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Abstract

We conjecture that for any fixed r and sufficiently large n, there is
a monochromatic Hamiltonian Berge-cycle in every (r — 1)-coloring of
the edges of Kﬁf), the complete r-uniform hypergraph on n vertices. We
prove the conjecture for r = 3,n > 5 and its asymptotic version for
r = 4. For general r we prove weaker forms of the conjecture: there is
a Hamiltonian Berge-cycle in [(r — 1)/2]-colorings of K" for large n;
and a Berge-cycle of order (1 — o(1))n in (r — [log, r|)-colorings of K.
The asymptotic results are obtained with the Regularity Lemma via the
existence of monochromatic connected almost perfect matchings in the
multicolored shadow graph induced by the coloring of K,(f).

1 Introduction

Let H be an r-uniform hypergraph (a family of some r-element subsets of a
set). For vertices z,y € V(H) we say «x is adjacent to y, if there exists an edge
e € E(H) such that z,y € e. Let Ky(f) denote the complete r-uniform hypergraph
on n vertices. An r-uniform /¢-cycle, or Berge-cycle of length ¢, denoted Cér),
is a sequence of distinct vertices v, ve,..., vy, the core of the cycle , together
with a set of distinct edges ey, ..., e; such that e; contains v;, v;41 (Vg1 = v1).
When the uniformity is clearly understood we may simply write C; for Cér). A
Berge-cycle of length n in a hypergraph of n vertices is called a Hamiltonian
Berge-cycle.

Let Rk(C’ér)) denote the Ramsey number of the r-uniform ¢ cycle using k

colors, that is the smallest n such that every k—coloring of the edges of K
admits a monochromatic Berge-cycle of length ¢. It is important to keep in
mind that - in contrast to the case r = 2 - a Berge-cycle Cér) is not determined
uniquely for r > 2; it is considered as an arbitrary choice from many possible
cycles with the same pair of parameters. It is worth mentioning two special
Berge-cycles, the loose and the tight cycles. In a loose cycle the edges of the
cycle intersect the core sequence in consecutive pairs and are pairwise disjoint
outside the core, while in a tight cycle the edges are the consecutive r-element
subsets of the core sequence. The asymptotic values of 2-color Ramsey numbers
for loose and tight cycles have been determined recently, see [16], [17].

In this paper we give a conjecture about the Ramsey number of a Hamil-
tonian Berge-cycle in hypergraphs. Thinking in terms of graphs, such an at-
tempt seems hopeless, since in many 2-colorings of K, there are no monochro-
matic Hamiltonian cycles. For example, if each edge incident to a fixed vertex is
red and the other edges are blue, there is no monochromatic Hamiltonian cycle.
However, from the nature of Berge-cycles, this example does not extend to hy-
pergraphs. If K,({O’) is colored in this way, there is a red Hamiltonian Berge-cycle
(for n > 5).

Conjecture 1.1. Assume that r > 2 is fixred and n is sufficiently large. Then



every (r — 1)-coloring of Ky(f) contains a monochromatic Hamiltonian Berge-
cycle.

It is worth noting that the number of colors, r — 1, cannot be increased in
the conjecture. A construction in [14] shows that for r colors the size of the
largest monochromatic Berge-cycle can be at most (2r — 2)n/(2r — 1).

In Section 2 we shall prove Conjecture 1.1 for r = 3 and a general but weaker
form for r > 4 when the number of colors is | (r — 1)/2].

Theorem 1.2. If K,(L3), n > 5, is colored with two colors, then there exists a
monochromatic Hamiltonian Berge—cycle.

Theorem 1.3. If K& r > 4, is colored with |(r —1)/2] colors, and n is
sufficiently large, then there exists a monochromatic Hamiltonian Berge-cycle.

In Sections 3 and 4 we prove our main results, Conjecture 1.1 for r = 4 in
asymptotic form, and a weaker version for general r.

Theorem 1.4. For all n > 0 there exists ng = ng(n) such that every coloring of

the edges of K,(;l), n > ng, with 8 colors contains a monochromatic Berge-cycle
of length at least (1 —n)n.

Theorem 1.5. For alln > 0 and all integers r, k > 2 with r > k+ |log,(k+1)],
there exists ng = no(n,r, k) such that for every n > ng, every coloring of the

edges of KT(LT) with k colors contains a monochromatic Berge-cycle of length at
least (1 —n)n.

The proofs of Theorems 1.4 and 1.5 use the approach of [14]. Assume that
‘H is an r-uniform hypergraph. The shadow graph of H is defined as the graph
I'(H) on the same vertex set, where two vertices are adjacent if they are covered
by at least one edge of H. A coloring of the edges of an r-uniform hypergraph
H, r > 2, induces a multicoloring on the edges of the shadow graph T'(H) in a
natural way; every edge e of I'(H) receives the color of each hyperedge containing
e. A multi-coloring obtained in this way will be called an r-uniform coloring of
I'(H).

We shall assume that n = |V(H)| tends to infinity and define an almost
Hamiltonian Berge-cycle of H as a Berge-cycle of length (1 — o(1))n. Similarly,
a set of pairwise disjoint edges of the shadow graph saturating n — o(n) vertices
is called an almost perfect matching of I'(H). An r-uniform hypergraph is
almost complete, if it has at least (1 — 0(1))(:) edges. A matching in a graph
is connected if its edges are in the same connected component of the graph.

Following the method established in [24] and refined later in various papers,
see [6],[10],[11],[14], [16],[17], [19], the asymptotic version of Conjecture 1.1 can
be reduced to the following conjecture, which seems to have independent inter-
est.

Conjecture 1.6. Assume thatr > 2 is fivred, H is an almost complete r-uniform
hypergraph with n vertices, and its edges are colored with v — 1 colors. Then the
r-uniform coloring induced on its shadow graph T'(H) contains a monochromatic
almost perfect connected matching.



Here is the outline how to derive the asymptotic version of Conjecture 1.1.
If Conjecture 1.6 is true then for any given n > 0 there is a small enough € such
that for every (r — 1)-coloring of an r-uniform (1 — €)-complete hypergraph H
(missing at most €(”) edges ), the induced coloring on I'(H) has a monochro-
matic connected matching covering at least (1 —n)|V (I'(H))| vertices. Consider
an (r — 1)-coloring of H = K and take an e-regular partition on its vertices
into clusters. (Here we apply a ”colored” hypergraph-version of the Regularity
Lemma.) Then Conjecture 1.6 is applicable to H, the "reduced hypergraph”
associated to the clusters and equipped with the standard majority coloring.
This gives a large monochromatic connected matching in the shadow graph of
HE. The final step is completed by Lemma 4.2 to appropriately connect the
vertices of the clusters associated with the matching, to form a monochromatic
Berge-cycle of length at least (1 —3€)(1 —n)n in H = K.

We give an inductive argument in (Proposition 3.5) showing that it is enough
to prove Conjecture 1.6 in a weaker form, dropping the connectivity condition of
the required large monochromatic matching. This allows us to prove our results
inductively, starting from the case k = 1,7 = 2. We prove Conjecture 1.6 in in
Section 3 for r = 2,3,4. In general we can prove only Theorem 3.9, a weaker
version of the conjecture, where the number of colors is the largest integer k
such that k + [logy(k + 1) < r ( k is at least r — |[log,r|). In Section 4 we
show how to use the Regularity Lemma to convert connected matchings into
Berge-cycles, i.e. how to finish the proof of Theorems 1.4 and 1.5.

2 Monochromatic Hamiltonian Berge-cycles

Proof of Theorem 1.2. If n = 5, let H,, and H; be the hypergraphs formed by
the red and blue edges, respectively, in a 2-coloring of K 5(3). Easy inspection
shows that a 3-uniform hypergraph H with five vertices and at least five edges
has a Berge-cycle CE()3) unless H is isomorphic to K f’) extended with an edge

that intersects V(K f)) in two vertices. Because one of H, and H, must be
different from this exceptional hypergraph, the theorem follows for n = 5.

For n > 5 we proceed by induction. Assume that the vertex set of a 2-
colored K is [n] and let P = (1,2,...,n — 1) be a cyclic permutation of
[n — 1] representing the core sequence of a red Berge-cycle Cr(gl that exists by
induction. Color the consecutive pairs (4,7 + 1) of P with the color of the edge
{n,i,i + 1} € E(K,(f)). If the pairs (¢,7 + 1) and (¢ + 1,7 + 2) are both red
then we have a red 07(13) with the core sequence obtained by inserting n between
i+ 1 and ¢ + 2 and using the red edges {i,i + 1,n} and {n,7+ 1,7+ 2} to cover
(i4+1,n) and (n,i+2). Similarly, if (¢,%+1) is red and at least one of the edges
{i,n,j} (j #i+1)and {i+1,n,j} (j # i) is red, we obtain a red Berge-cycle
c®.

Therefore, if (a;,b;),i =1,...,k are the red consecutive pairs of P following
the orientation on P, then we may assume that every {n,a;,xz} (x # b;) and
every {n,b;,y} (y # a;) is blue. This allows us to easily find a blue Berge-cycle



C® as follows. If k = 1 then the blue core sequence () is obtained from P by
including n in P between a; and b;. To obtain the blue C7(l3), use the blue edges
{a1,n,b1+1} and {n, b1, a1 —1} to cover the pairs (a1, n) and (n, b;), then use the
blue edges {n, 4,7+ 1} to cover all other consecutive pairs. Otherwise, @ is de-
fined by the cyclic order Q = (a1, a2, —, b1,a3, —,ba, a4, —, ..., —, bp_1,n, b, +)
where the minuses indicate blue subpaths following P backwards and the plus
means a subpath following P forward. By the assumption, every consecutive
pair on ) which does not contain n can be extended to a blue triple by adding
n to it. The pairs (by—_1,n) and (n,bx) can be extended to a blue edge by by
and ag_1, respectively, thus defining a blue Berge-cycle C’T(LS). ([

Proof of Theorem 1.3. 1t is enough to prove the theorem for odd r, r = 2t+41,
t > 1. Indeed, since for r = 2t + 2 the same number of colors are used, one can
have a color transfer by any injection of the (2t + 1)-element subsets of [n] into
their 2¢ 4 2-element supersets (n > 4t 4+ 2 will be ensured). Then the theorem
follows from the next proposition.

Proposition 2.1. Ift > 1, n > 2t2 — 2t + 7, then Rt(C’,(le)) =n
We first prove the following lemma.
Lemma 2.2. Let ¢ be a fized positive integer and let n > 3¢ + 4. Then a 3-

uniform hypergraph H of order n with at least (g) —cn edges has a Hamiltonian
Berge-cycle.

Proof. By averaging, there exists a vertex © € V(H) contained in at least
(";1) —3c triples of H. Each such triple {z,y, z} defines an edge yz in a graph G

with vertex set V(H)\ {z}. The condition (", ") =3¢ > (";?) +2 (which is equiv-

alent to n > 3¢+ 4) implies that G contains a Hamiltonian cycle (z1,...,2,-1)
with a chord, say z12; € E(G) with j¢{2,n — 1}. This corresponds to the core
sequence of a Berge-cycle in H with edges {z;, z;y1,2}, ¢ =1,...,n — 1, where

Zp = x1. Then the vertex x can be inserted between x; and x5 using the edges
{z1,2,2;} and {z, z9, 21}, thus yielding a Hamiltonian Berge-cycle in H. O

For S C V(K),|S| < r, let Es = {e | e € BE(K{"”) with S C e}. We shall
prove Proposition 2.1 in a stronger form as follows.

Lemma 2.3. Fort>1,n>2t2 —2t+7, let S C V(K,(L%H)) be a set of even
cardinality with 0 < |S| < 2t — 2, and color a subset of m edges in Eg with
u=1t—15|/2 colors. If m > (2:&‘75"3‘) — (t —w)n > 0, then Eg contains a
monochromatic Hamiltonian Berge-cycle.

Proof. Let Fs C Eg, |Fs| = m, be the set of colored edges in Eg. Fix t > 1.
The proof is by induction on u. If u = 1, then |S| = 2t —2 and since n > 2t —2t,
we obtain that

m > (5% =t =1m = ("E) — (¢ - 1)n

> (AT —tn—2t+2).



Define the 3-uniform hypergraph Hg with V(Hg) = V(KZ™)N\S and E(Hg) =
{e\ S |e € Fg}. Clearly n — 2t + 2 > 3t + 4, thus Lemma 2.2 implies that Hg
contains a Hamiltonian Berge-cycle C’T@Qt 12+ Because the corresponding Berge-
cycle C’fj;ﬁz in Eg uses only n — 2t + 2 edges of Fg, it is easy to extend it by

including all vertices of S into a Hamiltonian Berge-cycle C,(ftﬂ).

Let u > 2,|S| = 2t — 2u, |Fg| = m > (2t171|75||5|) —(t—wn > 0, and
assume that the theorem holds for (u — 1)-colorings. Let ¢ be the maximum
length of a monochromatic Berge-cycle of Fs. Suppose ¢ < n, and C’éQtH)
is a maximum Berge-cycle in color 1 with core sequence (z1,z2a,...,2). Let
2 e VIEST)\v(eP™).

If there is a j, 1 < j < ¢, such that some e € Egy. .} is in color 1, then by

the maximality of ¢, no edge in Esy(..; ) \E(C’éQtH) + e) is colored with 1.
Therefore, all but at most (t —u)n+ £+ 1 < (¢ —u+ 1)n edges of Egyy...; 3
are colored with u — 1 colors. In this case let S’ be any set of |S| 4+ 2 vertices
containing S U {z, zj_1}.

If the condition above fails, then for each j, 1 < j < £, all but possibly (t—u)n
uncolored edges in Egyy. .} \E(Cftﬂ)) are in one of the colors 2,3, ..., u. In
this case let S’ be any set of |S| + 2 vertices containing S U {z, z;}.

In either case we have |S’| = 2t — 2(u — 1), furthermore,
n— 19

">|\Eg| - (t— n =
m' 2 |Eg| = (¢ —utDn <2t+1—S’|

) —(t—(u—-1)n>0
edges of Eg/ are colored with at most u — 1 colors. By induction, Fg/ contains a
monochromatic Hamiltonian Berge-cycle C7(12t+1), contradicting the maximality
of {. [

The proof of Proposition 2.1 and thus Theorem 1.3 follow applying Lemma
23 with S=0. O

3 Almost perfect connected matchings in almost
complete hypergraphs

Throughout this section r > 2 is a fixed integer, 0 < € < 11is a fixed and arbitrary
small real, and n approaches infinity (thus is arbitrarily large). Hypergraph H
is a (1 — €)-complete r-uniform hypergraph on n vertices, i.e. is obtained from
K,(f) by deleting at most 6(’:) edges. For easier computation we shall assume
that |E(H)| > (1—¢€)n"/r!. A coloring of the edges of H induces a multicoloring
on the shadow graph I'(H) that will be called an almost complete r-uniform
coloring of T(H).

Different technical lemmas have been used earlier to handle almost complete
graphs and 3-uniform hypergraphs (see [10], [16]). We introduce here a tool, the
concept of sequential selection, that proves to be convenient for almost complete
hypergraphs in general when one needs to show that there exists at least one
edge at a prescribed spot or there are many edges where they need to be.



For 0 < ¢ < 1 fixed, a sequence L C V(H) of k distinct vertices is called
a d-bounded selection if its elements are chosen in k consecutive steps so that
in each step there are at most dn forbidden vertices that cannot be included as
the next element. Observe that a d-bounded selection L is also a ¢’-bounded
selection for any 6" > 4.

In the subsequent applications when specifying a sequential selection of
length k, 0 < k < 7, we would like to guarantee that at least (1—38)n"~*/(r — k)!
edges of ‘H contain the selection. We shall see that this is always possible in a
(1 — e)-complete hypergraph, because at each step there are at most én forbid-
den vertices, where § depends only on €. For k = 0 we need that H has at least
(1 =6)n"/r! edges, which is obvious with e = §. For larger k our argument will
be based on the following recurrence lemma.

Lemma 3.1. Let Ly C V(H) be contained in at least (1 — 50)% edges
of H. If |Lo| < r and § = \/dg, then there exists Fy C V(H), |Fo| < dn, such

r—|L|

that for every x € V(H) \ (Lo U Fp) at least (1 — 5)m edges of H contain

Proof. Let |Lo| = i. By the assumption, there are 8 < §on"~%/(r —i)! distinct
(r —i)-element “bad” subsets B C V(H) \ Lo with Lo U B ¢ E(H). Let Fy C
V(H)\ Lo be the set of all vertices contained in more than dn"~*=1/(r —i — 1)!
distinet (r — i)-element bad sets. We clearly have 3 > |Fo|on™~=1/(r — i)\

By comparing these two bounds on (3, we obtain that |Fy| < %‘)n = én and
the lemma follows. [

Lemma 3.1 immediately gives the following.

Lemma 3.2. Assume that H is a (1 — €)-complete r-uniform hypergraph (r >
2) and set § = €. There are forbidden sets such that for every 6-bounded
selection L C V(H) of length at most r, at least (1 — 5)%‘;‘;, edges of 'H
contain L.

Proof. Let g = € and let ;41 = 53/2, for i = 0,1,...,r — 1. By applying
successively Lemma 3.1 as an arbitrary sequential selection process, we obtain
the forbidden sets F; C V(H),i = 0,...,r, such that |F;| < §;n. Because dy <
01 < -+ < 4y, every d-bounded selection of length k£ (0 < k < r) is contained
in at least (1 — &;)n"~*/(n — k)! edges of H. Hence every §,-bounded selection
L C V(H) is contained in at least (1 — &,)n" 1% /(r — |L|)! edges of H and the
lemma follows by choosing § = 6, = 277. O

When applying Lemma 3.2, a d-bounded selection L with |L| = r will be
used most of the time, in which case L becomes an edge of H. Throughout this
paper we shall use § = €2 as defined in Lemma 3.2.

A matching in a graph of order n saturating (1 — §)n vertices is called a
(1 — 9)-perfect matching. In an r-uniform multicoloring of the edges of the
shadow graph I'(H) = (V, E) the set of colors present on zy € E is denoted
by c(zy). If x € c(xy) we say that xy is a x-edge, or z and y are y-neighbors.



Let E, be the set of all x-edges, and let G, = (V, E,). A matching of G, is
a connected matching, if every matching edge belongs to the same connected
component of G. In particular, if G, is a connected graph on V, then every
matching is automatically a connected one.

Proposition 3.3. Assume H is an arbitrary hypergraph and 0 < § < 1/3. It
is either possible to delete at most dn wvertices from H so that the remaining
hypergraph H' is connected or the connected components of H can be partitioned
into two groups so that each group contains more than dn vertices.

Proof. Mark the connected components of H until the union of them has at
most én vertices. If one unmarked component remains, let it be H’. Otherwise,
we form two groups from the unmarked components. The larger group has
order at least (n — dn)/2 > dn, and the smaller one together with the marked
components have a union containing more than dn vertices as well. [

Proposition 3.4. An almost complete r-uniform hypergraph has a connected
component that admits an almost perfect connected matching in its shadow
graph.

Proof. Choose an ¢ such that § = €2 < 1/3. Let H be a (1 — ¢)-complete
r-uniform hypergraph (r > 2).

Proposition 3.3 is applied to H, it gives two possibilities, we show that the
second can not hold. Indeed, suppose that there is a partition X UY = V(H)
of the components of H such that | X|,|Y| > én. Apply Lemma 3.2 and let us
consider a d-bounded selection L = (z,y) such that € X,y € Y. Since there is
an edge e € E(H) containing L, we obtain eNX # (), eNY # 0, a contradiction.

Thus the first possibility holds, so we can delete at most dn vertices from
‘H so that the remaining hypergraph H’ is connected, so a maximum matching
M in T'(H') is connected. Moreover, M saturates all but at most dn vertices in
I'(H’). Indeed, otherwise let U C V(H') be the set of vertices unsaturated by M.
Apply Lemma 3.2 with a §-bounded selection L = (z1,2z2) C U. Then there is an
edge e € E(H) with z1, x5 € e, thus z122 is an edge of I'(H), contradicting the
maximality of M. Hence I'(H) has a (1 — 26)-perfect connected matching. [

In Section 4 we shall discuss how connected matchings of the shadow graph
can be be converted into Hamiltonian Berge-cycles. Here we show how to remove
the connectivity requirement imposed on the matchings in Conjecture 1.6 by an
inductive argument. For a compact formulation, let S(k,r) denote the state-
ment of Conjecture 1.6 with parameters k,r: any r-uniform k-coloring induced
on the shadow graph of an almost complete r-uniform hypergraph contains a
monochromatic almost perfect connected matching. The statement S~ (k,r)
is the weakening of S(k,r) by dropping the connectivity requirement from its
conclusion.

Proposition 3.5. Assume that 1 <k <r and S(k,r),S~(k+1,7+1) are both
true. Then S(k+1,r 4+ 1) is also true.



Proof. To prove S(k + 1,7 + 1), let H be an almost complete (r + 1)-uniform
hypergraph colored with colors 1,2,...,k + 1. By the assumption that S~ (k +
1,7+ 1) is true, this coloring admits a monochromatic almost perfect matching
M, say in color k+ 1. Let H(k+ 1) be the hypergraph determined by the edges
of color k 4+ 1 and apply Proposition 3.3 to it. If the first possibility holds, i.e.
H(k 4 1) has a connected component C' containing all but at most dn vertices,
we are done by deleting from M the edges outside C.

If the second possibility holds, the vertex set of H(k + 1) has a partition
X UY such that | X, ]Y| > dn and every edge e € E(H) with e N X # 0 and
eNY ## () has a color different from & + 1.

Apply Lemma 3.2 to H, and consider the r-uniform hypergraph H* defined
by the vertex sets of the sequences obtained by d-bounded selections of r vertices.
By Lemma 3.2, each edge f of H* is contained in at least (1 — §)n" =" /(r +
1—7)! = (1—9)n edges of H. Therefore (using also that | X]|, |Y| are both larger
than dn), there exists e € H, f C e such that e intersect both X and Y. Use
the color x # k + 1 of e to color f. Since H* has at least (1 — §)"n"/r! edges,
k-colored and r-uniform, S(k,r) applies to it, giving a monochromatic almost
perfect connected matching M in T'(H*). To conclude the proof, observe that
M is a connected matching in I'(H) as well. O

Due to Proposition 3.5, when looking for almost perfect connected matchings
of I'(H) in some color, it is enough to find arbitrary (not necessarily connected)
matchings. Next we introduce the concept of a strong transversal that proves
to be helpful in the forthcoming investigation.

Assume that T'(H) is colored with 1,2,... k, let M; C V be the vertex
set saturated by a maximum monochromatic matching M; in color ¢, and set
Ci=V\M;, fori=1,... k. A vertex x € M; with at least two i-neighbors
in C; is called ezposed, otherwise it is unexposed . Observe that every edge of
M, has at least one unexposed vertex otherwise there is an augmenting path of
three edges, contradicting the maximality of M.

Let W; C M; be the set of all exposed vertices in color i. In the set S; =
M; \ W; of the unexposed vertices every vertex u has at most one i-neighbor in
C;. If such an i-neighbor v € C; of u € S; exists, we say that the ordered pair
(u, ) is exceptional in color i. From the nature of r-uniform colorings, the same
ordered pair can be exceptional in many colors. Also, it is quite conceivable
that both (u,v) and (v,u) are exceptional (in different colors). Let D be the
digraph whose vertex set is V and whose arc set is the set of exceptional ordered
pairs. Notice that every vertex of D has outdegree at most k.

The k partitions V = C; US;UW;, i =1,...,k, decompose V into 3¥ atoms,
the atom A(z) of a vertex x € V is obtained by specifying for each ¢ which
element of {C;, S;, W;} contains x. We shall assume that each of these atoms
is either empty or has cardinality proportional to n. Otherwise, removing all
vertices of a ‘small’ atom from the shadow graph would reduce its order by o(n),
an immaterial change in size when seeking almost perfect matchings.

A set T' C V is a strong transversal (with respect to a k-coloring and a fixed
selection of maximum matchings in each color) if for every ¢ = 1,..., k, either



[T NC;| > 2 or both TNC; and T N S; are non-empty sets. Observe that for
n > 1 strong transversals exist if (and only if) each C; is non-empty. Indeed, to
define a strong transversal with at most 2k elements, simply pick one element
from each C; and from each S; with |S;| > 0. If |S;] = 0, i.e. color 4 is not
present at all, pick two elements from C;. The reason for interest in strong
transversals is the following lemma.

Lemma 3.6. Let T be a strong transversal in a k-coloring of an almost complete
r-uniform hypergraph H with n vertices. If each non-empty atom of the coloring
has more than u = r(2k + én) vertices, then |T| > r.

Proof. Assume to the contrary that there is a strong transversal T" with ¢t =
|T| < r. Apply Lemma 3.2 considering a d-bounded selections to define another
strong transversal L = (x1,x2,..., ;) containing no arcs from D. The vertices
of L will be selected from Z7 O Zy--- O Z; defined as follows.

Set Ty = T,Z1 = Uger, A(z) \ Uy where U; is the set of forbidden vertices
for 1 (JU1] < dn). Let 21 be a vertex of minimum indegree (at most k) in
D[Z,] . Assume that T;, Z;, z; are already defined for some 1 < i < t. Let
Tiv1 =T; \ {y}, where y € T; N A(w;), and

Ziv1 = Zi 0 (Uger,,, A(2)) \ (N7, (i) U N7 (2:) UUis1)

where U, 11 is the set of forbidden vertices for z;11 (|Ui+1] < dn) and Ny, NZ
are the set of endpoints of incoming and outgoing arcs of x; in the subgraph
D|Z;]. Let ;41 be a vertex of minimum indegree (at most k) in D[Z;4].

Foreachi,i=0,1,...,14, the outdegree of vertex ;1 is at most k in D[Z;14]
(at most one in each color) and its indegree is also at most k in D[Z; 1] since a
vertex of minimum indegree was selected. Hence in each step, before selecting
the next element into L, at most 2k 4 dn vertices are removed from any atom.
The number of steps is |L| = ¢ < r and initially each atom has more than
u = r(2k 4 dn) vertices. Thus Z; is non-empty so L is well defined.

Observe that no arc of D is contained in L. Indeed, consider z;,z; € L,
1 < j <4 <t and notice that no vertex of Nzt, () UNy (;) is in Zj41 so not
in Zi g ZjJrl.

The set L is a strong transversal because its vertices are selected from the
same set of atoms (with the same multiplicity) as the set of atoms containing
T.

Notice that L C e for some e € E(H) such that L C e. If x is the color of
e, then each pair x,y € L is a x-edge of T'(H). Since L is a strong transversal,
either |LNCy| > 2 or both LN C,, and LN S, are non-empty. In the first case
if z,y € LN C,, then the x-edge xy extends M, contradicting the maximality
of M,. In the second case let x € S, and y € (. Because there is at most one
x-edge from the unexposed vertex z € S to Cy, the arc xy must belong to D.
However, no ordered pair of L appears in D, a contradiction. [

We prove Conjecture 1.6 next for » = 3. Although a direct simpler proof is
possible, we prove it with the method that will be applied for the case r = 4.
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Theorem 3.7. Every 2-coloring of an almost complete 3-uniform hypergraph
H admits a monochromatic almost perfect connected matching in T'(H).

Proof. Using Proposition 3.4 with » = 2 and Proposition 3.5, it is enough to
find an almost perfect monochromatic matching. To be able to apply Lemma
3.6, we first delete all (non-empty) atoms of size at most 3(4+0n) from V(I'(H))
- for convenience, we keep all notations for the remaining set of vertices. We
may assume that the sets C;, i = 1,2, are non-empty - consequently large, say
|Ci| > dn - since otherwise, there is an almost perfect matching in some color.
Notice that the existence of a strong transversal T" with at most three vertices
contradicts Lemma 3.6 finishing the proof.

We may also assume that no S;, i = 1,2, is empty (consequently each is
large). Assume not, say S; is empty. This means that no edge of I'(H) is
colored by color 1, so C; contains all vertices (but at most one). Therefore
picking two vertices from C5 we have a strong transversal - contradiction.

Observe that |C; US;| > |Ci| + |M;]/2 = |Ci| + |V \ C;|/2 > n/2. Thus there
exists a vertex x € (C1US1)N(C2USs). Then for distinct vertices y € C1,z € Co
different from z, T = {x,y, 2z} is a strong transversal, contradiction. O

Theorem 3.8. Every 3-coloring of an almost complete 4-uniform hypergraph
H admits a monochromatic almost perfect connected matching in T'(H).

Proof. We use notation already introduced above. We shall follow the argument
used in the proof of Theorem 3.7. By Theorem 3.7 and Proposition 3.5, it is
enough to find an almost perfect (not necessarily connected) monochromatic
matching. To be able to apply Lemma 3.6, we first delete all (non-empty)
atoms of size at most 4(6 + on) from V(I'(H)) - for convenience, we keep all
notation for the remaining set of vertices. We may assume that the sets Cj,
i = 1,2,3 are non-empty - consequently large, say |C;| > dn - since otherwise,
there is an almost perfect matching in some color. Notice that the existence of a
strong transversal T with at most four vertices contradicts Lemma 3.6 finishing
the proof.

We may also assume that no S;, i = 1,2,3 is empty (consequently each is
large). Assume not, say S; is empty. This means that no edge of I'(H) is colored
by color 1, so Cy contains all vertices (but at most one). Therefore picking two
vertices from Cy and two vertices from Cs we have a strong transversal, a
contradiction.

Observe that |C; US;| > |Ci| + |M;]/2 = |Ci| + [V \ C4|/2 > n/2. As a corol-
lary we obtain that any two sets among C;US;,7 = 1,2, 3, have a common vertex.

Case 1: C;NC; # 0, for some 1 < i < j < 3. Let k be the third index
different from ¢ and j. If z,y € C; N C}, and v, w € Ck, then T' = {x,y, v, w} is
a strong transversal, a contradiction.

Case 2: C;NS; # 0 and C; NSk, # 0 for {i, 5, k} = {1,2,3}. Ify, 2z € C; NS},
z € C;N Sk, and w € Cf, then T = {z,y, z,w} is a strong transversal, a con-
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tradiction.

Case 3: C; NS # 0, for some 1 <4 < j < 3, and none of the previous cases
applies. Let k be the third index different from ¢ and j. Then there is a vertex
y € 5;N Sy oravertex y € C;NS,. Thenlet x € C; NS, v € C; and w € Cy.
In both cases T = {x,y,v,w} is a strong transversal, a contradiction.

Case 4: S;NS; #0, for all 1 < i,j < 3. Assume in addition that none of
the previous cases applies, in particular, C; N C; = 0 and C; N S; = 0, for all
1<4,5<3.

For every ¢,7, 1 <i < j < 3, define U;; = §; N Sy, and for the third index
k, let Uy = Sk \ (S; U S;). Observe that S; NSz NS5 = 0, since otherwise, if
x € S1NSyNS; and y; € Cy, then T = {x,y1,y2,y3} is a strong transversal.

Then it follows that
S1 =UiUU3U UL,

Sy = U2 U U3 U Uy,
S3 =Ui3UUssUU;s .

Notice that distinct sets in the right hand side are pairwise disjoint, and also
disjoint from each of Cy,Cy, Cs. Let Up = V \ UL, (C; U S;).

In terms of the atoms introduced above the sets of exposed vertices are
partitioned as follows:

Wy :Ml\Sl:CQU03UU23UU2UU3UUO,
Wy :MQ\SQ201UC3UU13UU1UU3UUO,
W3y :Mg\Sg:OlLJCQUUlQUUlUUQUUO.

Let wz be an edge of M; with w € W;. Then = € S;, therefore |S;| =
|Upa| + |Uis| +|Uz| > |W1|. We strengthen this inequality as follows. Let A1 C
Uyo, A1z C Uyz denote the set of vertices matched from W7 by M;. We claim
that at least one of the sets Aqs, A13 is small, has at most dn vertices. Suppose
this is not the case. Then we can apply Lemma 3.2 with a §-bounded selection
of vertices, (x2, 3, Y2, y3), such that o € A2, 23 € A13,y2 € Ca,y3 € C3 and y;
is not the exceptional j-neighbor of z; in C;. Since Q = {z2,23,y2,y3} € E(H),
@ has some color. But 2 ¢ c(zay2) and 3 ¢ c(x3ys3), so Q is colored with color 1,
consequently 1 € c(x122). Let 21, 2o be the other endpoints of the edges of M
containing x1, x2, respectively. Now there is an augmenting path of length five
in color 1: by the definition of Wi, one can select two vertices, p,q € Cy such
that 1 € ¢(pz1),1 € ¢(gzs). Thus replacing {z121, 2z0w2} by {pz1, 2122, 922} we
contradict to the maximality of M;. A similar argument holds for each color.

This implies that for color 1, either

(1) |Uss| + |Ur] + dn > [Wh| = |C| + [Cs] + [Uzs| + |Uz| + [Us| + |Ug|
or

(2) |Ura| + U] + 6n > |Ca| + |C3| + [Uaz| + |Uz| + |Us| + |Uo| -
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Similarly, for color 2 , either

(3) |Uia| + |Us| + 0n > |Cy] + |Cs| + |Urs| + |Ur| + |Us| + |Uo|
or
(4) |U23| + |U2‘ + on > |Cl| + |C3| + |U13| + |U1| + |U3| + |Uo|.

Furthermore, for color 3 either

(5) |Uaz| + |Us| + én > |C1| 4 |Ca| + |Ur2| + |Ui| + |Uz| + |Uo|
or
(6) |U1s| + |Us| + 6n > |C1| + |Ca| + |Usa| + |Ur] + |Ua| + |Uo| -

Without loss of generality we may assume that (1) is true. This inequality
contradicts inequality (4), because their combination results in

|Urs| + [U1| 4 on > |Co| + |C3] + (|U2s| + |Uz|) + [Us| + [Uo|
> |Cy| 4+ |Cs] + (|C1] + |Cs| + |Us| + |Us| + |Us| + |Usl) + |Us| + |Uo| — dn
> |Urs| + |U1] + |Ch] + |C2| + 2|C5| — dn > |Uss| + |Ur| + 30n .

Thus (3) must be true (the last inequality follows from |C;| > dn). A similar
argument excludes (6) and implies that (5) is true. Then the sum of the in-
equalities (1), (3), and (5) leads to an obvious contradiction. This concludes
Case 4 and the proof of the theorem. [J

Theorem 3.9. Let k be the largest integer such that k + |logy(k + 1) < r.
Then every k-coloring of an almost complete r-uniform hypergraph H admits a
monochromatic almost perfect connected matching in its shadow graph.

Proof. We use notation already introduced. Again, by Proposition 3.5, we do
not have to prove the connectivity of the matching. (Notice that the inequality
k+ |logy(k+1)| < ris trivially inherited from the pair (k+ 1,74 1) to the pair
(k,r) and one can start the induction from Theorem 3.8 with (3,5) or trivially
with (1, 3).) We may delete vertices of atoms of order at most u = r(2k+dn) and
can assume that in the remaining atoms all sets C; are represented - otherwise
we have the required almost perfect matching. We show that there is a strong
transversal of at most k + |log,(k + 1)| < r vertices, contradicting Lemma 3.6.
Observe that |C; US;| > n/2,1 <i <k (if |C; US;| = n/2, we have nothing
to prove, M; spans all vertices). Therefore Zle |C; U S;| > nk/2 showing that
some vertex v1 € V is in more than k/2 of the sets V; = C; U S;. Repeating the
argument with the sets V; that do not contain vy, one can eventually obtain a
set T = {v1,v9,...,u} such that | < |logy(k+ 1) and TNV; 0,1 <i < k.
Then T can be extended to a strong transversal T* by adding at most k vertices
to T'; for every i, add a vertex of C; or S; to T selecting the one that has empty
intersection with T' (if both intersect T' we do not select anything). O
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One easy consequence of Theorem 3.9 is the following.

Corollary 3.10. If k = r — [logyr| then every k-coloring of an almost com-
plete r-uniform hypergraph H admits a monochromatic almost perfect connected
matching in its shadow graph.

4 From connected matchings to Berge-cycles

Here we show how to transform our asymptotic results on monochromatic con-
nected matchings to asymptotic results on monochromatic Hamiltonian Berge-
cycles with the use of the Regularity Lemma of Szemerédi [28]. Since this
approach is already used in [14], [16], we try to avoid presenting all the details.
We shall assume throughout the rest of the paper that n is sufficiently large and
k and r are fixed.

There are several generalizations of the Regularity Lemma for hypergraphs
due to various authors (see [4], [7], [9], [27] and [29]). Here we will use the
simplest one due to Chung [4]. First we need to define the notion of e-regularity.
Let € > 0 and let V4, V5, ..., V. be disjoint vertex sets of order m, and let H
be an r-uniform hypergraph such that every edge of H contains exactly one
vertex from each V; for ¢ = 1,2,...,r. The density of H is dyy = ‘Esli?;{)‘ The
r-tuple {V1,Va,...,V,.} is called an (e, H)-regular r-tuple of density dy; if for
every choice of X; C V;, | X;| > €|V;], i =1,2,...,7 we have

[E(H[X,, .., X))
X[ X

—dy| < e.

Here we denote by H[X7, ..., X, ] the subhypergraph of H induced by the vertex
set X1U...UX,. In this setting the k-color version of the Hypergraph Regularity
Lemma from [4] can be stated as follows.

Lemma 4.1 (k-color Weak Hypergraph Regularity Lemma). For every positive
€ and positive integers t,r, k there are positive integers M and ng such that for
n > ng the following holds. For all r-uniform hypergraphs Hi, Ha, ..., Hy with
V(Hi) =V(H) = ... =V (Hg) =V, |V| = n, there is a partition of V into
I+ 1 classes (clusters)

V=W+WVi+Voat+..+V

such that
o t<I<M
o |Vil=Val=..= Vi
o Vol <en

apart from at most E(i) exceptional r-tuples, the r-tuples {V;,, Vi, ...,
Vi.} are (e, Hs)-regular for s =1,2,... k.
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For an extensive survey on different variants of the Regularity Lemma see
22].
| ]Consider a k-edge coloring (Hi,Hs, ..., H) of the r-uniform complete hy-
pergraph KT(LT), i.e. Hj is the subhypergraph induced by the first color, Hy is
the subhypergraph induced by the second color, etc. Hj is the subhypergraph
induced by the k-th color.

We apply the above k-color Weak Hypergraph Regularity Lemma with ¢t = r
and with a small enough € to obtain a partition of V(K,(f)) =V = Uo<i<iVis
where |V;] = % = m,1 < i < [. We define the following reduced hy-

pergraph HT: The vertices of H® are pi,...,p;, and we have an r-edge on
vertices p;,,Piy,--.,pi, if the r-tuple {V; ,Vi,,..., Vi } is (e, Hs)-regular for
s = 1,2,...,k. Thus we have a one-to-one correspondence f : p; — V; be-

tween the vertices of H® and the clusters of the partition. Then,

B0 = 0-o)(]),
and thus H? is a (1 — ¢)-complete r-uniform hypergraph on [ vertices. Define
a k-edge coloring (H{t, HE, ..., HE) of H® with the majority color, i.e. the
r-tuple {p;,, Dip,---,0i, } € E(HE) if s is the most frequent color in the r-tuple
{ViysVig, ..., Vi.} € E(Hs). Note then that the density of this color is > 1/k in
this r-tuple. Finally we consider the multicolored shadow graph I'(H). The
vertices are V(HT) = {p1,...,p} and we join vertices x and y by an edge of
color s, s =1,2,...,k if z and y are contained in an edge of H® that is colored
with color s.

The main lemma that allows us to convert monochromatic connected match-
ings into monochromatic Berge-cycles is the following one.

Lemma 4.2. Assume that for some positive constant ¢ we can find a mono-
chromatic connected matching M saturating at least cl vertices in T'(HT). Then

in the original k-edge colored K,(LT) we can find a monochromatic Berge-cycle of
length at least ¢(1 — 3e)n.

We here again note that the use of a connected matching in this type of
proof (first suggested by [24]) has become somewhat standard by now (see [6],
[10], [11], [12], [13]).

Proof. We may assume that M is in I'(H). Denote the edges of M by M =
{e1,€2,...,e;,} and thus 2l; > cl. Furthermore, write f(e;) = (V{,V4) for
1 < i <y where Vf, VQ’ are the clusters assigned to the end points of e;.

Next we define good vertices for an arbitrary edge e in T'(HI). Let f(e)
be denoted by (V1,V?2). Since e is an edge in I'(H{), the endpoints of e are
contained in an r-edge E in H{. By definition this r-edge corresponds to an
(e, Hy)-regular r-tuple f(E) (containing clusters V!, V2 and r —2 more clusters)
that has density > 1/k. We say that a vertex x € V7,j = 1,2 is good for
Vi' j =1,2,5 # j if for at least m/2k vertices y € Vi’ there are at least
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m"?/2k r-edges in Hy[f(E)] containing z and y. The next claim shows that
most vertices are good in each V7.

Claim 1. In each V7,j = 1,2 the number of vertices that are good for Vj/,j’ =
1,2,5" # j is at least (1 —&)m.

Indeed, let X C V7 denote the set of vertices in V7 that are not good for
V7. Assume indirectly that | X| > em. The total number of r-edges in H;[f(E)]
that contain a vertex from X is smaller than

T T W 4 W U W
X (g2 = gom ™) = (- g ) X @)

which contradicts the fact that f(FE) is (e, H1)-regular with density at least 1/k
when ¢ is small. Thus the claim is true.

The good vertices determine an auxiliary bipartite graph G(V!,V?) in the
following natural way. In V7,5 = 1,2 we keep only the vertices that are good
for V7', j = 1,2,5' # j. For simplicity we keep the V!, V2 notation. For a
vertex & € V7 that is good for V7" we connect it in G(V1,V?) to the

> (1/2k — e)ym > m/4k (2)

vertices y € V7' such that there are at least m”~2/2k r-edges in Hi[f(E)]
containing x and y.

At this point we introduce a one-sided notion of regularity. A bipartite
graph G(A, B) is (g, 0, G)-super-reqular if for every X C A and Y C B satisfying
| X| > €lA|, |Y| > ¢|B| we have

[Ea(X,Y)] > 6| X][|Y],
and furthermore,
degg(a) > §|B| for all a € A, and degg(b) > d|A| for all b e B.

Then it is not difficult to see that the following is true.
Claim 2. G(V1,V?) is a (2¢,1/4k, G)-super-regular bipartite graph.

Indeed, the second condition of super-regularity follows from (2). For the
first condition let X C V1, Y C V2 with |X| > 2¢|VY|(> em), |Y| > 2¢|V?|(>
em). Assume indirectly that Eq(X,Y) < |X||Y|/4k. The total number of r-
edges in Hy[f(F)] that contain a vertex from X and a vertex from Y is smaller
than

mr72 1 mr72

3 r—2
I (M + - 05 ) < K @

which again contradicts the fact that f(E) is (e,H;)-regular with density at
least 1/k. Thus the claim is true.

Since M is a connected matching in T'(H¥) we can find a connecting path
PR in T(HE) from f~1(V3) to f~ (Vi) for every 1 < i < Iy (for i = Iy set
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i+1 = 1). Note that these paths in T'(H¥) may not be internally vertex disjoint.
From these paths P in I'(H1*) we can construct vertex disjoint connecting paths
P; in T'(H;) connecting a vertex v} of Vi that is good for V; to a vertex vi™! of
Vf“ that is good for V;H. More precisely we construct P; with the following
simple greedy strategy. Let P = (p1,...,p:),2 < t < I, where according to
the definition f(p;) = V4 and f(p;) = V. Let the first vertex u; (= v3)
of P; be a vertex u; € Vi that is good for both V3! and f(p2). By Claim 1
most of the vertices satisfy this in V21. The second vertex us of P; is a vertex
uz € (f(p2) N Na(£(p1),f(ps))(u1)) (using the above defined bipartite graph G)
that is good for f(ps). Again using Claim 1 and the fact that ¢ is sufficiently
small, most vertices satisfy this in f(p2) N Ng(f(p,), f(ps))(u1). The third vertex
uz of Py is a vertex uz € (f(p3) N Na(#(ps).f(ps))(u2)) that is good for f(pa).
We continue in this fashion, finally the last vertex u; (= v?) of P is a vertex
uy € (f(pe) VNG (f(pe_ 1), f(pe)) (Ui—1)) that is good for V2.

Then we move on to the next connecting path P,. Here we follow the same
greedy procedure, we pick the next vertex from the next cluster in Pf*. However,
if the cluster has already occurred on the path Pj*, then we just have to make
sure that we pick a vertex that has not been used on P;.

We continue in this fashion and construct the vertex disjoint connecting
paths P; in I'(H1), 1 < i <l;. Next we have to make these connecting paths
Berge-paths. By the construction, since every edge on every path P;,1 <i <[
came from an appropriate bipartite graph G, the two endpoints of every edge
are contained in at least m™~2/2k r-edges in ‘Hy[f(E)]. Since the total number
of edges on the paths P; is a constant (< [?) and n (and thus m) is sufficiently
large, we can clearly “assign” an r-edge from H; for each edge on the paths
such that the assigned r-edge contains the corresponding edge and the assigned
r-edges of H; are distinct for distinct edges on the paths P;.

We remove the internal vertices of these paths P; from f(M). We also remove
the r-edges from H; that are assigned to the edges of the paths P;, since these
r-edges cannot be used again on the Berge-cycle. Note again that the number of
vertices and edges that we remove this way is a constant. Furthermore, in a pair
(Vi, Vi) in V{ we keep only the vertices that are good for Vi, and in Vi we keep
only the vertices that are good for V7, all other vertices are removed. By these
removals we may create some discrepancies in the cardinalities of the clusters of
this connected matching. We remove an additional at most 2em vertices from
each cluster V; of the matching to assure that now we have the same number
of vertices left in each cluster of the matching. For simplicity we still keep the
notation V]Z Note that by Claim 2 the remaining bipartite graph G(V{, VJ) is
clearly still (4¢,1/8k, G)-super-regular for every 1 < i < I; and now we have
Vi| = [V§].

We will use the following property of (g, d, G)-super-regular pairs.

Lemma 4.3. For every & > 0 there exist an € > 0 and mg such that the
following holds. Let G be a bipartite graph with bipartition V(G) = V1 U Vs such
that |Vi| = |Va| = m > myg, and let the pair (V1,V3) be (e, 9, G)-super-reqular.
Then for every pair of vertices v1 € Vi,v9 € Vo, G contains a Hamiltonian path
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connecting v1 and vs.

A lemma somewhat similar to Lemma 4.3 is used by Luczak in [24]. Lemma
4.3 is a special case of the much stronger Blow-up Lemma (see [20] and [21]).
Note that an easier approximate version of this lemma would suffice as well, but
for simplicity we use this lemma.

Applying Lemma 4.3 inside each G(V{, V), 1 < i < [; together with the
connecting paths P; we get a cycle C in T'(H;) that has length at least

cd(l=2e)m > c(l —¢€)(1—2e)n > ¢(1 — 3e)n.

We only have to make this cycle the core of a Berge-cycle. For the edges on
the connecting paths P; we already have assigned distinct r-edges of H;. The
other edges came from the bipartite graphs G(V{,V3), 1 < i < I, and thus
the two endpoints of every edge are contained in at least m”~2/4k (we already
removed some r-edges) r-edges in Hy[f(E;)] (here E; denotes the r-edge in HI*
containing the endpoints of the edge e;). For r = 2 we are done. For r = 3
note that the triples E; must be distinct for each 7,1 < ¢ < [; and furthermore
the triples containing two distinct edges from G(V}, V4) are distinct. Hence for
r = 3 we can clearly assign distinct triples to each edge on C. For r > 3 note
that an r-edge E; can be the same only for at most |r/2] values of . At most
|7/2]2m < rm edges of C' come from these values of 7. Furthermore, for r > 3
the two endpoints of every edge in G(V{,Vy) are contained in at least m?/4k
r-edges in Hi[f(E;)]. Thus if m is sufficiently large (and thus rm < m?/4k) we
can clearly assign distinct r-edges to each edge on C' and this makes the cycle
C' the core of a Berge-cycle, completing the proof of Lemma 4.2. [

Lemma 4.2 together with the asymptotic results of the previous section on
monochromatic connected matchings give the results on monochromatic Berge-
cycles stated as Theorems 1.4 and 1.5. For example, to prove Theorem 1.4,
observe that by Theorem 3.8, for any given 1 > 0 there is a small enough € such
that every 3-coloring of a 4-uniform (1 — €)-complete H admits a monochro-
matic connected matching in I'(H) covering at least (1 — 7)|V(I'(H))| vertices.
Applying this to H = HR, i.e. to the reduced hypergraph of Kr(f), we get a
monochromatic connected matching covering at least (1—n)l vertices of T'(H™).
Then Lemma 4.2 gives a Berge-cycle of length at least (1 —3¢)(1 —n)n in K.

References

[1] N. Alon, P. Frankl, L. Lovdsz, The chromatic number of Kneser hyper-
graphs, Transactions of the American Mathematical Society 298 (1986),
pp. 359-370.

[2] C. Berge, Graphs and Hypergraphs, North Holland, Amsterdam and Lon-
don, 1973.

18



[3]

J. C. Bermond, A. Germa, M. C. Heydemann, D. Sotteau, , Hypergraphes
hamiltoniens, Problémes et Théorie des Graphes, Coll. Int. C.N.R.S. Orsay
260 (1976) 39-43

F. Chung, Regularity lemmas for hypergraphs and quasi-randomness, Ran-
dom Structures and Algorithms 2 (1991), pp. 241-252.

P. Erdds, T. Gallai, On maximal paths and circuits of graphs, Acta Math.
Acad. Sci. Hungar. 10 (1959), pp. 337-356.

A. Figaj, T. Luczak, The Ramsey number for a triple of long even cycles,
to appear in the Journal of Combinatorial Theory, Ser. B.

P. Frankl, V. R6dl, The uniformity lemma for hypergraphs, Graphs and
Combinatorics 8 (1992), pp. 309-312.

L. Gerencsér, A. Gyarfas, On Ramsey-type problems, Ann. Univ. Sci. Bu-
dapest Eétvos, Sect. Math. 10 (1967) 167-170.

W.T. Gowers, Hypergraph regularity and the multidimensional Szemerédi
Theorem, preprint.

A. Gyarfas, M. Ruszinkd, G. N. Sarkozy, E. Szemerédi, Three-color Ramsey
numbers for paths, Combinatorica 27 (2007) 35-69.

A. Gyérfas, M. Ruszinké, G. N. Sarkozy, E. Szemerédi, Tripartite Ramsey
numbers for paths, to appear in the Journal of Graph Theory.

A. Gyérfas, M. Ruszinkd, G. N. Sarkozy, E. Szemerédi, An improved bound
for the monochromatic cycle partition number, Journal of Combinatorial
Theory, Ser. B 96 (2006) 855-873.

A. Gyérfas, M. Ruszinkd, G. N. Sarkozy, E. Szemerédi, One-sided coverings
of colored complete bipartite graphs, in Topics in Discrete Mathematics
(dedicated to J. Nesetril on his 6oth birthday), Algorithms and Combina-
torics 26 (M. Klazar et al eds.), Springer, Berlin, 2006, pp. 133-154.

A. Gyéarfas, G. N. Sarkozy, The three-color Ramsey number of a 3-uniform
Berge cycle, in preparation.

R. Faudree, R. H. Schelp, All Ramsey numbers for cycles in graphs, Discrete
Mathematics 8 (1974), pp. 313-329.

P. Haxell, T. Luczak, Y. Peng, V. Rodl, A. Rucinski, M. Simonovits, J.
Skokan, The Ramsey number for hypergraph cycles I, Journal of Combi-
natorial Theory, Ser. A 113 (2006), pp. 67-83.

P. Haxell, T. Luczak, Y. Peng, V. R6dl, A. Rucinski, M. Simonovits, J.
Skokan, The Ramsey number for hypergraph cycles II, manuscript.

19



[18]

[19]

[20]

[21]

[22]

[27]

(28]

G. Y. Katona, H. A. Kierstead, Hamiltonian chains in hypergraphs, J. of
Graph Theory 30 (1999),pp. 205-212.

Y. Kohayakawa, M. Simonovits, Skokan, The 3-color Ramsey number of
odd cycles, manuscript.

J. Komlés, G. N. Sarkozy and E. Szemerédi, Blow-up Lemma, Combina-
torica 17 (1997), pp. 109-123.

J. Komlés, G. N. Sarkozy and E. Szemerédi, An algorithmic version of
the Blow-up Lemma, Random Structures and Algorithms 12 (1998), pp.
297-312.

J. Komlés, M. Simonovits, Szemerédi’s Regularity Lemma and its applica-
tions in graph theory, in Combinatorics, Paul Erdds is Eighty (D. Miklés,
V.T. Sés, and T. Szényi, Eds.), Bolyai Society Math. Studies, Vol.2, pp.
295-352, Budapest, 1996.

L. Lovéasz, M. D. Plummer, Matching Theory, Joint edition of North-
Holland and Akadémiai Kiado, 1986.

T. Luczak, R(Cy, Cp,Cyp) < (4+0(1))n, Journal of Combinatorial Theory,
Ser. B 75 (1999), pp. 174-187.

V. Rosta, On a Ramsey-type problem of J. A. Bondy and P. Erdés, I and
IT, Journal of Combinatorial Theory B 15 (1973), pp. 94-104, 105-120.

V. Radl, A. Rucinski, E.Szemerédi, A Dirac-type theorem for 3-uniform hy-
pergraphs, Combinatorics, Probability and Computing 15 (2006), pp. 229-
251.

V. Raodl, J. Skokan, Regularity Lemma for uniform hypergraphs, Random
Structures and Algorithms 25 (1) (2004), pp. 1-42.

E. Szemerédi, Regular partitions of graphs, Colloques Internationaux
C.N.R.S. N© 260 - Problemes Combinatoires et Théorie des Graphes, Orsay
(1976), 399-401.

T. Tao, A variant of the hypergraph removal lemma, Journal of Combina-
torial Theory, Ser. A 113 (2006), pp. 1257-1280.

20



