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ABSTRACT. This work is the continuation of my paper in Moscow Math.
Journal Vol. 20, No. 4 in 2020. In that paper the existence of the
spectral measure of a vector-valued stationary Gaussian random field is
proved and the vector-valued random spectral measure corresponding
to this spectral measure is constructed. The most important properties
of this random spectral measure are formulated, and they enable us to
define multiple Wiener—It6 integrals with respect to it. Then an impor-
tant identity about the products of multiple Wiener—It6 integrals, called
the diagram formula is proved. In this paper an important consequence
of this result, the multivariate version of It&’s formula is presented. It
shows a relation between multiple Wiener—It6 integrals with respect to
vector-valued random spectral measures and Wick polynomials. Wick
polynomials are the multivariate versions of Hermite polynomials. With
the help of It6’s formula the shift transforms of a random variable given
in the form of a multiple Wiener—It6 integral can be written in a use-
ful form. This representation of the shift transforms makes possible
to rewrite certain non-linear functionals of a vector-valued stationary
Gaussian random field in such a form which suggests a limiting proce-
dure that leads to new limit theorems. Finally, this paper contains a
result about the problem when this limiting procedure may be carried
out, i.e., when the limit theorems suggested by our representation of the
investigated non-linear functionals are valid.

1. INTRODUCTION. THE MAIN RESULTS OF THE PAPER.

This work deals with the properties of vector-valued stationary Gauss-
ian random fields. In particular, one of its subjects is the problem how to
prove non-central limit theorems for certain non-linear functionals of such
random fields. It is the continuation of paper [10]. These two papers deal
with a generalized version of the problems studied in [8]. In Lecture Note [§]
scalar-valued stationary random fields were investigated. It contains a good
representation of non-linear functionals of a stationary Gaussian random
field with the help of multiple Wiener—It6 integrals with respect to the ran-
dom spectral measure of this Gaussian random field. In this work and in
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paper [10] the multivariate version of these integrals is investigated. They
present the natural multivariate version of the results in [8] and provide a
useful representation of non-linear functionals of a vector-valued stationary
Gaussian random field with the help of (vector-valued) multiple Wiener—
1t6 integrals with respect to the random spectral measure of the underlying
Gaussian field. In a subsequent paper [11] I will prove the natural multi-
variate version of the non-central limit theorems formulated in [8] with their
help.

In Theorem 6 of his paper [1] Arcones formulated the multivariate version
of the non-central limit theorems proved in [8]. But his proof contains some
gaps. He assumed that the natural multivariate versions of some results
in [8] hold true. But he did not formulate precisely the results he applied,
and even the definitions of the notions needed in the formulation of his
results are missing. We want to present correct formulation and a complete
proof of Arcones’ result. But to do this we need the results of [10] and of
this work.

Next, I briefly describe the content of the present work. To get a better
understanding about it its results will be compared with those of [8] where
the one-dimensional case is considered, and also some results in [10] will be
discussed.

In [8] the behavior of a scalar-valued stationary Gaussian random field
X(p), p € Z”, with expectation EX(p) = 0 is investigated on the v-
dimensional integer lattice of the Euclidean space RY. For this goal it is
useful to introduce the Hilbert space H consisting of those random vari-
ables with finite second moment which are measurable with respect to the
o-algebra generated by the random variables X (p), p € Z", of our random
field. Here the usual scalar product (£,n) = E{n is applied. The shift trans-
forms in the underlying stationary random field induce a group of unitary
operators in the Hilbert space H in a natural way, and we shall call the
elements of this group shift transforms. We want to get a good description
of this Hilbert space together with the shift transforms on it.

In [8] it is proved that this Hilbert space H has a natural representation as
the direct sum H = Ho+H1+Ho+- -+ of orthogonal subspaces H,,, 0 < n <
00, which are invariant subspaces of the shift transforms in the underlying
stationary Gaussian random field, and the subspace H, consists of those
random that can be written in the form of an n-fold Wiener—Ito integral
with respect to the random spectral measure of the underlying Gaussian
random field. (Actually, [8] gives a more detailed description of the structure
of the space H with the help of the so-called Fock space representation. The
definition of the Fock space is given on page 28 of [8], and it is denoted by
Exp H there.) The proof of the above representation of the Hilbert space H
is based on the so-called It6 formula which shows a relation between Hermite
polynomials and multiple Wiener—It6 integrals. Another important result
in [8], whose proof is also based on Itd’s formula is a useful formula that
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enables us to calculate the shift transforms of a random variable presented
in the form of a multiple Wiener—It6 integral.

The above results help us to understand the most important properties of
one-dimensional stationary Gaussian random fields. Vector-valued station-
ary Gaussian random fields show a similar behaviour, and their description
is the main object of paper [10] and of this work.

In paper [10] the spectral measure and the random spectral measure of
a vector-valued stationary Gaussian random field are defined. A class of
generalized stationary Gaussian fields are also defined together with their
spectral and random spectral measures. These measures play an important
role in the limit theorems we want to study. The natural modifications of
the results about scalar valued stationary Gaussian random fields mentioned
in [8] remain valid in the vector-valued case both for classical and generalized
stationary Gaussian random fields. In particular, the multiple Wiener—It6
integrals with respect to random spectral measures are defined in [10] also in
the vector-valued case, and some important results are proved about them.
One of these properties is the so-called diagram formula which enables us to
rewrite the product of multiple Wiener—It6 integrals in the form of a sum of
appropriately defined multiple Wiener—It6 integrals.

Now I turn to the discussion of the results of the present paper.

In Section 2 some properties of vector-valued stationary Gaussian random
fields are proved with the help of the results in [10]. First, the formulation
and proof of the multivariate version of It6’s formula are discussed. In this
result, Wick polynomials, the multivariate generalizations of Hermite poly-
nomials take the role of Hermite polynomials. At the start of Section 2 the
definition and most important properties of Wick polynomials are recalled
from [8]. Then the multivariate version of It6’s formula is proved by means
of the adaptation of the method in the proof of its one-dimensional version.
I discuss this proof in Appendix A. Here I explain the picture behind the
definition of Wick polynomials, the idea of the proof of the It6 formula in
the multivariate case, and why Wick polynomials appear in its formulation.
Appendix A also contains a discussion about the proof of the remaining
results of Section 2 with the help of [t6’s formula.

In [8] a Hilbert space H was introduced with the help of a scalar valued
stationary Gaussian random field. In Section 2 of this paper its version
is defined when vector-valued stationary Gaussian random fields X (p) =
(X1(p),...,X4q(p), p € Z", with expectation EX(p) = 0, p € Z", are
considered. This Hilbert space H is defined similarly to the case of scalar-
valued random fields. It is the Hilbert space consisting of those random
variables with finite second moment which are measurable with respect to
the o-algebra generated by the random vectors X (p), p € Z¥, of our random
field. Similarly to the one-dimensional case, there is a decomposition of
this Hilbert space H to the direct product H = Hg + Hi + Ha + -+ of
orthogonal subspaces, H,, 0 < n < oo, which are invariant subspaces of
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the shift transformations in the underlying stationary random field. But in
the case of vector-valued stationary Gaussian random fields we can prove
only a weaker result about the behavior of the subspaces H, than in the
scalar-valued case. It is proved in Proposition 2.3 that the elements of an
everywhere dense linear subspace of H, can be presented in the form of
a finite sum of multiple Wiener—Ito integrals of order n. More explicitly,
the Wick polynomials of order n can be written as a finite sum of multiple
Wiener—Ito6 integrals of order n, and they constitute an everywhere dense
linear subspace of H,. On the other hand, we cannot represent all elements
of H, in such a form. But even this weaker result is sufficient for our
purposes.

The last result of Section 2, Proposition 2.4, contains a useful formula
about the calculation of the shift transforms of a random variable given in
the form of a multiple Wiener—It6 integral. This formula is similar to the
analogous result in the case of scalar-valued stationary random fields.

In Section 3 we deal with the question how the previously proved results
can be applied in the investigation of limit theorems for non-linear function-
als of vector-valued stationary Gaussian random fields.

In several interesting cases (and the problem investigated in paper [11]
belongs to them) the limit problem we are interested in can be reformulated
with the help of It6’s formula and an appropriate rescaling of certain multiple
Wiener-Ito integrals we are working with to the study of a sequence of
random variables presented in a very special form, and in Section 3 we are
investigating limit theorems for such sequences of random variables.

We consider a sequence of random variables Zy, N = 1,2,..., pre-
sented as a finite sum of k-fold Wiener—Itd integrals with respect to a d-
dimensional random spectral measure. We are interested in the behavior
of such a sequence of random variables Zy, N = 1,2,..., whose elements
are defined by formula (3.9) with the help of random spectral measures
Zany = (ZG(N)yl,...,ZG(N)7d) which correspond to some spectral mea-

sures GWY) = (Gg.];[,)), 1 < 4,5 < d, defined on some torus [—Apn, An)Y,
where Ay — o0 “as N — oo, and we integrate some kernel functions

i (x1,...,24) with respect to them. Let us remark that the random
variables Z introduced in (3.9) are sums of finitely many multiple Wiener—
It6 integrals. Each element of this sum is indexed by some vector (j1,. .., jk),
and the set of these indices does not depend on the parameter N. We expect
that if both the spectral measures GN) and the kernel functions hé\;l k)
appearing in the definition of the random variables Zy behave nicely, ‘then
these random variables have a limit as N — oo. Somewhat more explicitly,
we expect that if the spectral measures G&V) converge to a spectral measure
GO of a d-dimensional (generalized) stationary Gaussian random field, and
the kernel functions hgl,...,jk)(xl’ ...,Xq) converge to some nice functions
h((]jl,...,jk)(xh ..., q) as N — oo, then the random variables Zy converge in
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distribution to the random variable Z defined in (3.12) with the help of mul-
tiple Wiener—It6 integrals of the kernel functions h(()j1,.--,jk)($1’ ..., xq) with
respect to the random spectral measure Z(o corresponding to the spectral
measure G(©). Naturally, in the formulation of such a result we have to
clarify what kind of limit should hold for the spectral measures G™) and

for the kernel functions hgl jk)(ml, cey Xg).
The main result of Section 3 is Proposition 3.1. First the random vari-
ables Zn, N = 0,1,2,..., mentioned in the above discussion are defined

in formulas (3.9) and (3.12), and then Proposition 3.1 yields a sufficient
condition for the weak convergence of the random variables Zy to Z; as
N — oo. This condition consists of two parts. The conditions of the first
part demand that the spectral measures G®) should converge to the spectral

measure G(© and the kernel functions hf\](l jk)(xb ..., xq) should converge
to h(()jl,...,jk)(xl’ ...,xq) as N — oo in an appropriate way.

But to satisfy the desired weak convergence still another condition must
be formulated. This is condition (b) of Proposition 3.1 which is a com-
pactness type condition. Heuristically saying it demands the existence of a
compact set in R¥ such that all multiple Wiener-It6 integrals appearing in
the definition of the random variables Zy, N = 1,2,..., are almost com-
pletely concentrated in this compact set. In Appendix B the role of this
condition is explained with the help of some examples.

The condition on the limiting behavior of the functions
hgl,m,jk)(xl’ ..., xq) is formulated in condition (a) of Proposition 3.1. The

condition on the convergence of the spectral measures GN) is also formu-
lated there, and this deserves special attention.
In the conditions of Proposition 3.1 we demand the existence of a (gen-

eralized) spectral measure G(0) = (G;Oj),) such that the coordinates GE-];-/,) of
(V)

the spectral measures GV) = (ij,), N =0,1,2,...,1 < 4,5 <d, con-

verge to the corresponding coordinates of G(9) in an appropriate way. We
also demand that G(©) should be the spectral measure of such a stationary
random field which belongs to the class of generalized stationary Gaussian
random fields constructed in Section 4 of [10]. This implies in particular

that the coordinates G§0j)/
sures on R” with locally finite total variation. (This notion was defined in

Section 4 of [10]). In Proposition 3.1 we demand that the coordinates G;{}f,)
of the matrices GM) should vaguely converge to the coordinate Gg?j), of G
as N — oo for all indices 1 < j, 5’ < d in the space of complex measures on
R” with locally finite total variation. The vague convergence in the space
complex measures with locally finite total variation is defined in Section 3
of this paper.

In Lemma 8.3 of [8], where the scalar-valued version of Proposition 3.1 is
formulated the notion of vague convergence also appears. But in that case

of the spectral measure G(0 are complex mea-
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vague convergence is defined in the space of locally finite (non-negative)
measures. The definitions of vague convergence in these two cases are very
similar. But there is some difference between them that may be useful to
explain.

In the definition of [8] the vague limit is a locally finite measure, which
is a (possibly infinite) measure on the o-algebra of the measurable sets in
the space R”. In the definition of this paper the limit is a complex measure
with locally finite total variation. It may happen that this limit cannot be
extended to a (complex valued) measure on the o-algebra of the measurable
sets in the space R".

Section 3 contains still another result. This is Lemma 3.2 which may be
useful in the applications of Proposition 3.1. It states that if all coordinates

Gg.]}[,) of a sequence of spectral measures GUN) = (Gg.];],)), 1<j,j/<d, N=
1,2,..., converge vaguely to some complex measures G\% with finite total

J.J’
variation, then also G(0) = (Gg()])/)’ 1 < 4,7 < d, is a positive semidefinite
matrix valued even measure on R”.

This result is useful, because it helps us to decide when the limit matrix

GO = (Gg.oj),), 1 < j,7/ < d, is the spectral measure of a (generalized)
stationary Gaussian random field. (See the remark after the formulation of
Lemma 3.2).

In this paper together with [10] and also in the work [8] a version of the
multiple Wiener—It6 integrals introduced by Itd in his paper [7] is applied.
(Itd called these integrals multiple Wiener integrals in his paper.) Here a
version of this random integral introduced by Dobrushin in [4] is applied
and its generalization for vector-valued stationary Gaussian random fields.
At the end of this introduction I give a short explanation why it was useful
to work with this version of the random integrals introduced by Ité in [7],
and I also briefly mention another example in which a multidimensional
time generalization of It0’s integral was introduced in order to study some
problems.

It6 considered in his paper [7] a measure space (T,B,m), and a set of
(jointly) Gaussian random variables S(FE) indexed by such sets E € B for
which m(E) < oo, and the joint distribution of these random variables is
determined by the relations ES(E) =0, and EG(E)3(E') = m(ENE’). He
also imposed the following continuity property for the measure m. For any
set B € B with m(F) < oo and € > 0 there exists a finite decomposition
E = 3" | E; such that m(E;) < € for all i = 1,...,n. It6 defined the
p-fold Wiener integrals of square integrable functions (with respect to the
product measure mP) with respect to the random measure 3(F,w) for all
p=0,1,... In the definition of the random measure S(F,w) the parameter
set consists of those measurable sets E for which m(E) < oo. He gave a
useful representation of all square integrable random variables measurable
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with respect to the o-algebra generated by the random variables S(F,w) as
a sum of multiple Wiener integrals with different multiplicity.

To give such a representation Itd6 proved some useful results about the
properties of multiple Wiener integrals. In particular, he proved an identity
that was later called It6’s formula. He showed with its help an important
relation between multiple Wiener integrals and Hermite polynomials.

In paper [4] Dobrushin introduced for the sake of the investigation of
non-linear functionals of stationary Gaussian random fields such a version
of the random integrals in It&’s paper [7], where he worked in the Euclidean
space (R”, B), and he replaced the random measure 5(E,w) by the random
spectral measure of a stationary Gaussian random field. Dobrushin’s results
are described in more detail in [8]. This paper together with [10] yield
a generalization of these results when vector-valued stationary Gaussian
random fields are considered. They show that results similar to those of
the paper [7] hold if we work with random spectral measures instead of the
random measure §(E,w) applied in [7].

I try to explain the advantage of this approach. By working with random
spectral measures instead of the random measures 3(-) applied in [7] some
useful Fourier analysis type results can be proved. Proposition 2.4 of this
paper is an example for it. Here the shift transform T, of a random variable
given in the form of a multiple Wiener—Ito integral is expressed in a useful
form which shows some similarity to the Fourier transform. Formulas (2.6)
and (2.8) in Theorem 2.4 show how to express the shift transform of a
random variable given in form of a multiple Wiener—Ito6 integral. This result
together with It6’s formula which enables us very often to rewrite the random
variables we are working with as sums of multiple Wiener—It6 integrals may
help in the study of limit theorems. The discussion at the beginning of
Section 3 is an example for it.

The application of multiple stochastic integrals turned out to be useful
also in the investigation of some other problems. I briefly mention the con-
tribution of Wong—Zakai—Yor to the theory of multiple stochastic integrals
as an example for it. They discussed the following problem. The study of
1t6 integrals is closely related to the study of martingales. For example, any
continuous-time square integrable martingale with continuous trajectories
adapted to a Wiener process has a canonical representation as an It6 inte-
gral with respect to the underlying Wiener process. The above-mentioned
mathematicians were looking for the multidimensional time version of this
result. Naturally, to formulate it first the multidimensional time Wiener
processes and martingales had to be defined. But these objects are defined
in the literature. I would remark that the definition of the multidimensional
time martingales demands special attention.

A multidimensional version of the result about the canonical representa-
tion of square-integrable martingales can be proved. But in that representa-
tion, not only the It6 integrals (integrals with multidimensional time which
also have to be defined) but also multiple It6 integrals appear. The precise
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formulation of this result would demand a long explanation, hence I omit
it. The interested reader can find it in paper [6] and in its list of references.
This work also discusses with the help of this result a statistical problem,
where the main point of the solution is the calculation of a Radon—Nikodym
derivative.

2. WICK POLYNOMIALS AND THEIR RELATION TO MULTIPLE
WIENER—ITO INTEGRALS

In the case of scalar-valued stationary Gaussian random fields (i.e., if
d = 1) there is a so-called It6 formula (see Theorem 4.3 in [8]) which shows
an important relation between multiple Wiener—Ito integrals and Hermite
polynomials. Here I present its multivariate version, where Wick polyno-
mials take the role of the Hermite polynomials. Wick polynomials are the
natural multi-dimensional generalizations of Hermite polynomials. I shall
also discuss an important consequence of the multivariate version of the Ito
formula. This formula enables us to present a large class of random vari-
ables in the form of a sum of multiple Wiener—It6 integrals. Besides, there
is a useful formula for the calculation of the shift transforms of such ran-
dom variables which are given in the form of a sum of multiple Wiener—Ito
integrals. As we shall see, this formula is very useful in the study of limit
theorems for non-linear functionals of a vector-valued stationary Gaussian
field. I shall explain in the first part of the Appendix the relation between
the proof of It6’s formula in the scalar and in the vector-valued case. In
that explanation I also write about the definition of the Wick polynomials
and their role in the proof.

First I recall the definition of Wick polynomials and some results about
their most important properties. This explanation is based on the results in
Section 2 of [8].

Let X3, t € T, be a set of jointly Gaussian random variables indexed by
a parameter set 1, and such that £X; = 0 for all t € T. We define the
following real Hilbert spaces H1 and H. A square integrable (real valued)
random variable is in H if and only if it is measurable with respect to the
o-algebra B = B(X;, t € T), and the scalar product in H is defined as
(&,n) = E&n, &, n € H. The Hilbert space H; C H is the subspace of
H generated by the finite linear combinations ) c; Xy, t; € T, with real
coefficients. We consider only such sets of Gaussian random variables X;
for which H; is separable. Otherwise Xy, t € T, can be arbitrary, but the
most interesting case for us is when 7" = Z" x {1,...,d}, and the original
Gaussian random variables we are working with are the coordinates X;(p),
je{l,...,d}, p e Z", of a vector-valued stationary Gaussian random field
X(p) = (Xl(p)a ce aXd(p))a peZ.

To define the Wick polynomials and to get their most important properties
we need the following result formulated in Theorem 2.1 of [8].
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Theorem 2A. Let Y1,Ys,... be an orthonormal basis in the Hilbert space
‘H1 defined above with the help of a set of Gaussian random variables X,
t € T. Then the set of all possible finite products Hj (Yy,)--- H;, (Yi,) is
a complete orthogonal system in the Hilbert space H defined above. (Here,
and in the subsequent discussion H;(-) denotes the j-th Hermite polynomial
with leading coefficient 1.)

Let H<y, C H,n =1,2,... (with the previously introduced Hilbert space
H) denote the linear subspace of the Hilbert space H which is the closure
of the linear space consisting of the elements P, (Xy,,..., Xy, ), where P,
runs through all polynomials of degree less than or equal to n, and the
integer m and indices t1,...,t, € T are arbitrary. Let Ho = H<o consist
of the constant functions, and let H,, = H<, © H<p—1, n =1,2,..., where
© denotes orthogonal completion. It is clear that the Hilbert space H;
given in this definition agrees with the previously defined Hilbert space H;.
If &,...,&n € Hi, and P,(z1,...,2,) is a polynomial of degree n, then
Pn(&1, ... &m) € H<p. Theorem 2A implies that

H=Ho+Hi+Ha+---, (2.1)

where + denotes direct sum. Now I present the definition of Wick polyno-
mials.

Definition of Wick polynomials. Let P(x1,...,2zy) be a homogeneous
polynomial of degree n, and let a set of (jointly Gaussian) random variables
&1y, &m € Hi be given. The Wick polynomial : P(&1, ..., &m): determined
by them is the orthogonal projection of the random variable P(&1,. .., &n) to
the above-defined subspace H,, of the Hilbert space H. The Wick polynomial
of a homogeneous polynomial of degree n will be called a Wick polynomial of
order n.

In the sequel we shall use the notation : P(&1,...,&y,): for the Wick
polynomial corresponding to a homogeneous polynomial P(xy,...,z,,) with
arguments &1,...,&,, § € Hq for all 1 < j < m. It may happen that a
random variable ¢ can be expressed in two different forms as a homogeneous
polynomial of some random variables from H;, i.e., ( = Pi(&1,...,&m), and
¢ =Py(&,...,&n), and Py # P,. But in such a case

P&, 6m) = P&, 6m)

i.e., the value of a Wick polynomial : P(&1,...,&y,): does not depend on
the representation of the random variable P(&1,...,&m).

It is clear that Wick polynomials of different degrees are orthogonal.
Given some &1, ...,&, € Hi define the subspaces H<p (&1, .., &m) C Hen,
n=1,2,..., as the set of all polynomials of the random variables &1, ..., &,
with degree less than or equal to n. Let H<o(&1,...,&m) = Ho(&l, -, &m) =
Ho, and Hn(fl, ... 7§m) = Hgn(fl, - ,ém) S, /Hgnfl(éhl, . ,fm) With the
help of this notation I formulate the following result given in Proposition 2.2
of [8].
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Theorem 2B. Let P(x1,...,xy) be a homogeneous polynomial of degree n.
Then : P(&1,...,&m): equals the orthogonal projection of P(&1,...,&m) to

Hn(gla cee 7£m)

This result has the following important consequences formulated in Corol-
laries 2.3 and 2.4 in [8].

Corollary 2C. Let &1,...,&y, be an orthonormal system in Hi, and let

— . RO S Y|
P(xy,...,xm) = g Cit o x)m

be a homogeneous polynomial, i.e., let j1 + -+ + jm = n with some fized
number n for all sets (ji,...,Jm) appearing in this summation. Then

PG b)) =D G Hi (€0) - Hy (6m).
In particular,

(" = H,(€) if€ €Hy, and BE2 = 1.

Corollary 2D. Let &£1,&,... be an orthonormal basis in Hy. Then the
random variables Hj, (&) --- Hj (&), k=1,2,..., i+ + jr =n, form a
complete orthogonal basis in H,y,.

In the proof of the It6 formula for scalar-valued stationary random fields
we needed, besides the diagram formula, the following important recur-
sive formula for Hermite polynomials which is contained for example in
Lemma 5.2 of [8].

H,(z)=2H,—1(x) — (n—1)Hp—o(z) for n=1,2,..., (2.2)

with the notation H_1(z) = 0 in the case n = 1.
In the next result I formulate a multivariate version of this formula for
Wick polynomials.

Proposition 2.1. Let Uy, ..., Upt1, n > 1, be elements in Hy. Then
UL+ Up: Upta (2.3)

=01+ UpUpi1: + Y iU+ UsaUsir - Un: BUUp 1.
s=1
In the special case n = 1 this formula is meant as UUy =: U Uy : + EUUs.

Proof of Proposition 2.1. Formula (2.3) clearly holds if all random variables
Uj, 1 < j < n+1 agree, and EU? = 1, since in this case the left-hand
side of (2.3) equals Uy H,,(Uy), while its right-hand side equals H,,11(U1) +
nH,_1(Uy) by Corollary 2C, and these two expressions are equal by formula
(2.2). A somewhat more complicated, but similar argument shows that this
formula also holds if the sequence Uy, ..., U, consists of some independent
random variables Vj ..., Vi with standard normal distribution, the random
variable V), is contained in the sequence Uy,..., U, with multiplicity [,,
1 < p < k, and finally U, 11 is either one of these random variables V),
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1 < p <k, oritisarandom variable Vi1 with standard normal distribution
which is independent of all of them.
Indeed, if Uy, 41 = V, with some 1 < p <k, then the left-hand side of (2.3)
equals
Hy, (Vi) -+ Hy (Vi) Vy,

while the right-hand side equals
Hy, (Vi) Hy,_y (Vp—1)Hip1 (V) Hipy (V1) -+ Hyy (Vi)
Ay Hy (V1) -+ Hy, (V1) Hy, 1 (Vp) Hyy (Vi) - - - Hy, (Vi)

by Corollary 2C. A comparison of these expressions together with rela-
tion (2.2) imply that identity (2.3) holds in this case. If Upt1 = Vigq,
then the left-hand side of (2.3) equals

Hll (Vl) T Hlk (Vk)Vk—Ha

and the right-hand side also equals Hj, (Vi) --- Hj, (Vi) Vi41. Hence for-
mula (2.3) holds in this case, too.

In the general case we can choose some independent Gaussian random
variables Z1, ..., Z,, in H; with variance 1 in such a way that our random
variables Uy, ...,U,4+1 can be expressed as their linear combination, i.e.,
U, = Z;ll cpiZ; with some coefficients ¢;,,,. We have already seen that
formula (2.3) is valid in the special case when all random variables U, equal
one of the random variables Zj, i.e., if U, = Zj(,) with some 1 < j(p) <m
for all 1 < p < n+ 1. Since the expressions of both sides of (2.3) are

multi-linear functionals on the n-fold direct product Hi x --- x Hq, this
implies that formula (2.3) also holds for the random variables Uy, ..., Up41.
Proposition 2.1 is proved. O

We can prove the multivariate version of It6’s formula with the help of
Proposition 2.1 and the diagram formula for multiple Wiener—It6 integrals
for vector-valued stationary Gaussian random fields formulated in Section 6
of [10].

Before its formulation, I make a remark about the notation in this section.

In the formulation of It6’s formula the notation K ; appears. This no-
tion was introduced in Lemma 3.2 of [10]. It is a real Hilbert space, and it
contains those functions u on the torus [—m, )" for which we defined the
random integral [ u(x)Zq ;( dx) with respect to the j-th coordinate Zg ; of
the random spectral measure Zg = (Zg,1, .-, Za.q), and the value of this
integral is a real valued random variable. In Section 4 of [10] this Hilbert
space is defined also in the case of generalized random spectral measure.
Later, at the beginning of Section 5 of [10] its multidimensional general-
ization, the real Hilbert space K j,, . 50 = Knji,jn (Girgi- - Gjnjn) 18
defined for all n = 1,2,.... It consists of those functions f(z1,...,x,) for
which the n-fold (real valued) Wiener—It6 integral

In(f|]17 e 7]n) = /f(xl, e ,l‘n)ZGJ‘l(d.iL‘l) e ZG,jn (dl’n)
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is defined. The Hilbert space Ky ; is a special case of these Hilbert spaces
with n = 1. Later the Hilbert spaces Ky, ;... j, also appear in this work. At
some points I shall also work with the class of simple functions ’ijh---,jn -
Knji...j, defined also in Section 5 of [10]. The multiple Wiener-It6 integrals
were first defined for simple functions which are adapted to some regular sys-
tem (defined also in Section 5 of [10]), and the multiple Wiener—It6 integrals
were defined in the general case by means of a good approximation of the
functions f € Ky, j,.....j, by simple functions f & Kn,jl,...,jm

Theorem 2.2. Multivariate version of It6’s formula. Let us have some
vector-valued stationary Gaussian random field with a vector-valued random
spectral measure Zg = (Zga,...,2G.4). Let us consider some functions
op € K1j,, 1 <p<n, 1< j, <d, and define with their help the random
variables Uy = fgop(x)ZGJp( dx) € Hi, 1 < p <n. The identity

Uy (2.4)

Un
= /601($1)<P2($2) o) ZG 5 (dx1) Za 4, (da2) -+ - Za j, (dan)
holds.

Proof of Theorem 2.2. Relation (2.4) clearly holds for n = 1. We prove by
induction that it holds for n + 1 if it holds for & < n. In the proof we apply
the Corollary of Theorem 6.1 from [10] (i.e., the corollary of the diagram
formula from that paper) with the choice

hi(z1,...,2n) = @1(z1) - pn(zn),
ha(z) = @ni1(),

and the random spectral measure Zg jr is chosen as Zg ;1 = Zg j,,,, where
2@ jn., is the random spectral measure appearing in the definition of Uy, 1.
We can write with this choice the identity

L/"¢1<x1>--~¢n<anzn;J1<dau>~--zz;gn<dxn>L/“¢n+1<a»zz;dn+l<dx> (2.5)

:/%@ﬂ”WM%WMN%HMWKWﬂ”Z%ﬂKWHH

+ Z EU,Upt1 /@1@1) T Sopfl(lipfl)@erl(xp) o on(Tp-1)
p=1

ZGJl(dxl) T Zszp—l ( dxp—l)ZGJp-»—l(dxp) T ZG,jn(dxn—1)7

since formula (6.19) in [10] gives this identity with our choice of h; and ha.
To see this observe that with these functions hy and hgy the function h,, in
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the formulation of the corollary of Theorem 6.1 in [10] equals for p # 0
h, (1, s Tn1) = @1(w1)--- Sop—l(wp—l)SDp—H(xp) o on(Tn-1)
[ eoteSonr @G ()

= i(x1) - op—1(@p=1)ep+1(2p) - Pn(Tn—1) EURUp11

since Uy 41 = Upy1, and by formula (3.7) in [10] which expresses the scalar
product of two one-fold random integrals

BUUni1 = EUpUn+1=E( [ enta)Zs, o) [ son+1<x>Zc,jn+l<dx>)

= /‘Pp(xn)SOn-&-l(mn)GjpvjnH(dxn)v
and for p =0

Py (@1, 2ng1) = 01(21) - - O (Tn)Pna1(Tng1).

Corollary of Theorem 6.1 in [10] with the above form of the kernel functions
h,, 0 < p < n, in it imply formula (2.5). Formula (2.5) together with our
induction hypothesis imply that

/901(331) (@)t 1 (Tnt1) Za gy (dy) - Za gy (dng1)

n
=:Uy+Up: Unp1 — 3 :Ur -+ Up1Ups1 -+ Uyt EUUpa1.
p=1
In the case n = 1 this formula means that

/801(1'1)902(1‘2)2@’]'1(dl’l)ZG,jQ(dibg) = U1U2 — EU1U2.

By comparing the last formula with (2.3) we get that the statement of
Theorem 2.2 holds also for n + 1. Theorem 2.2 is proved. O

In Theorem 2.2 we rewrote some Wick polynomials of special form as
multiple Wiener—It6 integrals. This enables us to express a sum of such
Wick polynomials as the sum of multiple Wiener—It6 integrals. This implies
that all Wick polynomials of random variables from some H;;, 1 < j < d,
can be written in the form of a sum of multiple Wiener—It6 integrals. (The
real Hilbert space M j, the real part of the Hilbert space H{ ; was defined
in Section 3 of [10] together with /i ;.) In the next simple corollary of
Theorem 2.2 I describe this result in a more explicit form.

To formulate this result let us introduce the following notation. Let us
fix some numbers n > 1 (the order of the homogeneous polynomial we
are considering), m > 1 and some functions ¢;i(z) € K1, 1 < j < d,
1 < k < m, and define the random variables

= /goj,m)ZG,j(dx), l<j<d 1<k<m.
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Then &; 1, € H1;. (We defined the real Hilbert space #; ; in the formulation
of Lemma 3.2 of [10]. This Lemma 3.2 stated that the elements of H; ; can
be given in the form of the above integral.)

In the next corollary, we consider homogeneous polynomials of these ran-
dom variables §; , and express the Wick polynomials corresponding to them
in the form of a sum of multiple Wiener—It6 integrals.

Corollary of Theorem 2.2. Let us consider a homogeneous polynomial
P(xj p, 1<js<d, 1 <ks<m foralll<s<n)
= Z A1kt gnkn T,k Lo,k " Tk
1<js<d for all 1<s<n
1<ks<m for all 1<s<n

of order n of the variables x;_ 1, with indices 1 < js < d and 1 < kg <m for
all 1 < s < n and real coefficients a;, k... j. kn-
If we replace the variables x;j, 1. with the random variables

€ = / i (@) Zc . ()

in this polynomial (we choose a function ; € K1 ; in the definition of & 1),
then we get the following homogeneous polynomial of some jointly Gaussian
random variables.

P(&ke, 1<js <d, 1 < kg <m foralll <s<mn)

= Z Qg1 ot o St k1 S ks * " Einkon -

1<js<d for all 1<s<n
1<ks<m for all 1<s<n
With the help of this expression we can define the Wick polynomial
P&, ks 1<js<d, 1 <kg<m foralll <s<n):.

This Wick polynomial can be expressed as a sum of multiple Wiener—Ito
integrals in the following way.

Let us consider for all sequences of indices {(js,ks): 1 < s < n} with
1<js<d, 1<ks;<d foralll <s<n the function

fjl,kl,m,jn,kn (1'1, B xn) = Pj1,k1 (1‘1) Pk (l‘n) € ]Cn,jl,m,jn

and the multiple Wiener—Ito integral

fj17k17 7]n7kn‘]17"'7]n)

/fjl,kl, gnikn (1o Tn) Za gy (da) .. Zg , (day).
The identity
P&k 1<js<d, 1 <ks<m foralll<s<n):
= Z @y ke rengnskin I (Fi1 ks gnskn 15 - - -5 Jn)

1<js<d for all 1<s<n
1<ks<m for all 1<s<n
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holds.

Remark. Theorem 4.7 of [8] contains a version of this result for scalar-valued
stationary Gaussian random fields.

Proof of the Corollary of Theorem 2.2. By Theorem 2.2 we have

Ay ket reegbin &1 k1 Sgaka " Ejnoken = gy kg en In (s et oo o |05+ <+ 5 )

for all sequences of indices (js,ks), 1 < s < n. By summing up these
inequalities for all sequences of indices we get the proof of the corollary. [J

With the help of the above corollary, we prove the following result.

Proposition 2.3. For all n > 1 and functions f € K, ... ;, with some
indices 1 < js <d, 1 <s<mn, I,(flj1,---,Jn) € Hn for the n-fold Wiener—
Ité integral I,(fj1,- .., Jn). Besides, the set of all sums of n-fold Wiener—Ité
integrals i.e., the set of all sums of the form

Z In(fj17..~7jn|j17"')j’fl)?

1<js<d for all 1<s<n

where i, . € Knji,..j. constitute an everywhere dense linear subspace of

Hy.

Proof of Proposition 2.3. We shall prove Proposition 2.3 by induction with
respect to n. By Lemma 3.2 of [10] Proposition 2.3 holds for n = 1. Indeed,
by this result every random variable of the form £ = Z;.lzl §; with some
& € Hi,; can be written as the sum of one-fold Wiener-It6 integrals, and
the random variables of this form constitute an everywhere dense linear
subspace of Hi.

If the statements of Proposition 2.3 hold for all m < n, then we can say
for one part that I,(f|j1,-..,Jn) € H<n, because this relation holds if f is
a simple function, i.e., if f € Ien,jl,...,jn with the space an,jl,...,jn defined in
Section 5 of [10], and since K, j, ;. is dense in K, ;, ., and we defined
the multiple Wiener—It6 integral by the extension of a bounded operator
in the general case, the above property remains valid for general functions
f € Knji,.j.- Moreover, we know that I,(f|j1,...,jn) is orthogonal to
all multiple Wiener-It6 integrals of the form I,,,(h|jl, ..., 5,) with m <n
because of relation (5.5) in [10]. Then I,,(f|j1,-..,Jn) is also orthogonal to
any linear combination of such integrals. But these linear combinations con-
stitute an everywhere dense set in H,, by our inductive hypothesis. Hence
I,(f|71,---,Jjn) is orthogonal to the whole space H,, for all 0 <m <mn — 1,
and this implies that it is contained in the Hilbert subspace H,, (and not
only in H<,). It follows from the corollary of Theorem 2.2 that the sums of
multiple Wiener—It6 integrals considered in Proposition 2.3 are dense in H,,,
and they constitute a linear subspace. Indeed, this corollary implies that
a large class of Wick polynomials of order n can be expressed as a sum of
such integrals, and the class of these Wick polynomials of order n is dense
in ‘H,. Proposition 2.3 is proved. (]
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Remark. In Proposition 2.3 we expressed a dense subset of H,, as a sum of
n-fold Wiener—It6 integrals, but we did not express all elements of H,, in
such a form. But even this weaker result suffices for our purposes.

In the case of scalar-valued stationary random fields, we have a stronger
result. In that case, we can express all elements of H,, as an n-fold Wiener—
It6 integral, and actually, we can say somewhat more. There is a so-called
Fock space representation of all elements h € H, which represents the el-
ements h € H in the form of a sum of multiple Wiener-It6 integrals of
different multiplicity. (See Theorem 4.2 of [8] together with the definition
of Fock spaces on page 28 of [8].) Moreover, this result has some useful
consequences about the properties of this representation.

We cannot prove a similar result in the vector-valued case. This difference
appears because of the following reason. If a sequence of random variables
hy € Hp, N = 0,1,2,..., has the property that hy — hy with some
ho € H,, in the norm of H,, as N — oo in the scalar-valued case, then these
random variables hy can be expressed as n-fold Wiener—Ito6 integrals of such
functions ky € IC,, for which ky — kg in the norm of K,,. On the other
hand, in the case of vector-valued models we do not have a similar result.

Next, we consider a vector-valued stationary Gaussian random field

X(p):(Xl(p)v'”de(p))v pEZyv

whose elements can be written in the form X;(p) = [€'»®)Zg ;(dx) by
means of the random spectral measure Zg = (Zg.1, . .., Za,q) of this random
field for all p € Z¥ and 1 < j < d. Let us consider a random variable Y € H,,
which can be represented as the n-fold Wiener—It6 integral of some function
h € ’Cn,jl,...,jny i.e.,

Y = /h(xl, ey wn)ZGle(dwl) cee ZG,jn(dm'n)- (26)

In the next result the shift transforms 7,Y, u € Z, of Y given in for-
mula (2.6) will be expressed in a useful form which shows some similarity
to the Fourier transform of a function.

To do this let us first recall the definition of the shift transforms T,
u € ZY, in a stationary random field X (p) = (X1(p),...,Xa(p)), p € Z".

Given some element X;(m), m € Z”, 1 < j < d, of the random field,
and u € Z", we define the shift transform of X;(m) by Ty, as T, X;(m) =
X;(u+m). More generally, given any measurable function h(X;(m),m €
7V,1 < j < d), we define the shift transform of the random variable Y =
h(X;(m), m € Z", 1 < j < d), by the formula T,,Y = h(X;(m + u), m €
7¥,1 < j < d). This transformation was discussed in the scalar-valued
case in [8]. It can be seen, (similarly to the argument in that work) that the
definition of this transformation is meaningful (i.e., the value of 7,,Y does not
depend on the choice of the function h for which Y = h(X;(m), m € Z¥, 1 <
j <d)), and we have defined in such a way unitary (linear) transformations
Ty, u € Z¥, on ‘H for which T, T, = T’y +.
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In Lemma 3.2 of [10] it was shown that each random variable U; € H; ;
can be written in the form U; = [ h(z)Zg j( dz) with some function h(z) €
K1,j. On the other hand, I claim that for all u € Z¥ and h € Ky ;

T.U; = / () Zg i(dx) for U; = / h(z)Zg ;(dx). (2.7)

Indeed, relation (2.7) clearly holds if h(z) = ¢'®) with some p € Z, since
in this case U; = X;(p) and T,U; = X;(p + w). But this implies that
relation (2.7) holds for all finite trigonometrical polynomials of the form
h(z) = 3 cpe’®®) and for the closure of these functions with respect to
the Ly norm determined by the measure Gj ;, i.e., for all h € Ky ;.

In Proposition 2.4 a similar formula is presented about the shift trans-
forms of a random variable Y given by formula (2.6). This result is useful in
the study of limit theorems related to non-linear functionals of a stationary
Gaussian field.

Proposition 2.4 about the representation of shift transformations.
Let a vector-valued stationary Gaussian random field

X(p) = (Xa1(p),..., Xa(p)), peZ,
be given with a vector-valued random spectral measure Zg = (Zg 1, .-, Za,d)
such that X;(p) = [&P®Zg ;(dx) for allp € Z¥ and 1 < j < d. Let
Y € H,, be the random variable defined in formula (2.6) with the help of this

vector-valued random spectral measure Zg and some function h € Ky, j, .. .-
Then

T,Y = /ei(u’lererx")h(xl,...,a}n)ZG',jl(dajl)...ZGJH(dxn) (2.8)

for allu e Z".

Proof of Proposition 2.4. Formula (2.8) holds in the special case if n = 1,
and h(z) € Ky ;, since in this case Y = [ h(x)Zg ;(dz), and

T,Y = / e h(2) Za ;( dx)

by formula (2.7).

I claim that formula (2.8) also holds in the case when the random variable
Y is given by formula (2.6) with a kernel function of the form h(x1,...,z,) =
1(x1) - - pn(ry) defined with the help of some functions p,(x) € Ky,
1 < s <n. Indeed, inthiscase Y =:U; ---Uy: with U = [ ps(2)Zq j,(dz),
1 < s < n, because of Theorem 2.2. On the other hand, I claim that

T,:Up---Uyp: =:(T,U1) - (TWUR) : .

To see this let us observe that by Theorem 2B :Uj --- Uy, : is the orthogonal
projection of the product Uy - - - Uy, to the Hilbert subspace H,, (Ui, ...,Up).
Similarly, : (T, Uy) -« (T,U,): is the orthogonal projection of the vector
(T,U1) -+ - (TWUy) to the Hilbert subspace H,(T,Us,...,T,U,). Since the
vectors (Uy,...,U,) and (T,,Uy,...,T,Uy,) have the same distribution, and
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the Wick polynomial corresponding to their product can be calculated in
the same way this implies that if :Uy---U,: = g(U,...,U,) with some
function g, then

N (TuUl) te (TuUn): = g(TuUl, .o ,TuUn)

with the same function g. (In the present case g(x1,...,2,) is a polyno-
mial of order n.) On the other hand, T,,: Uy ---U,: = Tyug(Uy,...,Uy) =
g(T Uy, ..., T,Uy) in this case. The above argument implies the desired
identity.

Thus we can state that if Y is defined by formula (2.6) with a function

h(xla cee 7«7371) = 801<x1) T (pn(xn)
with the above properties, then

TY = (Tulh)---(TaUn):
_ / Gt ey )76 (da) . Zay, (da)

because of Theorem 2.2 and the relation T,,Us = [ €% (1) Zg ;. (dx) for
all indices 1 < s < n.

From the result in this case follows that relation (2.8) also holds if Y is
defined by (2.6) with a function h(z1,...,x,) of the form of a finite sum

h(@1, - mn) =Y o1k(@)pa k(@) - Pn(n)
k
with s € K14, 1 <s <n.
Since functions of the above form are dense in KCy, 5, ... ., Ty is a unitary
operator, and both (linear) transformations

Wy, .. an) = WPFF2)pe o r)

and h — I,(h|j1,...,jn) from the space KCp .. j, to the spaces Ky j,, . .
and H,, are of bounded norms, it is not difficult to see that Proposition 2.4
holds in the general case. Proposition 2.4 is proved. O

3. ON THE PROOF OF LIMIT THEOREMS FOR NON-LINEAR FUNCTIONALS
OF VECTOR-VALUED STATIONARY (GAUSSIAN RANDOM FIELDS

First I recall the limit theorem problem we are interested in.

Let X(p) = (Xi1(p),...,Xa(p)), p € Z”, be a d-dimensional vector-
valued stationary Gaussian random field, and let a function H(x1,...,x4),
H: R? — R, of d variables be given. Let us define with their help the
random variables Y (p) = H(X;(p), ..., X4(p)) for all p € Z¥, and introduce
for all N =1,2,... the normalized random sum

Sv =AY Y(p) (3.1)

pEBN
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with an appropriate norming constant Ay > 0, where
By={p=(p1,.-.,pv): 0<pp <N foralll<k<wv} (3.2)

Let us also fix the vector-valued random spectral measure (Zg 1, ..., Zg,q4)
on the torus [—m,m)" for which X;(p) = [eP®) 75 (dr), 1 < j < d,
p € Z¥. We are interested in the question what kind of limit theorems
may hold for the normalized sums Sy defined in (3.1) as N — oo with
appropriate norming constants Ay. Here we are interested in the case when
the correlation functions r; j(p) = EX;(0) X (p), 1 < 7,5 < d, tend to zero
slowly as |p| — oco. This means strong dependence of the random variables
in the stationary random fields. In such cases, we can get limit theorems
with a non-Gaussian limit.

We have studied the above problem in [5] for scalar-valued stationary
random fields, i.e., in the case d = 1, and we have proved some new kinds
of limit theorems. Let me remark that at the same time M. Taqqu also
proved similar results with the help of a different method, see [13]. I do not
discuss Taqqu’s work, because here I am interested in the question of how
to generalize the method in [5] to prove limit theorems also for non-linear
functionals of vector-valued stationary Gaussian random fields.

In paper [10] and Section 2 of this work I discussed the notions and
results we have to adopt some important methods of [8] when we are working
with multivariate models. In this section, I explain how to generalize those
methods of [8] which lead to non-central limit theorems when we are working
with non-linear functionals of vector-valued stationary Gaussian random
fields. I shall give the proof of the limit theorems in paper [11] with the help
of these results.

In the first step of this discussion I rewrite the limit problem we are
interested in in a different form. Let us observe that we have X;(p) =
T,X;(0) with the shift transform 7T}, for all p € Z" and 1 < j < d, hence
Y (p) =1,Y(0), and we can rewrite the sum in (3.1) in the form

Sy =AY Y T,Y(0). (3.3)
pEBN

As it will turn out the crucial point in the investigation of our limit theorems
is the study of limit theorems in the special case when Y (0) is a Wick
polynomial, and here we restrict our attention to this case.

Let us consider the case when Y (0) is a Wick polynomial of order k which
has the form

Y(0)=: > ap,. kg X1(0)" - Xq(0)": (3.4)
(k1yeeka)
ki1+-+kq=k
with some real coefficients ag, . x,. Then by the corollary of Theorem 2.2
and the identities X;((0) = [I;(z)Z¢,;(dz), 1 < j < d, where I;(-) denotes
the indicator function of the torus [—m,7)”, the random variable Y'(0) can
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be written in the form

d ki+-+k;
Y(O) = Z Akq,...k /]Il<x1 xk H H ZG,j(dJ}t) s
(k1,...kq) J=1 \t=ki+--+k;_1+1
k>0, 1<j<d,
kit +ka=k
[ ky
where for j = 1 we define I Za,j(dxy) = 1] Zga(dxy), and if
t=ky+-+hj 141 t=1
[ap—
kj = 0 for some 1 < j < d, then the product I1 Zg,(dxy) is

t=ky+-thj_1+1
omitted from this express By Proposition 2.4 we can write

d k1+“'+k‘j
BYO = Y an [¢ro T Zoglan
(k1,..kq) j=1 \t=ki+-+kj_1+1
k;>0, 1<j<d,
ki+-+kq=k

(3.5)
for all indices p € Z".
We get by summing up formula (3.5) for all p € By with our choice of
Y (0) that

: (6 sal)
SN == AN ak17 7 / 7/ l)+ +x<l))
(kh ka) =1 €
k;>0, 1<5<d,
k1+---+k‘d=k
d ket
11 I Zosldn ),
Jj=1 \t=ki+-+kj_1+1
where we write z = (z(),...,2®) for all z € [—m,m)”. (The set By

was defined in (3.2).) I shall rewrite the above identity in a form more
appropriate for us, First I apply the change of variables y; = Nz, 1 <1 < n.
It yields that

d ki+-4k;
SN = Z /hkl, Lk yla"'vyk‘ H H ZG(N)’j(dyt) 5
(kh de 7=1 t:k1+"'+kj71+l
k;>0, 1<]<d
k1+'"+kd=k
(3.6)
where
v Z-(yll)Jr er(l)) 1

hN Yi,- -5 Yk) = Qky,.. K
kl,..-,kd( ) 1yeeey dl];[l N(e’(y£)+ +yk )/N )
is a function on [-Nm, Nm)¥, and Zgw) ;(A) = N”/kA_l/nZG,j(%) is de-
)

fined for all measurable sets A C [-N7w, N7)” and j = 1,...,d. Here we



WIENER-ITO INTEGRALS IN GAUSSIAN STATIONARY RANDOM FIELDS II 21

use the notation ys; = (ygl),...,ygy)), 1 < s < k. Let us observe that
(ZG(N)J, .. .,ZG(N>7d) is a vector-valued random spectral measure on the
torus [—Nm, N7)”, corresponding to the matrix valued spectral measure
G = (GS.]}],)), 1 < 4,7 < d, on the torus [-Nm, N7)”), defined by the
formula 7

_ A
GV () = N¥E ARG (N) L 1<4i<d,
for all measurable sets A C [-Nw, Nm)”, where G = (Gj ), 1 < 4,7 < d,
is the matrix valued spectral measure of the original vector-valued station-
ary random field X (p) = (X1(p),...,Xa(p)), p € Z”. On the other hand,

N N o .
WYy € Ky (GG )y with gy = s if by 4+ R <p <
ki + - +ks, 1 <s<d. (For s =1 we define k; +--- + ks_1 =0.)
In formula (3.6) we have taken summation for the series (ki,...,kq) €

K, where K = {(k1,...,kq): ks > 0,1 < s < d, kg + -+ kq = k},
and in each term of the sum at its right-hand side there was a product of
the form Hl;:l Zao 4, (du;) with a sequence (ji,...,Jkx) € J, where J =
{1y s Jk): 1 < g1 < jo < -+ < jp <d}, and it depended on the sequence
(k1,...,kq) which indices ji, ..., ji appeared in the above product

We want to rewrite expression (3.6) in a more pleasant form. For this
goal, we make the following observation. There is a natural invertible map
T:J — K, defined as T(jl, . 7.7k) = <k1<j1, .. ;jk); cee kd(jl; .. 7.7k>) for
all (ji,...,Jk) € J, where for all indices 1 < s <d, ks(j1,...,Jr) equals the
number of those elements j, in the sequence (ji,...,j;) for which j, = s.
Its inverse is defined by the formula

T k1, ka) = Gilke, - ka)s o gn(ke, - oo ka)

for all (ki,...,kq) € K, where js(k1,...,kqg) = min{u: k1 +--- 4+ ky, > s}.

With the help of the above defined functions ks = ks(j1,...,Jk), 1 <
s < d, we can rewrite the identity in (3.6) in a form more appropriate for
us. In this new formula we take summation for (ji,...,jx) € J instead of
(k1,...,kq) € K. We get that

Sy = Z /hﬁ]k (Y1, yk) Zaw 4, (dyr) - .. Zgav j, (dyr)

(J15+2k)
1< < <gip<d

(3.7)
with

i +)

v
e
G1 sk 1(J15 k)5 sk (G15e05k) l||1 N(ei(yil”"*yg))/]v —1)

Let us observe that

: N
lim hjl,...,jk (y17 ceey yk) = h_?l,..‘,k (y17 s 7yk')

N—o0
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with the function
v ei(y§l)+---+y;§l)) -1

W (WL k) = Gy, i 11
G1yeeer] ) ) 1(J15e2dk) s skd (G107 k) o a l
o 1:1Z(§)+"‘+yi(g))

defined on R¥, and this convergence is uniform in all bounded subsets of
R,

It is natural to expect that if the matrix valued spectral measures GV) =
(Gg}f,)), 1 < 4,7 < d, converge to a matrix valued spectral measure G(0) =
(G;Oj),), 1 < 74,7 < d, defined on R” in an appropriate way, then a limiting
procedure in formula (3.7) supplies the limit theorem Sy — Sy in distribu-
tion with

So= X0 [ a0 4 () L, )
(J15-53k)
1< < <j<d
as N — oo, where (ZG(O),D e ZG(O),d) is a vector-valued random spectral

measure on R” corresponding to the matrix valued spectral measure (Gg.oj),)7
1 < 4,7/ <d. On the other hand, the convergence of the spectral measures
GW) to the spectral measure G is satisfied in many interesting models,

for instance in the models investigated in paper [11].

Next, I explain how to work out a precise method to prove limit theorems
on the basis of the above heuristic argument. In particular, we are interested
in the question of when the above sketched heuristic argument can be carried
out. In the scalar-valued case, this problem was solved in Lemma 8.3 of [8].
Here I prove the vector-valued variant of this result.

In the formulation of Lemma 8.3 of [8], we had to introduce a version of
the notion of weak convergence of finite measures to a larger class of mea-
sures, to the class of so-called locally finite measures. They are measures,
whose restrictions to any compact set are finite. Here I introduce a slight
generalization of the notion called vague convergence in [8] to the case when
we are working with complex measures of locally finite total variation. In [8]
we have worked with (positive) measures. (The definition of complex mea-
sures on R” with locally finite total variation was explained in Section 4 of
the paper [10].)

Definition of vague convergence of complex measures on R” with
locally finite total variation. Let Gy, N = 1,2,..., be a sequence of
complex measures on RY with locally finite total variation. We say that the
sequence G vaguely converges to a complex measure Gg on RY with locally
finite total variation (in notation Gn — Gyo) if

lim / f(2) Gn(da) = / £(z) Go( da) (3.8)

N—o0

for all continuous functions f on RY with a bounded support.
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I shall take a sequence of sums of k-fold Wiener—It6 integrals, and then I
formulate Proposition 3.1 which states that under some appropriate condi-
tions these sums of random integrals have a limit that can be expressed in
an explicit form. This result together with the representation of non-linear
functionals of vector-valued stationary Gaussian random fields by means
of multiple Wiener—It6 integrals enable us to prove limit theorems with
a non-Gaussian limit for non-linear functionals of vector-valued stationary
Gaussian random fields.

Forall N =1,2,... take a sequence of matrix valued non-atomic spectral
measures (Gg.];[,)), 1 <j,j7" <d, on the torus [-Anm, Ay7)” with parameter
Ap such that Ay — oo as N — oco. Let us also take some functions

N _ (N) (N)
hjl,...,jk (331, (R 'Tk) € ICkvjl)"'7jk - Kk,jl,...,jk (Gjl,j17 o ij,jk)

on the torus [—Anm, Aym)” for all (ji,...,jk) with 1 < js <d, 1 <s <k,

and N =1,2,.... Forall N =1,2,... fix a vector-valued random spectral
measure
N
(ZG(N)Ja teey Z<G(]3’),d)
on the torus [—Aym, Axm)” corresponding to the matrix valued spectral

measure (Gé.];.[,)), 1 < 7,7 <d. Let us define with the help of these quantities

the sums of n-fold Wiener—Ito integrals

ZN = Z /hﬁ,...,jk(l‘lv"'?:L‘k)ZG(N),jl(dxl)"'ZG(N),jk(dxk)7
(J1,-53%)
1<js<d for all 1<s<k
(3.9)
N =1,2,.... In the next result I show that under appropriate conditions

these random variables Zy converge in distribution to a random variable Z;
expressed in the form of a sum of multiple Wiener—Ito6 integrals.

Proposition 3.1. Let us consider for all N = 1,2,... the sums of k-fold
Wiener—Ité integrals Zy defined in formula (3.9) with the help of certain
vector-valued random spectral measures (ZG(N)J, ey ZG(N>,d) corresponding

to some non-atomic matrix valued spectral measures (G;J;.f,)), 1<y4,7 <d,

defined on tori [—An, An)Y such that Axy — 0o as N — oo, and functions

N (V) (N)
hj1,~~~,jk (@1, 1) € Ko (Gj1,j1’ SR ijvjk)'

Let the coordinates Gég,), 1 < 34,9 <d, of the matriz valued spectral mea-

N)

3’

non-atomic matriz valued spectral measure (Gg.oj),), 1<j4,5 <d, onR” for

all1 < 4,5’ <das N — oo, and let (Z6 15+ Zgw) 4) be a vector-valued
random spectral measure on RY corresponding to the matriz valued spectral

sures (Gg ), 1 < 4,7 <d, converge vaguely to the coordinates G§.O} of a

measure (G ©

jj,), 1< 74,9 <d. Let us also have some functions h?l:--~7jk for
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all (j1,...,7k) with 1 < js < d, 1 < s < k, such that these functions and
matriz valued spectral measures satisfy the following conditions.

(a): The functions hghm’jk(xl,...,wk) are continuous on R for all
1<js<d,1<s<k, and for all T > 0 and indices 1 < js, < d,
1 < s <k, and the functions hﬁjk (z1,...,x) converge uniformly
to the function h%,...,jk (z1,...,2%) on the cube [T, T]* as N — oco.
(b): For all € > 0 there is some Ty = Tp(e) > 0 such that

/ﬂw\[ . B (@ m) PG, (dz). . G (dwy) <2 (3.10)
foralll <j, <d, 1<s<k,and N=1,2... if T >1Tj.

Then inequality (3.10) holds also for N =0,

0 0
h.?lv Ik € ]Ckv.jlvu)jk: = ICk,jlr“:jk (G‘gl?jl? o G;k)]k) (3]‘1)
the sum of random integrals
ZO = Z /h’(])i,...,jk(xl""’xk)ZG(O),jl(dxl)"'ZG’(O),jk(dxk)
(J17 7.]k)

1<js<d, for all 1<s<k
(3.12)

exists, and the random wvariables Zy defined in (3.9) satisfy the relation
ZN 3 Zy as N — 0o, where 2) denotes convergence in distribution.

)

Remark 1. A complex measure a i with finite total variation defined on
the torus [—~Anm, Axm)” can be 1dent1ﬁed in a natural way with a complex
measure on R” which is concentrated on its subset [—-Ay7, Ax7)”. We take

this identification of G( ,) with a complex measure on R” when we give
meaning to formula (3.8) with Gy = G( ,) and Gy = G( ), in the definition

of the vague convergence of the complex measures ng;f,) to G;Oj), as N — oo.

Remark 2. In Proposition 3.1 we imposed two conditions for the convergence
of the sums of multiple Wiener—It6 integrals Zx defined in (3.9) to the sum
of multiple Wiener-It6 integrals Zy defined in (3.12). First we demanded
that the spectral measures and kernel functions appearing in the definition of
the expressions Zy should converge to the corresponding spectral measure
and kernel functions appearing in the definition of the expression Zj in
an appropriate way. We still imposed an additional condition in part (b) of
Proposition 3.1. This is a compactness type condition which implies that the
random integrals in the definition of the random variables Zy are essentially
concentrated in a compact set not depending on the parameter N. I shall
show in the Appendix with the help of an example that without condition (b)
Proposition 3.1 may not hold any longer. I shall also make some additional
remarks about Proposition 3.1.
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Proposition 3.1 is a multivariate version of Lemma 8.3 in [8]. I gave a
simpler proof for this lemma in Lemma 6.3 of [9], and here I shall adopt
this proof. We have to overcome some additional difficulties, which arose
because we are working with vector-valued random fields. First I briefly
explain the method of the proof.

In the first step we show that relation (3.11) holds, and the random in-
tegrals appearing in the definition of Zj really exist. In the proof of this
statement condition (b) of Proposition 3.1 plays an important role.

In the next step, we reduce the proof of the limit theorem in Proposi-
tion 3.1 to the proof of a simpler statement formulated in relation (3.13).
The main point in this reduction is that here we have to prove the limit the-
orem only for the sums of such Wiener—It6 integrals whose kernel functions
do not depend on the parameter N. The proof of this reduction is based on
some results on Wiener—Ito6 integrals proved in [10] and the characterization
of convergence of distribution with the help of characteristic functions.

Then we make a further simplification of the statement we have to prove.
We show that the statement in formula (3.18) implies relation (3.13), hence
Proposition 3.1, too. Formula (3.18) states, similarly to relation (3.13), the
convergence of some sums of Wiener—Itd integrals in distribution, but the
kernel functions of the random integrals appearing here are simple functions,
and this makes its proof simpler.

The reduction of relation (3.13) to (3.18) is done similarly to the reduc-
tion of Proposition 3.1 to relation (3.13). But here we need in addition some
results which provide a good approximation of the kernel functions in (3.13)
by simple functions. (See Section 5 of [10] for the definition of simple func-
tions and of their properties needed in our proof.) The formulation of the
precise statements we need for the reduction of (3.13) to (3.18) is given in
formulas (3.16) and (3.17).

One must be careful in the proof of these formulas. The main difficulty
arises because in (3.17) we demand a good approximation simultaneously
for all sufficiently large indices V.

The results of Section 5 in [10] enable us to construct such simple func-
tions which satisfy (3.16). Moreover, they make possible to construct these
approximating simple functions with the following additional property. We
define an appropriate measure pg on R” with some nice properties, and the
simple functions we construct are adapted to such a regular system whose
elements have boundaries with zero g measure. With the help of this extra
property (and with a good definition of the measure p) we can achieve that
relation (3.17) also holds.

Then it remains to prove relation (3.18). Here the convergence of certain

Gaussian polynomials in distribution has to be proved. The main step of
the proof is to show that under the conditions of Proposition 3.1 GE.J;.T,) (A) —
GS.O].),(A) as N — oo for all 1 < j,j" < d for those measurable sets A C R”
whose boundaries behave nicely in a certain sense. At this point, some new
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arguments are needed in the proof.The arguments applied in the study of
scalar valued random fields are not sufficient here.

The proof of this convergence is fairly simple if ;7 = 7. In this case, we
can apply some results about weak convergence of measures. But the proof
is more difficult for pairs (j, ') with j # j'. This difficulty arises, because
if 7 # 4/, then it may happen that G;g,)(-) with a fixed parameter N is not
a (real-valued, positive) measure. To get a proof in this case we apply a
special argument, where we exploit that G(J) is an element of a positive
semidefinite matrix valued measure GV).

If the limit behavior of the complex measures Gt ],) with locally finite
total variation is already known, then relation (3. 18) can be proved in a
standard way. For all N =0,1,2,... we consider the random vector Zy (D)
we obtain by restricting the random spectral measure Z;~v to the elements
of the regular system D we are working with. We have to prove a limit
theorem for a polynomial of these random vectors as N — oo. This can
be done with the help of the results we proved about spectral and random
spectral measures in [10].

Proof of Proposition 3.1. First I show that relation (3.10) holds also for

N = 0. To see this let us first show that the measures ,ugiv)jk, N=12,...,
defined as

N v
ulh . (A) = ’ B @z PGS (day) . GYY) (day), A R,
converge vaguely to the locally finite measure ug?) ir defined as

0 v
i ) = [, e )P (). G, (dn), AR,
if N — oc.

Indeed, it follows from the vague convergence of the measures G( ) to G(O)
as N — oo and the continuity of the function h§1) ;. that this relatlon holds
if we replace the kernel function |h§\17 @1y |2 by the kernel function

h?h_”’jk (w1,...,21)|? in the definition of the measures “g'i\,].)..,jk'

dition (a) of Proposition 3.1 implies that this relation also holds with the
(V)

original definition of the measures pu;

jl 9 ‘?Jk) :
Next I state that the measure '“j(l) iy 18 finite, and the measures ,ugiv) ir

converge to it not only vaguely but also weakly. Indeed, condition (b) im-
plies that the sequence of measures ,ugiv) j, 1s compact with respect to the
topology defining the weak convergence of finite measures, hence any sub-
sequence of it has a convergent sub-subsequence. But the limit of such a

sub-subsequence can be only its limit with respect to the vague convergence,

Then con-



WIENER-ITO INTEGRALS IN GAUSSIAN STATIONARY RANDOM FIELDS II 27

© )
J1s

converges also weakly to it.

(0)

VARTIREY
quence Of measures U

. This implies that w;
()

jl7“'7jk

ie., it is p; j, isa finite measure, and the se-

Finally the properties of the functions hj-\lf ...jx» and their convergence to
h(])'l,..., i formulated in condition (a) imply that also the symmetry property
0 — _ — 30 . .
hj, (=21, —xk) = hj . (21,...,25) holds, hence relation (3.11) is

valid, and the random integral Zp defined in (3.12) is meaningful. Next

I reduce the proof of the relation Zy z Zy to the proof of the following
statement:
Under the conditions of Proposition 3.1

Z / J15--5Jk xl""7xk)XT(x17"'7xk) (313)

(J15-»3k)
1<js<d, for all 1<s<k

ZG(N),jl(dxl) e ZG(N>,jk(dxk‘)

D
— Z /h?17 ’]k(zl,...,xk)xT(xl,...,xk)

(J15-0k)
1<js<d, for all 1<s<k

Zgo 4, (dar) ... Zgo j, (da),

as N — oo, where xp(z1,...,2x) is the indicator function of the cube
[~T,T]*. We make a small, not so important technical restriction in the
choice of the number 7" in (3.13). Let me recall that for all all vector-valued
spectral measures Gy there is a finite measure p on R” such that all coordi-

nates G\ ,) of G, (more precisely their restrictions to any compact sets) are
such measures which are absolutely continuous measures with respect to .
(See Section 4 of [10].) We fix such a measure py for all N = 0,1,2,...,
and we shall call them dominating measures. We shall work with such mea-
sures pn in the proof of Proposition 3.1. We state formula (3.13) for all
such T > 0 for which the boundary of the cube [T, T]*" has zero measure
with respect to the measure g X - -+ X .
k times

To prove this reduction let us observe that by formulas (5.6) in [10]

and (3.10)

E[/[l—xT<x1,..., Y @2
2
ZG(N),jl(d$1) ce ZG(N)J-k(dwk)

N (N)
<u | e ) PG, () G, () < e
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for all sequences (j1,...,Jk), 1 < js <d, 1 <s<k,and N =0,1,2,... if
T > Ty(e). Hence

E[ Z /[1—XT(x1,...,xk)]h§{ 77777 (@, )
(jl?"'?jk:)
1<js<d for all 1<s<k
2
Zawo g, (dz) ... Zgov j, (day) | < dFElE (3.14)

forall N =0,1,... if T'> Ty(e).

Since Gg-f}f) N Ggoj) forall 1 < j <das N — oo, hence for all T' > 0 there
is some number C(T') such that Gg-g)([—T, T)) <C(T) for all N =1,2,...
and 1 < j < d. Because of this estimate and the uniform convergence

R — I, on any cube [T, T]* we have

J1seeJk yeesJk

E [/[hﬁy._.m(l’l, ce X)) — h?l e (X1, z6)|xr(T1, .. x))

2
Zawy 4 (dz) .. Zgo 4, (dog)

N 0 2
S k' /[T’T]ky |h.]17’.7k (561, P ,xk) - hjla“-»jk (xl, e ,xk)|

G (day)...GWY) (day) < €2

Ji,1 JksJk
forall T > 0 and (j1,...,Jk), 1 < js <d, 1 <s <k, if N> N; with some
Ny = Ny(T,¢). Hence

E[ 3 /[hj.{mjk(xl,...,xk)—hgmjk(xl,...,xk)] (3.15)

1<g1,-0k<d
2
xr(z1, ... ,l‘k)ZG(N)Jl(dxl) .. ZG(N)’jk(dek) < dFe?
for all T'> 0 if N > N; with some N; = Ny(T¢).
Let us define the quantities
Uv=Un(T)= Y / R @) xr (. w)
1<j1,5-dk<d
ZG’(N),jl(dxl) oo ZG(N),jk(dxk)7
and
Vv =Vn(T) = Z / h?l’m’jn(xl,...,xk)XT(azl,...,xk)
1<g1,-0k<d

ZG(N),jl ( d."L‘l) ce ZG(N),jk(dxk’)’

N =1,2,.... We introduce the definition of Vy = Vy(T') also for N = 0,
where we replace the spectral measures ZG(N)’]', N >1,1< 35 <d, by
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Zgw j» 1 < j < d, in the definition of Viy. We can reduce the proof of the

relation Zy 3 Zy to formula (3.13) in the following way. By formula (3.14)
we can state that

B — e E|(1 - ") < B|(t(Zn — Uy)|

H(E(Zy — Un)?)Y2 < [t](d k) 2.

for all t+ € R! with the random variable Zy defined in (3.9) if T > T, and
N > Ny(¢). Similarly, |E(eUN — ™VN)| < [t|(E(Un — Vi)?)V? < |t|dF/2e
for all t € R and N > Ny by inequality (3.15). Besides, (3.14) with N =0
implies that

<
<

E|eitV0 o EeitZO’ < |t|(E(Z0 - ‘/0)2)1/2 < |t‘dn/25

for all t € RY if T > Ty(e), where Zj is defined in (3.12) and Vp after the
definition of Viy for N > 1. Finally, Ee®V~N — Ee*Vo for all t € R if relation
(3.13) holds. These relations together imply that |Ee®4N — Feit0| < O(t)e
if N > Ny(t,e) with some numbers C(t) and Ny(¢,e). Since this inequality

holds for all € > 0, it implies that Zy 2 Z. (In formula (3.13) we imposed
a condition on the parameter T' > 0. We demanded that the boundary of
[~T, T]* must have measure zero with respect to the product measure of
po- It causes no problem that we can apply the above argument only for
parameters T' with this property.)

We shall prove (3.13) with the help of some statements formulated below.
To formulate them let us first fix a number 7" > 0 such that the bound-
ary of the cube [T, T]* has zero measure with respect to the measure
o X -+ X pg. Observe that
—_——

n times
N N
h?17~-~7]'k (331, e 737k)XT(1'1, T ’xk) € Ick’jlv"'vjk (Ggl’;l7 e ’Gg'kd)'k)
forall T >0and N =0,1,2,.... I claim that for all € > 0 a regular system

D =D(e) ={A, k==1,...,£M} can be constructed for which all of its
elements have zero measure with respect the a dominating measure pyg, i.e.
po(0AE) =0 for all 1 < |k| < M, Ay C [-T,T)" for all 1 < |k| < M, and
such that there exist some simple functions

(0) oV )

€ C o
€ Kn,]ly-":jk (Gjlhjl7 Tt ]’rh]k:

J1yesJk

indexed by the parameters (ji,...,Jx), 1 < js < d, 1 < s < k which are
adapted to this regular system and satisfy the inequalities written down in
the following two formulas (3.16 and (3.17):

/ |h?17--~7jk (1, oe)xr(y, o) = ff G (@, z)|?

Q)

(0)
]1,j1(d$1) .G

e (dTg) < g2 (3.16)
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forall 1 <j,<d, 1<s<k, and also

/|h;~)1 (@1, )X (T, T) —f;17_..7jk(331,...,xk)\2

-----

G (dwy)...GWY) (day) < &2 (3.17)

Jug sk
forall 1 < js<d,1<s<k,and N > Ny with some Ny = Ny(e,T).
I also claim that with such a choice of simple functions
Yy 3 Y, (3.18)
as N — oo, where
YN = YN(FZ, T)

= Z /f]i,...,jk(xh"'7xk’)ZG(N),j1(dx1)"'ZG(N),jk(dxk)
(J1-5k)

1<js<d for all 1<s<k
for N =0,1,2,....
Let us show that for all € > 0 there exists a regular system D together
with some simple functions 5 ...j, adapted to it which satisfy the desired
properties.

Indeed, by Lemma (5.2) of [10] for all £ > 0 and parameters (j1,...,Jjk),
1<js <d, 1< s <k, there exists such a simple function f;lj adapted
to a regular system Dj, _;, in such a way that this function f7 . satisfies
(3.16), and the elements of Dj, _j have boundaries with zero p measure.
Let us make such a construction for all parameters (ji,...,Jx). It can be
seen that there is a refinement D of the regular systems D;, . ;, such that all
simple functions f;l j, are adapted to it, and its elements have boundaries
with zero pg probability. (I omit the details of this construction.) This
regular system together with the functions f7 . adapted to it satisfy the
desired requirements, because, as we shall see, their properties imply that
these functions satisfy not only (3.16), but also (3.17).

Relation (3.13) can be proved with the help of relations (3.16), (3.17) and

(3.18) similarly to the reduction of the relation Zy 2 Zy to formula (3.13).
Indeed, one gets from inequalities (3.16), (5.6) in [10] and the definition of
the quantities Vi and Yp, by applying an argument similar to the proof of
relation (3.14) that

k

77777

E(Vp — Yo)* < klk‘e?,
and also

E(Vy — Yn)? < kK12
if N > Ny(e,T) by (3.17) and (5.6) in [10].

Then we can show with the help of these relations similarly to the reduc-
tion of the relation Zy = Zy to formula (3.13) that |Ee!VN — EelYN| < ¢,
|Ee™N — BeYo| < g and |Ee™ — Eei0| < ¢ if N > Ny(e,t,T) with
some threshold index Ny(e,¢,T"). Here in the first and third inequality we
apply the last two inequalities which were consequences of (3.16) and (3.17),
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while the second inequality follows from (3.18). Since these relations hold
for all ¢ > 0 they imply that Ee®'~ — Ee"0 for all t € R as N — oo,

ie. Vy 3 Vpas N — 00, and this is formula (3.13) written with a different
notation.

It remains to prove (3.16), (3.17) and (3.18). We made such a construc-
tion of a regular system and simple functions adapted to it with the help
of Lemma 5.2 in [10] which satisfy (3.16). Then formula (3.17) follows
from some classical results about vague (and weak) convergence of measures.
Since we are working in the proof of (3.17) in a cube [T, T]*" it is enough
to know the results about weak convergence to carry out our arguments.

(V)
¥

-T, end weakly to the restriction of the measure o the cube
T,T) tend weakly to the restriction of th G\ to the cub
[-T,T)” as N — oo, we can also say that the restrictions of the product

Let us first observe that since the restrictions of the measures G .’ to

measures G(N) - X Gg J) to the cube [T, T]* converge weakly to the
restriction of the product measure Gg )]1 - X ng) ;. on the cube [T, Tk,

as N — oo. On the other hand, the function
HQ ge(@1s e Tg)

J1

’hﬁ, @ m)xr (e, we) = f5 (@ Lz |2
(0)
Ji.d1
el By the general theory about convergence of measures these properties

. JksJk
imply that

is almost everywhere continuous with respect to the measure G, X -+ X

/HJQL---J'k (xl’ T ’mk)Ggl J)l ( dz ) ng J)k(dxk)

J15---Jk J1,J1 JksJk

%/m<uhwmw>mm G (day)

as N — oo. (Such a convergence is proved for probability measures for
example in [2].) A careful analysis shows that this result remains valid
for sequences of finite, but not necessarily probability measures. Let me
remark that here we are working with (real, non-negative) measures. The
last relation together with (3.16) imply (3.17).

To prove relation (3.18) first we show that GESQ(AR) — ij),(Ak) as
N — oo for all 1 < j,5" < d and Ag € D with the regular system D we are

working with. (Let me recall that the boundary of all sets Ay € D has zero

to measure and hence also zero G( ), measure. )

If j = 5 then this relation follows immediately from the facts that G(N)

Gg-?j), G%(@Ak) =0foralll <|k| <M, and Gg.’j) is a locally finite measure
for all N = 0,1,2,.... If j # 4/, then we have to apply a more refined
(N)

argument, since in this case we only know that G’ p is a complex measure
with locally finite total variation. In this case we will exploit that the matrix
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valued measures (G( )) 1 < 4,7 < d, are positive semidefinite. This implies

that the Radon—Nikodym derivatives g( ,) of the complex measures G( )
with respect to the dominating measure un have the following property
For all N =0,1,2,... and 1 < 5,5 < d such that j # j’ the 2 x 2 matrices

(V) (V)
L. g z), g x
g (@lj, i) = < va>( : M(N()) )

g (@), ngo (@)

are positive semidefinite for py almost all z € R”. Let us deﬁne for all
non-negative functions v(z), x e R” the vector S(z|v) = (V/v(x), /v

By exploiting that the matrices (™) (z|j, ;') are positive sermdeﬁnlte we get
that

Jo@) G (de) + G (dx) + G (dz) + GUY) (da)]

= [ S(x|v)g™ (|4, 5)S (z|v)* pn (dz) >0

for all functions v such that v(x) > 0, z € R”. Hence H(N) = [G(N) —{—G(N)—l—

G( ) + G(, ),} is a locally finite measure on R". Moreover H (]]V,) — H]( ]), as

N — oo. This implies that H( )(Ak) — H( )(Ak) therefore G( )(Ak)

G§Ng)(A ) — G( ) H(Ag) + G(O) (Ak) as N — oo for all A, € D.
We get sumlarly by Workmg with the Vectors R(x|v) = \/7 F

instead of the vectors S(z|v) = \/ ), v/v(x)) for all functions v(z) > 0,
x € R”, that KJ(]JV,) = [G( )+ G ) ZG —i— G(,j),] is a a locally finite

measure for all N = 0,1,2,..., and K](.j) 5 j(g), as N — oo. Thus

K(N)(Ak) — K(.O.) (Ag), therefore G(.N)(A ) — Gy\;)(Ak) — G(j) (Ag) —
Gg )J(A )as N — oo for all Ay € D. These relations imply that G( )(Ak)
)

J

0
Oj,(A ) for all A, € D.

Let us define for all N =0, 1,2, ... and our regular system D = {A, 1 <
|k| < M} the Gaussian random vector

ZN(D) = (ReZG(N) (Ag), Im Zgv) j(Ag), [k < M, 1§j§d)

I claim that the elements of the covariance matrices of the random vectors
ZN (D) can be expressed by means of the numbers G( )(Ak) 1<kl <M
and 1 < j,5 < d, and the covariance matrices of ZN(D) converge to the
covariance matrix of Zy(D) as N — oo. (In the proof of this statement
I repeat some arguments applied in the investigation of random spectral
measures in Section 3 of [10].)
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To prove these relations observe that

Za j(Ak) + Zgmv j(Ak)
5 )
Zaw j(Ak) = Zamn j(Ak)
2i ’
and Zgw) j(Ar) = Zgwv j(=Ak) = Zgv j(A—k). (In the last identity we
also exploited the properties of the regular systems D.) Also the properties of

the regular systems imply that if Ay, A; € D, then we have either Ay, NA; =
Ay or AL N A; = (. The first identity holds if [ = k and the second one if
I # k. Hence we have either EZqv) ;(Ak)Zgwv) j(Ar) = G;J;/)(Ak) if k=1
or EZgw j(Ak)Zgw jy(Ar) = 0if k # I. These relations imply that we can
express all covariances

ERe Zgv) j(Ak)Re Zgn (A1), ERe Zgw) j(Ag)Im Zgovy 1(A)

and FIm ZG(N)J(Ak)Im ZG(N),]/(AZ)

Re Zgw) j(Ax) =

Im Zgo) j(Ag) =

with the help of the quantities G/ (Ay), 1 < j,j' < d, 1 < |[k| < M. The

convergence of the numbers GS}Q(Ak) to Gg.?j),(Ak) also implies that the
covariance matrices of Zy (D) converge to the covariance matrix of Zy(D)
as N — oo.

The convergence of the covariance matrices of the Gaussian random vec-
tors Zn(D) with expectation zero also implies that the distributions of
ZN(D) converge weakly to the distribution of Zy(D) as N — oco. But then
the same can be told about any continuous functions of the coordinates
of the random vectors Zy (D). Because of the definition of the multiple
Wiener—It6 integrals of simple functions the random variables Yy in for-
mula (3.18) are polynomials, hence continuous functions of the coordinates
of the random vectors Zy (D). Besides, these polynomials do not depend
on the parameter N. Hence the previous results imply that formula (3.18)
holds. Proposition 3.1 is proved. O

To simplify the application of Proposition 3.1 we also prove the following
lemma.

Lemma 3.2. Let us have a sequence of matriz valued spectral measures
(G;g,)), N=12,...,1<4j <d, on the torus [-Anm, AN7|" such that
AN — 00, and G;g,) S Gf}, with some complexr measure (Gg.?j),)) with locally
finite total variation for all 1 < j,5' < d as N = oo. Then G0 = (Gg.?j),),
1< 7,7 <d, is a positive semidefinite matriz valued even measure on RY.

Remark. Lemma 3.2 helps to show that in many interesting cases the limit

matrix GO = (G§O]?,), 1 < j,§ < d, of the spectral measures G&V) = (GE.J;.T,)),
1 <4, <d, N =1,2,..., in Proposition 3.1 is the spectral measure of

a generalized stationary Gaussian random field. Indeed, in Theorem 4.1
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of [10] it was shown that a positive semidefinite matrix valued measure on
RY whose distribution is moderately increasing at infinity is the spectral
measure of such a random field. (See Section 4 of [10] for the definition of
these notions.) So by Lemma 3.2 to prove that G is the spectral measure
of a generalized stationary Gaussian random field it is enough to show that
the distribution of G(°) is moderately increasing.

Proof of Lemma 3.2. We have to show that (Gg.?j),), 1 < 4,5 <d, is
a positive semidefinite matrix valued measure. To do this take a vector
v(z) = (vi(z),...,v4(x)) whose coordinates vi(x), 1 < k < d, are continu-
ous functions with compact support. We have

d d
I S5 [ @) =33 [ 2o
j=1j/=1

Jj=14'=1
(3.19)
The identity in (3.19) holds, since G( ,) 5 G; J) for all 1 < j,5' < d. The
inequality at the end of (3.19) also holds7 because (G;j,)), 1<j4,5 <d,is

a positive semidefinite matrix valued measure for all N = 1,2, ..., and this
implies that the left-hand side of (3.19) is non-negative for all N = 1,2, .. ..

Thus we got that if g( )(x) is the Radon—Nikodym derivative of G¢ j)/ with
respect to some domlnatlng measure fio in the point x € RY for all 1<
4,7" < d, we take the d x d matrix g0 (z) = (g](.(;.),( ), 1 < 74,7 <d, and the
coordinates of the vector v(z) = (vi(x),..., Ud(;v)) are continuous functions
with compact support, then

[ @19 @ @l da) = .

In the proof of Theorem 2.2 of [10] we have shown that this relation implies
that (G(O)) 1 < 7,7 <d, is a positive semidefinite matrix valued measure.

We still have to show that the complex measure G( ), with locally finite

variation is even for all 1 < 7,5 < d. To do this fix a pair 7,7 of indices,
1 < 4,7 <d, and define for all N =0,1,2,... the complex measure (G’)( )

by the relation (G’ )§];[,) (A) = Gﬁ.f}[,)(—A) for all bounded, measurable sets
A C R”. It is not difficult to see that not only G(.N) 5 G(.O?,, but also
(G’);g) (G”) ;a8 N — oo. The evenness of the measures G(N) for
N =1,2,... means that G( ,) = (G’)( ) for all N = 1,2, . By taking the

limit N — oo we get that G( ), = (G’)(OJ) This means that G(j) is an even
complex measure with locally finite variation. Lemma 3.2 is proved. (]
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APPENDIX A. ON THE RESULTS IN SECTION 2.

The Appendix consists of two parts. In the first part some questions
related to Section 2 while in the second part some questions related to
Section 3 are discussed.

In the first part the idea of the proof of It6’s formula is explained together
with the reason why to work with Wick polynomials in it. It is also shown
how It6’s formula can be applied in the proof of the other results in Section 2.

The second part deals with the investigation of limit problems for non-
linear functionals of a stationary Gaussian random field and the content
of Proposition 3.1. Here I try to explain the role of the compactness type
condition (b) in this proposition with the help of an example.

First I try to explain the idea behind the proof of It6’s formula. To do
this first I consider its one-dimensional version. In that case we want to
prove the following statement. Let ¢(x), o(—x) = ¢(z), be such a function
for which [ |¢(2)|?G(dz) = 1 with a spectral measure G, and consider
a random spectral measure Zg corresponding to the spectral measure G.
Then Y = [ p(2)Zg(dz) is a standard normal random variable, and the

identity

i, ([ e@1zotan)) = [ o)+ plonZotdnn) .. Za(ds). (&)

holds for all n > 1. Actually, It6’s formula is a more general result, but here
it will be enough to consider this special case.

It is proved in the general theory that the above-defined random vari-
able Y has standard normal distribution. Formula (A.1) is proved by induc-
tion with respect to n. In this induction, we apply the recursion formula (2.2)
for Hermite polynomials and the diagram formula for the product of multiple
Wiener—It6 integrals. We exploit that they “fit to each other”.

Formula (A.1) clearly holds for n = 1. To prove it for n if we know it for
m < n we rewrite the left-hand side of (A.1) with the help of the recursion
formula (2.2). We rewrite the random integral

/go(:z‘l)---go(xn)Zg(dwl)...Zg(d:rn)

at the right hand of (A.1) by means of the identity that we get by applying
the diagram formula for the product

/@(331) e plan ) Za(dxr) .. Zel dan 1) /@(az)Zg(d:L‘).

(I remark that Proposition 5.1 of [8] yields a generalization of the formula we
get in such a way.) Then some calculations with the help of these formulas
and the inductive hypothesis yield the proof of formula (A.1) for n.

[t6’s formula for vector-valued stationary Gaussian random fields can be
proved by an appropriate adaptation of the above argument. In the proof,
we apply a useful special case of the diagram formula for vector-valued
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stationary Gaussian random fields presented in [10]. It is formulated in the
corollary of Theorem 6.1 in[10].

On the other hand, we need a new identity instead of formula (2.2) in the
proof that we can formulate it with the help of Wick polynomials. This was
the reason for the introduction of Wick polynomials in this paper. They
are defined in Section 2 with the help of some results in [10]. First we
have to understand that this definition is correct. Namely, we have to show
that the Wick polynomial : P(&y,...,&y,): of a homogeneous polynomial
P(&1,...,&mn) of order n depends only on the random variables &1, ..., &n,
although in its definition we applied a projection to a Hilbert space H,,
which may depend on other random variables, too.

The result of Theorem 2B implies the correctness of this definition.It
states that the value of the Wick polynomial does not change if we take
projection to the Hilbert space H,, (&1, . - ., &n) introduced before the formu-
lation of this result instead of the projection to H,. The definition of this
new Hilbert space is similar to that of H,,, the only difference is that here
we work only with the random variables &1, ..., &,.

The proof of Theorem 2B exploits the following property of Gaussian
random vectors. If some coordinates of a Gaussian random vector are un-
correlated, then they are also independent. This implies that the elements of
the underlying Gaussian random field can be decomposed as X; = 11+ 2.,
t € T', in such a way that 7, ; is a linear combination of the random variables
&1, ..., &m, while 12 is uncorrelated, hence independent of them. The proof
of Theorem 2B is based on this fact. I omit the details of the proof.

Theorem 2B implies in particular that :£": = H,(§) if € is a standard
normal random variable. Corollary 2C describes a deeper relation between
Hermite and Wick polynomials. This can be exploited. For instance, iden-
tity (2.3) formulated in Proposition 2.1 can be proved with its help and
formula (2.2) about Hermite polynomials. This identity plays an important
role in the proof of It6’s formula.

The proof of It6’s formula for vector-valued stationary Gaussian random
fields is made with the help of the identity (2.3) for Wick polynomials and
the Corollary of Theorem 6.1 in [10] which is a special case of the diagram
formula for vector-valued stationary Gaussian random fields. It is a natural
adaptation of the previously discussed proof in the scalar-valued case.

It is easy to deduce from Theorem 2.2 its Corollary. In this Corollary the
Wick polynomials of such homogeneous polynomials are considered whose
arguments are elements of one of the Hilbert spaces H1 j, 1 < j < d. In the
Corollary of Theorem 2.2 such expressions are expressed in the form of a sum
of multiple Wiener-It6 integrals. The class of homogeneous polynomials
considered in the Corollary of Theorem 2.2 is fairly large. This fact is
exploited in the proof of Proposition 2.3, which states that the set of all
finite sums of n-fold Wiener—It6 integrals constitute an everywhere dense
class of functions in H,,.
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In the last result of Section 2, in Theorem 2.4 a random variable, defined
in formula (2.6) in the form of a multiple Wiener—It6 integral is considered,
and its shift transforms are calculated in formula (2.8). This is an impor-
tant result, and its proof is based also on the It6 formula. The validity of
formula (2.8) can be checked first for the shifts of one-fold Wiener—Ito inte-
grals. Then it can be proved with the help of It6’s formula for such multiple
Wiener—It6 integrals whose kernel functions have the special form

h(z1,...,xn) = @1(x1) - - on(Tn).

After this Proposition 2.4 can be proved in the general case by means of a
standard method.

APPENDIX B. ON THE RESULTS IN SECTION 3.

At the beginning of Section 3 I formulated a limit problem. I con-
sidered a vector-valued stationary Gaussian random field X (p), p € Z”,
defined a Wick polynomial of order k of the coordinates of the vector
X(0) = (X1(0),...,X4(0)), and I was interested in a limit problem for
the expressions Sy defined in (3.3). These expressions are normalized par-
tial sums whose elements are shift transforms 7,Y(0) of the random vari-
able Y(0) defined in (3.4).

This problem is a multivariate version of the problem studied in [5].

The expressions Sy can be rewritten in an interesting simple form. To
do this first we rewrite the random variable Y(0) in the form of a sum of
multiple Wiener—It6 integrals and express its shift transforms 7},Y"(0) with
the help of Proposition 2.4. This enables us to express the appropriately
rescaled versions of the random variables S,, as sums of multiple Wiener—Ito
integrals with such kernel functions which have a limit as N — oo. This
is done in (3.7). This formula suggests that if the matrix valued spectral
measures GV defined in Section 3 have a limit, then the normalized versions
of the random variables Sy are convergent in distribution, and we can get
their limit by means of a natural limiting procedure. Maybe, this limiting
procedure can be carried out only under some not too restrictive additional
conditions. If this limiting procedure can be carried out then we get a limit
theorem for the normalized versions of the random variables S,,.

Proposition 3.1 gives a useful sufficient condition for the application of
such a limiting procedure. In its formulation some random variables Zy,
N =0,1,2,..., defined in (3.9) and (3.12) are considered. First it is shown
that under the conditions of Proposition 3.1 these random variables exist
(the multiple integrals appearing in their definition are well-defined), and

then also the convergence Zy 2 Zy is proved.
The conditions of Proposition 3.1 formulated in part (a) are natural.
They demand that the kernel functions h;-\lf ik (z1,...,z)) of the random

integrals in Zy and the matrix valued spectral measures GY) converge to

h‘}l,..., i (z1,...,23) and G in an appropriate way. (Actually, there is also
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a hidden condition here. The functions hgl,...,jk (x1,...,x) must be contin-
uous. In the scalar-valued version of this result, in Proposition 8.3 of [8] a
slightly weaker continuity condition is imposed. Here we do not discuss the
question how the continuity property in Proposition 3.1 can be weakened.)

On the other hand, part (b) of Proposition 8.3 contains an additional
condition that deserves special attention. We can understand its role better
by considering the application of Proposition 3.1 in the proof of the main
result in [11] or the application of its scalar-valued version in the proof of
Theorem 8.2 in [8].

In Theorem 8.2 of [8] a scalar-valued stationary Gaussian random field
X(p), p € Z", is considered. The random variables Y (p) = Hi(X(p)) =
T,Y (0) are introduced, where Hy(-) is the Hermite polynomial of order k,
and the normalized partial sums Sy are defined by formula (3.3) with
these random variables Y (p). A non-central limit theorem is proved with
normalizing constants Ay = NY~%/2L(N)¥/2 if the correlation function

r(p) = EX(0)X(p) satisfies the relation r(p) = |p|~“a (n%) L(jp|) with

some 0 < a < 7, where L(-) is a slowly varying function at infinity, and
a(-) is a function on the unit sphere of R”. It shows the dependence of the
correlation function r(p) on the direction of the vector p.

Paper [11] contains a multivariate version of this result. Here a vector-
valued stationary Gaussian random field X (p) = (X1(p), ..., Xa(p)), p € Z¥,
is considered, and a limit theorem is proved for the random variables Sy,
defined in (3.3) and (3.4) under appropriate conditions. A condition, similar
to the condition of the correlation function in Theorem 8.2 of [8] is imposed
on the correlation function r;;(p) = EX;(0)X;/(p) which is described in
formula (1.3) of [10]. A non-central limit theorem with normalizing constants
An = NV=ka/2[(N)*/2 is proved if this condition holds for the correlation
function with exponent 0 < o < 7.

It is worth understanding why the condition o < 7 in the exponent of
the formula expressing the decrease of the correlation function is needed
in the proof of these results. In the first step of these proofs, we have to
describe the asymptotic behavior of the spectral measure of the underlying
stationary Gaussian random field. In the scalar-valued case this is done
in Lemma 8.2 of [8]. It describes the limit behavior of the appropriately
rescaled versions G of the spectral measure G of the stationary Gauss-
ian random field we are working with. These measures are defined by the
identity Gy(A) = %G (%) for all measurable sets A. In this lemma, it
is proved that these measures Gy have a vague limit Gy as N — oo, and
the limit measure has the homogeneity property Go(A) =t~ *G(tA) for all
measurable sets A and ¢ > 0. There is a similar result also in the case of
vector-valued stationary Gaussian fields.

The above results imply that the spectral measures and kernel functions
in the representation of Sy in formula (3.7) satisfy the starting conditions
of Proposition 3.1 if the correlation function of the underlying stationary
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Gaussian field has such an asymptotic behavior at the infinity as it is de-
manded in the above-mentioned results. Moreover, they are satisfied if the
correlation function satisfies the desired relation with arbitrary “homogene-
ity parameter” v > a > 0.

One would like to understand where we exploited the condition o < ¢,
and what can be told if this condition is violated. (The number k was
the order of the Wick polynomial we were working with.) This question is
related to condition (b) in Proposition 3.1. It is proved that this condition
is satisfied under the additional condition v < 7. (This is proved in [5]
or [8] in the scalar and in [11] in the vector-valued case.) On the other
hand, it can be proved that if the asymptotic formula prescribed for the
correlation function satisfies the prescribed asymptotic relation with a > %,
then relation (3.11) does not hold, and as a consequence, the definition of
the random variable Zj in (3.12) is incorrect.

We have a more detailed knowledge on the behavior of the random sum Sy
defined in (3.3) if o > 7. Tt is known that it satisfies the central limit theorem
with the standard normalization N*/2. This follows from the central limit
theorem proved in [3] in the scalar and in Theorem 4 of [1] in the vector-
valued case. One only has to check that the conditions of these results
are satisfied in this case, and this can be done by calculating the necessary
covariances. A similar central limit theorem also holds if o = 7, but in this
case, it may happen that the norming constant is N*/2L(N) with a slowly
varying function L(N) tending to infinity as N — oc.

The above-discussed results suggest the following heuristic picture about
a generalized version of the results discussed in the Appendix.

Let us have a stationary Gaussian random field X (p), p € Z” and a
non-linear functional ¥ of this random field. Take the shifts Y (p) = T,,Y,
p € Z¥, of this non-linear functional, and consider their normalized sums Sy
defined in formula (3.1). We are interested in what kind of limit theorem
holds for this sequence Sy as N — oo with an appropriate norming constants
Apn. In Section 3 we considered a special case of this problem and proved
that it can be reformulated to the problem about the limit theorem for a
sequence Zy defined in (3.9). Such a sequence has a limit if the kernel
functions and spectral measures in the definition of Zn behave nicely. A
similar reformulation of the above-mentioned limit problem is possible in a
more general case, only different kernel functions appear in the definition
of the random integrals in (3.9). Proposition 3.1 may help in the study of
the limit behavior of the random variables Zy defined in (3.9). It turned
out that condition (b) of Proposition 3.1 is an important condition of this
result. Let us understand its role better.

Condition (b) of Proposition 3.1 is a compactness type condition formu-
lated in (3.10). Let us consider the integrals in it when we integrate on the
whole space R”. If the values of these integrals tend to infinity as N — oo,
then for large N the essential part of the random integrals in (3.9) comes
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from a region that contains vectors in R*” with very big norms. It is natural
to expect that in such cases the random variables Zy satisfy the central limit
theorem with the classical norming constants Ay = N*/2 under very general
conditions. Such a result is proved besides the above-mentioned papers [1]
and [3] also in the book [12]. On the other hand, Proposition 3.1 implies the
existence of a non-Gaussian limit, expressed by means of a sum of multiple
Wiener—It6 if the spectral measures and the kernel functions have a limit,
and condition (b) of Proposition 3.1 holds.
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