Functional Analysis, BSM, Spring 2012
Homework set, Week 1
Solutions

1. If Lz = A\x for some nonzero x = (aq,as,...), then we have z = (a1, Aoy, \N2aq, A3ay,...) with a; # 0. So
we need to determine the set of those A for which (1, A\, A%, \3,...) is in the given spaces CV, /., and Ly:

a) C;

b) {A e C: A <1}

c){ eC:|N<1}.

2. Clearly, the kernel is the set of constant functions and the range is the whole space C°°[0,1]. The set of
eigenvalues is R, since for any A\ € R the function f(r) = e*® is an eigenvector with eigenvalue \:

(Df)(x) = ['(x) = A = Af ().
3. Our assumption is that
Z ;> < 0o and Z 18i] < oo;
i=1 i=1
we need to prove that

oo
Z|ai + Bi)? < oo.

i=1

Using the triangle inequality and the fact that 2ab < a® + b? for nonnegative reals a, b:
i + Bl < (loul +18:)* = leul* + 18" + 2 || 1Bi] < 2]eu* +2(8:]*.

It follows that
oo [e.e] o0
olai+ B <2 sl +2) |8 < oo
i=1 i=1 i=1

One can prove the same statement for any £,, p > 1 space instead of ¢5. For nonnegative real numbers a

and b it holds that
»/aP + bP < a—i—b.
2 - 2

This implies that (a + b)? < 2P~1(a? + b?). Consequently,

St A< S (ol 418D < 20 el + 20 1Z|@|”<oo
=1 =1 i=1 =

4. Consider the map T that takes

(o1, g, a3, 4, a5, a6, a7, 08, Qg - - )
to

(asa aq, a5, 2, 7, 0y, g, Og, A1, - - )
It is not hard to check that T is a linear transformation from £, to itself. Clearly, 0 is not an eigenvalue for
T'. Suppose that some A\ # 0 is an eigenvalue. The corresponding eigenvector must be

-1 1 -2 2 -3 3
(Oq,/\ 011,>\ 051,)\ Ozl,)\ 041,)\ Oq,/\ 061,...)

for some a; € C\ {0}. If |A\| < 1 or |A| > 1, then the above sequence is clearly not bounded. So in these cases
none of the possible eigenvectors are in ¢o,. However, if |A| = 1, then the above sequence is bounded and it is
indeed an eigenvector for 7' with eigenvalue .



5. Let

0 ift0<x<1/2-1/(4n)
fal@)=< 2nz—n+1/2 if1/2-1/(4n) <z <1/2+1/(4n)
1 if1/241/(dn) <z <1

It is easy to check that (f,) is a Cauchy sequence in (C0,1],d). However, it is not convergent. A heuristic
proof: the sequence should converge to the function

[0 f0<a<1/2
f(f”)_{l if1/2<z<1

but this is not a continuous function.

A rigorous proof: suppose that (f,,) converges to a continuous function f. We distinguish two cases. First,
assume that f(1/2) > 1/2. Since f is continuous at = 1/2, there exists a § > 0 such that f(x) > 1/4 for
x €[1/2—4,1/2 + ). It follows that |f,(z) — f(x)| = |f(x)] > 1/4 for x € [1/2 —6,1/2 — 1/(4n)]. Then

1/2-1/(4n)

[Fule) = f(2)] da > (5— 1) !

dhf) = [ 1u@) = @) de = [ =)

/2-6

which does not tend to 0 as n — oo.

If f(1/2) < 1/2, then there exists a § > 0 such that f(z) < 3/4 for x € [1/2 —6,1/2 4 §]. Tt implies that
|fr(x) = f(x)|=11 = f(z)] > 1/4 for x € [1/2 + 1/(4n),1/2 + §]. It follows (similarly as in the first case) that
d(fn, f) # 0.

6.

lan — am| = [d(Tn, Yn) — AT, Ym)| = (@0, Yn) — d(@ns Ym) + d(@0, Ym) — AT, Ym)| <

Let € > 0. Since (z,,) is Cauchy, there is an Ny such that d(z,,z,,) < /2 for n,m > Nj. Similarly, there is
an Ny such that d(yn, ym) < £/2 for n,m > Ny. Set N = max(Ny, N3). Consequently, if n,m > N, then

|an, — am| < d(Yn, Ym) + d(@Xn, ) <e/2+¢€/2 =¢.
7. Suppose that x1,x2,... € X is a Cauchy sequence. We need to prove that it is convergent. Let
(n) _(n) )

— (g™
T =(a; ,ay a3 ,...

and € = 1/k for some fixed positive integer k. Since (z,,) is Cauchy, there is an N such that d(z,,z) < e =1/k
for n,m > N. It follows that for n,m > N we have

A — 0™ 0l — ol ™ — g,
In other words, the first k& elements of the sequences xn,zn+1,... are the same.

We showed that for any k, after a while (n > N) the k-th elements are the same in all z,,’s. Let by denote
this stabilized k-th element. Let y denote the 0-1 sequence (by,bs,...). It is clear that z, 4, Y.
8. We need to prove that for arbitrary = € X; \ {0}:

[ST||3

[t

< [|Sll2,3lT1.2-

If T =0, then STz = 0, and we are done. Otherwise:

[STxlls _ [|ST=lls  [[Tz]2
= : < [IS12,31T1.2-
(et ITzll2




