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Summary. Given a sequence of probability measures on a compact con-
nected group we give an estimate on the speed of convergence to 1 of the
density function of their n-fold convolution. Our method is an adaptation of
the characteristic function technique to this case.

1. Introduction

The convolution of probability measures u,, ..., 4, on a compact group G tends
under quite general conditions to the Haar measure of this group. (See e.g. [1, 4,
5].) In this paper, we investigate the speed of this convergence.

Let us introduce some notation. Given a measure u, we decompose it as u
=A+v, where / is the singular and v is the absolute continuous part of u with
respect to the Haar measure y. Let

dv

P:;i—l-

We define the quantities

M, (x)=y(g€G, p(g)= x)

and

x

S(u)= | [M,(0)]* dx.
0

It was shown in [7] and in [8] that S(u) is an important characteristic of the
measure 4. We introduce another quantity

T

S(,u):?x2 N,(x)dx
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where
N, (x)=inf{u: M ,(u) <x}

ie. N, is the inverse function of M,. The main result of this paper is the
following

Theorem. Let y, ..., u,, =2 be a finite sequence of probability measures on a
compact connected group G. Let us assume that there are two indices i, j,
L <i<j<n, such that u; and p; are absolutely continuous with respect to the Haar
measure y of G with density functions p; and p; belonging to the class LG, x).
Then the measure p, = i, =...x y, has a density function q, satisfying the inequality

Sug lg,(g)— 1= “Pi—lHLZ(G, % Hpj_]'HLZ(G, ) n (a _%S(#k))-
ge k=1

k=*i,j
The following relation holds between the quantities S(u) and S(u) introduced in
[7].
%0 1 1
JIM,(x)]* dx = [N,(x) d(x*)= [ 3x* N,(x) dx.
0 0 0

Since N, is a monotone decreasing function, the last relation implies that

1. 1 /4\3
JRENTES (;) S(u).

2. Discussion of the Theorem

Remark 1. Our theorem has the following

Corollary. Given a sequence of density functions p,, p,, ... 01 a compact connected
topological group G, we define their convolutions g,=p, *...xp,. If supp,(g)=C,
then geG

sup g, (9~ 11=(C, = D(C~ Dexp (- € . €, %)
ge =3

for every n=2. In particular if Y, C;>=c0 then g, tends uniformly to 1. (C is a
j=1
universal constant, it can be chosen e.g. as C=1/200.)

Proof of the Corollary. As N, (wzx if and only if M/(x)Su the set
{u, uef0,1], N, ()= x} has Lebesgue measure M, (x). Thus we have

[N, (x)dx={pcg)dx(g)=1
and

N,(X)=C,, 0=xz1,
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where , is the measure with the density function p,. Hence
1

1 Ce
[x*N, (x)dx= | C,x*dx=+—3,

and

7\ 1
> — -
S(“k):(4) 3¢

As [Ipy—1l126, )= C, — 1, the theorem together with the estimate on S(y,) imply
the corollary. At the end of this paper in Remark 4 we will investigate whether
the result of the theorem and its corollary are sharp. We will show that if G is
commutative, or more generally, it has a one-dimensional representation and
the fanctions M,, M, (1)<1, are fixed then the following estimates from below
hold true: There exists a sequence of measures y,, i,, ... in such a way that the
absolute continuous part of y, has a density function p, with distribution M, ie.
1(geG, p(g)=x)=M,(x) and the density function g, of the measure u®
=g, *...* 4, satisfies the inequality

sup |9.(8)—11= [ [ max (1 ~11S(), 0) (2.2)
ge k=1

(if the density g, exists at all). If XS(x,) < co then the sequence u™ does not tend
to the Haar measure even in the weak-star topology. In particular in the
exponent in formula (2.1) only the constant factor can be improved, and if the C;
are given in the corollary in such a way that X C;?<co, then ¢, may not tend
uniformly to 1.

Remark 2. Let p be a density function on the group G. Let p,=p=...*p denote
the n-fold convolution of this function. Our theorem implies that if

pel*(G, y),
then
sup |p,(g)—1|=Kq"

with some K >0, 0<g<1 for every n=2. The same results holds for sufficiently
large n if we assume only that peLl!'**(G,y) with some &>0. Indeed, if
q,€I%(G, 7), 4,€L8(G, y), , B>1 then q, * q,€I**(G, x), and this statement implies
that p,€I?(G,y) for sufficiently large k. The last statement follows from the
following estimates:

01 22(&) = 4y () ay(h" ) dy (W <[ [ a1 (0) 4o (h="g)f dy(hy]s
<[ gy~ gf dym)]r L] @, (b7 aph= g dy(hifer

by Holder’s inequality.
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Therefore

(a1 #a,(@1 dx(W = C{f q,(hy q,(h=" g)f dy(h) dy(g)
=C[q (hy dy(h) | g, (W) dy(h)

with C=[{ g, (1) dy(h)]“ .

On the other hand, there exists a density function p such that p, does not
tend uniformly to 1. The following example shows this:

Let G be the interval [ —3, 3) with addition modulo 1. We define

2" if |g| <2t rme D)

fm(g)={0

otherwise

Set p(g)= > f.(g). The functions p, do not tend umformly to 1 since the

m=1
inequality p,(g)>2*" if |g|<2~""~2" holds for every large n. (Actually, this
inequality holds even for the n-fold convolution of the function f.)
The results in [7] and [8] imply that the measures u,, u,(4)={ p,(g) dx(g)
A

tend to the Haar measure in the variational metric. Actually the speed of
convergence is exponential. But, as the last example shows, p,(g) does not
necessarily tend uniformly to 1.

The argument of Remark 2 shows that the condition about the existence of
two square integrable density functions can be substituted by some other
condition. On the other hand if we have no moment type conditions on the
density functions then the statement of the theorem may cease holding.

Remark 3. If the quantity S(p) is large then the absolute continuous part of the
measure 4 cannot be concentrated on a small subset of G. Thus the intuitive
meaning of our theorem is the following: If the measures u, are not con-
centrated on very small subsets of G then their convolutions tend to the Haar
measure of G. The condition about the existence of two square integrable
density functions was imposed in order to guarantee a local limit theorem, ie. a
limit theorem for the density functions of the convolutions. If we drop this
condition we can still state the following result. If a sequence of probability
measures Uy, Uy, ..., M, ... is such that X S(u,) = oo then the sequence of measures
u™=p %... % pu tends to the Haar measure in the variational metric. This result
can simply be deduced from our theorem, and actually in [8] it was deduced
from a weaker statement. One can also give an estimate on the distance of the
measures u® and y in the variational metric. We show this is an example.

Let 4 be a probability measure on G, S(u)>0 and let u™ be its n-fold
convolution. Then we can choose two appropriate probability measures p; and
U, in such a way that y=op, +(1 — o) i, with some 0 <a <1, S(u,)>0, S(u,) >0,

. d
i, is absolute continuous with respect to the Haar measure y and —dﬂ—leLZ(G, %)
We have X

,LL(”)ZZOCk(il’ ...,iy.)(l —OC)n—k(i” s L) .uil ... % 'uin
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where i;=1 or 2,j=1,2,....,n and k(ii, iy, ...,1,) is the number of 1 —s among
the indices i, i,,...,0,. If k(ij,i,,...,i,)=2 then because of the theorem
ti, * Ui, *...* 4; has a density function which tends to 1 exponentially fast. The
sum of the coefficients of those term for which k(i,, i,, ..., i,)<2 is exponentially
small. Therefore we can conclude that the measures u™ tend to the Haar
measure y in the variational metric expontially fast. As the condition S(u)>0 is
equivalent to saying that u has an absolute continuous part actually we obtained
a strenghtened form of a result of Bhattacharya (theorem [3] in 1). The other
results of [1,5] and [6] concerning compact connected groups can also be
deduced from our result. In case of a non-connected group the conditions of our
theorem are not sufficient to imply convergence to the Haar measure of this
group. In this case some additional conditions must be imposed in order to
exclude the possibility that the measures are concentrated on a closed proper
subgroup.

Let us finally remark that the paper [2] had a great impact on this work. In
that paper a special case of the corollary of this work would have been needed.
The result needed in [2] was reduced to a much weaker statement about the
convolution of measures on the unit circle, but it did not follow from previously
known results about compact groups. Finally it was deduced from a local
central limit theorem on the real line. Later the authors of the present paper
found a simple proof for the corollary of this paper in the case when the group
G is the unit circle. The present work, just as papers [7] and [8], was made in an
attempt to understand the more general law behind this result. Paper [7]
contains no proof. In paper [8] the case of a general compact connected group
is reduced to the case of the unit circle. It is done by means of some structure
theorems about Lie groups. In the present work we applied Fourier analysis in
the general situation. This method enabled us to generalize the results and to
simplify the proof.

3. Proof of the Theorem

First we recall some facts from the harmonic analysis on compact groups (see
[3]). Given a (locally) compact group G and a complex Hilbert space H a
mapping ¢: G — L(H), where L(H) is the group of unitary transformations on H,
is called a representation of G in H if it has the properties (I) o(g;g,)
=a(g,)o(g,) for all g,, g,€G and (II) for all xeH the mapping x~>c(g)x is
continuous in geG. The representation ¢ is called irreducible if there is no
proper closed subspace of H invariant under all o(g), geG. Every representation
of a compact group G is the direct product of some irreducible representations,
and every irreducible representation is finite dimensional. If G is commutative,
then every irreducible representation is one-dimensional. Two representations o,
and o, are called unitarily equivalent if there exists a unitary transformation U
such that o,(g)=U 0,(g) U* for every geG.

Let X ={o} denote the set of irreducible unitarily non-equivalent group
representations of the group G. If u is a finite measure on G, its Fourier
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transform i is the operator valued function defined by the equation

fi(o) = j g)du(g), oeZ.

The following relation holds true:

(11 py)(0) = f1,(0) 1,(0). (3.1)

Let d(o) denote the dimension of the representation g, and let €9, ... €7, be an
orthonormal basis in the space of the representation. By the Peter-Weyl theorem
the set of functions d(¢)*<ef, a(g) €7, 1<i,j<d(0), X is a complete orthonor-
mal system in the space I?(G, y). Thus for every feI?(G, y)

ilf(g)‘z dy(g)=Y, d(6)1<.2< ( )|<e§',f(0) ef|?
i) SEY e

=), d(o) _; | f(0)e* =3 d(o) ; 17*(@) €%, (3.2)

where f is the Fourier transform of the measure f-y and f*(o) denotes the
adjoint of f(g). Let us define the norm of the measure y as

lul= sup |4(o)

oeX—{Id}

where ||fi(s)| is the usual norm of the linear transformation fi(¢) in the d(o)
dimensional complex Euclidean space.

Let pel*(G, ¥) be a density function, and p a probability measure on G. We
consider the density functions ¢, and g, of the measures pxp-y and p-y* p

As uxp-y—y=pu=(p~—1)-yand p-y*pu—y=(p—1)- x* u relations (3.1) and
(3.2) imply that

g =2 = IP =1l 26, - - (3.3)

With the help of relation (3.3) we prove the following basic lemma. We preserve
the notation of the theorem.

Lemma 1. Let G be a (not necessarily connected) compact group. Let the
sequence i, ..., i, of measures satisfy the conditions of the theorem. Then we have

SU(I;) lg,(8)— 1= HPi—lHLZ(G,X)' “pj—lHLz(G,x) n l I
ge k=1

k+i, j
Proof. Let us define
VISR LR, VTl R E qi=d—x', i=1,2.

Relation (3.3) implies that

la, —1HL2(G n= =llpi— HLZ(G,X) l—[ fl el
k=1
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and

qu_ll’Ll,(G,x)éHpj—”'LZ(G, %) ]_I [l 441l
ki?g'l

Applying the Cauchy-Schwarz inequality we obtain that

19,(80) = 1=1[g; — 11+ [g,—11(go)l
=1[{q,(&)—11[q,(g" ' go) =11 dx(2)|

=lq, _1HL2(G,x) HqZ‘“l“LZ(G,x)

for every g,€G. These inequalities imply the lemma.

In order to complete the proof of the theorem we have to estimate |y, ]|.

Let us now consider an n-dimensional unitary irreducible representation
n: G— U(n) of the compact connected group G. Let $*"~! = C" denote the unit
sphere in the space of the representation, and let %"~ be the Borel g-algebra
on 82"~ 1 Let 1 be a (G, n)-invariant probability measure on S*"~! ie. let 7(E)
=1(n(g) E) for every Ec#*"~! and geG.

We identify C" with the 2n dimensional real Euclidean space R*" by defining
the scalar product in the new space as the real part of the scalar product in C”.
We identify also the unit sphere $2"~ ! = R?" with $**~ ' =" and the s-algebras
on these spheres. We introduce the metric p(x, y)=arccos {x, y», x, yeS*"~!. Let
us finally fix an x&S?"~! and define the set

D (N ={y, yeS*" 1, p(x,y)<r}.
We need the following estimate on ©(Z,(r)).

Lemma 2. The inequality

w@ms[r]

holds true, where [ | denotes integer part.

Proof. Let us consider the set

O(x)={n(g) x: geG}

. . i .
It is enough to show that there exist m= [T] points x4, ..., x,, such that x, =x,
r

x;€0(x) and g(x;,x;)=2r if i#j. Indeed, these properties imply that
Qxi(r)m.@xj(r)zq) if i+, and ©(Z, (1)) =r(@xj(r)) because of the (G, n)-invariance
of 1.

Thus

(@5 (() 2,0)=

L
m

as we claimed.
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Because of the orthogonality of the functions (e, Idey =1 and (¢, me;> i,j
=1,..., n in the space I*(G, y) we have

fm(g) xdy(g)=0.

G

Thus the set O(x) cannot be contained in any half-sphere of 2"~ . On the other
hand O(x) is a connected set, being the image of a continuous mapping from a
connected topological space. Now we begin the construction of the sequence
Xy, -5 X, With the required properties. Let x, =x. If x,, ..., x; are already given
we look for a point x;, ;€0(x) such that p(x;_ ;, {xy, ..., x;}) =2r. It is sufficient
to show that there exists such a point x;, , if j<m. It is not difficult to see by
induction that if j <m, there exists a segment containing x, ..., x; with diameter
less than or equal to (2j —1)r. As O(x) is contained in no half-sphere, there exists
a point yeO(x) such that p(y, {x;, ..., x;})= 2r. Because of the connectedness of
O(x) there exists also an x;, _,€0(x) such that p(x;, , {x;,...,x;})=2r. The
lemma is proven.
We will use the following somewhat weaker statement:

W@, (<r  if r<—. (3.4)

]

Now we prove the following

Lemma 3. Let u be a probability measure on G, and © a non-trivial irreducible
unitary representation of G. Then the inequality

IAG) | <1—5S ()
holds true.
Lemmas 1 and 3 together imply the theorem.

Proof of Lemma 3. Given two points x, yeS*"~! we give an estimate from below
on 1—<x, i(n)y>. Let u=21+v, where 4 is the singular and v is the absolute
continuous part of u. We have

L=, A(m) yy =1 = {x, n(g) y>1 du(g)
é(f;[l—(x, n(g)y)] dV(g)=£[1—COS u] dr(u) (3.5)

where
U(4)=v(g: g<G, p(x, n(g) y)ed),  for A=[0,x].
The last identity can be shown on applying the transformation

T:G—-[0,7], T(g)=p(x, n(g)y).

Let us define the measure ¥ on the interval [0, 7] by the formula



Convolution on a Compact Group 145

[N,()dx if a<y

¥([0,0)=}°
v(G) if az™
4
We have

([0, 1) =¥([0, n]) =v(G). (3.6)
We are going to show that k
w([0,a)<¥([0,a) forall 0<a<nm. (3.7)

First we show that if C =G is a measurable set, and y(C)=a then
V(C)S [N, (x) dx.
0

Let us define the functions
dv
M, c(x)=x (ge C, P (g)éx)
and
N, coy=inf{u: M, -(u)<x}.
Then we have

M, c(()=M,(x), N, (X)=N,(x)

1 u

and
N, c(@)=0
Hence
v(C) :i N, c(wdus ;f N, (u) du.

Now in order to prove formula (3.7) it is enough to show that for all sets

C(a)={geG, p(x, m(g) y) <a}, agg

we have y(C(@)=a.
But defining the measure t on the unit sphere by

©(B)=y(g:n(g) yeB) for BeA* !

it is not difficult to see that 7 is a (G, =) invariant measure. Hence, applying relation
(3.4), we obtain that

2(Ca)=1(P(@)<a for agg,
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Since 1 — cos uis amonotone increasing function on the interval [0, 7], relations (3.6)
and (3.7) imply the inequality

?[1 —cosu] dl//(u)gf[l —cos u] dyf (u).

This fact can easily be seen, e.g. on integrating by parts. Therefore relation (3.5) yields
the inequality

1—<x, d(m)yy) g} [1—cosu] dlﬁ(u);_‘f [1—cosu] N, (u)du
g%?uz N, (u) du.

In other words

(%, lUm) yy S1-355(u)
for every x, yeS?"~!, therefore the lemma is proven.

Remark4.Theestimatein Lemma 3, and hence alsoin the theorem can be improved. If
Gisacommutative compact connected group we can give asharp estimate on ||fi(w} .
In this caseeveryirreducible non-trivial representation is one-dimensional, and if  is
such a representation, the only (G, m)-invariant probability measure m on S* is the
uniform distribution on the unit circle.

Indeed, every rotation 7(g), geG leaves the measure m invariant. The set 4
={n(g): geG} is a connected subset of the unit circle, containing at least two points.
Thus A contains an arc. The only invariant measure with respect to these rotations is
the uniform distribution.

This means that in the commutative case we can write

D (1) =£, 0Zrgn

in Lemma 2.
Thus we obtain the estimate

[u] £1—S(u)

instead of Lemma 3, where
_ 1
S(uy={[1—cosnu] N,(u) du.
0
This implies that the estimate in the theorem can be improved to

Sug lg,(g)— 1= Hpi—IHLZ(G,x) Hpj—IHLZ(G, %) n1 (1 _g(#k))~ (3.8)
ge k=

k+i, j
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On the other hand ifa representation n of the group G and the distributions M, of the
functions p, are fixed, where p, is the density function of the absolute continuous part
ofthe measure y, appearing in the theorem, then fixing an arbitrary xS the measures
4, can be chosen so that

fie(m) x = (1 =S () x. (3.9)
This implies that y, can be chosen in such a way that
fi () =(1 =S () - 1d. (3.10)

A measure p, satisfying (3.9) can be obtained by concentrating its singular part 2, on
the unitelement of G and defining the density p, of itsabsolute continuous partinsuch
a way that the distribution function of p, is M, and p.(g,)=p.(g,) if
{x, m(g,) x> =<x, n{g,) x>. The density function g, can be written as

4,(@)=1+) a,(0)o(2),

where
an(a): H ﬁk(g)’
k=1

and o —s denote the non-trivial irreducible representations of the group G.
Because of the orthogonality of the ¢ —s we may write

(g, (@) —117dy(e)=Y la,(o)|*Z]a,(m))>= [ ] [1—S(u)]>
G k=1
Therefore
suplg,(g)—11= [T [1=S(u)]. (3.11)
geG k=1
It is not difficult to see that

25(1) =S(w) =118 (1), (3.12)

Thisestimatetogether with(3.11)imply that therelation(2.2)holdsforanappropriate
constructionin case of commutative groups. Thesameargument worksifG hasaone-
dimensional representation ©. A sequence of measures 4™ on G does not tend to the
Haar measure of G in the weak-star topology if there exists a non-trivial (one-
dimensional) representation z such that lim /i () =0 does not hold. Under the

H— 00

conditions mentioned at the end of Corollary 1 one can choose a sequence of
measures i, and a one-dimensional representation n in such a way that they satisfy
(3.10). This relation implies that

n

A% = [ (15 (u) 1d,

k=1
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Sinceweassumedthat X S(u,) < oo and M, (1) < Lforeveryk(thelatter relation implies
that 1 — S () % 0) relation (3.12) gives that 4 (n)-+-0, consequently the sequence u™
does not tend to the Haar measure in the weak-star topology.

In case of a commutative group, formula (3.8) improves the result of the theorem.

Wehavealso proved, that theessential partin the inequality (3.8), [ (1 — S(u,) cannot
be substituted by a smaller quantity. The question whether formula (3.8) holds for an
arbitrary compact connected group, remains an open problem.
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