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The leitmotif - a remark of Erdés and Rado

The following statements are equivalent:
@ Either a graph or its complement is connected.
@ Every 2-colored complete graph has a monochromatic spanning tree.

e If two partitions are given on a ground set such that each pair of
elements is covered by some block of the partitions then one of the
partitions is trivial - i.e. has only one block.
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The leitmotif - a remark of Erdés and Rado

The following statements are equivalent:
@ Either a graph or its complement is connected.
@ Every 2-colored complete graph has a monochromatic spanning tree.

e If two partitions are given on a ground set such that each pair of
elements is covered by some block of the partitions then one of the
partitions is trivial - i.e. has only one block.

@ Pairwise intersecting edges of a bipartite multigraph has a common
vertex.
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The dual of partitions

A
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, o o

The dual of two partitions is a
bipartite multigraph
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Type of spanning trees

AN

Height two tree

Octopus

——%

Broom
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Height two, octopus
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Height two, octopus

(Bialostocki, Dierker, Voxman, 1992)In every 2-coloring of K,, there exists a
monochromatic spanning octopus and also a monochromatic spanning tree
of height at most two.

V. max mono degree

Andras Gyarfas omputer and AuULarge monochromatic components in edg April 18, 2009 6 /41



Andras Gyarfas LOM puter and AuULarge monochromatic components in edg April 18, 2009 7/ 41



(Burr 1992) In every 2-coloring of K, there exists a monochromatic
spanning broom.

w.l.o.g the red graph is at least as
connected as the blue graph

Disconnecting set
of blue graph A

[A.B]
1 Complete bipartite in
red

Union of a cycle and a complete bipartite
graph has a spanning broom!
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diameter three subgraph

Andras Gyarfas LOM puter and AuULarge monochromatic components in edg April 18, 2009 8 /41



diameter three subgraph

(Bialostocki 1992, Mubayi 2002, West 2000) In every 2-coloring of a
complete graph there is a monochromatic spanning subgraph of diameter
at most three.

If v.w are at distance > 2 in the red graph then
there is a blue spanning double star
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Large mono diameter two subgraph

(Erdés - Fowler, 1999) In every 2-coloring of K,, there is a monochromatic
subgraph of diameter at most two with at least 374” vertices. This is sharp as
the following figure shows.
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2-connected subgraphs

(Bollobas-Gy. 2008) For n > 5 there is a monochromatic 2-connected
subgraph with at least n — 2 vertices in every 2-coloring of K,,. This is
sharp as the following figure shows.
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High connectivity plus small diameter
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High connectivity plus small diameter

(Gy-Sarkézy-Szemerédi to appear) For every k and for every 2-colored K,
there exists W C V(K,) and a color such that |W| > n — 28k and any two
vertices in W can be connected in that color by k internally vertex disjoint
paths, each with length at most three.
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Gallai-colorings

Edge colorings of complete graphs in which no triangles are colored with
three distinct colors are called Gallai-colorings. These colorings are very close
to 2-colorings as the following decomposition theorem shows. This result is

implicitly in Gallai's seminal paper.

April 18, 2009 13 / 41

omputer and AuULarge monochromatic components in edg

Andras Gyarfas



Gallai-colorings

Edge colorings of complete graphs in which no triangles are colored with
three distinct colors are called Gallai-colorings. These colorings are very close
to 2-colorings as the following decomposition theorem shows. This result is

implicitly in Gallai's seminal paper.

(Gy. - Simonyi 2004) Every Gallai-coloring can be obtained from a
2-colored complete graph with at least two vertices by substituting Gallai

colored complete graphs into its vertices.

April 18, 2009 13 / 41

omputer and AuULarge monochromatic components in edg

Andras Gyarfas



Gallai-coloring by substitution

Substituting into red-blue coloring
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Extending results for Gallai-colorings

Every Gallai-coloring of K,, has a monochromatic
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. double star with at least % vertices
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Extending results for Gallai-colorings

Every Gallai-coloring of K,, has a monochromatic

1. spanning tree

. spanning tree of height at most two

. spanning broom (Gy. - Simonyi, 2004)

. spanning diameter three subgraph

. diameter two subgraph with at least % vertices

. double star with at least % vertices
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vertices

. complete bipartite subgraph with at least %1

Andras Gyarfas omputer and AuULarge monochromatic components in edg April 18, 2009



Extending results for Gallai-colorings

Every Gallai-coloring of K,, has a monochromatic

@ 1. spanning tree

2. spanning tree of height at most two
3. spanning broom (Gy. - Simonyi, 2004)
. spanning diameter three subgraph

. diameter two subgraph with at least % vertices

() IG5 BN

o
o
o
o
@ 6. double star with at least % vertices
o

%1 vertices

7. complete bipartite subgraph with at least

All - except 3. - can be obtained as ‘black-box’ extensions from the corre-
sponding 2-coloring results...(Gy-Sarkézy-Sebs-Selkow to appear)
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Multicolorings from affine planes

Consider an affine plane of order r — 1 that is r partitions of a ground set
V,|V| = (r—1)? into blocks of size r — 1 so that each pair of elements of V
is covered by a unique block. (If r — 1 is a prime power, affine planes indeed
exist.) There is a natural way to color the edges of a complete graph with
vertex set V: for i =1,2,...,r color the pairs within the blocks of the i-th
partition class with color i. For example, for r = 3 we obtain the 3-coloring
of Ky (a factorization), for r = 4 we obtain the 4-coloring of Ky where each
color class is the union of three vertex disjoint triangles.

The size of each monochromatic component is 711 fraction of the
total number of vertices.
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Multicolorings - 3 and 4 colors

Colorings from affine planes

3-coloring

4-coloring
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Substitution

Optimal substitution to get 3-coloring

of a complete graph on 4k+3 vertices

without monochromatic component
of 2k+3 vertices
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Largest mono components in r-colorings

The construction is nearly optimal:
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Largest mono components in r-colorings

The construction is nearly optimal:

Theorem

(Gy. (1977)) The following equivalent statements are true.

@ In every r-coloring of K,, there is a monochromatic component with at

least -3 vertices (spanning tree for r = 2).

@ If r partitions are given on a ground set of n elements such that each
pair of elements is covered by some block of the partitions then one of

the partitions has a block of size at least "'
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Largest mono components in r-colorings

The construction is nearly optimal:

(Gy. (1977)) The following equivalent statements are true.

@ In every r-coloring of K,, there is a monochromatic component with at
least -3 vertices (spanning tree for r = 2).

@ If r partitions are given on a ground set of n elements such that each
pair of elements is covered by some block of the partitions then one of
the partitions has a block of size at least "'

o If an intersecting r-partite (multi)hypergraph has n edges then it has a
vertex of degree at least 5.
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Largest mono components in r-colorings

The construction is nearly optimal:

(Gy. (1977)) The following equivalent statements are true.

@ In every r-coloring of K,, there is a monochromatic component with at
least -3 vertices (spanning tree for r = 2).

@ If r partitions are given on a ground set of n elements such that each
pair of elements is covered by some block of the partitions then one of
the partitions has a block of size at least "'

o If an intersecting r-partite (multi)hypergraph has n edges then it has a
vertex of degree at least 5.

The result can be proved by two different techniques.

Andras Gyarfas d A ULarge monochromatic components in edg April 18, 2009 19 / 41



Coloring complete bipartite graphs
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Coloring complete bipartite graphs

(Gy. 1977) In every r-coloring of a complete bipartite graph on n vertices

there is a monochromatic subtree with at least 7 vertices.
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Coloring complete bipartite graphs

(Gy. 1977) In every r-coloring of a complete bipartite graph on n vertices

n

there is a monochromatic subtree with at least 7 vertices.

Usually Ramsey numbers are larger than the lower bound coming from the
corresponding Turan numbers of the graph in the majority color. However,
the lemma above is an exception, one can prove that a majority color class
(a color class with the largest number of edges) always has a subtree with
at least 7 vertices.
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at least 7 vertices.

A short proof of this lemma is due to Mubayi and Liu-Morris-Prince. In fact
they prove more.
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Coloring complete bipartite graphs

(Gy. 1977) In every r-coloring of a complete bipartite graph on n vertices

n

there is a monochromatic subtree with at least 7 vertices.

Usually Ramsey numbers are larger than the lower bound coming from the
corresponding Turan numbers of the graph in the majority color. However,
the lemma above is an exception, one can prove that a majority color class
(a color class with the largest number of edges) always has a subtree with
at least 7 vertices.

A short proof of this lemma is due to Mubayi and Liu-Morris-Prince. In fact
they prove more.

(Mubayi 2002 and Liu-Morris-Prince 2004) In every r-coloring of a
complete bipartite graph on n vertices there is a monochromatic double
star with at least 7 vertices.
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Large mono double stars in complete bipartite graphs
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Large mono double stars in complete bipartite graphs

Proof. Suppose that G = [A, B] is an r-colored complete bipartite graph,
let d;(v) denote the degree of v in color i. For any edge ab of color i,
aec Abe B, set c(a,b) = di(a) + di(b). Using the Cauchy-Schwartz
inequality, we get

r r , . )
Y clab)=3> da)+) > di(b) = |Alr (EaEA %\i;l di( )) _

abeE(G) acA i=1 beB i=1

il (Zeee ZEaHO) Ty gy (AL IBL)

therefore for some a € A, b € B, c(a, b) > |A|+|B| i.e. there is a monochro-

matic double star of the required size. O
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Large mono component - first proof
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Large mono component - first proof

In every r-coloring of K, there is a monochromatic component with at
least '3 vertices.
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Large mono component - first proof

In every r-coloring of K, there is a monochromatic component with at
least '3 vertices.

Proof. If there is a red spanning tree we are done. Otherwise the vertex
set is spanned by the vertices of an (r — 1)-colored complete bipartite
graph which contain a monochromatic double star with at least - ver-
tices. L]
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Large mono component - first proof

In every r-coloring of K, there is a monochromatic component with at
least '3 vertices.

Proof. If there is a red spanning tree we are done. Otherwise the vertex
set is spanned by the vertices of an (r — 1)-colored complete bipartite
graph which contain a monochromatic double star with at least - ver-
tices. L]
One gets more: either a mono spanning tree or a mono double star
with at least "5 vertices.
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Fractional transversals - Fiiredi's method

To present a very powerful method - introduced by Fiiredi, the notion of
fractional covers and matchings is summarized.
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To present a very powerful method - introduced by Fiiredi, the notion of
fractional covers and matchings is summarized.

A fractional transversal of a hypergraph is a non-negative weighting on
the vertices such that the sum of the weights over any edge is at least
1. The value of a fractional transversal is the sum of the weights over
all vertices of the hypergraph. Then 7*(H) is the minimum of the values
over all fractional transversals of H.
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the vertices such that the sum of the weights over any edge is at least
1. The value of a fractional transversal is the sum of the weights over
all vertices of the hypergraph. Then 7*(H) is the minimum of the values
over all fractional transversals of H.

A fractional matching of a hypergraph is a non-negative weighting on the
edges such that the sum of weights over the edges containing any fixed
vertex is at most 1. The value of a fractional matching is the sum of the
weights over all edges of the hypergraph. Then v*(H) is the maximum
of the values over all fractional matchings of H.
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Fractional transversals - Fiiredi's method

To present a very powerful method - introduced by Fiiredi, the notion of
fractional covers and matchings is summarized.

A fractional transversal of a hypergraph is a non-negative weighting on
the vertices such that the sum of the weights over any edge is at least
1. The value of a fractional transversal is the sum of the weights over
all vertices of the hypergraph. Then 7*(H) is the minimum of the values
over all fractional transversals of H.

A fractional matching of a hypergraph is a non-negative weighting on the
edges such that the sum of weights over the edges containing any fixed
vertex is at most 1. The value of a fractional matching is the sum of the
weights over all edges of the hypergraph. Then v*(H) is the maximum
of the values over all fractional matchings of H.

By LP duality, 7*(H) = v*(H) holds for every hypergraph H.
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Large mono component - second proof

Assume that the edges of K, are r-colored. To find a monochromatic com-
ponent with at least "5 vertices is equivalent with finding a vertex of degree
at least -5 in an mtersectlng r-partite multihypergraph H with n edges.
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Large mono component - second proof

Assume that the edges of K, are r-colored. To find a monochromatic com-
ponent W|th at least "5 vertices is equivalent with finding a vertex of degree
at least -5 in an mtersectlng r-partite multihypergraph H with n edges.

Fiiredi (1981) proved that in such hypergraphs 7*(H) < r — 1. Using the
observation that weighting all edges by the reciprocal of the maximum degree

of the hypergraph is a fractional matching with value ‘o%l we get

|E(H)|
D(H)

<V(H) =7 (H)<r—1

where D is the maximum degree of H.
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Large mono component - second proof

Assume that the edges of K, are r-colored. To find a monochromatic com-
ponent W|th at least "5 vertices is equivalent with finding a vertex of degree
at least -5 in an mtersectlng r-partite multihypergraph H with n edges.

Fiiredi (1981) proved that in such hypergraphs 7*(H) < r — 1. Using the
observation that weighting all edges by the reciprocal of the maximum degree

of the hypergraph is a fractional matching with value ‘o%l we get

|E(H)|
D(H)

<V(H) =7 (H)<r—1

where D is the maximum degree of H.
Thus we have

n__ |E(R)
r—1  r—1 = D(H)

Andras Gyarfas AULarge monochromatic components in edg April 18, 2009 24 / 41



Local colorings

A local r-coloring of a complete graph is a coloring where the number of
colors incident to each vertex is at most r.
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Local colorings

A local r-coloring of a complete graph is a coloring where the number of
colors incident to each vertex is at most r.

Let f(n,r) denote the largest m such that in every local r-coloring of
the edges of K, there is a monochromatic connected subgraph with m
vertices.
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Local colorings

A local r-coloring of a complete graph is a coloring where the number of
colors incident to each vertex is at most r.

Let f(n,r) denote the largest m such that in every local r-coloring of
the edges of K, there is a monochromatic connected subgraph with m
vertices.

(GY.-Sarkézy 2008) f(n, r) > -5 with equality if a finite plane of order
r — 1 exists and r? — r + 1 divides n.
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Local colorings

A local r-coloring of a complete graph is a coloring where the number of
colors incident to each vertex is at most r.

Let f(n,r) denote the largest m such that in every local r-coloring of
the edges of K, there is a monochromatic connected subgraph with m
vertices.

(GY.-Sarkézy 2008) f(n, r) > -5 with equality if a finite plane of order
r — 1 exists and r? — r + 1 divides n.

Both methods can be used to prove this theorem.
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Optimal local 3-coloring with seven colors

Local 3-coloring (with seven colors)

each mono component has at most 3/7

of the total number of vertices

April 18, 2009 26 / 41
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Hypergraph colorings

Parallel classes of hyperplanes in t-dimensional affine spaces give
optimal colorings of t-uniform hypergraphs.

Theorem

(Fiiredi-Gy. 1991) In every r-coloring of the edges of the complete
t-uniform hypergraph on n vertices, there is a connected monochromatic
subhypergraph on at least g vertices - where q is the smallest integer
satisfying r < Zf;é q'. The result is best possible if q is a prime power and
n is divisible by q*.

v
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Hypergraph colorings

Parallel classes of hyperplanes in t-dimensional affine spaces give
optimal colorings of t-uniform hypergraphs.

Theorem

(Fiiredi-Gy. 1991) In every r-coloring of the edges of the complete
t-uniform hypergraph on n vertices, there is a connected monochromatic
subhypergraph on at least g vertices - where q is the smallest integer
satisfying r < Zf;é q'. The result is best possible if q is a prime power and
n is divisible by q*.

v

The lower bound comes by Fiiredi’s method. The upper bound is coming
by substitutions into affine spaces illustrated on the next slide.
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Optimal 7-coloring of the complete 3-uniform hypergraph

7-coloring of a complete 3-uniform hypergraph
based on the affine 3-dim space of order 2 —
each color class has two equal components.
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Coloring by group elements - zero sum spanning trees

Bialostocki and Dierker conjectured - and proved (1990) for prime n - that
in every coloring of the edges of K,,;1 with colors in Z, there is a spanning
tree with color sum zero.
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Coloring by group elements - zero sum spanning trees

Bialostocki and Dierker conjectured - and proved (1990) for prime n - that

in every coloring of the edges of K,,;1 with colors in Z, there is a spanning

tree with color sum zero.

The general conjecture was proved by Fiiredi-Kleitman (1992) and by Schriver-
Seymour (1991)
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Coloring geometric graphs - non-crossing spanning trees
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Coloring geometric graphs - non-crossing spanning trees

A geometric graph is a graph whose vertices are in the plane in general
position and whose edges are straight-line segments joining the vertices.

A subgraph of a geometric graph is non-crossing if no two edges have
a common interior point.
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Coloring geometric graphs - non-crossing spanning trees

A geometric graph is a graph whose vertices are in the plane in general
position and whose edges are straight-line segments joining the vertices.
A subgraph of a geometric graph is non-crossing if no two edges have
a common interior point. The following was conjectured by Erd&s and
Bialostocki (1992) and proved by Karolyi-Pach and Toth (1997).
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Coloring geometric graphs - non-crossing spanning trees

A geometric graph is a graph whose vertices are in the plane in general
position and whose edges are straight-line segments joining the vertices.
A subgraph of a geometric graph is non-crossing if no two edges have
a common interior point. The following was conjectured by Erd&s and
Bialostocki (1992) and proved by Karolyi-Pach and Toth (1997).

In every 2-coloring of a geometric complete graph there is a non-crossing
monochromatic spanning tree.
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Proof.

~ d

R B RBR\ B R

There exists an RB — BR consecutive switch —
the two red subtrees can be joined by a red
edge of the convex hull
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Coloring non-complete graphs - the role of independence
number

(Gy. 1977)If the edges of an arbitrary graph H are colored with two colors,
there exists a monochromatic subtree T C H with at least a(H) 1|V (H))|
vertices.
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Coloring non-complete graphs - the role of independence
number

(Gy. 1977)If the edges of an arbitrary graph H are colored with two colors,
there exists a monochromatic subtree T C H with at least a(H) 1|V (H))|
vertices.

Proof. Consider a coloring of the edges of H with two colors. Consider
the hypergraph on vertex set V(H) whose edges are the vertex sets of the
connected components (in both colors). The dual of this hypergraph is
a bipartite graph B. Observe that the maximum number of independent
edges in B, v(B) satisfies v(B) < «(H). By Konig theorem, the edges of
B has a transversal of v(B) vertices. Some vertex v of this transversal
is in at least |E(( )) | > |V((H)) | edges of B. Therefore the component of H
[V(H)|

corresponding to v has at least () vertices. O
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Problem 1: Largest monochromatic component in

7-colorings
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Problem 1: Largest monochromatic component in
7-colorings

Let f(n) be the cardinality of the largest monochromatic component that
must occur in every T-coloring of K,. Then - from previous results - the
asymptotic of f(n) is between § and ¢. Fiiredi improved the lower bound to

%. How to improve the upper bound, i.e. 7 colors are really better than 67
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Problem 2: Mono subgraphs with large connectivity
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Problem 2: Mono subgraphs with large connectivity

(Bollobas -Gy. 2008.) Every 2-colored K, contains a monochromatic
subgraph that is at least j-connected.
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Problem 3: connectivity plus small diameter
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Problem 3: connectivity plus small diameter

Problem

(Gy. - Séarkézy - Szemerédi, 2008.) Fix k and consider a 2-coloring of K. Is
it possible to find a color - say red - and a subset W C V/(K,) such that
|W| > n— ck and every pair of W can be connected within W by at least
k internally vertex disjoint red paths of length at most three?
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Problem 4: largest mono double star

Andras Gyarfas LOM puter and AuULarge monochromatic components in edg April 18, 2009 36 / 41



Problem 4: largest mono double star

(Gy. - Sarkézy 2008.) For r > 3, is there a monochromatic double star of
size asymptotic to "7 in every r-coloring of K,,? In particular, a mono
double star of size 5 in every 3-coloring?
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Problem 5: vertex-coverings by components - Lovasz - Ryser

conjecture
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Problem 5: vertex-coverings by components - Lovasz - Ryser

conjecture

T(H) denotes the transversal number, the minimum number of vertices
needed to intersect all edges of H.
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Problem 5: vertex-coverings by components - Lovasz - Ryser

conjecture

T(H) denotes the transversal number, the minimum number of vertices
needed to intersect all edges of H.

(Are the following equivalent statements true?

@ In every r-coloring of K,, V(K,) can be covered by the vertex sets of
at most r — 1 monochromatic components.

o If r partitions are given on a ground set of n elements such that each
pair of elements is covered by some block of the partitions then the
ground set can be covered by at most r — 1 blocks.

o for every intersecting r-partite (multi)hypergraph H, 7(H) < r — 1.

Conjecture 2 is proved for r < 5.
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Problem 6: vertex-coverings by components in generalized

Gallai-colorings
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Problem 6: vertex-coverings by components in generalized
Gallai-colorings

Gy. 2008. Suppose that «(G) = 2 and the edges of G are colored so that

no triangle gets three distinct colors. Is it possible to cover the vertices of
G by 2008 monochromatic components?
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Problem 7: largest component in generalized Gallai-colorings
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Problem 7: largest component in generalized Gallai-colorings

Gy. - Sarkézy, 2008. Suppose that a(G) = 2 and the edges of G are
colored so that no triangle gets three distinct colors. How large is the
largest monochromatic component? (We know it is between £ and 37.)
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Problem 8: Gallai-colorings of complete hypergraphs
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Problem 8: Gallai-colorings of complete hypergraphs

Gy. - Lehel, 2007. Suppose that K3 (all triples on n vertices) is colored so
that no tetrahedron receives four distinct colors. How large is the largest
monochromatic component? (We know it is between 53 and 42.)
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Thanks for the
attention!
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