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Given a d.f. F(x) with the property
[xF(dx)=0, {[x*F(dx)=1, [ F({dx)<oo

for |t|<ty, we construct a sequence X, X,,... of iid.r.v’s with d.f F(x) and
Y, Y,,... with standard normal distribution in such a way that the sequences
S,=X,++X,, T,=Y+--+Y, n=1,2,... satisfy the relation |S, —T|=
O(logn) a.s. Under some mild conditions the best possible normal approximation
of the process S, will also be given in the case when F has not a moment generating
function.

1. Introduction

Given a d.f F(x), [ xF(dx)=0, | x*F(dx)=1, let us consider a sequence X, X,, ...
of ii.d.r.v.’s with distribution F and a sequence Y}, Y}, ... of i.i.d.r.v.’s with standard
normal distribution. Set S,=X, +--+X,, ,=Y, +-+ Y, n=1,2,... Our aim
is to construct the sequences X, and Y, in such a way that for all n, S, and T, are
as near to each other as possible. This problem was solved under some special
conditions in Theorem 1 in part I Our first aim is to show that the regularity
conditions (i) or (ii) in Theorem 1 in part I were superfluous and the following
generalization holds true:

Theorem 1. If [e*F(dx)<oo for |t|<t,, the sequences X, X,,... and Y,
Y,, ... can be constructed in such a way that for all x>0 and every n

P(I?lelxlSk—ﬂ]>Clog n+x)<Ke ", (1.1

=

where C, K, A depend only on F, and 1 can be taken as large as desired by choosing C
large enough. Consequently, |S,— T |=0 (logn) a.s.

The proof of Theorem 1 will be based on the following two special cases:

Theorem 1A. If F satisfies the conditions of Theorem 1, and, in addition,
it has an absolutely continuous component, i.e. F(x)=pF,(x)+(1~p) F,(x) where
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O<p=<1,F and F, are d.f’s, F| is absolutely continuous, then the sequences X, and
Y, can be constructed in such a way that (1.1) holds.

Theorem 1B. If' F is concentrated on a finite interval, then an appropriate
construction of the pairs (X,, Y,) satisfies (1.1).

Let us remark that if F has not a finite moment generating function in any
neighbourhood of the origin, then
1S, — T,

lim sup

n-> 0g

=00 a.s.

for any construction of the sequences X, and Y,. This can be read out from the
first part of the proof of Theorem 2 in part I This means that the conditions of
Theorem 1 are necessary.

One may also be interested in the case when F has not a moment generating
function. If F has some finite moments, the following result gives information
about the closeness of S, to a normal sequence.

Theorem 2. Let ||x|"F(dx)<oco for some r>3. Then for an appropriate con-
struction

IS,— T.|=0(n'™) a.s.
For r=4 this theorem is an improvement of Strassen’s who proved
O(n*(log n)* (log log n)*)

instead of o(n'’).
Now we generalize Theorem 2 in the following way: Let H(x)>0, x>0 be a
monotone increasing, continuous function having the following properties

. H) . . .
() xs(fg is monotone increasing for some 6 >0 and all x> Xx,, (1.2)
log H . .
(ii) M is monotone decreasing for x> x,.
X

Theorem 3. Let H(x) satisfy (i) and (ii). Define K, by the equation H(K,)=n.
If § H(x|) F(dx) < o0, then there exists a construction of X1, X,,...and Y;, Y, ...,
and a constant C>0 such that

P(lim sup S Bl c) —1. (13)
Kl’l

Remarks. One can choose a sequence ¢, —0 such that K, can be substituted
by K, the solution of the equation H(K})=z¢,-n. Indeed, consider a function
f (%) tending to oo such that | H(|x]) f(|x]) F(dx)< co.

Apply Theorem 3 substituting H(x) by H,(x)=H(x) f(x). Thus Theorem 2
is a special case of Theorem 3: one has only to choose H(x)=Xx", >3 and apply
Theorem 3 and the Remark, to obtain Theorem 2. Taking H(x)=¢'* in Theorem 3,
we get the statement |S, — T,| =O(log n) in Theorem 1.
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Theorem 3 can be reformulated in the following more attractive way: If K, is a

“-is monotone

" K, . . .
sequence of positive numbers, 1~—"— is monotone increasing, and —-—
ogn n

decreasing for n>n,, then the condition

P(X,|>K,)< o0
n=1
implies that |S,—T,|=0(K,) a.s. for an appropriate construction. ILe. the dif-
ference |S, — T,| doesn’t grow any faster than the individual terms | X, | themselves.
Theorem 3 is sharp in the following sense:
If Y P(X,|>K,)=00, then |S,~S, ,|>K, occurs infinitely often (a.s.);
n=1
now K, =c-logn implies that |T,— T, ,|>4K], only finitely many times, whence
we get

. 1S,—T| 1)
P{lims I T>—)=1.
(?1£p K, =14

In case of Theorem 2, K/, can be chosen K| =¢(n)-n'”", where ¢(n) -0 as slowly
as one likes if F is chosen appropriately. Thus, the estimation o(n'/") in Theorem 2
is the best possible.

Let x> K. One may ask, what is the probability of the event

sup [S,— /> x

k=n
for an appropriate construction. The following theorem gives an answer to this
question.

Theorem 4. Let H(x) and F(x) satisfy the conditions of Theorem 3. Then for any
x, K,<x<C,}ynlogn (more generally x>K,, x*/log H(x)<c,n) there exist
two finite sequences X, X,,..., X, and Y;, Y,, ..., Y, such that

n
c, "t
H(axy

where C,, C, and a are positive constants depending only on F.

Just as in the remark following Theorem 3, one sees that the numerator n
i Theorem 4 can be replaced by o(n).

We remark that Theorem 1B is the only place in the two papers, where the
fact that X, X,, ... are identically distributed is essentially used. Thus, for vari-
ables X,, X,,... whose distributions have continuous components (uniformly
in a certain sense), our dyadic construction may also be appropriate.

We also mention that in the paper [1] we discussed some applications of this
paper, e.g. for the rate of convergence of S, — T, in the Prohorov distance.

P(sup (S, — T[> x)=

2. The Proof of Theorem 1

Theorem 1 differs from Theorem 1 in part I only in that we do not require the
existence of a smooth density function. Let us remark that this additional as-
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sumption was needed only in the proof of Lemma 1, or more precisely in the
following formula about conditional distributions

P(S,—28,,,>nx|S,=ny)
=[1—-¢(/nx)] exp {0 x> +nx?|y|+x+|y|+1/)/n)}

if0=x<e, |y|<e.

We proved this relation by integrating the conditional density function.
One would hope that upon finding another proof, one might get rid of the con-
dition requiring the existence of a density function. This would mean that the
proof of Theorem 1 in part I applies to our new theorem without any modification.
This hope however proves illusory. The next example shows that the above-
mentioned expansion does not hold if we assume only the existence of the moment
generating function.

Example. Let the r.v. X have a distribution concentrated on a sequence x,,
X,, ... with the following properties

a) n<|x,|<n+1l, n=0,1,...;

b) x4, X,, ... are linearly independent ie. for any finite linear combination
Y k; x; with rational coefficients, Y k;x;=0 iff k;=0 for all i.

Let p,=P(X =x,) satisfy c - exp (—n)<p,<exp (—n), and assume that EX =0
and EX?=1. Consider a sequence X;, X,, ... of iid.r.v.’s having the same dis-
tribution as X.

A little consideration shows that on a set A, of positive probability the follow-
ing relations hold with appropriate constants C and p (C and p do not depend on n):

@ 1, 4I<Cy/n
ni2

() Y X, <C}y/n forat least p(:/;l)
i=1

subsets {k(1), ..., k(n/2)} of the set {1,2,...,n—1}.
Let o be a sufficiently large constant, mz[aCﬁ], and let a=S,_,(w) for
an arbitrary we A, . Then

P(Sn—zsn/z>C(a—4)ﬁ|sn:a+xm)zp/2

instead of ¢p(a—4)- (1+0(1/)/n)).

That is why we slightly modify the original construction, and the original
proof applies for the new construction with some alterations. A natural idea is
to smooth the random variables by adding small normal variables. By this
smoothing we want to ensure that the density functions of the new variables
satisfy the central limit theorem. On the other hand the smoothing r.v.’s must be
negligible. We show that both requirements can be satisfied if F has an absolute
continuous component. This is the idea of the proof of Theorem 1 A.

In the proof of Theorem 1B we use a somewhat different method. Knowing
the values X,, X,, ..., X, we rearrange them in such a way that their joint distri-
bution be the prescribed one, and S,, be near T, ,. This rearrangement will be
done by using Lemma 3 which is of independent interest.
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Before proving Theorems 1A and 1B we show how these two particular
cases {the “smooth case” and the “bounded case”) imply Theorem 1. For this
we need the following

Lemma 1. Given the distribution functions F,,F, and G, G,, let S, 89, ...
resp. T, T, ... be the partial sums of i.id.r.v.’s with df F, resp. G,,i=1,2. For
any 0<p=1 there are two sequences S;,S,, ... and T,, T,, ... which are the partial
sums of iidruv’s with df pE +(1—p)FE resp. pG,+(1—p)G,, and satisfy the
inequality

P(ggp (S, — Tk|>a+b)§P(l§1<1p | — 77‘(1’]>a)+P(1§1<1p |S® — T3> b)

for all a>0, b>0 and any n.

Proof. We may suppose that the sequences S%,S%),... TW, T, . .are
independent of the sequences S{, S, ... T}?, T/?. Let ¢,,¢,, ... be a sequence
of iid.r.v.’s independent of all % and T with the following distribution

Ple,=0)=1-Plg,=1)=p.
Define

v(n) n—v(n)>

vim=Y ¢, S,=50 +5@
k=1

— T (2)
and 7;1— T;(n) + 7:!—\7(")’

Then the S,-s and T,-s have the prescribed distribution and satisfy the lemma,
because

1Se— Ti=sup IS5 — 7}‘“I+Jsg£> ST,

forall k<n.

Proof of Theorem 1. Write F in the form F=pF, +(1—p)F,, where F,, F, are
d.f-s, p>0, and F is concentrated on a finite interval Applying Theorem 1B
one can construct two sequences S, S, ... and ¥, T, ... with the following
properties

a) S{, 8§, ... are the partial sums of iid.rv.’s with df F, TV, T/, ... are
the partial sums of iid.r.v.’s with normal distribution with expectation m=
[ xF,(dx) and variance ¢* ={x?F, (dx)—m?>.

b) P(’fgp IS¢~ TV > Clogn+x)<Ke™**.

Applying Lemma 1 one gets two sequences S,,S,,... and U, U,, ... which
are partial sums of iid.r.v.’s with d.f F, resp. p¢(m, o)+ (1—p) F, and satisfy
relation b). This new distribution has an absolute continuous component already,
therefore by Theorem 1A one can construct two sequences U, U,, ... and T,
L, ... which are partial sums of iid.v.’s with d.f. p¢(m,s)+(1—p) F, resp. with
standard normal distribution, and satisfy relation b). It can be shown by standard
measure theoretical arguments that U, U,,... and U/, U;,... can be chosen
the same sequence. This last remark completes the proof.
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3. The Proof of Theorem 1 A

We need the following lemma:

Lemma 2. Let X, X,, ... be a sequence of i.idruv’s, EX, =0, EX?=1,
R(t)=Eexp(tX,)<®

Jor |t]St,. Let F, the distribution function of X;, have an absolute continuous
component. Let 1, , 1, , ... be a sequence of i.i.d.r.v.’s with standard normal distribution,
and let ¢, be a sequence satisfying 1/n*>c?>q" with an appropriate 0<q<1
(g may depend on F). Let the n’s be independent of the X's. Introducing the notations

n

S,= Z X+o, i nis  E(x)=P(S,<x), f,(x)=d/dxFx),

one has the following formulas
@) 1-Fmx)=[1-¢{/nx)]exp [nx* L)+ 0(x+n"%] for 0<x<y,
@) F(~nx)=d(—ynx)exp [—nx3A(—x)+0(x+n" %] for 0<x<y,
(b) finx)=n"%p/nx)exp [nx*A(x)+0(x|+n 3]  for |x|<n,

R(t)

© fLenECfnx)exp[—tny—x)] i Ix|Sy,  xy>0, R

where C is an appropriate constant, ¢(x) is the standard normal distribution function,
@(x) the standard normal density function, A(x) is analytic in |x|<n and depends
only on F, n is an appropriately fixed number and O(t) is uniform in the interval
ltl=n.

Proof. The proof is similar to the classical proof of large deviation theorems.
We shall prove only relations (b) and (c), (a) can be proved similarly.

Define the following conjugated distributions
o Fldx)

R(r)
V) =VHx)=VP(x), V,(x)=V(x)*"

VW (dx)=e

L ey =ong (D) eenn
O-n

Then we have

tx

Fdx)=e "7 R0 V(dx). 3.1)
Denote

d d
VO=10gRO. 1=V, 0,(0=-= )

A little calculation shows that
M=[xV(d0)=y (O)+t02,
D> ={x*V(dx)—M*=y" () +0,.
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We need an estimation similar to the Berry-Essen inequality for v,(x). Therefore
we apply the following Lemma A (see [4]).

Lemma A. Let Y, Y,, ... be independent r.v.’s, EY, =0, satisfying the conditions

E|Y,®<nG.

() Y EY2zng,
i i=1

i=1 i=
(i) The characteristic functions f,(s)= E exp (is Y)) satisfy the relation

n

{ /() ds=0(1/n), n-co,

|s|>& j=

for a fixed ¢, 0 << g/24 G. Then for every sufficiently large n there is a continuous
density function g(x) of the r.v.’s

[Z EYJ.Z]N% T Y, and suplg(t)—o(x)| <—=.

j=1 x ]/Z

Let us remark that Lemma A holds for triangular arrays, too. We want to apply
this lemma for iid.rv’s Y, ..., Y with distribution function V(x—M). Con-
dition (i) holds obviously, we have to check only condition (ii).
We have
ags?

L&) =I[e**dV(x—M)|=|[**V,(dx)e 2
It is sufficient to prove that
[fe**Vdx)|<g<1, if |s|>e and [t]<t,. (3.2)

Indeed, one gets then

§ " [fNds=q" | eXp(—nozsz/Z)ds<qn__1/_EA '
1 Is|>e

Vae/n '

where g’ < 1, if g is chosen in such a way that ¢ > 7. (3.2) means that
|[fe**"*F(dx)| SR ().

|s|>ei=

F(x) can be decomposed into the form pF,(x)+(1—p) F,(x), where F,, F, are
distribution functions, p>0 and F,(x) is absolutely continuous. Therefore

|j‘eisx+th1(dx)| <OC§€ZxF1(dX)

with some « <1 if |t[<t, and |s|>¢, and this implies relation (3.2).
To see this last inequality one has only to remark that

lim ' +*F,(dx)~0 uniformly if |t|=t,,
and
[[ ¥ F, (dx)| <[ € *F,(dx)  if s+0.

Thus using Lemma A one gets

. (x)— 1 (x—nM)

1/51)@ VnD

C

<ﬁ'
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and formula (3.1) can be rewritten as
_ 1 nx—ny' () 1
[ mnx)=R"(t) e="" p [(p ( — ) +0 (——)] )
Yy @ L\ Yny ) Vn
Choosing t as the solution of the equation x=y/'(t) one obtains (b) in the usual way.

Considering an arbitrary y, xy>0, and choosing ¢ again as the solution of
the equation x=y/(¢), one also gets relation (c). Now we turn to the

Proof of Theorem 1A. Let us consider a sequence X;,X,,... of iidr.v’s
with d.f. F, and a sequence #,,#,, ... of iid.r.v.’s with standard normal distribu-
tion. Let the #-s be independent of the X-s. Define

1

X=X, 4opn, i Y<ngd

and

Si=>X{, n=12,..
i=1

We shall approximate S, by normal T, in the same way as in Theorem 1 of part L.
The only difference is that since the X;-s in different blocks have different dis-
tributions, we have to change slightly the quantile transformation.

To describe this alteration, let us define the r.v.’s U, ﬁj, v, I7j, Ui 0. Vi I7nk
the same way as in Theorem 1 of part I, only substituting S; by S} everywhere.
Now we can define the functions

Fx)=P(U<x), Fx|y)=PU,<x|U;=y),
Gi)=sup{x: F(x)<t}, Gultly)=sup{x: F(x|y)=t}.

We remark again that originally only the r.v.’s Y;-s, T;-s and V}-s are given, but
the functions F-s and G-s are known. Now the construction of the U-s is the same
as in part I with the following modifications:

Up=Go(@ (V)
U,=G o2~ ? 7)),
ﬁjkz ij(d)(z—j/z V,k)l Ujk)’

where the G-s are the functions we have just defined. Now we claim that writing
S/, instead of S,, relation (1.1) holds true for this construction. The same proof
applies as in Theorem 1 of part . One has only to check Lemma 1 of part 1. Since
the proof uses the formulas proved in Lemma 1, one can prove that in our case

0=Vl <C- 27007+ C,, il Tjl<e- 2,
U=Vl < €y 27U+ URD+ Gy, F Ul <22, (Tl <e- 2

and k<2*?' with some «>0. We need this new condition because it guarantees
that the variance of the smoothing r.v.’s is in the range prescribed by the conditions
of Lemma 2. This new condition, however, causes no trouble, since it holds for
those pairs (j, k) for which we have to apply the above formula in the proof.
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The r.v.’s X, can, by definition, be decomposed into the form X, =X, +a,1,,
where X, X,, ... is a sequence of .i.d.r.v.’s with d.f. F, #,,#,, ... are independent
N, 1) 1.v’s g,=477if 27<n<2/*! and the X-s and 5-s are independent. Putting

S,= Y X, the following remark completes the proof:
i=1

P( sup ]Sm—S:n|>x)=P( sup

1Sm=2N 1€m=2N

iai ni/>x> <exp(—x).

i=1

4. Proof of Theorem 1B

Before proving this theorem we formulate an auxiliary statement.
We are given 2N real numbers x, , ..., X, satisfying

max |x;|<K and o*=) (x;—X)*>cN, =——Zx 4.1)

Consider a random permutation r of the indices i, where each permutation of the
numbers (1, 2, ..., 2N) is chosen with the same probability — aN)T
We are concerned with the random sum

U=(pq)t X))~ Krgyany t o T Xaam) =5, — S, =28,

where
N 2N
S = Z (xn(i) -X), §,= Z (xn(i) —X).
i—1 i=N+1

We prove the following central limit theorem:

Lemma 3. Under the assumption (4.1) we have

a)P(S <——f> P(U<—-x})N)= ( /]/_> (%)

X ~ +1

b) P (S > N)zP U>xyN =(1— <——~» expO (ﬁ)

Jfor all ngge]/ﬁ, with O(+) uniform for these values of x; ¢ and the constant
involved in O(+) depend on K and ¢ (and not on N and x,).

The following lemma is a particular case of Petrov’s central limit theorem
for non-identically distributed r.v.’s (actually one needs to modify the proof a
little) [3]:

LemmaB. If ¢, ..., &, are random variables,
E¢=0, &K, as. (i=1,...,N),
By

%ZE@Z>CI, %zquz,
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then

3
P(Sy<— x]/— ¢(—x)expO ( ]/—11;\71),

3
P(sy>x)/By) =1~ () exp0 (* 1/%1)

Jor all 0£x<¢g ]/N—, with O(*) uniform for these values of x; & and the constant
involved in O{-) depend on ¢, and ¢, (and not on N and K ).

Proof of Lemma 3. We prove only b), the proof of part a) is similar.
We may assume Y x;=0.

Letr,, ...,y be iid.r.v’s taking the values + 1 with probability 1/2 and let the
r.-s be 1ndependent of 7. Consider the random variable

_ N
= Z (Xﬂ(i)_xvr(N+i)) f;.
i=1

It is clear that U has the same distribution as U. Thus, we have to estimate the
probability P(U>x]/ﬁ ). For given n=(xn(1), ..., n(2N)) we can apply Lemma B
for the variables &,=(x, ;X ) if only

2

0, =

L=

2
ey = Xav+i)” > N.

13

¢
Put ¢, =5 For such a 7, thus,

P(U>x}/Nin)= (1—4) (;jcﬁ» exp0 (%1)

forall 0Sx=<s, Vﬁ , where O(+) is uniform for these values of x and all those .
Now

P(U>x1/ﬁ)=EP(U>x1/N|n)=(2ﬂ;m Y P(U>x}/Nn)

*moksaN
oLl )
~expO (x:/%l) ,. 0=x<e)/N. 4.2)

Since

2N
2 — 2
an (2N)' Z Z( Xy ™ n(N+‘i)) =0 IN—-1’

it is natural to expect that the above distribution—being near the mixture of
normal distributions of variance ¢Z/N —is near a normal distribution of variance
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a%/N. Thus, we will estimate the ratio

P(U>x}/N) .
1-¢ <a/]);ﬁ>

We will show that

1 -
vt Y P(U>x]/ﬁln)§(2]1\w Y 1=0("Y), (4.3)

" meiZ=aN " moi=aN
-—%N
>e ,0=x=eY/NY,

and thus, if ¢<¢,; is small enough (whence 1—-¢ (
we will have

1
(ZN) 'z <c1N

* ()

G/]/N

Since the terms O(-) on the right-hand side of (4.2) are uniform for those =, for
which 2 >¢, N, to establish the estimation

X
a/y/ N
P(U>x}/N|n)

L x> +1
e ? =0(———), 0§x§3l/ﬁ.
N

0<

I

x3+1)

P(U>x]/]\7)/(1—d)(#ﬁ))=exp0(]/ﬁ

it remains to show that

¢ (%)
1 o /YN <x3 + 1)
— . myc =X 0 s O =X = e N
BN 2 i (_x_) PN
oY N
We actually prove the stronger estimation
4
A=expO (x]\}}-l)’ Oéxgg]/ﬁ. 4.4)

We use the inequality

‘0 { 0 () (_tHAz(y_[)z}gl—qs(r)gex { p()

6 =0 = P liogpV Ot _[i }
45)

for all non-negative ¢ and y, where 0 <A, <A, are universal constants.
o? p 2
Since ¢ <N <2K?and 2= N = <4K?, in case ¢, % (4.5) implies

“¢(a/f) exp{l (/1XF> (- 02)+0((x2*1)(0i_62>2>}’
¢(0/f) (4.6)
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where

gw)= ol

2(1—pw)
The right-hand side of (4.6) is dominated by
exp(c’ x?)Zexp(c &2 N),

and

(2N) T, T,

. o . "
thus choosing ¢ so small that ¢’ ¢ <=, we see that our task (in addition to prove
(4.3)) is to establish the relation

1 X 27 x?+1 x*+1
I=Eexp<— (———)——+ 20( )}zex O( ), 4.7
p{ng /N N n N P N 4.7)
where
N
62 — 2 len(z) TN +i)

= =
2N VN
One expects that the variable # is approximately normal, and thus
Ee'm<et™ (4.8)

and E """ < e, Taking

2 (/V_)llf O(xl/%l)’
andu:x2

these inequalities imply that

) ) x*+1
I éEexp{ztn}-Eexp{ZCun}=exp0( N )

IZEexp{+tn—Cun’}ZE>exp {tn} [Eexp {tn+ Cun’}]™"

X+
2 E*exp{tn} - [Eexp{2tn} Eexp{2 Cun’}] *=exp 0 ( ;1)

that is (4.7). The inequality (4.8), however can be expected to hold only for

o .
[t]|>—=, since

VN
En= Y x? c
2Y/N@2N-1) 21/_
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In fact, we show that

2 1 1
Ee"<ef”  for ﬁgl[léﬁfﬁ 4.9)
and
Ee* < for 0Su=<u,, (4.10)

,ie.0<x<Lwehave

where u, depends on C and K only. For 0 ==
Eex {2 ( X )Gi—az}
P ng o'/l/ﬁ N
62~g* 2 o2 —g2\2
E( 5 s ) )
N X oy N

1:

1/‘

A

17

L 4 1
fymerdee-ero(l)
~ w En exp N
since by (4.10)
1 : b .
En*S<—Ee"™" <— "™ < o0,
Uy Uy

This estimation and (4.10) imply (4.7) again. Thus, we have to establish (4.9),
(4.10) and (4.3).
First we estimate the conditional expectation

E(e"r(1), ..., n(N)).

Write by, ...,by for x ., ..., X,y and (y;,...,yy) for a random permutation
of the set

D={x,, ... Xy }/{by, .., by}

-1 .
Put b=ﬁ(b1 +--+by), and a,=b—b,.

Then,
1 b) Xy, 1 (b)) 1
n=—= iYi— 3 = iYi it = iYi
[/Ni=z1 Y N= NZ Y N= [/Nza
Thus,

E@a(1), .., e(N) =M " =,
where in the expectation on the right-hand side the numbers g are given, Y a;=0,
max |a;|<2K, and the N-tuple (y,,...,yy) runs over all the N! permutations
of the elements of D and M =N3/2, We apply the following
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Lemma 4. If a,, ..., ay are real numbers, Y a;=0, and the N-tuple (y,, ..., yy)

runs through all permutations of the numbers (d, , ..., dy), then for any real t
1
PLaivi T 124iyi < Ht*(max a?) Xd?
E¢ N1 e <e ,

1, ..., yN)=perm(dy, ..., dN)
and consequently

o Zaip)?
Ee "D~ < eCou

for 0Sugu, <%, where Dy=(max a?) Y d?, and the constant C, depends only on u,.

By Lemma 4
Azat)’x ﬁ(maxaz)zyz,
EN <N T g 8K
Hence, again with M = N3/?
i B I 7 Colt _‘Ll_
, L @b)? 2 Coltlyz R4 +2K2Co
Ee" < o8K*2 EoM — SKR AN L 8K M <e VN

for |t| £ —— KZI/’ If, in addition, |t|= then we get (4.9).

1/_

For (4.10) it is sufficient to show that Ee*"" < oo, which follows immediately
from (4.9) and the fact y2 < K*N.
Now we prove {4.3), i.e. the relation

P(62<c,N)=0(e~*").

i<, N =% N implies

c . c
ZZXW(i)xn(NH)_Z_EN, 1.€. né—ZVﬁ'

Thus, (4.9) implies (4.3). (Note that in the proof of (4.9) we have not used (4.3).)
For the proof of Lemma 4 we use the following

Lemma 5. Let a=(a,,...,ay) be an N-dimensional vector with ) a;=0,
max |a;)=K. Then a is a finite linear combination

a=Y o R, >0, Yo=K,

where each vector R, has half the coordinates 1 and half (—1) if N is even, and

N N-
—1—11’ ———( 1)sand0ne01szsodd

Lemma 5 is a consequence of the fact that in the convex set {a: ) a;=0,
max |a;|=1} the above mentioned vectors R are the extreme points.

We prove Lemma 4 first in the case a=R, i.e.when |a;/=1 for all i except for
at most one (if N is odd). Since we can disregard this coordinate, we may assume
(in the case a=R) that N is even, N=2M. The same way as above we consider
the random varlable S fZ(y yu .0 1; instead of the variable S, Z(yl VM ik
where 5, ..., 1y are 11d r.v.’s taking the values +1 with probablhty 3, and are
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independent of the random permutation. S, and S, have the same distribution.
Thus (if = denotes the random permutation)

E&St =Eezsz:EE(etSz|n):EnE(et(yi—yM+i)ri|n)
=EI‘ICh [(yi_yM+i) £] éEHetz(y%+yi4+i):Eet22y%:et22d%.

To prove the lemma in the case of a general a, we apply Lemma 5 and the
following Holder-type inequality

A APISGLADP - GLAD™ P20, Yp=1.

Hence,

Qe
Eot@ Y — Eofeart(Re, ) < H(Eet(zai) (Rec, y))Xaf
k Tk
S
< H(etz(Eai)z):d,Z)Xai = pi?maxa?) nd?
k

Thus Lemma 4, and hence Lemma 3 is proved.
Now we turn to the

Proof of Theorem 1B. Let X;, ..., Xy, N=2" be iid.r.v.’s with distribution
function F(x). Let X¥, ..., X} be their order statistics, and
N

N
Sy=Y X;=Y X¢.
i=1 i=1
Let 7, be a normally distributed random variable with expectation 0 and variance

N, such that
hY )
ISN—TN|§C1‘17N+C2 if |Sy|<eN,

where C,, C, and ¢ depend only on F (and not on N). The existence of such a T
is guaranteed by formula (2.6) of Lemma 1 in part I (note that in the proof of
formula (2.6) of Lemma 1 in part I we used only the conditions

[xF(dx)=0, [x*F(dx)=1, ({e*F(dx)<o0, |t|<t,,

and did not use the smoothness conditions (i) or (ii)—they were needed only for
proving (2.7), i.e. for handling the conditional distributions).

Let V, (m=1,2,...,n;k=0,1,...;(k+1)2"<N) be independent normally
distributed random variables, independent of {X, ..., X}, Ty}, for which

EV, =0, EVZ? =2"

We denote Ty also by V, ,, and define the random variables Y, ..., Yy by the
formulae

My
I
3

+
€

I
ol
2
—~—

|
L
3
=

I
o
=
+
w2
IA
Z

Vm’szm_LZk~Vm_1,2k+l, m=1,2,....n;k=0,1,...;(k+1)2"<N.
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It is easy to see (since the variables V , and V, ; are given) that the variables
Y;, ..., Yy are uniquely defined by these formulae, and form a sequence of i.id.
standard normal random variables.

Our aim is to define the variables X,, ..., X in such a way that X7, ..., X3
be the order statistics of X, ..., Xy (hence Sy=X, +---+ X), and

P(sup |S;— T,|> Clog N + x)<Ke™*~ (4.11)
k<N

for all x>0. (Putting independent blocks of length 22" together, one easily gets
the infinite analogue of (4.11), i.e. Theorem 1 B.)

Taking
J
So=0, §;= Y X, j=1,..,N
i=1

Upi=Upstyp=Ueais  J=01,0csn;k=0,1,..;(k+1)2EN

J

Uni=Un_1, 26— Unot, 200, m=12,,n5k=0,1, .5 (k+1)2"<N,

we proceed the same “dyadic” way as in part L, i.e. given Sy=U, , we define
first the variable

N/2

Un,o(zi;Xi‘ i Xi)a

i=N/2+1
which (together with Sy) determines U, _, ,(=Sy;,) and U,_, ,(=S8y—Sy,,), and
then keep going on the same way down to the individual terms.
We will obtain the estimation

|G, =V ] SCQ ™02, 427" U2 (427" W2+ 1), (4.12)
if only
\U, (J<e-2m,  |U,,l<e-2" and |W, |<e 2", (4.13)
where
k+1)2m
T i—k2ma

(4.12) is analogous to (2.7) of Lemma 1 in part I. The only modification in the
dyadic construction here is that now given Sy=U, , and X}, ..., X} (i.c. the set of
the values {X|, ..., Xy}, but not their particular order), we want to define

ﬁn, 0= SN/z —(Sy— SN/z)

and the set of values {X|, ..., Xy ,} (but not yet their order), and so on at each step.
Since the N-tuple (X, ..., Xy) is defined if we specify a permutation n=(n,, ..., ny),
by taking ‘

X=X}, i=1,..,N,
what we do is to define © by assigning first the two halves

Hl,lz{nl"">n1\]/2}’ H1,2={EN/2+1>"'=TCN}



Approximation of Partial Sums 49

and then keep going on halving them until we get the whole permutation. If we
want to ensure that the obtained variables X,,..., Xy are independent and
distributed according to F, all we have to check is that for the random permutation
()

Plr=(0 ) =5 14

for any permutation (p,, ..., py) of the first N integers.
Now we define the halving (H, ,, H, ,) as follows:

To every subset H={h,, ..., hy,,} of {1,..., N} with N/2 elements we assign
the number

Up= 3 X¢~ 3 X
icH i¢H

N L .
Thus we get A:(N 2) numbers and we order them in increasing order of
magnitude, /

(~]H1 <0y, w, (f two sums are equal, we order them arbitrarily).

Let

L=(—-w,a), IL=[a,,a,), .1, =[a, ,,a, ), I,=[a, ;,0)
be the disjoint intervals, for which

e""2dr 1

Given o we define
H,  =H, f(andH, ,={1,...,N}/H,)

if V, ,el,. In other words, U, o is defined as a conditional quantile transform
of Vo

U, 0=G(¢p(2""2V, JIXF, ..., X}),

where we deline G, (t]y,, ..., y,) as follows: Let &, ..., &, be iid.rv’s with
d.f F,and &F, ..., & be the order statistics.
Put
2k -1 2k
Bl v =P (L &= T G X X5).
[= k‘1+

and let G, be the inverse of F,:

Gtlyy, -y yyp)=sup{x: F(x|y;, ..., V) St}

Having (H, . H, ,) we define the halving (H, |, H, ,) of H,_ 1 the same way using
V,_1 o instead of V, o, and the halving (H, ., H, ,)of H, , using V, etc.

-1,1?
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Thus, each U, .« is actually defined as a conditional quantile transform of V,
e.g.
ﬁn—l,Oan—l(d)(z Vn—1,0)|X;k,1"“’X;k,N/2)=
where Xf <.--<Xf¥,, are the ordered N/2-tuple formed from the set

. . N
{X¥:ieH, |}. Since H, ,=H, (o) takes all possible “values” ((N/z) subsets)

_n—1
2

with equal probability and this holds at each step for the constructed random
halving, further these halvings were independent due to the independence of the
variables V,, , and that of ¥, , and X?, the obtained random permutation obeys
(4.14).

Now we prove (4.12). As a consequence of (4.13), condition (4.1) holds, and
thus we may apply Lemma 3. Using inequality (4.5) and condition (4.1) we may
rewrite part b) of Lemma 3 as follows:

1—FE,(x]%{, ..., Xqm)
xp(x) o2-27m—1
1—¢(x) 2

+O((x 4+ 1)(0% - 27"~ 1))+ O((x* + 1)2—'"/2)},

=(1—¢(x)) x exp {

0<x<e 2™2,

Writing 1 —F,(x|x;, ..., X,m)=1—¢(x+), applying (4.5) again and using the
identity

2m 2m 2
¢?-27m—1=2""% (x? —1)— (2"’"23@) ,
i=1

i=1

we get for o:
_3m
16-2"2)=x(27™2 ) (x = DI+2 2 X x))

+Cy(x+ 1)(2‘3‘2@(2(x§ -y + 2‘7Tm(z X))+ C,(x2 + 1).
Using the inequalities
IEx|sK-2" R 0d - DISE +1)2m,
we get

15- 2'"/2]<C[x +(2-mﬂz ) ( ”‘/ZZ(x 1))2+1].

The same inequality can be proved on the negative semi-axis, i.e. for
Fm(—x|x1= ey x2m)7

and thus we have proved (4.12) for k= 0

Since the joint distributions of {U, ., V..., U,..» W, .} are the same for
k=0,1,..., (4.12) is proved for all m, k.
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To show that (4.12) implies (4.11), we may proceed the same way as in part I
(at the very end of the proof of Theorem 1). The only change is that in estimating
A, we have to replace the sum

n n
2 270+ UL+ by ¥ 270+ URe+ Wi+ 1)

j=M+1 j=M+1

and introduce the variable I7Vj= W,

+1,0— W, o Then the same estimation can be

carried out for W, , and W, as for U, and U, namely
n—1 2 o 5 niz .
27w S — (2~ W2 o+ Y 279W; ),

j=ZM T y2-1p s PR

whence we boil down to the same estimation

=M. p (2C3Z ‘C;+NC2>%> <y, e N —hax,
ji=1
where
, 2TWE O (W <e - 2
T,= .
00 otherwise,

the tj-s are independent, and Ee'™ < oo for 0<t< 4, since the variables (X2 —1)
have expectation 0 and are bounded.

5. The Proof of Theorem 3

The line of the proof of Theorem 3 is the same as that of Theorem 1. Theorem 1B
and the argument of proving Theorem 1 show that it is sufficient to prove Theo-
rem 3 with the additional assumption that F has an absolute continuous compo-
nent. Therefore we assume this in the sequel, and we try to apply the construction
of Theorem 1 A. The main problem constitutes in finding good asymptotics for
the appearing conditional and unconditional distributions. To this end we select
the following method: we truncate the r.v.’s X; in such a way that the outer part
has negligible influence on the difference S,— T,. We approximate these truncated
random variables by normal r.v.s. They have bounded moment generating
functions, therefore one can apply the technique of conjugated distributions.
But the range where the moment generating function behaves nicely, depends on
the level of the truncation, and hence also on the index of the truncated random
variables. The length of this range tends to 0 as n tends to infinity. That is why we
get weaker approximations if the moment generating function does not exist.

Since we may have different truncations for different n, the truncation has an
influence on the form of the asymptotic formulas. We must however check that
the O(+) in the appearing formulas are uniform not only in x but also in n. The
numbers C, C,, ... will denote appropriate constants in the sequel. The same
letter may denote different constants in different formulas.

Lemma 6 helps to find the appropriate level of truncation.
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Lemma 6. Given a monotone increasing function satisfying (i) in formula (1.2)
consider a sequence X, X,, ... of i.id.r.v.s such that EX, =0, EX? =1, EH( X, P)<co.
Define the number K, by the equation H(K,)=n, and the rvs X,,X,,... in the
following way

. {Xm if 1X, <K (if only 2" Sm<27)
X, = .
0 otherwise.
- X,~EX, - ~ _
Let X,=—"—==% and put §,= 3 X, S,= Y. X,. Then we have the following
DXk k=1 k=1
statements:

2) X,(0)=X,(0) if k> k()

250 as.

by >

n

Proof. )Y P(X,,+X,)<Y P(H(X,|)=31m)<co.

b) We prove the following somewhat stronger result )’ ” is convergent,

m

where K:m=K2,,, if only 2"<m<2"*1, This is, indeed, a stronger statement, since
K, =K,,<2K, by virtue of (i) in (1.2). It is sufficient to check that the series

E(X ~X D*(X,-X
Z(%m) dZ( )

m
are convergent. Since E(X,,—X,)= EX -
D*(X —-X)=(1-DX ?<1-D*X,
we have to prove that
prit
is convergent and

1- EXZ,.
z o it A Kzn 2

=y ZK—Z § xX’F@x

n=1 j=n 2n (2i<H(|x)<2/+1}

S POISH(X, <2t

© J n
=Y PI<H(X,)<2*) KE;.s 21 o
j=1 n "
This sum is finite since
7 n

K2 Y 2 v

w2
n= IKZ"
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which, in turn, follows from the following estimation: by the monotonicity of
H(x)x~ 3% one gets for n< j

2]-(—1 bl
K3E=KE
thus
2 . 2
(K2j+l) <2(1+1—n)m

an

The other sum can be estimated similarly.
Lemma 7 is the analogue of Lemma 2.
Lemma7. Let X,,...,X, be iidrv’s, EX,=0, D*X, <o, EH(X,|)<o0,

where H(x) is a monotone increasing, positive, continuous function satisfying (1.2).
Let the distribution function of X, have an absolute continuous component. Let us be

1
given a sequence 1)y, ..., #, of i.id.r.v’s with normal distribution, En, =0, En} =—,
and let the n-s be independent of the X-s. n

lo
Define the number K, by the equation H(K,)=n, the number u, by u,=¢’ g n,
. K
and the random variables 1
o {X i i 1 X<K,
Xi: .
0 otherwise,
_ X,-EX, .
= - i=1,....n,
’ DX, ’

and
k

Sk:.z(ii'k"li), k=1,...,n.

=1

Put

d
FP(x)=P(S,<x) and k("’(x)z_d.;]:;c(n)(x).

Then we have the following relations for Cylogn<k=<n:
a) 1—F"kx)=[1—¢k*x)] exp[kx*/,(x)+0(x+k %] 0<Z
a) EM(—kx)=d(~kix)exp[—kx*L(—x)+0(x+k¥] 0=
b) fP(kx)=pkEx)exp[kx3 A, (x)+O(x|+k#)]

in the interval | X | S cu, and O(+) is uniform in n, k, and X. Further, one has

RO )S € [ ex) e=40 =

’
H

t
i1 X|Zu,, xy>0, and t is the solution of the equation t):x’ where

n

R (t)=Eexp(tX,).
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Proof. The proof if similar to that of Lemma 2. The only difference is that we
have to consider the conjugated distributions

Vidx)=e"™ —m«,
Eexp(tX))
_ C . — . 1
(F(x)is the distribution function of X, ) only in the range |t| St, =¢’ o8 n. ¢ depends
only on n and we get the expansion for K,
x| éRn(to) . logn
R,(ty) K,
Kn
The restriction of the range of t guarantees that | [x|* ¢* F(dx)<EH(X,|)<c0,
- Kn

and thus the conditions of Lemma A are satisfied.

. . I .
A little calculation shows that |4, (x)| <¢,, if [xlgc—of—n. Thus relation (a) of

Lemma 7 can be rewritten as
1—F"(kx)=[1—¢(k*x)] exp O(kx>+x+k™%)
. logn
fogxg
if 0£x=c K

n

cologn<k=n. (5.1)

A similar expansion for conditional distributions will be proved in Lemma 8.

Lemma8. Let S,, ..., S, be the same as in the previous lemma. Let m be an
even integer Clogn<m<n and define

EM(x]y)=P(28,,,— S, <x|S, =)
The following asymptotic expansion is valid:

1—E®(mx|my)=[1—¢m*x)] exp O(mx>+mx* |y|+|y|+m~ %),

EW(—mx|my)=d(~m?*x)exp O(mx> +mx* |y|+|y|+m~%)

in the range

1 1
0sxsct,  lyl< =

n n

O(*) is uniform in x, y, m and n.

logn
K

n

Proof. Put u,=c . Then the estimation

L =F"(mu,my)— EP(mx|my)= [ mf"(mt|my)dt

=(1—gm*x) exp O(mx>+mx? [yl +]yl+m™)  0=x=Zu, |y|Su,

can be proved similarly to the estimation of I, in Lemma 1 of part 1

d
()= B0 ).
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One must, however, be a little cautious at the following step:
S mx|my)=m=* @(m*x) exp[mu,(x, y)+ O(|x|+|y|+m~ )]
=m~* p(m*x) exp O(m |x[* +mx? |y|+|y|+m~%)
where
Ha(X, V) =5 (X + ) 1,(x +y) + 30— x)* 1,0 = x)— y* 1,(9)
if |x|<u,, |yl<u,.

Here applying the Taylor expansion of 4,(y+x) around the point y up to two
terms, one has to show that the O(-) of the above formula can be chosen inde-
pendently of n.

To this aim it is sufficient to prove that

1L@OI<Cy, 14,0

I3 Kn 2
s ,IMW<QQ%J

in the interval |t| <2u,. Expressing 4,(r), A,(z) and A/(¢) by R, (¢) and its derivatives,
this statement reduces to the following (R{” denotes the i-th derivative of R,)

IRO()|< C,,  i=1,2,3,

K v
IRMy) < C, . IR:(t)|<C2(igé";) if |t]<2u,.

*log

To check these inequalities note that

Ix|? log H(xl) ¢*<H(x]) if |f]<c’ l‘f”, x| <K,

n

and
4 tx . i I I . 7x
-inx ¢*F(dx)= :I[( lgH(I ) [x]* log H(|x]) &> F(dx)

The other inequalities can be proved similarly. On the other hand

L=1-EP(mu,Imy)= | f\"(msimy)ds

S (msimy) < Cexp(—dmiys),
where t, is defined by

Rty ¢ Iogn
R(ty) 2 K

Thus choosing the appearing constants appropriately, I, becomes negligible,
compared to 1—E®(mx|m y).
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The Proof of Theorem 3. Using Theorem 1B and the reasoning in proving
Theorem 1, one may suppose that F has an absolutely continuous component.
Given a sequence X, X,,... of iid.rv’s with df F define the sequences
X, S8, X, 8, asin Lemma 6. Let us remark that it is sufficient to prove formula
(1.3) substituting S, by S,. Indeed, because of Lemma 6
S_n - gn
K

h

-0 as.,

and defining the S,-s in such a way that their truncations be the above defined S,
we have |S (w)— S (0)| £ K (o).

Let #,,1,,... be a sequence of i.id.r.v.’s with standard normal distribution.
Let the #-s be independent of the X -s, too.

Define
X, =X,+477y, if 21<n<2/*t,
and

S=YX;, n=12..
i=1

Now it is sufficient to construct the variables S, and T, in such a way that (1.3)
hold.

Given the sequence T,, T,, ... we construct the sequence S, S;, ... the same
way as in Theorem 1A. Naturally the definition of the F-s will be substituted by
the distribution and conditional distribution functions of the just defined S;-s.

Even the proof of Theorem 1A applies with slight modifications.

The following relations imply the desired result:

L = Ty

(i) limsup LS—Z——A—E C.

K;.

(i) There exist appropriate constants «>0, §>>0 such that for any n, m, k
satistying the relations k=2",

2 2

z & <k<a Enzi’

M<m<m+k<2"FL,

the following inequalities hold
P( sup |8,—5,|>2BK,.)<exp(—n),
msj<m+k

P( sup lej— T,1>2BK,.)<exp(—n).

msj<m+

(ii)) Putting

~2
o
_on

!
A gn+is

n
T2n+1,

- 2n+1 _]
Sj: o
Z,=18=-3)~ (G- T,

Syt rsjse,
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we have
P(Z,>p K,.)<exp(—n)

if 5, 2"<s 2" s of the form s=2"+ak, a is integer, and k is the same as in (ii).
(i) guarantees that the S,.-s and T,,-s, (ill) guarantees that the S,.. ,-s and
T . -8 and finally (il) guarantees that all S, and T, are sufficiently near each other.
In the proof of (i), (ii) and (iii) we use the notations of Theorem 1A and of
Theorem 1 in part L.

Proof of (i).

Define

sy [Son i i8Sy 1<y, 2
700 otherwise

n
where y,=c--——, and
K,

SE) =(Shn— Sha-1)—SL.
Using formula 3.1 one can prove that
P(S§!+0)<exp (—2"cyl)<q"
with some g <1, and

(582
2"

|S(21,f—(T2n—T2n_1)]<C1 +C2
(this is the analogue of Lemma 1 in part I). Further, S has a moment-generating
function for |t} <¢,. These relations imply (i).

Proof of (ii).

P( sup 1S}——S;n|>ﬁK2n)§2P(|Sk+m—Sml>§K2n) <exp(—n)
msj<m+k
by (3.1) if «, § are chosen appropriately.
The other relation can be proved similarly.
Proof of (iii).
Similarly to the proof of Theorem 1 and Lemma 1 in part I one obtains

n

Zjé Z IUi,k(i)#Vi,k(i)|

i=r+1
and
G, =V < C - 2702+ Cy
if
i>r, U <c-2—— |0, l<c -2
: K, : »

At the proof of the last step one needs Lemma 8.
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The estimations

. R
P{|U, |2 2
(1t dze-2

J<exp=n. P10,z 2 ) <exp(~n)
2n ' Ky
hold true because of (5.1) if & and thus r is chosen large enough.

The remaining part reduces, just as in Theorem 1 of part I, to the estimation

P(Zn: rj>cKn) <exp (—n),

j=r

where

! ! : 1 ’ i n
L (S2"+2f_S2"+zj~1)Z if |S2n+2j_ 2n+2j71| <c-2—
J on
0 otherwise

This estimation is valid since the 7-s have a finite moment-generating function,
and thus the proof is finished.

Let us remark that Theorem 2 holds true also in the case when EjX,|"< oo
for 2<r<3, but the proof is different (though easier). We turn to this question
in a subsequent paper.

The Proof of Theorem 4. The construction and the proof of Theorem 4 is
similar to that of Theorem 3. The only difference is that now we truncate the
r.v’s X,, ..., X, at the level ax. Thus Lemma 7 and 8 hold in the range

log H(ax)
= et
ax

x| <

New problems do not arise, however, since we have to investigate S, —S; only for
2
ax

k—j >W' This construction approximates the X,-s by normal variables,

ax ax
with expectation m= | tF(dt) and variance 6*= | t*F(dt)—m".
—ax —ax

A little calculation shows that

m=0(ﬁ), a2=1—0(f{?—;;))

and therefore the N(m, o) variables are near enough to their standardization.

References

1. Komlés, J., Major, P., Tusnady, G.: Weak convergence and embedding. Trans. Coll. Limit Theorems.
149-165, Keszthely 1974

2. Komléds, J., Major, P., Tusnady, G.: An approximation of partial sums of independent RV’s and
the sample DF.I. Z. Wahrscheinlichkeitstheorie verw. Gebiete 32, 111-131 (1975)

3. Petrov, V.V.: On sums of independent random variables, p. 270 and 283, (in Russian). Moscow:
Nauka 1972

4, Petrov, V.V.: A local theorem for densities of sums of independent random variables (in Russian).
Teor. Verojatnost. i Primenen. 3, 349-357 (1956)

Received September 29, 1974



