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7. Covermg Complete Graphs
by Monochromatic Paths

A. Gyérfas *

. A theorem of R. Radé (see in [2]) says that if the edges of the countably infinite
complete graph K, are colored with r colors then the vertices of K, can be
covered by at most r (finite or one-way infinite) vertex-disjoint monochromatic
paths. FEdge-coloring theorems are usually extended from finite to infinite,
however, in the case of Radd’s theorem it seems natural to look. for finite

' versions.

Conjecture 1. If the edges of a finite complete graph K are r-colored then
the vertex-set of K can be covered by at most r vertex-disjoint monochromatic
paths.

It is easy to see that Conjecture 1. is true for r = 2 (see in {1]) but for
r = 3 it seems to be difficult. It is worth considering the following weaker
versions. i

Conjecture 2. If the edges of a finite complete graph K are r-colored then
the vertex-set of K can be covered by at most r monochromatic paths.

Conjecture 3. There exists a function f(r) with the following property: if
the edges of a finite complete graph K are r-colored then the vertex-set of K
can be covered by at most f(r) vertex-disjoint monochromatic paths.
Conjectures 2 and 3 are both open even for r = 3. For general r we prove
here the following result (which is weaker than Conjecture 2 or Conjecture 3).

Theorem. There exists a function f(r) with the following property: if the
edges of a finite complete graph K are r-colored then: the vertex-set of K can
be covered by at most f(r) monochromatic paths.

The proof of this theorem is based on the following

* Supported by the AKA research Found of the Hungarian Academy of
Sciences . ‘ o



90 : " » s - . | ; . T KL Gy/é.rfa'.s"

,,Lemma Let r be a natural number and assume that a b1part1te graph G =
/ (A 'B) satisfles the following two conditions: : '

(1 o r (:r:) > |Bl forallz € 4 (d(’x) denotes the degree of z).

"_ ~;,%(2) e ‘r(” )|A1<|B{

5,

Theny‘therewexist at most r vertex-disjoint paths in G whose vertices cover A.

" Proof: We may assume that r 2 2. The required covering is found by the
- greedy algorithm. Let P; be a longest path of G starting in A and terminating
.in B. ¥ Py, P,,..., P;_; are already defined for some ¢,2 < ¢ < r, then P; is
deﬁned as.a longest path of G such that P; and P; are vertex-disjoint for all
j < t, moreover P; starts in ‘A and terminates in B. The starting point of P;
is denoted by z; and the number of vertices of P; is denoted by 2k;. Note that
k; < kj if 1> j, by definition.
~ Assume indirecﬂy that ¥ € A is not covered by any of the paths
L Ply,Pz,.‘..,‘P,-.’ The vertex z; is not adjacent to any vertex of P; for j > 1,
- thus by (1) it is adjacent to all vertices of a set C;, where C; C B,CinNV (P;) =
“ @ for all §,1 < j < r, moreover

(3) E 10;[ >r7B| =) k; >} B| - iky.

. o , i
i _ ‘The sets C; are pa1rw1se disjoint by -the choice of the paths P; therefore the

summing of (3) for ¢ = 1,2,...,r gives

L:JCi Z!BI-(r+1) N

The vertex y is not adjacent to any vertex of Ul_, C; by the definition of the
~ paths P; thus (1 ) implies

o ,"(4)‘;' .

@ rUB<dy) <IBI-

Ue.
=1

. Comparmg (4) and (5) we find that r~ (r‘;l)_llBl < ky which contradicts (2)
 since k1 < ]Al for > 2. a

- "“Px"o‘of of the theo’rem. Let X and Y be two disjoint subsets of the vertex-set
of K such that |X| = |Y| = ||K|/2] = n. Let G; denote the bipartite subgraph

o of K mduced by the edges of color ¢ between X and Y. It is clear that we

‘can. define a partition of X into sets X],Xg, ., X, such that dg,(z )= —ln
o (dG‘.,( ) denotes the degree of z in G;) holds for all z € X;. We can partition
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all X; further in such a way-that each part contains at most r=? ('H)_'l
elements. If X! denotes one such part of X; then the lemma can be applied to.
the bipartite graph ( LY) induced by the edges of color i. Therefore X! 'can
be.covered by.the vertlces of at most r paths of color . Applying this argument
for each part of X; and for all ¢,1 <7 < r, we get a covering of X by at most
t monochromatic paths where

, t:(}:[IXl((§1>>”0

Since Y _i_; | Xi| = n, we get t < r2(("31) + 1). Applying the same argument
again with changing the role of X and Y, the theorem follows with

1) = zﬂ((r;r 1) +1)+1).
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