The theory of Wiener—Ito integrals in vector

valued Gaussian stationary random fields.
Part [

Péter Major
Alfréd Rényi Institute of Mathematics
Budapest, P.O.B. 127 H-1364, Hungary, e-mail:major@renyi.hu
Dedicated to the memory of Roland Lvovich Dobrushin
whose ideas appear in this paper *

August 30, 2022

Abstract: The subject of this work is the multivariate generalization of the the-
ory of multiple Wiener-It6 integrals. In the scalar valued case this theory was
described by the author in 2014. The proofs of the present paper apply the tech-
nique of that work, but in the proof of some results new ideas were needed. The
motivation for this study was a result in the paper “Limit theorems for nonlin-
ear functionals of a stationary Gaussian sequence of vectors” (1994) by Arcones,
which contained the multivariate generalization of a non-central limit theorem
for non-linear functionals of Gaussian stationary random fields presented in a
paper by R. L. Dobrushin and the author. However, the formulation of Arcones’
result was incorrect. To present it in a correct form the multivariate version of
the theory explained in my work of 2014 has to be worked out, because the
notions introduced in this theory are needed in its formulation. This is done in
the present paper. In its continuation it will be explained how to work out a
method with the help of the results in this work that enables us to prove non-
Gaussian limit theorems for non-linear functionals of vector valued Gaussian
stationary random fields. The right version of Arcones’ result presented also in
the introduction of this work will be formulated and proved with its help in a
future paper of mine.

1 Introduction. An overview of the results.

Let X (p) = (X1(p), ..., Xa(p)), p € Z¥, where Z" denotes the lattice points with
integer coordinates in the v-dimensional Euclidean space R”, be a d-dimensional
real valued Gaussian stationary random field with expectation EX(p) = 0,
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p € Z¥. We define the notion of Gaussian property of a random field in the
usual way, i.e., we demand that all finite sets (X (p1),...,X(pr)), p; € Z",
1 < j < k, be a Gaussian random vector, and we call a random field X (p),
p € ZV, stationary if for all m € Z" the random field X (™) (p) = X (p + m),
p € 77, has the same finite dimensional distributions as the original random
field X (p), p € Z¥. In most works only the case v = 1 is considered, but since
we can prove our results without any difficulty for stationary random fields with
arbitrary parameter v > 1 we consider such more general models.

Our goal is to work out a good calculus which provides such a representation
of the non-linear functionals of our vector valued Gaussian stationary random
field which helps us in the study of limit theorems for such functionals. To
understand what kind of limit theorems we have in mind take the following
example.

Let us have a function H(x1,...,x4) of d variables, and define with the help
of a d-dimensional vector valued Gaussian stationary random field

X(p) = (X1(p), ..., Xa(p)), peZ’,

and this function the random variables Y (p) = H(X1(p),...,Xa(p)) for all
p € Z¥. Let us introduce for all N =1,2,... the normalized sum

Sv=4y Y Y() (L1)
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with an appropriate norming constant Ay > 0, where
By ={p=(p1,.--»pv): 0<pr <N foralll<k<v}. (1.2)

We are interested in a limit theorem for these normalized sums Sy with an
appropriate norming constant Ay as N — oo. In particular, we want to know
when we get a classical central limit theorem with the natural normalization
An = N¥/? and when appear new kind of limit theorems. These questions were
studied in the special scalar valued case d = 1 in papers [2] and [5]. Arcones
investigated the multivariate generalization of the results in these papers.

He proved the multivariate version of the result in paper [2] which states
that if the covariance function of the underlying Gaussian field tends to zero
sufficiently fast at infinity, and the function H(z1, ..., z4) has some nice proper-
ties, then the central limit theorem holds with the classical normalization. (He
considered only the case v = 1, but this restriction has no great importance.)
In Theorem 6 of his paper he also formulated a result about a non-central limit
theorem under appropriate conditions. But there are some serious problems
with that result. Arcones wanted to prove a multivariate generalization of the
result in paper [5], but to do this he should have solved some problems whose
discussion he omitted.

The Gaussian limit theorem can be proved in the multivariate case by means
of a natural generalization of the method in paper [2], or one can apply some
more powerful new method, (see for example [13]), but in the proof of the



multivariate generalization of the non-central limit theorem 6 in paper [1] some
new problems appear whose solution demands hard work.

The first problem is related to the formulation of the result. In paper [5]
the limit distribution is presented by means of a multiple Wiener-It6 integral
with respect to the random spectral measure of a one-dimensional stationary
(generalized) Gaussian random field. This random integral was introduced in
the paper of Dobrushin [4], and it is explained in more detail in my Lecture
Note [9]. But this notion was worked out in Dobrushin’s paper only for scalar
valued random fields, and the limit distribution in Theorem 6 of Arcones’ pa-
per is presented with the help of Wiener—It6 integrals with respect to random
spectral measures corresponding to vector valued stationary Gaussian random
fields. Such integrals were not defined before, and their definition is far from
trivial. The goal of the present paper is to fill this gap. Here the multivari-
ate random spectral measures will be introduced together with the multiple
Wiener—it6 integrals with respect to them, and their most important properties
will be proved. This is needed for the right formulation and proof of Arcones’
result. I shall formulate the right version of this result in the introduction of
this paper, but its proof will be given only in paper [12] with the help of the
results in this work and its continuation [11].

To understand what kind of problems we meet in this paper let us first
consider briefly how the theory of Wiener—It6 integrals was worked out for scalar
valued random fields by It6 in [8] and Dobrushin in [4].

It6 considered a Gaussian random field in [8] whose elements could be ex-
pressed as random integrals with respect to a Gaussian orthogonal random
measure. He also defined multiple random integrals (called later Wiener—Itd
integrals in the literature) with respect to this orthogonal random measure,
and expressed all square integrable random variables measurable with respect
to the o-algebra generated by the elements of the Gaussian orthogonal random
measure as a sum of such multiple integrals. The introduction of this integral
turned out to be useful, because it helped in the study of non-linear functionals
of the Gaussian random field defined by means of this integral. In particular,
It6 found a very useful relation, called It&’s formula in the literature, between
the multiple random integrals he defined and Hermite polynomials.

Later Dobrushin worked out a version of this theory in [4], where he studied
non-linear functionals of a stationary Gaussian random field. In such a random
field a spectral and a random spectral measure can be defined in such a way
that the elements of the stationary Gaussian random field can be expressed in a
special form of (one-fold) random integrals with respect to the random spectral
measure. These random integrals can be considered as the Fourier transforms of
the random spectral measure. Dobrushin defined also multiple random integrals
with respect to this random spectral measure, and studied their properties. He
proved that these random integrals defined with respect to the random spectral
measure have similar properties as the multiple integrals introduced by It6. In
particular, he proved It6’s formula for this new type of random integrals. This
enabled him to express all square integrable random variables measurable with
respect to the o-algebra generated by the elements of the original stationary



Gaussian random field as a sum of multiple random integrals with respect to
the random spectral measure. He also found a simple and useful formula for the
calculation of the shift transforms of a random variable which is presented as a
sum of multiple random integrals. With the help of these results the normalized
random sums Sy defined in (1.1) can be expressed in a simple and useful form
if the underlying stationary Gaussian random field is scalar valued (i.e., d = 1).
This representation of the normalized random sums Sy made possible to prove
the limit theorems in [5].

We want to prove the generalization of the results in [5] for non-linear func-
tionals of vector valued stationary Gaussian random fields. The first step of this
program is to work out the multivariate version of Dobrushin’s theory, and this
is the subject of the present paper.

First we have to define the spectral and random spectral measure of vector
valued stationary Gaussian random fields, and this is the subject of Sections 2
and 3. To do this the multivariate version of some classical results has to be
proved. In the scalar valued case a spectral measure can be defined whose
Fourier transform is the correlation function of the stationary random field
we are working with. In the case of a vector valued stationary random field
of dimension d the correlation function is a d X d dimensional matrix valued
function. It can be shown that there exists a d x d dimensional matrix valued
measure on the d dimensional torus [—m,7)¢ for which each coordinate of the
matrix valued correlation function is the Fourier transforms of the corresponding
coordinate of this matrix valued measure. This measure is called the spectral
measure of the random field. In the scalar valued case, i.e., if d = 1 the spectral
measure is a positive measure, while in the vector valued case it is a positive
semidefinite matrix valued measure. A more detailed description of these results
together with their proofs is given in Section 2.

In Section 3 the so-called random spectral measure corresponding to a vector
valued stationary Gaussian random field is defined. It is a vector valued random
measure with the same dimension d as the underlying vector valued stationary
Gaussian random field. Its distribution is determined by the spectral measure
of the underlying random field. A random integral can be defined with respect
to the coordinates of the random spectral measure, and each coordinate of the
elements of the underlying vector valued Gaussian random field can be expressed
by means of an appropriate random integral with respect to the corresponding
coordinate of the random spectral measure. Because of the form of this integral
this result can be interpreted so that the underlying stationary Gaussian random
field is the Fourier transform of the random spectral measure corresponding to
it. The construction of the random spectral measure and the description of its
most important properties is given in Section 3.

Moreover, we need later the notion of spectral measures and random spectral
measures corresponding to stationary generalized random fields, and they are
introduced in Section 4. In the main text of this paper a more detailed, precise
definition of these notions will be given. We have to define these objects, because
we can formulate the limit in the limit theorems we are interested in in this paper
by means of multiple random integrals with respect to the random spectral



measures corresponding to stationary generalized random fields.

Then I define the multiple Wiener—It6 integrals with respect to the coor-
dinates of a vector valued random spectral measure in Section 5, and I also
prove there their most important properties. In Section 6 I prove an important
result, called the diagram formula which enables us to express the product of
two multiple Wiener—Ito integrals as the sum of appropriately defined multiple
Wiener-It6 integrals. The present paper contains these results.

In the continuation of this paper, in work [11] I work out the basic tools
needed in the proof of such non-central limit theorems as the multivariate gen-
eralization of the limit theorem in [5]. First I prove, with the help of the above
mentioned diagram formula, an important result about the relation between
multiple Wiener—Ito integrals and Wick polynomials of Gaussian vectors. Wick
polynomials are the several dimensional generalizations of Hermite polynomi-
als, and the result mentioned before is the natural multivariate generalization
of It&’s formula. Besides, [11] contains a formula that enables us to express the
shift transforms of a random variable given in the form of a sum of multiple
random variables in a useful form. These results enable us to rewrite the nor-
malized random sums Sy defined in (1.1) in a form which helps in the study
of limit theorems. They enabled me to formulate and prove in [12] the right
version of Theorem 6 in Arcones’ paper [1].

Next I briefly describe the right version of Arcones’ non-central limit theo-
rem. In its formulation we consider d-dimensional stationary Gaussian random

fields
X(p) = (X1(p),...,Xa(p)), EX;(p)=0foralll<j<vandpeZ,

whose covariance function r; ;(p) = EX;(0)X;(p), 1 < j,j' < d, p € Z",
is such a matrix valued function whose coordinates decrease asymptotically
polynomially at infinity with some power 0 < o < v. More generally, this
behaviour may be slightly modified by multiplication with a slowly varying
function. More explicitly, we demand that

, r5.5'(P) — az 5 ({5l = L(|p])
lim sup — =0 (1.3)
T=%0 p: pezv, |p|>T lpl=*L(lp])

for all 1 < 4,5 < d, where 0 < o < v, L(t), t > 1, is a real valued function,

slowly varying at infinity, bounded in all finite intervals, and a; ;/(¢) is a real

valued continuous function on the unit sphere S,_1 = {z: = € RY, |z| = 1},

and the identity aj ;j(z) = a; ;7 (—x) holds for all z € §,—1 and 1 < j, 5’ < d.
For the sake of simpler discussion we also demand that

EX2(0)=1forall 1 <j <d, and EX;(0)X;/(0) = 0if j # 5, 1<j,5 % d.)
1.4
This is not an essential restriction, as it is explained in [12].
We want to describe the limit behaviour of some non-linear functionals of
such a random field. To do this first we describe the asymptotic behaviour of



its spectral measure. To formulate such a result let us introduce the following
notation.

Given a vector valued stationary random field X (p) = (X1(p), ..., Xa(p)),
p € ZV, with expectation zero and covariance function 7; j(p) = EX;(0)X; (p),
1 < 34,7 <d, p € Z” that satisfies relation (1.3), let us consider its matrix
valued spectral measure G = (Gj /), 1 < j,j' < d, on the torus [—m, m)". Take

its rescaled version G(N) = (G;’I}/,), 1<y4,5 <d,

N® A
MUy =—"—G, (=), AeB’, N=12,..., 1<jj <d (L5
],]( ) L(N) 753 N ’ € ’ < ’ >7) xa ( )
concentrated on [—~Nm, N7)” for all N = 1,2,..., where B denotes the o-

algebra of the Borel measurable sets on R”. In the next result we give the
limit of the matrix valued measures GV), as N — co. Since the coordinates of
the matrices GV) are non-probability measures and their limits are non-finite
measures, we have to introduce the right form of convergence which will be
applied in the limit theorem we shall describe. In paper [12] the so-called vague
convergence of complex measures are defined, (more precisely its definition is
recalled). In this definition also the notion of complex measures with locally
finite measures appear whose definition is explained in Section 4 of this paper.
This notion was introduced, because they are needed in the study of spectral
measures of stationary generalized fields, and we want to work with such objects.
In the presentation of the limit theorem I want to discuss we need the result
of Proposition 1.1 of [12] whose formulation applies the above notions. This
Proposition 1.1 agrees with the following result.

Proposition 1.1. Let G = (G ;) be the matriz valued spectral measure of a
d-dimensional vector valued stationary random field whose covariance function
.5 (p) satisfies relation (1.3) with some parameter 0 < a < v. Then for all
pairs 1 < 7,7 < d the sequence of complex measures G;fj,) defined in (1.5) with

the help of the complex measure G; j tends vaguely to a complex measure G;?},

on RY with locally finite total variation. These compler measures Gg»?j),, 1<
4,3 < d, have the homogeneity property

G\ (A) =t72G),(tA)  for all bounded A € BY, 1< j,j' <d, andt > 0.
(1.6)
The complex measure Gf}, with locally finite variation is determined by the
number 0 < a < v and the function a; j(-) on the unit sphere S,_1 introduced
in formula (1.3).
There exists a vector valued Gaussian stationary generalized random field
on RY with that matrix valued spectral measure (Ggf?,), 1 < 4,7 <d, whose

coordinates are the above defined complex measures Gg-?j),, 1<4,5' <d.

In the non-central limit theorem I shall describe the limit of random variables
Sy defined by formulas (1.1) and (1.2) with the help of a vector valued station-
ary Gaussian random field whose correlation function satisfies relations (1.3)



and (1.4) and an appropriate norming constant Ay. To give a complete defini-

tion of these random variables we must tell what kind of functions H (x4, ..., zq)
we apply in their definition. I shall choose functions of the following form in
this definition. H(z1,...,24) depends on a previously fixed constant k, and it

has the form

H(Ila"'axd) = Z Ckh---,dekl(xl)"'de(zd) (17)
(K1yeee5ka), k320, 1<5<d,
ki+-+ka=k

with some coefficients cg, ... ,, where Hy(-) denotes the k-th Hermite polyno-
mial with leading coefficient 1.

The limit distribution of the above introduced random variable Sy is de-
sribed in Theorem 1.2A of [12]. This theorem is written down in the following
Theorem 1.2. The limit in this result is presented by means of a multiple
Wiener—It6 integral with respect to the random spectral measure corresponding
to the matrix valued spectral measure (Ggoj),), 1 < 7,4 <d, which appeared in
Proposition 1.1. Let me remark that because of the homogeneity property (1.6)
of this measure Gg J)(R”) = oo for any 1 < j < d. Hence this matrix valued
spectral measure can be defined only as the spectral measure of a generalized

and not as the spectral measure of an ordinary vector valued stationary random
field.

Theorem 1.2. Fiz some integer k > 1, and let X (p) = (X1(p), ..., Xa(p)),
p € Z¥, be a vector valued Gaussian stationary random field whose covariance
function r; j:(p) = EX;(0)X;/(p), 1 < j,j <d, p € Z", satisfies relation (1.3)
with some 0 < o < ¥ and relation (1.4). Let H(x1,...,24) be a function of
the form given in (1.7) with the parameter k we have fized in the formulation
of this result. Define the random wvariables Y (p) = H(X1(p), ..., Xa(p)) for all
p € Z¥ together with their normalized partial sums

Sy = Nv— ka/ZL )k/2 Z Yip

pEBN

where the set By was defined in (1.2). These random wvariables Sy, N =
1,2,..., satisfy the following limit theorem.

Let Zgwoy = (Zgw) 15+ Zgw 4) be a vector valued random spectral measure
which corresponds to the matrix valued spectral measure (G;?j?,), 1<j4,5 <d,
defined in Proposition 1.1 with the help of the matriz valued spectral measure
G = (G} j), corresponding the covariance function r; j (p) we are working with.
Then the sum of multiple Wiener—Ité integrals

@O tad) _q
Sy = S e /H o (1.8)
k

(k1,...,ka), k;j >0, 1<j<d,
ki+-+ka=k

Zao, G(1]ky,.. kd)(dxl)---ZG(O),j(mkl,...,kd)(dl‘k)




exists. (These Wiener—Ito integrals are defined in Section 5 of this paper.) Here
we use the notation x, = (acz(jl), .. ,x,()u)), p=1,...,k, and define the indices
G(slkr, . ka), 1< s <k, as j(slkr,...ka) =7 if S0 ku <7 < 320 ku,
1< s<k. (Fors=1 we apply the notation 22:1 k., = 0 in the definition
of j(1|k1,...,kq).) The normalized sums Sy converge in distribution to the
random variable Sy defined in (1.8) as N — oo.

The indexation of the terms Zg) js(k,,....k,)(d7s) in formula (1.8) can be
explained in a simpler way. In the first k; arguments zi,...,xx, we write
Zgo 1(dzs), 1 < 5 < kg, in the next ky terms we write Zgo) o(dxs), ki +
1 < s < ki + ko, and so on. In the last k; terms we write ZGm),d(dxs),
By +-- 4+ kg1 +1<s< k.

Actually a more general limit theorem is also proved in [12], but its proof is
based on the result of Theorem 1.2. It is worth comparing Theorem 1.2 with
its scalar valued version (i.e., with the result in the case d = 1 proved in [5]).

In paper [5] a result similar to Theorem 1.2 is proved in the scalar valued
case. In that result CHg(x), C # 0, i.e., the k-th Hermite polynomial mul-
tiplied with a non-zero coefficient C' plays the same role as the function H(-)
defined in (1.7) in Theorem 1.2, and the condition ko < v has to be imposed.
The limit is given by formula (1.8) in the case d = 1 with H(z) = CHy(x).
Let me remark that the Wick polynomials, i.e., the multivariate generalizations
of Hermite polynomials appeared in Theorem 1.2 in a hidden way. (See for
example Section 2 of [9] for the definition of Wick polynomials.) Indeed, the
random variables Y (p) = H(X1(p),...,Xa(p)), p € Z¥, defined with the help
of the function H(-) introduced in formula (1.7) are Wick polynomials of or-
der k because of the relation (1.4). (See Corollary 2.3 in [9].) This indicates
that the role of Hermite polynomials in results about scalar valued stationary
Gaussian random fields is taken by Wick polynomials in the their vector valued
counterparts. The next results also show such a correspondence.

The limit theorem in [5] remains valid if we replace the function CHj(z)
in it with such a function H(x) whose expansion with respect to the Hermite
polynomials contains only terms Hy (z) of order ¥’ > k, and the term Hj(x)
has a non-zero coeflicient. The limit is the same as in the case when we take
only the first term const.Hy(x) in the expansion of the function H(x). Similarly,
Theorem 1.2 formulated above in the multivariate case remains valid if such a
random random variable H(X;(0),...,X4(0)) is taken whose expansion with
respect to Wick polynomials starts with a non-zero Wick polynomial of order k,
and ka < v. The limit does not change if we take only the term of order k of
H(X1(0),...,X4(0)) in this expansion.

Let me finally remark that the Theorem holds only under the condition
ka < v. In the case ka > v the central limit theorem holds for Sy with the
usual norming constant Ay = N*/2. This follows from a slight generalization
of the (correct) results in Arcones’ paper [1]. In the boundary case ka = v
the central limit theorem holds again for Sy, but in this case the norming con-
stant may have the form Ay = NYL'(N) with a slowly varying function L'(N)



tending to infinity as N — oco. Let me also remark that the definition of the
limit distribution in Theorem 1.2 given in formula (1.8), is meaningful only for
ka < v. This formula contains a multiple Wiener—It6 integral, and we have to
check whether this Wiener—It6 integral is meaningful. It is explained at the be-
ginning of Section 5 that the multiple Wiener—It6 integrals are defined only with
such kernel functions that satisfy an integrability condition. (This condition is
formulated in property (b) in the definition of a class of functions Ky, j, . ;. -)
It can be seen that the Wiener—Itd integral appearing in formula (1.8) is mean-
ingful if ka < v, because this integrability condition is satisfied in this case. On
the other hand, this integral cannot be defined if ko > v, because in this case
this integrability condition is violated.

1.1 A more detailed description of the results.

Next I give a more detailed overview about the results of this paper.

First I characterize the distribution of the vector valued Gaussian stationary
random fields X (p) = (X1(p),...,Xa(p)), p € Z¥, with expectation zero. This
is the subject of the second section of this work. Because of the Gaussian and
stationary property of such a random field its distribution is determined by the
correlation function r; ;/(p) = EX,;(0)X;/(p) for all 1 < j,j' < d and p € Z".
We are interested in the description of those functions r; ;:(p) that can appear
as the correlation function of a vector valued stationary random field.

In the scalar valued case a well-known result solves this problem. The cor-
relation function r(p) = EX(0)X (p), p € ZY, of a stationary field X (p), p € Z*,
can be represented in a unique way as the Fourier transform of a spectral mea-
sure, and the spectral measures can be characterized. Namely, we call the finite
(non negative), even measures on the torus [—m, )" spectral measures. For any
correlation function r(p) of a stationary field there is a unique spectral measure
p such that r(p) = [ €P®) pu(dz) for all p € Z¥, and for all spectral measures p
there is a (Gaussian) stationary random field whose correlation function equals
the Fourier transform of this spectral measure p.

In Section 2 we prove a similar result for vector valued stationary random
fields. In the case of a vector valued Gaussian stationary random field X (p) =
(X1(p),...,Xa(p)), p € Z¥, we have for all pairs of indices (j,5'), 1 < 4,5 <d,
a unique complex measure G j» on the torus [—m, )" with finite total variation
such that r; j:(p) = EX;(0)X;/(p) = [e®?)G; ;/(dz) for all p € Z¥. This can
be interpreted so that the correlation function r; ;/(p), 1 < j,j' <d,p € Z", is
the Fourier transform of a matrix valued measure (G, /), 1 < j,j’ < d, on the
torus [—m, 7)”. We want to give, similarly to the scalar valued case, a complete
description of those matrix valued measures on the torus [—m, )" for which the
correlation function of a vector valued Gaussian stationary random field can be
represented as its Fourier transform. Such matrix valued measures will be called
matrix valued spectral measures.

As I have mentioned, the coordinates of a matrix valued spectral measure
are complex measures with finite total variation. The scalar valued counterpart
of this condition is the condition that the spectral measure of a scalar valued



stationary random field must be finite. Another important property of a matrix
valued spectral measure is that it must be positive semidefinite. The meaning of
this property is explained before the formulation of Theorem 2.2, and Lemma 2.3
gives a different, equivalent characterization of this property. Let me remark
that in the scalar valued case the spectral measure must be a measure (and
not only a complex measure), and this fact corresponds to the above property
of matrix valued spectral measures. Finally, a matrix valued spectral measure
must be even. This means that its coordinates are even, i.e., for all 1 < j, 5’ < d
and measurable sets A on the torus G;,;/(—A) = G, j(A), where the overline
indicates complex conjugate.

Theorem 2.2 states that the above properties characterize the matrix valued
spectral measures. Let me remark that there are papers (see for example [3], [7]
or [14]) containing the above results, although in a slightly different formulation,
at least in the case v = 1. Nevertheless, I worked out their proof, since I applied
a different method, which is used also in the later part of the paper.

In Section 3, I introduce the vector valued random spectral measures cor-
responding to a matrix valued spectral measure (G;;/), 1 < j,5/ < d. To do
this first I consider a vector valued stationary Gaussian random field X (p) =
(X1(p), ..., Xa(p)), p € Z”, with spectral measure (G, /), 1 < j,j' < d, and
show that a vector valued random measure Zg = (Zg,, - . ., Zq,) can be defined
on the measurable subsets A C [—m, )" of the torus which have some nice prop-
erties. A random integral can be defined with respect to the coordinates of this
random measure, and the coordinates X;(p), 1 <j <d, p € Z", of the random
field X (p) can be expressed as the Fourier transforms of the appropriate coor-
dinate Zg, of this random measure. More explicitly, X;(p) = [ eP?) 7 i(dx)
for all p € Z¥ and 1 < j < d. I remark that the random variables Zg ;(A),
1<j<d, AC|[—mm)", are complex valued.

I have listed some properties of this random measure (Zg 1, ..., Za,q). These
properties determine its distribution, and they depend only on the spectral
measure (G, /), 1 < j,j' < d, of the underlying random field X (p), p € Z".
We shall call the vector valued random measures with these properties a vector
valued random spectral measure corresponding to the matrix valued spectral
measure (Gj;/), 1 < j,j° < d. We can prove that the Fourier transform of
all vector valued random spectral measures corresponding to a matrix valued
spectral measure can be defined, and it is a vector valued Gaussian stationary
random field with this matrix valued spectral measure.

Besides the above results I also proved some important properties of the
random integrals with respect to a vector valued spectral measure in Section 3.
I characterized those functions which can be integrated with respect to these
random spectral measure, and also described those functions whose integrals
are real valued random variables. In particular, I proved that if a vector valued
Gaussian stationary random field X (p) = (X1(p), ..., Xa(p)), p € Z¥, is given,
we fix some parameter 1 < j < d, and take the real Hilbert space consisting of
the closure of finite linear combinations ), ¢xX;(px) with real number valued
coefficient ¢ in the Hilbert space of square integrable random variables, then
each element of this Hilbert space can be expressed as the integral of a function

10



on the torus [—m,7)” with respect to the random spectral measure Zg ;. The
functions taking part in the representation of this Hilbert space also constitute
a real Hilbert space. A more detailed formulation of this result is given in
Lemma 3.2.

It may be worth discussing the relation of the results in Section 3 to their
scalar valued correspondents. The results about the existence of random spec-
tral measures for scalar valued Gaussian stationary random fields give a great
help in proving the results in Section 3. In particular, these results provide the
definition of the random spectral measures Zg ;, and determine their distribu-
tion for all 1 < j < d. The definition of Zg ;, and the properties determining
its distribution depend only on the measure G ;. On the other hand, we had
to carry out some additional work to prove those properties of a vector valued
spectral random measure which determine the joint distribution of their coordi-
nates. The non-diagonal elements G; ;; with j # j’ of the matrix valued spectral
measure (G, ;7), 1 < j,j" < d, appear at this point of the investigation.

The fourth section deals with a special subject, and our motivation to study
it demands some explanation. Here we consider vector valued Gaussian station-
ary generalized random fields.

We could have considered the continuous time version of vector valued sta-
tionary random fields where the parameter set is ¢ € R” and not p € Z".
Here we did not discuss such models, we have considered instead vector valued
Gaussian stationary generalized random fields. This means a set of random
vectors (X1(¢), ..., Xa(p)) with some nice properties which are indexed by an
appropriately chosen class of functions. The precise definition of this notion
is given in Section 4. We have constructed a large class of Gaussian station-
ary generalized random fields, presented their matrix valued spectral measures,
and constructed the vector valued random spectral measures corresponding to
them. In [9] the notion of Gaussian stationary generalized random fields was
introduced and investigated in the scalar valued case. Some useful results were
proved there. It was shown, with the help of some important results of Laurent
Schwartz about distributions (generalized functions), that in the scalar valued
case the class of Gaussian, stationary generalized random fields constructed in
such a way as it was done in the present paper contains all Gaussian stationary
generalized random fields. (Here I consider two random fields the same if their
finite dimensional distributions agree.) Similarly, it is very likely that also in
the multivariate case all stationary generalized Gaussian random fields can be
constructed by the method described in this paper. But I did not study this
question, because I was interested in a different problem.

Although the theory of generalized random fields is an interesting subject
in itself, I investigated it for a different reason. I was interested in the matrix
valued spectral measures of vector valued Gaussian stationary generalized ran-
dom fields and the vector valued random spectral measures corresponding to
them and not in the Gaussian, stationary generalized random fields which were
needed for their construction. They behave similarly to the analogous objects
corresponding to (non-generalized) Gaussian stationary random fields. We can
work with them in the same way. Nevertheless, there is a difference between
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these new spectral and random spectral measures and their previously defined
counterparts which is very important for us. Namely, the coordinates of a ma-
trix valued spectral measure corresponding to a non-generalized random field
are complex measures with finite total variation, while in the case of generalized
random fields the matrix valued spectral measures need not satisfy this condi-
tion. It is enough to demand that the corresponding matrix valued measures
have locally finite total variation, and the matrix valued spectral measures are
semidefinite matrix valued measures with moderately increasing distribution at
infinity. (The definition of these notions is contained in Section 4.)

The above facts mean that we can work with a much larger class of random
spectral measures after the introduction of Gaussian stationary generalized ran-
dom fields and random spectral measures corresponding to them. This is im-
portant for us, because in the limit theorems we are interested in the limit can
be expressed by means of multiple Wiener—It6 integrals with respect to random
spectral measures constructed with the help of vector valued Gaussian station-
ary generalized random fields. Theorem 1.2 discussed in this introduction is an
example for such a limit theorem.

Sections 2—4 contain the main results about the linear functionals of vector
valued Gaussian stationary random fields. They are also needed in the study of
their non-linear functionals , and this is the subject of Sections 5 and 6. The
results of these sections help us to work out some tools which are useful in the
study of limit theorems with a new type of non-Gaussian limit.

In Section 5 multiple Wiener—It6 integrals are defined with respect to the
coordinates of a vector valued random spectral measure (Zg 1,...,2ZG.q). We
define for all numbers n = 1,2,..., and parameters ji,...,J, such that 1 <
Jr <dforall 1 <k <n and all functions f € Ky j,,... 5., Where KCp 5, 5, Is a
real Hilbert space defined in Section 5, an n-fold Wiener—It6 integral

L(fld1s -5 dn) :/f(fﬁ,m,xn)ZG,jl(dwl)~~~ZG,jn(dﬂcn),

and prove some of its basic properties. The definition and proofs are very
similar to the definition and proofs in scalar valued case, only we have to apply
the properties of vector valued random spectral measures.

There is one point where we have a weaker estimate than in the scalar valued
case. We can give an upper bound on the second moment of a multiple Wiener—
It6 integral with the help of the Lo norm of the kernel function of this integral
in the way as it is formulated in formula (5.6), but we can state here only an
inequality and not an equality. The behaviour of Wiener—Ito integrals with
respect to a scalar valued random spectral measure is different. If we integrate
in this case a symmetric function, and we may restrict our attention to such
integrals, then we have equality in the corresponding relation. This weaker
form of the estimate (5.6) has the consequence that in certain problems we can
get only weaker results for Wiener—Ito integrals with respect to the coordinates
of a vector valued random spectral measure than for Wiener—It6 integrals with
respect to scalar valued random spectral measures. But this will cause no serious
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problem in our study about multiple Wiener—It6 integrals with respect to vector
valued random spectral measures.

Multiple Wiener—Ito integrals were introduced in order to express a large
class of random variables with their help. More precisely, we are interested in
the following problem. Let us have a vector valued Gaussian stationary random
field X(p) = (X1(p),...,Xa(p)), p € Z”. Their elements can be expressed
as the Fourier transforms of a vector valued random spectral measure Zg =
(Zga,---,Za.q). Let us consider the real Hilbert space H defined in the second
paragraph of Section 5 with the help of this vector valued stationary Gaussian
random field. We would like to express the elements of this Hilbert space in the
form of a sum of multiple Wiener—It6 integrals with respect to the coordinates of
the vector valued spectral measure Zg. This problem together with the study of
a theory useful in the investigation of limit theorems for non-linear functionals
of vector valued stationary Gaussian random fields will be the subject of the
second part of this work [11]. But to carry out this program we still need the
proof of an important result about multiple Wiener—It6 integrals discussed in
Section 6 of this work.

In Section 6 I formulate and prove the multivariate version of a classical
result. I describe the product of two multiple Wiener—It6 integrals as the sum
of multiple Wiener—Ito integrals with respect to the coordinates of a vector
valued random spectral measure. The formulation and proof of this result is
similar to that of the corresponding result in the scalar valued case. In this
result we define the kernel functions of the Wiener—It6 integrals appearing in
the sum expressing the product of two Wiener—It6 integrals with the help of
some diagrams. Hence this result got the name diagram formula. I wrote down
the formulation of the diagram formula in the case of vector valued random
spectral measures in detail. On the other hand, I gave only a sketch of its proof,
because it is actually an adaptation of the original proof with a rather unpleasant
notation. I concentrated on the points which explain why the diagram formula
has such a form as we claim. Besides, I tried to explain those steps of the
proof where we have to apply some new ideas. I hope that the interested reader
can reconstruct the proof on the basis of these explanations by looking at the
original proof.

Section 6 also contains a corollary of the diagram formula, where I formulate
this result in a special case. I formulated this corollary, because in this work we
need only this corollary of the diagram formula.

2 Spectral representation of vector valued sta-
tionary random fields

Let X(p) = (X1(p),...,Xa(p)), p € Z¥, where Z¥ denotes the lattice of points

with integer coordinates in the v-dimensional Euclidean space RY, be a d-

dimensional real valued Gaussian stationary random field with expected value
EX(p) =0, p € Z". Let us first characterize the covariance matrices R(p) =
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(rji7 (), 1 < j,j" <d, peZ", of this d-dimensional statlonary random field,
where 7 ;/(p ) =FEX;(0)X;/(p) =EX;(m)Xj(p+m), 1 < 4,7 <d,pmeZ”.

In the case d = 1 we can characterize the function R(p) = EX(0)X(p), (in
this case j = j’ = 1, so we can omit these indices) as the Fourier transform of an
even, finite (and positive) measure G on the torus [—m, )", called the spectral
measure. We are looking for the vector valued version of this result. Before
discussing this problem I recall the definition of the torus [—m, 7).

The points of the torus [—m,7)” are those points z = (z1,...,2,) € R for
which —7 < z; < mforalll < j <v. Butif acoordinate of = in this set equals 7,
then we consider this point the same if we replace this coordinate by —m. In such
a way we can identify all points of this set by a point of the set [—m,7)¥ C RY.
We define the topology on the torus on [—m,7)" as the topology induced by
the metric p(z,y) = Z (lz; — y;| mod 2m) if & = (21,...,2,) € [-7,7)” and

=1
y = (y1,...,4,) € [—m, 7). These properties of the torus [—m,7)” must be
taken into account when we speak of the set —A = {—z: z € A} for a set
A C [—m,m)” or of a continuous function on the torus [—m, 7).

Later we shall speak also about the torus [—A4, A)” for arbitrary A > 0. This
is defined in the same way, only the number 7 is replaced by A in the definition.

It is natural to expect that there is a natural definition of even positive
semidefinite matrix valued measures also in the d-dimensional case, d > 2,
and this takes the role of the spectral measure in the vector valued case. To
define this notion first I prove a lemma. Before formulating it I recall the
definition of a complex measure with finite total variation, since this notion
appears in the formulation of the lemma. We say that a complex measure on a
measurable space has finite total variation if both its real and imaginary part can
be represented as the difference of two finite measures. I also recall Bochner’s
theorem, more precisely the version of this result that we shall apply in the
proof.

Bochner’s theorem. Let f(p), p € Z¥, be a posz’tive definite function on

7Y, i.e., such a function for which the inequality Z Z ziZj f(pj — pjr) > 0
j=14'=1

holds for any set of points p; € Z”, and complex numbers z;, 1 < j < N, with

some number N > 1. Then there ezists a unique finite measure G on the torus
[—7, 7)Y such that

flp) = / P G(dx)  forallp e ZV.
[=m.m)"

If the function f is real valued, then the measure G is even, i.e., G(—A) = G(A)
for all A C [—m,m)".

Next I formulate the following lemma.

Lemma 2.1. Let X(p) = (X1(p),...,Xa(p)), p € Z¥, be a d-dimensional
stationary Gaussian random field with expectation zero. Then for all pairs 1 <
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J,j" < d the correlation functionr; j(p) = EX;(0) X,/ (p), p € Z¥, can be written
in the form

7.5 () = EX;(0)X ;0 (p) = EX;(m) X (m + p) = /[ o PG i (da)
’ (2.1)

with a complex measure G, j» on the torus [—m,m)” with finite total variation.
The function 7; 5 (p), p € Z¥, uniquely determines this complex measure G j
with finite total variation. It is even, i.e., Gj/(—A) = Gj ;/(A) for all mea-
surable sets A C [—m,m)". The relation G; ;(A) = G, ;(A) also holds for all
1<4,5/<dand AC [-m,m).

Remark. Let us remark that given a d-dimensional stationary random field
with expectation zero, there exist also such d-dimensional stationary random
fields with expectation zero which are Gaussian and have the same correlation
function. As a consequence, in Lemma 2.1 we could drop the condition that the
stationary random field we are considering is Gaussian. The same can be told
about the other results of Section 2. I imposed this condition, because later, as
we work with random spectral measures and random integrals with respect to
them the Gaussian property of the underlying random field is important.

Proof of Lemma 2.1. By Bochner’s theorem we may write
753 (P) = / ¢!PIG; (de), pel’,
[_ﬂ')ﬂ-)y

for all 1 < j < d with some finite measure G, ; on [—m,m)”. We find a good
representation for r; ;/(n) if j # j/ with the help of following argument.

The function

g5 (p) = E[X;(0)+iX;(0)][X;(p) —iX; (p)]
= E[X;(0) +iX; (0)][X;(p) + iX (p)],

p € Z", is positive definite, hence it can be written in the form

B 0) + X5 O, 0) = iXp )] = [ 0 ()

[—m,m)v

with some finite measure H; ;; on [—m,m)". Similarly,

E[X;(0) + X5 (0)][X;(p) + X (p)] = / PO i (dx)

7[71-)7-‘-)1/
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with some finite measure K j on [—m,7)”. Hence
EX;(0)Xj(p) = %E[Xj(o) + i X5 (0)][X; (p) — X (p)]
S EIX(0) + X O)][X5(0) + X0 (p)]

(1+14)

[EX;(0)X,(p) + EX;/(0) X, (p)]
= / ¢! POG i (da)
[777)7‘-)1/

with G (da) = L[iH; ;o (dx) + K; ;(de)] — 2G5 5 (dx) + Gy (d)).
In such a way we have found complex measures G ;; with finite total vari-
ation which satisfy relation (2.1). Since this relation holds for all p € Z¥, the

function r; ;:(p), p € Z, determines the measure G; ;- uniquely.

Since r; j:(p) is real valued, i.e., r; j/(p) = 7;,/(p), it can be written both in
the form

5.4 (p) = /[ ) PG i (da)

and

75,5 (P) :/[ . e PG i (da) =/ ' PG o (— du).

[—m,m)v

Comparing these relations we get that G, ;/(A) = G, ;(—A) for all measur-
able sets A C [—m,m)". Similarly, the relation r; ;(p) = r;;(—p) implies

that G j(A) = G, (—A) = G, (A) for all measurable sets A C [—m,m)".
Lemma 2.1 is proved.

Since all complex measures G;;/, 1 < j,j’ < d, have finite total variation
by Lemma 2.1, there is a finite measure p on the torus [—m, )" such that all
these complex measures G j» are absolutely continuous with respect to p, and

the absolute value of the Radon-Nikodym derivatives g; y/(z) = %(x) is
integrable with respect to u. The properties of the measures G, proved in
Lemma 2.1 imply that the d x d matrix (g;,;:(z)), 1 < 7,7’ < d, is Hermitian for
almost all € [—7, 7)” with respect to the measure . We shall call the matrix
valued measure (G;;/(A)), A C [—m,m)", positive semidefinite if the matrix
(95,5 (x)), 1 < 4,5 <d, is positive semidefinite for almost all € [—m, 7)” with
respect to p. More precisely, we introduce the following definition.

Definition of positive semidefinite matrix valued, even measures on
the torus. Let us have some complex measures G;j, 1 < 7,5 < d, with fi-
nite total variation on the o-algebra of the Borel measurable sets of the torus
[—m,m)". Let us consider the matriz valued measure (Gj ), 1 < 7,5 < d. We
call this matriz valued measure positive semidefinite if there exists a (finite) pos-
itive measure p on [—m, )" such that all complex measures G, 1 < 7,5 <d,
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are absolutely continuous with respect to it, and their Radon—Nikodym deriva-

tives g; j/(x) = dc;jf’ (2), 1 < 4,5 <d, constitute a positive semidefinite matriz
(gj.57(2)), 1 < 4,5 <d for almost all x € Z with respect to the measure p. We
call this positive semidefinite matriz valued measure (G;;), 1 < j,j' < d, on
the torus even if G, j(—A) = G j:(A) for all measurable sets A C [—m,m)" and
1<j,j <d

Later we shall speak also of positive semidefinite matriz valued even measures
on a torus [—A, A)Y for arbitrary A > 0 which is defined in the same way,
only the complex measures G j and the dominating measure | are defined on
[—A, A)".

Remark. Here I am speaking about measures with finite total variation, although
such (complex) measures are called generally bounded measures in the literature.
Actually, we know by Stone’s theorem that any bounded signed measure can be
represented as the difference of two bounded measures (with disjoint support).
Nevertheless, I shall remain at this name, because actually we prove directly the
finite total variation of the measures we shall work with in this paper. Besides,
(in Section 4) I shall define complex measures on R” with locally finite total
variation, and I prefer such a name which refers to the similarity of these objects.
(The complex measures with locally finite total variation are not measures in
the original meaning of this word, only their restrictions to compact sets are
complex measures. )

The next theorem about the characterization of the correlation function of
a d-dimensional stationary Gaussian random field with zero expectation states
that the correlation functions 7, ;/(p), 1 < 4,5’ <d, p € Z¥, can be given in the
form (2.1) with the help of a positive semidefinite matrix valued, even measure
(Gj;), 1 < 4,77 <d, on the torus [—m,m)”. Moreover, it will be shown that
we have somewhat more freedom when we choose a dominating measure p in
the definition of positive semidefinite matrix valued measures on the torus. If
the coordinates of a matrix valued measure (G, /), 1 < j, k < d, are complex
measures with finite total variation, and this matrix valued measure satisfies
the definition of the positive semidefinite property with some measure pu, then
this measure p can be replaced in the definition by any such finite measure
on the torus with respect to which the complex measures G j» are absolutely
continuous. More explicitly, the following result holds.

Theorem 2.2. The covariance matrices of a d-dimensional stationary random
field X(p) = (X1(p),...,Xa(p)), p € Z”, with expectation zero can be given
in the following form. For all 1 < j,5' < d there exists a complex measure
G,.j» with finite total variation on the v-dimensional torus [—m,m)" in such a
way that for all 1 < j,j" < d the correlation function r; j(p) = EX;(0)X, (p),
p € Z", is given by formula (2.1) with this complex measure G, ;. The d X d
matriz G = (G,j/), 1 < j,j' < d, whose coordinates are the complex measures
G, has the following properties. This matriz is Hermitian, i.e., the measures
G; o satisfy the relation G j(A) = G, (A) for all pairs of indices 1 < j,j’ <
d and measurable sets A C [—m,m)", and the measures G/ are even, i.e.,
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G/ (—A) =Gj;(A) foralll < j,j' <dand A C [—m,m)". For all pairs (j,j'),
1 < 4,5 <d, the function r; ;(p), p € Z¥, defined by formula (2.1) uniquely
determines the complex measure G; j with finite total variation. Besides, G j
has the following property.

Let us take a finite measure u on the torus [—m,m)" such that all complex
measures G; jo are absolutely continuous with respect to it (because of the finite

total variation of the complex measures G; ;i there exist such measures), and

put g; (x) = gj o u(x) = "2 (). Then the matriz (g; (x)), 1 < j,j' < d, is

positive semidefinite for almost all © € [—m,m)" with respect to the measure L.

Conversely, if a class of complex measures G; j on [—m,m)", 1 < j,5' <d,
have finite total variation, and (Gj ), 1 < j,j' < d, is a positive semidefinite
matrix valued, even measure on the torus, then there exists a d-dimensional
stationary Gaussian random field X (p) = (X1(p),...,Xa(p)), p € Z¥, with
expectation EX;(p) = 0 and covariance EX;(p)X,:(q) = 7,5 (p — q), where
the function r; j/(p) is defined in (2.1) with the complex measure G; ; for all
parameters 1 < 4,7 <d and p,q € Z".

Remark. We shall call the positive semidefinite matrix valued, even measure
(Gjj), 1 < j,j" < d, on the torus [—m,7)” with coordinates G ;  satisfying
relation (2.1) the matrix valued spectral measure of the correlation function
rii(p), 1 < j,j <d, p € Z". In general, we shall call an arbitrary positive
semidefinite matrix valued, even measure on the torus [—m, )" a matrix valued
spectral measure on the torus [—m, 7). (More generally, later we shall call for
any A > 0 a positive semidefinite matrix valued, even measure on the torus
[-A, A)” a matrix valued spectral measure on this torus.) We have the right for
such a terminology, since by Theorem 2.2 for an arbitrary positive semidefinite
matrix valued, even measure on the torus [—m, )" there exists a vector valued
stationary Gaussian random field on Z” such that this positive semidefinite
matrix valued, even measure is the spectral measure of its correlation function.

Proof of Theorem 2.2. The statements formulated in the first paragraph of
Theorem 2.2 follow from Lemma 2.1. Next we prove that the matrix (g, ;/(x)),
1 < 3,7 <d, whose elements are defined as the Radon—Nikodym derivatives of
the complex measures G; j» with respect to a measure p satisfying the conditions
of Theorem 2.2 is positive semidefinite for p almost all x.

We prove this by first showing with the help of Weierstrass’ second approx-
imation theorem that

/[ g @pdn) 20 (2.2)

for any continuous d-dimensional vector valued function
v(z) = (v1(x),...,v4(x)) on the v-dimensional torus [—m,7)", where g(x) de-
notes the d x d matrix (g; ;:(z)), 1 < j, 7’ < d, and v*(x) is the conjugate of the
vector v(x).

To prove (2.2) let us first observe that by Weierstrass’ second approximation
theorem for all & > 0 there exists a number N = N(eg) and d trigonometrical
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polynomials of order N

un;(z) = > Qjoy,s, €5, 1< j<d, w€[-mm)

5:(517'~~75u)
—N<sp<N, 1<k<v

for which
sup |onj(z) —vj(x)| <e foralll<j<d.
zE[—m,m)¥
Let us also define the random vector Yn = (Yn1,...,Yn q) with coordinates

Ynj;= Z Ajsy,..s, Xj(8), 1<j<d,
—ngiisé}iﬂ’fg)kgu
Then we have because of the relation EX;(s)X;(s) = [€'=5"%)g; o (x)u( dx)

d

d d
0<r (v | (Srs )=y / g3 (oo g (Dp( d).

j=1 Jj=1 Jj=1j'=1
Hence

/[ . vy (2)g(2)viy (2)u(dx) >0,

and we get relation (2.2) from it with the help of the limiting procedure N — oo.

Let us choose a vector a = (ay, ..., aq) € R? and a non-negative continuous
function u(x) on the torus -7 7r) Let us apply formula (2.2) with the choice
of the function v(z) = (a1 \/ ag/u(z)). With this choice formula (2.2)

yields that
0< / e () = / @

with the function hq(z) = ag(x)a*. Since this inequality holds for all non-
negative continuous functions this implies that h,(x) > 0 for almost all  with
respect to the measure p. Moreover, since hq(z) = ag(z)a* is a continuous
function of the parameter a for a fixed number x € [—m,7)” this also implies
that g(z) is a positive semidefinite matrix for almost all x with respect to the
measure p. We have proved that the covariance matrix of a vector valued
stationary field has the properties stated in Theorem 2.2.

Next I show that if we have a class of complex measures G j» with finite total
variation such that (G, ;) is a positive semidefinite matrix valued even measure
on the torus, and the functions r; ;(p), p € Z¥, are defined by formula (2.1)
with these complex measures G j/, then there exists a vector valued stationary
Gaussian field X (p) = (X1(p), ..., Xa(p)) with expectation zero and covariance
function EX;(0)X,(p) = 75, (p)-

First I show that for all N > 1 there is a set of Gaussian random vectors
X(p) = (Xa1(p),...,Xa(p)), with parameters p = (p1,...,pv), —N < p; < N
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for all j =1,...,d, such that EX;(p)X;/(q) =15 (p—q)) forall 1 <j,j' <d
and p= (p1,..-,0v), ¢ = (q1,...,q,) with =N < ps,qs <N, 1< s <.

Let us observe that the covariances 7, i (p) defined by (2.1) are real-valued,
since G, j/(A) = G, j(—A). To show that there exists a set of Gaussian random
vectors with the desired covariance we have to check that the covariance matrix
determined by the coordinates of these random vectors is positive semidefinite.
This means that for all sets of complex numbers

Av ={ajp=0ajp,,. . p,: 1<j<d, —N <ps <N, foralll1 <s<v}

d d
IAN) =) > > ajplj qriq (p—q) 2 0.
j=1j'=1

p=(P1,---,pv) q=(q1,-.-,qv)
—N<ps<N, 1<s<v —N<q <N, 1<s<v

This inequality holds since

d d
EOEEN 53 S IS SENNRIFELL PIE

j=1j'=1 p=(P1,---sPv)
—N<ps<N, 1<s<v

S ayein) | udn)

p=(p1,--,Pv)
—N<p,<N, 1<s<v

d d
:/ Z Z bi(x)gj i (x)bj: (z) | p(dz) >0,

j=14/=1

where b;(z) = > a; pe'™®). This expression is really non-negative,

p=(P1,---sPv)
—N<p.<N, 1<s<v

since the matrix g; j/(x) is positive semidefinite for p-almost all =, and this im-
plies that the integrand at the right-hand side of this expression is non-negative
for p-almost all x.

Since the distribution of the above sets of Gaussian random vectors are
consistent for different parameters IV it follows from Kolmogorov’s existence
theorem for random processes with consistent finite distributions that there
exists a Gaussian random field X (p), p € Z¥, with EZ, = 0, EX;(p)X,; (¢) =
.5 (p — q), where 7; ;/(p) is defined by formula (2.1) with our matrix valued
spectral measure G = (G, /), 1 < j,j/ < d. In such a way we constructed a
stationary Gaussian random field with the desired properties. Theorem 2.2 is
proved.

In the next lemma I give a different characterization of positive semidefinite
matrix valued, even measures on the torus [—m, m)".

Lemma 2.3. Let us have a class of complex measures G, 1 < 7,7 < d,
with finite total variation on the torus [—mw,m)". Let us define with their help
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the following o-additive matriz valued function on the measurable subsets of the
torus [—m,m)”. Define for all measurable sets A C [—m,7)” the d x d matriz
G(A) = (G ;7(A4)), 1 < 4,7/ < d. This matriz valued function is a positive
semidefinite matriz valued, even measure on the torus [—m,m)" if and only if
the matriz (G, ;(A)), 1 < j,j" < d, is positive semidefinite, and G; j(—A) =
G; ' (A) for all measurable sets A C [—m, )" and 1 < j,7' <d.

Proof of Lemma 2.3. It is clear that if (G; ;) is a positive semidefinite matrix
valued, even measure, then the matrix (G, j/(A)) with

Gy (4) = /A gy @u(de), 1<j.7 <d,

is a positive semidefinite matrix, and G; ;(—A) = G ;:(A) for all measurable
sets A C [—m,m)” and 1 < 7,5 <d.
On the other hand, it is not difficult to see that if the above properties hold,

d d
then Y~ > [wvj(x)v (x)G, j(dx) > 0 for all vectors v(z) = (vi(z),...,vq(x)),
j=1j=1

where v;(-), 1 < j <d, is a continuous function on the torus [—m,7)”. If u is a
finite measure on [—m, )" such that all complex measures G, ;, 1 < 7,5’ < d,
are absolutely continuous with respect to it with Radon-Nikodym derivative
gj.; (), and we denote the matrix (g;;/(x)), 1 < j,j < d, by g(x), then the
above inequality can be rewritten in the form [v(x)g(z)v*(z)u(dz) > 0. In
the proof of Theorem 2.2 we have seen that this implies that g(z) is a positive
semidefinite matrix for p almost all z € [—m, 7)”. Lemma 2.3 is proved.

Let me also remark that the proof of Lemma 2.3 also implies that if the
definition of positive semidefinite matrix valued, even measures holds with some
finite measure p on the torus with the property that each complex measure Gj -,
1 < 4,7 < d, is absolutely continuous with respect to it, then the conditions
of this definition also hold with any measure p on the torus with the same
properties.

Given a positive semidefinite matrix valued even measure G = (G; /), 1 <
J,7" < d, on the torus [—m, 7)Y, there is a natural candidate for the choice
of the measure p on the torus [—m, 7)Y with respect to which all measures
Gji, 1 < j,j' < d, are absolute continuous. We shall prove an estimate in
formula (3.2) which implies that the measure y = 2?21 Gj,j, i.e., the trace of
the matrix valued measure G has this property. Later this measure will be our
choice for the measure .

Let me remark that the proof of Lemma 2.3 yields another characterization of
positive semidefinite matrix valued measures on the torus. I present it, although
I shall not use it later.

A matrix valued measure G = (G ;/), 1 < j,7' < d, on the torus such that
Gj1(A) = Gj ;(A) for all 1 < j,j° < d and measurable sets A C [—m,7)" is
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positive semidefinite if and only if

d d L
> / uj(w)uj (z)Gy 4 (dx) >0

=1 = ey

for all vectors u(z) = (u1(x),...,uq(x)) whose coordinates are continuous func-
tions on the torus [—m,m)".

3 Random spectral measures in the multi-di-
mensional case

If X(p) = (X1(p),...,Xa(p)), p € Z", is a d-dimensional stationary Gaussian
random field with expectation zero, then its distribution is determined by its
correlation functions r; ;(p) = EX,;(0)X;/(p), 1 < j,j' < d, p € Z". In The-
orem 2.2 we described this correlation function as the Fourier transform of a
matrix valued spectral measure G = (G; ;/), 1 < j,5' < d. In the case of scalar
valued stationary random fields this result has a continuation. A so-called ran-
dom spectral measure Z¢ can be constructed, and the elements of the stationary
random field can be represented as an appropriate random integral with respect
to it. This result can be interpreted so that the elements of a scalar valued sta-
tionary random field can be represented as the Fourier transforms of a random
spectral measure. We want to find the multi-dimensional version of this result.

The results about scalar valued stationary random fields also help in the
study of vector valued stationary random fields. Indeed, since the j-th coor-
dinates X;(p), of the random vectors X(p), p € Z”, define a scalar valued
stationary random field we can apply for them the results known in the scalar
valued case. This enables us to construct such a random spectral measure Zg ;
for all 1 < j < d for which the identity X;(p) = [;_, .y, ¢'?" Zg ;(dz) holds
for all p € Z¥. The distribution of the random spectral measure Z¢ ; depends
on the coordinate G ; of the matrix valued spectral measure G, which is the
spectral measure of the stationary random field X;(p), p € Z”. For a fixed
number 1 < j < d the properties of the random spectral measure Zg ; and
the definition of the random integral with respect to it is worked out in the
literature. I shall refer to my lecture notes [9], where I described this theory.

Nevertheless, the results obtained in such a way are not sufficient for us.
They describe the distribution of the random spectral measure Zg ; for each
1 < j < d, but we need some additional results about their joint distribution.
To get them I recall the results in [9] which led to the construction of the random
spectral measures Z¢ ;, and then I extend them in order to get the results we
need to describe their joint distribution.

I explain how we define simultaneously all random spectral measures Zg ;,
1 < j < d, by recalling the method of [9] with some necessary modifications in
the notation to adapt this method to our case.

We construct the random spectral measure Zg ; for all 1 < j < d in the
following way. First we introduce two Hilbert spaces Kf ; and H{ ;, and define
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an appropriate norm-preserving invertible linear transformation 7j from K ; to

1 (Here, and in the subsequent discussion I apply the superscript ¢ in the
notation to emphasize that we are working in a complex, and not in a real Hilbert
space.) The Hilbert space Kf ; consists of those complex valued functions u(x)
on the torus [—m,m)" for which f[—fmr)” |u(z)|*Gj;(dzx) < oo, and the norm
is defined in this space by the formula ||ullf ; = f[_,m)u |u(z)|*Gj ;(dx). The
Hilbert space Hf ; is defined as the closure of the linear space consisting of
the linear combinations Y ¢,, X,;(ps) with some (complex valued) coefficients
cp, and parameters p, € Z” in the Hilbert space H¢. The Hilbert space H°
consists of the complex valued random variables with finite second moment,
measurable with respect to the o-algebra generated by the random variables
Xi(p), 1 <j <d,peZ, and the norm || - ||;; in it is determined by the
scalar product defined by the formula (£,n) = E£7, £,n € HC. First we define
the transformation 7} only for finite trigonometrical sums in Kf ;. We define
it by the formula T;(3" ¢, e P=®)) = 3¢, X;(ps). We showed in [9] that we
have defined in such a way a norm-preserving linear transformation from an
everywhere dense subspace of K7 ; to an everywhere dense subspace of Hf ;.
This can be extended to a norm-preserving invertible linear transformation Tj
from lCij to H{; in a unique way. We define the random spectral measure
Zg,j(A) for a measurable set A C [—m,7)" by the formula Z¢ ;(A) = T;(Ia(")),
where I4(-) denotes the indicator function of the set A.

It follows from the results of [9] that for any 1 < j < d the measure G, ;
determines the distribution of the random spectral measure Z¢ ;, (i.e., the joint
distribution of the random variables Zg j(A1),... Zg ;(An) for all N > 1 and
measurable sets Ay C [—m,m)”, 1 < k < N). Next we shall study the joint
distribution of the random fields Z¢ ; for all 1 < j < d, i.e., the joint distribution
of the random variables Zg j(A41),...Zg,j(An) for all N > 1, measurable sets
A C[-mm)¥, 1<k <N and1<j<d. In particular, we shall show that the
joint distribution of the random fields Zg ;, 1 < j < d, are determined by the
matrix valued spectral measure G = (Gj ;/), 1 < j,j" < d. The joint distribution
of these random fields are determined by the matrix valued measure GG, and not
only by their diagonal elements G ;, 1 < j <d.

To investigate the joint behaviour of the random spectral measures Zg ;,
1 < j < d, first we define two Hilbert spaces K and HS together with a norm-
preserving and invertible transformation between them. The elements of the
Hilbert space K are the vectors u = (u1(z),...,uq(x)) with u;(x) € KF;,
1 < j < d. To define the (semi)-norm in K$ we introduce a positive semidefinite
bilinear form (-, -)o on it. To make some subsequent discussions simpler I make
the following convention in the rest of the paper. Given a positive semidefinite
matrix valued measure (G;;/), 1 < j,j° < d, on the torus [—m,7)", I fix a
finite and even measure p on [—m, )" such that all complex measures G ;: are
absolutely continuous with respect to it, and I denote by g, j/(x) their Radon—
Nikodym derivative with respect to . With the help of this notation we define
(-,")0 in the following way. If u(z) = (ui(x),...,uq(z)) € K and v(z) =
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(vi(z),...,va(x)) € KF, then

d
(u(@),v(z))o = ZZ/uj(x)mGj,j’(df) (3.1)
j=1lj'=1
d d
- ZZ/gj,j/(x)ug(w)vj/(z)u(dg;)
i=1i'=1

with the matrix g(z) = (g, (), 1 < j,j" < d, where v*(z) denotes the column
vector whose elements are the functions v (z), 1 < k < d.

To show that the integral in the definition of (u(z),v(x))¢ is convergent let
us observe that

955 (x)* < gj.;(x)g;s j»(x) for almost all = with respect to the measure p
(3.2)
for all 1 < j,5' < d, because g(x) is a positive semidefinite matrix for almost
all z. This fact together with the Schwarz inequality imply that

[ @)

S/[_m),/ Juj (@)1 95,5 (2) g5 51 (@) (2) ()

1/2
< (/[“r)u |uj(m)|29j,j($)#(dx)> (/ﬁm)y |”j/($)|29jgj/(a:)u(da:)>

< 0

1/2

for all pairs 1 < j,j' < d and u; € K{; and v;s € Kf ;. This implies that the
integral in (3.1) is finite. Moreover, the last inequality implies that

2
d

1/2
> ( [ @ Gde))

j=1

dZ/ Jug(a |G“<dxfdz||ug||o] (3.3)

for all u(z) = (ui(x),...,uq(z)) € K.

Observe that (u(z),u(x))o > 0, because g(x) is a positive semidefinite ma-
trix, which implies that u(x)g(z)u*(x) > 0 for almost all z with respect to the
measure p. In such a way we can define the norm | - ||o in K$ by the formula
lu]lo = (u(zx), u(z))g. We identify two elements u and v in K§ if |ju — v]jo = 0.

Next we define the Hilbert space H$ with the norm || - ||; on it. The elements
of H¢ are the vectors { = (&1, ..,8a), where {; € H{ ;, 1 < j < d, and we define

(u(z), u(z))o

IN

IA
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2
the norm on it by the formula |¢||? = E ‘ijl &

if &€ = (&1,...,8) € HS.

It is the norm induced by the scalar product (¢,7); = E (2?21 §j) (2?21 77j)
for £ = (&1,...,&q) € H§ and n = (n1,...,nq) € HS. We identify two elements
€€ Hs and n € HS if ¢ —nll = 0.

Observe that

d d d d
€N = G D4 SZZ E|&;)) 2 (Blg *)? (3.4)
j=1 j'=1 Jj=1j'=1
d d
= | DoEIGPHY) | Do (B <dZE\5|2—dZ||sj||1,J
J=1 J'=1 j=1 j=1

for a vector &€ = (&1,...,8&q) € HS
We define the operator T' mapping from K§ to H{ by the formula

Tu="T(uy,...,uq) = (Thu1,...,Tquq)

for u = (u1,...,uq), u; € K5 ;, with the help of the already defined operators
T;, 1 < j < d We show that Tu = T'(u1,...,uq) = (Thw,...,Tyug) for
u = (u1,...,uq) € K§ is a norm preserving and invertible transformation from
K§ to H$. To prove this let us first observe that because of inequality (3.3) and
Weierstrass’ second approximation theorem the finite linear combinations

3 crpei®0, S el

PEAN PEAN

where Ay = {p = (p1,...,p): — N <ps <N, for all 1 < s < v}, constitute
an everywhere dense linear subspace in K¢, and because of the inequality (3.4)
the finite linear combinations

Z cl,le Z Cd,de

PEAN PEAN
=T Z c1pet®® Z cape’ P (3.5)
PEAN PEAN
constitute an everywhere dense linear subspace in H{ if N =1,2,..., and the

coefficients ¢;j,, 1 < j < d, p € Ay, are arbitrary complex numbers. Hence
the following calculation implies that 7' is a norm preserving and invertible
transformation from K¢ to HS.

If

u(m) = Z Cl,pei(p7w)7 R Z cd,pei(p’l)

PEAN PEAN
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and

PEAN peAN
then
<U($),’U($)>O :< Z Cl,p ei(P 95) Z Cd.p ez(p x)
PEAN pEAN
ST e ST e ) >
pEAN pEAN o
d d
=3 > > sl / 9550 ()€’ u( de)
j=1j'=1s€AN teAN [=m,m)™

d d
B3N . X | [ X ¢ X0(0) | = (Tule). To()s.

j=1s€AN j'=1teAn

We shall define the random variables Zg ;(A) for all indices 1 < j < d
and measurable sets A C [—m, )", by the formula Z¢ ;(A) = T;(Ia(z)) with
the above defined operators T, 1 < j < d, where [4(-) denotes the indicator
function of the set A C [—m,7)”. Next I formulate some properties of this class
of random variables. These properties will appear in the definition of random
spectral measures. All sets appearing in the next statements are measurable
subsets of the torus [—m, 7)".

(i) The random variables Z¢ ;(A) are complex valued, and their real and imagi-
nary parts are jointly Gaussian, i.e., for any positive integer IV and sets As,
1 < s < N, the random variables ReZG](A ), ImZg j(As), 1 <s <N,
1 < j < d, are jointly Gaussian.

(ii) BZg (A)=0foralll <j<dand A,

(i) EZ¢;(A)Zg ;(B) =G, (ANDB) for all 1 <j,5' <d and sets A, B.

(iv) > Zaj(As) = Za, (U AS> if Ay,..., A, are disjoint sets, 1 < j < d.
s=1 s=1

(v) Zgj(A) =Zg;(—A) for all 1 < j <d and sets A.

Properties (i)—(v) were proved in the one-dimensional case, for example,
in [9]. The only difference in checking its several dimensional version is that
we have to apply the multi-dimensional operator T from Kf to H{ to prove
property (i), and to apply the same mapping T in proving Property (iii). Here
we exploit that (u,v)g = (Twu,Tv);. We apply this identity with the vector
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u € Kf whose j-th coordinate is I4(z), and the other coordinates are zero and
the vector v € K whose k-th coordinate is Ip(z) and the other coordinates
are zero. Property (v) can be proved as the special case of the following more
general relation.

(v') Tj(u) = Tj(u-) for all 1 < j < d and u € K¢, where u_(z) = u(—x).

Property (v') can be proved by first proving it in the special case when u(x)
is a trigonometrical polynomial, and then applying a limiting procedure.

Next we define the vector valued random spectral measures corresponding
to a matrix valued spectral measure.

Definition of vector valued random spectral measures on the torus.
Let a matriz valued spectral measure G = (Gj;), 1 < j,j' < d, be given on the
torus [—m, )" together with a set of complex valued random variables indexed
by pairs (j, A), where 1 < j < d, and A is an element of the o-algebra A

A={A: AC|[—nm,m)" is a Borel measurable set}

of the Borel measurable sets of the torus whose joint distribution depends on the
matriz valued spectral measure G. To recall this dependence we denote the ran-
dom variable indezed by a pair (j,A), 1 < j<d, Ae A, by Zg ;j(A). We call
the set of random wvariables Zg j(A), 1 < j < d, A € A, a d-dimensional vec-
tor valued random spectral measure corresponding to the matrix valued spectral
measure G on the torus [—m,m)" if this set of random variables satisfies prop-
erties (i)—(v) defined above. Given a fixed parameter 1 < j < d we call the set
of random variables Zg j(A), A € A, the j-th coordinate of this d-dimensional
vector valued random spectral measure, and we denote it by Zg ;. We denote
the vector valued random spectral measure Zg ;j(A), 1 < j < d, A € A, by
Za=(Zga, -1 Zc.4)-

More generally, if a matriz valued spectral measure G is given on the torus
[—B, B)” with some number B > 0 together with a set of complex valued random
variables Z(;J(A), where 1 < j < d, and A is a Borel measurable set on the
torus [—B, B)” which satisfies properties (i)—(v) defined above, then we call this
set of random variables a d-dimensional vector valued random spectral measure
corresponding to the spectral measure G. We call the set of random variables
Za,j(A), Ae A, for a fired 1 < j < d the j-th coordinate of this vector valued
spectral measure, and denote it by Zg ;. We denote the vector valued spectral
measure by Zg = (Zga,--.,26,4)-

Remark: If G = (G ,;7), 1 < j,5/ < d, is a matrix valued spectral measure,
Z¢ =(Zga,---,Z¢q) is a vector valued spectral measure corresponding to it,
then G ; is a scalar valued spectral measure for any 1 < j < d, and Zg ; is a
scalar valued random spectral measure corresponding to it. As we shall see in
Lemma 3.3 the spectral measure G determines the distribution of the random
spectral measure Zg.
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It follows from the above considerations that for any d-dimensional ma-
trix valued spectral measure there exists a d-dimensional vector valued random
spectral measure corresponding to it. We can define the random integral with
respect to it by means of the method applied in the scalar valued case.

We shall define the random integrals of the functions f € Kf ; with respect to
the random spectral measure Zg ;, 1 < j < d. First we define these integrals for
elementary functions. They are finite sums of the form Zévzl csla, (x), where
A1, ..., Ay are disjoint sets in [—m,7)”, and ¢5, 1 < s < N, are arbitrary
complex numbers. Their integrals with respect to the random spectral measure
Za,j, 1 < j <d, are defined as

N N
/ <Z csla, (x)) Zg,;(dzx) = ZCSZGJ‘(AS).
s=1 s=1

As it is remarked in [9], property (iv) implies that this definition is meaningful,
the integral of an elementary function does not depend on its representation.
Then a simple calculation with the help of (iii) shows that for two elementary
functions u and v

E (/u(x)ZG,j(dx)/v(w)ZG’j(dx)> = /u(m)mGj’j(dx), 1<j<d.

(3.6)
This implies that the integral of the elementary functions with respect to the
random spectral measure Zg ; define a norm preserving transformation from
an everywhere dense subspace of the Hilbert space of Kf ; to an everywhere
dense subspace of the Hilbert space of H{ ;. This can be extended to a unitary
transformation from Kf ; to H{ ; in a unique way, and this extension defines
the integral of a function u € K ;. It is clear that relation (3.6) remains valid
for general functions u,v € Kf ;. Moreover, it is not difficult to see with the
help of (iii) that it can be generalized to the formula

B ([ )z [ v)z65(00)) = [wai@ici (@) 60

ifueKi;andveK],;, 1<j,j <d
It is clear that

E/u(m)ZGJ(dm) =0 foralluek;, 1<j<d (3.8)

Another important property of the random integrals with respect to Zg ; is
that for all 1 < j <d

/u(x)ZG,j(da:) is real valued if u(—x) = u(z) for p almost all x € [—m, 7).
(3.9)

This relation holds, since [u(x)Zq, ;(dx) = [uw(z)Zg,;(dz) if u(—z) = u(z).
We get this identity by means of the change of variables x — —x with the help

of relation (v).
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In the next theorem, I formulate the results we have about random spectral
measures and random integrals with respect to them.

Theorem 3.1. Given a positive semidefinite matriz valued, even measure G =
(Gjj1), 1 <j,j <d, on the torus [—m,m)" there exists a vector valued random
spectral measure Zg = (Zga, ..., Za,qa) corresponding to it. We have defined
the random integrals [ u(x)Zg ;(dx) for all1 < j < d and u € K ;. This is a
linear operator which satisfies relations (3.7), (5.8), (3.9), and the formula

Xj(p)Z/[ ) P 76 i(dr), 1<j<d, peZ’, (3.10)

defines a d-dimensional vector valued Gaussian stationary field whose matriz
valued spectral measure is G = (G;;), 1 < j,j° < d. Moreover, if a d-
dimensional vector valued Gaussian stationary random field is given with this
matriz valued spectral measure, then the random integrals in formula (3.10)
taken with respect to the random spectral measure that we have constructed with
its help through an operator T in this section equals this vector valued Gaussian
stationary random field.

Proof of Theorem 3.1. We have already proved the existence of the vector valued
random spectral measure, and we constructed the random integral with respect
to it. It satisfies formulas (3.7) and (3.8). The random variables X (p) defined
in (3.10) are real valued by (3.9) and Gaussian with expectation zero. Hence we
can show that they define a Gaussian stationary sequence with spectral measure
G = (Gj, ), 1<j,j <d, by calculating their correlation function. We get by
formula (3.7) that EX;(p) X, (q) = f[7ﬂ7ﬂ)u e'P=22) G . (dr), and this had to
be checked. If the random spectral measure is constructed in the way as we have
done in this section, then a comparison of the random integral we have defined
with its help and of the operator T' shows that [w(z)Zg ;(dz) = T;(u(z)) for
all w € Kf ;. In particular, [, e'P®) 7 i(dx) = Tj(e'P®)) = X;(p). This
identity implies the last statement of Theorem 3.1. Theorem 3.1 is proved.

Formula (3.9) and Theorem 3.1 make possible to define for all 1 < j < d a
real Hilbert space Ky,; consisting of appropriate elements of Kf ; for which the
operator Tj is a norm preserving invertible transformation from KC; j to the real
Hilbert space H1 ; consisting of the real valued functions of the Hilbert space

1,j- More precisely, the following statement holds.

Lemma 3.2. Let (G} /), 1 < j,j" <d, be a matriz valued spectral measure on
the torus [—m,m)", and let (Zga, ..., Za,q4) be a vector valued spectral measure
corresponding to it. Define the d-dimensional vector valued Gaussian stationary
field (X1(p),...,Xp(d)) by formula (3.10) with the help of this vector valued
random spectral measure. Define for all 1 < j < d the set of complex valued
functions ICy j on the torus [—m,m)" as

Ki;= {u: /|u(x)|2Gj,j(da:) <00, u(—x)=u(x) forall x € [—ﬂ,ﬂ)”}.
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Then K1 is a real Hilbert space with the scalar product

(0} = / w(@)o@) Gy (), v € Kyl

Let Hi; be the real Hilbert space consisting of the closure of the finite linear
combinations ZIJLI cxX;(pr), pe € Z¥, with real coefficients ¢y in the Hilbert
space H of random variables with finite second moments in the probability space
where the random spectral measures Zg ; exists. (We define the scalar product
in H in the usual way.) Then the map Tj(u) = [u(x)Zg j(dx), u € Ky, is
a norm preserving, invertible linear transformation from the real Hilbert space
K1, to the real Hilbert space Hi ;.

Proof of Lemma 3.2. The space K1 ; is a real Hilbert space, since the change
of variable z — —a in the integral (u,v) = [wu(x)v(z)G; (dr) implies that
(u,v) = (u,v) for all u,v € Ky ; because of the evenness of the measure G ;.
Clearly ') ¢ K1, for all p € Z¥. The class of functions K, ; agrees with

v(x)+v(—=x
) = vaa)

the class of functions which have the form u(x with some v €

1,j- As a consequence the set of finite trigonometrical polynomials Sek etpra)
pr € ZY, with real valued coefficients c¢; is an everywhere dense subspace of
K1;. Since Tj(Y cre’®®)) = 3" ¢, X;(py), the transformation 7; maps an
everywhere dense subspace of Ky ; to an everywhere dense subspace of H; ;.
Because of formulas (3.7) and (3.9) Tj is a norm preserving transformation in
K1,5. Hence T} is an invertible, norm preserving transformation from Xy ; to

‘Hi,;. Lemma 3.2 is proved.

I would remark that the transformation 7 on Ky ; defined in Lemma 3.2 is
the restriction of the previously defined transformation T} on K ; to its subset
K1,;. I make also the following remark.

Lemma 3.3. The positive semidefinite matriz valued, even measure G(A) =
(Gj7(A), 1 <34,/ <d, Ae[—n,nm)", determines the distribution of a vector
valued spectral random measure Zg ;, 1 < j < d, corresponding to it.

To prove this lemma we have to show that for any collection of measurable
sets A1,..., Ay, the matrix valued measure G(A) determines the joint distribu-
tion of the random vector consisting of the elements Re Z¢ ;(As), Im Zg ;(As),
1<s< N,1<j<d. Since this is a Gaussian random vector with expec-
tation zero, it is enough to check that the covariance of these random vari-

ables can be expressed by means of the matrix valued measure G(A4). Since
ReZg ;(A) = —ZG”'(A);ZG”'(A) and Im Z¢ ;(A) = —ZG*"(A)Q_iZG'j(A) we can calcu-
late these covariances with the help of properties (iii) and (v) of vector valued

random spectral measures.

Finally I prove an additional property of the vector valued random spectral
measures which will be useful in Section 5, in the study of multiple Wiener—Ito
integrals.
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(vi) The random variables of the form Zg ;j(AU (—A)) are real valued. Let a
set AU (—A) be disjoint from some sets By U (—Bj),..., B, U (=By).
Then for any indices 1 < 7,5’ < d the (complex valued) random vector
(Zg,;(A), Za,j(A)), is independent of the random vector consisting of the
elements Zg x(Bs), 1 <s<n,1 <k <d.

Proof of property (vi). It follows from property (v) that Zg (AU (—A)) =
Za,j(AU(—A)), hence Zg ;(AU (—A)) is real valued. To prove the second
statement of (vi) it is enough to check that under its conditions the (real val-
ued) random variables Re Z¢ ;(A) and Im Zg ;(A) are uncorrelated to all ran-
dom variables Re Zg 1(Bs), Im Z¢g 1(Bs), 1 < s <n, 1 <k < d. This relation
holds, since by the conditions of (vi) (+A) N (£Bs) = (), hence relation (iii)
implies that EZq j(+A)Z¢q, j (£Bs) = 0 for all sets By, 1 < s < n, and in-
dices 1 < 4,7/ < d. On the other hand, all covariances can be expressed as
a linear combination of such expressions, since by relation (v) Re Zg j(+A) =

ZGvf(iA);ZGvf(iA) — ZGvJ'(iA);“ZGJ@A), and a similar relation holds also for
ImZg j(£A), ReZg j/(£Bs) and ImZg j/(£B;), 1 <s<n,1 < j' <d.

4 Spectral representation of vector valued sta-
tionary generalized random fields

In Sections 2 and 3 we discussed the properties of vector valued Gaussian sta-
tionary random fields with discrete parameters, which means a class of Gaussian
random vectors X (p), p € Z¥, with some nice properties. Similarly, we could
have defined and investigated vector valued Gaussian stationary random fields
with continuous parameters, where we consider a set of random vectors X ()
indexed by t € R” which have some nice properties. But we do not discuss
this topic here. Here we define and investigate instead so-called vector val-
ued Gaussian stationary generalized random fields X (¢) = (X1(¢p), ..., Xa(¢)),
parametrized with a nice linear space of functions .

Actually T am interested here in the vector valued Gaussian stationary gen-
eralized random fields not for their own sake. We shall construct a class of
vector valued Gaussian stationary generalized random fields. We shall show
that their distribution can be described by means of a matrix valued spectral
measure. We can also construct a vector valued random spectral measure in
such a way that the elements of our vector valued generalized random field can
be expressed in a form that can be considered as the Fourier transform of this
random spectral measure. These matrix valued spectral measures and vector
valued random spectral measures slightly differ from those defined in Sections 2
and 3, but since they are very similar to the corresponding objects defined for
stationary random fields with discrete parameters it is natural to give them the
same name.

The results that we shall prove are very similar to the results we got about
vector valued random fields with discrete parameters. The main difference is
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that we can construct a larger class of matrix valued spectral measures and
vector valued random spectral measures by means of generalized random fields.
We shall need them, because in our later investigations we shall deal with such
limit theorems where we can express the limit by means of these new, more
general objects. On the other hand, these new vector valued random spectral
measures behave similarly to the previous ones. In particular, the later results
of this paper about multiple Wiener—Ito6 integrals also hold for this more general
class of vector valued random spectral measures. Let me remark that we met
a similar picture in the study of scalar valued Gaussian random fields in [9], so
that here we actually generalize the results in that work to the multi-dimensional
case.

In the definition of vector valued generalized random fields we shall choose
the functions of the Schwartz space for the class of parameter set. So to define
the vector valued generalized random fields first I recall the definition of the
Schwartz space, (see [6]).

We define the Schwartz space S of real valued functions on R” together
with its version S¢ consisting of complex valued functions on R”. The space
S¢ = (8Y)¢ consists of those complex valued functions of v arguments which
decrease at infinity, together with their derivatives, faster than any polynomial.
More explicitly, ¢ € S¢ for a complex valued function ¢ defined on R” if

. L gntt
1 v
Ty Ty, m@(xlw'wxl/) S C(k17"'7kl/aq1a"'7QV)
for all points x = (z1,...,z,) € R” and vectors (k1,...,k,), (q1,-..,q,) with
non-negative integer coordinates and with some constant C'(k1,...,ky, q1,.-.,q)
which may depend on the function . The elements of the space & are defined
similarly, with the only difference that they are real valued functions.

To complete the definition of the spaces S and S¢ we still have to define the
topology in them. We introduce the following topology in these spaces.

Let a basis of neighbourhoods of the origin consist of the sets

Uk,pe) =< ¢: p€S, 7(max : sup(1 + [z[2)¥| Dp(z)| < &
0<q.<p, for all 1<s<y

with k = 0,1,2,..., p = 1.2,... and ¢ > 0, where |z|? = 22 + --- + 22, and
D1 = % for ¢ = (q1,...,q,). A basis of neighbourhoods of an arbitrary

function ¢ € §¢ (or ¢ € S) consists of sets of the form ¢ + U(k,q,¢), where
the class of sets U(k, ¢, ) is a basis of neighbourhood of the origin. Actually we
shall use only the following property of this topology. A sequence of functions
on € 8¢ (or ¢, € S) converges to a function ¢ in this topology if and only if
lim sup (1+ [2]2)| DI, () — Dig(a)| = 0
n—oo TERY
for all k = 1,2,... and ¢ = (¢1,...,¢,). The limit function ¢ is also in the
space S¢ (or in the space S).
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I shall define the notion of vector valued generalized random fields together
with some related notions with the help of the notion of Schwartz spaces. A
d-dimensional generalized random field is a random field whose elements are
d-dimensional random vectors

(Xl((p)v s aXd((p)) = (Xl((p’w)’ s 7Xd<@aw))

defined for all functions ¢ € S, where S = §” is the Schwartz space. Before
defining vector valued generalized random fields I write down briefly the idea of
their definition. This is explained in [9] and [10] in more detail.

Given a vector valued Gaussian stationary random field

X(t):(Xl(t)vaXd(t))v tGRU’

we can define with its help the random field X (¢) = (X1(p),..., Xa()), ¢ €
S, Xi(p) = [(t)X;(t)dt, 1 < j < d, indexed by the elements of the Schwartz
space, and this determines the original random field. We define generalized
random fields with elements indexed by ¢ € S as such random fields which
behave similarly to the random fields defined by means of such integrals.

Definition of vector valued generalized random fields. We say that the
set of random wvectors (X1(p),...,Xa(®)), ¢ € S, is a d-dimensional vector
valued generalized random field over the Schwartz space S = S8 of rapidly de-
creasing smooth functions if:

(a) Xj(a1p+ a2) = a1 X;(p) + a2 X, (W) with probability 1 for the j-th coordi-
nate of the random vectors (X1(p),...,Xa(p)) and (X1(¥),..., Xq(¥)).
This relation holds for each coordinate 1 < j < d, all real numbers a; and
as, and pair of functions , v from the Schwartz space S. (The excep-
tional set of probability 0 where this identity does not hold may depend on

ay, az, @, and 1/’)

(b) X;(¢n) = X;(p) stochastically for any 1 < j < d if p, — ¢ in the topology
of S.

We also introduce the following definition. In its formulation we use the
notation = for equality in distribution.
Definition of stationarity and Gaussian property for a vector valued

generalized random field. The d-dimensional vector valued generalized ran-
dom field X = {(X1(¢) ..., Xa(p)), p € S} is stationary if

(X1(9) .-, Xa(9)) = (X1(Tig) ..., Xa(Tugp))

forallp € S andt € R”, where Typ(x) = p(x—t). This field is called Gaussian
if (X1(p),...,Xa(p)) is a Gaussian random vector for all ¢ € §. We call a
vector valued generalized random field a vector valued generalized random field
with zero expectation if EX;(p) =0 for all p € S and coordinates 1 < j < d.
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In the definition of stationarity and Gaussian property we imposed a con-
dition for a single random vector. But because of the linearity property of
generalized random fields formulated in property (a) of their definition and the
fact that if we have N random vectors &1,...,&n and 11, ...,y such that the

linear combinations Z arér and Z apn have the same distribution for any

coefficients ay, 1 < k < N, then the joint distribution of the random vec-
tors &1,...,&n and 71, ...,nN agree imply that an analogous statement holds
about the properties of the joint distribution of several random vectors in a
vector valued stationary random field. Indeed, if we take N random vectors
(X1(ek), -+, Xa(pr)), 1 <k < N, then their joint distribution agrees with the
joint distribution of their shifts (X1 (Tyor), ..., Xa(Tipr)), 1 < k < N, for any
t € R”. This follows from the fact that

D arn(Xi(er); -, Xaler)) = > an(X1(Tign), -, Xa(Tior))
k=1

for all ¢ € R” and coefficients ax, 1 < k < N, for a d-dimensional vector val-
ued stationary generalized random field because of the linearity property of the
generalized random fields and the properties of the operator T;. A similar ar-
gument shows that the joint distribution of some vectors (X1 (¢x), - - ., Xa(vr)),
1 <k < N, in a vector valued Gaussian generalized random field is Gaussian.

I shall construct a large class of d-dimensional vector valued Gaussian sta-
tionary generalized random fields with expectation zero. I shall construct them
with the help of positive semidefinite matrix valued even measures on R”. In
the next step I write down this definition. The main difference between the
definition of this notion and its counterpart defined on the torus [—m,m)" is
that now we consider such complex measures which may have non-finite total
variation. We impose instead a less restrictive condition. We shall work with
complex measures on R” which have locally finite total variation. For the sake
of completeness I give their definition.

Definition of complex measures on R” with locally finite total varia-
tion. The definition of their evenness property. A complexr measure on
RY with locally finite total variation is such a complex valued function on the
bounded, Borel measurable subsets of RY whose restrictions to the measurable
subsets of a cube [T, T]” are complex measures with finite total variation for all
T > 0. We say that a complex measure G on R” with locally finite total variation
is even, if G(—A) = G(A) for all bounded and measurable sets A C R”.

Let me remark that not all complex measures with locally finite total varia-
tion can be extended to a complex measure on all measurable subsets of R”. On
the other hand, this can be done if we are working with a (real, positive number
valued) measure. Next I formulate the definition we need in our discussion.

Definition of positive semidefinite matrix valued measures on R” with
moderately increasing distribution at infinity. The definition of their
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evenness property. A Hermitian matriz valued measure on RY is a class
of such Hermitian matrices (Gj;(A)), 1 < j,7' < d, defined for all bounded,
measurable sets A C R” for which all coordinates G, /(-), 1 < j,j' < d, are
complex measures on R with locally finite total variation. We call a Hermitian
matriz valued measure (G ;/(-)), 1 < j,j' < d, on R" positive semidefinite if
there exists a (o-finite) positive measure p on RY such that for all numbers
T > 0 and indices 1 < j,j' < d the restriction of the complex measures G; j: to
the cube [T, T)" is absolutely continuous with respect to u, and the matrices
(g5,5:(x)), 1 < 4,5’ <d, defined with the help of the Radon—-Nikodym derivatives

i

gj.j(x) = dizﬂ (z), 1 < 4,5 <d, are Hermitian, positive semidefinite matrices
for almost all x € RY with respect to the measure . We call this Hermitian
matriz valued measure (Gj;(-)), 1 < j,57° < d, on R even if the complex
measures G j with locally finite variation are even for all 1 < j,j' <d.

We shall say that the distribution of a positive semidefinite matrix valued
measure (G;;:(-)), 1 < j, 7' < d, on RY is moderately increasing at infinity if

/(1—|— |z))7"G,(dx) <oo  foralll <j <d with some number r > 0. (4.1)

Remark. We can give, similarly to Lemma 2.3, a different characterization of
positive semidefinite matrix valued, even measures on R”. Let us have some
complex measures G, j/, 1 < j,j’ < d, on the o-algebra of the Borel measurable
sets of R” such that their restrictions to any cube [-T,T]”, T > 0, have finite
total variation. Let us consider the matrix valued measure (G;;(A4)), 1 <
j,5" < d on R” for all bounded, measurable sets A C R”. This matrix valued
measure is positive semidefinite and even if and only if it satisfies the following
two conditions.

(i.) The dxd matrix (G;;/(A)), 1 < j,5" < d, is Hermitian, positive semidefinite
for all bounded, measurable sets A C R”.

(ii.) Gj,/(—A) = Gj/(A), for all 1 < j, 7" < d and bounded, measurable sets
ACR".

This statement has almost the same proof as Lemma 2.3. The only dif-
ference in the proof is that now we have to work with such vectors v(x) =
(vi(x),...,va(x)) whose coordinates v;(x) are continuous functions on R” with
bounded support, 1 < j < d. Let me also remark that the following statement
also follows from this proof. If a matrix valued measure (G, ;/(A)), 1 < j,j’ <d,
on RY satisfies the conditions in the definition of positive semidefinite matrices
with some o-finite measure pu on R” with respect to which all complex mea-
sures G ; are absolutely continuous, then it satisfies these conditions with any
o-finite measure p on R” with the same property.

Before constructing a large class of vector valued Gaussian stationary gen-
eralized random fields I recall an important property of the Fourier transform
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of the functions in the Schwartz spaces S and S¢ (see for example [6]). Actually
this property of the Schwartz spaces made useful their choice in the definition
of generalized fields.

The Fourier transform f — f is a bicontinuous map from S¢ to §¢. (This
means that this transformation is invertible, and both the Fourier transform
and its inverse are continuous maps from S¢ to §¢.) (The restriction of the
Fourier transform to the space S of real valued functions is a bicontinuous map
from S to the subspace of S¢ consisting of those functions f € S§¢ for which
f(—=z) = f(x) for all z € R".)

Next I formulate the following result.

Theorem 4.1 about the construction of vector valued Gaussian sta-
tionary generalized random fields with zero expectation. Let (G; /),
1< 4,5 <d, be a positive semidefinite matriz valued even measure on RY whose
distribution is moderately increasing at infinity.

Then there exists a vector valued Gaussian stationary generalized random
field (X1(p), ..., Xa(p)), ¢ € S, such that EX;(yp) =0 for all p € S, and given
two Shwartz functions ¢ € S and 1 € S, the covariance function r; j(¢,9) =
EX;(0)X; (v) is given by the formula

1, () = EX; () Xy (¢) = /@(m)i(w)Gj,j'(da?) forall p,9p €S, (4.2)

where ~ denotes Fourier transform, and ~ is complex conjugate.

Formula (4.2) and the identity EX;(¢) = 0 for all ¢ € S determine the
distribution of the vector valued, Gaussian stationary random field
(X1(0), - Xa(g)).

Contrariwise, for all 1 < j,j" < d the covariance function EX;(p)X; (1),
v, € S, determines the coordinate Gjj of the positive semidefinite, even
matriz (G ;). 1 < j,j <d, with moderately increasing distribution at infinity
for which identity (4.2) holds.

Let me remark that the moderate decrease of the distribution of the positive
semidefinite matrix (G; /), 1 < j,j° < d, together with inequality (3.2) and
the fast decrease of the functions ¢ € S at infinity guarantee that the integral
in (4.2) is convergent.

Condition (4.1) which we wrote in the definition of moderately increasing
positive semidefinite matrix valued measures appears in the theory of distribu-
tions in a natural way. Such a condition characterizes those measures which are
distributions, i.e., continuous linear maps in the Schwartz space.

In [9] we have proved with the help of some important results of Laurent
Schwartz about distributions that in the case of scalar valued models, i.e., if
d =1 the covariance function of every Gaussian stationary generalized random
field with expectation zero agrees with the covariance function of a Gaussian
stationary generalized random field constructed in the same way as we have done
in Theorem 4.1. (In the case d = 1 the formulation of this result is simpler.)
It seems very likely that a refinement of that argument would give the proof of
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an analogous statement in the general case. I did not investigate this question,
because in the present paper we do not need such a result.

Remark. Similarly to the case of vector valued stationary fields with discrete
parameter we shall introduce the following terminology. If (G; /), 1 < j,j’ < d,
is a positive semidefinite, matrix valued even measure with moderately increas-
ing distribution at infinity, and there is a stationary generalized random field
(X1(9)y ..., Xalp)), ¢ € S, whose covariance function

i (0,0) = EX;(0) X (¥), 1<4,5 <d, o9 €S,

satisfies relation (4.2) with this matrix valued measure G, then we call G the
matrix valued spectral measure of this covariance function r; ;. (¢, 1). In general,
we shall call a positive semidefinite matrix valued even measure on R” with
moderately increasing distribution at infinity a matrix valued spectral measure
on R”. We have the right for such a terminology, because by Theorem 4.1 for
any such matrix valued measure there exists a Gaussian stationary generalized
random field such that this matrix valued measure is the matrix valued spectral
measure of its covariance function.

Let me remark that the diagonal elements G ; of the matrix valued spec-
tral measure of the correlation function r; j/ (¢, ) of a vector valued stationary
random field may be non finite measures on R”, they have to satisfy only rela-
tion (4.1). As a consequence, we can find a much richer class of matrix valued
spectral measures by working with generalized random fields than by working
only with classical stationary random fields. As we shall see, also vector val-
ued random spectral measures corresponding to these matrix valued spectral
measures can be constructed. Actually we discussed vector valued stationary
generalized random fields in this paper in order to construct this larger class of
matrix valued spectral and vector valued random spectral measures.

Proof of Theorem 4.1. Let us observe that the function r; j/ (¢, 9) defined in (4.2)
is real valued. This can be seen by applying the change of variables © — —z in
this integral and by exploiting that G; ;/(—A) = G, ;:(A), and ¢(—z) = (),
Y(—x) = ¥(x), since this calculation yields that r; ;/ (,1) = 7 (¢, ). Let us
also remark that r; j: (¢, ¥) = s ; (¢, ¢), since by formula (4.2) and the property
G,/ (A) = Gj ;(A) of the matrix (G;;(A)), 1 < j,j" < d, for all measurable
sets A C R” we have r; ;/(¢,%) = rj ;(¥,¢), and we know that both side of
this identity is real valued.

First we show that for all positive integers IV and functions ¢, € S, 1 < k <
N, there are some Gaussian random vectors (X1 (px), ..., Xa(¢r)), 1 <k < N,
with expectation zero and covariances EX; (k)X (o) = 75,5/ (¢, i) for all
1 <34, <d 1< kk < N, on an appropriate probability space, where
75,5 (YK, pir) is defined at the right-hand side of formula (4.2) with our matrix
valued measure (G, /), 1 < j,j < d, and with the choice ¢ = @i, ¥ = @i.

We prove this statement if we show that the matrix with elements

diiky, Gy = Tig (ks ow), 1<4,5' <d, 1<kKk <N,
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is positive semidefinite. To prove this result take any vector (ajr, 1 < j <
d,1 <k < N), and observe that
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where 1;(z) = éﬁl ajkpr(@), 1 < j < d, P(x) = (¢1(2), ..., Ya(x)), and g(z)

denotes the matrix (g;;/(x)), 1 < 4,7/ < d. In this calculation we applied
formula (4.2), the representation G; ;:(dx) = g; ;- ()u( dz) and finally the fact
that g(z) is a semidefinite matrix for p almost all .

Then it follows from Kolmogorov’s existence theorem for random processes
with consistent finite distributions that there is a Gaussian random field

(X1(<P)aaXd(<P))a @653

with zero expectation such that EX ()X, (¢) = rj;(¢,9) for all functions
peS, (YeSand 1<y, j <d Besides, the finite dimensional distributions
of this random field are determined because of the Gaussian property. Next we
show that this random field is a vector valued generalized random field.

Property (a) of the vector valued generalized random fields follows from the
following calculation.

Ela1 X;j(¢) + a2 X;(¢) = X (a1 + ageh))?
— [ (w16(@) + 026(a) - @+ ax)(a)

. (a1¢<x> T ai(@) — (arp 1 agwxw)) G, 5(dz) =0

by formula (4.2) for all real numbers aj, as, 1 < j <dand ¢, € S.
Property (b) of the vector valued generalized random fields also holds for
this model. Actually it is proved in [9] that if gon — ( in the topology of the

space S, then E[X;(¢y,) — = [|pn(z) —¢(2)|*Gj j(dz) = 0 as n — oo,
hence property (b) also holds (The proof is not difficult. It exploits that for
a sequence of functions ¢, € §¢, n =10,1,2,..., ¢, — ¢ as n — oo in the

topology of §¢ if and only if ¢, — @g in the same topology. Besides, the
measure G ; satisfies inequality (4.1).)

It is also clear that the Gaussian random field constructed in such a way is
stationary.
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It remained to show that the covariance function r; ;. (¢,v) = EX;(¢) X/ (¢¥)
determines the complex measure G; ;. To show this we have to observe that
inequality (3.2) holds also in this case, hence the Schwarz inequality implies that

/(1 +12]) "9, (@) |pu(dz) < oo forall 1 <j,j <d

for a positive semidefinite matrix valued measure with moderately increasing
distribution, i.e., this inequality holds not only for 5 = j’. Then it follows from
the standard theory of Schwartz spaces that the class of Schwartz functions is
sufficiently rich to guarantee that the function r; j/ (¢, ¢) determines the complex
measure G ;. Theorem 4.1 is proved.

Next we construct a vector valued random spectral measure corresponding
to a matrix valued spectral measure (G, /), 1 < 7,5/ < d, on R”. We argue
similarly to Section 3, where the vector valued random spectral measures cor-
responding to matrix valued spectral measures on [—7, )" were considered. In
the construction we shall also refer to some results in [9].

Let us have a vector valued Gaussian stationary generalized random field
X = (X1(9),..., Xa(®)), ¢ € S, 1 < j < d, with a matrix valued spectral
measure (G, ;/), 1 < j,j’ < d. First we define for all 1 < j < d some (complex)
Hilbert spaces Kf ;, H{ ; and a norm preserving, invertible linear transformation
Tj between them in the following way. K ; consists of those complex valued
functions u(z) on R for which [ |u(z)]*G, ;(dz) < oo with the scalar product
(u(z),v(z)) = [u(z)v()G;;(dr). To define the Hilbert space HS ; let us first
introduce the Hilbert space H = H° of (complex valued) random variables with
finite second moment on the probability space (2,4, P) where our stationary
generalized random field is defined. We define the Hilbert space H° in the space
consisting of these random variables with the usual scalar product (£, 7n) = E£7
in H¢. The Hilbert space H{ ; is defined as the closure of the linear subspace of
¢ consisting of the complex valued random variables X;(¢)+iX;(¢), ¢, € S.

—~—

First we define the operator Tj for functions of the form ¢ + i), ¢, € S.
We define it by the formula

Ti(p + i) = X;(p) +iX,; (), ¢, ¥ €S. (4.3)

A calculation, which was actually carried out in [9] shows that the set of func-

tions ¢+, ¢, € S, is dense in Kf ;, and the transformation T}, defined
in (4.3) can be extended to a norm preserving, invertible linear transforma-
tion from ICf’j to HT ;. (In the calculation leading to this statement we apply
formula (4.2) with the choice j' = j.)

Then we can define the random spectral measure Zg ;(A), similarly to the
case discussed in Section 3, by the formula Zg ;(A) = T;14(+)) for all bounded
measurable sets A C R”. To determine the joint distribution of the spectral
measures Z¢ ; we make the following version of the corresponding argument in
Section 3.
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We define the following two Hilbert spaces K{ and #H¢ together with a norm
preserving linear transformation T between them.

The elements of the Hilbert space K are the vectors u = (u1(x), ..., uq(x))
with u;(z) € Kf;, 1 < j < d. We define the scalar product on Kf with
the help of the following positive semidefinite bilinear form (-, -)o. If u(z) =
(ur(x),...,uq(x)) € K§ and v(z) = (v1(x),...,vq(z)) € K], then

d _
<U($)7U(x)>0 = ZZ/uj(x)Ujl(x)Gj’j/(dx)
d d
= ZZ/gjw(fﬂ)uy‘(x)vj'(ﬂ:)u(d:c) :/U(Sc)g(x)v(os)*u(d;p)

with the matrix g(z) = (g, (2)), 1 < j,j" < d, where v*(z) denotes the column
vector whose elements are the functions v/ (), 1 < j" < d. Actually, here we
simply copied the corresponding definition in Section 3 for the discrete time
model, and we can also prove that K§ is a Hilbert space with the scalar (-, -)g
in the same way as it was done in Section 3.

The construction H{, and the proof of its properties is again a simple
copying of argument made in Section 3. The elements of H{ are the vec-
tors § = (§1,...,8a), where {; € Hf ;, 1 < j < d, and we define the norm

on it by means of the scalar product (¢,n); = F (2?21 fj) (Z;l:l 77j) for
&= (&,...,&) € HS and n = (n1,...,n4) € HS. We identify two elements
& e HS and n € HS if ||€ —n||1 = 0. Then the argument of Section 3 yields that
¢ is a Hilbert space with the scalar product (-,-)1.
We define the operator T from Kf to H{ again in the same way as in Sec-
tion 3. We define it by the formula

Tu="T(uy,...,uq) = (Thu1,...,Tquq)

for u = (u1,...,uq), u; € KY ;, with the help of the already defined operators
T;, 1 < j < d We want to show that it is a norm preserving and invertible
transformation from Kf to H{. Here again we apply a similar, but sightly
different argument from that in Section 3. We exploit that if we take the class
of vectors

W={w=(u1 +iv1,...,uqg+ivq): u; €S, v; €Sforalll <j<d}

then the class of vectors

—_~

W = {(u1 +iv1, ..., uqg +ivg): (ug +ivy,...,uq +ivg) € W}
is an everywhere dense subspace of Kf. and the class of vectors

W(X) = {((Xl(ul + ivl), e ,Xd(ud + ivd)): (u1 + vy, ..., ug + ivd) € W}

40



is an everywhere dense subspace of H§. (Here again the sign ~ denotes Fourier
transform.)

Take two vectors (u1,14+iv1 1, . ., Ug1+ivg1) € W and (uq 2+iv1 2, . .., Ug 2+
ivg2) € W. The desired property of the operator T will follow from the following
calculation:

—_~— —_~—

(w1 +iv1,0,- - ugn +v4,1), (U2 + 01,2, ..., Uug2 + V4,2))o

) )

d d o
=>> / (wjn (@) + ;1 (@) (uj 2(@) + vy 2(2)) Gy (d)

1
(Xl (ul,g) + in (1}172), e 7Xd(ud’2) + iXd(Ud’Q))>17

ie.,

—_—~ o~ e~ e~

(w1 + 110, uq1 +v4,1), (1,2 + 012, ..., Ug2 + Va,2))o
= <(T1(U171 + ivl’l), - ,Td(udJ + Z"Udyl)),
(T1(ur,2 +iv12), ... Ta(ua2 +iva2)))1-

This means that the operator T maps the everywhere dense subspace W of K$
to the everywhere dense subspace W (X)) of H§ in a norm preserving form. This
implies that 7" is a norm preserving, invertible transformation from K§ to Hf.
Now we turn to the definition of the vector valued random spectral measures
corresponding to a matrix valued spectral measure on R”.
Let a vector valued, Gaussian stationary generalized random field

X(p) = (X1(9), ..., Xa(w)), ¢€S,

be given with a matrix valued spectral measure (G, ;/), 1 < 4,57/ < d, on R”.
(We take such generalized, stationary random fields which were constructed
in Theorem 4.1.) Let us consider the operators T;, 1 <j <d, and T con-
structed above with the help of these quantities. We define, similarly to the
case of Gaussian stationary random fields with discrete parameters discussed
in Section 3 the random variables Zg ;(A) = Tj(Ia(z)) for all 1 < j < d and
bounded, measurable sets A C R”. (These functions I4(-) are clearly elements
of the Hilbert space Kf ; for all < j < d). It can be proved with the help of
the properties of the operator T' that these random functions satisfy properties
(i)—(v) formulated in the definition of random spectral measures on the torus,
considered in Section 3. The argument applied in Section 3 holds also in in this
case. In particular, property (v) can be proved with the help of property (v').
Property (v') can be proved with some work, and actually this was done in [9].
We prove (v') by checking it first for functions v € S¢.

The above result makes natural the following definition of vector valued
random spectral measures corresponding to a matrix valued spectral measure
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on RY. This is very similar to the definition of vector valued random spectral
measures on the torus.

Definition of vector valued random spectral measures on R”. Let G =
(Gj7), 1 < 4,7 <d, be a matriz valued spectral measure on RY. We call a set
of complex valued random variables Zg j(A) depending on pairs (j, A), where
1<j<d, Ae A, and A is the algebra

A={A: A is a bounded Borel measurable set in R"},

a d-dimensional vector valued random spectral measure corresponding to the
matriz valued spectral measure G on R if this set of random variables Zg ;(A),
1 <j<d, Ae A, satisfies properties (i)—(v) introduced in Section 3 in the
definition of vector valued random spectral measures on the torus. Given a
fized index 1 < j < d, we call the set of random variables Zg j(A), A € A,
with this index j the j-th coordinate of this matriz valued spectral measure,
and we denote it by Zg ;. We denote a d-dimensional vector valued random
spectral measure corresponding to the matriz valued spectral measure G by Zg =
(Zgas- s Za.d)-

We can show with the help of the arguments applied in Section 3 that for any
d-dimensional matrix valued spectral measure on R” there exists a d-dimensional
vector valued random spectral measure corresponding to it.

We can define the random integral [ f(z)Zq ;( dz) of the functions f € Kf ;
with respect to the random spectral measure Zg ;, 1 < j < d, corresponding to
the matrix valued spectral measure (G, /), 1 < j,j’ < d, of a Gaussian station-
ary generalized field in the same way as we defined these random integrals with
respect to random spectral measures corresponding to a spectral measures on
the torus [—m,7)" in Section 3. First we define these integrals for elementary
functions which are defined in the same way as it was done in Section 3. Then
following the calculation of that section we can define these integrals for a gen-
eral function f € Kf ;, and it can be seen that formulas (3.7), (3.8) and (3.9)
remain valid for them. In particular, the random integrals [ @(z)Z¢ ;(dz) are
(meaningful and) real valued random variables for all ¢ € S, and

E ( [ @204 [ zZ)(m)zG,jf(dw) — [ $@)d(a)Gyy(da)

for all 9,7 € S and 1 < j,j' < d. This identity together with relation (3.7) and
the fact that the above considered random integrals are linear operators imply
that the set of random variables

Xi(p) = /@(m)Zc,j(dx), pes, 1<j<d, (4.4)

constitute a vector valued Gaussian, stationary generalized random field with
spectral measure (G /), 1 < j,j" <d.

This implies that the natural version of Theorem 3.1 remains valid if we
consider a matrix valued spectral measure (G, /), 1 < 7,5’ < d, on R”. Then
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there exists a random spectral measure Zg = (Zg 1, .. -, Za,4) corresponding to
it, and we have defined the random integrals [ u(z)Zg ;(dz), 1 < j < d, with
respect to it for all u € Kf ;. The class of random variables, X;(¢), ¢ € S,
1 < j < d, defined in (4.4) constitute a vector valued, Gauss1an statlonary
generalized random field with matrix valued spectral measure (G; /), 1 < j,j' <
d. Moreover, if a d-dimensional vector valued Gaussian stationary random field
is given with spectral measure (Gj;/), 1 < j,7' < d, then we can consider the
random spectral measure (Zg 1, ..., Zg,q) constructed in this section with the
help of this random field. This random spectral measure has the property that
the random field given by the random integrals defined in formula (4.4) with
their help agrees with the original vector valued Gaussian stationary generalized
random field.

We can formulate a natural version of Lemma 3.2 where we consider a matrix
valued spectral measure (G; /), 1 < 7,5’ <d, on R” instead of a matrix valued
spectral measure on the torus [—m, 7). In this version of Lemma 3.2 we define
Ki; as

K= {u: /|u(m)|2Gj,j(dx) < oo, u(—xz)=u(zx)forall z € R”} ,

with the scalar product (u,v) = [u(z)v(z)G;;(dz), u,v € K1 ;, and Hy; as
the closure of the linear space consisting of the finite linear combination of the
random variables X;(¢), ¢ € S, with real coefficients in the Hilbert space H.
This version of Lemma 3.2 states that K; ; and H; ; are real Hilbert spaces,
and Tj(u) = [wu(z)Z¢g,;(dz) is a norm preserving and invertible transformation
from ’Cl,j to 7‘[17]'.

The proof of this version of Lemma 3.2 is very similar to the proof of the
original lemma. The main difference is that now we show that the class of
functions @ with ¢ € S is a dense linear subspace of Ky ;, and the transformation

= [@(x)Zg ;(dz) = X;(p), ¢ € S, is a norm preserving transformation
from an everywhere dense subspace of K; ; to an everywhere dense subspace of
Hl,j'

The natural version of Lemma 3.3 also holds. It states that a matrix valued
spectral measure (G, /), 1 < j,j' < d, on R” determines the distribution of a
vector valued random spectral measure Zg ;, 1 < j < d, corresponding to it.
The proof of this version is the same as the proof of the original lemma. The
only difference is that now we consider the random spectral measure Zg ;(A)
for all measurable, bounded sets A C R”.

Finally I would remark that property (vi) of the random spectral measures
also remains valid for this new class of random spectral measures, because its
proof applies only properties (i)—(v) of random spectral measures.
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5 Multiple Wiener—Ito6 integrals with respect to
vector valued random spectral measures

Next we want to rewrite the random variables with finite second moments which
are measurable with respect the o-algebra generated by the elements of a vector
valued Gaussian stationary random field in an appropriate form, which enables
us to rewrite also the random sums defined in (1.1) in a form that helps in the
study of their limit behaviour. In the scalar valued case, i.e., when d = 1 we
could do this with the help of multiple Wiener—Ito6 integrals. We could rewrite
the random sums (1.1) with their help in such a form that provided great help
in the study of the limit theorems we were interested in. Next we show that
a similar method can be applied also in the case of vector valued Gaussian
stationary random fields. To do this first we have to define the multiple Wiener—
It6 integrals also in the vector valued case. We start the definition of multiple
Wiener—it6 integrals in this case with the introduction of the following notation.

Let X(p) = (X1(p),...,Xa(p)), EX(p) = 0, p € Z", be a vector valued
stationary Gaussian random field with some matrix valued spectral measure
G = (Gj,), 1 <34, <d Let Zg = (Zga,...,Zga) be a vector valued
random spectral measure corresponding to it which is chosen in such a way
that X;(p) = [€'P® Zg ;(dzx) for all p € Z¥ and 1 < j < d. Let us consider
the (real) Hilbert space H of square integrable random variables measurable
with respect to the o-algebra generated by the random vectors X (p), p € Z.
More generally, let us consider a (possibly generalized) matrix valued spectral
measure G = (G;,j/), 1 < j,j’ < d, and a vector valued random spectral measure
Zag = (Zga,--.,%ZaG,q) corresponding to it, where the matrix valued spectral
measures G and vector valued random spectral measures Zg ; are defined
either on the torus [—m, 7)” or on R”, and consider the (real) Hilbert space H of
the square integrable (real valued) random variables, measurable with respect
to the o-algebra generated by the random variables of the vector valued random
spectral measures Zg with the usual scalar product in this space. We would like
to write the elements of the Hilbert space H in the form of a sum of multiple
Wiener-It6 integrals with respect to the vector valued random spectral measure
Zg. 1 shall construct these Wiener—Ito integrals in this section, and I prove
some of their important properties.

As a discussion in Section 2 of [11] will show we cannot write all elements
of H in the form of a sum of Wiener—Ito integrals, but we can do this for the
elements of an everywhere dense subspace of H. In particular, if we consider
finitely many random variables X;(p), 1 < j < d, p € Z" of a discrete or X;(¢),
1<j<d, pe8” of ageneralized vector valued stationary Gaussian random
field, then all polynomials of these random variables can be written as the sum
of Wiener—It6 integrals. Such a result will be sufficient for our purposes. In
the subsequent discussion I impose a technical condition about the properties
of the matrix valued spectral measure G = (G, /) I shall be working with. I
assume that it is non-atomic. More precisely, I assume that we are working with
such a dominating measure p for the coordinates of the matrix valued spectral
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measures G; j for which p({z}) =0 for all z € R”.
First I define for all n = 1,2,... and 1 < j; < d for the indices 1 < s < n
the n-fold multiple Wiener—Ito6 integral

In(f|jlyv]n) :/f(xh~Hal'n)ZG,jl(dxl)~'~ZG,jn(d:L'n)

with respect to the coordinates of a vector valued random spectral measure Zg =
(Zga,---,Za,aq), corresponding to a matrix valued spectral measure G = (G; ;/),
1 < 4,7 <d. Ishall define these Wiener—Ito integrals with kernel functions f €
Knji,...j. in a (real) Hilbert space KCpnjy... 5. = Knjrrooin(Girgisr s Giniin)
defined below.

We define K, 1.5 = Knjrooin(Giyjr- -+ -5 Gy 50 ) as the Hilbert space
consisting of those complex valued functions f(z1,...,2,) on R™ which satisfy
the following relations (a) and (b):

(a) f(—z1,...,—zn) = flx1,...,2,) for all (zq,...,2,) € R™,
®) 11> = [1f (@1, 20) PGy 5y (dan) ... Gy, g, (day) < oo

We define the scalar product in Ky, 5. ;

gn 0 the following way. If f, g €
’Cn’jl""’jna then

(f.9) / F@r, o a)g@r )Gy (day) ... Gy (diy)

= /f(xl, o xn)g(—x, ., —20)Gyy g, (dze) . Gy, (day).

Because of the symmetry G;, ;. (A) = Gj, j.(—A) of the spectral measure
(f,g) = (f,g), ie., the scalar product (f,g) is a real number for all f, g €
jn- This means that K, j, . ;. is a real Hilbert space, as I claimed. We
also define the real Hilbert space Ky for n = 0 as the space of real constants

with the norm ||¢|| = |¢].

.....

Remark. In the case n = 1 the above defined real Hilbert space Ky ; agrees with
the real Hilbert space K1 ; introduced in Lemma 3.2.

Similarly to the scalar valued case, first we introduce so-called simple func-
tions and define the multiple integrals for them. We prove some properties of
this integral which enable us to extend its definition by means of an Ly extension
for all functions f € Kj, ... ;. We define the class of simple functions together
with the notion of regular systems.

Definition of regular systems and of the class of simple functions. Let
D={Ay, k==+1,£2,...,£N}

be a finite collection of bounded, measurable sets in R” indexed by the integers
+1,..., £N with some positive integer N. We say that D is a regular system
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if Ay = —A_g, and Ay NA; =0 ifk #1 for all k,1 = +£1,£2,...,£N. A
function f € Ky, j,,.. ;. is adapted to this system D if f(x1,...,xy) is constant
on the sets Ay X Apy X+~ x Ay, ky==1,...,£N,1=1,2,...,n, it vanishes
outside these sets, and it also vanishes on those sets of the above form for which
ky = +ky for some l #£ 1.

A function f € Ky j,,....4, 5 in the class ’Cn,jl,.,.,jn of simple functions if it
is adapted to some regular system D = {Ay, k==+1,...,£N}.

Definition of Wiener—It6 integrals of simple functions. Let a simple
function f € Ky j,.....5, be adapted to some regular system

D={Ay, k==+1,...,£N}.

Its n-fold Wiener-Ité integral with respect to Zg = (Zga,...,Zc,4) with pa-
rameters ji,...,9n, 1 < jx < d for all 1 <k <n, is defined as

/f($1,...,1’n)ZG’jl(dl'1)...chjn(dxn) (51)
= L(flj1,- -+ Jn)
= Z f(ukl""7ukn)ZG»j1(Ak1)"'ZGJn(Akn)v
ki=+1,..,£N
=1,

where uy, € Ay, k==+1,...,£N.

Although the regular system D to which f is adapted is not uniquely determined
(for example the elements of D can be divided to smaller sets), the integral
defined in (5.1) is meaningful, i.e., its value does not depend on the choice of
D. This can be proved with the help of property (iv) of vector valued random
spectral measures defined in Section 3 in the same way as it was done in the
scalar valued case in [9]. (Let me also remark that here I defined the random
integral I,,(f|j1,-.-,jn) with a normalization different from the normalization
of the corresponding expression I¢(f) introduced in [9]. Here I omitted the
norming term -.)

Because of the definition of simple functions the sum in (5.1) does not change
if we allow in it summation only for such sequences ki, . . ., k, for which k; # +kp
if [ £ 1’. This fact will be exploited in the subsequent considerations.

Next I formulate some important properties about the Wiener—It6 integrals
of simple functions. Later we shall see that these properties remain valid in the
general case.

L.(flj1, .-, Jjn) is a real valued random variable for all f € K, j, .. (5.2)

.....

Indeed, I,(flj1,---+dn) = In(flj1,---,Jn) by Property (a) of the functions in
Knji.....;, and property (v) of the random spectral measures defined in Section 3,
hence (5.2) holds. Tt is also clear that K, j . is a linear space, and the
mapping f — I,(f|j1,---,Jn) is a linear transformation on it.
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The relation
EL(flji,-1jn) =0 for f€Knji  j, ifn#0 (5.3)

also holds. (In the non-zero terms of the sum in (5.1) we have the product
of independent random variables with expectation zero by property (vi) of the
random spectral measures described also in Section 3.) Next I express the co-
variance between random variables of the form I,,(f|j1,...,Jn). To do this first
I introduce the following notation. Let II(n) denote the set of all permutations
of the set {1,...,n}, and let 7 = (w(1),...,m(n)) denote one of its element.

Let us have a positive integer n > 1, and two sequences ji,...,j, and
Jloeendn, 1< js, gt <dforalll <s<d. Let f €K, . ;, andh € Icn,ji,wj;'
I shall show that

n

EL(flj1:- - dn)In(Bljt, -, Gn) (5-4)
= Z /f(CUl,...In)h($ﬂ—(1),...,$ﬂ-(n))
mell(n)
Gjl’j;—l(l) ( dl‘l) e Gj”’j;—l(n) ( dl’n)

On the other hand, if n # n’, and f € Ky, j, ., h € Kﬂ’d’iv---ai’/’ then
EL,(flj1,--- jn)In (Rlj1, ..., 30) = 0. (5.5)

Next I show the following inequality with the help of formula (5.4):

E|In(f‘]1aa]n)|2 < n!/|f($1a-~-xn)|2Gj17j1(d$1)"'Gjmjn(dxn)

= 1 fai,eia (5.6)

for all f € /@n,jl ..... G-

Indeed we get by applying (5.4) for f = h € I&n,jl,...,jn together with rela-
tion (3.2) that

w€ell(n)

1/2
% T (9500 @95, 1,y @) ) ().

s=1
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On the other hand, we get with the help of the Schwarz inequality that

n 1/2
J15G1 i @nays o szea) T (355,005 5,0 20)
s=1

xp(dry) ... p(dxy,) (5.8)

n 1/2
< ( / |f(w17---$n)|2ngs,js(xs)u(dm)-~-M(d$n)>

n 1/2
X (/ |f(x7r(1)a v 7x7r(n))‘2 H gjﬂfl(s),j,rfys)(xs) X ,u'(dxl) s N’( dwn))
s=1

for all w € TI(n). Let us also observe that the map T from R™ to R™, defined
as
T(a:l, AN ,.’En) = (.’13.,1.(1), RN ,l‘ﬂ.(n))

is a bijection, and it is a measure preserving transformation from
(R™, Gy gy X+ X Gy ) = (R™, g3, 52 (@1) -+ G () p(dy) - p(dn ) )
to

(Rnu G

' Gimrydamray X X Gy

7\'71(’71/)"].7\'71(’71))
= (R71‘V7gj7(71(1)’j7r71(1) (x1> T gjﬂfl(n)’j.,r—l(n) (xn)u< dxl) et /’L( dmn) )

To see this it is enough to check that if A = A; x --- x A, then
(Gra x -+ X Gnn)(A) =[] Gra(A),
1=1

TA = Aﬂ—l(l) XKoo X Aﬂ'*l(n)v

XX G )(TA)

Jn=1(n)Jdr=1(n)

=16 10 si(Ari) = (Gra X -+ x Gr)(A).
=1

(ij—l(l)’jw—l(l)

The last identity together with the bijective property of 7" imply that it is
measure preserving.

Because of the measure preserving property of the operator T" we can write
that

[15@r )P T gs. . (et dor) .. p(d) (5.9
s=1
= / |f(x7r(1)a <o axﬂ”(n))|2 H gjw_l(s)7j7r_1(s) (xs):u( dxl) s /’L( dmn)
s=1
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Relation (5.6) follows from relations (5.7), (5.8) and (5.9).

To prove formulas (5.4) and (5.5) first we prove the following relations. Let
a regular system D = {Ag, k = +1,42,...,+N} be given, choose an integer
n > 1, some numbers ji,...,J, and ji...,7/, such that 1 < j,, 5. < d, 1 <
s < d, together with two sequences of numbers k1,...,k, and ly,...,[, such
that kg, ls € {£1,...,£N} for all 1 < s < n, and they also satisfy the relation
ks # +ky, and I # +lg if s # s'. I claim that under these conditions

EZGj (Aky) - Za,j, (Bk,) Za 3 (An) - Za gy, (Ar,) = 0 (5.10)
if {k1,...,kn} # {li,...,ln}. On the other hand, if
lp=Fkrp) forall1<p<n (5.11)

with some permutation 7 € II(n), then

EZg j,(Aky) Za g, (Ak, ) Za j (A1) - Za g (Al,)

=Gty (Bi) Gy (B)- (5.12)
Let me remark that there cannot be two different permutations = € II(n) satisfy-
ing relation (5.11), since by our assumption also elements of the set {k1,...,k,}
are different, and the same relation holds for the set {11,...,0,}.

To prove (5.10) we show that under its conditions the product

2G5, (Aky) - 26,5, (Ak,) Za g1 (A ) -+ - Za g1, (A,)

can be written in the form of a product of two independent terms in such a way
that one of them has expectation zero.

Indeed, since {ki,...,kn} # {l1,...,1,}, there is such an element k, for
which kg # I; for all 1 <t < n, and also the relation ks # +k; if s # t, holds. If
the relation ks # =%l; also holds for all 1 < ¢ < n, then Z¢ ;, (A, ) is independent
of the product of the product of the remaining terms in this product because
of property (vi) of vector valued random spectral measures given in Section 3,
and EZ¢ ;, (Ar,) = 0. Hence relation (5.10) holds in this case.

In the other case, there is an index s’ such that Iy, = —k,. In this case the
vector

(Zgj.(Ar.), Za g, (A1) = (Zaj.(Ak.), Zaj, (—A,))
= (Zg,j.(Ax,), Zc,j,, (Ak,))

is independent of the remaining terms, (because of property (vi) of the vec-
tor valued random spectral measures). In the last relation we exploited that
—A;, = Ay,). Hence

EZq ;. (Ar)Za,;,(A,) = EZg ;. (Ak,) Za (= Ak,) =0,

and relation (5.10) holds in this case, too.
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To prove (5.12) let us observe that under its condition the investigated prod-
uct can be written in the form

26,5, (Aky) - Za g, (Ak, ) Za g1 (D) -+ Za,g, (A,)

=[] Zc.j,(Ax,) Zc (Ay,)-
p=1

i
Tr=1(p)

The terms in the product at the right-hand side are independent for different

indices s, and EZG,jp(Akp)ZG,j;_l(p)(Akp> = Gjp’j;_—l(p) (A, ). Formula (5.12)

follows from these relations and the independence between the terms in the last

product. (Here we use again property (vi) of the random spectral measures.)
To prove formula (5.4) let us take a regular system

D={Ay, k==1,...,£N}

such that both functions f and h are adapted to it. This can be done by means
of a possible refinement of the original regular systems corresponding to the
functions f and h. Then we can write, by exploiting (5.2) and (5.10) that

= Z Z f(ukl,. . .ukn)h(ukw(l),. N ,ukw(n))

WEH(”) (klw"k’n)) (llruln)
kp==x1,...,.£N, p=1,...,n
lp=kz(p) P=1,...,n

xEZg j,(Aky) - Za g, (Ak, ) Za g (A1) - Za g (Ar,),

where ug € Ay for all k=+1,...,£N.
The expected value of the product at the right-hand side of this identity can
be calculated with the help of (5.12), and this yields that

= Z Z f(ukl,...uk")h(ull,...,ul”)

nell(n)  (k1,...kn), (L1,...1n)
kp==%1,...,£N, p=1,...,n
lp=kx(p), P=1,...,n

XGjl,j;,l(l) (Akl) e Gjmj;,l(n) (Akn)

= Z /f(a?l,...l'n)h(xﬂ—(l),---axﬂ'(n))

mell(n)

XGj

(dxz1)...G (dxy).

1»]‘;_1(1) jnvj;__l(n)
Formula (5.4) is proved.
The proof of (5.5) is based on a similar idea, but it is considerably simpler.

It can be proved similarly to relation (5.10) that for n # n’,

EZj (Ak) - Zaj, (Bk,) Ze,ji (A ) - Zayr (A, ) =0 (5.13)
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if we define this expression by means a regular system
D={Ay, k==41,£2,...,£N},

some numbers ji,...,J, and ji...,j.,, all of them between 1 and d, together
with two sequences of numbers kq,...,k, and ly,...,l,,» such that ks, €
{£1,...,£N} for all these numbers, and they satisfy the relation ks # +kg/,
and [, # &+l if s # s’. Then, if we express

ELn(fljv, -y dn)Iw (Rl - ) = ELo(fld1s - dn) T (BT -5 1)

similarly as we have done in the proof of (5.12) we get such a sum where all
terms equal zero because of (5.13). This implies relation (5.5).

To define the Wiener-It6 integral for all functions f € K, ;. ;. we still
need the following result.

Lemma 5.1. The class of simple functions l@nm,_“’j s a dense linear subspace

of the (real) Hilbert space Ky j,.... ;.-

n

Lemma 5.1 is the multivariate version of Lemma 4.1 in [9]. (A more trans-
parent proof of this result was given in the Appendix of [10].) Actually, we do
not have to prove Lemma 5.1, because it simply follows from Lemma 4.1 of [9].
By applying this result for G = Z;;l G;,; we get that all bounded functions of

,,,,, j. are in the closure of Ky, j,
Knji,....jn are in this closure.

jn- But this implies that all functions of

.....

Let us take the Ly norm in the Hilbert space H. Then we have, for all
felnjnins In(flj1,- .., jn) € H, and by formula (5.6),

1L (Flits s gn)ll = [E@(Flirs - 3n)D] < VAl fueooin |-

Hence Lemma 5.1 enables us to extend the Wiener-1td integral I, (f|j1,---,7n)
for all f € K, j,..5,- Moreover, relations (5.2)—(5.6) remain valid in the
Hilbert space KCp j, ... 5, after this extension.

Remark. In (5.6) we have given an upper bound for the second moment of a
multiple Wiener—It6 integral, but we cannot write equality in this formula. In
the scalar-valued case we had an identity in the corresponding relation. At least
this was the case if we took the Wiener—Ito integral of a symmetric function. On
the other hand, working only with Wiener—It6 integrals of symmetric functions
did not mean a serious restriction. This relative weakness of formula (5.6) (the
lack of identity) is the reason why we cannot represent such a large class of
random variables in the form of a sum of Wiener—It6 integrals as in the scalar
valued case. (This problem will be discussed in Section 2 of [11].)

I would mention that there is a slightly stronger version of Lemma 5.1 which
is useful in the study in the second part of this paper, in [11], when we are
interested in the question under what conditions we can state that a sequence
of Wiener—It6 integrals converges to a Wiener—Ito integral. Here is this result.
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Lemma 5.2. For all functions f € Ky, 5, ... j, and numbers e > 0 there is such
a simple function g € I@n,jl ,,,,, jn for which || f —gl|| < € in the norm of the Hilbert
space Ky, j, ... ;.. and there is a regular system D = {Ay, k= +1,4+2,... ,£N}
to which the function g is adapted, and the boundary of all sets Ay, € D has
zero -probability with the measure u we chose as the dominating measure for
the complex measures G j: in our considerations.

Lemma 5.2 also follows from the results of [9] or [10].

Finally, I make the following remark. If we define a new function by reindex-
ing the variables of a function of h € Ky, j, ... j, by means of a permutation of the
indices, and we change the indices of the spectral measure Z¢ ;, in the Wiener-
It6 integral I, (h|j1, ..., jn) in an appropriate way, then we get a new Wiener—Itd
integral whose value agrees with the original integral I,,(h|j1, ..., jn). More ex-
plicitly, the following result holds.

Lemma 5.3. Given a function h € K, j, . ;. and a permutation = € II(n)
define the function hy(z1,...,2n) = MXr1), ..., Tr(n)). The following identity
holds.

/h(xla"'7xn)ZG,j1(dx1)"'ZG,jn(dxn)
:/hﬂ(xl,...,xn)ZG’jw(l)(dxl)...ZG’jW(n)(dxn). (5.14)

(In particular, hx € Kn j, 1y.....jne, s thus the integrals on both sides of the iden-
tity are meaningful.)

Proof of Lemma 5.3. This identity can be simply checked if h is a simple
function. It is enough to observe that if h(z1,...,z,) = hi(x1) - hy(x,) with
some x; € Ay,, g(;(+) is some function on R”, 1 <1 < n, then

/h o P ZG 71(dl‘1) ZG,]n d.’L‘n = xl ZG][ Akl)

||::]:

ha(z1, ... 21) = hi(@r,) - hn(za,),

/hﬁ(xl,...,xn)zg,jﬂ(l)(dxl) 26 gy () Hh Tr)) 26 g, (D))
=1

and the last two Wiener—It6 integrals equal. Then a simple limiting procedure
implies it in the general case. Lemma 5.3 is proved.

We saw in [9] that in the scalar valued case the value of a Wiener—It6 integral
[ f(@1,... an)Za(dxr) ... Zg(dxy,) does not change if we replace the kernel
function f by the function we get by permuting its variables z1,...,z, in an
arbitrary way. Lemma 5.3 is the generalization of this result to the case when
we integrate with respect to the coordinates of a vector valued random spectral
measure.
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Remark. A consequence of the result of Lemma 5.3 shows an essential difference
between the behaviour of multiple Wiener—It6 integrals with respect to scalar
and vector valued random spectral measures. It follows from the scalar valued
version of Lemma 5.3 that in the scalar valued case the Wiener—-Ito integral of
a kernel function agrees with the Wiener—it6 integral of the symmetrization of
this kernel function. This has the consequence that in the scalar valued case
we can restrict our attention to the Wiener—It6 integrals of symmetrical func-
tions which do not change their values by any permutation of their variables.
It can be seen that any random variable which can be written as the sum of
Wiener-It6 integrals can be written in a unique form as a sum of Wiener—Ito
integrals of different multiplicity with symmetric kernel functions. The analo-
gous result does not hold in the vector valued case. Indeed, if there is some
linear dependence among the coordinates of the underlying vectors in a vector
valued stationary random field, then such functions f; can be found for which
27:1 [ fi(x)Za,j(dx) = 0, and not all kernel functions f; disappear in the
above sum. This shows that the unique representation of the random variables
by means of a sum of Wiener—It6 integrals may not hold in vector valued models.

6 The diagram formula for the product of mul-
tiple Wiener—Ito integrals

Let us consider a vector valued random spectral measure (Zg 1, ..., Z¢g,q4) cor-
responding to the matrix valued spectral measure (G, /), 1 < j,j' < d, of a
vector valued stationary Gaussian random field with expectation zero (either to
a discrete random field X (p) = (X1(p),...,Xa(p)), p € Z¥, or to a generalized
one X(p) = (Xi1(p),...,Xa(p)), ¢ € S8”). Let us assume that the spectral
measure G; -, 1 < j,j’ <d, is non-atomic, and take two Wiener-Ito6 integrals

In(h1|]17,]n) :/hl(xly;xn)ZG,]l(dxl)ZG,jn(dxn) (61)
and
Im(h2|]i,7];n) :/h2($177$m)ZG’j{(d$1)ZG’J;n(dﬁm) (62)

with some kernel functions hy € K, 5, 4, and hy € Ky, s i, where jg, j; €
{1,...;d} forall 1 <s<mnand 1 <t <m.

Actually we state our problems a bit differently, which is more appropriate
for our discussion. We take two functions hy(x1,...,2,) and ho(Tn i1, -+, Tnim)
in the space R("*™)¥ and define the function

hgo) (z1,...,2m) by the identity

W @1, ) = ha(@y 1y @) 3 (1, @) = (W1 T )

We assume that hy € ICpy j, ... s h(QO) € ’Cm,j{,...,j;n- Then we define the Wiener—

Ito integrals (6.1) and (6.2) with the kernel functions hy and hY’. In for-

93



éo), but we omitted the super-

mula (6.2) we should have written the function h
script ().

I shall present a result in which we express the product of these two Wiener—
It6 integrals as a sum of Wiener—It6 integrals. This result is called the diagram
formula, since the kernel functions of the Wiener—Ito6 integrals appearing in this
sum are expressed by means of some diagrams. This result is a multivariate
version of the diagram formula proved in Chapter 5 of [9]. In that work also the
product of more than two Wiener—It6 integrals is expressed in the form of a sum
of Wiener—Ito integrals. But actually the main point of the proof is to show the
validity of the diagram formula for the product of two Wiener—It6 integrals, and
we shall need only this result. So I restrict my attention to this case. Actually
we need the diagram formula only in a special case. The result in this special
case will be given in a corollary.

To express the product of the two Wiener—It6 integrals in formulas (6.1)
and (6.2) as a sum of Wiener-It6 integrals first I introduce a class of coloured
diagrams I' = T'(n,m) that will be used in the definition of the Wiener—Ito
integrals we shall be working with. A coloured diagram ~ € I' is a graph whose
vertices are the pairs of integers (1,s), 1 < s < n, and (2,t), 1 <t < m. Each
vertex is coloured with one of the numbers 1,...,d. The colour of the vertex
(1,5) is js, 1 < s < m, and the colour of the vertex (2,t) is j;, 1 <t < m. The
set of vertices of the form (1, s) will be called the first row and the set of vertices
of the form (2,t) will be called the second row of a diagram - € I'. The coloured
diagrams « € I' are those undirected graphs with the above coloured vertices
for which edges can go only between vertices of the first and second row, and
from each vertex there starts zero or one edge. Given a coloured diagram ~ € T’
we shall denote the number of its edges by |7|.

I shall define for all coloured diagrams v € I' a multiple Wiener—It6 integral
depending on . The diagram formula states that the product of the Wiener—Ito
integrals in (6.1) and (6.2) equals the sum of these Wiener-It6 integrals.

When stating the diagram formula I shall work with the functions
hi(z1,...,2,) and ho(Tpi1, .- Tnim) in R®T™. The function
ho(Zpi1,. .-, Znim) is the function which corresponds to the kernel function
héo)(xl, ..., Zm) in the definition of the Wiener—It6 integral in (6.2). We define
with their help the function

H(xy,. ., Tnem) = hi(z1, ..o, 20)ha(Tng1y o oo Tnm)- (6.3)
We shall define the kernel functions appearing in the Wiener—ito integrals in
the diagram formula with the help of the functions H(x1,...,Zp4m). In the
definition of these kernel functions I shall apply the following natural bijection .S

between the coordinates of the vectors in R"*™ i.e., the set {1,...,n+m} and
the vertices of the diagrams of v € T'.

S((L,k)=kfor1<k<n, and S((2,k))=n+kforl<k<m. (6.4)

To simplify the formulation of the diagram formula I shall introduce the follow-

o4



ing notation with the help of the colours of the diagrams.
J(L,k)y=jr, 1<k<n and J(2,0)=j, 1<I<m. (6.5)

First I give the formal definition of the Wiener—It6 integrals that appear in
the diagram formula. These Wiener-It6 integrals correspond to the diagrams
~ € T" introduced before. Then I describe the diagram formula with the help of
these Wiener—It6 integrals. The definition of the Wiener—It6 integrals we need
in the diagram formula applies a rather complicated notation, but its informal
explanation given after formula (6.16) may help to understand it. For the sake
of a better comprehension of the calculations in the diagram formula I shall
present an example after the formulation of this result, where the product of
two Wiener—Ito6 integrals is considered, and I show how to calculate a typical
term in the sum of Wiener—Ito6 integrals which appears in the diagram formula
for this product.

Fix some diagram v € I'. I explain how to define the Wiener-Ito inte-
gral corresponding to « in the diagram formula. First I define a function
H,(z1,...,%pntm) which we get by means of an appropriate permutation of
the indices of the function H defined in (6.3). This permutation of the indices
depends on the diagram .

To define this permutation of the indices first I define a map 7', which maps
the set {1,...,n+ m} to the elements in the rows of the diagrams. This map
depends on the diagram .

To define this map first I introduce the following sets depending on the
diagram ~:

Ar=A1(y) = {ri,oc o mpopyr 1< <ra < <1y <1 (6.6)

no edge of v starts from (1,r;), 1<k <n-—|y|},

Ay = AQ(")/) = {tl,. .. ,tm—|'y|: 1<t <t <+ < tm—|'y| <m, (67)
no edge of 7 starts from (2,¢;), 1<k <m—|v|},

B=B(y) = {(vi,w1),...,(0wpn)): 1 <0 <wvp <---vpy <,
((lavk’)a (27wk)) is an edge of |7‘7 1 < k < |’Y|} (68)

Let us also define with the help of the set B the sets

Bi = Bi(y) = {v1,...,vy}, B2 = Ba(y) ={w1,..., w4} (6.9)

with the numbers vy and w; appearing in the set
B= B(ry) = {(Ula wl))7 R (U\’y\vw\v\))}
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Now, I define the map T’ in the following way:

Ty(k)=(1,7%) for 1 <k <n-—1y, (6.10)
Ty(n—hl+k) = (2 1) for 1<k<m—]l,
Ty(n+m— 2] + k) = (1og) for 1<k < i,
(n4+m—1|y]+k)=(2,w) for 1 <k < |yl

Y

Ty

In formula (6.10) we worked with the numbers 7, tx, vr and wy defined in
(6.6)—(6.9). It has the following meaning. We listed the vertices of the diagram
«v in the form T (s), 1 < s < n+ m. If the vertex T,(s) gets the index s, then
the first n — |y| indices are given in increasing order to the vertices from the
first row from which no edge starts. The vertices of the second row from which
no edge starts get the next m — || indices also in increasing order. Then the
|v| vertices from the first row from which an edge starts get the subsequent ||
indices in increasing order. The remaining || vertices from the second row from
which an edge starts get the indices between n +m — |y| 4+ 1 and n + m. They
are indexed in such a way that if two vertices (1,vy) and (2, wy) are connected
by en edge then the index of (2,wy) is obtained if we add |y| to the index of
(1, ’Uk).

I define with the help of the function T, and the map S(-) defined in (6.4)
the permutation

(k) =S(Ty(k)), 1<k<n+m (6.11)

of the set {1,...,n + m}. Next I introduce the Euclidean space RT"” with
elements x(y) = (z(¥)1,-..,2(Y)n+m) by reindexing the arguments of the Eu-
clidean space R"*™ where the functions hy(z1,...,2,) and ha(Tpi1,- -+ Tnim)
are defined in the following way.

(‘r(f)/)la s 7x(7)n+m) = (x‘n'«,(l)a s 7x7r«,(n+m))

with (£(7)1,. ., 2(V)ngm) € RET™ and (z1,..., Tpim) € R*™. Tt will be sim-
pler to define the quantities needed in the definition of the Wiener—Ito integral
corresponding to the diagram - as functions defined in the space RI/H‘". First
we define the function H, as

Hy(@()1,-- - 2(V)ntm) (6.12)
=H(@()1, - (V=) TV ntm—2iy415 - - - Z(V)ntm—|41»
(V) n—jyl+15 - s TV ntm=291+1> (V) (ntm—yl+15 - - - » T(V)ntm)
=hi(@(V)1,- s (V) o TV ey (nbm—207[ 1) - - s TV mtm—|4])
Xhz(x(ﬁ’)nfw\ﬂ’ . 7x(W)ner—szh$(7)n+m7|7\+17 oy (Y ) ngm)-

Next I define the function hy(z(Y)1,...,2(V)ntm—|y)) (With n + m — |7
arguments) which we get by replacing z(¥)n4m—|y+k DY —Z(V)ntm—2/|+%) in
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the function H., defined in formula (6.12) for all 1 < k <, i.e., I define

BV(.T(’)/)I, ce 7x(’y)n+mf|’y|)

(6.13)
=Hy (@15 s Z(Vntm—y) —T(Vntm—2py 41 - - - —Z(Vntm—|4|)
= H(I(’}/)la s vx(r)/)n—\'y\vx(’Y)n-ﬁ-m—th-‘rl’ ce 7x(7>n+m—|’y|7
x(’Y)nfl'lerla s 7x(7)n+m72|7|+17
_x('V)n+m72|fy|+1a ) _m('}’)r&mf\'y\)
=hi(@(V)1 - 2=y 2 ntm—2iy )4+ 15 - E(Vntm—|v1)
Xh?(x('Y)n—l’YH-l? s ,m(’y)n+m_2|7|+l,
_‘r(')/)n+m72|7|+1a S _x(’}/)n+m)f\“/\)'

In the next step I define the function ;Lv(a:(’y)l, oy (V) ngm—2}y)- This will
be the kernel function of the Wiener—Ito integral which corresponds to the di-
agram < in the diagram formula if we express it as a Wiener—Ito integral with

respect to the variables x(v)1,.. ., (V) nym—2y|s
B7<$7)1, cee ,x(’y)ner,Q‘,y‘) = /ﬁ7($<7)17 cee >$(7>n+mf\'y|) (614)
el

X H G 151 (ntm—2|7|+k)), T (S~ (ntm—||+8)) (AT (V) ntm—2]|+%)

k=1
|71
— [ atense e @nsmoto) 1] G, (donm-2risn)

k=1

with the function J(-) defined in (6.5), the indices vy and wy defined in (6.8)
and the function T, defined in (6.10).

I shall show that the Wiener—Ito integrals

In+m72\’y\ (Bvljrl yee ajrn_hpjgl ye ﬂjgm_w) (615)

n+m—2|4]

—/ A@EN BV ngmeziy) L] Zass—10) dz()r)
k=1
— [Tz 2@

n—|v| m—|y|

11 Zcs., (de()r) 1 Za.j;, (dz(Y)14n—|4])
k=1 =1

>l

>l

exist for all v € T', and these Wiener—It6 integrals appear in the diagram formula.
The numbers 7, and #; in this formula were defined in (6.6) and (6.7).

In formula (6.15) we integrated with respect to the coordinates z(v)s, 1 <
s < n + m, of the vectors in the Euclidean space R;“"m. If we replace the
variables z(v)s by z, in (6.15), then we get a Wiener—it6 integral in the space
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R™™ with the same value. This means that the following relation holds:

Tem—aiy| (Al s oy G5 Gty - ,j;m_w) (6.16)

= n+m72|'y|(h’y|j7‘1a AR 7j7‘n_|,y\ 7.7-;1’ cee 7‘].{711—\‘\/\)
= /h'y(ajh oo axn+m72\'y|)

n—|vl| m—|v|

II Zei, (dz) 1] Zoy, (dziin-iy)
k=1 =1
with
h'y(xla s 7xn+m72\'y\) Bv(l‘(ﬂl, s ax(f)/)n+mf2\'y|)

= iL»Y(:U,H(l), B x”w(”"‘m—Q\’y\))'

Before describing the diagram formula I explain the content of the above
defined formulas.

Let us fix a diagram v € ', and let us call a vertex of it from which no edge
starts open, and a vertex from which an edge starts closed. We listed the open

vertices from the first row in increasing order as (1,71),...,(1,7,-y), and the
open vertices from the second row as (2,%1),...,(2,%,—|y). We listed the closed
vertices from the first row in increasing order as (1,v1),...,(1,vy). Finally we
listed the closed vertices from the second row as (2,w1),...,(2,w,), and we

indexed them in such a way that the vertices (1,v) and (2,wy) are connected
by an edge for all 1 < k < ~.

In formula (6.10) we defined the map T from the set {1,...,n+ m} to the
set of vertices of the diagram ~ with the help of the above listing of the vertices.
First we considered the open vertices from the first row, then the open vertices
from the second row, and then we finished with the closed vertices first from
the first and then from the second row. We defined in (6.11) the permutation
my of the set {1,...,n+m} by applying first the map the map T’, and then the
map S defined (6.4). We defined the function H., in (6.13) with the help of this
permutation. We have introduced a Euclidean space RZ“‘” whose elements we
get by rearranging the indices of the coordinates of the Euclidean space R**™
where we are working with the help of the permutation 7., and we have defined
our functions in this space.

We defined the function H, on the space Rfy”m as the product of the func-
tions h; and ho with reindexed variables. In the function hq first we took the
variables z(v)s = T (s) With those indices 7y (s) which correspond to the open
vertices of the first row, and then the variables with indices corresponding to
the closed vertices of the first row. We defined the reindexation of the variables
in the second row similarly. First we took those variables whose indices corre-
spond to the open vertices and then the variables whose indices correspond to
the closed vertices of the second row.

The variables

x(’}/)n+mf2\'ﬂ+k = T, (n+m—2|v|+k) and x(’}/)n+mf\’y\+k = Lry(n+m—|v|+k)
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in the function H,, are variables with indices corresponding to vertices connected
by an edge. So in the definition of the function h. in (6.14) I replaced in H.,
the variable corresponding to the endpoint of an edge from the second row
of the diagram ~ by the variable corresponding to the other endpoint of this
edge, and multiplied this variable by —1. Thus the variables z(V),4m—2jy|+& =
T (ntm—2y|+k), L <k < 7|, of the function h, correspond to the edges of the

diagram ~. I defined the function Ev by integrating the function Bv by these
variables. The variable x(v)ner,thk = Ty (ntm—2|y|+k) corresponds to the
k-th edge of the diagram, and we integrate this variable with respect to the
measure G, j: , that is with respect to the measure G, whose coordinates
are the colours of the endpoints of the k-th edge.

Finally we define the Wiener—It6 integral corresponding to the diagram ~
with kernel function 717. We integrate the argument z(7); with respect to
that random spectral measure Zg ; whose parameter agrees with the colour of
the vertex corresponding to this variable. Thus we choose Zg,j, (dz(v)y) for
1<k<n-|y|and ZGj{k (de(y)p) fn—|y]|+1<k<n+m-—2y. We

c—n+|y _
can replace this Wiener-It6 integral defined in (6.15) with kernel function Bv
by the Wiener-It6 integral defined in (6.16) with kernel function .
Next I formulate the diagram formula.

Theorem 6.1. The diagram formula. Let us consider the Wiener—Ito in-
tegrals L, (hilj1,- -, Jn) and In(haljl, - .-, 70, introduced in formulas (6.1) and
(6.2). The following results hold.

(A) The function ?L.y defined in (6.14) satisfies the relations

hy € Kuntim—2].gry seosin, ity ety

and ||i:17|| < ||hallllh2]l for all v € T'. Here the norm of the function

hy in Kp ji,...j,, the norm of hy in Ky, j1 and the norm of h, in

’Cn+m72h\,jrl,...7j1vn_|_”,j{l’,,,)jémih‘ is taken. o
(B) One has
In(h1|.717a]n)Im(h2|jiva.71/n) (617)
=3 Loy (Bl v oGt )
ver

The terms in the sum at the right-hand side of formula (6.17) were defined
in formulas (6.12)—(6.15). The Wiener—Ité integral

In+m72|’y|(ﬁ’y|j7‘1a ce 7j7‘n_|,y‘ 7.7.,*{1’ ce 7.7'2,,1_‘7‘)
in formula (6.17) can be replaced by the Wiener—Ito integral

)

. . -/ ./
In+m—2|7|(h7|jr1v e Ira iy Jt e Ity

defined in (6.16).

=17l
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To understand the formulation of the diagram formula better let us consider
the following example. We take a five dimensional stationary Gaussian random
field with some spectral measure (G; ;/(z)), 1 < j,j" <5, and random spectral
measure Zg ;(dz), 1 < j < 5, corresponding to it. Let us understand how
we define the Wiener—Ito integral corresponding to a typical diagram when we
apply the diagram formula in the following example. Take the product of two
Wiener—It6 integrals of the following form:

I3(h1]2,3,5) :/h1($17I271'3)ZG,2(diEl)ZG,3(d$2)ZG,5(dx3)
and

I4(h2‘1,5,4,1) = /h2($1,$271‘3,$4)
ZG,1( dxl)ZG,Ea( dxz)ZGA( de)ZG,z( d$4)7

and let us write it in the form of a sum of Wiener—It6 integrals with the help of
the diagram formula.

First I give the vertices of the coloured diagrams we shall be working with
together with their colours.

1L1).2 (12,3 (13)5
° ° °

[ ] o o [ ]
D1 225 23,4 (242

Figure 1: the vertices of the diagrams together with their colours

Next I consider a diagram « which yields one of the terms in the sum express-
ing the product of these two Wiener—Ito integrals. I take the diagram which
has two edges, one edge connecting the vertices (1,2) and (2,4), and another
edge connecting the vertices (1,3) and (2, 1). Let us calculate which Wiener—Itd
integral corresponds to this diagram ~.

In the next step I take this diagram ~, and I show not only the indices and
colours of its vertices, but for each vertex I also tell which value T, (k) it equals.
Here T, (k) is the function defined in formula (6.10).
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11,2 (12,3 (1,35
o

[ ] ([
201 225 23,4 242

Figure 2: a typical diagram
To define the Wiener—It6 integral corresponding to this diagram let us first
consider the function
H(x1,...,27) = hi(21, v2, ¥3)h2 (74, T5, T6, T7)
defined in (6.3). Simple calculation shows that the function 7., (-) = S(T,(-)) has
the following form in this example. 7, (1) =1, 7,(2) =5, 7,(3) =6, m4(4) = 2,
7y (5) = 3, my(6) = 7, my(7) = 4. This also means that the coordinates of the

vectors in the Euclidean space IR,?Y which we get by reindexing the coordinates
of the vectors in R” have the form

(@)1, 2(7)2, 2(7)3, 2(7)a, ©(7)s5, ©(V)6, ©(V)7) = (%1, T5, T6, T2, T3, T7, T4).

Then we can write the function H., and h., defined in (6.12) and (6.13) as

Hy(z()1, -5 2(7)7) = ha(z (7)1, (7)1, 2(7)5) h2 (2(7)2, 2(7)3, (V)6 2(7)7),

I3(hy 2,5, 4)

- / i (&)1, (1), 2(1)3) Za 2 de()1) Zas 5 di(1)2) Zr.a(d (7))

is the multiple Wiener-It6 integral corresponding to the diagram v in the di-
agram formula. To understand the definition of the function h, and of the
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(2,1) = T’Y(7), 1 (2, 3) = T,Y(?)), 4

Figure 3: the previous diagram and the enumeration of their vertices with the
help of the function T,

Wiener-It6 integral I3(h.) let us observe that the first edge of the diagram
connects the vertices (1,2) and (2,4) with colours 3 and 2, hence in the defini-
tion of h., we integrate the argument x(v)s by Gs2(dxz(7y)4), the second edge
connects the vertices (1,3) and (2,1) with colours 5 and 1, hence we integrate
the variable z(y)s by Gs,1(dz(7y)s). In the definition of the Wiener integral the
variable x(7); corresponds to the vertex S™*(m., (1)) = (1,1) which has colour 2,
hence we integrate the variable z(7)1) by Zg 2(dz(7)1). Similarly, we define the
variable z(v)2 by the measure determined by the colour of S~1(m,(2)) = (2,2),
which is 5, i.e., we integrate by Zg 5(dz(7)2). Finally S™!(7,(3)) = (2,3) has
colour 4, and we integrate the variable z(v)s by Zg 4(dz(v)s).

The Wiener—Ité integral I3(h,|3,1,3) can be rewritten with the help of for-
mula (6.16) in the following form:

13(}:17‘2,5,4) = 13(h7|2,5,4) = /h'y(xl,.562,1‘3)ZG72(dI1)ZG75(d.]?g)ZGA(dﬂjg)
with
hy(x1, 22, 23) :/hl(I1,$4,I5)h2($2,9€3,*T/4,*$5)G3,2(d9€4)G5,1(dI5)~

This expression can be calculated similarly to 13(]:1,”2,5,4), only we have to
replace ()5 everywhere by s in the calculation.
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I formulate a corollary of the diagram formula in which I consider the special
case of this result when the second Wiener—It6 integral defined in formula (6.2)
is a one-fold integral. In this case it has the simpler form

Il(h2|.71) = /hg(l‘l)ZG’j{(dwl) with hg S K:Lj{' (618)

Here again we formulate the problem in the following way. We take a pair of
functions hq(z1,...,z,) and ho(z,4+1) on R+ Then we define a function
héo) (1) on R! by the formula héo)(acl) = ho(p41) if 1 = Tp41. We integrate
the function héo) (z) in formula (6.18), but we omit the superscript () in our
notation. We assume that hy € Ky, j, ... j,, and ha € Ky .

In the next Corollary I express the product of the Wiener—Ito6 integrals given
in (6.1) and (6.18) as a sum of Wiener—It6 integrals. This formula will be needed
in the proof of the multivariate version of It&’s formula in paper [11].

The diagram formula in this case has a simpler form, since the second row of
the diagrams we are working with consists only of one point (2,1). Hence there
are only the diagram 7o € I' that contains no edges and the diagrams v, € T,
1 < p < n, which contain one edge that connects the vertices (1,p) and (2,1).

Corollary of Theorem 6.1. The product of the Wiener—Ito integrals
I.(hilj1,---,dn) and I(hz|j])
introduced in formulas (6.1) and (6.18) satisfy the identity
Ly(halgus - - gn) 11 (haldy) (6.19)
= /h,yO (@1,.. . &nt1)Za,j, (dxe) - - ZGan(dxn)ZG’ji (dxpt1)

n p—1 n—1
+Z/h%(x1, cootn) [[ Zog.(doe) T Zejos (da)
p=1 s=1 s=p

n
= n+1(h’YO|j1? st 7]”’]1) + ZIn—l(h”Yp |j1? e ajp—lvjp-‘rla e ajn)7
p=1

where hyy(x1, ..., Tng1) = hi(21,. .., Tn)ho(Tny1), and for 1 <p <n
ho, (21, Tpo1) = /hlyﬂ,p (z1,... ,xn)hg(:vn)Gjpyji (dzy,)
with hy q, (T1, -+ Tn) = hi(Tr, (1), Trp(n)), where mp(k) =k if 1 <k <p—1,

mp(p) =n, and mp(k) =k -1 if p+1<k <n.
To make the definition of formula (6.19) complete I remark that for p = 1

0 n—1
we put [[ Zg;,(dzs) =1 and forp=n [] Zg;,(dzs) = 1.
s=1 s=n

Proof of the Corollary. We get the result of the corollary by applying Theo-
rem 6.1 in the special case when the second Wiener—Ito integral is defined by
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formula (6.18) instead of (6.2). We have to check that in this case the function
h., corresponding to the diagram vy agrees with the function h., defined in the
corollary, and to calculate the functions h., defined in (6.14) for the remaining
diagrams y,, 1 < p < n. Inthis case 7, (k) = kfor 1 <k <p—-1, 7, (k) = k+1
forp<k<n-1,7m,(n)=p, 7, (n+1)=n+1, hence

(x(’yp)la cee 7x(7p)n+1) = (xla sy Tp—1,Tp41y - - axnaxpal'rH»l),

and

h’yp (x(’Yp)l» ceey x('Yp)n—O—l) =h (x(’Yp)lv e ax(%)n)hﬂ*x(’m)n)

for 1 < p < m. On the other hand, ho(—x) = ha(z), since hy € Ki,j;- Thus

E z(¥p)1, - T(Vp)n—1)
/hl 717 Iye-- 733(’Yp)n—17 x(Vp)n)hQ(m(Vp)n)Gij{ ( dx(%))ﬂ)'

Then simple calculation shows that for v = v, the kernel function h, = h,,
in formula (6.16) agrees with the function h,, defined in the corollary for all
1 < p < n, and Theorem 6.1 yields identity (6.19) under the conditions of
the corollary. The corollary is proved.

The proof of Theorem 6.1 is similar to the proof of the diagram formula (The-
orem 5.3 in [9]). It applies the same method, only the notation becomes more
complicated than the also rather complicated notation of the original proof,
since we have to work with spectral measures of the form G, ;; and random
spectral measures of the form Zg ;, or Zg j; instead of the spectral measure G
and random spectral measure Zg. Hence I decided not to describe the com-
plete proof, I only concentrate on its main ideas and the formulas that explain
why such a result appears in the diagram formula. The interested reader can
reconstruct the proof by means of a careful study of the proof of Theorem 5.3
in [9].

A sketch of proof for Theorem 6.1. The proof of Part A is relatively simple.
One can check that the function h., satisfies relation (a) in the definition of the

functions in _ ; ; y y iven in Section 5 by exploitin
A2 g, Tty eeesdt, 8 y €Xp g

formula (6.14), the similar property of the functions h; and hg together with
the symmetry property G, j/(—A) = G; ;/(A) for all 1 < j, j* < d and sets A of
the spectral measure G.

To prove the inequality formulated in Part A let us first rewrite the definition
of h, in (6.14) by replacing all measures of the form G; j/ (dx) by g, j:(z)p(dx) =
G; j+(dx), where u is a dominating measure for all complex measures G, i/, g;.;/
is the Radon-Nikodym derivative of G ;; with respect to 1, and observe that
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the inequality (3.2) and formula (6.13) and (6.14) imply that

i:zv(z(v)h o TV ngm—2p4))|

< /h’l(zﬂ'w(l)7 s Loy (n=|y]) s Loy (ndbm—2]y|+1)5 - - - 7x7r7(n+m—h\+1))
Xha(Tr (n—|y|+1)s -+ T, (n4m—2]1)>
—Zre, (nbm—|29|+1)s - - s ~ L (ntm—|y])
o]

< T v @2t 100\ 950, @21 0)
k=1

X (AT (ngm—2]y|+k))-

We get, by applying the Schwarz inequality the evenness of the measures G ;
and by replacing the measures of the form g; ;(x)u(dx) or g;: j(x)u(dx) by the
measures of the form G; ;(dx) and G j:(dx) that

|}:L’Y(x(7)17 cee ax(’y)n+m72|’y|)|2

2
< /‘hl(xm(l)""7xm(nfw\)’xm(n+m*2lvl+1)""7mww(n+mflvl+1))|
[
X H Gj'vk, v ( dxﬂ'w(""‘m_m"/""'k))
k=1

x / (T, (n-jy141)5 -+ T (nm—217])

2
T (nbm—|2y|4+1)s -~ (e |y))]
[

: H Gj”/”k“wk ( dx"“/("*m*2|7|+k))'
k=1

Let us integrate the last inequality with respect to the product measure

n—|vl m—|v|
1T G (dz0)i) 1T Gip o, (A2 (V) i110)
k=1 =1 -
n—|v| m—|v|
= 11 Gi, i (dea,a) TT Git it (dm,umion)-
k=1 =1

A careful analysis shows that the inequality we get in such a way agrees with
the inequality formulated in Part A of Theorem 6.1. Indeed, we get at the
left-hand side of this inequality ||h,| with the norm formulated in Part A of
Theorem 6.1, and the right-hand side equals the product |hy||||hz2]]. We got
the same integrals as the integrals defining these norms, only we integrate by
the variables of the functions h; and hs in a different order. We also have to
exploit that the measures G ; are symmetric, hence the value of the integrals
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we are investigating does not change if we replace the coordinate xy by —xj in
the kernel function for certain coordinates k.

Next I turn to the proof of Part B of Theorem 6.1. First we prove this result,
i.e., identity (6.17) in the special case when both hy and hs are simple functions.
We may also assume that they are adapted to the same regular system

D={A,, p=+1,42,..., N},

and by a possible further division of the sets A, we may also assume that the
elements of D are very small. More explicitly, first we choose such a measure p
on R” which has finite value on all compact sets, all complex measures Gy, 1 <
k,l < d, are absolutely continuous with respect to u, and their Radon—Nikodym
derivatives satisfy the inequality |%(I)‘ < 1 for all x € R”. Fix a small
number € > 0. We may achieve, by splitting up the sets A, into smaller sets if
it is necessary, that p(A,) < e for all A, € D. Let us fix a number u, € A, in
all sets A, € D. We can express the product I,,(h1|j1,- .., Jn)Im(heljl, -5 d0)
as

/
I=Ty(haljn, - dn)Im(haldhs o) =Y b (s, )b (g, - g,
XZa i, (Apl) 26 g (Apn)ZG,j{ (AQI) T ZG,jin,(Aqm)~
The summation in the sum " goes through all pairs ((p1,...,pn), (@1, qm))

such that pg, ¢ € {£1,...,£N}, k=1,...,n,l=1,...,m, and py # *£py, if
k#k,and q # +qrif l # 1.

Write
v
I = ZZ ha(tpy s - up, Yha(tg,, .. uqg,,)
vel’
XZc 5 (Dpy)  Zaj, (Bp, ) Za 31 (D) -+ Za g1, (Ag,,)-
where 3.7 contains those terms of Y’ for which p, = ¢ or pp = —gq if the

vertices (1, k) and (2,1) are connected in v, and py # +¢q; if (1,%) and (2,1) are
not connected in 7.
Let us introduce the notation

¥
S =Y ha(up,, . up, ) ha(ug, - ug,,)
X 2G5 (Bpy) 26,5, (Dp, ) Za 1 (Dgy) - Za g, (Dg,,)-
for all v € T.
We want to show that for small & > 0 (where ¢ is an upper bound for the

measure p of the sets D, € D) the expression X7 is very close to

['y = In+m72\'y\(h’}/‘jv1 Yoo 7j’U(n_|,ﬂ 7j1/u1 Yoo aqupm_w‘) (620)

for all v € T'. For this goal we make the decomposition X7 = X7 + 3] of 37
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with

~
Efly = Z hl(upu""upn)hQ(uqu"'vuqm) H ZG;jk(APk) H ZG,jl’(qu)

keA, €Ay

X H E<ZG»jk(APk)ZG,jL’(Aql)>
(k,l)eB

and
Y] =" -x7,

where the sets Ay, Ay and B were defined in formulas (6.6), (6.7) and (6.8).

It is not difficult to check that both X7 and 3J are real valued random
variables. We want to show that X7 is close to the random variable I, introduced
in (6.20), while X3 is a small error term. To understand the behaviour of ]
observe that

E(ZG;jk (A:Dk)ZG,jl’ (AQz) = E(ZGJk (Apk)ZG,j{ (_qu) =0
if A,, = A, (and as a consequence if A, N (—Ay) =0), and

E(Zg,j.(Ap,) Za 51 (Aq) = E(Zg j, (Ap) Za j; (—Aq) = Gj, 1 (Ap,)

if A,, = —Ay,. In the case (k,l) € B one of these possibilities happens.

These relations make possible to rewrite X} in a simpler form. It can be
rewritten in the form of a Wiener-It6 integral of order n + m — 2|y| with in-
tegration with respect to the random measure [[ Zg ;. (dzy) [ Zg j;(dm),

k€A, leAs
(where the sets A; and Ay were defined in (6.6) and (6.7)). Then we can rewrite
this integral, by reindexing its variables in a right way to an integral very similar
to the Wiener—It6 integral (6.15) (with the same parameter ). The difference
between these two expressions is that the kernel function hiy of the Wiener—Ito

integral expressing X7 is slightly different from the kernel function BnY appearing
in the other integral. The main difference between these two kernel functions
is that there is a small set in the domain of integration where hfy disappears,
while A, may not disappear. But the two Wiener-Ité integrals are very close to
each other. An adaptation of the argument in the proof of Theorem 5.3 in [9]
shows that

E(X] -1,)*<Ce

with an appropriate constant C' > 0.
We also want to show that X7 is a negligibly small error term. To get a good
upper bound on E(%])? we write it in the form

~
BED? = 3 bt g halutgy g, )
Xhl(uﬁl,'~-auﬁn)h2(u¢?1a"~vu§m)

X33 (pk, a1, Pes @1, ko k €{1,...,n}, L,I€{1,...,m})
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with

Zg(pkvql7pl;7qfa k7]5€ {1,...,”}, l7l_€ {17"'7m})

= E< H ZGJk (Apk) H ZG,j{(Aql) H ZGJ;; (Ap;;) H ZG,j;(Aql’)

keA, leAsy k€A, I€A,
x H 4G, j. (A;Dk)ZGyj{(AQL) - K H 2a.j, (Apk)ZGJ{ (Ag)
| (k,)EB (k,1)eB i
x H Z6,j;.( ZGJ -K H 2G5 (A G4 (Aq;) )a
| (k,l)eB (k,))eB |
where we sum in )] for such sequences of indices p, ¢, pg, a7, k, ke{l,...,n},
Lie{l,....,m}, pe, g, @, qr € {£1,. iN} which satisfy the following prop-
erties. For all indices k,l,k and I, pp = ¢ or pp, = —q if (k,1) € B, and

similarly pj = q; or p; = —qy if (k, l) € B. Otherwise all numbers +p;, and +g¢
are different, and similarly otherwise all +pz and *q; are different.
We get a good estimate on E(X])? by giving a good bound on all terms

X3 (Pks @1 Pis 415 K ke{l,...,n}, ,I€{l,....,m}) (6.21)

in the formula expressing it. This can be done by adapting the corresponding
argument in Theorem 5.3 of [9]. This argument shows that for most sets of
parameters pg, gk, i, ¢; the term in (6.21) equals zero. More explicitly, it is
equal to zero if A # —A with

.A:{pk: k‘EAl}U{qli lEAQ} and le{p,;: ]%EAl}U{ql*: Z€A2}7

and it also equals zero if F U (—F) and F U (—F) are disjoint, where

F= U {pr, @} and F = U {pz. ar}-

(k,))eB (k))eB

These statements can be proved by adapting the corresponding argument in
Theorem 5.3 of [9]. More precisely, in the proof of the first statement we still
need the following additional observation. If (X,Y,Z) is a three-dimensional
Gaussian vector with EX = FY = EZ = 0, then EXYZ = 0. (In the proof
of Theorem 5.3 in [9] we needed this statement only in a special case when it
trivially holds.)

To prove this statement let us apply the following orthogonalization for the
random variables X, Y and Z. Write Y = aX + 1, Z = 51 X + Bon + ¢, where
X,n, ¢ are orthogonal, (jointly) Gaussian random variables with expectation
zero. Then they are also independent, hence EXYZ = EX(aX + n)(51 X +

Ban +¢) =0.
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In the remaining cases the expression in (6.21) can be estimated (again by
adapting the argument of Theorem 5.3 in [9]) in the following way.

3 (Pks @1 PR» 41 k. ke {1,...,n}, Ile {1,...,m})
/
< CEH P Ap ) (A1) p(Ap ) 1(Ag;)

with some constant C' (not depending on ¢) and the measure p dominating the
complex measures G with the properties we demanded at the start of the
proof. The sign ’ in the product [ means that first we take the sets Ap,, Ay,
A, , Ay, for all parameters k,k € {1,...,n} and [, € {1,...,m}, then if a set
A appears twice in the sequence of these sets we omit one of them. Then if both
the sets A and —A appear for some set A, then we omit one of them from this
sequence. Then we take in [[ the product of the terms pu(A) with the sets A
in the remaining sequence.

It can be proved with the help of the estimates on the terms in (6.21) (see
again Theorem 5.3 in [9]) that

E(X])? < Ce.

It is not difficult to prove part B of Theorem 6.1 with the help of the estimates
on E(X] — I,)? < Ce and E(X})? < Ce if hy and hy are simple functions.
One only has to make an appropriate limiting procedure with € — 0. Then we
can complete the proof of Theorem 6.1 similarly to the proof of Theorem 5.3
in [9] by means of an appropriate approximation of Wiener—Itd integrals with
Wiener—It6 integrals of simple functions. In this approximation we have to
apply Lemma 5.1 and the properties of the Wiener—It6 integrals, in particular
the already proved Part A of Theorem 6.1.
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