normalized empirical measure /n(l, — it). The-
orem 9.4 was proved in [37]. The proof in this note is essentially different of the
original proof in [37], and it is simpler.

SOME REMARKS RELATED TO CHAPTERS 10, 11 AND 12

Theorem 8.1 can be derived from Theorem 8.3 and Theorem 8.2 from Theorem 8.4
by means of Theorem 9.4. The proof of the latter results is simpler. Chapters 10-12
contain the results needed in the proof of Theorem 8.3 and of its Gaussian counter-
part Theorems 8.5 and 8.6. They are proved by means of good estimates on the high



18 An overview of the results and a discussion of the literature 227

moments of degenerate U-statistics and multiple Wiener—It6 integrals. The classical
proof of the one-variate counterparts of these results is based on a good estimate of
the moment generating function. This method had to be replaced by the estimation
of high moments, because the moment generating function of a k-fold Wiener—Itd
integral is divergent for all non-zero parameters if k > 3, (this is a consequence of
Theorem 13.6), and this property of Wiener—It6 integrals is also reflected in the be-
haviour of degenerate U-statistics. On the other hand, we can give good estimates
on the tail distribution of a random variable if we have good estimates on its high
moments. The results of Chapters 10, 11 and 12 enable us to prove good moment
estimates.

I know of two deep and interesting methods to study high moments of multi-
ple Wiener-Ito integrals. The first of them is called Nelson’s inequality named after
Edward Nelson who published it in his paper [45]. This inequality simply implies
Theorem 8.5 about multiple Wiener—It6 integrals, although with worse constants.
Later Leonhard Gross discovered a deep and useful generalization of this result
which he published in the work Logarithmic Sobolev inequalities [21]. Gross con-
sidered in his paper a stationary Markov process X (¢), ¢ > 0, and gave a good bound
on the L,-norm of functions of the form U;(f)(x) = E(f(X(¢)|X(0) = x), where the
L,-norm is taken with respect to the distribution of the random variable X (0). The
proof of this L,-norm estimate is based on the study of the infinitesimal operator of
the Markov process. Gross’ results provide Nelson’s inequality, if they are applied
for the Ornstein—Uhlenbeck process.

Gross’ investigation in [21] revealed very much about the behaviour of Markov
processes. The book [46] is partly based on this method. Gross’ approach turned
out to be very fruitful in the study of several hard problems of the probability theory
and statistical physics. (See e.g [22] or [30]). It also provides a good estimate for
the high moments of Wiener—Ito integrals.

There is another useful method to study Wiener-Itd integrals due to Kyoshi Itd
and Roland L’vovich Dobrushin. This seemed to me more useful if we want es-
timate the high moments not only of Wiener—Itd integrals but also of degenerate
U-statistics. I applied this method in Chapters 10, 11 and 12. I showed how we can
get with its help results that enable us to prove good moment estimates both for
Wiener—It6 integrals and degenerate U-statistics. The main step in this approach is
the proof of a so-called diagram formula which makes possible to rewrite a product
of Wiener—Ito0 integrals as a sum of Wiener—Ito integrals. Moreover, this result also
has a natural counterpart for the products of degenerate U-statistics.

CHAPTER 10

In Chapter 10 I discuss a method related to Kyoshi It6 and Roland L’vovich Do-
brushin. This is the theory of multiple Wiener—Itd integrals with respect to a white
noise. This integral was introduced in paper [26]. It is useful, because every ran-
dom variable which is measurable with respect to the c-algebra generated by the
Gaussian random variables of the underlying white noise and has finite second mo-
ment can be written as the sum of Wiener—It6 integrals of different order. More-
over, if only Wiener-Itd integrals of symmetric kernel functions are taken, then
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this representation is unique. Actually this result was originally proved by Nor-
bert Wiener [60]. This representation also appeared in physics under the name Fock
space. It plays an important role in quantum physics. Let me briefly explain the rea-
son for the name white noise for the appropriate notion introduced in Chapter 10.

The notion of white noise was originally introduced at a heuristic level as the
derivative of the trajectories of a Wiener process. But as these trajectories are non-
differentiable the introduction of this notion demands a better explanation. A natu-
ral way to overcome the difficulties is to consider the derivative of a trajectory of a
Wiener process as a generalized random function, and to take its integral on all mea-
surable sets. In such a way we get a collection of Gaussian random variables & (A)
with expectation zero, indexed by the measurable sets A. These random variables
have correlation function EE(A)& (B) = A(ANB), where A(-) denotes the Lebesgue
measure. In such a way we get a correct definition of the white noise which pre-
serves the heuristic content of the original approach. In the definition of general
white noise we allow to work with an arbitrary measure t and not only with the
Lebesgue measure A. If we have a white noise we would like to have a tool that en-
ables us to study not only the Gaussian random variables measurable with respect to
the o-algebra generated by the random variables of the white noise but all random
variables measurable with respect to this c-algebra. The Wiener—It6 integrals were
defined with such a goal.

An important result of the theory of Wiener—It6 integrals, the so-called diagram
formula, formulated in Theorem 10.2, expresses products of Wiener—Ito integrals as
a sum of such integrals. This result which shows some similarity to the Feynman
diagrams applied in the statistical physics was proved in [11]. Actually this paper
discussed a modified version of Wiener—Itd integrals which is more appropriate to
study the action of shift operators for non-linear functionals of a stationary Gaussian
field. But these modified Wiener—It6 integrals can be investigated in almost the same
way as the original ones. The diagram formula has a simple consequence formulated
in Corollary of Theorem 10.2 of this note. It enables us to calculate the expectation
of products of Wiener—It6 integrals. It yields an explicit formula for them. This
result was applied in the proof of Theorem 8.5, i.e. in the estimation of the tail-
distribution of Wiener—Itd integrals. 1t6’s formula for multiple Wiener—It6 integrals
(Theorem 10.3) was proved in [26].

Actually the above results about Wiener—Ito integrals would have been sufficient
for our purposes. But I also presented some other results for the sake of complete-
ness. In particular, I discussed some results about Hermite polynomials. Wiener—It6
integrals are closely related to Hermite polynomials or to their multivariate version,
to the so-called Wick polynomials. (See e.g. [32] or [42] for the definition of Wick
polynomials.) Appendix C contains the most important properties of Hermite poly-
nomials needed in the study of Wiener—Itd integrals. In particular, it contains the
proof of Proposition C2 about the completeness of the Hermite polynomials in the
Hilbert space of the functions square integrable with respect to the standard Gaus-
sian distribution. This result can be found for instance in Theorem 5.2.7 of [53]. In
the present proof I wanted to show that this result is closely related to the so-called
moment problem, i.e. to the question when a distribution is determined by its mo-
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ments uniquely. The method of proof described in this note can be applied with some
refinement to prove some generalizations of Proposition C2 about the completeness
of orthogonal polynomials with respect to more general weight functions.

On the other hand, I did not try to give a complete picture about Wiener—Itd
integrals. The reader interested in it may consult with the book of S. Janson [27].
There are also other interesting and important topics related to Wiener—Itd integrals
not discussed in this work. In some investigations of probability theory and statis-
tical physics it is useful to study not only moments but also cumulants (called also
semiinvariants in the literature) of Wiener—It6 integrals. It is also useful to study the
moments and cumulants of polynomials and Wick polynomials of Gaussian random
vectors. The book of Malyshev V. A. and Minlos R.A. [42] contains many interest-
ing results about this subject.

Another interesting and popular subject not discussed in this work is the problem
of limit theorems for Wiener—Itd integrals. In particular, one is interested in the ques-
tion when a sequence of such random integrals satisfies the central limit theorem.
The study of such problems heavily exploits the diagram formula, or more precisely
its consequence about the calculation of moments and cumulants. In some works,
see e.g. [46] or [48] this subject is worked out in detail. Moreover, a popular subject
of recent research is the study of the speed of convergence in the central limit theo-
rem. In such investigations the so-called Stein method turned out to be very useful.
In its application the integral of sufficiently smooth test functions with respect to
the distribution we are investigating are estimated together with the integral of their
derivative (with respect to the same distribution). In a somewhat surprising way it
turned out that if we are studying the central limit theorem for Wiener—It6 integrals
with the help of the Stein method, then the role of the derivative of a function is
taken by the so-called Malliavin derivative. (See [46].) So the theory of Malliavin
calculus, see [47], became very important in such research. But this problem is a bit
far from the main subject of this work, hence I do not go into the details.

CHAPTERS 11 AND 12

The diagram formula has a natural and useful analogue both for degenerate U-
statistics and multiple integrals with respect to a normalized empirical measure.
They enable us to rewrite the product of degenerate U-statistics and multiple inte-
grals as the sum of such expressions. Actually the proof of these results is simpler
than the proof of the original diagram formula for Wiener—Ito integrals. They make
possible to adapt several useful methods of the study of non-linear functionals of
Gaussian random fields to the study of non-linear functionals of normalized empiri-
cal measures. But to apply them we also need some good estimate on the L,-norm of
the kernel functions of the random integrals or U-statistics appearing in the diagram
formula. Hence we also proved such results.

A version of the diagram formula was proved for degenerate U-statistics in [39]
and for multiple random integrals with respect to a normalized empirical measures
in [35]. Let me remark that in the formulation of the result in the work [39] a differ-
ent notation was applied than in the present note. In that paper I wanted to formulate
such a version of the diagram formula for U-statistics where we work with diagrams
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similar to those introduced in the study of Wiener—It6 integrals. I could do this only
in a somewhat artificial way. In this work I formulated the diagram formula for U-
statistics with the help of diagrams of a more general form. I introduced the notion
of chains and coloured chains, and defined (coloured) diagrams with their help. The
formulation of the results with the help of such more general diagrams seems to
be more natural. I met some works where similar diagrams were introduced, see
e.g. [48], but I did not meet works where also the coloured diagrams introduced in
this work were applied. It is possible that this happened so, because I do not know
the literature well enough, but this also may have a different cause.

In the work [48] the diagram formula was applied for the calculation of mo-
ments and cumulants, and if we are working only with them, then the results of
this work can also be formulated with the help of so-called closed diagrams, and no
coloured diagrams are needed. They are needed if we want to express the product
of U-statistics as a sum of U-statistics. It may also be interesting that the results
considered in [48] are based on some combinatorial arguments worked out in [50].

There are some works like [48], where diagram formulas are considered for other
models too, e.g. in models where we integrate with respect to a normalized Poisson
process. Nevertheless, in my opinion the results about the diagram formula for the
products of Wiener—Itd integrals and in particular their modified versions for the
products of integrals with respect to normalized Poisson processes, normalized em-
pirical distribution or for the product of U-statistics did not get such an attention
in the literature as they would deserve. An interesting paper in this direction is that
of Surgailis [51], where a version of the diagram formula is proved for Poissonian
integrals. It may be worth mentioning that the diagram formula for Poisson integrals
shows a very strong similarity to the diagram formula for the product of integrals
with respect to normalized empirical distributions. (Integrals with respect to normal-
ized empirical distribution were discussed only at an informal level in this work.)

The Hermite polynomials and their multivariate versions, the Wick polynomials
have their counterparts when instead of Wiener—Itd integrals we consider more gen-
eral classes of random integrals. [td’s formula creates a relation between Wiener—Itd
integrals and Hermite polynomials or their multivariate versions, the Wick polyno-
mials. The relation between Wiener—Itd integrals and Hermite polynomials has a
natural counterpart in the study of other multiple random integrals. In such a way a
new notion, the Appell polynomials appeared in the literature. (See e.g. [52].)

CHAPTER 13

Theorems 8.3, 8.5 and 8.7 were proved on the basis of the results of Chapters 10—
12 in Chapter 13. These proofs are slight modifications of those given in [39]. An
earlier proof of a result similar to Theorem 8.3 based on a different method was
given by Arcones and Giné in [4]. Theorem 8.3 is a slightly stronger estimate than
that of Arcones and Giné. It provides at not too high levels an estimate with almost
as good constants in the exponent as the corresponding estimate about Wiener—Itd
integrals in Theorem 8.5. Chapter 13 also contains the proof of a multivariate version
of Hoeffding’s inequality formulated in Theorem 13.3. This result is needed in the
symmetrization argument applied in the proof of Theorem 8.4. A weaker version of
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it (an estimate with a worse constant in the exponent) which would be satisfactory
for our purposes simply follows from a classical result, called Borell’s inequality,
which was proved in [8]. But since the methods needed to prove this result are not
discussed in this note, and I was interested in a proof which yields an estimate with
the best possible constant in the exponent I chose another proof, given in [38]. It
is based on the results of Chapter 10—12. Later I have learned that this estimate is
contained in an implicit form also in the paper [7] of Aline Bonami.

In Part B of Chapter 13 I discussed some results related to the problems consid-
ered in this work. I would like to make some comments about the result of R. Latata
presented in Theorem 13.7. The estimates of this result depend on such quantities
which are hard to calculate. Hence they have a limited importance in the problems
I had in mind when working on this lecture note. On the other hand, such results
and the methods behind them may be interesting in the study of some problems of
statistical physics, e.g. in the problems discussed in [57]. I would like to remark that
Latata’s proof works only for decoupled and not for usual U-statistics. Formally,
this is not a restriction, because the results of de la Pefia and Montgomery—Smith
(see [10]) enable us to extend their validity also for usual U-statistics. Nevertheless,
the lack of a direct proof of this estimate for U-statistics disturbs me a bit, because
this means for me that we do not really understand this result. I have some ideas
how to get the desired proof, but it demands some time and energy to work out the
details.

CHAPTER 14

Chapters 14-17 are devoted to the proof of Theorems 8.4 and 8.6. They are based
on a similar argument as their one-variate counterparts, Theorems 4.1 and 4.2. The
proof of Theorem 8.6 about the supremum of Wiener—Itd integrals is based, simi-
larly to the proof of Theorem 4.2, on the chaining argument. In the proof of The-
orem 8.4 the chaining argument yields only a weaker result formulated in Propo-
sition 14.1 which helps to reduce Theorem 8.4 to the proof of Proposition 14.2. In
the one-variate case a similar approach was applied. In that case the proof of The-
orem 4.1 was reduced to that of Proposition 6.2 by means of Proposition 6.1. The
next step in the proof of Theorem 8.4 has no one-variate counterpart. The notion of
so-called decoupled U-statistics was introduced, and Proposition 14.2 was reduced
to a similar result about decoupled U -statistics formulated in Proposition 14.2’.
The adjective ‘decoupled’ in the expression decoupled U-statistic refers to the
fact that it is such a version of a U-statistic where independent copies of a sequence
of independent and identically distributed random variables are put into different
coordinates of the kernel function. Their study is a popular subject of some math-
ematical schools. In particular, the main topic of the book [9] is a comparison of
the properties of U-statistics and decoupled U-statistics. A result of de la Pefia and
Montgomery—Smith [10] formulated in Theorem 14.3 helps in reducing some prob-
lems about U-statistics to a similar problem about decoupled U-statistics. In this
lecture note the proof of Theorem 14.3 is given in Appendix D. It follows the ar-
gument of the original proof, but several steps are worked out in detail where the
authors gave only a very short explanation. Paper [10] also contains some kind of
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converse results to Theorem 14.3, but as they are not needed in the present work, I
omitted their discussion.

Decoupled U-statistics behave similarly to the original U-statistics. Besides,
some symmetrization arguments become considerably simpler if we are working
with decoupled U-statistics instead of the original ones, because decoupled U-
statistics have more independence property. This can be exploited in some inves-
tigations. For example the proof of Proposition 14.2’ is simpler than a direct proof
of Proposition 14.2. On the other hand, Theorem 14.3 enables us to reduce the proof
of Proposition 14.2 to that of Proposition 14.2, and we have exploited this possi-
bility. Let me finally remark that although our proofs could be simplified with the
help of decoupled U-statistics, they could have been done also without it. But this
would demand a much more complicated notation that would have made the proof
much less transparent. Hence I have decided to introduce decoupled U-statistics and
to work with them.

CHAPTERS 15, 16 AND 17

The proof of Theorem 8.4 was reduced to that of Proposition 14.2" in Chapter 14.
Chapters 15-17 deal with the proof of this result. The original proof was given in
my paper [37]. It is similar to that of its one-variate version, Proposition 6.2, but
some additional difficulties have to be overcome. The main difficulty appears when
we want to find the multivariate analogue of the symmetrization argument which
could be carried out in the one-variate case by means of Lemmas 7.1 and 7.2.

In the multivariate case Lemma 7.1 is not sufficient for our purposes. So we work
instead with a generalized version of this result, formulated in Lemma 15.2. The
proof of Lemma 15.2 is not hard. It is a simple and natural modification of the proof
of Lemma 7.1. The real difficulty arises when we want to apply it in the proof of
Proposition 14.2". When we applied the symmetrization argument Proposition 6.2 in
the proof of Lemma 7.1 we worked with two independent sequences of random vari-
ables Z, and Z,. In the analogous symmetrization argument Lemma 15.2, applied
in the proof of Proposition 14.2/, we had to work with two not necessarily inde-
pendent sequences of random variables Z,, and Z,. This has the consequence that it
is much harder to check condition (15.3) needed in the application of Lemma 15.2
than the analogous condition (7.1) in Lemma 7.1. The hardest problems in the proof
of Proposition 14.2" appear at this point.

Proposition 14.2" was proved by means of an inductive procedure formulated in
Proposition 15.3, which is the multivariate analogue of Proposition 7.3. A basic in-
gredient of both proofs was a symmetrization argument. But while this symmetriza-
tion argument could be simply carried out in the one-variate case, its adaptation
to the multivariate case was a most serious problem. To overcome this difficulty
another inductive statement was formulated in Proposition 15.4. Propositions 15.3
and 15.4 could be proved simultaneously by means of an appropriate inductive pro-
cedure. Their proofs were based on a refinement of the arguments in the proof of
Proposition 7.3. But some new difficulties arose. In the proof of Proposition 7.3
we could simply apply Lemma 7.2, and it provided the necessary symmetrization
argument. On the other hand, the verification of the corresponding symmetrization
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argument in the proof of Propositions 15.3 and 15.4 was much harder. Actually this
was the subject of Chapter 16. After this we could prove Propositions 15.3 and 15.4
in Chapter 17 similarly to Proposition 7.3, although some additional technical dif-
ficulties arose also at this point. Here we needed the multivariate version of Hoeff-
ding’s inequality, formulated in Theorem 13.3 and some properties of the Hoeffding
decomposition of U-statistics proved in Chapter 9.






Appendix A
The proof of some results about

v

Vapnik-Cervonenkis classes

Proof of Theorem 5.1. (Sauer’s lemma). This result has several different proofs.
Here I write down a relatively simple proof of P. Frankl and J. Pach which appeared
in [17]. It is based on some linear algebraic arguments.

The following equivalent reformulation of Sauer’s lemma will be proved. Let us
take a set S = S(n) consisting of n elements and a class & of subsets of S consist-
ing of m subsets Ej,...,E, C S. Assume that m > mg + 1 with my = mo(n, k) =
(6)+ (1) +---+(,",)- Then there exists a set F C S of cardinality k which is shat-
tered by the class of sets &. Actually, it is enough to show that there exists a set F
of cardinality greater than or equal to k which is shattered by the class of sets &,
because if a set has this property, then all of its subsets have it. This latter statement
will be proved.

To prove this statement let us first list the subsets Xo,...,X,,, of the set S of
cardinality less than or equal to k — 1, and correspond to all sets E; € & the vector
ei=(€i1,-..,eimy), 1 <i<m,with elements

e,-j:{(l) i?}gég 1<i<m,and 1< j<my.

Since m > my, the vectors ey, ..., e, are linearly dependent. Because of the defi-
nition of the vectors ¢;, 1 <i < m, this can be expressed in the following way: There
is a non-zero vector (f(E1),..., f(En)) such that

Y f(E)=0 foralll<j<m. (A1)
EiiE,'QXj

Let F, F C S, be a minimal set with the property

Y [fE)=a#o. (A.2)

E,': E,'QF

Such a set F really exists, since every maximal element of the family {E;: 1 <i<
m, f(E;) # 0} satisfies relation (A.2). The requirement that F should be a minimal
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set means that if F is replaced by some H C F, H # F, at the left-hand side of (A.2),
then this expression equals zero. The inequality |F| > k holds because of relation
(A.1) and the definition of the sets X;.

Introduce the quantities

forallH C F.
Then Zp(F) = o, and for any set of the form H = F\ {x},x € F,

ZrH)= Y fE)="Y [fE)- Y flE)=0-a=-«a

E;: ENF=H E;: E-OH Ei: E;DOF

because of the minimality property of the set F.
Moreover, the identity

Zr(H)=(—1)?a forall H C F suchthat |H|=|F|—p, 0<p<|F|. (A.3)

holds. To show relation (A.3) observe that

= Y fE=Y(C1 Y Y FE) (A4

E;: ENF=H j=0 G: HCGCF,|G|=|H|+j Ei: Ei2G

for all sets H C F with cardinality |H| = |F| — p. Identity (A.4) holds, since the term
! .
f(E;) is counted at the right-hand side of (A.4) ¥ (—1)/ (j) = (1—-1)" =0 times if
j=0

E;NF =G with some H C G C F with |G| = |H|+1 elements, 1 <[ < p, while in
the case E; N F = H it is counted once. Relation (A.4) together with (A.2) and the
minimality property of the set ' imply relation (A.3).

It follows from relation (A.3) and the definition of the function Zr (H) that for all
sets H C F there exists some set E; such that H = E; N F, i.e. F is shattered by &.
Since |F| > k, this implies Theorem 5.1. O

Proof of Theorem 5.3. Let us fix an arbitrary set F = {xj,...,x..1} of the set
X, and consider the set of vectors % (F) = {(g(x1),...,8(xk+1)): & € %} of the
k + 1-dimensional space R¥"!. By the conditions of Theorem 5.3 % (F) is an
at most k-dimensional subspace of R**!. Hence there exists a non-zero vector

a = (ar,...,ar+1) such that Z ajg(xj) = 0 for all g € %. We may assume that

the set A =A(a) = {j: a; < 0,1 < j < k+ 1} is non-empty, by multiplying the
vector a by —1 if it is necessary.
Thus the identity

Zajg(xj) Z (—aj)g(x)), for all g € %, (A.5)
JEA Je{l,.. k+1}\A
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holds. Put B = {x;: j€A}. Then BC F, and F\ B # {x: g(x) > 0} NF for all
g € % Indeed, if there were some g € % such that F\ B = {x: g(x) > 0} NF,
then the left-hand side of the equation (A.5) would be strictly positive (as a; < 0,
g(xj) <0if j € A, and A # 0) its right-hand side would be non-positive for this
g € 9, and this is a contradiction.

The above proved property means that & shatters no set F' C X of cardinality k+
1. Hence Theorem 5.1 implies that & is a Vapnik—éervonenkis class. a






Appendix B

The proof of the diagram formula for
Wiener-Ito6 integrals

We start the proof of Theorem 10.2A (the diagram formula for the product of two
Wiener-It6 integrals) with the proof of inequality (10.13). To show that this relation
holds let us observe that the Cauchy inequality yields the following bound on the
function Fy(f, g) defined in (10.11) (with the notation introduced there):

(f7 »X(2,5) (1 J)EVI(Y)v(Za]/)GVZ(’}/))
/f Xoy(1,1) 7xocy(1,k)) H ,u(dX(z‘j))
(27]‘)6{(2%1)7"'!(271)}\‘/2(7)
/gz(x(z,mm,x(z,m) I1 p(dxp ). (B.1)

(2.7){(21),,(2.D3\Va (1)

The expression at the right-hand side of inequality (B.1) is the product of two
functions with different arguments. The first function has arguments x(; ;) with
(1,/) € Vi(y) and the second one x(, 7y with (2, ) € V2(y). By integrating both
sides of inequality (B.1) with respect to these arguments we get inequality (10.13).

Relation (10.14) will be proved first for the product of the Wiener—Ito integrals of
two elementary functions. Let us consider two (elementary) functions f(xi,...,x)
and g(xy,...,x;) given in the following form: Let some disjoint sets Ay, ..., Ay,
W(Ag) < oo, 1 <5 < M, be given together with some real numbers c(sy,...,sk)
indexed with such k-tuples (s1,...,s¢), 1 <55 <M, 1 < j <k, for which the
numbers sy,...,5 in a k-tuple are all different. Put f(x,...,x¢) = c(s1,...,8) if
(X1,...,X%) € A, X --- X Ag, with some vector (si,...,s¢) with different coordi-
nates, and let f(xy,...,x;) = 0 if (x1,...,x;) is outside of these rectangles. Take
similarly some disjoint sets By, ..., By, W(B;) < oo, 1 <t < M’, and some real num-
bers d(t1,...,1), indexed with such [-tuples (z1,...,1), 1 <ty <M', 1 < j" <, for
which the numbers 71, . .., in an [-tuple are different. Put g(xi,...,x;) =d(t1,...,4)
if (x1,...,x;) € By, X --- X B;, with edges indexed with some of the above introduced
[-tuples, and let g(xy,...,x;) = 0 otherwise.

Let us take some small number € > 0 and rewrite the above introduced functions
Sf(x1,...,x¢) and g(x1,...,x;) with the help of this number € > 0 in the following

239
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) M
way. Divide the sets Ay,...,Ay to smaller sets A‘f,...,Ai/[(e), YL:J At = YL:JIAS, in

are disjoint, and pu(Af) <e, 1< s < M(g).

—_

such a way that all sets Af,... A}

M(e) =
M (e) M
Similarly, take sets Bf,.. ,Bfw,( ) U Bf = |J By, in such a way that all sets
1= t=1
Bf,.. ,BM,( ¢ are disjoint, and u(BE) < g, 1 <1< M'(g). Besides, let us also de-

mand that two sets A% and Bf, 1 <s < M(e), 1 <t < M'(g), are either disjoint
or they agree. Such a partition exists because of the non-atomic property of mea-
sure U. The above defined functions f(xi,...,x;) and g(x,...,x;) can be rewritten
by means of these new sets AS and BZ. Namely, let f(xy,...,x¢) = c®(s1,...,5¢)
on the rectangles A§1 X oo X A§k with 1 <s; <M(e), 1 < j <k, with different in-
dices s1,...,s, where ¢®(s1,...,s;) = c(p1,..., pr) with those indices (p1, ..., pk)
for which Affl X oo X Afk C Ap, X - X Ap,. The function f disappears outside of
these rectangles. The function g(xj,...,x;) can be written similarly in the form
g(x1,...,x;) = d®(t,...,1;) on the rectangles Bf x --- x By with 1 <1; < M'(e),
1 < j' <1, and different indices, 1, . . ., #;. Besides, the function g disappears outside
of these rectangles.

The above representation of the functions f and g through a parameter € is
useful, since it enables us to give a good asymptotic formula for the product
K'Zy 1 (f)1'Zy 1(g) which yields the diagram formula for the product of Wiener-It6
integrals of elementary functions with the help of a limiting procedure € — 0.

Fix a small number € > 0, take the representation of the functions f and g with
its help, and write

KZu(1Zui(8) =Y, Zy(f.8.€) (B.2)
7eF(kl)
with
fvga ZY € (tla tl)
pw (A sl)---uw( s )Hw (By) ... tw (By,), (B.3)

where I'(k,l) denotes the class of diagrams introduced before the formulation of

Theorem 10.2A, and Y7 denotes summation for k + [-tuples (s1,...,Sk,t1,---,4)

such that 1 <s; <M(e), 1 < j<k 1<ty <M'(e), 1<) <1, andA&sj =B, if
J

((1,7),(2,7) € E(y), i.e. if it is an edge of 7, and otherwise all sets Aﬁj and lej/

are disjoint. (This sum also depends on €.) In the case of an empty sum Zy(f,g,€)
equals zero.
We write the expression Zy(f,g,€) for all y € I'(k,[) in the form

Zy(f,8.€) = 2V (f,0.€) + 2 (f.8.€), yeT (kD) (B.4)

with
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fvga ZY Sla (tlv tl)
M (A@) T )
i (L)eEVI(y) J'(2.7)eVa(y)
u(B,) (B.5)
J'@20Ne{ @), (2.0 \Va(y)
and
Dfg.€) =Y (s, dé(n,...,11)
H NW(Af_,) | A
jr (L)EVI(y) 7' (2.7)eva(y)
Hw (A5,
j: (l7j)€{(lal)v"'7(lﬁk)}\vl (Y)
fuw (Bt )
j/: (27j/>€{(2)1)v"'7(271)}\evz<w
- I1 (B (B.6)

j/: (2-,]-/)6{(271)7"'7(2%1)}\‘/2()0

where Vi () and V,(y) (introduced before formula (10.9) during the preparation to
the formulation of Theorem 10.2A) are the sets of vertices in the first and second
row of the diagram 7y from which no edge starts.

I claim that there is some constant C > 0 not depending on € such that

2
E (111170 4 (F(£,2) - 2" (f.8,8)) <Ce forallye[(kl)  (BT)

with the Wiener—It6 integral with the kernel function Fy(f,g) defined in (10.9),
(10.10) and (10.11), and

E(Z(z)(f )2<
y (f,8¢€)) <Ce forallyeTI'(k1). (B.8)

Relations (B.2), (B.4), (B.7) and (B.8) imply relation (10.14) if f and g are ele-
mentary functions. Indeed, (B.4), (B.7) and (B.8) imply that

lim | 1M\ Zy 1y (Fy(f,8)) = Zy(f.8:€)|, = O forall y e I'(k,1),

and this relation together with (B.2) yield relation (10.14) with the help of a limiting
procedure € — 0.
To prove relation (B.7) let us introduce the function
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F)/g(fag)(x(l,j)7x(2,j/)7 (17]) € Vl(,V)a (27.]/) € VQ(’Y))

= Fy(f,8)(x(1 X,y (1) € Vi(y), (2,)) € Va(y))
if xp ) EAfj, for all (1, ) € Vi(y),

X(zyjl) c Bf//, for all (2,]/) e Vz(')/)), and
all sets Afj, (1,j) € Vi(y), and B, (2,]") € Va(y) are different.

tj/7
with the function Fy(f,g) defined in (10.10) and (10.11), and put

F)f(fvg)(x(l,j)7x(2j’)7 (131) € Vl(Y)a (Zvjl) € Vz(’}/)) =0 otherwise.

The function Fy (f,g) is elementary, and a comparison of its definition with re-
lation (B.5) and the definition of the function Fy(f,g) yields that

2y (f.8,€) = [Y1'Zy 1y (FE(f.8))- (B.9)

The function Fy (f,g) slightly differs from F,(f,g), since the function Fy(f,g) may
not disappear in such points (x(; j, X2 j1), (1,/) € Vi(7), (2,)') € Va(y)) for which
there is some pair (j, /') with the property x(; ;) € Afj and x5 j) € Bf, with some
: 3 . j
sets Afj and BY, such that Afj = By, while Fy(f,g) must be zero in such points.
J J
On the other hand, in the case |y| = max(k,/) — min(k,l), i.e. if one of the sets
. 1
Vi(y) or Va(y) is empty. Fy(f.8) = F{ (f.8). 2, (f.8.€) = Y12 (Fy(/.9)). and
relation (B.7) clearly holds for such diagrams 7.
In the case |y| = max(k,/) —min(k,!) > 0 we prove a good estimate on the mea-
sure of the set where Fy # F; with respect to an appropriate power of the measure L.

Relation (B.7) will be proved with the help of this estimate and formula (B.9).
M(e) M'(¢)
Let us define the sets A = |J Af and B= |J BE. These sets A and B do not
s=1 t=1

depend on the parameter €. Besides, [1(A) < oo, and 1 (B) < co. Define for all pairs
(Jjo, Jo) such that (1, jo) € Vi(7), (2, ;) € Va(7) the set

D(jo, i) = {(xrppxe.ps (1) EViD), (2,)) € Va(n):
) EAS, X(2,j4) € Bf withsome 1 <s<M(e)and 1 <t < M'(g)
such that AT = By, and x(; ;) € A forall (1, ) € Vi(y),

and x(» ) € Bforall (2,)) € Va(y)}.

X(1.jo

Introduce the notation x¥ = (x(; j),X(2,j)), (1,7) € Vi(¥), (2,/') € Va(7)), and con-
sider only such vectors x¥ whose coordinates satisfy the conditions x(1,j) € A forall
(1,7) € Vi(y) and x5 jny € B for all (2, j') € V2(y). Put

Dy =A{x": Fy(f,8)(x") # F(f,8)(x")}.
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The relation Dy C U1 U D(jo, Jo) holds, since if Fy (f,g)(x") # Fy(f,8)(x?)
j=1j'=

for some vector x7, then it has some coordinates (1, jo) € Vi(y) and (2, jj) € Va(y)

such that x(; ;) € AY and xa,z) € Bf with some sets AZ = Bf, and the relation in

the last line of the definition of D(jjo, j,) must also hold for such a vector x?, since

otherwise Fy(f,g)(xy) =0 = Ff(f, g)(xy).
I claim that there is some constant C; such that

pMEMID( o, jo)) < Cre for all sets D(jo, ji),

where ,u'Vl V21 denotes the direct product of the measure y on some copies of
the original space (X, Z") indexed by (1, /) € Vi(y) and (2, ;") € Va(y). To see this
relation one has to observe that Z /.L(Ag) W(BE) <Y eu(A%) = eu(A). Thus the
A - t
set D(jo, j,) can be covered by the direct product of a set whose u measure is not
greater than €1 (A) and of a rectangle whose edges are either the set A or the set B.
The above relations imply that

uMOHROI(D) < Cye (B.10)

with some constant C, > 0.

Relation (B.9), estimate (B.10), the property c) formulated in Theorem 10.1 for
Wiener—It6 integrals and the observation that the function F(f,g) is bounded in
supremum norm if f and g are elementary functions imply the inequality

E (1112 (Fif2) -2 (F5.8))

= |VPE (Zuy(Ff,8) — F5 (£,)))* < [WIUIFA(f.8) — FE (£,9) 3
< Ku|V1(7)|+\V2(7)|(Dy) < Ce.

Hence relation (B.7) holds.
2
To prove relation (B.8) we rewrite E (Z;,z) (f,g, 8)) in the following form:

( f,g7) =YY (s, s)dE (1) (S )

df ([1,...,t[)EU(Sl,..‘,Sk,th..‘,tl,fl,...,s_k,l_l,...,fl)
(B.11)

with
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U(StyeeySkstty ety 515 5 Sk 015 11)

= I ww@s) JI (ij/)

Jr (L)eVi(y) J(27)en()

IT  wwAd) T wws)

Ji (L)evi(n) " i @evm ’

[ o (4) T )
J: (1,])6{(11),,(1,/{)}\‘/1('}/) Ve (27]/)6{(21)‘(zvl)}\GVZ(Y)

- I1 w(B;, )}
7' 2D N)

[ I1 Hw (A}Ej) I1 pw (Bf,)
T (LDl (LK A\Vi () 72 7)e{(2,1),5 (2,0 \eVa(y)

— I1 ,u(B?j,)} (B.12)
./T/: <2~,]T,)€{(211)!"'7<2*l)}\v2(Y)

The double sum YY" in (B.11) has to be understood in the following way. The
first summation is taken for vectors (si,...,Sg,f1,...,f;), and Y7 is defined in
the same way as in formula (B.3). The second summation is taken for vectors
(81,..-,5k01,---,1;), and again the summation Y} is taken as in (B.3), only here
§; plays the role of s; and 7 plays the role of 7.

Relation (B.8) will be proved by means of some estimates about the expectation
of the above defined random variable U (-) which will be presented in the following
Lemma B. To formulate this result I introduce the following Properties A and B.

Property A. A sequence si,...,Si, b1, 1,81, Sky11,- - 0], with elements 1 <
5j,57 < M(e), for 1 < j,j <k and 1 <t;,i; < M'(g) for 1 < j',j <1, satisfies
Property A (depending on a fixed diagram y and number € > 0) if the sequence of
sets AT, (1,)) € Vi(y), ij_,, (2,)') € Va(y), and the sequence of sets A%, (1,)) €

Vi(y), BE,, (2,]) € Va(y), agree. (Here we say that two sequences agree if they
J

contain the same elements in a possibly different order.)

Property B. A sequence si1,...,Si,t1,.- 11,81, 8k,11,- -, 11, with elements 1 <
5,57 < M(g), for 1 < Jj <k and 1 < tj,t5 <M'(g) for 1 < j',j <, satisfies
Property B (depending on a fixed diagram y and number € > 0) if the sequences of
sets

AGy (L) (LD, (LOIVI(Y), Bf,, (2,0) €{(21),., (2,0} \Va(p),
and
A%?(LD € {(1,1),...,(1,]()}\‘/1(’)/), Btgj,v (2v]7) € {(2a 1),...,(2,1)}\‘/2(}/),

have at least one common element.

(In the above definitions two sets A% and B? are identified if A = B%.)
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Now I formulate the following

Lemma B. Let us consider the function U (-) introduced in formula (B.12). Assume
that its arguments Si,...,Sk 1. 11,81, ... 8k, t1,...,01 are chosen in such a way
that the function U (-) with these arguments appears in the double sum Y'YV in
formula (B.11), i.e. A, = ij, if ((1,)),(2,7) € E(y), otherwise all sets AS, and ij,
are disjoint, and an analogous statement holds if the coordinates sy,...,Sk,t1,... 1
are replaced by 3, ...,5, and f1,...,1.

If the sequence of the arguments in U(-) does not satisfies either Property A or
Property B, then

EU(S],...,Sk,ll,...,11,51,...,fk,fl,...,tl) =0. (B.13)

If the sequence of the arguments in U (-) satisfies both Property A and Property B,
then

[EU(S15- -8kt 115815+ Sk By 1) | < CSH/H(A%)H(B%,) (B.14)

with some appropriate constant C = C(k,l) > 0 depending only on the number of

variables k and | of the functions f and g. The prime in the product [] at the right-

hand side of (B.14) means that in this product the measure L of those sets AS_ and
J

Bf | are considered, whose indices are listed among the arguments 57 or ty of U(:),
J
and the measure |1 of each such set appears exactly once. (This means that if A =
J
Bt?f, then one of the terms between [.L(A?/,) and [.L(ij ) is omitted from the product.

For the sake of definitiveness let us preserve the set M(Aféi) in such a case.)

Remark. The content of Lemma B is that most terms in the double sum in for-
mula (B.11) equal zero, and even the non-zero terms are small.

The proof of Lemma B. Let us prove first relation (B.13) in the case when Prop-
erty A does not hold. It will be exploited that for disjoint sets the random variables
Uw (As) and pw (B,) are independent, and this provides a good factorization of the
expectation of certain products.

Let us carry out the multiplications in the expression U () defined (B.12). We get
a sum consisting of 4 terms. We show that each of them has zero expectation. Indeed,
if a sequence sy, ..., Sk, t,-.-,4,51,.-.,5k 11, - .,f; does not satisfy Property A, but it
satisfies the remaining conditions of Lemma B, then each term in the sum expressing
U (---) with these arguments is a product which contains a factor ty (Afjo ), (1, jo) €

Vi (y) with the following property. It is independent of all those terms in this product
which are in the following list: (A‘f']) with some j # jo, 1 < j <k, or uw(B},),
B J
1 < j <[, or uw(AL.) with (1, ) € Vi(y), or uw (BE ) with (2, ) € Va(7). We will
J J
show with the help of this property that the expectation of the terms we consider can
be written in the form of a product either with a factor of the form E iy (Afjo) =0

or with a factor of the form E iy (Affj0 )3 = 0. Hence this expectation equals zero.
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Indeed, although the above properties do not exclude the existence of a set Af ,
J

(1,7) e {(1,1),...,(1,k)\Vi(y) orBf],, (2,7 €{(2,1),...,(2,1)} \ Va(7) such that
Hw (Afj ) or Uy (Bff,), is not independent of py (Afjo), but this can only happen if
Af/ = Bf}/ = Afjo. This implies that in such a case when our term does not contain a
factor of the form E fy (A§j_0 ), then it contains a factor of the form E iy (Afjo ¥ =o0.

Hence EU (-) = 0 if the arguments of U (+) do not satisfy Property A.

To finish the proof of relation (B.13) it is enough consider the case when
the arguments of U(-) satisfy Property A, but they do not satisfy Property B.
The validity of Property A implies that the sets {Afj7 JEVI(YTU{BE,, J €

J
Va(y)} and {AS , j € Vi(y)} U{B; J € Va(y)} agree. The conditions of Lemma B
J

also imply that the elements of these sets are disjoint of the sets Asgj, BY , AL
J J

and Bf with indices (1,/),(1,7) € {(1,1),...,(1,k)} \ Vi(y) and (2,)),(2,]) €

J
{(2,1),...,(2,1)} \ Va(7y). If Property B does not hold, then we can divide the lat-
ter class of sets into two disjoint subclasses in an appropriate way. The first sub-
class consists of the sets Af, and By, and the second one of the sets AY. and B
E J J J

with indices such that (1, ), (1, /) € {(1,1),...,(1,k)}\Vi(y) and (2,/),(2,]) €
{(2,1),...,(2,1)} \ Va(y). These facts imply that EU(-) has a factorization, which
contains the term

E 1 i (A%) [1 b (Br, )
J+ (L)E(L D (ORI () DO

- H u(B.fj/) = 07
e (Z,j’)E{(Z,l),..4,(2,1)}\\/2(}/)

hence relation (B.13) holds also in this case. The last expression has zero expec-

tation, since if we take such pairs Afj,Bﬁ for the sets appearing in it for which
J

that ((1,),(2,/')) € E(y), i.e. these vertices are connected with an edge of 7y, then

Afj = BY, in a pair, and elements in different pairs are disjoint. This observation al-
J
lows a factorization in the product whose expectation is taken, and then the identity

E Ly (Afj) Uw (ij )= ,u(Aﬁj) implies the desired identity.

To prove relation (B.14) if the arguments of the function U (-) satisfy both Prop-
erties A and B consider the expression (B.12) which defines U|(+), carry out the term
by term multiplication between the two differences at the end of this formula, take
expectation for each term of the sum obtained in such a way and factorize them.
Since Euw (A)? = u(A), Euw (A)* = 3u(A)? for all sets A € 27, p(A) < oo, some
calculation shows that each term can be expressed as constant times a product whose
elements are those probabilities “(ASE;) and /,l(B;?f ) or their square which appear at

the right-hand side of (B.14). Moreover, since the arguments of U(-) satisfy Prop-
erty B, there will be at least one term of the form w(A%)? in this product. Since
U(AE)? < el (AE), these calculations provide formula (B.14). Lemma B is proved.
O
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Relation (B.11) implies that

( fg7 ) <KZ Z’Y|EU sl’ Sk’tl""7tl751""7§k7flﬁ"')t_])| (B'ls)

with some appropriate K > 0. By Lemma B it is enough to sum up only for such
terms U (-) in (B.15) whose arguments satisfy both Properties A and B. Moreover,
each such term can be bounded by means of inequality (B.14). Let us write up the
2
upper bound we get on E (Z (f, g, )) in such a way. We get a sum consisting of
terms of the form p(AF, ) --- (A5 )u(By,) - - [,L(Btf'q ) multiplied by constant times €.
The sets A% and Bf whose measure (L appears in such a term are disjoint. Besides,
1<p<kand1<¢g<lL
2

In the above indicated estimation of E (Z,(,Z) ( ﬂg,e)) with the help of for-

mula (B.15) and Lemma B we have exploited the following fact. A term

H(AS) - (A5, ) (Bf )+ i (Bf)

with prescribed indices s1,...,s, and #1,...,t, came up in the sum at the right-hand
of our bound as a contribution of only finitely many expressions |EU(---)|. Hence
we get this term in the upper bound with a multiplying coefficient bounded by con-

stant times €.
M(g) M (g)
We also have Z W(A%) + 2 W(BE) = u(A)+ pu(B) < . The above relations

imply that

) 2
E(Z)(fge) <Cie ¥ ¥ ¥ HAD)m(AS u(BE) - u(BE)
1<p<k1<s;<M 1<y<m’
1<q<l 1<I<p 1<i<q

(k1)
< Ge Z B))/ < Ce.

Hence relation (B.8) holds.

To prove Theorem 10.2A in the general case take for all pairs of functions f €
J, x and g € 77, ; two sequences of elementary functions f,, € 77, ; and g, € 77},
n=1,2,..., such that || f, — f|l» — 0 and ||g, — g||» — 0 as n — oo. It is enough to
show that

EIR'\Zy k()1 Z1(8) — K\ Zy i (fu )1 Zy 1 (8n)| = 0 asm— oo, (B.16)

and

IVE | Zy 11 (Fy(f,8)) = Zy 1y (Fy(f-8n))| — O as n— oo
forall y e I'(k,1), (B.17)
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since then a simple limiting procedure n — oo, and the already proved part of the
theorem for Wiener—Ito integrals of elementary functions imply Theorem 10.2A.
To prove relation (B.16) write with the help of Property c) in Theorem (10.1)

EKZ, pw k(f)11Zy1(8) — k' Zy i (f) ' Zy 1 (g0)|
<K (E|1Zyu ik (f)Zu (8 — 8n)| + E|Zu i (f — ) Zua(gn)) |

/ /
<un((e2.0) " (£Zute-20)

1/2
(2,0 1)" (22e) ")
< (1) 2 (1 ol — gl + 17— Follallll)

Relation (B.16) follows from this inequality with a limiting procedure n — co.
To prove relation (B.17) write

IY'E | Zy 13y (Fy(£,8)) — Zyu 1y (Fy(frn:8n))|
< |Y|'E‘ |yl FY(f 8~ gn ‘+ W"E| A7 FY(f fmgn))’

< (EZ (B fa—a) 101 (EZ (B~ frosa))
< (112 (IF(f, 8 = ga)ll2 + IFy(f = fusgn) )

and observe that by relation (10.13) ||F,(f,g — gn)ll2 < || fll2]lg — &n
1y (f = S &n)ll2 < (I = fall2l|gnll2- Hence

IYIE | Zy 1y (Fy(£,8)) — Zu oy (Fy(fn:8n))|
< (1YY £1l2l1g — gall2 + 1 — full2llgnll2) -

The last inequality implies relation (B.17) with a limiting procedure n — co. Theo-
rem 10.2A is proved. a

2, and



Appendix C

The proof of some results about Wiener-Ito
integrals

First I prove It6’s formula about multiple Wiener—It6 integrals (Theorem 10.3). The
proof is based on the diagram formula for Wiener—Itd integrals and a recursive
formula about Hermite polynomials proved in Proposition C. In Proposition C2 I
present the proof of another important property of Hermite polynomials. This result
states that the class of all Hermite polynomials is a complete orthogonal system in an
appropriate Hilbert space. It is needed in the proof of Theorem 10.5 which provides
an isomorphism between a Fock space and the Hilbert space generated by Wiener—
1t6 integrals with respect to a white noise with an appropriate reference measure. At
the end of Appendix C the proof of Theorem 10.4, a limit theorem about degenerate
U-statistics is given together with a version of this result about the limit behaviour
of multiple integrals with respect to a normalized empirical distribution.

Proposition C about some properties of Hermite polynomials. The functions

k
Hk(x) _ (_1)kex2/2diefx2/2

= . k=0,1,2,... (C.1)

are the Hermite polynomials with leading coefficient 1, i.e. Hy(x) is a polynomial of
order k with leading coefficient 1 such that

o 1
[ Hy(x)H, (x)\/TTre_XZ/z dx=0 ifk+#1. (C.2)
Besides, |
/ HA(x)——e " 2dx=k! forallk=0,1,2.... (C.3)
—oo V2r

The recursive relation
Hy(x) = xHg—1(x) — (k — 1) Hi—(x) (C4

holds for allk =1,2,....

249
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Remark. It is more convenient to consider relation (C.4) valid also in the case k = 1.
In this case Hj(x) = x, Hy(x) = 1, and relation holds with an arbitrary function
H_ 1 ()C)

Proof of Proposition C. 1t is clear from formula (C.1) that Hy(x) is a polynomial of
order k with leading coefficient 1. Take / > k, and write by means of integration by
parts

1
)(_1)l%e*xz/2dx

2
Hy(x)H;(x */Zd—
/ KC)H > NGt

d- 2
_ @ _ 1717 —x=/2
Lw T dka(x)( 1) dx’*le dx.

Successive partial integration together with the 1dent1ty Hk( ) = k! yield that

)l . dl—k
\/27r dxl=k

The last relation supplies formulas (C.2) and (C.3).

To prove relation (C.4) observe that Hy(x) — xHy_1(x) is a polynomial of order
k—2. (The term x*~! is missing from this expression. Indeed, if k is an even number,
then the polynomial Hj(x) —xHy_1(x) is an even function, and it does not contain
the term x*~! with an odd exponent k — 1. Similar argument holds if the number &
is odd.) Besides, it is orthogonal (with respect to the standard normal distribution)
to all Hermite polynomials H;(x) with 0 <[ < k — 3. Hence Hy(x) —xH;_1(x) =
CHj_»(x) with some constant C to be determined.

Multiply both sides of the last identity with Hy_,(x) and integrate them with
respect to the standard normal distribution. Apply the orthogonality of the polyno-
mials Hi(x) and Hy_»(x), and observe that the identity

/ Hi(x)H;(x 2 e /zdxfk' 124y,

1
e dx = /szfl(x)—efxz/zdx =(k—1)!

1
/kal (x)xHy—(x) T V271

holds. (In this calculation we have exploited that Hy_; (x) is orthogonal to Hy_ (x) —
XHj._»(x), because the order of the latter polynomial is less than k — 1.) In such a
way we get the identity —(k— 1)! = C(k —2)! for the constant C in the last identity,
i.e. C = —(k—1), and this implies relation (C.4). O

m
Proof of Ito’s formula for multiple Wiener—Ito integrals. Let K = Y. k,, the sum of
p=1

the order of the Hermite polynomials, denote the order of the expression in relation
(10.24). Formula (10.24) clearly holds for expressions of order K = 1. It will be
proved in the general case by means of induction with respect to the order K.

In the proof the functions f(x;) = ¢;(x1) and
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Ki—1 m Kp—1
goer,xg, )= [T o) -TT TI @),
j=1 p=2j=Kp 1

will be introduced and the product Zy; | (f)(Kin — 1)!Zy k,,—1(g) will be calculated
by means of the diagram formula. (The same notation is applied as in Theorem
Ki—1
10.3. In particular, K = K,,,, and in the case K; = 1 the convention i'[ o1(x)) =
=1
1 is applied.) In the application of the diagram formula diagrams Wjith two rows
appear. The first row of these diagrams contains the vertex (1,1) and the second
row contains the vertices (2,1),...,(2,K, — 1). It is useful to divide the diagrams
to three disjoint classes. The first class, Iy contains only the diagram 7y without any
edges. The second class I consists of those diagrams which have an edge of the
form ((1,1),(2,)) with some 1 < j <k; — 1, and the third class I3 is the set of those
diagrams which have an edge of the form ((1,1),(2,j)) with some k; < j < K,,, — 1.
Because of the orthogonality of the functions @ for different indices s F, = 0 and
Zy k,,—2(Fy) = 0 for y € I>. The class I contains k; — 1 diagrams. Let us consider
a diagram ¥ from this class with an edge ((1,1),(2, /o)), | < j <k — 1. We have

m P
¢1(x2j) IT I1 @p(x(2,j)), and by our
Je{l K =11\ {jo} p=2j=K,

inductive hypothesis (K, —2)!Zy k,,—2(Fy) = H,—2(M) ﬁ Hi,(1p). Finally
p=2

for such a diagram F, =

m K)
K !Z,U-,Km (FYO) = Km!Z#va <H ( H (Pp(xj)> )

p:1 j:Kp—I+l

for the diagram 7y € I without any edge.
Our inductive hypothesis also implies the following identity for the expression
we wanted to calculate with the help of the diagram formula.

21 (F) K — 1)\ Zy g 1(8) = i Hiy -1 (00) [T He, (1)-
p=2

The above calculations together with the observation |I7| = k; — 1 yield the iden-
tity
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Kn'Zy k,, (ﬁ( H Pp(x ))) Kin'Zy k., (Fy,)
Jj=

p=I Ky 1+1

= Zu 1 (f) (K= 1)\ Zp i, -1(8) — Y. (K —2)!Zy k,,—2(Fy)
el

:mHkll(m)fIsz,,(np)—( 1) H, —2(m HHkp np)
= [MH, 1 (M) — (ki = 1) Hy, —2(m1)] HHkp(nﬂ)' (C5)
p=2

On the other hand, 0 Hy, —1(n1) — (ki — 1)Hy,—2(M1) = Hi, (n1) by formula (C.4).
These relations imply formula (10.24), i.e. Itd’s formula. a

I present the proof of another important property of the Hermite polynomials in
the following Proposition C2.

Proposition C2 on the completeness of the orthogonal system of Hermite poly-
nomials. The Hermite polynomials Hy(x), k = 0,1,2,..., defined in formula (C.5)
constitute a complete orthonormal system in the Ly-space of the functions square

1

. . . 2 .
integrable with respect to the Gaussian measure 75a¢ /2 dx on the real line.

Proof of Proposition C2. Let us consider the orthogonal complement of the sub-
space generated by the Hermite polynomials in the space of the square integrable
functions with respect to the measure \/ﬁ /2 gy 1t is enough to prove that this
orthogonal completion contains only the identically zero function. Since the orthog-
onality of a function to all polynomials of the form x*, k =0,1,2,... is equivalent to
the orthogonality of this function to all Hermite polynomials Hy(x), k =0,1,2,...,
Proposition C2 can be reformulated in the following form:
If a function g(x) on the real line is such that

. 1
/_ x"g(x)ﬁe*xzﬁdx:o forallk=0,1,2,... (C.6)
and
° 1
/_ gz(x)—%e*)‘z/2 dx < oo, (C.7)

then g(x) = 0 for almost all x.

Given a function g(x) on the real line whose absolute value is integrable with

. 2 .
respect to the Gaussian measure \/%e’x /2 dx define the (finite) measure Vg,

1 2
_ X /2d
/,;g(X)\/Ee X

on the measurable sets of the real line together with its Fourier transform V,(r) =
J=.. €™ vy(dx). (This measure Vv, and its Fourier transform can be defined for all
functions g satisfying relation (C.7), because their absolute value is integrable with
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respect to the Gaussian measure.) First I show that Proposition C2 can be reduced to
the following statement: If a function g satisfies both (C.6) and (C.7) then V, (t)=0
for all —eo <t < oo,

Indeed, if there were a function g satisfying (C.6) and (C.7) which is not iden-
tically zero, then the non-negative functions g™ (x) = max(0,g(x)) and g~ (x) =
—min(0, g(x)) would be different. Then also their Fourier transform V,+ (¢) and
V,-(t) would be different, since a finite measure is uniquely determined by its
Fourier transform. (This statement is equivalent to an important result in proba-
bility theory, by which a probability measure on the real line is determined by its
characteristic function.) But this would mean that V¢ (t) = Vg (¢) — V- (¢) # 0 for
some ¢. Hence Proposition C2 can be reduced to the above statement.

. . . (k+1)
Since |e™ — 1 — (itx) — - "x ‘ < ™)

= for all real numbers ¢, x and integer

k=1,2,... we may write because of relatlon (C.6)

— ’/Z (e"’x —1—(itx) —---— (’Z)k> g(x)\/%e*xz/zdx

</°° |l‘|(k+1> ‘x‘k—&-l‘ (x)‘ie—xzﬂdx
= )k 8N oz

for all k = 1,2,... and real number ¢ if the function g satisfies relation (C.6). If it
satisfies both relation (C.6) and (C.7), then from the last relation and the Schwarz
inequality

|,(t)* < const. i dia /oo e 26 : e dx
¢ - (k+1)1)? Nz
| |2 (k+1)
= const. 3-5---(2k+1

(k+1)! )2 ( )
for all real number ¢ and integer k = 1,2, . ... Simple calculation shows that the right-
hand side of the last estimate tends to zero as k — eo. This implies that V,(r) = 0 for
all #, and Proposition C2 holds. O

I finish Appendix C with the proof of Theorem 10.4, a limit theorem about a
sequence of normalized degenerate U-statistics. It is based on an appropriate rep-
resentation of the U-statistics by means of multiple random integrals which makes
possible to carry out an appropriate limiting procedure.

Proof of Theorem 10.4. For all n = 1,2, ..., the normalized degenerate U-statistics
n %211, 1 (f) can be written in the form

w2 () = 2 / FOLs e X)) o () (C.8)

_nk/z/fxl, ) (M (dxy) = (dx)) . (W dxe) — p(dx)),
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where L, is the empirical distribution of the sequence &, ..., &, defined in (4.5), and
the prime in [’ denotes that the diagonals, i.e. the points x = (x1,...,x;) such that
xj = x; for some pairs of indices 1 < j, j <k, j # j', are omitted from the domain
of integration. The second identity in relation (C.8) can be justified by means of the
identity

//f(xl,...,xk)(un(dxl)*.u(dxl))“'(“n(dxk)7“(dxk))7ln’k(f)
_ Z (_1)IV\//f(x1,...,xk)

Vi Vel ik}, [V]>1

[Tutaxy) [I  walax)))=o. (C.9)

jev JE{L,. K P\V

This identity holds for a function f canonical with respect to a non-atomic mea-
sure U, because each term in the sum at the right-hand side of (C.9) equals zero.
Indeed, the integral of a canonical function f with respect to i (dx;) with some in-
dex j € V equals zero for all fixed values xi,...,xj_1,Xj¢1,...,X;. The non-atomic
property of the measure p was needed to guarantee that this integral equals zero
also in the case when the diagonals are omitted from the domain of integration.

We would like to derive Theorem 10.4 from relation (C.8) by means of an ap-
propriate limiting procedure which exploits the convergence of the random fields
n'/2(u,(A) — u(A)), A € 27, to a Gaussian field v(A), A € 2", as n — oo. But
some problems arise if we want to carry out such a program, because the fields
n'/ 2(u, — 1) converge to a non white noise type Gaussian field. The limit we get is
similar to a Wiener bridge on the real line. Hence a relation between Wiener pro-
cesses and Wiener bridges suggests to write the following version of formula (C.8).

Let us take a standard Gaussian random variable 77, independent of the random
sequence &1,&, . ... For a canonical function f the following version of (C.8) holds.

n 2R (F) = 04 (f) (C.10)

with

/
I,

()= [ 1) [Vl 1) — () + ()]
co [V (o) — p(dxe)) +n(doxg)] - (C.11)

This relation can be seen similarly to (C.8).

The random measures n'/ 2(, — p) +nu converge to a white noise with refer-
ence measure (L. Hence Theorem 10.4 can be proved by means of formulas (C.10)
and (C.11) with the help of an appropriate limiting procedure. More explicitly, I
claim that the following slightly more general result holds. The expressions J,'l’ ()
introduced in (C.11) converge in distribution to the Wiener-It6 integral k!Z, ; )
as n — oo for all functions f square integrable with respect to the product measure
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p. This result also holds for non-canonical functions f. This limit theorem together
with relation (C.10) imply Theorem 10.4.
The convergence of the random variables J; , (f) defined in (C.11) to the Wiener—

Itd integral k!Z,, 4 (f) can be easily checked for elementary functions f € :%;ﬁ,k. In-
deed, if Aj,...,Apy are disjoint sets with p(Ag) < o, then the multi-dimensional
central limit theorem implies that the random vectors {v/n((t,(As) — 1(As)) +
Nu(As), 1 <s <M} converge in distribution to the random vector {(tw (4s), 1 <
s <M}, i.e. to a set of independent normal random variables {;, E{; =0, 1 <s < M,
with variance E{? = p(Ay) as n — oo. The definition of the elementary functions
given in (10.2) shows that this central limit theorem implies the demanded conver-
gence of the sequence J,’l, «(f) to k!Zy, 1 (f) for elementary functions.

To show the convergence of the sequence J) ,(f) to k!Z, i (f) in the general

case take for any function f € ¢ ; a sequence of elementary functions fy € %ﬂk
such that ||f — fy|2 — 0 as N — oo. Then E(Zy x(f) — Zux(fv))* = E(Zux(f —
fv))?> — 0as N — oo by Property c) in Theorem 10.1. Hence the already proved part
of the theorem implies that there exists some sequence of positive integers, N(n),
n=1,2,...,insuch a way that N(n) — o, and the sequence J; , (fy(n)) converges to
k'Zy k(f) in distribution as n — . Thus to complete the proof'of Theorem 10.4 it is
enough to show that E(J), , (fy(n)) — J,’,’k(f))2 =E(J, (fnwm) —f)? = 0asn— oo,
It is enough to show that

E(J, (f)* <ClfI5 forall f €, (C.12)

with a constant C = Cy depending only on the order k of the function f and to apply
inequality (C.12) for the functions fy(,) — f. Relation (C.12) is a relatively simple
consequence of Corollary 1 of Theorem 9.4.
Indeed,
L) =Y 0" VIiviu, k)
Vcdl,... k}
with
fv(xj,jGV):/f(xl,...,xk) H [J,(de/)

and the random integral J,, x(-) defined in (4.8), hence

EG(N)F <2 Y (VIVERPSVIER (). (C13)
Vc{l,...k}

Inequality || fy||2 < || f]|2 holds for all sets V C {1,...,k}, hence an application of
Corollary 1 of Theorem 9.4 to all random integrals J,, |y|(f) supplies (C.12). O

The above proof also yields the following slight generalization of Theorem 10.4.
Let us consider a finite sequence of functions f; € 77, ;, 1 < j <k, canonical with
respect to a non-atomic probability measure . The vectors {n//1,, i(fi), 1<) <
k}, consisting of normalized degenerate U-statistics defined with the help of a se-
quence of independent -distributed random variables converge to the random vec-



256 C The proof of some results about Wiener—It6 integrals

tor {Z, j(fj),1 < j <k} in distribution as n — co. This result together with Theo-
rem 9.4 imply the following limit theorem about multiple random integrals J;, ().

Theorem 10.4' (Limit theorem about multiple random integrals with respect to
a normalized empirical measure). Let a sequence of independent and identically
distributed random variables &1,&,,. .. be given with some non-atomic distribution
W on a measurable space (X, Z") together with a function f(x1,...,x;) on the k-fold
product (X*, 2°%) of the space (X, Z") such that

/fz(xu...,xk)u(dxl)...u(dxk) < oo,

Let us consider for all n = 1,2,... the random integrals J, y(f) of order k defined
in formulas (4.5) and (4.8) with the help of the empirical distribution W, of the
sequence &y,...,&, and the function f. These random integrals J, i (f) converge in
distribution, as n — oo, to the following sum U (f) of multiple Wiener—Ito integrals:

U(f) = Z C(k,V)Zy v (fv)

vc{l,.. k}
Clk,V .
Y CEY) e V) [ ;).
VI |
Vcd{l,...k} JjevV

where the functions fy(xj,j € V), V. C {l,...,k}, are those functions defined
in formula (9.3) which appear in the Hoeffding decomposition of the function
F(x1,...,x¢), the constants C(k,V) are the limits appearing in the limit relation
lim C(n,k,V) = C(k,V) satisfied by the coefficients C(n,k,V) in formula (9.15),
n—soo

and Wy is a white noise with reference measure L.

An essential step of the proof of Theorem 10.4 was the reduction of the case of
general kernel functions to the case of elementary kernel functions. Let me make
some comments about it.

It would be simple to make such a reduction if we had a good approximation of a
canonical function with such elementary functions which are also canonical. But it
is very hard to find such an approximation. To overcome this difficulty we reduced
the proof of Theorem 10.4 to a modified version of this result where instead of a
limit theorem for degenerate U-statistics a limit theorem for the random variables
J) (f) introduced in formula (C.11) has to be proved. In the proof of such a version
we could apply the approximation of a general kernel function with not necessar-
ily canonical elementary functions. Theorem 9.4 helped us to work with such an
approximation. Another natural way to overcome the above difficulty is to apply a
Poissonian approximation of the normalized empirical measure. Such an approach
was applied in [16] and in [34], where some generalizations of Theorem 10.4 were
proved.



Appendix D

The proof of Theorem 14.3 about U -statistics
and decoupled U -statistics

The proof of Theorem 14.3. It will be simpler to formulate and prove a general-
ized version of Theorem 14.3 where such generalized U-statistics are considered in
which different kernel functions may appear in each term of the sum. More explic-
itly, let £ = ¢(n, k) denote the set of all such sequences [ = (I1,...,I) of integers of
length & for which 1 <[; <n, 1 < j <k. To define generalized U-statistics let us fix a
set of functions {f;, s (x1,...,x¢), (I1,...,lx) € £} which map the space (XK, 270
to a separable Banach space B, and have the property f;, ., (x1,...,x) =0if l; =1
for some indices j # j'. (The last condition corresponds to that property of U-
statistics that the diagonals are omitted from the summation in their definition.)
Let us denote this set of functions by f(¢), and define, similarly to the U-statistics
and decoupled U-statistics the generalized U-statistics and generalized decoupled
U-statistics by the formulas

In,k(f(é)) = E Z fll,...,lk (6117"'a§lk) (D.D)
S (leel): 10<0, j=1,00k
and |
La(F0) = 4 )} S (&0 80) o2

(with the same independent and identically distributed random variables & and &l(" ),
1 <1<n, 1< j<k, asin the definition of the original U-statistics and decoupled
U -statistics.)

The following generalization of relation (14.13) will be proved.

P (lln i (f(O) > u) < AR)P (i (£ ()] > v(k)u) (D.3)

with some constants A(k) > 0 and (k) > 0 depending only on the order k of these
generalized U-statistics. The sign || -|| in (D.3) denotes the norm in the Banach space
we are working in.

257
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We concentrate mainly on the proof of the generalization (D.3) of relation
(14.13). Formula (14.14) is a relatively simple consequence of it. Formula (D.3)
will be proved by means of an inductive procedure which works only in this more
general setting. It will be derived from the following statement.

Let us take two independent copies 51(1)7 ey 6,51) and élm, . 5,52) of our original
sequence of random variables &;,.. ., &,, and introduce for all sets V C {1,...,k} the
function oy (j), 1 < j <k, defined as ay(j)=1if jeVand oy (j) =2if j¢ V.
Let us define with their help the following version of decoupled U -statistics:

Ly (f(0) =— y fin (él(locv(l))7.H’éliocv(k)))
k

Sl senli): lS/jS}’l7 j=1,...

forall V. C {1,...,k}. (D.4)

The following inequality will be proved: There are some constants Cy > 0 and
Dy > 0 depending only on the order k of the generalized U-statistic 7, «(f(¢)) such
that for all numbers u > 0

P (s (£ ()] > ) < ) CeP (Dellloky (f(O)| > u) . (D.5)

V(L 1<V|<k—1

Here |V| denotes the cardinality of the set V, and the condition 1 < |V| <k—1in
the summation of formula (D.5) means that the sets V. =0 and V = {1,... ,k} are
omitted from the summation, i.e. the terms where either ay (j) = 1 or oy (j) = 2 for
all 1 < j <k are not considered. Formula (D.3) can be derived from formula (D.5)
by means of an inductive argument. The hard part of the problem is to prove for-
mula (D.5). To do this first we prove the following simple lemma.

Lemma D1. Let & and 1 be two independent and identically distributed random
variables taking values in a separable Banach space B. Then

3P <§+n| > §u> >P(l€|>u) forallu>0.

Proof of Lemma DI1. Let &, 1 and { be three independent, identically distributed
random variables taking values in B. Then

3P<|§+n > §u> :p<|5+n| > §u> +p<|g+c > iu)
+2(1=m+01> 30)

>P(E+n+E+E—n—C|>2u)=P(E| > u).

To prove formula (D.5) we introduce the random variable
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1 s
Lu(f(0) = 5 Yo e (88Y)
. (11,...,11() (S],...,Sk):
1<lj<n,sj=1ors;=2, j=1,....k,
= Y Luv(f0). (D.6)
V{l,...k}

The random variables I, x (f(£)), Lnk0(f(£)) and [, & (1. 3 (f(£)) are identically dis-
tributed, and the last two random variables are independent of each other. Hence
Lemma D1 yields that

PN > 1) < 3P (ko) + o D] > 30

:3P< >§M>

<3P3- 2Tk (F(0)] > u)

+ Y, 3PG 2Ly (fO) >u).  ©T)
ViVl k), 1< V|[<k—1

T (f(6)) - )y Dnge v (F(£))

Ve Vel k) 1<V <k—1

To derive relation (D.5) from relation (D.7) we need a good upper bound on the
probability P(3 - 25~ 1(|T, 4 (£(¢))|| > u). To get such an estimate we shall compare
the tail distribution of |7, x(f(¢))|| with that of ||L, v (f(¢))|| for an arbitrary set
V C {1,...,k}. This will be done with the help of Lemmas D2 and D4 formulated
below.

In Lemma D2 such a random variable |7, v (f(¢))| will be constructed whose
distribution agrees with that of ||Z, v (f(¢))|. The expression I, v (f(¢)), whose
norm will be investigated will be defined in formulas (D.8) and (D.9). It is a random
polynomial of some Rademacher functions €1, ..., ¢,. The coefficients of this poly-
nomial are random variables, independent of the Rademacher functions &,...,&,.
Besides, the constant term of this polynomial equals 7, ¢ (f(¢)). These properties of
the polynomial I,y (f(£)) together with Lemma D4 formulated below enable us
prove such an estimate on the distribution of |7, x(f(¢))|| that together with for-
mula (D.7) imply relation (D.5). Let us formulate these lemmas.

Lemma D2. Let us consider a sequence of independent random variables €,. .., &,

P(gg=1)=P(gg=-1)= % 1 <1 < n, which is also independent of the random

variables (:](1), . g,i” and §1(2>, e 5,52) appearing in the definition of the modified

decoupled U-statistics I v (f(£)) given in formula (D.4). Let us define with their
(1)

help the sequences of random variables 'r]lm, M and n(Z) ,T],(,z) whose ele-
ments (11[<]>,n[(2>) = (171(1 (&), T]l ( 1)), 1 <1 <n, are defined by the formula

1+¢ 1—g 1—g l1+¢
e ne) = (5E 0+ 1500, e 4 ),

ie. let



260 D The proof of Theorem 14.3 about U-statistics and decoupled U -statistics

V&) n &) = E",e?) ire=1,

and
(" (e).n? () = (&7.8") ife=—1, 1<i<n.
Then the joint distribution of the pair of sequences of random variables 51“), ey 5,5”
and 51(2), ey é,sz) agrees with that of the pair of sequences T[l(l), ety n,<,1) and
n](2)7 ey n,(,z), which is also independent of the sequence €1, ..., &,
Let us fix some V C {1,...,k}, and introduce the random variable
A 1 1 k
In,k,V (f(ﬁ)) = E Z ‘ fll,..‘,lk (nl(laV( ))’ o nl(kOCV( ))) ; (D8)

where similarly to formula (D.4) ay (j) =1if j€V, and ay(j) =21if j ¢ V. Then
the identity
Gy (F(0)) (D.9)
1 1 k s Sk
-7 Z (1+Ks(1,)\/£l|)"'(1+Ks(k,>\/81k)ﬁ17-»-«,lk (51(11)7"'7515(“)

T (Wl (S15eesS0)
1<lj<n,sj=1ors;=2,

Jj=1,....k,
holds, where K.l(l‘)/ = land Kz(j\)/ =—lifjeV, and Kl(l‘)/ =—land Kz(j‘)/ =1ii¢v,
ie. K‘l(]‘)/ =320y (j) and K2<]x)/ = _Kf,j)'

Before the formulation of Lemma D4 another Lemma D3 will be presented
which will be applied in its proof.

Lemma D3. Let Z be a random variable taking values in a separable Banach space
B with expectation zero, i.e. let Ex(Z) = 0 for all x € B, where B’ denotes the
(Banach) space of all (bounded) linear transformations of B to the real line. Then

e (E[x(2)))
P(lv+2Z| 2 |vll) > inf P forall v € B,

Lemma D4. Let us consider a positive integer n and a sequence of independent
random variables €,...,&, P(gg=1)=P(g =—1) = % 1 <1 < n. Besides, fix
some positive integer k, take a separable Banach space B and choose some elements
ag(l1,...,ls) of this Banach space B, 1 <s <k, 1 <l; <n, [; # 1y if j#j, 1< j,j' <
s. With the above notations the inequality

k
P v—i—z Z as(ll,...,ls)Slln-E[X >l | > (D.10)
s=1 (Iy,...005): 1<lj<n, j=1,....s,
Li#ly if j#7'

holds for all v € B with some constant c; > 0 which depends only on the parameter
k. In particular, it does not depend on the norm in the separable Banach space B.
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Proof of Lemma D2. Let us consider the conditional joint distribution of the se-
quences of random variables nl(l),...,n,sl) and nl(z), . .,n,gz) under the condition
that the random vector €1, ..., €, takes the value of some prescribed +1 series of

length n. Observe that this conditional distribution agrees with the joint distribution

of the sequences 51(1), . .,5,51) and <§1<2>,...,§,52) for all possible conditions. This

fact implies the statement about the joint distribution of the sequences ( nl(l), nl(z)),

1 <1 < n and their independence of the sequence &, ..., &,.

To prove identity (D.9) let us fix a set M C {1,...,n}, and consider the case
wheng =1ifle Mand g =—1if [ ¢ M. Put Byy(j,/)=1if jeVandl €M or
j¢Vand ! ¢M,and let By (j,l) =2 otherwise. Then we have for all (/1,...,k),
1<1;<n,1<j<k, and our fixed set V

1 k N K
( Y oo e (e i (80 8
S1 ey )0
sj=lors;=2, j=1,...k

— zkﬁl ‘_._’lk (él(lﬁ‘/M(lll»7 o &;BVM(ka))) , (D.l 1)

k
since the product (1 + KS}" g,)--(1+ Kf:)‘, &) equals either zero or 2, and it equals
2K for that sequence (s, ..., s) for which Kg,)vglj =1 forall 1 < j <k, and the rela-
tion Ks({,)vglj = lis equivalent to By (j,[;) = s; forall 1 < j <k. (Inrelation (D.11)
it is sufficient to consider only such products for which I; # [ if j # j' because of
the properties of the functions f;, . ;..)

élﬁv,M ) _ ov())

Besides, m, forall 1 </ <mand 1 < j<k, and as a consequence

1,1 k.l
iy (P By _ (oD oY),

Iy

Summing up the identities (D.11) for all 1 </j,...,l; < n and applying the last
identity we get relation (D.9), since the identity obtained in such a way holds for all
McC{l,...,n}. O

Proof of Lemma D3. Let us first observe that if £ is a real valued random vari-

able with zero expectation, then P(& > 0) > % since (E|&[)> = 4(E(EI({& >

0}))? <4P(E > 0)EE? by the Schwarz inequality, where I(A) denotes the indicator
function of the set A. (In the above calculation and in the subsequent proofs I apply
the convention % = 1. We need this convention if EE? = 0. In this case we have the
identities P(§ = 0) = 1 and E|&| = 0, hence the above proved inequality holds in
this case, t00.)

Given some v € B, let us choose a linear operator k such that ||x|| = 1, and
K(v) = |[v||. Such an operator exists by the Banach-Hahn theorem. Observe that
{o: [v+Z(@)] = W]} > {0 k(v+Z(0)) > k(1)} = {0: K(Z(0)) > 0}. Be-
sides, Ex(Z) = 0. Hence we can apply the above proved inequality for & = k(Z),



262 D The proof of Theorem 14.3 about U-statistics and decoupled U -statistics

. E|x(Z)])? .
and it yields that P(||v+ Z|| > ||v||) > P(kx(Z) > 0) > %. Lemma D3 is

proved. o

Proof of Lemma D4. Take the class of random polynomials

Y = Z Z bs(ll,...,ls)&'ll'”81_”
s=1(l,00s) 0 1<E<n, j=1,....5,
Ly if j]'

where g, 1 <[ < n, are independent random variables with P(g = 1) = P(g =
-1) = %, and the coefficients bs(l1,...,l), 1 <s <k, are arbitrary real numbers.
The proof of Lemma D4 can be reduced to the statement that there exists a constant
ci > 0 depending only on the order k of these polynomials such that the inequality

(E|Y|)* > 4c, EY?. (D.12)

holds for all such polynomials Y. Indeed, consider the polynomial

k
Z:Z Z as(lh...,ls)gll-"&x,

s=1(1ly,...I5): 1<lj<n, j=1,....s,
ULy if ]

and observe that Ex(Z) = 0 for all linear functionals x on the space B. Hence
Lemma D3 implies that the left-hand side expression in (D.10) is bounded from be-

low by Kitelli; (ﬁ’j{(@)‘f . On the other hand, relation (D.12) implies that Kilelg, (ﬁ’;(é))‘f >

Cl-
To prove relation (D.12) first we compare the moments EY? and EY*. Let us
introduce the random variables

Y, = Y by(ly,...,l\)e, €&, 1<s<k.
(I yeonds): 1<L<n, j=1 0,
Ly if j#]
We shall show that the estimates of Chapter 13 imply that
EY} <2% (Ev2)’ (D.13)

for these random variables Y.
Relation (D.13) together with the uncorrelatedness of the random variables Y,
1 <s <k, imply that
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4
k k k

EY*=E (Z Y) <k Y EY} <iP2*Y (Ev})
s=1

s=1 s=1
k 2
s=1

This estimate together with the Holder inequality with p =3 and ¢ = % yield that
EYZ :E|Y‘4/3 . |Y|2/3 < (EY4)1/3(E‘Y|)2/3 < k24k/3(EY2)2/3(E|YD2/3,

ie. EY? < k’2%(E|Y|)?, and relation (D.12) holds with 4c; = k—327%. Hence to
complete the proof of Lemma D4 it is enough to check relation (D.13).

In the proof of relation (D.13) we may assume that the coefficients by(ly,...,l)
of the random variable Y are symmetric functions of the arguments /1,...,/, since
a symmetrization of these coefficients does not change the value of Y. Put

B2 = Y bi(ly,...\L), 1<s<k.
(I els): 1<1<n, j=1,...5,
Ly if j#]
Then
EY? =5B2,
and

4 4 (4s)! 4
EY, S1-3-5~~-(4s—1)Bs—Zzs(zs)!Bs

by Lemmas 13.4 and 13.5 with the choice M = 2 and k = s. Inequality (D.13) fol-
lows from the last two relations. Indeed, to prove formula (D.13) by means of these
relations it is enough to check that % < 2% But it is easy to check this in-
equality with induction with respect to s. (Actually there is a well-known inequality
in the literature, known under the name Borell’s inequality, which implies inequal-
ity (D.13) with a better coefficient at the right hand side of this estimate.) We have
proved Lemma D4. o

Let us turn back to the estimation of the probability P(3-2571||T, 1 (f)|| > u). Let
us introduce the c-algebra .% = %(él(l),él(z) , 1 <1< n) generated by the random

variables 51(1)75;2), 1 <1< n,and fix somesetV C {l1,...,k}. T show with the help
of Lemma D4 and formula (D.9) that there exists some constant ¢, > 0 such that
the random variables 7, 4 f(¢)) defined in formula (D.6) and IA,Lk_,V (f(¢)) defined in
formula (D.8) satisfy the inequality

P (12T (FO) > Tk (FO)IF ) = e with probability 1. (D.14)

In the proof of (D.14) we shall exploit that in formula (D.9) 2*7, v (£(€)) is
represented by a polynomial of the Rademacher functions €1, ..., €, whose constant
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term is 7, «(f(£)). The coefficients of this polynomial are functions of the random

variables 51(1) and 51(2), 1 <1 < n. The independence of these random variables from
g, 1 <1< n, and the definition of the c-algebra .% yield that

P (1245 (FODI > Tk (FO)17) (D.15)

1 1 (k
S ( TS VRN AN IRE R
: (llv-"vlk): (S],...,Sk)Z
lgljgn,sjzl or si,~=2,
Jj=1,...k,

i (878 |
>HQAﬂoxdﬁ1SZSmJ=lﬂw)

where Py, means that the values of the random variables 51(1) , 51(2>, 1 <I1<n,are
fixed, (their value depend on the atom of the c-algebra .% we are considering) and
the probability is taken with respect to the remaining random variables &, 1 <[ <n.
At the right-hand side of (D.15) the probability of such an event is considered that
the norm of a polynomial of order k of the random variables €1, ..., &, is larger than
||T,,7k(f(€))(§l(j), 1<I1<n, j=1,2)||. Besides, the constant term of this polynomial

equals Tn,k(f(ﬁ))(gl(’), 1 <1<n,j=1,2). Hence this probability can be bounded
by means of Lemma D4, and this result yields relation (D.14).

The distributions of I, 4 v (f(¢)) and I, v (f(¢)) agree by the first statement of
Lemma D2 and a comparison of formulas (D.4) and (D.8). Hence relation (D.14)
implies that

P12 7O = 32 4) =P (12w ()] = 52 4)
> P (12 FO)] 2 T O [TalF(0)] 2 32 4)

ol P (12 O > s £ 7) dP

) (@)= 321 *u}

> o P(3- 2 | Tk (F(0)] = w).

The last inequality with the choice of any set V C {1,...,k}, 1 < |V| <k—1, to-
gether with relation (D.7) imply formula (D.5).

We shall formulate an inductive hypothesis, and relation (D.3) will be proved
together with it by means of an induction procedure with respect to the order k of
the U-statistic. In the proof of this inductive procedure we shall apply the already
proved relation (D.5). To formulate it some new quantities will be introduced.

Let % = # (k) denote the set of all partitions of the set {1,...,k}. Let us fix k

independent copies 51(’ ), .. .75,51' ), 1 < j <k, of the sequence of random variables
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&1,...,&,. Given a partition W = (Uy,...,U;) € # (k) let us introduce the function
sw(j), 1 < j <k, which tells for all arguments j the index of that element of the
partition W which contains the point j, i.e. the value of the function sy (), 1 < j <k,
in a point j is defined by the relation j € Vj,, (). Let us introduce the expression

In’k7W (f(é)) - E Z ﬁlﬁ“wlk (él(lsvv(l))7 tt élS\SW(k)))
forall W € # (k).

An expression of the form L, xw (f(¢)), W € #, will be called a decoupled U-
statistic with generalized decoupling. Given a partition W = (Uy,...,Us) € #; let
us call the number s, i.e. the number of the elements of this partition the rank both
of the partition W and of the decoupled U-statistic I, x w (f(¢)) with generalized
decoupling.

Now I formulate the following hypothesis. For all k > 2 and 2 < j < k there exist
some constants C(k, j) > 0 and d(k, j) > O such that for all W € #; a decoupled
U-statistic I, x w (f(¢)) with generalized decoupling satisfies the inequality

P(|[ L (F(O) | > u) < C(k, )P ([ILnic(F(O)]] > 8(k, j)u)
for all 2 < j < k if the rank of W equals j. (D.16)

It will be proved by induction with respect to k that both relations (D.3) and (D.16)
hold for U-statistics of order k. Let us observe that for kK = 2 relation (D.3) follows
from (D.5). Relation (D.16) also holds for kK = 2, since in this case we have to con-
sider only the case j = k = 2. Relation (D.16) also holds in this case with C(2,2) =1
and §(2,2) = 1. Hence we can start our inductive proof with k = 3. First I prove re-
lation (D.16).

In relation (D.16) the tail-distribution of decoupled U -statistics with generalized
decoupling is compared with that of the decoupled U-statistic I, x(f(¢)) introduced
in (D.2). Given the order k of these U-statistics it will be proved by means of a back-
ward induction with respect to the rank j of the decoupled U-statistics 1, x w (f(£))
with generalized decoupling.

Relation (D.16) clearly holds for j = k with C(k,k) = 1 and 6(k,k) = 1. If we
already know that these relations hold up to k — 1, then we prove first relation (D.16)
for generalized decoupling U-statistics of order k with respect to backward induc-
tion for the rank 2 < j < k.

For this goal the following observation will be made. If the rank j of a parti-
tion W = (Uy,...,U j) satisfies the relation 2 < j < k — 1, then it contains an ele-
ment with cardinality strictly less than k and strictly greater than 1. For the sake
of simpler notation let us assume that the element U; of this partition is such an
element, and U; = {t,...,k} with some 2 <t < k— 1. The investigation of general
U-statistics of rank j, 2 < j < k— 1, can be reduced to this case by a reindexa-
tion of the arguments in the U-statistics if it is necessary. Let us consider the parti-
tionW = (Uy,...,Uj_1,{t},...,{k}) and the decoupled U-statistic I, ; yi (f(¢)) with
generalized decoupling corresponding to this partition W. It will be shown that our
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inductive hypothesis implies the inequality

P([[Lnew (F(O)| > 1) < AK)P (|11, 3 (F(O)| > 7(K)u) (D.17)

with A(k) = sup A(p), 7(k) = inf y( ) if the rank j of W is such that
2<p<k—1 2spsk

2 < j <k—1, where the constants A(p) and ¥(p) agree with the corresponding
coefficients in formula (D.3).

To prove relation (D.17) (where U; = {t,...,k} is the last element of the parti-
tion W) let us define the o-algebra .# generated by the random variables appear-
ing in the first # — 1 coordinates of these U-statistics, i.e. by the random variables

5;/_“”,1 <j<t—1l,and1<lj<nforall1<j<t—1 Wehave2<t<k—1.By
our inductive hypothesis relation (D.3) holds for U-statistics of order p =k —t+1,
since 2 < p < k— 1. I claim that this implies that

P(niw (FO)| > ul.F7) < Alk =1+ )P ([, (f(O)| > v(k =1+ 1)u|-7)
(D.18)
with probability 1. Indeed, by the independence properties of the random variables

gD and £V 1< j<k1<i<n,

Pl (PO > 0l F) = Pyt . (Ui (O] > )

&
and
P (M (FO)] > y(k—1 4+ 1)u| )
= Pt ey (g (O > Yk =1+ D),
where P, (; denotes that the values of the random variables éSW(j )((u)
Wl 1<j<i- 1

1<j<t—1,1<1 < n, are fixed, and we consider the probability that the appropri—
ate functlons of these fixed values and of the remaining random variables & (/) and
§SW , t < j <k, satisfy the desired relation. These identities and the relation be-
tween the sets W and W imply that relation (D.18) is equivalent to the identity (D.3)
for the generalized U-statistics of order 2 < k—t+ 1 < k— 1 with kernel functions

Sy (s xg)

~ Y Firo & (@), 8 (0),30, ).

(Isesli—1): 1<lj<n, 1< j<t—1
j

Relation (D.17) follows from inequality (D.18) if expectation is taken at both sides.
As the rank of W is strictly greater than the rank of W, relation (D.17) together with
our backward inductive assumption imply relation (D.16) forall 2 < j < k.

Relation (D.16) implies in particular (with the applications of partitions of order k
and rank 2) that the terms in the sum at the right-hand side of (D.5) satisfy the
inequality
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P (Dil[Loky ()] > u) < C(k, j)P (|1 (f ()] > Dyu)

with some appropriate C; > 0 and Dy >0 forall V C {1,...,k}, 1 < |[V| <k—1.
This inequality together with relation (D.5) imply that inequality (D.3) also holds
for the parameter k.

In such a way we get the proof of relation (D.3) and its special case, rela-
tion (14.13). Let us prove formula (14.14) with its help first in the simpler case when
the supremum of finitely many functions is taken. If M < oo functions fi, ..., fys are
considered, then relation (14.14) for the supremum of the U-statistics and decou-
pled U-statistics with these kernel functions can be derived from formula (14.13)
if it is applied for the function f = (f,..., fir) with values in the separable Ba-

nach space By which consists of the vectors (vi,...,vy), vieB, 1< j<M, and
the norm ||(vi,...,va)|| = sup ||v;|| is introduced in it. The application of formula
1<j<m

(14.13) with this choice yields formula (14.14) for this supremum. Let us emphasize
that the constants appearing in this estimate do not depend on the number M. (We
took only M < oo kernel functions, because with such a choice the Banach space
By defined above is also separable.) Since the distribution of the random variables

sup Hln,k( /) H converge to that of sup Hln,k( fs)||, and the distribution of the ran-
1<s<M 1<s<o0

dom variables sup || Lk (f5)]| convgrge to that of sup ||,k (f;)|| as M — oo, re-
1<s<M 1<s<oo

lation (14.14) in the general case follows from its already proved special case and a
limiting procedure M — oo. d

Remark. The above proved formula (D.3) can be slightly generalized. It also holds
if the expressions 1, x(f(¢)) and I,x(f(¢)) appearing in this inequality are defined
in a more general way. Namely, they are the random functions introduced in for-
mulas (D.1) and (D.2), but the sequences &1,...,&, and their independent copies

él(j ), ey 6,5’ ) in these formulas are independent random variables which may also
be non-identically distributed. Such a generalization can be proved without any es-
sential change in the original proof.
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Acronyms

@(u) Standard normal distribution function. page 13
Z It denotes generally a class of functions with some nice property. See e.g.
page 20

S,(f) The normalized sum ﬁél (&) of independent identically distributed

random variables with some test function f. page 20

U.(A)  The value of the empirical distribution on the set A. page 21

Ju(f)  One-fold random integral with respect to a normalized empirical distribu-
tion. page 21

Jox(f)  k-fold random integral with respect to a normalized empirical distribution.
page 28

[" The prime in the integral means that the diagonals are omitted from the domain
of integration of a multiple integral. page 28

|S|  The cardinality of a (finite) set S. page 32

Lx(f) U-statistic of order k with n sample points and kernel function f. page 64

I,o(c) U-statistic of order zero, where ¢ is a constant. page 65

Sym f Symmetrization of the function f. page 95

Ww  White noise with reference measure [. pages 67 and 92

Zux(f) k-fold Wiener-Itd integral with respect of a white noise with reference
measure [. pages 67 and 94

P;f  The projection of the function f defined in the Euclidean space R* to the sub-
space consisting of the functions not depending on the j-th coordinate. page 76

Q;f The projection orthogonal to the projection P; in the space of functions on
R¥. page 76

fr(xj,....x j;)  The canonical function depending on the arguments indexed by
the set V which appears in the Hoeffding decomposition of the U-statistic I,  (f).
page 77

. x  The class of functions which can be chosen as the kernel function of a k-
fold Wiener—Itd integral with respect to a white noise with reference measure (.
page 93

271



272 Acronyms

I'(k,l) The class of diagrams in the diagram formula for the product of a k-fold
and an /-fold Wiener—Itd integral. page 98

Fy(f,g) The kernel function of the Wiener—It6 integral corresponding to the di-
agram 7 in the diagram formula for the product of two Wiener—It6 integrals.
page 99
The kernel function Fy(f1, f>) corresponding to the coloured diagram y in the di-
agram formula for the product of two degenerate U-statistics appears at page 119

I'(ky,...,kn) The class of diagrams in the diagram formula for the product of
Wiener-Ito integrals of order &y, k2, ... k,,. page 104
The same notation is applied for the class of coloured diagrams in the diagram
formula for the product of degenerate U-statistics. page 117

Fy(fi,..,fm) The kernel function of the Wiener—It6 integral in the general form
of the diagram formula corresponding to the diagram Y. page 105
The same notation is applied for the kernel function corresponding to a coloured
diagram 7 in the diagram formula for the product of degenerate U-statistics.
page 126

I[(ki,...,ky) The class of closed diagrams in the diagram formula. page 108
The same notation for the class of closed coloured diagrams. page 130

Hi(u) The k-th Hermite polynomial with leading coefficient 1. page 109

Exp(#,) The Fock space. page 110

£(B) The length of a chain 3 in a (coloured) diagram. page 117

¢(B) The colour of a chain 8 in a (coloured) diagram. page 117

O(y) and C(7y) The open and closed chains of a coloured diagram 7. page 117

O>(y) The set of open chains of length 2 in a coloured diagram with two rows.
page 119

W(y) An appropriate function of a coloured diagram ¥ appearing in the diagram
formula for the product of degenerate U-statistics. It is defined in the case of
the product of two degenerate U-statictics at page 120, in the general case at
page 126

Lix(f) Decoupled U-statistic of order k with n sample points. page 169

I_;f‘ «(f)  Randomized decoupled U-statistic of order k with n sample points.
page 169

Lx(f)and I¥,(f)  Some linear combinations of decoupled U-statistics and ran-
domized decoupled U-statistics applied in the symmetrization argument of Chap-
ter 15. page 174

H,x(f) A random variable appearing in the definition of good tail behaviour for
a class of integrals of decoupled U-statistics in Chapter 15. page 178

¢ A class of diagram defined in Chapter 16. applied in the proof of the main
result. page 184

H,(f|G,V1,V2) A random variable playing central role in the proofs of Chap-
ters 16 and 17. It depends of a function of k variables, a diagram G and two
subsets V; and V; of the set {1,...,k}. page 185

Lx(f(£)) Generalized U-statistics. page 257

Lx(f(¢)) Generalized decoupled U-statistics. page 257



