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Abstract

The current thesis deals with class number questions for quadratic number fields. The
main focus of interest is a special type of real quadratic fields with Richaud—Degert dis-
criminants d = (an)? + 4a, which class number problem is similar to the one for imaginary
quadratic fields.

The thesis contains the solution of the class number one problem for the two-parameter
family of real quadratic fields Q(v/d) with square-free discriminant d = (an)? + 4a for pos-
itive odd integers a and n, where n is divisible by 43 - 181 - 353. More precisely, it is shown
that there are no such fields with class number one. This is the first unconditional result
on class number problem for Richaud-Degert discriminants depending on two parameters,
extending a vast literature on one-parameter cases. The applied method follows results
of A. Bir6 for computing a special value of a certain zeta function for the real quadratic
field, but uses also new ideas relating our problem to the class number of some imaginary
quadratic fields.

Further, the existence of infinitely many imaginary quadratic fields whose discriminant
has exactly three distinct prime factors and whose class group has an element of a fixed
large order is proven. The main tool used is solving an additive problem via the circle
method. This result on divisibility of class numbers of imaginary quadratic fields is ap-
plied to generalize the first theorem: there is an infinite family of parameters ¢ = p1pops,
where py, po, p3 are distinct primes, and ¢ = 3 (mod 4), with the following property. If
d = (an)? + 4a is square-free for odd positive integers a and n, and ¢ divides n, then the
class number of Q(v/d) is greater than one.

The third main result is establishing an effective lower bound for the class number of
the family of real quadratic fields Q(\/E), where d = n? + 4 is a square-free positive in-
teger with n = m(m? — 306) for some odd m, with the extra condition (£) = —1 for
N = 23.3%.103-10303. This result can be regarded as a corollary of a theorem of Goldfeld
and some calculations involving elliptic curves and local heights. The lower bound tending
to infinity for a subfamily of the real quadratic fields with discriminant d = n?+4 could be
interesting having in mind that even the class number two problem for these discriminants
is still an open problem.

The upper three results are described in [35], [36] and [37] respectively. Finally, the
thesis contains a chapter on a joint work in progress with A. Biré and K. Gyarmati, which

tries to solve the class number one problem for the whole family d = (an)? + 4a.
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Chapter 1

Introduction

The beginning of the class number problem arises as early as works of Euler and Leg-
endre who remarked that certain quadratic forms give prime values for many consecutive
values of the argument. Stepping on ideas of Lagrange for classifying binary quadratic
forms with a fixed discriminant, in Disquisitiones Arithmeticae from 1801 Gauss showed
the group structure of these quadratic forms and stated conjectures about the order of

these groups depending on the growth of the discriminant.

Let K = Q(Vd) be a quadratic field with a fundamental discriminant d and the
class number h(d) denotes the size of the class group of K, i.e. the quotient group of
the fractional ideals by the principal fractional ideals in K. In modern terms Gauss
conjectured that for negative discriminants we have h(d) — oo with |d| — oo. For positive
discriminants he predicted completely different behaviour of the class number, namely
that there are infinitely many real quadratic fields with class number h(d) = 1. Whilst

the first conjecture is known to be true, the second one is still an open problem.

The conjecture for imaginary quadratic fields was shown to be true in a series of
papers by Hecke, and Deuring and Heilbronn in the 1930’s. The intriguing argument
first assumed that the generalized Riemann hypothesis was true and then that it was
false, giving the right answer in both cases. However, the method was ineffective and
despite knowing that the number of discriminants d < 0 for which h(d) = 1 is finite, they
were not known explicitly, so different methods were required to solve the class number
one problem. Something more, the Hecke-Deuring—Heilbronn argument showed that if
the conjectured discriminants d < 0 with A(d) = 1 did not constitute a complete list of
the class number one negative fundamental discriminants, then the generalized Riemann
hypothesis could not be true. This explains the active research that followed on this

topic. The first solution of the Gauss class number one problem was developed in 1952 by



Heegner [25] with some gaps in his proof that later Stark cleared out, presenting his own
proof with ideas similar to the ones of Heegner. The result also follows by the theorem for

logarithms of algebraic numbers of Baker [1].

The existence of only finitely many negative discriminants with class number one can
be seen by the Dirichlet’s class number formula and the ineffective theorem of Siegel giving
a lower bound for the value of the Dirichlet L-function at 1. Indeed, let x be the real

primitive character associated to the quadratic field K. Recall the Dirichlet L-function

L(s,x) = Z x(n) Re(s) > 1.

ns

n=1

The Dirichlet’s class number formula (§6 [16]) claims that if d < 0 and w denotes the

number of roots of unity in K, then

B w|d|1/2

h(d) o

L(17 Xd) :
On the other hand, for positive d > 0 and the fundamental unit of K denoted by €4, we
have

h(d)logeq = dV*L(1, xq) . (1.1)

The Dirichlet’s class number formula can be regarded as a special case of a more general
class number formula (Theorem 125 [24]) holding for any number field, according to which
the product of the class number and a certain regulator can be expressed as the residue at
s =1 of the Dedekind zeta-function for the field. Siegel’s theorem (§21 [16]) says that for
every € > () there exists a positive constant ¢, such that if y is a real primitive character
modulo ¢, then

L(1,x) > cq©.

If we take ¢ = |d| it follows that for d < 0 we have
h(d) > |d)"/*<. (1.2)

If, however, we want to use the same facts for examining positive discriminants we cannot
separate the class number from the fundamental unit of the field K. Thus we limit our
research within quadratic fields with a small fundamental unit, more precisely such that
loges < logd. These cases would lead to an analogous problem as in the imaginary case,

with finitely many d > 0 of the considered type with h(d) = 1 and class number satisfying



(1.2). Thus, from one point we exclude discriminants that do not satisfy the Gauss class
number one conjecture for real quadratic fields, and from other point we try to determine

explicitly the class number one cases.

Examples of real quadratic fields with small fundamental units are the fields with
discriminants of Richaud-Degert type. Special cases of these are the square-free discrimi-
nants d = n? + 4 and d = 4n? + 1. Their class number one problems were conjectured by
Yokoi and Chowla respectively and were solved by Biré in [4] and [5]. His methods were
further extended in a joint work with Granville [7]. This thesis steps on ideas from these
works and try to resolve some of the open problems stated by Biré in [6]. In a certain
way Bird’s idea is analogous to the Baker’s proof of the class number one problem for
imaginary quadratic fields. The difference is that Biré can avoid working with a linear
form of logarithms of algebraic numbers by using elementary algebraic number theory.
His method is mostly influenced by Beck’s paper [3] where non-trivial residue classes for

the Yokoi’s conjecture were solved.

The main theorems of the thesis, already described in the Abstract, will be stated
precisely in the following chapters. Chapter 2 plays a preparatory role for the next parts.
Its main result, Claim 2.6, is extracted from the paper [35]. The chapter deals with some
elements of Gauss genus theory, defines Richaud-Degert discriminants and investigates
the splitting behaviour of the small primes in some of these real quadratic fields. Chapter
3 presents the rest of the content of [35]. This is a self-contained proof of a class number
one problem for square-free discriminants d = (an)? + 4a for odd a and n, where n is
divisible by a certain fixed number, and is the first unconditional result on two-parameter
Richaud—Degert discriminants. The proof applies a method on computing a special value
of a zeta-function from [7] and new ideas relating the problem to the class number of

certain imaginary quadratic fields.

The research on Chapter 4 was motivated by the aim to extend the main theorem
of the previous chapter. However, it includes results on divisibility of class numbers on
imaginary quadratic fields which are interesting on their own. We give generalization of
a result from [15] and use the circle method application as used by Balog and Ono in [2].
The content of Chapter 4 is to be published in [36].

In Chapter 5 we give an effective lower bound tending to infinity for the class number

of a subfamily of the Yokoi’s fields. This is interesting having in mind that even the class



number two problem for these fields has not been solved yet. We apply Goldfeld’s theorem,
so in reality we do not compute exactly the constant in our estimate as Goldfeld himself
does not, though this could be done. A nice explicit expression for the constant is known
only for the imaginary quadratic field case [44]. In this chapter we use techniques from
elliptic curves arithmetic and the biggest part, §5.4, is devoted to prove unconditionally
that a certain elliptic curve has analytic rank not smaller than 3. This is done by
combining classical methods of Buhler-Gross-Zagier [12] and Silverman [47]. These

results are contained in the submitted paper [37].

The last part, Chapter 6, deals with the same discriminants as in Chapter 3. In some
sense these two chapters are complementing each other. This part, and to some extent
§5.4, depend on computation in SAGE. The code, however, is omitted from the exposition
of the last chapter due to its bulk. We hope that combining the methods of Chapter 6
with those of Chapter 3 will lead us to a final solution of the class number one problem for
the whole family of positive square-free discriminants d = (an)? + 4a. The work on this

chapter is joint with A. Biré and K. Gyarmati.



Chapter 2

Small Inert Primes in Real Quadratic
Fields

2.1 Some Results from Gauss Genus Theory

In this and in the next chapter we apply some facts from Gauss genus theory. It is
developed for the first time by Gauss in his Disquisitiones Arithmeticae in connection with
representations of integers by quadratic forms. We give a modern language formulation

only of the basic facts we need.

Let K = Q(\/E) be a quadratic field for a square-free d and denote by I the set of the
fractional ideals of K, and by P the set of principal fractional ideals. Then the class group
H = I/P is also called the wide class group and its order, the class number, is denoted
by h. We will also use the notation Cl(d) := H and h(d) := h when we stress on the
dependence on the discriminant. Similarly to the setting in the wide class group where
a,b € I are equivalent if there is an algebraic number o € K such that a = (a)b, we

consider
a= (a)b with v € K, N(a) > 0.

We say that ideals satisfying the latter relation are equivalent in the narrow sense. If both
a and its Galois conjugate are positive and d > 0 we call « totally positive and denote this
by a > 0. Introduce the set

Pt ={(a) fora € K, N(a) > 0} .

Note that for d < 0 we have P™ = P as then the norm of an algebraic integer is always

positive. Also PT = P if d > 0 and the fundamental unit is with a negative norm. The



narrow class group is Ht = I /Pt and the narrow class number is the order of the narrow
class group denoted by AT = |H*|. If € is the fundamental unit of K for d > 0 by §45 [24]

we have the relation

h*-{ 2h if K is real and N(e) =1,

h  otherwise.

Also recall that the 2-rank for a finite abelian group G is the nonnegative integer rko(G) = r
such that (G : G?) = 2. Tt is easy to see that rky(G/G?) = rko(G). Let the discriminant
of K be divisible by t distinct primes p;, 1 < ¢ < t. Then a basic result of genus theory is
Theorem 132 [24]:

tko(HT) =t —1.

Another important result for us could be found for example as Corollary in [43]:

Lemma 2.1 (Nemenzo, Wada [43]). For odd discriminants d > 0 we have rky(H™) =
rko(H) if and only if p; =1 (mod 4),1 < i < t.

If h(d) = 1 for d > 0 then clearly rko(H) = 0. If also N(¢) = N(eq) = 1, we have
h*t = 2h = 2 so rko(H™') # rko(H). By Lemma 2.1, if d is odd, the discriminant has a

divisor which is congruent to 3 modulo 4.

2.2 Richaud—Degert Discriminants

Let K = Q(v/d) be a quadratic imaginary field with d < 0 and let O be its ring
of integers. If h(d) = 1 and a rational prime p splits completely in K then (p) = pp
and p = («a) for some a € Ok. Then there are integers m,n such that we can write
o = (m 4 nv/d)/2. If N is the norm from K to Q then p = N(a) = (m? — n?d)/4 =
(m? 4 n?|d|)/4. Therefore a prime p splits completely in Q(v/d) only if p > (1 + |d|)/4.
It is clear that we cannot draw the similar conclusion for d > 0 with the same argument
as the norm of p might happen to be negative. That is why with different techniques we
are aiming to give the best possible similar lower bounds for the smallest split prime for

certain real quadratic fields.

Definition 2.2. If the square-free integer d = (an)*+ ka > 0 for positive integers a and n
satisfies £k € {1,2,4}, —n < k <n and d # 5, then K = Q(\/d) is called a real quadratic
field of Richaud—Degert (R-D) type.

One of the main reasons why R-D fields are interesting is the form of their fundamental



unit. They are with short period of their continued fraction expansion and they are of

"small” size: loge,; < logd. More precisely we have the following claim.

Lemma 2.3 (Degert [17]). Let K = Q(\/d), d = (an)?>+ka > 0, be a real quadratic field

of R-D type. Then the fundamental unit €5 and its norm N(eq) are given as follows:
€4 = an + \/ga N<€d) = _Sgn(k) Zf |ka| = ]-a

an+\/3

€1 = 5 N(eq) = —sgn(k) if |ka| = 4,
and o + k9
€1 = % + Wn’\/g, N(eq) =1 if |ka| # 1,4.

In a paper from 1988 about Chowla’s class number one conjecture Mollin gives the
following upper bound implying inert primes, i.e. primes which stay prime in the corre-

sponding number field extension.

Lemma 2.4 (Mollin [39]). Let d be a square-free positive integer, o = 2 if d = 1 (mod 4)
and o = 1 otherwise. Suppose that (A + BV/d)/o is the fundamental unit of K = Q(+/d)
and N <(A + B\/c_l)/a> =46. If h(d) =1 then p is inert in K for all primes

(2A)0) —6—1

This lemma is one of the results toward a theorem that characterizes the Chowla’s
discriminants of class number one through prime-producing polynomials:

Lemma 2.5 (Mollin [39]). Let d = 4n* + 1 be square-free and n is a positive integer.

Then the following are equivalent.
(i) h(d)=1.
(ii) p is inert in K = Q(\/d) for all primes p < n.

(iii) f(x) = -2+ 2 +n*#£0 (mod p) for all integers x and primes p satisfying 0 < x <
p<n.

(v) f(x) is equal to a prime for all integers x satisfying 1 < x < n.

Note that while Fact B of Biré [4] gives the same bound for the inert primes in Q(v/d)
with Yokoi’s discriminant d = n? + 4 as Lemma 2.4 provides, the analogous Fact B in Bir6
[5] already provides better bound. For Chowla’s discriminants d = 4n® + 1 instead of the

bound n from Lemma 2.4 he gets bound 2n. This suggests to follow Bird’s techniques.

7



2.3 The Discriminant d = (an)? + 4a

For the R-D discriminant of our main interest which we explore in the next chapters we

get

Claim 2.6. If h(d) = 1 for the square-free discriminant d = (an)?+4a, then a and an®+4

are primes. Something more, for any prime r # a such that 2 < r < an/2 we have

(%)

=) =-1.

”

After Lemma 2.3 the fundamental unit of the quadratic field with the upper discrimi-
(an?® 4+ 2) + nVd

nant for a > 1 1is ¢ = . When we apply Lemma 2.4 we get that every

prime p < a is inert. We prove much stronger statement in which both parameters in the

discriminant are included.

We introduce a as the positive root of the equation
2* + (an)r —a =0.

Let @ = —(an+ v/d)/2 be the algebraic conjugate of a. We note that (1,@) form a Z-basis

of Ok with
— o —an Vd :
5 S

For the fundamental unit €; > 1 the system (1,€,;) was used in [4] but it forms a basis of

the ring Ok over Z only when n = 1. That is why we need to use different base system.

()0 )

with determinant of transformation equal to 1, we can take (¢4, @) as a basis of the ring

Since

Oy over Z.

We also have €46, = 1 and
ct+éa=1l-nat+l—-na=2-n(a+a)=2+an’. (2.1)

Here we will reveal some of the splitting behaviour of the primes in the field K.



Lemma 2.7. If 8 is an algebraic integer in K = Q(\/E) for the square-free d = (an)*+ 4a
such that |B3| < an/2, then |BB| is either divisible by a square of a rational integer greater

than 1, or equals 1, or equals a.

Proof. 1t is enough to prove the claim for
1 <|f] <eq. (2.2)

Indeed, if |3] = 1 or |3| = eg we have |33| = 1 and the statement is true. If 0 < |3 < 1 or
|8] > €4 there is an integer k such that €' < |3 < €%, k < 0 in the first case and k > 0 -
in the second. Then v := €, %3 is in the interval [1,¢,) and still || = |30

So further we assume (2.2). Then we can write § = ee; + fa. If e = 0 then g = fa,
33| = f%a and the claim is true.

Assume that e > 0, the negative case being analogous. If f = 0 then 3 = eey, |33] = €2
and this fulfills the lemma. If we assume that the coefficient f is negative, from @ < 0

we get 3 = eeg+ fa > eeq > €4 which is out of our range of consideration. Therefore f > 0.
Also notice that

BB = (ecq + fa)(eeg + fa) = e* + ef (aeq + ag) — af?.

We see that aeg + a€; = a(l — na) + a(l — na) = a + & — 2nac = —an + 2an = an.
Therefore
BB =Qle.f) =€+ (an)ef —af?, (2:3)

where Q(e, f) = fa(e, f) with fo defined later in (3.11).

We look at the quadratic form Q(z,y). By (2.3) we have that

Q. = 2z + any

/ (2.4)
Q, = anz — 2ay

and this yields that the local extremum of the form is at * = —any/2 and —(an)?y/2 = 2ay.
The latter is true only for y = 0 but this is out of the considered range where z,y > 1.
That is why for any bounded region of interest in R? the extrema would be at its borders.
Also @, > 0 and therefore for a fixed argument y the function Q(z,y) is increasing. Here

and hereafter by x, y we mean that the variable is fixed. On the other hand Q) = —2a < 0.

9



Thus for fixed x the function Q(z,y) has its maximum at y = nz/2.

We will investigate the form Q(x,y) according to its sign. We show that it depends on
the size of the coefficient f. For example if f = en, then Q(e, f) = €* + anfe — af? =

e+ af? — af? = e* and the lemma is fulfilled. Further we consider

Case I : f <ne. Here we have Q(e, f) = e* +anfe —af? =e? +af(ne— f) > e? > 0.
On the other hand from & < 0 it follows that fa > nea and

f=eeq+ fa>eeg+nea=e(l—na)+ena=e>1

and 3 = |G| < ¢4 yields
1<e<fB<e<24an®.

The latter estimate follows from (2.1) and 0 < & < 1. Thus in the case we regard we are

in a region R,

(2.5)

First assume that n > 3.

We explained earlier that the maximum of Q(z,y) for a fixed argument x is at the line
y =nx/2. Then 1 < n/2 < n — 1 and ming, Q(z,y) could be at the lines I : y =1 or
ly -y = nx — 1. We are interested in the behaviour of the quadratic form on the latter
lines. Since Q(w,y) is increasing for fixed positive y we have min;, Q(x,y) = Q(1,1). On

the other hand on I5 we have

Q(z,nxr —1) = 2+ anz(nr —1) —a(nx — 1)

= 2% +a(nx)?

—anx — a(nx)* + 2anx —a =2 +anz —a. (2.6)

The local extrmemum of this function is achieved when @/ (z,nz — 1) = 2x +an =0
and Q7(z,nz — 1) = 2 > 0 so it is minimum at z = —an/2. This means
that for positive x the function Q(z,nz — 1) is increasing and thus by (2.6)
ming, Q(z,y) = Q(1,n—1) =1+ an —a = Q(1,1). Therefore ming, Q(z,y) =1+ an — a.
By the condition of the Lemma we know that an/2 > |38| = |Q(e, f)| = Q(e, f). This
is true for the smallest value of the quadratic form in the regarded region as well, i.e.
an/2 > 1+ an —a. Then we need a — 1 > an/2. But for n > 3 this givesa—1 > an/2 > a

10



- a contradiction.

From the definition of the discriminant d we know that n is odd, so n # 2. Now
assume that n = 1. We cannot have e = 1, otherwise 1 < f < en = 1. Thus e > 2
and we take up the region R; with this correction. Then 1 < nz/2 < nx — 1 holds since
1 <z/2 <x—1for x > 2. Hence again the minimum is at the very left points of [
and [y, i.e. ming, Q(z,y) = Q(2,1). This after (2.6) equals 4 + 2a — a = 4 + a. Clearly

a > a/2 >4+ a again gives contradiction. We conclude that case I is not possible.

Case II: f > ne, in other words ne — f < —1. Suppose that Q(e, f) > 0. Then
0<Qle,f)=e*+anef —af?=e*+af(ne— f) <e?—af. Consequently e* > af > ane
and e > an. On the other hand, using that o > 0, we get 3 = eg;+ fa > e(1—na)+ena =
e > 1. So after (2.2)

an > an/2 > B3] = |BL.18] = |B] = B > e. (2.7)

We got an > e > an - a contradiction. Therefore always when f > ne the form Q(z,y)
is negative and e < an/2 < an — 1. The last inequality is not fulfilled only when an = 1.
But in this case an/2 = 1/2 > |Q(e, f)| = |3/3] implies that 3 = 0 because 3 is algebraic

integer and its norm is integer. Therefore an > 2 and we can regard the region

1 <e< an-—1

Ry 2.8

2 ne+1 < f (28)

Clearly |Q(z,y)| = —Q(z,y) = —2® — anxy + ay® > 0 and after (2.4) it has extremum
out of Ry. Notice that for a fixed z the derivatives —Q,(z,y) = —anr + 2ay and

—Qy(z,y) = 2a > 0, so at y = nx/2 < nw + 1 we have minimum of —Q(z,y). Therefore
—Q(z,y) is increasing on the lines x = const and we search for the minimum of —Q(z,y)

on the line I3 : y = xn + 1.

On the line /3 we have

—Q(z,nx +1) = —2® —anz(nz +1)+alnxr+1)* =

= —2° —a(nr)® — anz + a(nz)? + 2anx + a = —2° + anz + a(2.9)

11



and at z = an/2 we have maximum. So
I%in ‘Q(xa y)| = min <_Q(17n + 1)7 —Q(CLTL - 17 n(an - 1) + 1)) :
2

From (2.9) we see that —Q(1,n+ 1) = =1+ an +a and —Q(an — 1,n(an — 1) + 1) =
—(an —1)>+an(an — 1) +a = an — 1 + a, so ming, |Q(x,y)| = —1 + a + an. Here by the

lemma condition an > —1 4+ a +an and 0 > —1 + a or 1 > a which is impossible. O

Remark 2.8. If 3 is an algebraic integer in K such that |33| < nv/a, then |30] is either

divisible by a square of a rational integer, or equals 1, or equals a.

This follows easily if we notice that the finer estimate an/2 > |33| needed for R; with
n > 3 could be substituted by

nyva > |86 >1+an—a.

Indeed nv/a > 1+an—a < a—1>nya(y/a—1) & (Va—1)(va+1) > nya(y/a—1). If
a = 1then 1.n > 14 1.n— 1 is not true. Then a > 1 and we get by dividing by v/a—1 > 0
the inequality v/a + 1 > ny/a. This yields 2 > 14 1/y/a > n > 3.

For the other cases we showed that the stronger an > min Q(e, f) is impossible, so if we
assume the statement of the remark with ny/a > Q(e, f) it would yield an > min Q(e, f),

again a contradiction.

Here we give

Proof of Claim 2.6. By Gauss genus theory it follows that h(d) = 1 only if the discriminant
d is prime or a product of two primes because h' equals 1 or 2 depending on the sign of
N(eq). Hence the first statement of the claim.

d
Now let 7 be a prime such that 2 < r < an/2 and r # a. Assume [ — | = 0. This
r

means that the prime r ramifies in K and there is a prime ideal p C Ok for which
rOk = p?. But as the class number is 1, Ok is a PID and there is 8 € O such that
p = (B). Then |83] = N(p) = r < an/2. By Lemma 2.7 there is a square of an integer
dividing the prime 7 except for |33] = 1, but then 3 is a unit and p = O, a contradiction.

Assume that <EZ> = 1. Then there exists b € Z such that b* = d (mod r). We claim
r
that

(r) = ('r, b+ \/E) ('r, b— \/8> : (2.10)

12



Indeed,

(rb+va) (b= vd) = (3% r(b+ V), r(b— V)1~ d)
= (r)(r,b—i—\/a,b—\/a,b?_d).

r

Now the coprime rational integers r,2b are in the second ideal I. Therefore there exist
x,y € Z for which xr + y2ba = 1. As 1 € I we have I = Ok and (2.10) follows.

Also we have that <r, b+ \/c_l) #* (r, b— \/E) If the ideals are equal, again r,2b are
in each of them, so each of them is the whole ring of integers, which contradicts (2.10)
because 2 < r and r does not generate the whole Ok-.
Then there are two prime ideals p; # po such that (r) = p1ps and N(py) = N(p2) = 7.
But h(d) = 1 and p; = (3) for some nonzero 3 € O. Therefore N(p,) = |86] = r < an/2
and by the upper lemma and r # a, r > 2, we have that |3/ is divided by a square of

integer z > 1. This contradicts r being prime.

d
We got that it is impossible to have (—) =1. O
r

Remark 2.9. When a = 1 we have d = n? + 4 and h(d) = 1 yields d to be prime and for

any prime 2 <r <n
(n2+4)
=—1.
r

The first part of the claim can be seen after we apply the same argument as in the

Something more, n is also prime.

proof of Claim 2.6 but with Remark 2.8 instead of Lemma 2.7. Actually in this fashion we
got Fact B from [4]. We see from Corollary 3.16 in [13] that n is prime if the class number

1s 1.

2.4 Other R-D Discriminants

Further we want to mention similar results on the inert primes in other R-D fields. Note

that the following fields are always of class number greater than one.

Lemma 2.10 (Byeon, Kim [13]). For the following R-D discriminants we always have
h(d) > 1:

13



(i) d=4n* —1, n > 1.

(ii)) d= (2n+1)>+1, n > 1.

(iii) d= (2n+1)>+2r, r =1,3 (mod 4), r | 2n+ 1, r # 1.
(iv) d=2n+1)>=2r,r=1,3 (mod 4), r |2n+1, r > 1.
(v) d=4n*+2r, r=1,3 (mod 4), v | n, r # 1.

(vi) d=4n*—2r, r =1,3 (mod 4), r | n, r > 1.

Therefore the only R-D discriminants d = (an)? + ka with @ > 1 and h(d) = 1 are the
ones with +k € {1,4}. We state analogues of Lemma 2.7 which was independent on the
class number of the field Q(\/a) Note that the proofs are also very similar to the proof of
Lemma 2.7 presented in detail in the previous section, that is why here we only give their
brief sketches.

First consider the discriminant d = (an)? + a.

Lemma 2.11. Let d = (an)? + a > 0 be square-free for a > 1 and d = 2,3 (mod 4). If 3
is an algebraic integer in K = Q(v/d) such that |35| < an, then |GB| is either divisible by

a square of a rational integer greater than 1, or equals 1, or equals a.

Sketch of Proof. We consider the equation
* +2anr —a =0

and take its negative root & = —an — v/d. By Lemma 2.3 we have ¢; = 1 — 2na. If
d = 2,3 (mod 4), then Og = Zleg, . In this case take, like in the proof of Lemma 2.7,
0 = eeq + fa and then

B3 =Qle, f) = e* + 2anef — af?.

We conclude the result by assuming that both e, f > 1 and by examining the extremal
values of the quadratic form Q(x,y).

]

Corollary 2.12. If h(d) = 1 for the square-free discriminant d = (an)? + a with a > 1,

then a and an® +4 are primes. Something more, for any prime r # a such that 2 < r < an

©)-n
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The other discriminant for which we worked out analogous statement is d = (an)? — 4a.

Lemma 2.13. Let d = (an)? — 4a > 0 be square-free with a > 1. If 3 is an algebraic
integer in K = Q(v/d) such that |33| < an/2, then |8B| is either divisible by a square of a

rational integer greater than 1, or equals 1, or equals a.

Sketch of Proof. Here we are interested in the equation
v +anz+a=0

and we take a = —(an + v/d)/2 be its negative root. Then the fundamental unit ¢; =

—1 —na and Ok = Zleq, a]. We consider some § = eeq + fa and the quadratic form

BB =Qle, f):=e* —anef +af?.

The statement of the lemma is achieved by some (quite technical) examination of the local

extrema of Q(z,y) in different regions on the plane. O

Corollary 2.14. If h(d) = 1 for the square-free discriminant d = (an)? — 4a and a > 1,

then a and an®*—4 are primes. Something more, for any primer # a such that2 < r < an/2

()~

we have
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Chapter 3

Class Number One Problem for
Certain Real Quadratic Fields

3.1 Introduction

Let us consider the quadratic fields K = Q(v/d) with class group CI(d) and order of
the class group denoted by h(d). In this chapter we solve the class number one problem
for a subset of the fields K where d = (an)? + 4a is square-free and a and n are positive
odd integers. It is known that there are only a finite number of these fields after Siegel’s
theorem but as the latter is ineffective it is not applicable to finding the specific fields.
For this sake we apply the effective methods developed by Bir6 in [4] and in his joint work
with Granville [7].

We remark that the class number one problem that we consider was already suggested
by Biré in [6] as a possible generalization of his works. The discriminant we regard is
of Richaud-Degert type with k& = 4. The class number one problem for special cases of
Richaud-Degert type is solved in [4],[5],[14] and [38] where the parameter a = 1. However
we already cover a subset of Richaud-Degert type that is of positive density and our

problem depends on two parameters.

Under the assumption of a generalized Riemann hypothesis there is a list of princi-
pal quadratic fields of Richaud-Degert type, see [40]. Here, however, our main result is

unconditional:

Theorem 3.1. If d = (an)? + 4a is square-free for odd positive integers a and n such that
43 - 181 - 353 | n, then h(d) > 1.

In [7] Biré and Granville give a finite formula for a partial zeta function at 0 in the

16



case of a general real quadratic field and a general odd Dirichlet character. Basically we
follow their method in a much simpler situation where the field has a specific form as in
Theorem 3.1, the character is real and its conductor divides the parameter n. As it could
be expected, to deduce a formula in this special case is much simpler than in the general

case.

The idea of the proof of Theorem 3.1 is roughly speaking the following. We arrive to

the identity
gh(—=q)h(—qd) = n (a + (g)) éH(p2 - 1), (3.1)

plq

where ¢ = 3 (mod 4) is square-free, (¢,a) = 1 and ¢ | n. We do this by computing
a partial zeta function at 0 at the principal integral ideals for our specific discriminant,
taking a real character modulo ¢ and applying the condition ~(d) = 1. When we use Claim
2.6 to determine the value of 2 and see the factorization of q, we can deduce the exact
power of 2 which divides the rigqht—hand side of (3.1). Here comes the place to explain the
limitation 43 - 181 - 353 | n. In the analysis of (3.1) we see that we can get a contradiction
if we choose ¢ in such a way that the class number h(—gq) is divisible by a large power
of 2. We choose ¢ = 43 - 181 - 353 and use that h(—43 - 181 - 353) = 2°.3 has indeed a
large power of 2 as a factor, e.g. in [11] not only the order but also the group structure
of Cl(—43 - 181 - 353) is given. Then we show that different powers of two divide the two
sides of (3.1) and eventually conclude the proof of Theorem 3.1.

3.2 Notations and Structure of the Chapter

Let x be a Dirichlet character of conductor ¢q. Consider the fractional ideal I and the zeta

function corresponding to the ideal class of I

Cr(s,x) == Z x(Na) (3.2)

(Na)®

where the summation is over all integral ideals a equivalent to I in the ideal class group
Cl(d).

Let f(x,y) € Z[x,y] be a quadratic form f(x,y) = Ax? + Bry + Cy? with discriminant
D = B? — 4AC.
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Denote by By(z) the Bernoulli polynomial defined by

TeTz "
T _ 1 - Z B”(x)ﬁ

and introduce the generalized Gauss sum

W fB) = S X () B, (—) . (33)

0<u,v<g—1 q

The symbol x, always denote the real primitive Dirichlet character with conductor

m
q, i.e. xq(m) = (—) . This way we are interested in square-free ¢. The notation [x]
q

signifies the least integer not smaller than x and (x), — the least nonnegative residue of x
(mod ¢). Throughout the thesis by (a,b) we denote the greatest common divisor of the
integers a and b. For m € Z and (m,q) = 1 we use the notation m for the multiplicative
inverse of m modulo ¢q. The same over-lining for a € K will denote its algebraic conjugate
@ and the exact use should be clear by the context. As usual p(z) and p(x) mean the
Euler function and the Mobius function. Let us further denote by p®||l the fact that p® |
but p**! 1. We also remind that B, := B,(0).

Of represents the ring of integers of the quadratic field K ; P(K) — the set of all
nonzero principal ideals of Ox and Pr(K) — the set of all nonzero principal fractional
ideals of K. Let Ip(K) be the set of nonzero fractional ideals of K. The norm of an
integral ideal a in Ok is the index [Ok : a]. The trace of a € K will be Tr(«a) = a + a.
For o, 8 € K we write « = [ (mod ¢q) when (o — 3)/q € Og. When Iy,1, € Ip(K) are
represented as ratios of two integral ideals as a; bl_l and agby L we say that the ideals I
and I, are relatively prime and write (I1,I3) = 1 in the case when (a;by,a265) = 1. We
recall that the element § € K is called totally positive, denoted by > 0, if 3 > 0 and its
algebraic conjugate 3 > 0.

The structure of the chapter is the following: in the next section §3.3 we compute the
generalized Gauss sum (3.3) for real character x,. We need it because in §3.4 we formulate
and prove Lemma 3.5 for the value of (p(x)(0,x) in terms of sum (3.3). The main result
there is Corollary 3.7 for the value of (p(k)(0, xq). In Chapter 2 we developed Lemma 2.7
with the help of which Claim 2.6, the analogue of Fact B in [4], was proven and we apply it
in §3.5 where we prove the main Theorem 3.1. In Appendix A of the thesis for the sake of

completeness we give the proof of Corollary 4.2 from [7] which we state and use in section
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§3.4 as it is in [7].

3.3 On a Generalized Gauss Sum

The main statement in this section is

Lemma 3.2. For (24,q) = (D,q) =1 and even £ > 2 we have
9(Xa> . Be) = xq(A)gB, [ [ (1 -
plg

Remark 3.3. When /¢ is odd we have B, = 0 for every ¢ > 3. By the property of the
Bernoulli polynomials B,(1 — x) = (=1)"B,(x) one could easily see that g(x, f, Bs) is
divisible by B, and thus equals zero, unless when ¢ =1 and x = x,.

Proof. Take the summation on v in (3.3) at the first place:

q—1
9(Xqg: f, Be) = ZBe (g) > Xa(f (u,0
u=0

Introduce r := 2Au + Bv. Since (24,q) = 1 the values of r cover a full residue sys-
tem modulo ¢ when u does. Also r? = 4A(f(u,v) + Dv*/4A) so we get x,(f(u,v)) =
Xq(4A4)x,(r* — Dv?). As x, is of order 2, we have x, = Y, and x,(4A) = x,(A). Therefore

Xq(f(ua v)) = Xq(A)Xq(T2 — DU2). Then

q—1 q—1
9(Xg> £, Be) = xq(A) Be( )qur — Dv?)

v=0 r=0
q-1 v
SR WACHES (3.4
v=0 q
where we abbreviated R := Z Xq(r* — Dv?*). We will show that for g = (v, q)
0<r<q-1
q
R= s@(g)u(g) : (3.5)

Let ¢ = [],pi- Here there is no square of a prime dividing ¢ because x, is a primitive

—) = 1. After the Chinese Remainder

character modulo ¢ which is of second order and ( 5
p
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Theorem for any polynomial F(x,y) € Z[z,y] we have

q—1 pi—1
E H E Xpl uZ)
u=0 i U=

Therefore it is enough to consider the sum in the definition of R for every p | ¢. In this
way let R, = Z Xp(r? — Dv?). Then R =[]

0<r<p—1

plq

Ifp|q/g,ie. (p,v)=1, we have

(7227 - (%) (21 - (2) (22

because (D, p) = 1 and then

p—1 D p—1
By =Yt - D) = (2) L0 - 1), (36)
r=0 r=0

If (z):—1,then{w2—1:0§r§p—1}U{r2—1:Ogrgp—l}givesustwo
p

copies of the full residue system modulo p. Then Z Xp(vr? — 1)+ Z Xp(r* —1) =

0<r<p—1 0<r<p—1
2 Z Xp(r) = 0 and therefore
0<r<p—-1
p—1 p—1
ZX vr? —1) prr -1) <p)2xp(r2—l).
r=0 r=0

Clearly when <Z) =1 we have {vr? =1 (mod p) : 0 <r <p—1} = {r* — 1 (mod p) :
p
0 <r <p-—1}. We conclude that

Zx( - (%) Zx< -1
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and for the sum on the right-hand side of (3.6) we can finally assume D = 1. So

—\ p—1 p—1

R, - (9) (2)pr(rz—l)Z;Xp(r—l)xp(rﬂ)
= pr( D)xp(r +1) IPZEXp (;i)
rs«él 1

= ZXP (1+L1) zzxp(wrw):—l.

r;él

On the other hand, if p | ¢, i.e. p | v, we have R, = ZOSTSP—l xp(r?) = p—1= p(p)
because y, is of second order. Combining the results R, = —1 when p divides ¢/g and
R, = ¢(p) when p | g we get R = R, = u(q/9)p(g) which is exactly (3.5).

When we substitute the value of R in (3.4) we get

9(Xe» - Be) = Zu a/9)¢ (g) = Xq(A)T1, (3.7)

where we write ¥ for the sum on the right-hand side of (3.7). Further on if V' := v/g and
Q:=4q/g

S =Y ula/9)e(9) qzl Bf( ) 2_ mla/g)el Qzl BZ( )

glg v=0 glg =

Denote
Q-1 v
Soi= » Biu5)
V=0
(V.Q)=1
Then
ey 1% NAaeNNATIT
- 5in () g - g0 (5) - g S ()
V=0 d(V.Q) dQ VP dQ V/d=0
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We make use of the following property of the Bernoulli polynomials §4.1[52]

k—1
Bg( ) = k=B (kt). (3.8)
N=0
Then 0/
-1
V/d
> 5 gh) = (@) VB0) = P
V/d=0 Q/d
and
Yy = Qf(éfl)Bé Z,U(d)dlil _ Qf(ffl)BZ H(l . pﬁfl
dlQ PlQ
Now
o= > ua/9)e(g)BQ [ =)
gl plQ
= Big I 09y ula/g) ] -1
glq pl(a/9)
= Big I [l = (1 =p"1) = Bg V[0 - 1)
plq plg
= B |Ja-p*
plg

Finally we substitute the value of ¥; in (3.7) and this proves the lemma. O

3.4 Computation of a Partial Zeta Function

A main tool used in this section will be the following (Corollary 4.2 from [7])

Lemma 3.4. Let (e, f) be a Z-basis of I € Ip(K) for any real quadratic field K, t be a
positive integer, e* = e +tf, and assume that e,e* > 0. Furthermore, let w = Ce + Df
with some rational integers 0 < C, D < q, and write c = C/q, d=D/q, § = (D —tC),/q.
Let

Z1wa(s) = Z(s) = Y _(B6)°

BeH

with H={Be€l:5=w (mod q),3 = Xe+Ye* with (X,Y) e Q* X >0,Y >0}. Then

1 d—2o

Z(0)=A(l—c)+ %(CQ —c— 6) s+ T (4;) By(6) +Tr (é) Bsy(d) ,
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where A = [tc — d].

For the sake of our argument’s completeness we give the lemma’s proof in Appendix A.

We use that d = 1 (mod 4), so the ring of integers Ok of the field K is of the type
Ox =Z |1, (Vd+ 1)/2]. Introduce o := (V'd — an)/2 which is the positive root of

2* + (an)r —a =0. (3.9)
Then a + & = —an and aa = —a.
We will also come across the quadratic forms
fi(x,y) = ax® + anxy — y* (3.10)

and
fo(z,y) = 2* + anzy — ay®, (3.11)

both of which with discriminant d = (an)? + 4a.

Recall that P(K) is the set of all nonzero principal ideals in Ok and define the zeta

Cruo (o) = 3 M.

acP(K)

function

We have

Lemma 3.5. Let d = (an)?+4a be square-free for odd positive integers a and n with a > 1
and K = Q(v/d). If q is such a positive integer that ¢ | n and (q,2a) = 1, then for any odd

Dirichlet character x (mod q) we have

CP(K)(()?X) = ng(X? flu BQ) + an'g(Xa f27 BQ) :

Proof. We know that for a > 1 the fundamental unit of K is ¢4 =1 — na > 1, see Lemma

2.3. Thus g4 =¢; =1 — na satisfies 0 < ey < 1.

Let us take I € Ip(K) with (I,q) = 1 and consider the zeta function

G 500) = Gl o) 1= 30 A0
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where the sum is over all integral ideals of K which are equivalent to I in the sense that
= (B)I for some > 0. We have N(g4) = 1 and then

CI(Sa X) = gr(& X) + Q(Z)[(Sv X) :

It is also clear that () (s, X) = (fy-1)(8, x) and for the latter

N(bI! Nb
Ga(s,x) = w (NI7H)~* ZX(NI)(Nb)

bePr be Py

where P = {b € Pp(K) : b = (B) for some § € I, > 0}. We also introduce V = {v
(mod ¢q) : v €I and (v,q) =1} and Py, ={b € Pp(K): b= (f) forsome B €I, =v
(mod ¢) and > 0}. Since g [ nwegeteg=1—na=1 (modgq) ande;, =1—-na =1
(mod ¢). Thus every b € Py given by b= () = (8¢’.) belongs to exactly one residue class
v € V. Then we have

0 =TS S (7 ) o

veV bePr,

If we take into account that (I,q) = 1 and therefore (N1, q) = 1, also Nb = 33, we get

G (s:x) = Zx( SDICORS

bepl,u,q

Now assume that the Z-basis of the fractional ideal I is of the form (e, f) where e > 0
is a rational integer and e* = ecy = e +¢f > 0. Then for every principal ideal b € Py, ,
there is a unique ( such that b = (B) = (ﬁei) for any j € Z, and 2 < 3/3 < 1. As
g, is irrational number for every 3 € K there is a unique pair (X,Y) € Q? such that
B=Xe+Yee, =e(X + Ye,). Then from fe2 < 8 < 3 we get

(X +Yeq)ed <X +Yey <X +VYe,.

Now it follows easily that X > 0 and ¥ > 0. Thus any b € P;,, can be presented
uniquely like b = (f3) for § = e(X +Ye, ) where XY are nonnegative rationals with X > 0.

Note also that for 0 < C;D < q¢ — 1 the elements v = Ce + Df € I give a complete
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system of resdues v (mod ¢). Then we have

Go= Y X (<C€ +DDICer b >) Z1.04(0)
C,D=0

where Z;,,(s) is defined in Lemma 3.4.

Observe that Cp(x)(s, X) = Cox (s, x) and take I = Ox = Z[1, —a]. Clearly (Og,q) = 1.
Apply Lemma 3.4 with ¢* = ¢, = 1 +n(—a) sot = n. Also NOx = 1 and vv =
(C — Da)(C — Da) = C? — (a + @)CD + aaD = C? + anCD — aD? = f,(C, D). Since
q |t wehave 6 = (D —tC),/q =D/q=dand [tc —d] = tC/q = tc. Here Tr(a/4e;) =
Tr(—a/4) = an/4. Hence

1
Zowwqa0) = ne(l—c)+ g(c2 —c— 6) + %Bz(d)
n., n nl an
- ey, 2 Wp
¢t gt Bl
n 1 an n an
= —5(02 —c+ 6) + 732(61) = —532(0) 732(00
and
a1 n an
GO = D MC—aD?) (=5 Ba0) + 5 Ba(d))
C,D=0
an 2
_ _n Z = aD*)By(c) + - D, x(C® —aD®)By(d).
CD 0 C,D=0

Now in the first sum make the change of notation C' «» D and take into account that
x(—1) = —1. Then

i
L

q—1

G000 = 25 X(~D*+aC?)By(d) + 2 Y x(C? — aD*)By(d)
2C,D:o 2 C,D=0
n &4 D an L D
= 5 2 XACD)B(—) + 5 Y x(fC. D)) Ba( )
C,D=0 q C,D=0 q
= % (X, f2, Ba) + 29(X f1,B2) . (3.12)

Next we find C(J; )I(O,X) after we again apply Lemma 3.4 for («)l. Here again
(()Ok,q) = 1. Clearly this follows from aa = a € (o)Og and (a,q) = 1. We
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can take O = Z[—a,—1]. Then ()OO = Z[—aa,—a] = Zla,—a]. In this case
vv = (Ca+ D(—a))(Ca+ D(—a)) = aa(Ca+ D)(Ca+ D) = —a(—aC? —anCD + D?) =
afi(C, D). Here N((a)Ok) = |aa| = a and x (vv/N((a)I)) = x(f1(C, D)) = x(aC?*— D?).
Also e* = ae; = a+ an(—a) = a(l — na) so t = an. Note that again ¢ | t. Here
Tr(a/dacy) = Tr(—a/4a) = n/4 and therefore

an 1 n
Z()oxrg(0) = anc(l—c)+ 7(02 —C— 6) + 532(65)
an , an anl n
= —— —c— ——+ —By(d
¢t 5T 5 T
an 1 n an n
Thus we get
an n &2
¢Ei(0x) = —— x(aC? = D?)By(c) + = x(aC? — D?)By(d)
(@) 2 2
C,D=0 C,D=0
n an !
= 2906 S Ba) + SH=1) D xaD? - CP)Bald)
C,D=0
n an
= 59()(7 f1732)+79(X7f2,B2)- (3.13)

Note that we got the equality ;7 (0,x) = c(;)l(o,x), an equation that holds true in
most general real quadratic fields with N(e;) = 1 and an odd character xy. When we sum

up the two zeta functions (3.12) and (3.13) we obtain the statement of the lemma. O

Remark 3.6. Here the result on the zeta function at the class of principal integral ideal is
for any odd Dirichlet character modulo ¢. If @ = 1 we have that N(g;) = —1. In this case

Cr(s,x) = ¢ (s, x) because for any principal ideal there is a totally positive generator.

From ¢ — odd square-free, ¢ | n and (¢,a) = 1 it follows that (¢,d) = 1. When we

combine Lemma 3.2 with Lemma 3.5 with the remark By = 1/6 we arrive at

Corollary 3.7. Let d = (an)? + 4a be a square-free discriminant for odd positive integers
a,n with a > 1 and K = @(\/a) If ¢ = 3 (mod 4) is such a square-free positive integer
that q | n and (q,2a) = 1, then

Crir) (0, x0) = gnla+xg@) [T =7

plg
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3.5 Proof of Theorem 3.1

Assume that we are in a field K = Q(v/d) with d = (an)? + 4a with a,n — odd positive

integers, 43-181-353 divides n and the class number h(d) equals 1. Then all integral ideals
are principal and for the Dedekind zeta function

Crl(s,x) =Y >(<](V]\c]t;?

aCOg

we have (x (s, x) = Cpr) (s, x)- We know from §4.3 of [52] that

CK<37X) = L(57X)L(S7XXd) .

By the class number formula for imaginary quadratic fields /Theorem 152 in [24]/, again
§4.3 of [52], and by x,(—1) 1 because ¢ = 3 (mod 4), we get

o) = 3 (%) =n-a).

1<z<qg—1 q q

(3.14)

—1
For d =1 (mod 4) we have 7) (=1)@=1/2 = 1 and thus y4 is an even characater.
Hence x,xq is odd character and L(0, x,x4) = —h(—qd). Therefore

Cpr() (0, Xq) = L(0, xg) L(0, XgXa) = h(—=q)h(—qd) . (3.15)

First think of a general parameter ¢ # a that is a prime number, ¢ | n and 2 < ¢ < an/2.
d
Then after Claim 2.6 we have <—>
q

—1. When ¢ | n we get

(=) () w0 ()~ (=) ()

1 d
That is why the case a = 1 is not possible : clearly <—> = (E) = <—) = 1. So we have
q q q
a>1.

Now, assume that 43 - 181 - 353 | n and 353 < an/2. Notice that above the prime

43
a = q was not considered because of Claim 2.6. However (—) =1, thus a = 43 is not
) 181 353
possible; (E) =1 and <E

) =1, so a = 181 and a = 353 are also excluded from our
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assumptions. Hence, if 353 < an/2 and 43,181,353 | n, the class number h(d) = 1 only if
a a a
(43) <181> (353)
Now we take the parameter ¢ = 43-181-353. Again consider the real primitive character

Xq(m) = (T> modulo g. As 43 =3 (mod 4), 181 =1 (mod 4) and 353 =1 (mod 4) we
q

have ¢ =3 (mod 4) and x,(—1) = —1. Also a > 1 and we can apply (3.15) and Corollary
3.7 and multiply both sides of its equation by ¢. This way we arrive at the promised

an(-an(-ad) =n (a+ (%)) s IT0* - 1.

plg

equation (3.1)

In this case

1 1
B:== 2_1)=-42-44-180-182-352- 354 = 2133 .
-1 =2

plg

and 2| B.

As a > 1 we have that d = a(an?® + 4) is a product of two different primes. Notice as
well that a = an? + 4 (mod 4). By Gauss genus theory and Lemma 2.1, as d is odd, we
know that if @ = an® + 4 = 1 (mod 4) for the real quadratic field K = Q(+/a(an? + 4)),
then the 2-rank of the class group is the same as the 2-rank of the narrow class group,
ie. 2—1 = 1. This contradicts h(d) = 1. Therefore @ = 3 (mod 4). But in this case

a+ (2) =a—1and a—1=2 (mod 4) so 2| (a + (2)) Here Claim 2.6 has a great
q q

importance, also ¢ being a product of three primes, for then ) = —1. The parameter
q
n is odd by definition. It follows that for the right-hand side of (3.1) we have

TWn(a+(g>)B. (3.16)

We regard the left-hand side of (3.1). As we pointed out in §3.1 we have
h(—43 - 181 - 353) = 2°.3. Again by genus theory the 2-class group of Cl(—qd) has
a rank 5 — 1 = 4 since gd has 5 distinct prime divisors. Indeed, we showed that
a & {43,181,353}, also an® +4 > an/2 > 353 and clearly a # an® + 4. Therefore
294 = 213 | gh(—q)h(—qd). This contradicts (3.16).
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We conclude that h(d) > 1 for an/2 > 353. But then for discriminants d = (an)? + 4a
for positive odd a and n and 43-181-353 | n we cannot have class number 1. This concludes
the proof of Theorem 3.1.

Remark 3.8. The main idea used in this section, a comparison of 2-parts in (3.1), can be
utilized toward other results of this type. For example, if d = a(an® + 4) for odd positive
integers a and n where 5 - 359 - 541 | n, then h(d) > 1. The exact divisors of n are chosen
according to Table 12 in [11]: h(—5 - 359 - 541) = 2° and again we have a bigger power
of 2 on the left-hand side of (3.1). Also 5-359 - 541 = 3 (mod 4) so when we take up a
real character we have formula (3.14). Also a € {5,359, 541} are not covered by Claim 2.6
for each prime in the set, but these a’s are excluded by a simple check of the Legendre

symbols of each other.
In this sense if we know a result similar to [15] but for discriminant with three prime

divisors, we would have our theorem extended for an infinite family of n such that pgr | n.

This we achieve in the next chapter.
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Chapter 4

Divisibility of Class Numbers of
Imaginary Quadratic Fields

4.1 Introduction

In this chapter we establish the existence of infinitely many imaginary quadratic
fields Q(v/—d) with a discriminant —d, such that d has only three distinct prime
factors and in the class group Cl(—d) there is an element of order 2¢ for any integer
¢ > 2 and 5,3 { (. The result extends naturally the one in [15], where the same
problem is considered for d = pq, a product of two distinct primes. We show without
a proof how with the same techniques an analogous result can be stated for any fixed
number of prime divisors of d and any ¢ > 2. Whereas in [15] the infinite number of
solutions of a certain additive problem is borrowed by a strong estimate in [10], we
will derive a weaker asymptotic formula following closely the method of §5 in [2]. The

idea of generating such imaginary quadratic fields comes from [2] and [48], as stated in [15].

The main motivation for considering the questions of the present chapter was The-
orem 3.1 which solves class number one problem for a certain type of real quadratic
fields. We recall that for the square-free d = (an)? + 4a with odd positive integers
a and n such that n is divisible by 43 - 181 - 353, one has h(d) > 1. The particular
parameter dividing n was chosen from a table of class numbers which showed that
the 2-part of the class group Cl(—43 - 181 - 353) has a high order. More specifically,
h(—43 - 181 - 353) = 2% - 3, and we also needed that 43 - 181 - 353 = 3 (mod 4). We
will show how the main result of this chapter implies existence of an infinite family
of parameters ¢ = p;pap3, where p; are distinct primes, and ¢ = 3 (mod 4), such that

for square-free d = (an)?+4a with odd positive a and n, and ¢ dividing n, we have h(d) > 1.
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Let ¢ > 2 be any integer. Consider the additive problem

4mt = P1 + paps, (4.1)

where m is an odd integer and the primes py, po, p3 are different. Let A be a fixed positive
integer such that (15, A) = 1 and the variables in (4.1) satisfy

V8 <p <z p=-5 (mod A);
a'® < p2 < att < p3, pap3 <, p2,p3 =3 (mod A). (4.2)

If we write

4m' =U +V (4.3)

for any positive integers U,V and assume that U > V| then for n = (U — V') /2 we have

4m?* —n? = 2m' —n)(2m’ +n) = (U—;—V_UQV> (U—;V—kU;V):V.U.

This way having infinitely many solutions of (4.1) we will find infinitely many

corresponding discriminants d = pypaps = 4m?* — n?.

The following statement shows that under some conditions, which are satisfied from
the solutions of (4.1), discriminants of the type d = 4m?* —n? yield existence of an element
of a large order in the class group Cl(—d). The lemma is implicitly shown in the proof of

the main result in [15].
Lemma 4.1. For integer £ > 2 let m and n be integers with (n,2) =1 and 2m* —n > 1.
If d is a square-free integer for which

d=4m* —n?,

then Cl(—d) contains an element of order 2(.

With the notation e(a) = e*™@ we introduce the generating functions

n<x

fila) = Z e(pra) Zb e(na) (4.4)

fola) = Z e(papscr) ch e(na) (4.5)

D2,p3 n<w
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g(a) = Zﬁm‘]’le(mga) = Z wme(m'a), (4.6)

m<M

where p; satisfy (4.2) and

m< M= (g)l/é and (m,A)=1. (4.7)

Remark that we will generally omit all the conditions on the parameters at which we make
the summation in (4.4), (4.5), (4.6), but they will always satisfy (4.2) or (4.7), unless it
is specified otherwise. We will use the circle method and in its setting it is sensible to
consider )
R(x) := Z mt = / fi(@) fa(@)g(—4a)da. (4.8)
p1+p2pz=4m’ 0
For this integral we state the following asymptotic formula whose proof will be the main

focus of this chapter starting from section §4.3.

Theorem 4.2. Suppose that A, { are positive integers for which 160> | A and (15,A) = 1.
Then

mezu@wﬂjmp—nﬁmnxm+o( o ).

3
pIA log” x

Note that the main term in the upper formula is larger than the error term. Indeed,

the Prime Number Theorem for arithmetic progressions implies

m(x) x

w@%wz——+o( ) (49)
v(q) log”

for any fixed integers C' > 0, b coprime to q. Here m(z) ~ z/logz is the usual prime

counting function, and 7(z, q,b) counts the primes p < x in the residue class b modulo g.

Therefore, taking C' = 2,

O = Y 1=n(eA,-5) —a(z"% A, -5) = m(2) +o< ° ) ,

z/8<pi<a
p1=—5 (mod A)

hence
T

0) < 4.10
Fi0) = o (410)

We also have

x

0) = 1= 4.11
f000="Y gz (4.11)



This estimate follows from a more general result, Lemma 4.5, which is stated and proven

in the next section.

Estimates (4.10) and (4.11) show that the main term in Theorem 4.2 exceeds the error

term. Note that the primes py, p2, p3, counted in R(x), are growing to infinity with z.

In a similar way as in [2], taking into account that the weights in g(a) are < M <

z'71¢ we can finally deduce

Corollary 4.3. Let £ > 2 and A be positive integers for which 160> | A and (15,A) = 1.
If R*(X) denotes the number of positive integers d < X of the form

d = pipaps = 4m?* — n? )

where py, pa, p3 are distinct primes which satisfy (4.2) with x = v X, then

X 1/2+1/(20)

RYX) >
(X) o X

Now the result of Theorem 3.1 can be extended:

Corollary 4.4. There is an infinite family of parameters q = pipaps, where py, po, p3 are
distinct primes, and ¢ = 3 (mod 4), with the following property. If d = (an)? + 4a is

square-free for odd positive integers a and n, and q divides n, then h(d) > 1.

Proof. The main identity to prove Theorem 3.1 was
a 1
q.h(_Q).h(_qd) =n <(l + (a)) 6 H(p2 — 1) , (412)
plg

which holds if we assume that h(d) = 1 and ¢ = 3 (mod 4). According to Claim
2.6 if h(d) = 1 for the square-free discriminant d = (an)? + 4a, then a and an® + 4

are primes. Something more, for any prime r # a such that 2 < r < an/2 we have

d
(—) = —1. Then by Lemma 2.1 it follows that a = 3 (mod 4). Also, if we further assume
-

an/2 > max(pi, p2, p3), we get ) = —1,s0 a+ E) =a—1= 2 (mod 4). This is
q

q
always true because pipops divides n and therefore n > pypops.

Now consider ¢ = pypops from Corollary 4.3. Take ¢ such that ¢ = 29 for ¢ > 9. From
conditions (4.2) and 16 | A we see that p; = 3 (mod 8), ¢ =3 (mod 4), and 2°|| T, (p; —1).
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Then the right-hand side of the above identity has 2-part exactly 2°. The left-hand side,
on the other hand, is divisible by the class number h(—p;peps) and 2¢ divides this class
number. This is a contradiction. Therefore h(d) > 1. O

At this point it becomes clear why we solve the additive problem (4.1) with a factor 4

instead of the original equation
2m'’ = AU + BV (4.13)

from [2]. We need a discriminant d which is a product of exactly three primes, thus in our
application we take A = B = 1. Something more, we want to control the 2-part in the
right-hand side of (4.12). We do this by imposing p; = 3 (mod 8). Then p; + pop3 = 4
(mod 8) but 2m‘ # 4 (mod 8). So we need to change the coefficient 2 to 4 in (4.13).
We can still keep the skeleton of the proof the same as in [2] and only work out slight

modifications in the corresponding estimates.

4.2 (Generalizations: Divisibility of Class Numbers

Let us fix any integers ¢ > 2 and k£ > 3. Consider the additive problem

Am' =p1+po.. .k, (4.14)
where m is an odd integer and the primes pq, ps, ..., p; are different. Let A be an integer
such that (co(4 — cE™'),A) = 1 and for the variables in (4.14) assume that p, = 4 —

1/26+2

ch™t (mod A) and py,...,pr = ¢o (mod A). Denote y = x and first assume that

y < p1 < x. Clearly there are positive real numbers 1 < ay < ... < ag_1 such that

> s cicho1 Qi < 242 _ 1 and letting them being fixed we further require
Yy<pa <y <ps <y <. <yt <ppand pops...pr < T (4.15)

The latter guarantees that po,...,ps are different while the lower bound z'/ 2% for each

of them is applied during the proof of Theorem 4.2.

Here we show a statement we already used in the previous section:

Lemma 4.5. Let n > 2 be an integer and q1, qo, - - . , ¢, be primes from the same arithmetic
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progression that also satisfy
y<q <y <@p<y?<...<y" ' <q, and 1qz...q < 7,

where y = xY8 for some real 3 > 1 and Yicicn1 @i < B — 1. Then if fo(a) =
Z e(q - .. gna), we have

q1;---59n T
0) = 1= .
fa(0) Z log z
q1;---59n
Proof. We note that
xlf%(a1+‘..+an_1) _ z < T T _ xl—%(1+a1+...+an_g) .
ya1+--~+an—l - ql . anl - y1+011+~--+an—2
x
Then, since § and «y, ..., a,_1 are fixed, we have log —— =< logz. In that case after

q1---Qn-1
the Prime Number Theorem, similarly to (4.10), we get

z/(q1---qn—1) :r/(Q1 . -Qn—l)
RO= 22, = X T

q1--qn—1 S O‘"ﬁ—l q1e-yqn—1
qn >

Obviously, with the notation ag =1,

3 ;_’ﬁ y L
Q1---Qn71_ i

q1yeesqn—1 i=1 y®i-1<g;<y*i

and every interval (y®-*,y®] can be divided into =< log z intervals of type (A,2A]. If the

primes p run over an arithmetic progression modulo some fixed ¢, then

S 1114 _ 1
P~ plg) AlogA ™ log A

A<p<2A

Therefore every factor % =1 and

ql:"qufl
This finishes the proof of the lemma. O

From all these we can conclude that without much effort, following literally the method

in this chapter for discriminants of only three prime factors, one can show an analogue of
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Corollary 4.3 for the solutions of (4.14). Then from Lemma 4.1 it follows

Lemma 4.6. If for any fized integers k > 3 and £ > 2 there exist integers co, A with 16¢* |
A and (00(4 — b, A) = 1, then there are infinitely many discriminants d = p1ps. .. px
such that the group Cl(—d) consists of an element of order 2¢.

Observe that when 3 | £ and k — 1 is even, we always have 1 = 4 = c£~! (mod 3) for
any (co,3) = 1. Therefore (4 —ck™' £) > 1 and we cannot use the same methods for (4.14).

The situation can be remedied by considering
2mt =pi + D2 Dk (4.16)

We require m to be an odd integer and the primes pq,...,p, to be different elements of
the same arithmetic progression with difference A and p; =1 (mod A). Let the variables
in (4.16) satisfy 21/2”"" < p; < & and conditions (4.15), with the difference that y = z/2™""
and we demand in extra 27! — 1 < 1 + as + ... + ap_1 < 2% This way we assure
d=pi...pr > m’ and the different power in the definition of y comes from the difference

between our Lemma 4.13 and the corresponding estimate in [2].

Proceeding exactly like in the paper of Balog and Ono we can show

Lemma 4.7. For any fized integers k > 3 and £ > 2 there exists A with 4¢* | A such that
there are infinitely many solutions of the equation (4.16).

In order to apply the original lemmata from [2] we also need Proposition 1 [48]:

Lemma 4.8 (Soundararajan [48]). Let £ > 2 be an integer and let d > 63 be a square-
free integer for which

dt? = m? —n?,

where m and n are integers with (m,2n) = 1 and m* < d. Then Cl(—d) contains an

element of order 2¢.
We can conclude

Theorem 4.9. Let { > 2 and k > 3 be integers. Then there are infinitely many imag-
mary quadratic fields whose ideal class group has an element of an order 20 and whose

discriminant has exactly k distinct prime divisors.

On the one hand, in order to generalize Theorem 3.1 for real quadratic fields we have

to solve equation (4.1) and modify some lemmata from [2]. On the other hand, to obtain
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Theorem 4.9 for imaginary quadratic fields we have to define the proper additive problem

(4.13), which, however, we can solve after direct application of the statements from §5 of

2].

4.3 Preliminary Lemmata

For the integers u, ¢ we denote by u(q) the fact that u runs through a whole system of

residues modulo ¢. For integers ¢ > 1 and a we require the Gaussian sum

o= 5 ()

u(q)
(u7Q7A):1

and the auxiliary function
Vn) =Y e(nn).
n<e/2
In this section we state the lemmata required for the estimate on the ‘minor arcs’ and
more refined expressions of g(«) and G(g,a). These are variants of Lemma 5.2 to Lemma
5.8 from §5 of [2| and some statements needed for the Hardy-Littlewood’s circle method
application taken from [51].

We start with the Dirichlet’s approximation lemma

Lemma 4.10. Let o denote a real number. Then for each real number N > 1 there exists

a rational number a/q with (a,q) =1,1<q¢< N and

Proof. This is Lemma 2.1 from [51]. ]

Lemma 4.11 (Weyl). Let a denote a real number and a/q is a rational number with

(a,q) =1 and | — a/q| < 1/¢*. Then for any positive ¢ we have

1 1
Z e(am’) < y'* (5 + -+ %)

<y y oy

21—[

Proof. This is Lemma 2.4 from [51]. O
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Lemma 4.12. If a and ¢ > 1 are integers and n is a real number, then

@ (¢, A)p(A) -1 ¢
(% +n) = ERAL Gl v+ 0 (g 1+ i)

Here and afterwards in the chapter we mean ¢(a, b) := ¢((a,b)).
Proof. This is Lemma 5.2 from [2] without any modifications. O

Lemma 4.13. Let MY/? < ¢ < N := M* /2, (a,q) =1 and |a — a/q| < 1/gN. Then we
have

g(da) < M2
Proof. We give here modified version of the proof of Lemma 5.3 [2]. Note that we could
only show the slightly weaker estimate g(4a) < M2 than 9(20) < M2 from
[2]. Also there is a slight difference in the approximation we make below that comes
from considering g(4«) in our case instead of g(2«). The inequality we want to prove is

essentially Weyl’s inequality from Lemma 4.11.
Recall that

g(4a) = Z m*te(4am’) = Zu(d)édé_l Z m*e(4ad'm")
(mil)\/il d|A m<M/d

and applying summation by parts we get

(M/d]—1
g(da) = p(d)ed ™ | [M/d " Spyg — > (w+ DT =y S, |, (417)
d|A y=1

where

X, = Z e(4ad'm’) .
m<y
Notice that when y < M2y trivially
I, < MO <

+1)

Now assume that y > M 127 Ty estimate >, we will apply Weyl’s inequality with

some rational approximation of 4ad’. To find such we apply Lemma 4.10 — there exist
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(a',¢') =1and 1 < ¢ < 2N such that

1 1
< <

¢(2N) ~(¢)*

4d£Oé -

q

Now we consider the two possibilities

1. 4d'a/q = d'/q'. Here we can write 4d‘a = a'r and q = ¢'r for r = 4da/a’ € 7. If
there is a prime p such that p | a but p 1 ' it follows that p | , so p | ¢. But this
yields the contradiction p | (a,q) = 1. In the same way we see that if p* | a we need
to have p* | @’. Therefore a | @’ and a/a’ < 1. Sor < 4d’, q = ¢'r < ¢'4d* and
¢ > q/(4d"). By the assumptions on ¢ we get

M1/2

o <7 <2N. (4.18)

2. 4d'a/q # d’/q'. In this case we form the difference

a
a__
q

1 / /

: ‘4(#9 2= ’4%@ —4d'a +4d'S - =
qq q q q (4
1 4d* _q+ 8¢'d"

< -, — —-
~ ¢(2N) - gN  2Ngqq

/
< ‘Ma - “—‘ +4d’
q

When we multiply both sides of the outermost members of the inequality by gq'2N
we get 2N < g + 8d’q’. Again by the lemma’s assumptions ¢ < N and we should
have 8d‘q’ > N, otherwise ¢ + 8d‘q’ < 2N. We conclude that

N

Now we apply Weyl’s inequality for ‘4d’5a —d/q ‘ < 1/(¢")* where we combine (4.18)

and (4.19) for the lower bound of ¢’ : min(M'/2/(4d"), N/(8d*)) < ¢ < 2N and we take
e =272 Then

21*4

e (11
%, <yt (—, o %)
¢y 'y

We have

N 4d* 8d* 4d* 2 4d°*
(¢") < max M2 M2 ) T e e 1’M5*1 ~ MLz
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92— (£+1)

when ¢ > 2 and z is large enough, and 1/y < 1/M*'~ . It follows that

: 11 ¢\¥* : 11 g\
x, <yt (? o %) < M (? o %) :
The expression in the brackets is

1 1 N 1 1 M* 1 1 M
M1/2 + - y + < M1/2 + + M1/2(M1 1/28+1)z - M1/2 + ; + M1/2

< M_1/2+M 1+1/2‘+1+M 1/2+e/2f+1 < M~ 1/47

<

because for [ > 2 the last summand makes the biggest contribution. But then
Y < VAR I Y A TE A VR S A
y = .

Now we insert the last estimate into (4.17). Using that >, < 1,d <1, (y+ et —
ye_l < ye—z’ we get

(£+2)

g(da) < M

[
Lemma 4.14. If (¢1,q) = 1, then G(q1,a1)G (g2, a2) = G(q1q2, a1q2 + a2q1).
Proof. This is Lemma 5.4 from [2] and follows from Lemma 2.10, [51]. O
1/2

Lemma 4.15. If p is prime and a is integer coprime to p, then |G(p,a)| < ({,p—1)p
Proof. This is Lemma 5.5 of [2] and follows from Lemma 4.3, [51].

Lemma 4.16. Suppose that p | A is prime and let s == ord,(4¢). If p { a and k >
max(2,2s + 1), then G(p*,a) = G(p*, 4a) = 0.

Proof. First we show that G(p*, 4a) = 0. From the assumptions we have k —s—1 > s > 0,

so we can represent the residues modulo p* in the form u + vp*=s~1

k—s—1

where u runs through

the residues modulo p and v — the residues modulo p**!

Since p | A, the condition (u,p, A) = 1 is equivalent to p { u, and

GOt da) — Ze<4au> Z 5. <4a (ut opt~ 31)g> |

u(pk) p k s—1 v(ps‘H

ptu pm

By the binomial polynomial theorem (u-+vpf=*=1)¢ =3¢ _ (“)u'~™(vp*=s=1)™. Consider

m=0

the possibilities
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1. s=0,m>2. Here m(k—s—1)=m(k—1) > 2(k—1) > 2 whenever k > 2, which

1s true.

2.s>1,m>3 Nowm(k—s—1)>3(k—s—1) > kif 2k > 3s + 3. We know that
k > max(2,2s + 1), hence 2k > 4s + 2 > 3s + 3 if and only if s > 1. This is true in

the regarded case.

3. s> 1, m = 2. We can have 2(k — s — 1) > k following from k& > 2s + 2. The only

possible problem might arise for k£ = 2s + 1. However in this case

4a(§)u£*2(vps)2 B au’=%(20)(¢ — 1)v?
p23+1 - P

and, as ord,(4¢) = s > 1, in any case p | 2/.

All these show that for m > 2 the summands from the binomial polynomial contribute

integers as arguments of the exponent e(z) so we can write

dau’ Alaut1v
G(p*,4a) = Z e( ) Z €(W> :

k
u(pF=~1) b (pst1)

U

Now p{a, ptu, and ord,(4¢) = s. Therefore, if we write 4¢ = p*(; with ({1,p) = 1,

44 /—1 ¢ /—1
() - () v

v(pstl) v(pstl)

Hence G(p*,4a) = 0.

The proof that G(p*,a) = 0 is identical for p # 2. If p = 2, notice that

4au’ au®
Se(r) =1 X e(55) (120)
u(2F) u(2F2)
2fu 2fu

ie. G(2% a) = G(2%2 4a)/4. When k is not smaller than max(2,2s + 1), so is k + 2. This
shows that G(p*,a) = 0. O

Lemma 4.17. If (¢,a) = 1, then

G(q,4a) < ¢~ V*¢.

41



Proof. Using Lemma 4.14,4.15,4.16 we reduce the statement to Theorem 4.2 from [51].

In [51] one considers the sum
¢

-5 (%)

z(q)

and for it we have S(g,a) < ¢'~"/* when (q,a) = 1.

We can reformulate Lemma 4.14: for (¢1,¢2) = 1 and ¢1¢1 = 1 (mod ¢2), @22 = 1

(mod ¢;) we have
G(q1q2,a) = G(q1,aq2)G(q2, aqy) - (4.21)

Still (¢1,aq2) = (g2,aq1) = 1 and the desired estimate of G(q,4a) does not depend on the

second argument, so it suffices to consider only G(p*,4a).

Let p # 2. Then (p,4a) = 1. If p t A the condition (u,p*, A) = 1 is trivial, so
G(p"¥,4a) = S(p*,4a) and Theorem 4.2 [51] applies. When p | A we consider only, because
of Lemma 4.16, k£ < max(2,2s + 1). When this maximum is 2, then £ = 1. In that case,

as £ > 2, we have

)=

G(p,da) < p? < p'~
after Lemma 4.15. Now assume that s > 0, i.e. s > 1. Then

Gt aa) = Y e (4““Z) B (4a“£) ~3 e (4“—“6) _ S(p*,4a) + O .

% k e
u(pk) b u(pk) b u(pk) b
plu plu

(4.22)
By Theorem 4.2 [51] S(p*,4a) < p*1=Y9. Obviously we will have G (p*, 4a) < pF1=1/9 if
k<.
Assume that k£ > ¢. As p is odd we have 3° < ¢ < k < 2s, which is not true for s > 1.

When p = 2 we can show in an analogous way as in (4.20) that G (2%, 4a) = 4G (2872, a)
for k£ > 2. We could freely omit to consider the smaller powers of 2 since they contribute
small constants to the upper bound we try to show. Also, if 24 A, then again G(2872,a) =
S(2¥2.a). So further regard 2 | A. Like in (4.22), if k — 2 < / the estimate follows.
Assume the contrary — then 2572 < ¢ < k — 2 < 2s — 2 which holds only for s < 4. But
this gives & < 8 — again these contribute only constant to the whole estimate of G(q, 4a).

This proves the Lemma. O
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Lemma 4.18. Suppose that |3| < 1/2 and n is a positive integer. Then for

n

v(B) = e(Bm)

m=1

we have v(f) < min(n, |3|71).

Proof. This is Lemma 2.8 from [51] when k = 1. O
The following is Bombieri’s theorem on the large sieve.

Lemma 4.19. For any complex numbers ¢, we have

2 ()

n<x

2

2. 2

q<Q (a,q)=1

Proof. This is Theorem 2 of §23 in [16]. ]

We also recall the following basic facts. The functions bellow are complex-valued
L?([0, 1])-functions.

Cauchy-Schwartz inequality: For the square-integrable functions f and g we have the

’/f et < [1r@Pds [ lgta)Pds.

Parseval’s identity: For the Fourier transform of f(x Z ™ we have ¢, =

inequality

n=—oo

1 [" ,

—/ f(x)e " dx and

™ —T
i r)|2dr = Z lcnl?
2m "

n=—oo

If fla) = che(noz), then f(«) is periodic with period 1 and

n<x

/ F@)Pda =Y el

n<x
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4.4 The Circle Method

With the conditions from Theorem 4.2 our main aim in this section is to prove the

following
Theorem 4.20. For any 1 < Q < M™n(/6£/2%%) e hape
Q7 ) a a .fL'2
Z Z AG(Qa _4a)f1 - fol-)+0 W .
4=Q (a,g)=1 QSO 7. A q q

Proof. We recall that we search for the number of solutions of (4.1) satisfying conditions
(4.2) and
pr=-5 (mod A), pe,p3 =3 (mod A),

so that p; + paps = 4 (mod 8) because 16/% | A. We also use the parameters

1/¢ .
M=(3)" . N=MTP=ofn Q<M (4.23)

By Lemma 4.10 for any real a such that 1/N < o < 141/N there exists approximation
la —a/q| < 1/(¢N) with 1 <a < ¢ < N and (a,q) = 1. We denote this ‘major arc’ by

a 1 a 1
m —(=-——, 2 +—].
(a/q) (q N’ q * qN)

One easily sees that the major arcs are non-overlapping. Let ¢,¢ < MY2. Then for
a/q # da'/q we have M(a/q) NIM(a’/q') = 0. This can be seen taking the difference

1 o_agtgd 11
~q¢  q¢N gN ¢N’

We used that N = M 1/2 > 202 > g+ ¢ because M ! > 2 for ¢ > 2 and large enough
x. Thus the centers of different major arcs are at a distance larger than the half-lengths

of the corresponding intervals. Now we can also define the set of the ‘minor arcs’

m:“v ) U U o).

q<M1/2 (a,q)=

Later we will also need the orthogonality relation

! 1 when h =0
/ e(ah)da = when ’ (4.24)
0 0 when h #0.
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As f1, fo and g are periodic functions with period 1, we have

1+1/N
R(z) = / f1() fala)g( YD / » (a)g(—da)da

q<M1/2 (a,q)=
+ /fl ) fala da)da

When « is in m, it is approximated by a/q where M'/? < ¢ < N and we use Lemma
4.13 to get g(—4a) < M2 Then

/ £1(0) ) g(—da)dar < Mt / 1(0) fa(e)| o

By Cauchy-Schwarz inequality, Parseval’s identity and the fact that in (4.4) and (4.5)
bn,cn <2 < 1, we have

[in@n@ide < [ @@l ([ 1n@Pda [ qrde)

1/2
= (an\?Z\an) < (zx)'/?=u.

n<x n<x

1/2

Thus

ZC2

W . (4.25)

/ fi(a) fo(a)g(—da)da < M = MM <«

On the ‘major arc’ M(a/q) we use the bound in Lemma 4.12. Note that when ¢ <
M'Y? and a/q +n € M(a/q) we have |n| < 1/(gN). Then the error term from Lemma
4.12is O(gM* (1 +|n|z)) = O (¢M*~ (1 + M*/(gM*~1/2))) = O (¢M*~' + M1 MY/?) =
O(M*1/2). Then, by Cauchy-Schwarz inequality and Parseval’s identity, for the error term

we get

25 n)fz( +0)| M (1 + |nlx)dn

> z/m

q<M1/2 (a,q)
72

M2

< M 1/2/ |fi(a) fola)|da < MV <«
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The latter error term is smaller than the one in (4.25). Therefore, after Lemma 4.12

R - Y Y 22 A) Gla, ~1a) [ " (gm) 2 (gm) V(—dn)dn

G<M1/2 (a,q)= (]SD Q7 1/gN

x2
+O (MQ—(U-?))

We will use Lemma 4.18: for || < 1/2 we have V() < min(x,|3]7!). As |4n| < 4/gN <

1/2, because N = 2'71/2¢ is greater than 8 for large enough z, we get
V(—4n) < min(z, [n]™").

To estimate the contribution of the terms with Q < ¢ < M'Y? we use the latter

inequality and Lemma 4.17:

2. Z qqg; (A G(q, —4a) /UqN h (g + n) f2 (g + n) V(—4n)dn

Q<q<M1/2 (a,q) —l/aN

¢, A 11/12 HanN a a
Y (o

Q<q<MV/? (a,0)= ~l/aN

1/2
< QN Z/_ .. | dn

Q<q<M*1/2 (a,q)=1 1/2

1/2
< @ [ mina, i ( )f2 (9+n)‘dn
—1/2 Q<q<h1/2 (a.q)= q
s , 1/2
< @[ minge ( ) an
—1/2 Q<q<M/2 (a,q)=
1/2
1/2 a 2
[ minte i) ( ) i
172 q

Q<q<M/2 (a,q)=

As

(o) =t (1) et 8 (Gn) = ctme (1)

n<lz n<z

when we apply the large sieve for the sum in the upper integrals and use the trivial estimate
> n<e lne(nn) P < x/logx after (4.10), and Y-, _ |cpe(nn)]* < x/logx after (4.11), we
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see that the last considered error term is

, 1/2 - , 2 1/2
<@V [ min(e, g ) (@ + M) —dy < QY / min(z, |5~ )dn
—-1/2 logx logz J_1/9

The latter integral is < log z. Indeed, for |n|™ > =z, i.e. 1/x > ||, we have min(z, |n|™!) =

1/2 1/x —1/z 4 1/2 4 1 1
/ min(z, [n|~)dn = / adn +/ a +/ Doy (— - —)
-1/2 -1/ -12 —17 1z 7 r x

1/2d,’7
+ 2/ — =2—-2log2+42logz < logx.
1/z N

z. So

Hence the contribution to R(z) of the terms with Q@ < ¢ < M2 is O(z2Q~'/%).
We are left with ¢ < @). When we extend the range of integration in the corresponding

integral from (—1/gN,1/gN) to (—1/2,1/2) we get an error term which we estimate by
Parseval’s identity, Lemma 4.17, and using that V(—4n) < |n|™' < ¢N for 1/(¢N) < |n| <

1/2. The error term in question is
a a
fi (a + 77) f2 <a + 77> V(_477)‘ dn

2y Y @A G )
<N Z g~ 1“/ ’f ( +n)f2( +n)‘dn<<NxZ D i

1/2

4<Q (a,q)= qu Q7 1/gN

q<Q (a,9)= q<Q (a,q)=1
< Nqul‘l/e.q = Na )@V < Na@* Y0y 1 < Na@P V"
q<Q q<Q q<Q

Now recall that the parameters satisfy (4.23). It follows that
NazQ¥ V¢ « g2 M2 M0~ 10 = 220~V

Until now we got the error terms O (xQ/MT(HQ)) and O(z2Q~Y*). After (4.23) Q <
M2 50 Q710 > M2 and the larger error term is O(x2Q~'%). Collecting all up

to now we arrive at

-2 X waance i [ (50 (5 vicmae (gr).

9<Q (a,q

The integral, after the orthogonality property, counts e(plg)e(pgpgg) exactly when p; +
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pops = 4n < 2z, thus its value is exactly fi(a/q)f2(a/q) and this proves the theorem. [

Further we need to compute f (a/q) and f5 (a/q). For ¢ < Q we write ¢ = dq’, where
d is composed only from primes dividing A and (¢/, A) = 1. If p* | d but p* { A, then from
16¢% | A and s = ord,,(4¢) we have k > 2s + 1. Clearly there is no p | d such that p{ A, so
k > 2. Thus k > max(2,2s + 1) and after Lemma 4.16 we get G(p*,4a) = 0. Combining
this with Lemma 4.14, and (4.21), we get G(¢,4a) = 0 unless d | A.

Recall that p; = —5 (mod A) and pops =9 (mod A). Let us write r; = —5 (mod A)
and ro =9 (mod A). If d | A we have

), 2 () E ) 5 - T )

a1/8<pi<z (b,g)=1 at/8<p <z

and

because ¢, = 0 unless n = pap3 = 3> = ry (mod A). Also in the two functions always
(b,q) = 1, as /% < py,po,ps and ¢ < Q < M#F < g2 o g1/8 for ¢ > 2 . Thus
p1,q) = 1 and n = pyps3 is composed by primes larger than ¢ and (n,q) = 1.

1 and i db i 1 th d 1

Similarly to (4.9) we see that

Yo1= > 1+0( >: f1(0)+0< )

/ C / c
1‘1/8<p1§:b SO(Q ) $1/8<p1§x log xz Sp(q ) log X
p1=b(q")

The analogous sum, again by (4.9), is

Ya-X X im0 () = o040 ()

C / C
ngscl P2 gl/A<ps<z/ps po p3 lOg x Qp(q ) log X
n=b(q) p3=b/p2(q’)

Here we again used that Zx1/8<p2<x1/4 p% < 1 as was shown in the proof of Lemma 4.5.

The latter estimates with f;(0) are uniform in b and the main term is independent on b.
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Thus for 2 = 1,2 we can write

fi (g) = @fi(m d e (%) +0 (102§x) . (4.26)

(b,g)=1
bETi (d)

Each b in the sum above can be written as b = 7,¢'¢’ + b'd, where (V,¢) = 1 and
¢'¢ =1 (mod d). Also recall that for the Ramanujan sum for any positive integer q we
have (Theorem 272 [23])

ab _ /(e 9))
(Z) ( q ) A @)

Then, since (a,q) = (a,q’) = 1, we have

P (8) - B ) (D) £ (¥

(v,q")=1 (0"q")=1

= ¢ (arf) w(d)% = u(q)e (Wf) .

Recall also Theorem 327 [23] stating that for every positive § we have p(n)/n'=° — oc.

Thus n/p(n) < n? for large enough n.

Let us take Q < log”’2z. Then for ¢ < @ we have q/¢(q) < logx and when we
multiply fi (a/q) with f5(a/q) from (4.26) the error terms are

. / 2
O(MO). s ):0< " logr— ):0( = )
o(q') log” x log x log® log® x

2
¢z \° 21og®"? x x?
log™ x log™ x log™ x

Also note that 1 + 17 = =5+ 9 =4 (mod A), thus

h(5)0(5) - G () om0 (52

and
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Then Theorem 4.20 transforms into

)2 (¢, A , 4aq’
Ao = AOROFDY S ey S e (4

djA q’<Q/d ’ (a,dg")=1
(¢",8)=

22 szz—l/e
+ O +0 | —— .
(a7) +o (e )
The last error term comes from

Z Z G ) < a < Zq.q_w <Q.Q7 V.

q<Q (a,q)= q<Q (a,q)=1 q<Q

1-1/¢

Of course (¢, A) = 1. At this stage we also take Q = log® z with C' = 6£. Then

22021/ B 22 (log™ )2~ 1/* a2

log® z B log® z B log® x
and
p(A u(q)? : dag x?
R(z) = f1(0) f2(0 —Z Yo ——— L ) Gldg,—4a)e +O (5
05 v<a q'p(q')*p(d) (e dg et d log” z
(¢',8)=
(4.27)

In order to examine further the asymptotic formula for R(z) we need to investigate the

innermost sum in (4.27). Let us introduce a notation for it:

0 otherwise .

G(q, —4a)e (%) for g =dq ,(¢,A) =1,u(¢)>=1,and d | A,
%(Q)Z{Z(am:l (g CL)@(d) orq=dq,(¢,A)=1,p(qd) and d |

4.5 The Sum x(q)

We can easily check that s¢(q) is a multiplicative function using Chinese remainder
theorem. In particular, »(q'd) = »(q’)(d). Observe that because of the factor u(q)?
(4.27) we will have a contribution of 0 always when ¢’ f A and ¢’ is not square-free. Thus

for every pt A we need to compute only »(p), and for every p* | A we will look at s(p¥) .
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p1 A Here p should be odd and

x(p) = Z G(p, —4a)e (4ap/1) = e(—4au4>

(a,p)=1 (a,p)=1

_ Z Z (4auf>:

u(p) (a p)= u
(u (p A))=

= > Z <4au)+ e (—4ap"™)

S
@
3
\./

(u,p)=1 (a,p)= (a,p)=1
= Y (=D +elp)=—olp)+ o) =0.
(u,p):l

But then in (4.27) we actually have only ¢’ = 1 and

) D) ) [ 2
R@) = (0 (028 %w(d)w( ) (1.25)

When d | A we have

0= 35 () 8)- 5 s () (4)

=1
(udA) 1

_ Z > (4au—1))

=1 (u,d)=1

We introduce the notation

p(p*) = #{u(p®) : v =1 (mod p*)}.

We have the following

Lemma 4.21.
p(0*) = (Lp = 1)) if p#2,
1 if 244
p(2") = e
(20,251) af 2| ¢.
Proof. See the discussion before Lemma 2.13 in §2.6, [51]. O
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x(p)=pll,p—1)—(p—1).

(4.29)

PPl Ak>2,pt20 If pt2¢, we have ord,(4f) = s = 0 and, as k > 2, from Lemma 4.16

it follows that G(p*, —4a) = 0. Thus

#(p*) = 0.

So further we assume that s > 1:

PP Ak>2,p|l,p#2 Here we have

() =YY e(#:_l)): Yooy

(u,p?)=1 (a,p*)=1 (u,p?)=1 (u,p*)=1
ut=1(p*) ut#1(p")
— —4a(u’ — 1)
= o)) +> Y e ( )
n=0 (y,pF)=1 (a,p¥)=1
pluf~1

(4.30)

Obviously 4(u’—1) = Up" with some p { U, and the inner sum becomes p" copies of the

Ramanujan sum regarding p*—"(,i.e. p"u(p*~")). Therefore, as u(p*") = 0 for n < k — 2
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and pu(p) = —1, we have

k—1
©(0Y) = p)e@) + Y Do ) = o)) Y1
nzo(uvpk)zl P =
p”||ue—1 pk—lnue_l

After Lemma 4.21 in our case we have p(p*) = (¢,p — 1)(¢,p*"!) and

#(p") =p"(p—1) ((€,p"") = (€,p"7?)) .

Regard the case 2 < k < s+ 1. Then 1 <k —1 < s = ord,(4¢) and as p # 2, we have
(0, p" Yy =p*tand (¢,p"2) = pF2. If k > s+2, then k—2 > s and (¢, pF=2) = (¢,p* 1) =

p°. We combine the results in the considered case:

) Lp=1E* T —p*?) if 2<k<s+1,
#(p®) = .
0 if k>s+2.

p=2 We will show that

(1 ifk=1,
4 ifk =2,
»(2")=¢ 16  ifk=3,
2262 if4 <k <s+2and?2 |/,

0 otherwise ,

\

where ‘otherwise’ means either £ > 4 and 24 ¢, or k > s+ 3 and 2 | .

Clearly

“2)= Y % e(w) —e21.(1-1)=1.

(u,2)=1 (a,2)=1

Similarly

)= > Y e(#z_D):QQZZL

(u,4)=1 (a,4)=1

53

(4.31)

(4.32)



and

x2 = 3 Z (—) Y oy (—G;Z)—l)>

(u,2k)=1 (a,2%)= (u,2k)=1 (a,2%)=1
-y ¥

(u,2%)=1 (u,2F)=1

u[71(2k_2) 2$1(2k—2)

= 22 guzz ) (gk;”)

0 (u 2’@) 1 (a,2k)=1

27 ||ut -
— 4 2k 2 2k + Z Z 27L+2 2k 2— n) — 4p(2k 2) (2 ) 2 k—1 Z 1
n=0 (y,2%)=1 (u,2F)=1
2"”7./—1 2k73”u5_1

= 4p(2")p(2°) — 2" (2°p(257%) — 22p(2"77)) .

According to Lemma 4.21 p(2F) = 1 if 21 £, so in this case 5(2%) = 4p(2%) —2F"1(8 —4) =
4.2k=1 —2k=1 4 = 0.

If 2 divides ¢ we have p(2¥) = (20,28 1) s0 »(2F) = 4(2¢,283).2k1 —
b1 (28(20,281) — 22(2¢,2¥°%)).  If k — 3 < s — 1, then (2¢,2¥3) = 2t
because 257! | 2¢ and 2F3 | 25710 Similarly (2¢,2%%) = 21 Then

3(2F) = 4.26-3 2h=1 _ gk=1(93 k=1 _ 92 gh=3) _ 92k-2
If k—3>s—1,then also k —4 > s —1 and (2(,2"73) = (2¢,2%%) = 2571, Then
2(2F) = 222571 okt oh=1(93 9571 92 9571y — (),

and finally this proves (4.32).
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4.6 Proof of Theorem 4.2

Here we complete the proof of the main theorem. We need to compute the sum in
(4.28). Let us use the shorter notation

We only have to combine the results of (4.29), (4.30), (4.31) and (4.32). We get

IS 5 o)
pr2l

The first product equals

pilip—1)—e®\ _y1. P /.
[I(+ ) =TI

i ©(p) s ¢
pf2¢ Pt

According to the cases considered in §4.5 we split the other product into two factors

II=111]=mm.

pl2¢  pl|2¢ p=2
P72
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For the first factor we have

m o= ] (1 Lo =1) =) | (L= D! —p2k—2)>

©(p) — e(p*)

For p = 2 and 2 1 ¢ the factor Il is of the form 1+ 1/¢(2) + 4/¢(2?) + 16/p(23) =
1+1+2+4=28. For 2| ¢ we have the factor

s+2 2%k—92 s+2
I, = 1+1+2+4+Z 8+22k1
k=4

s+2
= 84+8) 2 =848(2 —1)=42°
k=4

Notice that in any case we have

I, = —=(2,0)2°

2
¢(2)
because for (2,¢) = 1 we have s = ords(4¢) = 2 and 2° = 4. Putting all these together we

arrive at

2 o e TT-2 1) — Py
K_w(z)@,@z H(’D()w,p 1);‘[% ()(ep p® = M”Hgo(p)“ 1).

pf2¢ PF#2

Note that ©(A)/A = [[,A¢(p)/p because for any k > 2 we have o(p*)/p* =
P Lo(p)/p* = ¢(p)/p. That is why when we substitute the expression for x we achieved
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above into (4.28), we get

T

R(z) = f(0)fo(0)2=2 MHLep—l +0( z )

oy w(p) log” x

_ 4@(2,£>H<e,p—1>f1<o>f2<o>+o< ).

pIA log” x
This completes the proof of Theorem 4.2.

Remark 4.22. In [2] the archetype of Theorem 4.2 originally was proven for primes from
Siegel-Walfisz sets and for a different additive problem. Let P be an infinite set of primes
and ¢ and b be coprime integers so that P(z, q,b) denotes the number of primes p € P with
p <z and p=1>b (mod q). We say that P satisfies Siegel-Walfisz condition for an integer
A if for any fixed integer C' > 0

P(2,q,b) = ——m(z) + O(

©(q) log” :v) (4.33)

uniformly for all (¢, A) = 1 and all b coprime to ¢q. Here w(x) ~ z/log x is the usual prime

counting function and 0 < v <1 is the density of the primes in P.

The notion of Siegel-Walfisz condition in [2] comes from dealing with conjugacy classes
in the Galois group of a number field. The primes whose Frobenius automorphism is in
a given conjugacy class correspond to the same residue class modulo a certain A. After
Chebotarev’s density theorem these primes satisfy the Siegel-Walfisz’ condition. Further
notice that all primes in an arithmetic progression satisfy Siegel-Walfisz theorem (Corollary
5.29 [31]), so a Siegel-Walfisz set could be the set of all primes, but also it could be much
smaller. The lower theorem assures that the additive problem (4.1) with primes from
Siegel-Walfisz sets has still infinitely many solutions with the same asymptotic formula.
The proof of the theorem is identical to the one of Theorem 4.2 and comes from the fact
that the corresponding functions f1(0) and f5(0) also satisfy (4.10) and (4.11).

Theorem 4.23. Suppose that A, { are positive integers for which 1602 | A and (15, A) = 1.
Let Py, Py be infinite sets of primes satisfying Siegel-Walfisz condition for A such that for
every p € Py we have p = —5 (mod A) and for every r € Py we have r = 3 (mod A).
If p1,p2,ps satisfy the additive problem (4.1) with the conditions (4.2) and in addition
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p1 € P, pa,p3 € Po, we have

R(x) = 462, 0) T[ (0 — DA 0)(0) + O ( o ) .

3
oA log” x
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Chapter 5

Effective Lower Bound for the Class
Number of a Certain Family of Real
Quadratic Fields

5.1 Introduction

In this chapter we give a lower bound for the class number of the real quadratic fields
of Yokoi type d = n? + 4 where n is a certain third degree polynomial. This is a special
case of the extensively examined Richaud-Degert discriminants with a = 1. There are
already lower bounds for the class number of R-D fields described in [41]. They however
depend on the number of divisors of n at least. We present an analytic lower bound
depending on the discriminant and since Goldfeld’s theorem and Gross—Zagier formula are
applied the bound will be of the magnitude these theorems could provide, i.e. (logd)'~.
Note that the expected growth (1.2) is much faster, unfortunately it is ineffective. Our
result is also interesting bearing in mind that there is still no effective solution of the class

number two problem for discriminants d = n? + 4.

We consider elliptic curves over the field of rational numbers given by the Weierstrass
equation
E:y=2*+Ar+B (5.1)

with a discriminant A = —16(4A3 + 27B%) # 0 and a conductor N. We denote the group
of rational points with the usual E(Q). If F is regarded over any other field or ring K the
group of the rational points on E over K is denoted by E(K). By a quadratic twist of the
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elliptic curve we understand the curve
EP . Dy* =2+ Ar+ B. (5.2)

After replacing (z,y) by (z/D,y/D?) we get the Weierstrass equation of the twisted elliptic
curve
EPY oy =2® 4+ (AD*)z + (BD?) (5.3)

with a discriminant Ap = DSA. Note that (zg,y0) € FEP(Q) if and only if
(DQZ(), Dzyg) S ED’W(Q) .

The main result of Goldfeld from 1976 is

Theorem (Goldfeld [18]). Let E be an elliptic curve over Q with conductor N. If E
has complex multiplication and the L-function associated to E has a zero of order g at
s = 1, then for any real primitive Dirichlet character x (mod d) with (d,N) = 1 and
d > expexp(ciNg?), we have

c;  (logd)9="Lexp (—21¢"/*(loglog d)'/?)

where ;=1 or 2 is suitably chosen so that x(—N) = (=1)97", and the constants c¢1,co > 0
can be effectively computed and are independent of g, N and d.

If the condition (d, N) = 1 is dropped, then the upper theorem still holds. In this case,
however, the relation y(—N) = (—1)9#* will have to be replaced by a more complicated

one. In our argument we will consider only coprime d and N.

Denote as usual by h(d) the class number of the real quadratic field Q(v/d) for the
positive fundamental discriminant d. When we plug Dirichlet class number formula (1.1)

in the above estimate for L(1,y) we get an inequality of the type
h(d)loges > (logd)? e =?! glloglogd)

where ¢, denotes the fundamental unit of Q(v/d). Also the exponent on the right-hand
side of the upper inequality is greater than (logd)~¢ for any € > 0 and big enough d. Note
that if ¢ < 3 the theorem in this form gives a trivial estimate on the class number for

d > 0 because log e; > logd.
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The method of Goldfeld however allows to consider the analytic rank of an elliptic
curve over quadratic field (the function ¢(s) defined in [18] has a zero of high order at
s = 1/2). This way we aim simultaneously toward high order zero of the L-function of
E over Q and of the twisted L-function by the corresponding real quadratic character.
The requirement for complex multiplication of E comes from the level of knowledge on
Taniyama—Shimura—Weil conjecture at the time of Goldfeld’s work. It was known that the
L-function of elliptic curves with complex multiplication equals a certain Hecke L-function
with ”Groflencharakter”, thus satisfying a functional equation required for the argument.
As Goldfeld himself remarks on p.624 after Theorem 1 [18], a modular elliptic curve would
do the work for the proof just the same. In the light of the Modularity theorem from 2001
(Wiles, Taylor et al. [8], [50], [54]) every elliptic curve over Q is modular (this term and
the Modularity theorem will be discussed in a greater detail in the next section). Thus we
can omit the original condition on complex multiplication of the elliptic curve in Goldfeld’s
theorem. The theorem can be reformulated as in [19] where the real quadratic case is

explained in the remarks following Theorem 1 [19].

Theorem 5.1 (Goldfeld). Let d be a fundamental discriminant of a real quadratic field. If

there exists an elliptic curve E over Q whose associated base change Hasse- Weil L-function

LE/Q(\/E)(S) = L(E7 S>L(Ed7 8)

has a zero of order g > 5 at s = 1, then for every e > 0 there exists an effective computable

constant c¢.(E) > 0, depending only on € and E, such that
h(d)logeq > c.(E)(logd)* .

Let us look at Yokoi’s discriminants d = n? + 4. In that case the fundamental unit is
small, i.e.

logd < logey < logd.

If we use this fact and we can find an elliptic curve as in Theorem 5.1 we could obtain an

effective lower bound of the type
h(d) > c.(E)(logd)'*.

The question whether Goldfelds’s theorem can be used for a possible extension of the
class number problem for Yokoi’s discriminants solved in [4] was raised by Biré in [6].

Unfortunately we can assure existence of such elliptic curve only for a small subset of
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d = n? + 4. More precisely, the main result of this chapter is

Theorem 5.2. Let n = m(m?—306) for a positive odd integer m, and N = 23-3%-103-10303.
d
If d = n? + 4 is square-free and (N) = —1, then for every e > 0 there exists an effective

computable constant c. > 0, depending only on €, such that
h(d) = h(n?+4) > c. (logd)" ™ .

Remark 5.3. We expect that there are infinitely many discriminants d satisfying the

assumptions of Theorem 5.2. Let
d(r) = 2% — 6122 + 936362° + 4

be the polynomial defining the discriminant d for odd positive x = m. The polynomial is
irreducible in Z[x] so there are not obvious reasons for it not to be square-free infinitely

often. Something more, if we introduce
, d(m)
M(X)=#{0<m <X : misodd,u(d(m)) #0 and N = —1}, (5.4)

we check numerically that M (X)/X ~ 0.221, i.e. the odd positive integers m defining
square-free discriminants d(m), which are also quadratic nonresidues modulo N, seem to

be of positive density.

A construction similar to the one in the present chapter was already made in [20], where
the quadratic twists of £ from (5.1) are of the form D = u.f(u,v) for the homogeneous
binary polynomial f(u,v) = u®+ Au?v + Bv3. In [20] by a ‘square-free sieve’ argument the
authors give a density to a similar quantity as (5.4). However, we are strictly interested
in discriminants d = n* + 4 = d(m) where d(m) is a polynomial in one variable of degree
6. There exists a lot of literature on estimating square-free, or k-free, polynomials, e.g.
[9], [21], [26], [28], [29], [30], but there are no results on one-variable polynomials of degree
higher than three.
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5.2 Theoretical Background

We remind that the Hasse-Weil L-function associated with the elliptic curve E over Q

given with (5.1) is the series

L(E,s) = H(l - tppis)il H(l —tpp° +p172s)71 5

plA ptA

where
ty=p— N

and

N, = #{(z,y) (modp): y* =2+ Az + B (mod p)}.

By the Riemann hypothesis for curves over finite fields one has |t,| < 2,/p and from this
it follows that the series L(E, s) converges absolutely for Re(s) > 3/2.

Introduce the Hecke congruence subgroup

FO(N):{<O‘ ﬁ)eSL(Z,Z)wEO (modN)},
v 0

with the usual action on the upper complex half-plane H. Then for the integer k£ the

holomorphic function f : H — C is called a modular form of weight k and level N if

az+ B\ a [
F(255) = a4 02s00), V<v ’ ) € To(N)

and is holomorphic at all cusps of T'g(N) (the finite number of intersections of a funda-
mental domain of I'o(N) \ H =: X((N) with R U c0).

The former Taniyama-Shimura-Weil conjecture, nowadays the Modularity theorem
(Theorem 14.6 [31]), states that for every elliptic curve E over the rationals with conductor

N there exists a modular form

f(z) = Z A(n)n*?e(nz)
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of weight 2 and level N, actually a primitive cusp form, such that
L(E,s+1/2) = L(f,5) = > An)n~.
n=1

It follows that L(FE,s) has a holomorphic continuation to the entire complex plane and
the completed function A(E,s) = (v/N/27)°T'(s)L(E,s) satisfies a functional equation
A(E,s) = £A(E,2 — s). Such elliptic curves are called modular, in other words the
Modularity theorem asserts that every elliptic curve over the rationals is modular.
If we denote by w the invariant differential form f(z)dz for the congruence group
of level N and z € Xy(N), then the modular parametrization is a non-constant map

of Riemann surfaces 7 : Xo(N) — E(C) induced by the holomorphic function 7(z) = [ w.

Now, fix d < 0 such that d = r? (mod 4N) for some integer r > 0, and fix (a, b, c) € Z3
and z € H satisfying 0> — 4ac = d, a = 0 (mod N), b = r (mod 2N), az®> + bz + ¢ = 0.
We call these d’s Heegner discriminants. There will be h(d) such points z1, 29, ..., z,. The

Heegner point Py is defined as the trace
Pi=m(z) +7(2)+...+7(z) € B(Q(Wd)).

Note that P; depending on ' # r could differ from P, only by a sign and a rational torsion

point, so its canonical height is correctly defined.

Gross—Zagier Formula: Gross and Zagier’s famous result [22], and Theorem 23.4 [31]
for more elementary approach, claims that if F is an elliptic curve over Q with L(E,1) = 0,
then for every Heegner discriminant d < 0 satisfying the upper conditions there exists a
Heegner point Py € E(Q(v/d)) such that

L'(E,1)L(E% 1) = cgqdh(Py) (5.5)

for some real non-zero constant cg 4 depending on the elliptic curve £ and d. Gross and
Zagier give the precise formula for cg 4 which, however, we do not need in our argument.

Here h denotes the canonical height on elliptic curve over a number field (§9.VIII [46]).
We also want to draw attention of a Kolyvagin’s result [32]. If for a modular elliptic

curve over Q there is a complex quadratic extension Q(\/E) for which the Heegner point Py
is of infinite order, Kolyvagin shows that the Mordell-Weil group F(Q) is finite. Combining
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this with Gross—Zagier formula we get
L(E,1) # 0= FE(Q) is finite. (5.6)

This is one part of Theorem 1 [33].

5.3 Proof of Theorem 5.2

Recall that for the Hasse-Weil L-function associated to the elliptic curve E we consider
a root number w = (—1)!, where ord,—1L(E,s) =t . Let wp be the root number for EL.
If (D,N) =1 for the conductor N, and x = xp = (2) is the real quadratic character
of Q(vD), we have wp = x(—=N)w (e.g. (23.48) [31]). The character y is even, so
wp = X(N)w.

Let E be an elliptic curve with ords—; L(F,s) > 3 and w = —1. Then wp = —x(N). If
further we require y(N) = —1 we will have wp = 1. If there is a rational point in EP(Q)
that is not a torsion point, then the rank of the Mordell-Weil group EP(Q) is positive
and EP(Q) is a group of infinite order. After statement (5.6) we have L(EP 1) = 0, i.e.
orde—1 L(E®,s) > 1. From wp = 1 it will follow that ord,—; L(E®,s) > 2 and the order is

even.

We will construct such an elliptic curve for which certain quadratic twists of it satisfy
the upper conditions. Then ord,_; L(FE, s)L(E” s) > 5 and this would allow us to apply
Theorem 5.1.

From now on d = n? +4 is a square-free odd integer. Look at the twist (5.2) with y =1

and assume that d satisfies the equation
d=x)+ Azg+ B (5.7)

for some g € Z. Then we have (zo,1) € E4(Q). The equation (5.7) reads as n? + 4 =
x3+ Axg + B or n® = 23 + Axg + B — 4. Let us choose the coefficients A and B in such a
way that g(z) =23+ Az + B — 4 = (x — k)?(x — [) for some integers k and [. This yields
g(k) = g(l) = 0 and ¢'(k) = 0. Then ¢'(k) = 3k* + A = 0, so A = —3k? and therefore
0=g(k)=k*—3k* - k+ B —4. Thus B = 2k® + 4 and finally

g(z) =2 = 3k%x + (2K° +4) —4 = 2° — 3k%x + 2k = (v — k)*(z + 2k) .
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This means that d satisfies (5.7) if and only if
n? = g(xg) = (w0 — k)*(zo + 2Kk) (5.8)

for some integer xg.

Look at the curve
Cp + 2= (z—k)*(z+2k).

It is well-known/see [46].111.2.5/ that its non-singular points are in one-to-one correspon-
dence with Q*. What can be easily seen is that if we put m = y/(z — k), we have
m? = x+ 2k, so x = m? — 2k and y = m(x — k) = m(m? — 3k). Hence n satisfies (5.8)

exactly when

ro = m?—2k

n = m(m?®—3k),
where m is an odd integer.

We are led to the following claim.

Lemma 5.4. Let
By, : y? =2 - 3k%r + (2K° + 4) (5.9)
be an elliptic curve over Q with ords—y L(Ey, s) > 3 and odd, and a conductor Ny. Let E¢
d
be the quadratic twist of E), with d = n? + 4 such that (—) = —1. If k is even, then for

Ny
any n = m(m? — 3k), where m is an odd integer, we have

or’dS:lL(E,‘f, s) > 2

with a root number wy = 1.

Proof. By the argument presented in the beginning of the section it is enough to find a
point in EZ(Q) which is not a torsion point. We take Q = (z¢, 1) = (m? — 2k, 1) € E(Q).
Clearly, by (5.3), we have P = (dzg,d®) = (d(m? — 2k),d?) € E"(Q). By Lutz-Nagell
theorem/see [46].VIIL.7.2/ if P is a torsion point, both the z(P) and y(P) coordinates of
P should be integers. We also use the simple fact that if P is a torsion point so is any
multiple of it. Let us look at [2]P.
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The duplication formula [46].111.2.3d, for an elliptic curve given with (5.1), reads

a* —2A2° —8Br + A ¢(x)
43+ Ar+B)  d(x)

z([2]P) =
We are interested in
EPW 2 = a8 4 (=3kD) dPa + (2K° + 4)d® (5.10)

and in this case ¥ (dxg) = 9 (d(m? — 2k)) = d*(x3 — 3k*zo + (2k* +4)) = d*-d = d* , where
we used (5.7). On the other hand

P(dxo) = d* (g — 2(—3k%)zj — 8(2k” + 4)xo + (—3K7)?)

and clearly ¢ (dz) divides ¢(dzg). Note, however, that x, is an odd integer for m—odd, and
when k is even, as d is also odd, we have ¢(dxg) =1 (mod 4). This means that z([2]P) is
not an integer, thus according to Lutz-Nagell theorem [2]P is not a torsion point, so P is

not torsion either. OJ

Remark 5.5. Note that ¢(dzy) =0 (mod 4) when k is odd, so we could not use the same

easy argument to prove that P is not torsion for odd k.

We can finalize the proof if we find an elliptic curve E} with an odd analytic rank
not less than 3 and even k. In the last section we prove unconditionally that the analytic
rank of Fgo is odd and at least 3 by giving a lower bound for the canonical height of any
non-torsion point on the curve. The conductor of Eyge is N = 23-33-103 - 10303, therefore

the statement of Theorem 5.2 follows from Lemma 5.4 and Goldfeld’s theorem.

5.4 Analytic Rank of Fyy

All computer calculations in this section are made in SAGE [49] if not stated otherwise.
Through the function analytic_rank, which does not return a provably correct result in
all cases, we run positive values for k smaller than 200. The data we find is presented in
Table 5.1. Note that k = 102 is not the only good choice, since after Lemma 5.4 any even
integer k that gives Fj with analytic rank three would work for us. Probably in the family
given with (5.9) there are infinitely many even k for which ords—y L(FE), s) = 3.

Assuming Birch and Swynnerton-Dyer conjecture, which predicts that the analytic and

geometric ranks of an elliptic curve over Q coincide, and by examining the Mordell-Weil
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k conductor Ny,

65 |2°-3%-11-19-73
102 | 23-3%-103 - 10303
114 | 23-3%-5-13-23-991
129 | 2°-3%.5.7-13-337
136 | 22-3%.7-43-61-137
141 | 2°-3%-19-71-1039
145 | 2°-3%-7-19-73-157
162 | 23-3%-163 - 26083
184 | 22.3%.5.37-151-223
187 | 2% .33 . 7-47 - 4969
191 | 2% -3%-12097

Table 5.1: Elliptic curves Ej, of analytic rank 3

group Ej02(Q), the analytic rank of Fjgy is 3. However, we want to show an unconditional
proof for the fact that this analytic rank is odd and at least 3. This can be achieved if we

proceed in a similar way like in [12].

More precisely, SAGE unconditionally returns w = —1 and L(Fjp,1) = 0. Tt
also gives (—2.80575576483894 - 107'3,4.32590860129513 - 10733) as the value of
L.deriv_at1(200000). Here the first value is an upper bound for L'(Ejg, 1), and the

second term is the error size.

There are lower bounds for the canonical height of non-torsion points of elliptic curves
like the bound of Hindry-Silverman given in Theorem 0.3 [27]. It says that if N is the
conductor of E, A — the discriminant of its minimal model, and o = log |A|/log N, then

for any non-torsion point P € F(Q) we have

. 2log|A|
h(P)> ————— .
( ) — (200)8101.14—40

The discriminant of Figy is A = —28 .33 .103 - 10303 so the Weierstrass equation (5.9)
coincides with its minimal global model. We compute the Hindry—Silverman’s bound in
our case. It is 7.14186994767245-10~'6. Unfortunately it is ‘too close’ to zero compared to
the approximate value of L'(Ejg2, 1) to be able to use it with Gross—Zagier formula. What

we do is to find a better lower bound for the rational points on Ej2(Q).

Lemma 5.6. For all rational points P € Ey192(Q)/{0} where

Fios @ y* = a® — 312122 + 2122420
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we have

~

h(P) > 0.38744,

in particular the torsion subgroup of F102(Q) is the trivial group. Something more, for all

non-integral rational points P € E102(Q)/{0} we have

~

h(P) > 1.48606 .

Note that we use the Silverman’s definition for Néron-Tate height [46], which is
normalized as being twice smaller than the height given in SAGE. We will denote the
latter as hg. Also recall that the infinite point O on elliptic curve is given with the

projective coordinates (0 : 1 :0) and its canonical height equals zero.

Before we present the proof of Lemma 5.6 we show how to apply it to prove that
L'(Ey02,1) = 0 and hence ords—1L(FEip2,s) > 3. By list of the Heegner discriminants
for Eig we take the point H corresponding to the imaginary quadratic field Q(y/—71).
Recall that Gross—Zagier formula (5.5) claims that if L(F,1) = 0 and d < 0 is a Heegner
discriminant, then there is a Heegner point P; € E(Q(v/d)) for which

L'(E,1)L(E%1) = cg qh(Py)

for some real non-zero constant cg 4. Through the function heegner_point_height, which
uses Gross—Zagier formula and computation of L-series with some precision, we see that
the canonical height hg of H= P_- is in the interval [—0.00087635965, 0.00087636244] :

E102.heegner_discriminants_list (4)
[-71, -143, -191, -263]
a71=E102.heegner_point_height (-71,prec=3)
a71l.str(style=’brackets’)

>’ [-0.00087635965 .. 0.00087636244]°

This means that 0 < iLS(H) < 0.00087636244. Also, by Corollary 3.3 [42] and w = —1, it
follows that H equals its complex conjugate. Therefore not only H lies on Ejo(Q(y/—T71))
but it is a rational point: H € Ejp2(Q). By Lemma 5.6 it is clear that the Heegner point
H is actually the infinite point, because hg(H) = 2h(H) < 0.00087636244. We also check
that L(E,5,1) # 0:

E71=E102.quadratic_twist(-71)
E71.1series().at1(10°7)
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gives L(EH, 1) = 0.682040095555640 & 1.40979860223528 - 102, Now from h(H) = 0
and (5.5) it follows L'(FEpg,1) = 0.

We will use the Néron’s definition of local heights (Theorem 18.1 [46]) such that the
canonical height is expressed like the sum h(P) = >_venty Av(P) (Theorem 18.2 [46]) and
the valuation v arises from a rational prime or is the usual absolute value at the real field.
We will write the finite primes with p and for any integer n and = x; /x5 € Q such that
(1,22) = (z1,p) = (x2,p) = 1, we introduce ord, (p"x) = ord,(p"z) = n, [p"z|, =p"
and v(p"z) :=nlogp .

Let E be an elliptic curve defined over the field of rational numbers with the Weierstrass
equation
E 4+ a1y + asy = 2° + a92® + aux + ag (5.11)

and the quantities by, by, bg, bs, ¢4 are the ones defined in II1.1 [46]. In this notation the
duplication formula for the point P = (z,y) € E(Q) reads

1'4 — b4l’2 — 2b61' — bg
2P) = .
x< ) 4[E3 + b2$2 + 2b41’ + b6

Let t = 1/x and

.134 — b4.§C2 — 2[)613 — bg

2(z) = 1 — byt* — 26t — bgt* = =

Let also

wQ = 2y+a1$+a3
V3 3a* 4+ box® 4 3by2? + 3bgx + bs . (5.12)

We formulate Theorem 1.2 [47] into the following lemma

Lemma 5.7. (Local Height at the Archimedean Valuation) Let E(R) does not contain a
point P with x(P) = 0. Then for all P € E(R)/{O}

1 1 = -n n
Aoo(P) = §log |z(P)| + 3 E 47" log |2(2"P)|.
n=0

The following lemma combines Theorem 4.2 [34] and Theorem 5.2b), c), d) [47]:

Lemma 5.8. (Local Height at Non-Archimedean Valuations) Let E/Q be an elliptic curve
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given with a Weierstrass equation (5.11) which is minimal at v and let P € E(Q,). Also
let 1y and 3 are defined by (5.12).

(a) If
ord, (32* 4 2a0x + ay — a1y) < 0 or ord,(2y + a1 + az) <0,

then .
A (P) = 3 max(0, log |z(P)],) .

(b) Otherwise, if ord,(cs) = 0, then for N = ord,(A) and n = min (ord,(¢o(P)), N/2)

n(N —n
A(P) = %IOQAM

(c) Otherwise, if ord, (v3(P)) > 3ord, (1o(P)), then

1

Ay(P) = 3 log[ih2(P)l, .
(d) Otherwise
M(P) = Slog[s(P)l

The discussion in §5 of [47] verifies the correctness of all possible conditions in the

different cases.

We see that in our case a; = ay = az = 0, ay = —3k?, ag = 2k +4 and A =
(—16)(4(—3k%)3 +27(2k> +4)?) = —16.16.27.(k* + 1) = —28-33-103 - 10303. We also need

the quantities

by = a% 4+ 4as =0,

by = 2a4+ ajas = —6k2,

be = a;+4ag=8(k*+2),

by = a%% + dasag — a1a3a4 + a2a§ — ai = —9k* ,

cy = b3—24by = —24(—6k*) =237 . k* =20.3" . 17?
because k =102 =2-3-17. Also

hy = 2y
Vs = 3zt — 18k + 24(k* + 2)z — 9k*.

Now we are ready to present the proof of Lemma 5.6.
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Proof of Lemma 5.6. First we translate Lemma 5.8 for our curve Ejpy defined with (5.9)
for k£ = 102. As we mentioned before by the form of the discriminant A, such that
for any non-Archimedean valuation v we have v(A) < 12, and a; € Z, it follows that

the Weierstrass equation (5.9) is minimal at any v/ see [46].VII.Remark 1.1/. Then we have

ord, (3z% — 3k%) < 0 or ord, (2y) <0,

1
Ay = 3 max(0, log |z(P)],) .

(b) Otherwise we are in a case where P does not have a good reduction modulo p and we
have p | A. So, if ord,(cs) = ord,(2°-3*-17%) = 0, i.e. v comes from 103 or 10303, then
N =ord,(A) =1 and n = min(ord, (¢2(P)), N/2) = min(ord,(2y), 1/2) = 1/2. Therefore

1/2(1 —-1/2 1

a(p) = L2 10y 1), = Sioga,.
2 8

(c) Otherwise, i.e. v is the valuation at the primes 2 or 3 and P fails the conditions of (a),

if ord, (¢3(P)) > 3ord, (¢2(P)), then

1

1
A(P) = 3 log|va(P), = 5log 2y]..

(d) Otherwise
1
M(P) = Slog (Pl
For any non-torsion point P on Ejp2(Q) let z(P) = a/b for (a,b) = 1 and b > 0, and
y(P) =y = c¢/d with (¢,d) = 1, d > 0. From equation (5.9) we have

(- () -y

or the equivalent
e =d? (a3 — 3k%ab* + 2(K° + 2)b3) . (5.13)

In (a) max(0,log|z(P)|,) = max(0,log|a/b|,) > 0 only if log|a/b|, = ord,(b)logp >
0. If the local heights of P at the primes p | A are in cases (b),(c) and (d) we have
ord, (3(z* — k%)) = ord, (3(a® — k*)/b°) > 0. Let v comes from 2 or 3 and consider
cases (c) and (d). If ord,(b) > 0, then ord,(a) = 0, and since 2,3 | k, we will have
ord, (3(z* — k%)) < 0 which is impossible. Thus ordy(b) = ords(b) = 0.

If we are in case (b) v comes from ¢ € {103,10303} and we also use that ord,(2y) > 0.
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This means that ¢ divides c. If we assume that ¢ divides b, i.e. ord,(b) > 0, after (5.13) it
follows that ¢ divides a as well - a contradiction. Hence in case (b) ordjg3(b) = ordjozos(b) =
0.

In any case ord, (b) = 0 if P is into (b), (c¢) or (d) , so in these cases we can add toward

the local height expression (ord, (b) logp)/2. Combining these we get

1 - . -
Z A (P) = 3 log b+ Ag + A3 + Aoz + A10303 (5.14)
v#oo

where 5\p for p | A are non-zero only if the point P falls into some of the corresponding
cases (b), (c) or (d) and then A, = \,(P).

Clearly for any P € Fp2(Q) falling in case (b) we have

1 1
1 1
/\10303(P) = glog |A|,/ = —glog 10303 (516)

Next we estimate from below Ay and A3 from cases (c) or (d). Note that in these cases
we have both ord, (3(z* — k%)) > 0 and ord, (2y) > 0.

Case p = 2. Here v(3(a? — k%*)/b*) > 0 and 2 | k, so we get 2 | a. From v(2y) > 0 it
follows that 2 does not divide d. If 22 divides ¢, then the right-hand side of the equality
(5.13) should be divisible by 2%. Note that 8 | a®, 3k%ab? but 4 || 2(k +2)b3. As 21 d, then
the right-hand side of (5.13) is = 4 (mod 8). Therefore we could have at most 2 || ¢. The
left-hand side of (5.13) is surely divisible by 2 and hence 2 | ¢. Then the only possibility
is ords(2y) = 2.

Let us take a look at 13(P). As 241 b we are interested in the 2-order of b¢s:
3a* — 18k2a®b? + 24(k> + 2)ab® — 9K*D* . (5.17)

The exact power of two dividing the summand 9k*b* is 4. If 22 | a we will have 2° |
blps + 9Kt thus 21 || o5. If 2 || @, then 2% || 3a*, 94%0? and hence 2° | b¥4)5. Therefore in
any case ords(v3) > 4. We conclude that for ords(2y) = 2 with ords (¢03) > 6 we are in

case (c¢) and

1 1 2
/\2(P) = §10g |¢2(P)|u = glog |2?J|u = —§log2.
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If ordy(e)s) is 4 or 5, then according to (d)

1 1 1
A (P) = glog|¢3(P)|,, = —§-410g2 = —§log2

or

1 1 5
)‘2(P) = glOgW?,(P)’u = —g-510g2 = —glogQ.

In any case we get
2
Xo(P) > —glog2. (5.18)

Case p = 3. Again from v(3(a® — k?b?)/b?) > 0 and v(2¢/d) > 0 it follows that 3 | ¢ and
310,d. Look at b*3(P) at (5.17). We see that 13/3 = a* + 16ab® = a(a® + b*) (mod 3)
because 3 | k. If we use 3 | ¢ in (5.13) we see that 3? | a® + 4b%. If 3 | a we should have
3| b — a contradiction, hence 3 { a. If 3% | a® + b3, then as it already divides a® + 4b%, it
would follow 3% | 3b® which is impossible. Therefore at most 3 || a® + b* and finally at most
32 || 3, i.e. ords(¢3(P)) < 2. In this case we always have ord, (¢3(P)) < 3ord, (¢»(P)),
that is situation (d) with A3(P) = log |¢5(P)|,/8 = — (ords(e3) log3) /8. Then, since the

3-order of ¥5(P) is at most 2, in any case
1
N(P) 2 =7 log3. (5.19)

When we combine the estimates (5.15), (5.16), (5.18) and (5.19) into equation (5.14)

we come to

> AP >

v#£00

2 1 1 1 1
log b—glog2—zlog3—§log 103—§log 10303 > 510gb—2.47112. (5.20)

DN | —

Case p = oco. For computing A\, we apply Lemma 5.7. It can be seen from the graphic
of Ejp2 that there are points on Ejp2(R) with 2(P) = 0. So we want to translate z — x +r
such that x +r > 0 for every x € Fjp2(R). On page 340 of [47] Silverman calls this
transformation the shifting trick. Indeed, by Theorem 18.3.a) [46] it follows that the local
height at Archimedean valuations depends only on the isomorphism class of E/Q,.

If after the translation with » we denote Ejpy — FEjp, and P — P’ by the above-
mentioned property of the local height A (P) = Ao(P’). Note that with the change

xr — x + r the discriminant stays the same. Then

1 1 <= log (z(27P
Ao(P) = 510g(9:+r)+52%.
n=0
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Figure 5.1: Graphics of Egy
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Figure 5.2: Graphics of Ej,, translated to the right

We take r = 516 after we check numerically that with this » we achieve the best lower
bound of z(x) for x > xy where zy is the only real root of the equation (z —r)3 —31212(z —
r) + 2122420 = 0. More precisely we run the MATHEMATICA procedure

Proc[r_] := (
flx_] := x~3 - 3%102"2*%x + 2*%x102°3 + 4;
fi[lx_] := flx - rl;

Clear[a];

b2 := 4xCoefficient[fl[al, a, 2];

b4 := 2xCoefficient[fl[al, a, 1];

b6 := 4xCoefficient[fl[a]l, a, 0];

b8 := 4xCoefficient[fl[a], a, 2]*Coefficient[fll[al, a, 0] -

Coefficient[f1[al, a, 1]1°2;
Pi[x_] := x"4 - b4d*xx"2 - 2xb6*x - b8;
x0 = x /. Last[N[FindInstance[f1[x] == 0, x, Reals]]];
minZ = Log[First[NMinimize [{P1[x]/x"4 , x >= x0}, x]1];
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Return [(minZ/3 + Log[x0])/2];
).

and we check with

For[r = 205, r < 1000, r += 50, Print[r, " ", Procl[r]]]
and
For[r = 515, r < 525, r ++, Print[r, " ", Proclrll]

that » = 516 gives the best lower bound

1 1
Aoo(P) > 5 {log xo + 3 log (min z(x))} > 2.85856 . (5.21)

r>x0

If we straight apply this estimate for any point P € F192(Q)/{0} including the integral
points, we have b > 1, so after (5.20)

P) > " A(P) + Aoo(P) > —2.47112 + 2.85856 > 0.38744..

v#oo

This lower bound is already much better than Hindry-Silverman’s bound. Note that it
holds for all integral points as well, including the torsion points different from the infinite
point. It follows that the only torsion point on Ejp2(Q) is O = (0:1:0).

We still try to achieve better lower bound at the non-Archimedean local heights for
non-integral points. Looking at (5.13), we see that for any prime power ¢ || b we get ¢3 || d?
and it follows that every ¢ is on even power, i.e. b is a perfect square. If 2 | b we have
b > 4. As from 2 | b it follows that the local height Ay(P) cannot fall into cases (c¢) and
(d), it is given with case (a). Then

1
> A(P) > Slogd — —10g3 — —log 103 — —log 10303 > —1.31587.
= 2 4 8 8

If 24 b we should have b > 32 and

1
> A(P) > Slog9 — —log2 - —10g3 - —log 103 — —log 10303 > —1.3725.
= 2 3 4 8 8

From the latter estimates and (5.21) we have

h(P) > 2.85856 — 1.3725 = 1.48606
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for any non-integral point P € Ejp2(Q). This proves the lemma. H

We check that L®(E, 1) # 0 by E102.analytic_rank(leading coefficient=True),

because the coefficient is far from zero: SAGE gives

L(E

lim M ~ 264.870335957636575 .
s—1 (s —1)3

For our goal ords—i L(Fi2,s) > 3 is enough so we do not delve more in the precision of

the last computation. It suggests that ords—;L(FEip2,s) = 3, as predicted by Birch and

Swinnerton-Dyer conjecture.

In SAGE we get a list of (half of) the integral points in E(Z):

E102=EllipticCurve([-31212,2122420])

int=E102.integral_points(); int
[(-204 : 2 : 1), (=90 : 2050 : 1), (67 : 727 : 1), (102 : 2 : 1), (108 :
106 : 1), (114 : 214 : 1), (618 : 14794 : 1)]

[E102.point (p) .height() for p in int]
[5.03043808899566, 4.49202786617760, 4.32825858449646, 1.25760952224891,
2.52198481475949, 2.70002260714301, 5.48053264226463]

This way we find the point with the minimal height on Ejge. This is M = (102,2), and its
negative, with a canonical height 2(M) = hg(M)/2 ~ 0.628804761.
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Chapter 6

Class Number One Problem for
Certain Real Quadratic Fields 11

6.1 Introduction

The last chapter of the thesis introduces results from a joint work with Andras Bird
and Katalin Gyarmati which is still in progress. A huge part of the work is a computer
calculation in SAGE which is not presented here but we try to give the theoretical
background in bigger detail. The reason of omitting the code is that it is quite bulky. Still

it is an important part of the proof, so its effect will be explained later in the chapter.

Let us consider the quadratic fields K = Q(v/d) with class group Cl(d) and order of
the class group h(d). Like in Chapter 3 we investigate the class number one problem
for square-free d = (an)?> + 4a and positive odd integers a and n. The aim of this
joint work is to solve effectively the class number one problem for all R-D discrim-
inants d = (an)? + 4a. What we succeeded till now is to solve the problem for a
huge class of residues of a and n modulo some certain fixed parameter. We believe that

in the future we can achieve our final goal in a similar way using more ‘arrows’ like in [4], [5].

Our main result up to this moment says:

Theorem 6.1. There is a set
HyCH:={(AN): 0<AN<5-7-13-19—-1}

satisfying |Ho| = 17718 and the following property: if d = (an)*+ 4a is square-free for odd
positive integers a and n with a > 19 and an > 2-7-13-19, and h(d) = 1, then there is
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an element (A, N) € Hy such that
a=A (modb5-7-13-19),

n=N (mod5-7-13-19).

Note that |Hy|/|H| is approximately 0.00024, so the theorem shows that we can
exclude most of the pairs (a,n) of the residue classes modulo 5-7-13-19. By Claim 2.6
and a = 3 (mod 4) we still have the remaining possibilities @ = 3, 11. However these cases
are of the same depth as Yokoi’s conjecture and we have solved their class number one

problem in identical way as in [4].

6.2 Biro-Granville’s Theorem

In [7] Bir6 and Granville give a finite formula for a partial zeta function at 0. They
illustrate its efficiency with successful solving of the class number one problem for some

one parameter R-D discriminants where a = 1. Here we restate their main theorem.

Let x is a Dirichlet character of conductor gq. Recall the sectoral zeta function we
introduced in (3.2) — for the fractional ideal I and the zeta function corresponding to the

ideal class of [
_  X(Na)
(Na)s

CI<S7Xj =
a
where the summation is over all integral ideals a equivalent to I in the ideal class group

Cl(d). Let us also consider a quadratic form f with discriminant d and introduce the sum

G(fix) = Y x(flu,v)——. (6.1)

1<u,v<q—-1

Let the element 3 € K be totally positive, i.e. § > 0. Then according to the theory of
cycles of reduced forms corresponding to a given ideal, e.g. §53 in [24], the ideal I of K has
a Z-basis (v, 15) for which 11 > 0 and o = /1y satisfies 0 < o < 1. Something more,

the regular continued fraction expansion of « is purely periodic:
a = m,alw..,ad

for some positive ¢ (which is the least period) and ay,...,a,. Here a;yy = a; for every
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j > 1. Further for n > 1 denote

& = [0,@1,...,&n]
dn
and write oy, := p, — ¢, with a_; = 1 and ag = —a. Define also for j =1,2,...
1 _ _
Qi(w,y) = 577 (Maj1z +1ia5y) (7@ 1@ + Tray)

and

fj(I,y) = (—1)ij<.I‘,y).

0= S x(ae (%)

a(q)

Now for the Gauss sum

introduce the expression
1 _
B = x (=17 (0)°L(2,X). (6.2)

Also recall that a character x is called odd if x(—1) = —1.

In [7] the following main result is proven

Theorem 6.2 (Bir6, Granville [7]). Suppose that x is an odd primitive character with
conductor ¢ > 1 and (q,2d) = 1. With the notations as above we have

¢ ¢

1 1 d _

36100 = Y6500 + 3@ () 8 ax 1.0).

=1 j=1
Let £, be the field formed by adjoining to Q all the values of the character xy and Og,

be its ring of integers. Recall that in §4.3 of [52] we can find the following equation for the
L-function and odd character y:
a

LO,x) == ) x(a)

1<a<q

(6.3)

Also consider the quadratic real character x; = <8) Note that d = 1 (mod 4), so

—1
(7) — (—=1)@"Y/2 = 1 and yy is an even character. Then we can state

Claim 6.3. For the odd character x with conductor ¢ andd =1 (mod 4) such that (q,d) =
1 the quantity L(0, xxaq) is an algebraic integer in the number field £, .
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This can be shown in the same way as the corresponding statement above Fact A [4],
using formula (6.3) for the odd character x4 and the fact that ¢ and d are coprime. The
other result generalizing Fact B [4] is Claim 2.6.

The structure of the chapter is the following: in the next section §6.3 we apply Theorem
6.2 for the specific discriminant we use. For this purpose we need some results for continued
fractions and techniques regarding their arithmetic. The main result we get is stated in
Lemma 6.5. In section §6.4 we investigate the different factors in the equation of Lemma
6.5 that would be of later use. The proof of Theorem 6.1 is explained in §6.5 and in the
last section we show how to compute faster the sum G(f1,x), something very useful for

the huge calculations we perform.

6.3 Application of Theorem 6.2 for Our Special Dis-

criminant

We use that d = 1 (mod 4), so the ring of integers Ok of the field K is of the type
Ox =Z |1, (Vd+ 1)/2]. Introduce

We have 0 < a < 1 and we take the fractional ideal I = Z[1, a]. Clearly I = O and we
apply Theorem 6.2 to compute the partial zeta function for the class of principal ideals

corresponding to I.

However to apply the upper formula for the function (; we need the continued fraction

expansion of a.

By the paper of Schinzel [45] we have that

1 1 1 1
Vid = [an, 5 =1 L1 o(an—1),2n, 5(an— 1), 1,1, o(n—1),2an].  (6.4)

Let v = v/d — an. Then we need to find the expansion of v/2 = a. For this sake we
use the following rules which are part of the algorithm described without a proof by Beck
in [3], page 78. We give three of the operations — the only ones we actually need to apply.

81



Lemma 6.4. Let H mean "Halving”, D - "Doubling” and S - ”Special operation”

applied

after D. In order to find the half of a number given in a regular continued fraction expansion

with m — some coefficient in the expansion, we have the rules:

a) H(2m) =mD (halving 2m gives m; next double the following pattern);
b) D(m,1) = (2m +1)S (after D we apply the "Special operation”);

c) S(I,m)=2m+ 1)H.

Proof. Let v and p denote part of the expansion in the form

1

1
n+—

for some positive integer n. It is clear that v < 1 and p < 1.

When we want to halve the denominator of the fraction in the form n we have
m+ v
1 B 1
1 o 1
-2m+v) m+——--r
2 1
2 (n + —)
so the next part of the expansion should be doubled. This proves a).
. ) 1
To show b) we double the denominator of an expression of the type —T So we
m +
14+v
have
1 B 1 B 1 B 1
1 o 2 1+v+1—v 1—v-
2 2 e — 2 1
2(m+1+y> m+1+y m+ T (2m + )+1+V

1—
We showed what S means exactly: it transforms expression of the type ]

1
In the case ¢) we consider v = —T

1+

m—+ [
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Then

1
1= 1 m +
L mEe
1—v m4p _ mAp+1
- 1 - m +
L B L il
1+ —— mes
m+ U
oom+tpu+l—m—p 1 B 1
B m—l—,u+1—|—m—|—u_(2m+1)+2u_<2m+1)+ 1 '
1 . 1
2\
This proves c). O

To obtain the expansion of & = /2 we now apply Lemma 6.4 for (6.4) with the integer
part an replaced by 0. We have

1

L0 - 1.1 e - 1), 20 S(an — 1), 1.1, 2 (0 — 1), 20
e —\n — —lan — n .,—Lan — —({n — an |.
’y 72 ’17\72 9 ’\2 M M 72 J?
D S D S
Thus
% = [0, Aram). (6.5)

Using the notation from §6.2 we have ¢ = 2, since we consider a > 1, and

361000 = 6500 + 3x(@ () 8 X a0, (6.6)

j=1 j=1

Here p1/q1 = [0;n] = 1/n and pa/qa = 1/(n+ 1/an) = an/(an® + 1) and a; = 1 — na,

ay = an — (an® + 1)a.
By the choice of the ideal I = Ok we have that NI =1 and v; = 1 and so
Qj(x,y) = aj1@12” + (01T + 0T -1)ay + a0y’ . (6.7)

We recall that « is the positive root of the equation (3.9): 22 + (an)x —a = 0. Then
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a+ a = —an and aa = —a. We use these to compute

Qi(z,y) = aaor’ + (aotn + andg)ry + arany’
= aazr’ + (—a(l —na) — a(l — na))zy + (1 — na)(l — na)y?

= —ax®— anxy + y2.

The coefficient in front of y? is 1 and it follows also from the fact that 1 —na = ¢4 > 1 is

the fundamental unit of Ok (see §2.3). Similarly

Qaz,y) = @z’ + (s + aodn)zy + apdsy”
= (1 —na)(l —na)z?
+{(1 = na) (an — (an* + 1)a@) + (1 — na) (an — (an* + 1)) } zy
+ (an — (an* 4+ 1)) (an — (an® + 1)a) y°

= 22+ anxy — ay2.

So
filz,y) = az? + anzy — y? (6.8)

and
fow,y) = &* + anxy — ay®. (6.9)

It is no surprise that these are the same quadratic forms as (3.10) and (3.11). We see that
f1(1,0) = a and f»(1,0) = 1. Introduce

Co = a+X(a). (6.10)

When we substitute in (6.6) we get

36100 = Gl ) + Gl + (@) (4) e (6.11)

Now assume that we are in a field K where h(d) = 1. Then all integral ideals are

principal. So our ideal class zeta function equals the Dedekind zeta function:

G520 = 3 Fyres) = Gl (6.12)

a<1(9K

We need also the following equality for the L-function and odd character y which can be
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found in §4.3 of [52]:

CK(‘S’X) = L(S7X)L(57XXCI) . (613>
Let us further denote
My 1= Z ax(a) = —qL(0, ). (6.14)
1<a<q

Then from (6.12) and (6.13) we have

q¢r(0,x) = qL(0, x)L(0, xxa) = —myL(0, xXxa) -

Plugging in the latter equality (6.11) we get

—%me(O,xxd) = q(G<f1,x) +G(f2x) + gx(d) (g) ﬁxca)> : (6.15)
Introduce the notation
Cyla,n) :=q (G(fl, x) + G(fa, x)) : (6.16)

Then (6.15) transforms into

Lemma 6.5. With the upper notations, if h(d) = 1, we have

—my L(0, xxa) = 2C,(a,n) + ngx(d) (g) ByCa -

Take a prime ideal R in O¢ _lying above a rational prime r such that m, € . We get
a formula that in some sense generalizes formula (2.10) in [4] just like Yokoi’s discriminant
d = n? + 4 is a special case of the discriminant we consider. Indeed, by Claim 6.3 we have
L(0,xxa) € Og, s0 —myL(0, xxq) =0 (mod R). Then by Lemma 6.5 we have

0= 2C,(a,n)+ nx(d) (g) qByca (mod R). (6.17)

Require also (R, ¢f,) = 1 and (R, ¢,) = 1. Then we transform (6.17) into

d\ Cy(a,n)
n=—2x(d (—) X mod fR). 6.18
@) (5) "o (mod (6.15)
Ome can check that if we substitute a = 1 in (6.18) we arrive at the same formula,

as if we apply Theorem 6.2 for @ = 1. Then (6.18) is exactly formula (2.10) in [4].

85



This also follows from the fact that the two formulae for the residue n modulo R in

[4] and [7] for Yokoi’s discriminants are equivalent, though this is not explicitly noted in [7].

Let us assume that the parameter a in the formula (6.18) is congruent to 1 modulo R

and modulo ¢. Then

and in this case we have

d\ C,(1
n=—x(d) (—) G od ). (6.19)
45

We notice that this is formula (10.1) in [7] with the change of notation: our C\(1,n) is
twice the value of C, defined in [7]. For the proof of the Yokoi’s conjecture the original
Bird’s graph have been used

175 (6.20)

L\

1861 =— 61 ——=41
and we checked that the graph

175

AN

1861 61 —41 ——11

also proves Yokoi’s conjecture. A meaning of ‘graph’ close to the original definition in [4]

would be explained in §6.5.

Now denote M :=41-61-175-1861. If a = 1 (mod M) the formula (6.19) is valid
for all members of the graph (6.20) and this is exactly formula (10.1) from [7] where the
Yokoi’s case is solved. Therefore this solves the class number one problem for the infinite
class of discriminants d = (an)? + 4a with a = 1 (mod M). Notice that the vertices in
the second graph are the same as in (6.20) plus one more, 11. Therefore having resolved
a =1 (mod M), the case a =1 (mod M - 11) is also included in it.

Remark 6.6. If ¢ and r divide n in the general case where a > 1 the congruence (6.17)

yields only the trivial 0 = 0 (mod fR) because in that case Cy(a,n) = 0 ( this will be shown
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in Lemma 6.11 in the next section). This was the motivation for using real character x in
Chapter 3 and investigating only the case ¢ | n. But in the case ¢ f n we can exclude a lot

of residue classes on the basis of (6.17), as we will explain in §6.5.

6.4 Further Remarks on Lemma 6.5

First we find a more simple finite form for 3. Let

W= xn)— (6.21)

and consider the Jacobi sum

a,b (mod q)
a+b=1 (mod q)
The following claim shows that 3, is actually not only algebraic integer but also computable
in finitely many steps which is not at all evident from definition (6.2). The claim is proven
in §6 of [7].

Lemma 6.7. Let x be a primitive character of order greater than 2. For the unique way
to write x = x1+Xx— where x4, xX_ are primitive characters of coprime conductors q., q_

respectively, such that x_ has order 2, and X2+ 1s also primitive, we have

p’xi(p) —1

By = X+(=1) Iy, 1m(q-) H pxi(p) -1

plg-

The following statement(§9 in [7]) reduces with a half the required checks in the com-
puter calculations performed for this chapter. As the exposition in [7] is somewhat sketchy

we give here a detailed proof.

Lemma 6.8. For odd complex character x with conductor ¢ > 2 such that (q,2d) = 1 we

have

G(f1,x) = G(f2, x) -

Proof. In (6.1) we change the summation by u — v, v — g — u. Then for the new variables
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again 1 <v,q—u<q—1. Now

vg—u
G(fx) = ), xl@®+aw(g—u)—u’)-
1<u,v<g—1 q q
= x(av? — anvu — UQ)E_—U + Z x(av® — anvu — u2)E
1<u,v<g—1 749 1<u,w<qg—1
- X(-Dx(av? +amvu+ w07 =S (o)
1<u,v<qg—1 a4 1<u,v<g—1 q
uv v
= X(fQ(uav))__ - Z X(fQ(uav))_'
1<u,v<qg—1 79 1<u,w<g—1 q
We use the notation
n

1<m,n<qg—1

for the quadratic form f(z,y) = Az? + Bwy + Cy*? with square-free discriminant
A = B%? — 4AC and h(z) € Z[x].

Therefore we have

G(fi,x) = G(fas x) — g(x; fo, 1) .

We will prove that

We will make it by showing that g(x, f2, 1) = 0 and g(x, f2,t —1/2) = 0.

First notice that there is a g with (g,¢q) = 1 such that x(g) # 0,1 and one can find r, s
for which g = r* — As? (mod ¢). The argument that follows is for square-free ¢ and the
one for general ¢ follows easily. The existence of such r and s follows from the theory of
norm residues modulo ¢ in Q(v/A) for (¢, A) = 1, see Theorem 138 and Lemma from §47
in [24]. Basically we use that the group of norm residues modulo ¢ is big, take element g;
from it and then choose g to be g; or 4¢g; depending on the residue of the discriminant

of the field modulo 4. In this case r? — As? is the norm, or four times the norm, of an
algebraic integer in Q(v/A).

Now if we choose M and N satisfying

(2AM + BN) + VAN = (<2Am + Bn) + \/Zn) (r + VAs)
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we get
((2AM + BN) + \/ZN) <(2AM + BN) — \/ZN> — 4Af(M,N) = 4Af(m,n)(r?—As?) .

From definition (3.11) the coefficient A of f; equals 1, i.e. (A,q) =1, so we get fo( M, N) =
fa(m,n)g (mod ¢). One checks that

()2 ()

with determinant of the upper matrix, denoted by T, equal to r* — As* # 0. Since ¥ is
invertible and m and n are linear forms of M and N, if some of the latter do not take
each residue modulo ¢ exactly ¢ times, then some of the residues m or n will not either.
Therefore when 0 < m,n < g—1also 0 < M, N (mod q) < ¢ — 1. Notice as well that

g6 £ = > x(f(m,n))

0<m,n<qg—1

because x is not a real character and

> o x(Amf) = > x(Cn?) =0.

0<m<q—1 0<n<qg—1

That is why we can substitute m and n with M and N in the sum g(x, f2,1). We get
g(Xa f27 1) = X(g)g(X7 f27 1) Hence

1<m,n<qg—1
1
Further, consider the Bernoulli polynomial B;(x) := = — 3 We notice that By(1 — z) =

1 n qg—n
g t= —Bj(z). Therefore x(f(m,n))B; (E) =—x(fl¢g—m,q—n)) By ( . ) and
o0 f.B) = 3 ma)B) == 3 (- ma—m)Bi(t_)
— gL B). o

We got that g(x, f, B1) = 0. This and (6.24) yield (6.23) and therefore we complete the
proof. O
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If we apply real characters we get:

Remark 6.9. It could be checked that for odd real character y = (—> with conductor
q
q¢ =3 (mod 4) such that (¢,d) = 1 we have

G(fi,x) = G(f2x) — % (1 - (g)) v(q)

where ¢(q) is the Euler function. Thus G(f1, x) = G(f2, x) only if x(a) = 1. This is only
one of the many reasons why simply taking x to be a real character does not seem to solve

the whole class number one problem for d = (an)? + 4a via Lemma 6.5 .
Further we state

Lemma 6.10. For any odd character x with conductor q > 2 we have
Cy(a,qg —n) =—C\(a,n).

Proof. To show this we substitute n — ¢ — n in the definition of G(fi, x):

Ty
G(fiX)gn = > xlaz®+alg—n)ay —y*)=>
1<z,y<g—1 149
= Y x(az® - anay — )Y
1<z,y<q-1 14
T
= Z x(—1)x(—az? +anxy+y2)—y
1<z,y<g—1 149
= _G(f27 X)n :

Thus we have that

écxm, 4= 1) = G(f1s Voo + G g = ~Cfos X — CUfra X = —éc;(a, n).

[]

Applying this lemma we can always compute only the first half of the residues n modulo

q whenever we need the value of C,(a,n). As an immediate corollary we also get

Lemma 6.11. For any integer a we have

Cy(a,0)=0.
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Indeed, C,(a,0) = Cy(a,q —0) = —C\(a,0) and therefore the claim. This also means
that for any n divisible by ¢ we have C,(a,n) = 0.

We also asked ourselves how the equation of Lemma 6.5 behaves when R divides (q)
itself. Let ¢ be a prime number, g, be a primitive root modulo ¢ and ¢, = e (1/(¢ — 1)) be
a root of unity of order ¢(q) = ¢ — 1. Consider the primitive character x, with conductor
g such that x,4(g,) = ¢g- Then x(-1) = -1, £, = Q((,) and Og = Z[(,] by Theorem
2.6 [52]. Also it is clear that 3,, = —7y,Jy, after Lemma 6.7 .

From Lemma 6.5, (6.16) and Lemma 6.8 we get

d
—qmiy, L(0, XgXa) = 46°G(f1, Xq) + n¢°Xq(d) (5) VxiaxqCa -

By the ideal decomposition of the Jacobi sum in Z[(,] we know that .J,  is in some of
the ideals above ¢. This could be seen in [53], a paper which is a good reference on the
properties of Jacobi sums. Further one can show that m,,, q%xq are in almost all prime

ideals in Z[(,] over q. Thus one wants to check
4¢°G(f1,xq4) =0 (mod 9%3)

for such a prime ideal R, over ¢ where m,_, J,,, qQ’qu € R,. Unfortunately computer
checks show that the upper congruence on G(f1,x,) is trivially fulfilled for any prime q.

Therefore it is certainly necessary to take SR over a prime rational r different from gq.

6.5 On the Proof of Theorem 6.1 and Further Plans

Suppose now that x is an odd primitive character modulo ¢ > 1 and (¢,2d) = 1.
Assume, in addition, that x is a complex character, i.e. x? # 1. In this case below we will
use Lemma 6.8 and Lemma 6.7. By (6.16) and (6.17) we get

4 | [T ) —1) | G(fx) +

plg~

+nx(d) (g) oy, Yaett(g-)x+ (1) | [T (X3 (p) — 1) 0 (mod M), (6.25)

plg~
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where the ideal R lies above the rational prime r, m, € & and (r,¢) = 1. Then it is clear,
using (6.1), the definition of f; (6.8) and (6.10) that the truth of (6.25) depends only on

the residues of a and n modulo qr.

Let us now define a directed graph in a similar but slightly different way than in [4].
Let us denote by an arrow

qg—r

that the following conditions are true: ¢ > 1 is an odd integer, there is an odd primitive
character y modulo ¢ such that x? # 1, and there is a prime ideal R of £, such that R
lies above the odd rational prime r, which satisfies (r,q) = 1 and m, € PR. The latter
condition can arise for example for an odd character if r | h™(¢), where h™(q) is the
relative class number of the cyclotomic field Q(¢,) for ¢, = e (1/¢(g)) (Theorem 4.17 [52]).

All arrows we use are derived from Table §3 for relative class numbers in [52].

Let ¢ — r holds. Then by the considerations above and by Claim 2.6 we get that if
h(d) = 1 for the square-free discriminant d = (an)? + 4a satisfying qr < an/2, and a is

greater than any prime factor of ¢r, then

<(an)2 + 4a) _ (6.26)

p

for every prime divisor p of ¢r, and (6.25) also holds. We see that (6.26), similarly to

(6.25), depends only on the residues of a and n modulo gr.

Our Theorem 6.1 follows by using the concrete arrows

5x19 7x19
13

Indeed, 5-19-13 and 7-19 - 13 divides 5- 7 - 13 - 19, so if we fix the residues of a and n
modulo 5-7-13-19, then the residues of a and n modulo ¢gr are determined for both of the
two concrete arrows. Checking (6.25) and (6.26) for both arrows and for every (a,n) € H
(see Theorem 6.1 for the set H) we obtain Theorem 6.1.

We explained above the theoretical background of the proof of Theorem 6.1. However,

very hard computations were also needed to get the result, and we used SAGE for these
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computations. We also used a slight simplification of the formula for G (fi,x) in or-

der to make the computations faster. We will present this simplification in the next section.

We outline finally our future plans. Besides the arrows already used we want to apply
also the following ones:
13 x19 — 3,5,7,73,

3% 5 x 19 — 37,73,
7x 13 — 37,
7 x 19 — 3,37, 73.

By heuristic considerations we hope that these arrows will yield that h(d) = 1 is possible
only in the case when n is divisible by all the prime factors involved, i.e. if 3, 5, 7, 13, 19, 37
and 73 divide n. In case there are a few exceptions, there are still a lot of possibilities with

numbers ¢, r already mentioned and also with
q=3°-19,3>.7,5-7*, 3.7,

r =109, 127, 163, 181 .

We remark that we use these specific arrows because this part of the graph is fairly dense
(i.e. there are many arrows connecting the above-mentioned vertices), and this gives good

chance to exclude residue classes.

So we expect that we will be able to prove a theorem that h(d) = 1 is possible only if a
certain large integer divides n. But as Remark 6.6 shows, it is unavoidable (using only the
method of the present chapter) that such exceptional cases remain. However, we have also
a method (see Chapter 3) to exclude cases m | n for certain fixed integers m. Therefore the
methods of Chapter 3 and the present chapter are complementary in some sense. So we
can hope that combining these two methods and choosing the parameters in a lucky way
finally we will be able to determine every field with h(d) = 1 in the family d = (an)? + 4a.
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6.6 Quicker Computation of G (fi, x)

Let ¢ be a square-free positive integer. If x is a character modulo ¢ and A, B,C are
integers, let
Tyq (A B,C) = Z X (Au® + Buv + Cv*) uv . (6.27)

0<u,w<qg—1

We are interested in this sum in order to compute G (f,x) from (6.1), but we divide it
into smaller parts according to the greatest common divisors (u, ¢) and (v, q), and we first

compute these smaller parts. We introduce a definition.

Let g be a square-free positive integer, and let d; and dy be two positive divisors of
q. If x is a character modulo g and A, B, C' are integers, let S, ,.4,.4, (4, B,C) denote the

following sum:

Z Z x (A (dyu)? + B (dyu) (dyv) + C (dgv)g) uv (6.28)

u€R(q/d1) veR(q/d2)

where
Rm):={a: 0<a<m-—1, (a,m) =1}.

By (6.27) and (6.28), and taking (u,q) = d; and (v, q) = ds, we get

Tvq(ABC)= > Y didsSygaa (A B.C), (6.29)

dilq,d1<q dz|q,d2<q

so it is enough to deal with (6.28) in order to compute (6.27).

Let us assume now that (dy,ds) = 1 and with the definition d3 := ¢/d;d> we also have
(dy,d3) = (d2,ds) = 1. Then there are characters y, modulo d; for 1 <4 < 3 such that

X = Xdi Xd2 Xds - (6.30)

We regard Sy 44,4, (A, B, C) as the inner product of the functions
fi(w,0) = fi (u,05x) = x (A (dyu)® + B (dyu) (dav) + C (dov)?) (6.31)

and

fo(u,v) = uv,
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and we compute this inner product using the dual group, i.e. the group of characters.
Denote by X (n) the group of characters modulo n, then by the orthogonality relations for

characters we see that S, 4.4,.4, (4, B, C)) equals

Z fi (Uh Ul)U2U2
w1 us€ Rq/dy) ¥ ( 7 > v (l)
v1,v2€R(q/d2)

Here ¢(x) is the Euler function. For ¢ € X (n) let m (n,¢) = my = » a(a). Then

changing the order of summations we get that S, 44,4, (4, B, C) equals

leeX(%),xzeX(%) m <di1’X1) m <%7X2>

o () ()

X (A (dywr)? + B (drdayuyvy) + C (dyy)?)
X1 (u1) xz2 (1) '

s, (6.32)

where

(6.33)

>

u1€R(q/d1),v1€R(q/d2)
Now, x; is a character modulo dads, and (dy, d3) = 1, so there are characters x; 4, modulo

dy and x4, modulo d3 such that

X1 = X1,d2X1,ds - (6.34)
Similarly, there are characters x2 4, modulo d; and x4, modulo ds such that

X2 = X2,d1 X2,ds3 - (6.35)

Then using (6.30) and the notation (6.31) we see that ¥ equals

Z Xy (C (d2v1)?) Xay (A (drun)?) fr (ur, o1 ng)'

w1 €R(q/dy) 1 €R(q/da) X1y (1) X1ds (u1) Xa.dy (V1) Xa.a5 (01)

Let
uy = Xd2 + ng,

v = Zdl + Vdg,
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then ¥ equals the product of the following three lines:

3 Xds (A (d1 X do)? + B (d1ds X dyZdy) + C (dyZdy)?)

X,Z€R(ds)

Z Xa, (A (d1Yd3)?)

X1,ds (Xd2) X2,45 (Zdy)

YeR(ds) X1,dy (Yd:s)

Y

3 Xa, (C (daVd3)?) |

vema) ~ X2d (Vds)

By the orthogonality property of characters we have (6.37) is 0 unless

N2
ledQ - ng b

and (6.38) is 0 unless

N2
X2,d1 - Xdl .

And if (6.39) and (6.40) are true, then the product of (6.37) and (6.38) equals

@ (d2) Xa, (A (d1)2) ¢ (di) Xa, (C (d2)2) .

We see by the substitution r = X/Z that (6.36) is 0 unless

2 _
Xd; = X1,dsX2,ds »

and if (6.42) is true, then (6.36) equals

@ (d3)
’ X1.ds (d2) X2,d5 (d1) reR(d3)

which can be written as

(2 (d3> Xl,d3 (d1> X2,d3 <d2) Ud3 (ng? Xl,d37 A7 BJ C) )

using, in general, the notation

Xds ((d1d2)2) Z Xds (AT’Q + Br + C)

X1,ds (T)

2+ Br+0C)

Un (V1,109, A, B,C) = Z Uy (Ar

reR(n)
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for ¢,19 € X (n). From (6.30), (6.34) and (6.35) we see that (6.39), (6.40) and (6.42) are
true if and only if x> = x1x2. And if x? = x1x2, then we have by (6.36), (6.37), (6.38),
(6.41) and (6.43) that

Y= 4 (Q) Xd2 (A (dl)z) Xd, (C (d2>2) X1,ds3 (dl) X2,d3 (d2> Ud3 (Xd:w X1,ds> A’ B, O) :
Therefore finally we get by (6.32) and (6.33) that S, 44, 4, (4, B,C) equals

Xda (A <d1)2) Xd, (O (d2)2)

2 (d5) (6.45)

times
Z m (%7 Xl) m (%’ X2> X1,ds (d1> X2,ds (d2) Ud3 (Xd37 X1,ds s A7 Ba C) ) (646)

where the summation is over characters yi, xo satisfying the following conditions:

x1€X (d%) X2 € X <d%) >X1X2=X2-

We now make some minor remarks before stating our lemma.

Assume that x? is not the principal character. Then we may assume that y; and y»
are odd. Indeed, it is clear that either both of them are odd or both of them are even,
and that at least one of them is nonprincipal. If, for example, x; is even and nonprincipal,
then it is easy to see that m (q/dy, x1) = 0. It follows that if d3 = 1, then the whole sum
is 0, since in that case x1x2 = x? and (¢/di,q/ds) = 1 imply that x; and Y. are squares,

hence they are even.

Observe also that if (dy,d2) > 1, then S, 44,4, (4, B,C) = 0 by (6.28), as any value of

the character x in the definition of the sum is 0.

Let n be a positive integer and 11,19 € X (n). We show a multiplicativity property
of the function U,,. Let n = Hle n;, where the integers n; are pairwise relatively prime.
Then

k
Y = Hl/fj,i
=1

for 1 < j < 2, where 1;; is a character mod n; for 1 < j <2, 1 <i<k. Any r € R(n)
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can be uniquely written in this way:

k
Zriﬁ (mod n),

n
=1 v

where r; € R (n;). Then we see using (6.44) that U, (¢, 9, A, B, C) equals

> Hlewl,i(A(n[[) + Br; +O)

k n
T1€R(n1) ’I"QGR(TLQ) TkER(TLk) H@':l ¢2,i (T"LTL_Z)

Y

hence

k
Un (wla w27 A7 Ba C) - H Unl (7/}1,1'7 w2,i7 A: Ba C) .
i=1
From (6.29), (6.45), (6.46) and the considerations above we get the following lemma.

Lemma 6.12. Assume that x* is not principal, and q is square-free. Remember that X (n)
denotes the group of characters modulo n, let X~ (n) denote the group of odd characters
modulo n, and recall m (n,) = S"—) arp (a) and the notations (6.27), (6.44). Then

didaxa, (A (d1)°) xay (C (da)”)

Ty (A,B,C)= ) ¢ (ds)

(d1,d2)EH

Xdy dy (6.47)

where

Edl’dZ - Z <d17X1) (d ’X2) Xl ds3 (dl)X2d3 d2 HU Xp7X1p7A B C) (648)

plds

and the summation here is over characters x1, X2 satisfying the following conditions:

X1 € X~ <d1)7 X2 € X~ (d%)’ Xix2 = X°.

Here, with Z, denoting the set of positive integers,
H={(d,dy) € Z3 : dids]|q, dids < q, (d1,ds) =1},
d3 = q/d1dy, and

X = HXp7 X1 = HXl,p; X2 = HX?,p;

plg plg plg
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where Xp, X1p, X2,p are characters modulo p, and if d is a divisor of q, then

Xd ‘= HXp7 X1,d ‘= HXl,p: X2,d = HXz,p-

pld pld pld

Remark 6.13. The statement of the lemma is not very simple, but our computations
become shorter using this lemma. Indeed, for the computation of G (fi,x) for every
possible pair of parameters we have to compute T, , (A, AN, —1) for given x and ¢, for
every pair 0 < A, N < ¢ — 1. Using the definition of T ,, i.e. formula (6.27), we can do it
in around ¢* steps: the number of (A, N) pairs is ¢%, and for every pair we have a sum of
¢* terms in (6.27).

For simplicity let us assume that ¢ has boundedly many prime factors. Then for given
A and N the sum (6.47) has boundedly many terms, and (6.48) has O (¢) terms. So using
Lemma 6.12 we can compute T}, (A, AN, —1) for all the pairs 0 < A, N < ¢ —1in O (¢*)
terms (instead of the trivial way of computation in O (¢*) steps mentioned above). Of

course, at the beginning we have to compute the building blocks

W(0) ot <acuvex()

and

Up(Xpa¢7AaB7_1) for p|Qa¢€X(p)a OSASP_L OSBSl

(it is easy to see from the definition (6.44) that we can indeed assume 0 < B < 1, since
the case of a general B can be computed from these cases), and these building blocks can

also be computed in O (¢®) steps.
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Appendix A

Proof of Lemma 3.4

The proof here represents word for word the proof of Corollary 4.2 in [7] which we use
in Chapter 3. We give it in order to keep the presentation of Chapter 3 as self-contained

as possible.

Proof of Lemma 3.4. As it was first realized in [4], the value of the function Z;, ,(0) in
the Yokoi’s case a = 1 can be computed using a result of Shintani. This is also the way in

the most general case of real quadratic field K that Lemma 3.4 treats.

a
Let for the matrix <

b
p ) with positive elements and x > 0,y > 0 we define the
c

zeta function
¢ <S7 ( Z 2 ) , (, y)) = Y (a(ni+2) +b(na+y))*(c(ni + ) + d(na+y)) " .

ni1,n2=0

Then we have

Claim A.1 (Shintani). For any a,b,c,djx > 0 and y > 0 the function

d
the whole complex plane and

¢ ( ( . ) ,<x,y>> = BB+ (Bae) (5+5) + 20 (54 7))

Note that A = PC;D-‘ = tcféﬂqé = tc — d + ¢ and therefore 0 < A < t. Let

0 = Xe+ Ye* for some rationals X > 0,Y > 0. Write X = gz + gny and Y = qy + qns

b
¢ (5, ¢ ,(x,y)) is absolutely convergent for Rs > 1, extends meromorphically to
c

for some nonnegative integers n; and n, and rational numbers 0 < x < 1,0 <y < 1 which
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can be done in a unique way. Then on the one hand,
BB = q¢* (e(n1 + ) + e*(na + 7)) (€(ny + ) + e (ny +y))

and on the other hand we have that § € I and f = w (mod ¢) hold if and only if ze +
ye* — (ce+ df) € I. Therefore

Z(s) = % > C(s, ( ° ) ,(x,y)>
q (z,y)ER(C,D)

where R(C, D) := {(z,y) € Q*: 0 <2 < 1,0 <y < 1,ze+ye*— (ce+df) € I}. Therefore
by Claim A.1 we get

gy

Q]
®
*

Z20)= Y (Bl(a:)Bl(y)+Tr (1) Boto) + 77 (Z—e) BQ(y)) |

(z,y)€R(C,D)
We observe that for any m,n we have

mf+ne (n— e+ Fe’

q q

and so it is easy to see that the possibilities for (m,n) having (x,y) € R(C, D) with

= (3e-5)-4%)

' tC — D

are

with an integer 0 < 57 < ¢ — 1. This is so because the possible values of m are obviously

these t values, and once m is fixed, n is unique. Now

' tC — D C fo<j<A
i —(Ct )/q<2,sonj:{ HY=J

0<1l+4+=-— ,
C+q ifALZj<t
and therefore

(&

200 = % (BulepBi) + v (1) Bae) + 7 () Bat)
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c—y; ifo<j<A

Whereyj:@f0r0§j<tandxj: _ .
c+1l—y, HAL<j<t

Now, by (3.8) we have

> Biu) = Y B = ya)

and

t—1 A-1 . t—1 .
A—j—9 t+A—75—-90

j=0 =0 j=A
t t—1
k—206 0+1 1
- Ya () -Tm () -
k=1 =0

Now since By(x) + Ba(y) + 2B1(x)Bi(y) = (z +y — 1)? — 1/6 we easily deduce that

t—1
t
(Ba(zj) + Ba(y;) + 2B1(z)Bi(y;)) = A(c — 1)* + (t — A)c® — g
0

]:

The result then follows from the last four displayed equations, and the facts that

e I —f e* I f
I <4te*> 2t o (46*) and T'r (4te) 2 T (46) '
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