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Abstract. A hypergraph is irregular if no two of its vertices have the same degree. It

is shown forall v > 3 and n > r + 3, that there exist irrcgular y-uniform hypergraphs
of order n. Forr > 6 itis proved that almost allr-uniform hypergraphs are irregular. A
linear upper bound is given for the irregularity strength of hypergraphs of order n and
fixed rank. Furthcrmore the irregularity strength of complete and complete cquipartite
hypergraphs is determined.

Introduction

In this paper the concept of irregularity, introduced in [ 1] for graphs, is gencralised
to the study of hypergraphs. A hypergraph H is a set of vertices, denoted V(1{),
and a collection of the elements from the power set of V( ). This collection will
be called the edge set and will be denoted E( ). The rank of a hypergraph is the
maximum number of vertices in any edge. A hypergraph is r-uniform if each edge
has exactly r elements while it is r-regular if each vertex is contained in exactly
r edges. Throughout the paper only hypergraphs without multiple edges will be
considered. A hypergraph H' is a partial hypergraph of IT if V(H{'y C V(H),
E(II"Y C E(I). A hypergraph I is vertex-distinguishable if for cach pair of
vertices there is an edge H which contains precisely one of them. Finally, the
degree of a vertex eV ( H) is the number of edges in which z is contained.

The study of irregularity was started in [1] for integer weighted graphs. The
same concepts are extended here to hypergraphs. A hypergraph is irregular if all
the degrees are distinct. The only irregular graph is the graph with a single ver-
lex; this is not the case for hypergraphs. In section 3 irregular hypergraphs are
studicd. It is shown by a direct construction that there exist irregular 7-uniform
hypergraphs with n vertices if and only if » > 3 and n > r + 3 (Thecorem 3.3).
Moreover, using probabilistic techniques, it is shown that almost all r-uniform
hypergraphs are irregular if » > 6 (Theorem 3.4). In [1], the concept of irregular-
ity strength of a graph was presented. This is given in the context of hypergraphs.
Consider a hypergraph I with positive integer weights assigned to its edges. This
is an irregular weighting if for all zeV ( H) the degrecs (the sum of the weights
of the hyperedges containing z) are distinct. The minimum of the largest weights
assigned over all such irregular weightings of H will be called the irregularity
strength of H and will be denoted s( /7). If I has no irregular weighting (i.c.
H is not vertex distinguishable) then s( /) = oo. Note that if H is an irrcgular
hypergraph then s(H) = 1.

Rescarch partially supported by ONR grant No. N0OO I4-85-K-0694.
2 Both on leave from Computer and Automation Institute. Hungarian Academy of Sciences, Budapest.
3Research partially supported by NSF Grant No. DMS-8603717.

JCMCC 11 (1992), pp. 161-172



Section 2 of this paper gives some general results on s( H), in particular it
includes upper and lower bounds for s( /). In case of connccted graphs of order
n > 4, the upper bound s(G) < n—1 has been proved in [4] (this bound is sharp
as the star K1 ,—1 shows). In the case of r-uniform hypergraphs (r > 3) it seems
to be difficult to get sharp upper bounds. It is shown that s(H) < 7 | V(H) |
—r+ 1 (Theorem 2.4), On the other hand, it is unknown whether there exists a
hypergraph H of order n with s( H) > 2= The best known example is based
on properties of B, -sequences investigated in additive number theory, giving a
hypergraph I with s( 1) > 2n— o(n) (Corollary 2.3). The lower bound given
in terms of the degree scquence in {4] for graphs remains true for hypergraphs
(Proposition 2.1).

In section 4 the irregularity strength of complete and complete equipartite hy-
pergraphs are determined. (Theorem 4.1 and Theorcm 4.7)

General results on the irregularity strength.

The first objective of this section is to present upper and lower bounds for the
irregularity strength of a hypergraph. The lower bound given in [4] generalizes to
hypergraphs and is the content of the first proposition.

Proposition 2.1. If H has »; vertices of degree 1, then

j .
B(H) S max (_E__z’_nk.)ﬂ——l
i< J
Proof: For fixed 1 and 7,1 < j, define S(i,7) as the set of vertices with degrees
between 1 and j (inclusive). If there is an irregular weighting with maximum
weight t, then the weighted degrees of S(1, 7) arc in the interval [ 1, jt]. But these
weighted degrees are all different. Therefore

j
JE—i+ 128G D= m

k=1
and

] +1—1
t> —&—l——u——— follows.
J

Note that the lower bound of Proposition 2.1 does not depend on the rank of
the hypergraph, so it is not surprising that the lower bound can not be attained if
the rank is high. For example, it H is a 2-regular hypergraph, the lower bound of
Proposition 2.1 is =L but Corollary 2.3 gives a lower bound of 21 — o(n).

To see how the irregularity strength of hypergraphs relates to some problems
of additive number theory, it is fruitful to translate its definition to the dual hyper-

graph.
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Assume that X = {x1,x2,... T, }isasctof variablesand S = {S1, Sa,...,Su}
is a set of distinct sums involving thesc variables:

m
S,'= g E,‘j.le‘
j=1

where g;; = O orl,forl1 < ;7 < mand1 < i< n Anassignment of positive
integers x; = aj,1 < j < mis called irregular if Sp,..., S, become distinct
integers. Consider the problem of determining

.r*(X,S) = min max aqj,
1<jEm

the minimum taken over all irregular assignments. Let (X, S) be the hypergraph
H with V(H) = X and edges {z; : g; = 1}, 1 < { < n Further let H* be
the dual hypergraph of H : V(H*) = S and edges {S; : g;; = 1},1 < j < m.
Obviously s*( H) = s(H*).

In the case when H = K, the complete graph of order m, an irregular assign-
ment for zy,z3, ..., T, is called a B) -sequence. In other words, a B} -sequence
isa; < a2 < --- < a,, where the sums a; + a; are distinct forall 1 <1 < j < m.
The name B) was chosen because of the resemblance to By -sequences introduced
in [3]: a sequence of positive integers a1, < a3 < .-+ < a,, with distinct sums
gi+aj,forl <1< j<m.

It is well known that B; -sequences satisfy

Vam(1 —&) <m < \fap + o(y/am). M

The lower bound is due to Chowla and Erdos using a construction of Singer[6]
and the upper bound to Erdos and Turan [2], also sce [5]. A detailed discussion
appears in [3]. The lower bound in[1] is obviously valid for B sequences (since a
B, sequence is automatically a Bj -sequence). Erdos pointed out (personal com-
munication) that the upper bound in [1] also holds for B) sequences. Therefore
[1] holds for any Bj -sequence which give the following result.

Theorem 2.2. s*(K,;)/ (’2") — 2 as m approaches infinity. ]

The conscquence of Theorem 2.2 is that the dual hypergraph  of K ,,, (having
m edges of cardinality m — 1 andn = '2") vertices each of degree two) satisfies
s(H) >2n—o(mn).

Corollary 2.3. There exist 2-regular hypergraphs of order n with irregularity

strength 2n— o(n). [ |

1t is not known how large s( 1) can be for 'Z-rcgular hypergraphs of order n, or
dually how large s*(G) can be for graph with n edges.
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In 4], it is proved that s(G) < |V(G)| — 1 for connected graphs of order
at least four. This bound docs not extend (o hypergraphs as Corollary 2.3 shows.
For hypergraphs of rank r (the maximum cardinality of an edge), the next theorem
proves s(H) < r|[V(H)| — v+ 1. Most likely, there is no absolute constant c
withs(H) < c|[V(H)|.

Theorem 2.4, If H is a vertex distinguishable hypergraph of rank r(|s(H)|) <
oo then
s(H) <r|[V(H)|—r+1.

Proof: The proofis inductiononn= |V (/)| andm = [E(H)]|. Thecases n= 1
and m = 1 are trivial. Let |[E(H)| > 2 and remove an arbitrary edge fe F( H)
from H. In case this resulting hypergraph is not vertex distinguishable after the
removal of f, then consider a minimal vertex setY C V(H)\ f such that H' with
V(H") = V(H)\Y and E(H') = {€' = e\Y: ec E(H)\{f}} becomes a vertex
distinguishable hypergraph. It should be noted that every hyperedge es E( H) with
eNY # ¢ also satisfies e N f # ¢ . In particular, H' has no isolated vertices and
no multiple edges. By the inductive hypothesis s( H') < r|[V(H")|-r+1 <
m—r+ 1.

An irregular weighting w(e’), e’e E( H'), of minimum strength can be extended
to H in anatural way: w(e) = w(e') fores( E\{f}) and let w( f) be the smallest
positive integer k such that

k+ du(u) 7 du(v)

for all uef and ve(V (I)\f). (Here (dy(z) denotes the weighted degree of
vertex X .)
Since there are at most (n — 1) forbidden values for k, w(f) < ru—r+ 1.
Also the irregularity of the extension w(e),ec E(H) can be easily verified. | |
The next three propositions are formulated for use in the last two sections of
this paper.
Proposition 2.5, Let w be an irregular weighting of H = (V,E) and let H =
(V,E) be the complemenit of H with edge set E = {€ = V\e:ecE}. If T is
defined by w(e) = w(e), then w is an irregular weighting of H if and only if w
is an irregular one for H.

Proof: For any vertex veV and any edge eeE, either vee or vee. Therefore

Ew(e) = dy(v) + dg(v).

eeE

(Here d,, and dg denote the weighted degree of vertex v in A/ and H respectively.)
Hence for u, veV d,(v) # dy(u) iff dg(v) # dg(u). 1
An immediate corollory is the next proposition.
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Proposition 2.6. s(H) = s(H). 1
A partial hypergraph H' of H is called spanning if V(1I') = V(H).

Proposition 2.7. A regular hypergraph H has irregularity strength s(H) = 2 if
and only if H contains an irregular spanning hypergraph.

Proof: Let H be a regular hypergraph with an irrcgular weighting w such that
s( H) = 2. Form the spanning hypergraph H' of H by defining E(H') = {elee H
and w(e) = 2}. Conversely if H' is an irregular spanning hypergraph of the d-
regular hypergraph H, then define a weighting w on I as follows: for ee E(H)

let
2 ifeeE(H")
w(e) = .
1 otherwise

In both cases dy'(v) = dy(v) + dforall veV(H) = V(H'). Hence s(H{) = 2
if and only if H contains an irregular spanning hypergraph H'. |

3. Direct and random constructions of irregular hypergraphs.

In this section the existence of irregular r-uniform hypergraphs of order n is stud-
ied. It is clear that for r = 2 there are no irregular hypergraphs and for r > 6 it
will be shown that almost all are irregular.

The smallest irregular uniform hypergraph (apart from the one-vertex hyper-
graph) is shown in Figure 1 in terms of its vertex-edge incidence matrix (it has six
vertices, seven edges, it is of rank 3). Its irregularity is shown by the distinct row
sums. Starting from this example, an inductive construction will give irregular r-
uniform hypergraphs on n vertices for cach nand » satisfyingn > r + 3 ,r > 3.

1
1 1
1 1 1
1111
1 1111
111111

Figure 1. The vertex-edge incidence matrix of an irregular 3-uniform hypergraph

A pair (n, r) will be called irregular if there exists an irregular r-uniform hyper-
graph of order n. A vertex of degree (::ll) i$ called a full vertex in an r-uniform
hypergraph on n vertices.
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Proposition 3.1. If (n,r) is irregular then (n+ 1,7) is also irregular.

Proof: Let H be an irregular r-uniform hypergraph on n vertices. If H has a full
vertex then define H' by adding an isolated vertex to H. If H has no full vertex
then H' is defined by adding a new vertex to H and making this new vertex full
in H'. Itis easy to check that H' is irregular. |

Since irregularity is preserved by complementation (Proposition 2.6), the next
proposition follows.

Proposition 3.2. If (r + 3,3) is iregular then (v + 3, 7) is also imegular. I

Theorem 3.3. If n > r+ 3 and r > 3 then there exist irregular r-uniform
hypergraphs with n vertices.

Proof: Since (6,3) is irregular, (» + 3,3) is also irregular by Proposition 3.1.
Proposition 3.2 implies that (r + 3, r) is irregular and applying Proposition 3.1
again gives that (n, r) is irregular. 1

Note that if H(n) is the irregular hypergraph constructed inductively for the
irregular pair (n, r), then H(n,r) may contain (one) isolated vertex z. It is easy
to alter H(n,r) so that the resulting hypergraph is irregular and has no isolated
vertex. One way is to add n— 1 new edges Ey, E,,..., E,—1 to H(n,7) insuch
awaythat |E;| = r,zeE;for1 < i < n—1andthe sets E; — z form an (r — 1) -
regular (r — 1) uniform hypergraph.

Also observe that Theorem 3.3 characterizes the irregular (n, 7) pairs. This is
stated formally in Proposition 4.2 which says that hypergraphs withr < n < r+2
are not irrcgular,

The next objective is to show that for » > 6, almost all r-uniform hypergraphs
are irregular or equivalently, the probability of identical vertex degrees in arandom
r-uniform hypergraph of order n approaches 0 as n — oco.

Theorem 3.4. Almost all r-uniform hypergraphs are irregular.

Proof: The proof proceeds by giving an upper bound on the number of r-uniform
hypergraphs on n vertices having at least two vertices of the same degree. It will be
shown that this number is “small” in comparison to the total number of r-uniform
hypergraphs on n vertices.

Choose ; and z,, two fixed vertices of the hypergraph. The number of r-
uniform hypergraphs of order n such that z; and z; have the same degree is at
most

(:_—21) n—2 2
> <(r;x ) 20 ()
t=0

This follows by considering threc types of edges. Those that contain z; or
7 but not both, those that contain both z; and x2, and those edges that contain
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neither. Since z;and z, are to have the same degree, only the number of edges

containing exactly one of them needs to be the same number, that being ((";2')).
All other edges appear arbitrarily, so the sum is taken over all possible t. Since 7,
and x; are fixed, but chosen randomly, the total number of r-uniform hypergraphs
having at least two vertices of the same degree is at most

(@)

@ 5 (( )22<:z,>2<».=>

- (”> ( ((""1))2(7-1)2(” 7).

Asymptotically, this is equal to

("> R EPY - DY PY G
2/ w2y

by Stirling’s formula. But,

2n—2 +n—1 +n—2 _(n
r—1 r—2 r T\ )
so it follows that the number of the r-uniform hypergraphs on n vertices with at
least two vertices of the same degree is at most
mno) 150
2
(r—l) l
Since 2 (7 is the total number of r-uniform hypergraph of order n, and forr > 6,
- 1
lim i n2 )
n(x2)

the theorem follows. |

This result is also true for a special class of r-uniform hypergraphs. A hy-
pergraph is r-partite if the vertices of the hypergraph can be partitioned into r
sets Ay, Az,..., A, so that the edges contain at most one vertex from A;, for
1=1,2,...,7. Note that in case of an r-uniform r-partite hypergraph each edge
contains exactly one vertex foreach 4;,fori = 1,2, ..., 7. An(rxm) hypergraph
is an r-partite, r-uniform hypergraph with m vertices in each vertex class. Using
the same argument as given for Theorem 4.1 the following result is obtained.

Theorem 3.5. For either fixed m > 6 or fixed r > 6, almost all (r x m)
hypergraphs are irregular. ‘ . ]

— =0,
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4 The Strength of Complete Hypergraphs

In this section the irregularity strength of two particular classes of complete uni-
form hypergraphs are studied: X", the complete r-uniform hypergraph of order
n, and K (r x m), the complete r-partite r-uniform hypergraph with m vertices in
each vertex (partite) class. As mentioned earlier each edge in K (r x m) contains
one vertex from each of the r partite classes.

For the most part the hypergraphs in each of the two mentioned classes will
have irregularity strength 2. In such cases it follows from Propostion 2.6 that this
is equivalent to showing the existence of an irrcgular r-uniform hypergraph of
a given order (and possibly given typc). With the results in Section 3 this leads
immediately to the determination of the strength of K.

Theorem 4.1. Forr > 3,

n ifa=r+1
s(K"y =13 ifn=r+2
2 ifa>r+3

Proof: By Proposition 2.5 s(K(7) = s(E\") = s(K{*"). If n=r+ 1, the

edges are singletons and thus s( K{”) = n. Forn=r+2,K{* ") is the complete

graph K, and its strength is well known to be 3, see[1]. Incase n > r + 3, by

Theorem 3.3, there exists an irregular r-uniform hypergraph H' of order n. Since

H' is a spanning partial hypergraph of K" it follows from Propositions 2.6 that

s(K{Ms) =2. |
A consequence of Theorem 4.1 and Proposition 2.6 is the following result.

Proposition 4.2. There exist no irregular r-uniform hypergraphs on n vertices
forr<n<r+2. -

The remaining portion of this section is devoted to r-partite hypergraphs.The
next two propositions are given without proof, since the proofs either involve small
order irregular (r x m)—hypergraphs or giving special arguments showing no
such irregular hypergraphs exist for certain small orders. The propositions are
needed to start later inductive arguments and to determine exceptional cases (cases
where K {r x m) is not of strength 2). Only one of the eight irregular hypergraphs
needed to verify Proposition 4.4 is included (Figure 2). The constructions of these
eight hypergraphs are nontrivial and a vital part of the final result, Theorem 4.7.

Propoition 4.3. If K is one of the hypergraphs K (3 x2), K(4 x2),or K(3 x
3), then s(K) = 3. |

Propositon 4.4. There exist irregular (v x m)-hypergraphs for every v, m wilh
(r,m)e{(3,m)[4 <m<7IU{(4,m)3<m<4}uU{(5,2)} |
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In order to determine that “most” complete r-partite +-uniform hypergraphs are
of strength 2, the existence of appropriate irrcgular (r x m)-hypergraphs needs to
be established. This is the remaining major objective of the section.

Theorem 4.5. There exist irregular (r x m) hypergraphs for each r > 5 and
m=2,3,

Xy 11111

Yy 11111111111111
Xa 111111

Fa 11111 11111111
Xg 1 11 1111

Y 1111 1111 1111
X4 11 11 11 11

Ya 1 1111 11 11 11
X 1 1 1 1 1 1 1 1 1
Ve 1 1 1 1 1 1 1 1 1 1

Figure 2. The vertex-edge incidence matrix of an irregular (5 x 2)-hypergraph

Proof:

Case 1. m = 2.

The proof is by induction on r, with the hypergraph of Figure 2 establishing the
result for » = 5. Thus assume /1 is an irrcgular (r x 2) - hypergraph with vertex
classes {z;,yi}, 1 < i < 7, suchthat 1 < dy(=z) < --- < dg(z,) and such
that {zy,z3,...2,} ¢ E(H). Note that when r = 5, the hypergraph of Figure 2
satisfies these conditions.

An irregular ((r + I) x 2)-hypergraph H' is constructed from H by adjoining
to V(H) the new vertex class {zg,yo} with E(H') = {eU {yo}|eeE(H)} U
{z1,22,.. ., Zr,y0 } U {y1, 92, ..., ¥r, 0 }. Note that dppr(z0) = 1 < dppr(u) =
di(u)+1 < |E(H)|+1 = dyp(yo) forall ueV( H),so that H' is irregular. In fact
in H'1 S dul(:ro) < d]{l(ﬂ?l) < - < d}p(I,.) and {I:(),.’Iil yoee ,m,} € E(H')
This completes the induction and the proof whenm = 2.,
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Case2. m = 3.
In the construction of A given in Casc 1, carcful examination of this irrcgular
{r x 2)-hypergraph shows that each of the following hold:

(1) thevertexclassesare {z;,y;},1=1,2,...,r,withl < dy(z1) < dy(z2) <
o< dg(zy) <dp(y) <dp(yr—1) <--- < duly),

@ {z1,z2,...,7+} ¢ E(H),and

@) da(z) =r+4

The existence of these irregular {(r x 2 )-hypergraphs is uscd to construct the
irregular (r x 3)-hypergraphs.

To accomplish this first add a new vertex z; to each of the r classes {z;, y;}
of the irregular (r x 2) - hpergraph H. Letting H' denote the hypergraph under
construction define E( H') = E(H) U E; U E, where

Ei ={{zr,Tr1,.++, Triy Zr—i=1,...,21} }1=0,1....,7 — 1}

and
EZ =E(H*) _{{y11y2)“'1y7}}'

Here H* denotes the K {r x 2) hypergraph with vertex classes {y;,z},1 <
1<r.

Only the fact that the (r x 3)-hypergraph H’ is irregular needs verification.
From the definition and conditions (1),(2), and (3) it follows that

(i) H'has no multiple edges,
i) 1<dyg(m) <---<dp(z) <(r+4) +r,
(i) 2™ ' —1=dy(z) <---<dmw(z1) <27 =1+ (r=-1),
V) 2™ —1+r+4 <dy(y) <---<dm(yp).
Since 27+ 4 <271 — 1 forr > 5, H' is irrcgular, completing the proof. |

The hypergraphs constructed in the last proposition are used to construct irregu-
lar (r x m)-hypergraphs forall » > 5 and m > 4 by concatenating vertex classes.
For a precise contructionletr > 3 and2 < ms < m; < my+1. Furtherlet H; =
(V;, Ey) beirregular (r x m;)-hypergraphs, i = 1,2. Form the {r x (m1 + m2))-
hypergraph H by letting V(H) = Vi U V3 and E(H) = E; U E2 U Ep, where
Ey is the set of all r-tuples with one vertex from each vertex class and precisely
one vertex from V5.

In the proof of the lemma that follows it is assumed that either no vertex of H;
has maximum degree mz‘1 , or each vertex of H; has degree at least 2. If in fact
H, has a vertex of maximum degree, then each of its vertices has degree at least
m;-z > 2. In such a case the roles of H; and H, can simply be interchanged.
Thus assume without loss of generality that maximum degree of a vertex in [ is

strictly less than mj~".
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Lemma 4.6. The (r x (m + m2))-hypergraph constructed above is irrcguiar.
Proof: Let di(z),d2(x), and d(x) denote the degree of z in Hy, Hy, and If
respectively. As noted above 1 < di(z) < m]™',zeVi, and 1 < dp(z) <
my~! — 1, zeVs.
From the construction give

d(v1) =di(v)) + (r—=Dm{?m,  and

d(vy = da(vz) + ml”l,fOrvleVl,vz,eVz.
The irregularity of H is verified by showing d(v2) < d(v;) for all vieV; and

v eV;.
Observe that

d(v) < mz‘l + m{"l —1 and

d(vy) > (r— l)m{"zmz,meVl,vstz.

M

If r = 3, then (noting my < m; < my +1)(1) givesd(vy) < m+m?—1<
2mimy < d(v1).
Forr >3 andm; =my + 1,

r—2
(:::2> my+mp <mz+mp=2m —1<3(m —1) < (r—1ma,
1
so that by (1)
d(v) < my !+ ml™ < (r— Dml2my < d(v1).
When m; + m;, then again
d(vy) <2mi™t < (r— Dm]™! < d(vy).
]

Hence d(vy) < d(v;) for all v1€V; and v, £V, completing the proof of the
lemma. |

Theorem 4.7. Let K = K(r x m) with v >3 and m > 2. Then

3 ifr+m<6
2 otherwise.

s(K) = {

Proof: Proposition 4.3 gives the result of this thcorem when r + m < 6. When
r+m > 6, using Propositions 4.4 and 4.5 together with Lemma 4.6, the existance
of irregular (r x m)-hypergraphs is obtained. Since each of these hypergraphs is
a spanning partial hypergraph of K (r x fn), the result follows from Proposition
2.6. |

171



References

1. G. Chartrand, M.S. Jacobson, J. Lehel, O.R. Ollermann, S. Ruiz, E. Saba,
Irregular Networks, Congressus Numerantium 64 (1988), 197-210.

2. PErdos, P.Turdn, On a problem of Sidon in additive number theory and some
related problems, J. London Math Soc. 16 (1941), 212-215.

3. H. Halberstam, K.F. Roth, “Sequences”, Chapter II, University Press, 1966.

4. M.S. Jacobson, J. Lehel, A bound for the strength of an irregular network,
manuscript. "

5. E. Lindstrom, An inequality for Bs-sequences, Jour. of Comb. Theory A 6
(1960), 211-212. .

6. F. Singer, A theorem in finite projective geometry and some applications to
number theory, Trans. Amer. Math. Soc. 43 (1938), 377-385.

172





