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Summary: In this paper we construct the equilibrium states of Dyson’s vector-valued
hierarchical model with parameter ¢ = v/2 at low temperatures and describe their large-
scale limit. The analogous problems for V2 <e<2and 1 < e < /2 were solved in
our papers [1] and [2]. In the present case the large-scale limit is similar to the case
V2 < ¢ < 2, ie. it is a Gaussian self-similar field with long-range dependence in the
direction orthogonal to and a field consisting of independent Gaussian random variables
in the direction parallel with the magnetization. The main difference between the two
cases is that now the normalizing factor in the direction of the magnetization contains,
beside the square-root of the volume, a logarithmic term too.

1. Introduction

First we briefly describe the model we are investigating. Dyson’s hierarchical model is
a one-dimensional classical spin model on the lattice Z = {1,2,...}. Its Hamiltonian
function depends on a parameter a, 1 < a < 2, and is defined as

o) = =33 dii. ) oli)o (). (1)

where d(i, ) = 275)~1 and
n(i,j) = min {n, there exists some k such that (k — 1)2" < 1,5 < k2"}.

We are dealing with vector-valued models, where o(j) € RP with some p > 2. If z € RP
and y € RP then zy denotes scalar product. We consider models with the free measure

v,

x2 t

<:c>=p0<x>=po<:c,t>=c<t>exp{—7—1\xr4}, reR,  (12)

d_y
dx

where t > 0 is a sufficiently small number, and C(t) is an appropriate norming constant
which turns po(z) into a density function. For the sake of convenience we shall work in
the sequel with the number ¢ = 227¢ instead of the parameter a.
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We investigate the following problem: First we construct an equilibrium state p =

w(T') at low temperatures with magnetization in the direction of the first coordinate
() and then we want to describe its large-scale limit. In more detail, let

o= {a(j) - (a<1>(j),...,o—<p>(j)) CRP,je z}

be a random field with the distribution of the equilibrium state p = p(7'), and define
for alln =1, 2, ... the random field

Roo = {(Rao (), Ruo®(j)) € ¥, je 2}, (1.3)
1 =
Ruo®(j) = 1 3 [0(1)(k) _ Ea(l)(k)} . jez, (1.4)
" k=(j-1)2n+1
1 &
RaoW(G) =5 Y Wk, jeZ, s=2...p (1.5)

" k=(j—1)2n+1

where A,, and B,, are appropriate norming constants. We want to choose them in such a
way that the finite dimensional distributions of the fields R, o converge as n — oo, and
also want to describe the limit field. Here A,, is the norming constant in the direction
of the magnetization and B,, in the direction orthogonal to it.

We have solved this problem for v/2 < ¢ < 2 in our paper [1] and for 1 < ¢ < V2
in [2]. In both cases we have to choose a “critical” normalization B,, = 2"¢~™/? in the
direction orthogonal to the magnetization, and the limit is a self-similar Gaussian field
with long-range correlation. On the other hand, in the direction of the magnetization we
have a different situation in the two cases. For v/2 < ¢ < 2 we have to choose 4,, = on/2
and get a field of independent Gaussian variables for the limit. For 1 < ¢ < V2 the
right choice in (1.4) is A,, = 2"¢™", and the limit is a non-Gaussian field which we
have described explicitly in [2]. Our aim in this paper is to solve this problem for
¢ = v/2. The answer is very similar to the case V2 <e<2. Namely, we have to choose
B,, = 2"¢™™/? = 237/4 and get a dependent Gaussian field in the direction orthogonal
to the direction of the magnetization. In the direction of the magnetization we have
to choose A, = 2"/2,/n, and the limit is a field consisting of independent Gaussian
random variables. The main difference between the cases V2 < ¢ < 2 and ¢ = /2
is the appearance of a multiplying term /n in the normalizing factor A,, in the latter
case. It is expected that translation invariant models with short-range interaction in the
cases d < 4, d =4 and d > 4 show a behaviour similar to Dyson’s model in the cases
l<e< \/5, ¢ =42 and V2 < ¢ < 2. Thus Dyson’s model with ¢ = V2 corresponds
to four-dimensional translation invariant models.

Let us formulate our results in more detail. In Theorem 1 formulated below we
construct the equilibrium state whose large-scale limit will be investigated.

Given some h € R, h >0, and a positive integer n let us define the Gibbs measure
ph = p(T,t) on (RP)?" with the density function

pi(wy, . mon) = (2, e, 6, T, xy = (xg-l),...,xgp)) ERP, j=1,...,2",
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given by the formula

p2($1>-~->5€2n)
1 2"—1 2" 2n 0 2"
_ 71 N V32 1 ,
=7 (T,t,h)exp{ T( Z Z d(i,7) T hZ:I;j )}Hpo(x],t),
=1 j=14+1 j=1 j=1
(1.6)
where
1 2"—1 2" 2" 2"
o 1
Zn :/exp{—f(— Z Z d(i, §) 73 wx; —hZaé )>}Hp0(acj,t)dxj
i=1 j=i+1 =1 i=1

is the grand partition function, and pg(x,t) is defined in (1.2). Let pl(x) = pP(z,T)
denote the density function of the average 27" 23:1 o(j) of the u" distributed random
vector (o(1),...,0(2")). Put p, = ul', po(x1,...,290) = pl(21,...,227) and p,(x) =
pl(x) in the case h = 0.

Let us introduce the functions

T
an(2) = qn(2,T) = K, exp{;—OQ”/QIQ }pn< —x) (1.7)
a a
with ag = #, a1 = ag+ 1 and the above defined functions p,, (x), where the norming

constant K, will be appropriately chosen. The function ¢, (z,T) is rotation invariant,
i.e. the function g,(z,T), 2z € R!, defined by the formula g,(z,7) = ¢.((z,0),T),
z€ RY, 0=(0,...,0) € RP~! satisfies the relation ¢, (z,T) = @,(|z|,T). Choose the
constant K, in (1.7) in such a way that

/ Gn(x, T)dx =1,
0

and define the numbers ~
M, = / (2, T) da (1.8)
0

Now we formulate the following

Theorem 1. There are some thresholds Ty > 0 and ty > 0 such that if 0 < T < Ty
and 0 < t < to then the limit M = lim,,_. M,, > 0 exists, and M? = ai(ao—T) O(1)

T2
with ag = —2= and a1 = ag + 1. Moreover, the following relation holds: Put

2—v2
. T
M= /—M, (1.9)
ax
and consider an arbitrary sequence of real numbers h,, n =20, 1, 2, ... such that

H) ey
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with some oo > D > 22_]\\4/5 Then the measures uh» tend to a probability measure

i = ji(t,T) on (RP)%2. More precisely, for all k > 0 the measures ,uZ”n, the projections

of the measures ul to (Rp)Qk, converge to the projection of fi to the first 28 coordinates
in variational metric as n — oo. The measure i does not depend on the choice of
sequences h.,.

The main result of this paper is the following

Theorem 2. Let o = {o(n) = (cW(n),...,cP(n)) € RP, n € Z} be a ii distributed
random field with the distribution i defined in Theorem 1. Then the finite dimen-
sional distributions of the random fields Ryo defined in (1.3), (1.4), (1.5) tend, with
the choice A, = 2"/%\/n and B, = 2°™/*, to those of a Gaussian random field Y =
(Y(n) = (Y®(n),...,Y®)(n)) € RP, n € Z). For all numbers k > 0 the density func-

tion hy (T1,...,Tok), xj = (xg.l), . ,xg-p)> € RP of the random vector (Y (1),...,Y (2%))

1s given by the formula

hi (z1,...,Tor)
1IN (24 V2 S (o2 va\" & ?
:C(k)exp{_f{z<72x;> - (v2-1) <T> (ng >)
s=2 j=1 j=1 (1].].)
2k_1 2k 2k
-3 ¥ d(i,j)3/2x§5>x§5)) +(6+2\/§)M22x§.”2]}.
i=1 j=i+1 j=1

It follows from the result in Appendix E of [2] that the measure constructed in Theo-
rem 1 is an equilibrium state. We restricted ourselves to the construction of equilibrium
states for low temperatures where we are interested in their large-scale limit. The proofs
of Theorems 1 and 2 are based, similarly to the papers [1] and [2], on two analytic prob-
lems, where the action of an integral operator must be investigated. We formulate these
problems in the next Section.



Dyson’s hierarchical model 5

2. The basic steps of the proof

In this Section we discuss two analytical problems which play a central role in the proof
of Theorems 1 and 2. The first one is connected with the asymptotical behaviour of the
density function p,(z) of the average of a p, distributed vector defined after formula
(1.6). It is proved (see e.g. Appendix A in [2]) that p, (z) satisfies the recursive relation

s () = Co(T) /exp { 2;/2 (2 — u?) } (@ — Wpn(z +u)du  (2.1)

with the starting function pg(x) defined in formula (1.2). For us it is more convenient
to work with the functions g, (x) defined in (1.7) instead of the functions p, (z). Simple
calculation shows that relations (2.1) and (1.7) imply the recursive relations

Gnt1(z) = K, / exp{—Q"/2u2}qn(:C —u)qn(z + u) du (2.2)
with the starting function

qo(x) = qo(x, T, t) = Ky exp{ o x° — 122 lz|* 7, (2.2")
where ag = ﬁ, a; = ap + 1, and K,, is an appropriate norming constant. (The

numbers ag and a; will denote these numbers in the whole paper.)

In Theorem A formulated below we describe the asymptotic behaviour of the function
qn(x). We recall that we have introduced the functions ¢,(z) = ¢.(2,T), z € R! in
Section 1, and they satisfy the relation g, (z,T) = ¢, (|z|,T).

Theorem A. There are some thresholds to and Ty such that for 0 < t < to and
0 < T < Ty the functions q,(z) defined by formulas (2.2) and (2.2') satisfy the following
relations:

There are some M = M(T,t) > 0 and ng = no(T,t) > 0 such that for n > ng
272 /ngn (2, T) = 27"/ \/ng,(|2|, T)

= @4 exp {—WTM(M — M)2} + 7 (2) (2.3)

with
@)l < 2= (2.3)
and
’MQ - “1(‘?}2— T) ‘ <K (2.4)
with some K > 0. Also the estimate
272 /ngn(z,T) < K exp {— T//;M\x — M|} forallx >0 (2.5)

holds with some K >0 and p > 0 depending on T and t.

For x — M > 0 or + — M < 0 we need a better bound on ¢, (z,T) than that given
in (2.5). This is given in the following
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Proposition A. Under the conditions of Theorem A

n

272 /ngy (x,T) < K exp {—6%(:3 — M)Z} for x> M (2.6)

with some B >0 and K > 0 depending on t and T'.

If 0 < © < M then for all € > 0 there are some thresholds tog = to(e), To = To(e)
and a real number r,,, Cin2 "2 < M —r, < Can2™ ™2 with Cy > Cy > 0 such that if
0<t<ty and <T <1y then

n

2
272 /ngn (2, T) < K exp {—/3—@ - M)Q} forry <z <M (2.7)
n
and

2*”/2\/7;%(30,T) < K exp {—(1 - 5)2”/2 (Ti — x2) - ﬁ%(?“n — M)Q}

forO<z<r,. (2.7)

(With some extra-work it can be shown that the number r,, can be chosen in the form
rn = M — Cn2~"/? with some C' > 0. We do not prove it, because the slightly weaker
statement formulated above is sufficient for our purposes. Also the dependence of the
thresholds ty and Tj on € can be dropped with the help of some additional investigation.
We do not do it, because we do not need Proposition A with very small e. What we
need is that it holds with some £ > 0 such that 1 —e > 7.

Now we formulate the second problem we are interested in. Given some integers
0 < n < N and positive real number h > 0 consider the measure u’}v with density
function p%(z1,...,z9n) defined in (1.6) (we replace the number n by N in it), and
define its projection MZ,N to the first 2 coordinates xi,...,x9n. We want to give a

h
good asymptotic formula for the Radon—Nikodym derivative ng’N

(T1,...,m9n), where

n

i is uP with h = 0. It can be expressed explicitly by the following recursive integral
formula: (See e.g. Appendix C in [2].)

Formula for the Radon—Nikodym derivative.

dufb 2"
W’N(xl,...,xgn):fﬁ’N(Z_”ij>, n<N (2.8)
n =1
2N pa ()
fovle) = KOV Ry exp (27 ) (2.9)
b (@) = K(n,N,R)S, 11 y(x) (2.10)

with

o) = [ o2} 1(F5 Yt ay (210)
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where K (n, N,h) are appropriate norming factors and p,(z) is the density function of
a [y, distributed random vector.

In Theorem B formulated below we give an asymptotic formula for the function
SN(:v) if h = hy satisfies the relation

) e e

with some oo > D > 22_]\:4/5 To formulate it we introduce the sequences g,, A,

n =1, 2, ..., N defined by the recursive relations
2N h
gy = gn (N, hy) = TN (2.12)
n 2n/2 _
gn = gu(Nohy) = 5L+ S0 forn< N (2.12")
ANy = AN(N,hn) =0 (2.13)
2n/2 + An+1 ’
Anta T 2
A, =A,(N,hy) = + forn < N,
A 9(n+2)/2
—+ 9}%\_}1 — Apia (2.13)

where M is defined in (1.9), and M and T are the same as in Theorem A.

For the sake of simpler notations let us restrict ourselves to the case RP = R?. Let
us define the domains

Qn ={zeR? |jz| - M| <27 |2 <2702 (1 > 0} (2.14)
Q2 ={zeR |z - M| <270} \Q, (2.14")
Q) = {oe R ||o] - 1] 22707} (214")

Clearly QL UQ2 UQ3 = R?. Now we formulate the following

Theorem B. For all ¢, 27! < q < 1, there is some ng = no(T, M, D, q) such that
if (2.11) holds, and N > n > ng then the Radon—Nikodym derivative f,(x) = fﬁflvv(x)
defined by formulas (2.9)—(2.10') satisfies the following relations:

a) In the domain QL

fn(z) = Ly exp {gn <:13(1) — M) + A2 4 En(:r;)} (2.15)
with

sup en(z)] < ¢".
zeNl

b) In the domain Q2

0 < fu(x) < L, exp {gn(m — M) — (29—]\734 — n)2_0'4” + q”} ) (2.16)
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c) In the domain Q3
0 < fulz) < Ly exp {2“(]—]\734 (Jz|* - Mz)} : (2.17)

where the numbers A, and g, are defined in (2.12)-(2.13'), and L,, = L,(N,hy) is an
appropriate norming constant.

We also need the following result which describes the asymptotic behaviour of the
sequences g, and A, defined by (2.12)—(2.13’).

Proposition B. Let us choose some integer N and real number hy > 0. Define the
sequences g, and A,, 0 <n < N, by formulas (2.12)-(2.18') and put g, = 2~™/%g,,
A, = 27"2A,. If hy satisfies relation (2.11) then gy > gn-1 = - > Go > §
and 0 = Ay < Ay_1 < --- < 4, g[lwz’thg: 2_2—\/5¥, and A = @ If the
relations N > Ny and N > n® also hold with some appropriate Ng = No(M,T, D) and
B = B(M,T,D) then |g, — g| <4™™ and |A,, — A| < 47".

The above results enable us to carry out a limiting procedure analogous to that in
Sections 6 and 7 in Part II of [2], which leads to the proof of Theorems 1 and 2. The
main step of this limiting procedure is to give a good estimate for the expression

P (2"§:xj)fj;jyv (2”§:xj). (2.18)

J=1 J=1

Since we can express the function p,(z) through g, () Theorems A and B together
with Proposition B enable us to give a good asymptotic formula for this expression
in a typical domain around the point (M,0) € R%2. Then Theorem B together with
Proposition A guarantee that the region outside this typical domain has a negligible
effect.
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3. On Theorem A. The method of the proof

The proof both of Theorem A and B is based on the ideas of [2]. Most proofs can be
carried out in almost the same way, only the number ¢ must be replaced by v/2. The
proofs of such parts will be omitted, we only refer to the corresponding result in [2].
From now on the letters C', C1, K etc. will denote absolute constants. The same letter
in different formulas may denote different constants if it is not stated otherwise.

Let us introduce, similarly to Part I in [2], the numbers M, defined in (1.8) and the
functions

ful@) = fulz, T) = 27/, (Mn o2y T) , (3.1)

where the function g, (z) was defined after formula (1.7). We shall deduce Theorem A
from the following

Theorem A’. Under the conditions of Theorem A the limit lim, .. M, = M > 0

exists, and

a1 (CLO — T)
tT2

with some |R(T,t)| < const. Moreover, there is some ng = no(t,T) such that for n > ng

M? = + R(T\,t) (3.2)

2+ /2
M, = M + I—]\fzm +6(n)27"/2, 6(n)| < K27 ™/2 (3.3)

with some K > 0. The function f, satisfies the relations

2M 2M? K
fnlz,T) — \\//_ﬁ exp {— p xz} <— for x> =272\, (3.4)
and M
fn(z,T) < exp{—pu|z|} for x> =22 M, (3.5)

n

for n > ngy with some p >0 and K > 0.

To prove Theorem A’ let us introduce, similarly to [2], the operator Q,, as;

Quf(z) = /eXp {—2_”/2u2 — v2}

f <2n/2 (\/(M + 2—(n+1)/24 + 2—n/2u>2 + 2—n/24h2 _ M))

f <2n/2 (\/(M + 2= (n+1)/2p — 2-1/2))2 4 2-n/292 M)) dudv,

(3.6)
its standardization defined by the formula

o Qn,Mf(x + mn)
Qn,Mf(x) = f:’;(n+1>/2M Qn’Mf(m) I (37)
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with _ )
_ f—z(n+1>/2M 2Qunm f(x)dx

a fz("-&-l)ﬁM Qn,Mf(x) dx

together with their approximations Tj; and T, given by the formulas

T f(z) :/e“2f (% +u+ %) f(%—u—f— %) du dv (3.8)

Ty f(x) = \/ETMf (m - ﬁ) : (3.8)

The same calculation as that in (2.20) of [2] yields that the Fourier transforms of the

operators Tj; and Tj; defined by the formulas TMf = (T f) and ’i‘Mf = (Tufy
satisfy the relation

(3.7)

n

and

~ F(%)
Tuf(€) = \/Z\/%
M

(3.9)
and ( v )
iV/2¢ 9
- - CXP\7ar ) - [ €
Tuf(§) = ﬁf (ﬁ) : (3.9)
L+ 7n
The relation
(fn—i—l(x), Mn—i—l) = (Qn,Mnfn(x)7 Mn + 2_(n+1)/2mn) (310)
holds with the starting pair (fo(x), Mo) defined by the relations
My = / IL'C]()(CL') dx fo(ﬂ?) = qO(IL’ - M()) , (3.10/)
0
where the function go(z) was defined after formula (1.7) (with n = 0).
We have
Qnumf(z)=Truf(x)+en(z), (3.11)

where ¢, (x) is a small error term. We get a heuristic explanation of Theorem A’ by
investigating the expression T7%, f(x) for large n with a function f(x) satisfying the
relations [ f(z)dx =1 and [z f(z)dx = 0. Put

ou(€) =log T5 f(§) =D djxt".
=2
It follows from (3.9) that
: —3)d
djpi1 = 2(2_‘7)/2dj,k; + & j>2.

2j(vV2M)7
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Hence

—i\J
lim d;,, = (=9) for j > 3,

n—o0 2j<\/§M)j(1 — 2(2-9)/2)
and

n
dy, = —
2 SM?2

+ d270 .
The above relations imply that

: £ L
() st
Since f,,(z) behaves similarly to T7, fo(x), the above calculation suggests that the ex-
pression /nf,(y/nz) is asymptotically Gaussian with variance ﬁ. We justify this
heuristic argument similarly to the method of [2]. First we show that if ¢t and 7" are suf-
ficiently small then for all not too large n f,(x) is asymptotically normal with variance
o= m More precisely, we prove the following

Proposition 1. For all positive integers N > 1 there are some thresholds to and Ty
such that if 0 <T < Ty and 0 < t < tg then for alln < N

%[fn(x) - ¢5(x,0)]‘ < 5% exp {—2(”+2)/2|x|}
if |z <log My, j=0,1,2,
(3.12)
%f"(x)‘ = plnjew {_Qn/z 2wt % } ifo> 2720, =012,
(3.13)
- My, — Mo| < B(n)t'/T (3.14)
where ]\ng = %, o2 = m, ¢(x,0) denotes the normal density function

with expectation zero and variance o, and B(n) is some appropriate multiplying factor
depending on n, but not ont and T.

If to and Tp are sufficiently small then M is very large, therefore (3.14) states that
for fixed n (depending on ¢ and T') M, is very close to My. Then (3.12) gives a good
Gaussian approximation of f,,(z) and (3.13) a good bound on its tail behaviour.

The proof of Proposition 1 is based on the observation that M, almost agrees with
the positive maximum My of the function Go(z), fo(z) is almost Gaussian, and we
commit a small error by substituting the operator Qn, m for small n by the operator Tn,

T fo(z) = C’/exp{—v2 — 2_”/2u2} fr(z +u)fr(r —u)dudv

= Cﬁ/exp{—Z_"/QUZ}fn(w+u)fn(a: —u)du.

Since the proof is almost the same as the proof of the corresponding result for 1 < ¢ < /2
given in Section 4 of Part I in [2] we omit it. By the same reason we omit the proof of
its Corollary formulated below. To formulate this result first we have to introduce the
following notion:
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Definition of the regularization of a function. Let us choose some fixed function
o(x) € C§°(RY) such that 1 > @(z) > 0 for all z € R, ¢(z) =1 for |z| < 1, and
@(z) =0 for |z| > 2. Putp,(x) = ¢ (75527 "/ ). Given some function f(z), f(z) >0,
[ f(z)dx < oo we define its n-th reqularization @, (f) as on(f)(x) = Aingan (x4+Bp) f(z+
By) with Ap = [ n(x)f(x)de and B, = 5~ [2pn(z)f(x) dx, provided that the above

formula is meaningful, i.e. A, > 0.
Now we formulate the following

Corollary of Proposition 1. Under the conditions of Proposition 1 we have for all
n<N
exp s2

‘Sbn(fn)(t+25)| < PET f07’|8‘ <2, tERl,
200
and
J 2—n/2 2
'@fn(:ﬁ) <10° exp{— 20+ —; z } forz > —2"2M,. j=0,1,2.

Let us fix some positive integer N, and define the sequences o, 6,, n = N, N+1, ...,
as

1
10~
Opy1 = <1 — 2_"/4> oy + e forn> N (3.15")
and
By =1, (3.16)
—n/4 10 !
Bsr = (142 )ﬁn+W for n > N, (3.16')

where M, is defined in (1.8).
Now we define the following Properties I(n) and J(n).

Property I(n). Letn > N. The function f(x) satisfies Property I(n) (with the starting

index N and parameter C) if

2—n/2x2
M,

d’ < C 1
i) G072 P\ "5,

with the above defined sequence (3,, and the number M, defined in (1.8).

2x +

} for x> —2"2M,, j =0,1,2

Property J(n). Let n > N. The function f(x) satisfies Property J(n) (with the
starting index N ) if

Gt +is < S22 e R

1+ a,t? VBn'

with the above defined sequences o, and [3,,.

Now we formulate
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Proposition 2. The multiplying factor C and the starting index N can be chosen in
Properties I(n) and J(n) in such a way that under the additional conditions M, > K
with some universal constant K, |M, — M,_1| <1, 100n > (3, > max(9M, 2, 4°")
Properties I(n) and J(n) for the function f,(x) imply Properties I(n+1) and J(n+1)
for the function fni1(x) (with the same parameters N and C). Also the following
relations hold true:

V2

_ —(n+1)/2 —
My =M, +2 My, Mn AM, + ’7(71)
with v(n) < C127"2\/B, (3.17)
dj CIC4 —n
‘w‘ﬁH‘l(l’) — T, pn(fn)(@)| < B(j—il)/Q 2
n+

9—(n+1)/2 4.2
20+ ———F——

v reel )

Mn—l—l
for x> =20 FV2 0 L5 =0,1,2, (3.18)
and
d‘7 0102 2‘1” 1 .
— Ty, on(fn)(z)| < ——75expy ——=,, z€R,;=0,1,234 (3.19)
dx? /87(1‘7:_11)/2 A /ﬁn—l—l

with some absolute constant Cy. As a consequence, if 0 <T < Ty and 0 <t < tg with
some suficiently small to > 0 and Ty > 0 then Properties I(n) and J(n) hold for the
functions f,(z) with some appropriate parameters C' and N, and these functions satisfy

relations (3.17)-(5.19). Also the relation (3, < 100n holds.

Proposition 2 is proved similarly to the analogous result for 1 < ¢ < v/2 in Sections 5
and 6 in Part I of [2], only the number ¢ must be replaced by v/2 everywhere. The
expressions Qun arf(x), Taren(f)(z) and Quarf(x) — Taren(f)(x) can be bounded
with the help of Property I(n), as it is formulated in Proposition 3 and proved in
Section 5 in Part I of [2]. This enables us to reduce the problem to the investigation of
T a1, on(fn) (), which can be done with the help of Property J(n) and formula (3.9).

The only difference between the cases 1 < ¢ < v/2 and ¢ = /2 is that for ¢ = V2
the condition 8 < 100 must be replaced by the condition # < 100n when the operator
Q... is investigated. This is so, because we apply our estimates with 5 = (3, and
the sequence f3, defined in (3.16), (3.16") is of order const.n. (In the case 1 < ¢ < v/2
it was bounded by a constant.) Nevertheless, this difference causes no problem. The
condition 5 < 100 was applied in [2] for such arguments as to show that the estimate
(5.4) of that work implies Lemma 3 for large . To make such a conclusion we need
some upper bound on 3, but the estimate 5 < 100n is sufficient for our purposes.

Proposition 2 enables us to bound the error term €, (z) in (3.11) when the operator
Q. v, is applied for f,(z). With the help of this estimate we can turn the heuristic
argument after formula (3.11) into a rigorous proof.



14 P. M. Bleher and P. Major

4. The proof of Theorem A

We prove Theorem A by estimating the Fourier transforms ¢, (f,)(t). Let us fix some
constants N and C in such a way that Propositions 1 and 2 hold with this choice of
the parameters. Let us introduce the functions ¢, (t) = log ¢, (f»)(t) and the numbers

By = — j—;wn(t) , provided that these quantities are well-defined, i.e. we can take
t

logarithm in these expressions. We shall prove the following

Lemma 1. If0 <t <ty, 0<T <Ty with some sufficiently small tg > 0 and Ty > 0
then

a)

5 a1 _N
By = g TN B <4 (4.1)
Brt1 = Bn + VP +d(n) |0(n)| < 9~ n/4 forn >N (4.2)

1/3
b) For |t| < <ﬁﬂn) and n > N ,(t) is well-defined, and
d? 2 n\?
= b ()| < o 427 /4 t< | =— dn>N 4.
Sn(@)] < o + orli < () andn (1.3

Proof of Lemma 1. Because of Proposition 1 @n(fn)(t) is very close to the Fourier
transform of the normal density function ¢(z, o) with o2 = m, and the analogous

result also holds for its derivatives. This implies (4.2) and (4.3) for n = N, since if
&N (fn)(t) were exactly normal then we would have By = W and %w]v(t) = 0.
We prove (4.2") and (4.3) in the general case by induction from n to n + 1.

Let us introduce the operator T, by the formula T, (t) = log Ty, expt(t). It
follows from (3.9") that

d? . _
— —Tp,(t = - 4.4
and . Y
d° . 1 t 21
—Tn n(t) = —=V%p | —= | + . 4.4’
s ) = 5 (\/i) it \° (4.4)
1603 1+
V2M,
Since M, is very large, (4.4") together with our inductive hypothesis imply that
& . 2 1 n+1\"?
—ann(t)‘ <2 g < ( . ) . (4.5)
‘dt?’ My V2 | Bn+1
Because of the identities T, 1, (0) = %an]\; (t)‘ = 0 it follows from (4.4) and (4.5)

t=0

A _ 1 ¢ 2 2-n/4N |t)3 n

§RTTL ntZ_ n+— - —+ —Z——

¥nlt) (ﬂ 4Mg> 2 (M,?;+1 V2 ) 6 10
n—|—1)1/3

for [t] < (
t] i

that
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where R denotes real part. (Observe that 1 < 3, < n/10.) This relation implies that

- 1/
‘TMn@n(fn)(t)‘ > /10 for |t| < (th) . (4.6)

We get similarly, by expressing the derivatives of T M, Pn(fn)(t) through 1, (t) and its
derivatives, that

& 1\ /3
o anlf) ()] <10 for g < (2E i=1,2,3. (4.6))
i A

On the other hand, some calculation with the help of (3.18) yields that

d’ &~ n ,
‘dt] Prtt (far1)(t) = 25T, P (fu) (8 )‘ <K27"?  for|t{€ R' and j =0,1,2,3.
(4.7)
By expressing j—;¢n+1( t) and jtg Tnzpn(t) by the corresponding Fourier transforms we

get that relations (4.6), (4.6’) and (4.7) imply that

3
b (1) — wn()‘ L ogns

‘ dt? = 100

The last relation together with (4.5) imply (4.3) for n + 1.
It can be proved similarly that

d2

n _—Tn n t < 2—n/4
Yo (t)]_ —sTaun(®)] | <

‘alt2 t=0
which relation together with (4.4) imply (4.2") for n + 1. Lemma 1 is proved.

The proof of Theorem A’. It follows from Lemma A that

ﬁn 2 . 2 n/4 n 1/3
2R, (012 with [R,(8)] < < 427 if t < N :

Eulf)(0) = exp { - i

Hence

/Ml)m e [ = g1 a

On the other hand

/ B
e
/3
t|>

and by Property J(n) and the relation a,, > 1073,

2 1
2 L 9mn/4) —
<2 (M3 +2 ) 72 (4.8)

n

2/3 _
<exp{ A @1/3}, (4¥)

S 1014,’,1/71/3/3;2/3' (4.8Il)

‘/t|> n 173 © 7m~ n(fr)(t) dt

B
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Relations (4.8), (4.8") and (4.8”) imply that

onlfn)(@) - ﬂ%ﬁxp{‘ﬁ}'

- ‘ / T [en(fa)(0) - eXp{_gntz}dt]'

2 [/ 2 _ 2/3 _
< = <M—3 + 2_n/4> + 101471_1/36,;2/3 + exp {—nTﬂ,,ll/g}

(— +2- "/4) +2-10Mn~1/35-2/3, (4.9)

In relation (4.9) ¢, (f)(z) can be replaced by f,(z), since for |z| < 2"/2 they are very
close to each other by (3.8), and for |z| > 2/ both terms at the left-hand side of (4.9)
are negligible small. (The norming constants A,, and B,, appearing in the regularization
are almost 0 and 1.)

Hence (4.9) implies that

_ . 1/3
fn(m)—\/ZtT_ﬁexp{—%H %<i+2 ”/5+1015<ﬁn) > forn > N.

(4.10)
Since ‘Bn — 4M2’ < 10, hence
1 1 2M 2M? t.
— expl ——=a% p — V2 exp q — R const. (4.10")
/275 20, VTN n n

For large n the term BL can be replaced by 2= in (4.10), hence (4.10) and (4.10") imply

(3.4). Relation (3.5) holds because of Property I(n), and relations (3.2) and (3.3) can
be deduced from Proposition 2 in the same way as the analogous result in [2] in Lemma
10 of Part I. Theorem A’ is proved.

The proof of Theorem A. By Theorem A’ and (3.1)

272\ /ngn(x,T) =

V2M { gn+1 2
Xpq ——————

NG e (x — M,) }—f—rn(x) (4.11)

n

with

[rn ()] <

NG

We have to check that an error of order O ( L > is committed if M,, is replaced by M

S
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in (4.11). We have

2+l g2 2ntl g2
exp {——(m — M)Q} — exp{—i(ac — MH)QH
n n

2n—|—1

7(33—1\4)2} M? |(z — M)? — (z — M,)?|

n

on+lp 2 2
< 2 M 0p - M (2 — M|+ 2IM — M) exp {—
n

Mz(l’—M)Q}
LS
Vi’

since |M — M,,| < CM~127"/2_ This estimate together with (4.11) imply (2.3). The
remaining statements of Theorem A also follow from Theorem A’.

IN

Theorem A gives a good Gaussian approximation only for large n. On the other
hand, the error term in (4.10) is small for all n > N. Beside this, Proposition 1 yields
a good Gaussian approximation for all n < N if My is very large. These observations
imply the following

Corollary of Theorem A’. Define the sequence 3, by (4.1) and (4.2) forn > N and
Bn = BN forn < N. For all § > 0 some positive integer N and thresholds to > 0 and
To > 0 can be chosen in such a way that

<0 for alln >0 and x € R* (4.12)

1 1,
e exp{_ﬁx}

if0<t<tyand0<T <Ty. As a consequence, for arbitrary L > 0 the inequality

1 1 -
fulz) < exp {_ﬁlﬁ} for |x| < LA/ Bn, n=10,1,2,... (4.13)

holds with the sequence

ﬁkle# for0<n<N (4.14)
. . 1
Br+1 = Dn (1 + 2_"/4> + Ve forn >N (4.14")

if the conditions of (4.12) hold with a sufficiently small § = 6(L).
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5. The proof of Proposition A

First we prove formula (2.6). Choose an appropriately small ¢ > 0 and a large L =
L(g) > 0. We are going to show that if 0 < ¢t < ty and 0 < T < Ty with some
to = to(S,L), and T() = To(é?,L) then

1 ~
< \/7exp{ xZ} for |z| < LA/ Bn, n=0,1,2,... (5.1)
and
< \/7€Xp{ :E2} for |z| > L B, n=0,1,2,.... (5.1)
Since lim,,_ %" = gap, relations (5.1) and (5.1') imply (2.6). Because of the

Corollary of Theorem A’ we may assume that relation (5.1) and relation (5.1") for
LA/ Bn < |z| < 3Ly/ 3, hold. Tt is enough to apply this Corollary for 3L, and to choose

L in such a way that exp{—%} < 15- Moreover, it can be seen from the form of fo(z)
that for n = 0 (5.1') holds for all > L\/fy. Hence it is enough to prove (5.1') for

x> 2L\/ 3, by induction from n to n + 1. We shall do it with the help of the following

Lemma 2. Ife >0 and L > L(e) > 0 are appropriately chosen (in dependence of the
number C' appearing in the conditions of this Lemma), n is some non-negative integer,
M > K > 0 with an appropriate K > 0 and

exp {—%:ﬁ} for |z| < L\/3 (5.2)

exp {—%xQ} for |z| > L\/j (5.2

for all z € R! (5.2)

then

/
Qn,Mf(x) < % €Xp {—%IE2} for T > 2L\/B

Proof of Lemma 2. The proof applies the same ideas as that of Lemma 19 in Part I
of [2]. Let us introduce the functions

ETjL:,M(xauv'U) = 2n/2 (\/(M + 2-(n+1)/24 4 2—”/2u)2 4+ 92-n/292 _ M) ,

P(z,u) = /exp{—vQ} f <€Z7M(m,u,v)> f (EHM(:I; u v)) dv (5.3)

and
P(z) = P(z,0). (5.3")
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Then
Q.. =2 o /22l p ,u) du, 5.4
Q Mf(:v) /0 exp{ U } (z,u)du (5.4)

and by the Schwarz inequality

r/z (5.5)

P(z,u) < |:P(:L‘ + \/ﬁu)P(m — \/iu)

Let us estimate P(z). It follows from (5.2)—(5.2") and the inequality EiM(m,O,v) >
EiM(:U,O,O) that

P(z) < %ﬁexp {—%xQ} for z > \/28L (5.6)
P(x) < % ﬂexp{—%ﬁ} for |z| < \/2BL (5.6)
P(z) < Czﬁ for all z € R*. (5.6")

These estimates together with (5.4) and (5.5) imply that for z > 2L/

= Vs LVB 2 2 2
Qn,Mf(ﬁ)SQ/f 8\/Eexp{—x——u—}du
0

B 26 B
VP 10e (x —V2u)?  (z+V2u)?
—c - - d
+ 2 LB 3 \/Eexp{ 3 % U
R AR D
+2/%+mﬁﬁep{ 2 }dugﬂep 25"

if L = L(e) is sufficiently large. Lemma 2 is proved.

Let us apply Lemma 2 with f(z) = f.(z), 8= 26, and M = M, Since f,41(z) =
Qn v, fn(z) < C1Qn M, frn(z + my) with some Cy > 0 hence in order to carry out our
inductive procedure it is enough to show that

Cl\/gexp{—4; (:1:—}—mn)2}§exp{— Al }

n 4571—1—1

This can be deduced from the inequality
ﬁAn-l-l(x + m’ﬂ)Q + Kﬁnﬁn—i—l > anQ (57)

with sufficiently large K > 0 if € > 0 is chosen sufficiently small. Since |m,,| < CM,*
for n < N, |my| < 52 + C1272 for n > N and (3, > 10 one gets formula (5.7) with
the help of simple calculation from (4.13) and (4.13’).

The proof of formulas (2.7) and (2.7") is based on the following
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Lemma 3. Let the function f(x) satisfy the conditions of Lemma 2. Let some numbers
r>0, 8>0and a > 0 be given in such a way that r > [ > 10, [ < %Mn and

1—(1)0 < a<1—¢e8. Let us assume that the function f(x) satisfies, beside the conditions

of Lemma 2, the estimates

f(z) < % exp {—%ﬁ} for —r <z < —L\/B (5.8)

f(z) < % exp {_%72 _ a2(n=1)/2 [(M _ Q_n/zr>2 B (M N 2—“/%)2} }

for —27"2M <z < —r (5.8")

Put @ =min((1+¢)a,1 —e'®), a=(1+e'®)a and

 JBapM ,
Ifr < V2r then
_ g3/2 1
Qnmf(z) < ﬁ exp {—ﬁxz} for —F<x< —2L\/B (5.9)

/
Quf(@) < % exp {—%# —a2"? {(M - 2—(”+1>/2f)2 - <M + 2_(”+1)/2:c>2] }

for —2FV2N < g < —F (5.9")

The proof of Lemma 3 is similar to that of Lemma 2. The main difference is that
in Lemma 2, i.e. when x > 0, the main contribution to the integral Q, rf(x) is
given in a small neighbourhood of the point (u,v) = (0,0). For z < 0 this state-
ment remains valid only for x > —7. For x < —7 the main contribution to this in-
tegral is given in a small neighbourhood of the points (u,v) = (0,+v*) with v*? =

2n/2 {(M = 2-(r /252 — (3] 42~ (D)2},

Proof of Lemma 3. Define the function

( %exp{—%xz} for |x| < —/2BL
K(2) ﬁexp{—%aﬁ} forx > Ly/Bor —r <z < —/2BL
€Tr) =
ﬁexp{—ﬁﬂ—oﬁ( /2 [(M—2 /27") — (M +2 /Qx) }}
\ for —2"2M < 2z < —r.

Some calculation shows that for fixed z the function
K(z,v) = exp{—o:zvz}K2(€iM(x, 0,v))

takes its maximum in the point v = 0 for = > —\% and in the points +v* satisfying
_ T r

the equation E?LM(I, 0,v*) = 7 for x < -7 (At this point we need the condition



Dyson’s hierarchical model 21

7 < v/2r which guarantees that the estimate (5.8) holds in the point %) The function

P(z) defined in formula (5.3) can be estimated in the following way:

P(x) < /exp {—51/802} K(z,v)dv < e~/ /7 sup K(z,v).

Hence we obtain that

7/4 1
P(x) < £ ﬂﬁ exp {—%:nz} for —7 <a < —/28L (5.10)
7/4 1 ) )
P(z) < € ﬂﬂ exp{—%fz _ aon/2? {(M _ 2—(n+1)/277> _ (M—i— 2—(n+1)/2w) }
for —2*tV20 < g < —F. (5.10)

We estimate the integral in (5.4) with the help of (5.5), (5.6), (5.6"), (5.10) and (5.107).
Let us first consider the case —2("tV/2M < 2 < —F and integrate in the domain
{u >0,z ++/2u < —7}. This integral can be estimated in the following way:

/ P(x,u)du
{u>0,24+2u<—7}

7/4
<< Ve {_%rz G [<M o)t (a4 2—<n+1>/zx)2] }

/ exp {—2—“/2(1 - &)uz} du . (5.11)
{u>0,24+v2u<—7}

We give an upper bound on the right-hand side of (5.11) by replacing & with & in it
and multiplying the expression by exp{—(a — a)|7+z|}. The integral in this expression
can be estimated by the rather rough bound |7 + z|. These estimates show that the
right-hand side of (5.11) is much less than the expression at the right-hand side of (5.9”).
To estimate the integral [ P(x,u)du in the case —2("*1/2M < < —F in the domain
{x ++/2u > —7} observe that some calculation yields that

1 1 - 2 2
exp {—2—332} = exp {—%Fz — a2n/? {(M — 2_("“)/277) — (M + 2_(”+1)/2:c> ] }

exp {— <% + 2("+2)/2a> (z + F)Q} , (5.12)

because of the definition of 7.
Because of this identity the estimates (5.10) and (5.10”) enable us to estimate the
integral [ P(z,u)du in this case similarly to the estimation of (5.11), only in this case
the last term in (5.12) helps us to bound the pre-exponential term. Similar calculations
enable us to bound the integral (5.4) for x > —7 and to deduce the estimates (5.9) and
(5.9"). Lemma 3 is proved.
Formulas (5.8) and (5.8') hold for f(z) = fo(z) with § = 26y = 20, a = -

100°
M = My and 7 = /2a3M. If the conditions of Lemma 3 are satisfied for f,(z) with
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M=M,, = QBn and some «,, and r,, then Lemma 3 gives an estimate on Qn,Mn fn(z).
An argument similar to that given after Lemma 2 gives an estimate when the operator
Q.. w1, is replaced by Q,, a7, . In such a way we get by induction the estimates (5.8) and

1/8

(5.8") for fp,(x) with g = 203, an increasing sequence a,, which tends to 1 — /8 and a

number 7,, which is a small perturbation of the expression given in (5.8"). Since %" has
a positive limit as n — oo, the number r = r,, which appears in the estimates (5.8) and
(5.8) for f,,(x) during this induction has the order n. By rewriting these estimates for
Gn () with the help of (3.1) we obtain the estimates (2.7) and (2.7") (with £'/® instead

of €).

6. The proof of Theorem B

The proof of Proposition B is the same as that of Lemma 1 in Part IT of [2], hence we
omit it. The proof of Theorem B is also very similar to the method of Part II in [2],
only the number ¢ must be replaced by v/2 and M by the constant M defined in (1.9)
everywhere. The main difference is that now we have a weaker control about the tail
behaviour of the density function of the average spin p,(x). As a consequence, we can
prove some estimates only in a weaker form. Nevertheless, they are sufficient for our
purposes.

Let us discuss this question in more detail. Introduce the functions p,(x) and
gn(z), © € R as

(1) = K, exp{%zmw}pn(@), &= (r,0) € R? (6.1)
1
gn(z) = 2725, (M + 2—”/%) : (6.2)

where p,, () is defined after formula (1.6), the number M in (1.9), and K,, is the same
norming constant as in (1.7). By formula (1.7)

() = 277/ {—@ <2M 2—"/2)}11 Myo/2 |9

hence Theorem A yields that

() = % exp {—5—;1- (M + 2—”/%) } [\/35_:4 exp {_2]‘329;2} Y Ro(z)|  (6.3)
with .
Ry ()] < NG (6.3")

On the other hand, we get by rewriting Proposition A for g, (x) that there are some
numbers B >0, D >0 and R,, —Cin < R, < —Csyn with some C; > C5 > 0 such

that
K _ B
gn(z) < ﬁ exp {——;;x <2M + 2_”/236) - xQ} for x > R, (6.4)



Dyson’s hierarchical model 23

K a0 ) B
< _ Y —n/2 I 2
gn(x) < NG exp{ R, <2M +2 Rn> - Rz

(6.4')
_ _ |/ —n/2 __o9—n/2 3,
D(R,, — ) (201 +27"/2(R, + x))} for —2°"/28[ <z < R,

(We have to choose B = %, R, = 2n/? /all(rn — M) and D = (1_6_ ;Tol> Y in

Proposition A. We may assume that D > 0 by choosing ¢ in (2.7) sufficiently small.)

The estimates (6.4) and (6.4") are the natural counterparts of the estimates (4.11")

and (4.11”) in Part IT of [2]. The function f,(x) defined by formula (4.11) of that work
is the analogue of our function g, ().

The bound given on g,(x) decreases at infinity slower than its counterpart in [2]
because of the multiplying term 1/n in formula (6.4). Another, and even more important
difference between the two cases is that in the points  ~ —const.n relations (6.4) and
(6.4") give no better bound on the function g, (x) than exp{Cn} with some positive
C > 0. As a consequence, in several estimates we have to multiply the upper bound by
an exponential term instead of a constant, as it is the case in [2]. But this estimates
suffice for us, because in the final estimates we have a double exponential term which
compensates this effect.

Applying the same argument as in [2] we get that Theorem B follows from an analogue
of Proposition 1 in Part II of [2] which is obtained if ¢ is replaced by V2 and M by
M in this result. For the sake of convinience we also make the following modification.

From now on we shall work with the function K,, exp {2%2”/ M 2} pn(z) instead of the

original function p,(x) and we denote it in the same way. This modification influences
only the norming constant L, in the Radon-Nikodym derivative.

The proof of this modified version of Proposition 1’ of [2] is very similar to the original
one. We have to estimate certain integral expressions in the domains Q!, i = 1 2, 3,
defined in (2.14)-(2.14"”). We rewrite these integrals in polar coordinate system and
first estimate the integrals on a circle of fixed radius r. This can be done in the same
way as in [2]. Then the integrals with respect to r can be estimated with the help of
formulas (6.4) and (6.4") instead of formulas (4.11") and (4.11”) in [2]. We get in such
a way slightly weaker estimates than those in [2], but they suffice for our purposes.
Lemmas 2 and 3 of Part II of [2] remain valid after the replacement of ¢ and M by
V2 and M in the following weaker form: In Lemma 3 the multiplying term K and in
Part a) of Lemma 2 the multiplying term ¢™ before the exponent must be replaced by
K™, where K is some appropriate constant depending on ¢ and 7. Also the estimates
of Section 5 of Part II of [2] remain valid. The only place where the argument of the
proof must be slightly changed is Part a) where S! f(x) is estimated for z € QL. The
argument of [2] works if we show that the expressions J, =(x1) defined by the formula

tx(D)
Jn,g—(sc(l)):/ exp{ V2
‘t|<€—2043n T

g";t} gn(t) dt (6.5)

with some sufficiently small £ > 0 satisfy the following relations:

Jne(zM) = (1+027%™) J, (M) if 2 €Ql, (6.6)



24 P. M. Bleher and P. Major

and

Ine(M) > K; > 0. (6.7)

Relation (6.7) simply follows from (6.3) if we restrict the domain of integration in (6.5)
to the domain [¢| < z37v/nlogn. (The corresponding estimate (5.11) in Part IT of [2]
also contained an upper bound on J,, (M), but we do not need this bound.) Then
relation (6.5) follows from the following observations: The ratio of the integrands in
the expressions J, «(x(1)) and J, (M) are closer to 1 than const.27905" if |¢| < 20-05n
and (M € QL and therefore |¢() — M| < 27927 and the contribution of the domain
[t| > 20057 to these integrals is less than exp{—const.299°"}. The remaining part of
the proof works with some natural modification of the proof given in [2], hence we omit
it.

7. The proof of Theorems 1 and 2

To prove Theorem 1 first we show that for all g, 2% < ¢ < 1 there are some thresholds
ng and Ny(n,q) such that if n > ng and N > Ny(n, q) then

d,U/hNN 2m
d;’ (X1,...,29n) = f,:l”}’v (2_” Z@) (7.1)

J=1

fs’%(x) — L, exp {an/2(l.(1) — M) + A2"/24(2)2 +5n(a;)} forzeQ), (7.2)

sup lep(x)| < 4", (7.2))

%@ < Loexp {g22(ol = 00 - (S - A)20a ) racol @3

2M
h g2n/? — -
fan(@) < Ly exp{ i (Jx* — Mz)} if o> M+ 2702" (7.4)
hy g2 s o ~ T 9—0.2n /
fan(@) < Ly exp i (|x|* — M*) if 0<ax<M-—-2 (7.4

with the numbers g and A appearing in Proposition B and some appropriate norming
constant L, which satisfies the relation

Cy <2 4L, < Oy with some 0 < (7 < Cy < 00, (7.5)

where L,, = L, K,, exp {g—%2"/2M2} with the same norming constant K, as in (1.9).
In the proof of this statement we argue just as in Section 6 of Part II of [2]. Because

of Theorem B and Proposition B the constants g, and A, can be replaced by g2n/?
and A2"/2 in (2.15)-(2.17) by slightly changing the error terms. To show that L, =



Dyson’s hierarchical model 25

L, (N,hy) can be chosen independently of N and hy we observe that a calculation
analogous to that in Section 6 of [2] yields that

piy (2 UQ3) < Ly(N, hy) exp {— K209} (7.6)
and for
T, = /Q1 exp {g2”/2(:1:(1) - M)+ A2n/2x(2)2}pn(x) dx . (7.7)
the relation n
pr (QF) = L (N, hy)T, (14 0(q™), 270 <q<1, (7.8)

holds. The estimate

C127"* < K, exp {5_;2”/21\‘42} T, < Co27"*  with some 0 < Oy < Cy < 00. (7.9)

also holds true.

The proof of (7.9) is similar to that of (6.9) in [2], only one has to observe that g equals

a0l i e. —1 times the coefficient of z in (6.3)-6.4'), and this causes some cancellation if

we express py, () through g, (z) in the integral (7.7). Since u/" (R?) = 1, relations (7.6)
and (7.8) imply that L, can be chosen as T); !, and then (7.9) implies (7.5). Theorem
1 can be proved with the help of this information in the following way:

Fix some integer k£ > 0, and define for all n > k and measurable sets A C (R2)2k the
cylindrical set A(n) = A x (R2)2n_2k C (R%)?". Put

271
exp §2—n/2 Z(xgl) _ M) +A2—3n/2<

j=1

i) = Lo, |

A(n)

2" 2 2"
2
S} T vte s,
j=1

j=1

with A(n) = A(n) N {(x1,...,2n), 277 Z?:l z; € Q) }. We prove similarly to [2] that
if n > ng and N > Ny(n,q) then

fin(A(n) = % (A(n)| < Kq"

with some K > 0 independent of the set A.

Theorem 1 can be proved with the help of the above relation similarly to [2]. More-
over, this argument also yields the following

Corollary of Theorem 1. Let fi,, denote the projection of of the measure i constructed
in Theorem 1 to (R?)?". There is some function f,(x) such that

2n
dfiy, - .
L(aﬁl,...,l‘gn):fn 2 ij

j=1
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Let n > ng with some threshold ng > 0. Then relations (7.1)—(7.5) remain valid if
f’“}’\, is replaced by f,(x) in them.

n,

Now we turn to the proof of Theorem 2. Let us introduce the Hamiltonian Hj, in the
volume (R2)2k by the formula

ok _1 2k
Hk(xlv'”;ka):_ Z Z d(laj)_S/Qxle
i=1 j=it+1

Let 0 = {o(j) = (01(4),02(j)), 7 € Z} be a i distributed vector and consider the
random vector {(R,o™M (j), R,o®(5)), 1 < j < 2} defined by formulas (1.3)-(1.5)
with A4,, = 2*/2/n and B,, = 23"/*. The argument at the beginning of Section 7 in
Part II of [2] also shows that the density function h, x(x1,...,29x) of this vector can
be expressed in the following way:

hn,k(xl, ey ZCQk)
2" 1
= Ln,kfm-k (2_k z; jj) exp {_THk (2”/4531, .. ka) } H P (T
‘7:
(7.10)
with
T =a(x) = <M + 272 /ngV, 2_"/433(2)> for = (x(l),x(2)> : (7.10")

Let us define the sets W,, ¢ R?2 and W,, C R? by the formulas

_ T _ VT
W, = {(x(l),x(z)), M — \/—jQ_"/Q\/nlogn <lo] <M+ 8%2‘"/2\/7110%

SM
2| < 27/4pl/5 ) (M) > 0}
W, = {(@D,2®), #(z) e W},
We claim that for all j =1, 2, ..., 2*
P((Rna( 1(7), Ruo@(j)) ¢ W, ) n~V100 i > . (7.11)

and

hn,k(xly .. .,IQk) = hk(l‘l, ... ,QL‘Qk) (1 + O(n*1/9)>
if x; € Wy, forall j =1,2,... L2k, (7.12)

where hy(z1,...,z9r) is the function defined in (1.11) (with s = 2).
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Relations (7.11) and (7.12) together imply Theorem 2. Relation (7.12) can be proved
with the help of the following estimates:

pulz) = K, [exp{ w(; - )}—FO(%)]exp{—;—%Q”m:f}

2n+1M2
=K, exp{ 76” (| | — )2 _ 5_%2”/2 (x(l)Q + x(2)2> 10 (n1/9>}
_ 2n+1M2a1 2 ao ~ -
- K, _ ( (1) _M> _ 90 gn/2 (2M W _ a7 (2)2)
exp{ T x 5T (J; ) +

+0 (n1/9>} if z € W,, (7.13)

since in this case we can put the O(-) term into the exponent by appropriately decreasig
the power of n in it,

2" n ~\2 B
- “ (x| = M)? = - (33(1) - M) +0 (niS/lO\/logn> forz e W, , (7.14)

and
on/2p (M2 — on/2 72 4 9. 9n/ 20 (™M) — M) + O (2_”/2nlog n) for z € W,. (7.15)

We also have

Hk(2”/4x1,...,2”/4a:2k): —2”/2{2 Z d(i, j) —3/2y (2) (2)
1=1 j=i+1
+GOMZ( 2742) (@) 1) | + O (2 nogn)
if 2, € Wy, j=1,...,2", (7.16)

since Y22, d(i, )2 = ag(1-27%/2) for all 1 < i < 2%, and 2%/2({) — 1) (2" — 31) =
o2~ ”/inog n) in this case.

Because of the Corollary of Theorem 1 and the relation g = aqu
ok M ok
£ —k n ap _k _
Itk | 2 ;wj =Chk exp{2 /2 (Tz /2 z:l(x(l) — M)
Jj= =

2k 2
o ) .
+ A2 3’f/2(2x§.>> >—|—O(q )}
j=1
if ; €Wy, j=1,...,2~ (7.17)

Relation (7.12) follows from (7.10), (7.13), (7.16) and (7.17). Relation (7.11) can be
proved in the same way as it is done in Section 7 of Part II of [2], only the relations
||#|—M| < ¢4 and 12| < ¢4 must be replaced by @] —M| < £2_”/2\/nlogn
and |z(®)| < 27"/4n1/5 in the definition of the set Q). We get a weaker bound in (7.11)
than the corresponding estimate in [2], but it is sufficient for our purposes. Theorem 2
is proved.
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