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Abstract

Assume that the edges of a complete bipartite graph K(A, B) are col-
ored with r colors. In this paper we study coverings of B by vertex disjoint
monochromatic cycles, connected matchings, and connected subgraphs. These
problems occur in several applications.

1 Introduction

Some problems for edge colored complete graphs naturally lead to edge colored com-
plete bipartite graphs. For example, in [?] it was proved that in every r-coloring of
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the edges of K, there is a connected monochromatic subgraph of order at least -.
The proof was based on the result that in every (r — 1)-coloring of the edges of a
complete bipartite graph of order n there is a connected monochromatic subgraph
of order at least 5. (We remark here that later Fiiredi [?] obtained an important
result on fractional matchings of hypergraphs which also implies the cited result.)
As another example, in [?] it was proved that the vertex set of an r-colored com-
plete graph can be covered by at most cr?log r vertex disjoint monochromatic cycles.
The proof used the following ”one-sided” covering lemma for bipartite graphs. If
G = K(A, B) is an r-colored complete bipartite graph with |A| > 73| B| then B can
be covered by the vertices of at most r? vertex disjoint monochromatic cycles. This
lemma was strengthened in [?] by showing that at most (67 [logr]|-+2r) vertex disjoint
monochromatic cycles suffice to cover B if |A| > r?|B|. This result has been used
to improve the result cited above as follows: the vertex set of an r-colored complete
graph can be covered by at most 100r logr vertex disjoint monochromatic cycles. In
these improvements, as in this paper, the Regularity Lemma played a major role.

In this paper one-sided coverings of colored complete bipartite graphs are explored
further. The main result is the following improved form of the one-sided covering
lemma for cycles.

Theorem 1. For every fized r there exists ng = no(r) such that the following is true.
Assume that the edges of a complete bipartite graph K (A, B) are colored with r colors,
where |A| > ng. If |A| > 2r|B|, then B can be covered by at most 3r vertex disjoint
monochromatic cycles.

Note that this is a significant improvement over the above cited result from [?],
where the statement is proved with (6r[logr| + 2r) cycles instead of 3r cycles for
4] > 12|B|.

One tool of the proof, interesting in its own, is Theorem 7?7 which has an easy
elementary proof. It says that the condition |A| > r|B| ensures that in an r-colored
complete bipartite graph K (A, B), B can be covered by at most r vertex disjoint
monochromatic connected matchings, in fact one can require that each matching has
a distinct color. Here a monochromatic (say red) connected matching is a matching
that lies in the same red connected component. Note that monochromatic connected
matchings also played an important role in [?], [?]. Luczak [?] realized (through the
Regularity Lemma) that the Ramsey numbers of monochromatic connected match-
ings and paths are about the same. Using this method the same set of authors [?]
determined exactly the three color Ramsey numbers for paths which was an open
problem for more then twenty years.

Theorem 77 is close to best possible: there are infinitely many r-colored complete
bipartite graphs K (Ay,, By,) such that |A| = |B|(r—1—%=) and B can not be covered



by the vertices of at most r vertex disjoint connected monochromatic matchings
(Corollary ?77).

We also prove that the (much) weaker condition |B| < el4!/™" — | 4] is enough to
ensure a covering of B with at most r vertex disjoint monochromatic connected sub-
graphs (Corollary ??). This result is obtained through Theorem 7?7, a generalization
of a result of Haxell and Kohayakawa ([?]). Notice that for |B| > r one can color
K(A, B) by defining a partition of B into r nonempty parts and color all edges be-
tween A and the i-th part by color i. This coloring shows that in one sided coverings
of complete bipartite graphs at least » monochromatic subgraphs are needed.

r+3

2 One-sided covers of bipartite graphs

In certain covering or partition problems one may require that all monochromatic
objects have distinct colors, i.e. color repetition is not allowed. For example, it is not
known whether every 3-colored complete graph can be covered by three monochro-
matic paths but there are examples when there is no cover if we want paths of distinct
colors. Another example is the result of Haxell and Kohayakawa proving that every
r-colored complete graph can be partitioned into at most » monochromatic trees of
distinct colors. In this section we prove two lemmas about one-sided coverings where
the colors of the objects are all different.

2.1 Covering B by monochromatic connected matchings

Theorem 2. Assume that the edges of a complete bipartite graph K (A, B) are colored
with r colors, |A| > r|B|. Then there are vertex disjoint monochromatic connected
matchings, all of different color, such that their union covers each vertex of B.

Proof: We define by iteration r-colored complete bipartite graphs G; = K(A '\
A, B), Gy = K(A;, B) and sets X; C A;,Y; C B, such that A; = Uj_,X;. Initially
G():G,AOZX():}/O:@.

The general step is to select an arbitrary vertex a € A\ A;_; and consider the
partition P of B by putting two vertices p, ¢ € B into the same class if and only if the
colors of ap, ag are the same and label the class by the color of ap. Let E be defined
as the set of those edges ab of G;_1 whose color is the same as the label of the class
of P containing b. Observe that the existence of a matching of B to A;_; using edges
of E proves the theorem - then the procedure stops. Therefore we may assume that
such a matching does not exist. By Hall’s theorem there are sets X; C A;,_1,Y; C B
such that |X;| < |Yi| and all edges of F incident to Y; are incident to X; (i.e. X is
the set of E-neighbors of Y;). Set A; = A;_1 UX, and let G; be the complete bipartite



subgraph of G spanned by [A \ A;, B]. Notice that a € X; thus at least one new
vertex is added to A;. This finishes the definitions for step i.

Since at each step |A4;| > |A;_1|, the procedure terminates with A,, = A (and
G = 0) for some m. We show that this leads to a contradiction, thus the procedure
must terminate with finding the required cover of B.

Assume that a vertex b € B in G,, is covered by k of the sets Y;, w.l.o.g by
Y1,Ys, ..., Y. Then there are k distinct colors such that all edges incident to b in
one of these colors go to U¥_, X;. Therefore b is incident to edges of at most r — k
colors in Gy implying k£ < r. Assuming that the procedure takes m steps, consider
the hypergraph on vertex set B with edges Y;,

1Bl 2 X (@) = %1 2 S0+ 1) = 4]+ 0 > 4] )

reB

contradicting the assumption of the theorem. 0O
A bipartite graph G(k, () is -dense if it contains at least vkl edges. We will need
the following (1 — €)-dense version of Theorem ?? as well.

Theorem 3. For some 0 < € < 1/4 assume that the edges of a (1 —¢€)-dense bipartite
graph G(A, B) are colored with r colors, |A| > 2r|B|. Then there are vertex disjoint
monochromatic connected matchings, each of a different color, such that their union
covers at least (1 — \/€)-fraction of the vertices of B.

Proof: First we "trim” G(A, B), we keep only the high degree vertices. For this
purpose we use the following fact.

Fact 1. Let G(A, B) be a (1 —¢)-dense bipartite graph. Then there is a subset A" C A
with |A'] > (1 — /)| A| such that deg(a, B) > (1 — \/¢)|B| for alla € A'.

Indeed we get A’ by removing those vertices from A that have degree less than
(1 —/2)|B| in G. The number of these vertices is at most y/z|A| from the density
condition.

The proof of Theorem ?7? is similar to that of Theorem 7?7, but we always select the
vertex a from the set A’ and then we get a partition P of the (> (1—+/¢)|B|) neighbors
of @ in B. Then a matching covering these neighbors gives the desired covering with
monochromatic connected matchings. The contradiction in (??) is similar, since we
stop if there are no more A’ vertices in the leftover:

rIBl > ... > (1- VAl

which is a contradiction for 0 < e < 1/4 and |A| > 2r|B|. O



To see that Theorem ?? can not be improved too much, let Gy = K(A, B) be
the following r-colored complete bipartite graph. Set A = [r] and each vertex of B is
associated with a permutation of [r]. Vertex i € A is adjacent to a permutation in B
in the color which is the i-th element of the permutation.

Lemma 1. Assume that S = {S1,S52,...5:} are monochromatic stars of Gy with
their centers in A and such that the union of their leaves cover B. Then t > r with
equality if and only if : (i) all centers coincide and all colors are different, or (ii) all
centers are different and all colors are the same.

Proof: Suppose that X; C [r], i € [r] is the set of colors (we always color by
colors 1,2,...,7) appearing on the members of S with center at i € A. The sets
X; = [r] \ X; have no distinct representatives. Indeed, the existence of such a set of
representatives is equivalent to the existence of a vertex of B uncovered by the leaves
of the stars, contradicting the assumption. Thus, by Hall’s theorem, there exists a set
A* C A such that |A*| = j and |Ujea- X;| < j—1 implying that |Mea- X;| > r—j+1.
Therefore

t> > |Xi| > A Nieas Xal > j(r—j+1) >
i€ A*
with equality in the last inequality if and only if j = 1 or j = r giving cases (i) and
(#) in the lemma. O

The following corollary shows that r can not be essentially lowered in the condition
|A| > r|B| of Theorem ?7.

Corollary 1. For every fixed v there are infinitely many r-colored complete bipartite
graphs [Ap, By such that |Ay,| = | Bp|(r — m) and By, can not be covered by the
vertices of vertex disjoint connected monochromatic matchings, each having a different

color.

Proof: Consider the graph G; = K (A, B) and replace each vertex of B by a set
of m vertices, each vertex of A by a set of mr! — 1 vertices. This gives an r-colored
complete bipartite graph G = K(A,,, By,) with |B,,,| = mrl, |A,| = r(mrl = 1) =
| By | (r — ﬁ) for every positive integer m. Since for any = € B two edges of
(G1 incident to x are always colored with different color, a connected monochromatic
matching in G, corresponds (can be contracted) to a monochromatic star in G,
with center in A. Thus the required covering of B, with disjoint monochromatic
matchings corresponds to a star-cover as in Lemma ?7. Applying Lemma 7?7, the
only possibility to cover B,, is coming from (), i.e. all monochromatic matchings are
using the vertices of a replacement of a single vertex of A C V(Gy). Since any vertex
of A is replaced by mr! — 1 vertices there is no matching from that set to B,, since
|Bp| =mrl. O



If one does not require that all monochromatic connected matchings have distinct
colors we have only a weaker construction:

Corollary 2. For every fized r there are infinitely many r-colored complete bipartite
graphs K (A, By) such that |An| = |By|(r —1—"231) and B, can not be covered by
the vertices of at most r vertex disjoint connected monochromatic matchings.

Proof: It is similar to the proof of Corollary ?7. The only difference is that here
we use (G] obtained from G; by deleting an arbitrary vertex of A. Then, using the
same replacements as in the proof of Corollary ??, possibility (i) of an r-covering is
eliminated from Lemma 77 and the proof follows. O

2.2 Covering B by monochromatic cycles

In this section we prove our main result, Theorem ??7. We will use the bipartite r-
color version of the Regularity Lemma (for an extensive survey on different variants
of the Regularity Lemma see [?]). For this purpose we will need some definitions. For
non-empty A and B,
eg(A, B )

Al B]

is the density of the graph between A and B.

dG’(A7B) =

Definition 1. The bipartite graph G = (A, B, E) is (e, G)-regular if
X CA YCB, | X|>¢l|A], |Y|>¢e|B| imply |dg(X,Y)—dg(A,B)| <e,

otherwise it is (e, G)-irregular. Furthermore, (A, B, E) is (g,d, G)-super-regular
if it is (e, G)-reqular and

degg(a) > 8|B| Ya € A, degi(b) > 6|A| Vb e B.

Proof of Theorem ?7: Consider a r-edge coloring (G, Gs,...,G,) of K(A, B).
We apply the bipartite r-color version of the Regularity Lemma with a sufficiently
small . By standard arguments we may assume that for each cluster that is not Vj,
all vertices of the cluster belong to the same partite class. Thus we get a partition
A=VI4+ Vit VA B=VI+Vi+.. VIE where V]| = |VF| =m, 1 <j <ly,
1 < jp <lpand |[VJ| < €|4]|, V3| < ¢|B|. We define the reduced graph G: The
vertices of G are AR = {p)} | 1 < j; < Ix} and BE = {p2 | 1 < jp < I},
and we have an edge between vertices p/t and pi2, if the pair {V]', VF} is (e, G,)-
regular for s = 1,2,..., 7. Thus we have a one-to-one correspondence f : {p/y, pls} —
{Vj, Vé} between the vertices of G¥ and the non-exceptional clusters of the partition.
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Then G® = (A% Bf) is a (1 — ¢)-dense bipartite graph. Define an r-edge coloring
(GT,GY,...,GF) of G¥ in the following way. The edge between the clusters V7' and
V2 is colored with a color s that contains the most edges from K(V{', V%), thus
clearly

|Ea,(VZ, VE?)

1. .
> VLIV,

Applying Theorem ?? to G® we get at most r vertex disjoint monochromatic
connected matchings that cover at least (1 — y/2)-fraction of the vertices of B®. The
clusters not covered by these monochromatic connected matchings are placed into the
exceptional set V3. With standard techniques, going back to the original graph, from
these monochromatic connected matchings we can construct monochromatic cycles
that cover most of the clusters belonging to these connected matchings. Indeed, let us
take a monochromatic connected matching M, say M is in GI* and has size | M| = [;.
We will make this connected matching into a cycle in Gj.

Denote the matching M = {ej,es,...,€,} between the two sets of end points
Uy C AR and Ug C Bf. Furthermore, let f(e;) = (Vi, Vi) for 1 < i < I where V}
and V}, are the clusters assigned to the endpoints of e;.

We need to do some preparations on the matching M. First we will find connecting
paths between the edges of the matching M. Since M is a connected matching in
GF we can find [; connecting paths P/ in G from f~1(Vg) to f~1(Vith) for every
1 <i <1 (for i =1 we go from f~*(V4) back to f~1(V})). Note that these
paths in G may not be internally vertex disjoint. From these paths P! in G we
can construct vertex disjoint connecting paths P; in G; connecting a typical vertex
vl of Vi to a typical vertex vt of V4. More precisely we construct P, with
the following simple greedy strategy. Denote PE = (py,...,p:),2 < t < l4 + I3,
where according to the definition f(p;) = VA and f(p;) = V3. Let the first vertex
u; (= vh) of P, be a vertex u; € VA for which degg, (ui, f(p2)) > (1/r — e)m
and degg, (u1, Vi) > (1/r — e)m. By (&, Gy)-regularity most of the vertices satisfy
this in VA. The second vertex uy of Py is a vertex us € (f(p2) N Ng, (u1)) for which
dega, (uz, f(ps)) > (1/r—e)m. Again by (e, Gy )-regularity most vertices satisfy this in
f(p2) N Ng, (ug). The third vertex us of P is a vertex ug € (f(ps) N Ng, (uz)) for which
dega, (us, f(ps)) > (1/r — e)m. We continue in this fashion, finally the last vertex wu;
(=v?%) of Py is a vertex u; € (f(p;)NNg, (us_1)) for which degg, (u, VZ) > (1/r—)m.

Then we move on to the next connecting path P,. Here we follow the same greedy
procedure, we pick the next vertex from the next cluster in Pf. However, if the
cluster has occurred already on the path P (or on any other connecting paths later
in the procedure), then we just have to make sure that we pick a vertex that has not
been used so far. Since the total number of vertices on the connecting paths will be
a constant, this is feasible.



We continue in this fashion and construct the vertex disjoint connecting paths P,
in G, 1 <4 <y. These will be parts of the final cycle in G;. We remove the internal
vertices of these paths from (. Furthermore, we remove some more vertices from
each (Vi,VE),1 <i < to achieve super-regularity in all of these pairs. From V} we
remove all exceptional vertices v4 for which

) 1
dega, (va, Vi) < (r — 8) m,

and from V}, all exceptional vertices vp for which

’ 1
dega, (v, V}) < (r — 5) m.

(¢, Gy)-regularity guarantees that at most em vertices are removed from each cluster.
By doing this we may create some discrepancies in the cardinalities of the clusters
of this connected matching. We remove some more vertices from clusters Vi and V}
to assure that now we have the same number of vertices left in each cluster of the
matching. For simplicity we still keep the notation f(e;) = (V4, V};) for the modified
clusters. The removed vertices are added to the exceptional set V3.

To get the final cycle in G will use the following property of (g, d, G)-super-regular
pairs.

Lemma 2. For every d > 0 there exist an € > 0 and mg such that the following holds.
Let G be a bipartite graph with bipartition V(G) = Vi U Vi such that |Vi| = |Va] =
m > myg, and let the pair (Vi,Va) be (e,9, G)-super-reqular. Then for every pair of
vertices v1 € Vi,v9 € Vo, G contains a Hamiltonian path connecting v, and vs.

A lemma somewhat similar to Lemma ?? is used by Luczak in [?] and by Haxell
in [?]. Lemma ?7? is a special case of the much stronger Blow-up Lemma (see [?] and

7).

Applying Lemma ?? for 1 < ¢ < [;, we get a path in Gi|s,) connecting v’
and v% that contains all of the remaining vertices of f(e;) (in case of i = 1 we
just select a Hamiltonian path of f(e;) starting from vy and in case of i = Iy, we
select a Hamiltonian path of f(e;,) starting from v'}). These paths together with the
connecting paths give us the desired G; cycle.

We repeat this procedure for all the at most » monochromatic connected match-
ings. This gives us a covering of B with at most r vertex disjoint monochromatic
cycles that cover B apart from at most 2,/¢|B| vertices. For the covering of these
remaining vertices we can apply the following lemma from [?] (Lemma 8 in [?]).

Lemma 3. There exists a constant ng such that the following is true. Assume that the
edges of the complete bipartite graph K(A, B) are colored with r colors. If |A| > ny,
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|B| < |A|/(8)3+Y | then B can be covered by at most 2r vertex disjoint monochro-
matic cycles.

Indeed we can apply this lemma as ¢ is sufficiently small. Thus altogether we
covered B with at most r + 2r = 3r vertex disjoint monochromatic cycles, and thus
finishing the proof of Theorem ??7. 0O

2.3 Covering B by monochromatic connected subgraphs

We show here that a covering of B with vertex disjoint connected monochromatic
subgraphs is possible if |B| is not too large compared to |A|. To achieve that, we
need a generalization of the following result.

Theorem 4. (Haxell, Kohayakawa, [?]) Let r > 1 and n > 3rr!(1 — 1/r)30"") logr
be integers, and suppose the edges of K,, are colored with r colors. Then K, contains
t < r monochromatic trees Ty, ..., T, of radius at most 2, each of different color, such
that their vertex sets V(T;) (1 <i <t) partition the vertex set of K,.

We shall prove that Theorem 7?7 remains true even if there is a not too large ”hole”
in K. More precisely, let H = H(A, B) be the graph whose vertex set is partitioned
into A and B and contains all edges except the ones inside B.

Theorem 5. Let v > 1 and suppose the edges of H = H(A, B) are colored with r
colors, where |A| = n, |B| < """ —n (in particular, n sufficiently large). Then
H contains t < r wvertex disjoint monochromatic trees Tt,...,T; of radius at most
2, each of different color, such that their vertex sets V(T;) (1 < i < t) partition the
vertex set of H.

Corollary 3. Letr > 1 and suppose the edges of the complete bipartite graph K (A, B)
are colored with r colors, |A| = n. If |B| < """ —n (in particular, n sufficiently
large) then B can be covered by the vertices of vertexr disjoint monochromatic trees
{T1,..., i}, t <r, of radius at most 2, each of different color.

Proof: Consider an arbitrary coloring of edges of K (A, B) with r colors and color
all (g) edges inside A with a new color, say, r + 1. This is an (r + 1)-coloring of the
edges of H(A, B). Thus, by Theorem ?? it contains ¢ < r + 1 monochromatic trees
Ti,...,T; of radius at most 2, each of different color such that their vertex sets V (7;)
(1 < < t) partition the vertex set of H. But color r 4+ 1 can be used only to cover
some subset of vertices in A. Therefore the trees whose color is not r + 1 have the
required property. O



Proof of Theorem 77: We may assume r > 2, otherwise the statement is
trivial. We tailor the proof of Haxell and Kohayakawa [?] to our needs. For some
k, 1 < k < r, k-anchor is a k-edge colored complete bipartite graph [X,Y] with
| X| =k, |Y| > si such that for z; € X all edges of the form [z;, Y] are colored with
color i (1 =1,...,k). Let s; = n/r’, for 1 <i <rands; =0 for i > r. Clearly,
the sequence s; is non-increasing. Let I';(v, V') be the neighborhood of the vertex v
in color ¢ in some subset of vertices V', d;(v, V) = |I';(v, V).

Consider an arbitrary r-edge coloring of H(A, B), |A| = n, and a t-anchor [X, Y]
such that X C AU B, Y C A and maximal in the sense that no ¢ + 1-anchor [X7, Y}]
with Y7 C A exists in this coloring. Set | X| = {x1,...,2:} and assume {1,...,t}, are
the colors of the t-anchor. Since a 1-anchor can be defined by selecting x; € B and
defining color 1 as the majority color on [z, A], t is well defined.

Now we proceed to prove that the vertices of Z) = (AU B) \ (X UY) can be
covered by vertex disjoint monochromatic stars with centers in Y. In fact we achieve
this by applying the following greedy procedure in less than

Ls./2r] < s./2r < s;/2r <|Y| (2)

steps.

Let y; € Y be the vertex which is adjacent to the most vertices in Z; in some color
iy € [t] (i.e., we pick a monochromatic star centered in Y containing the most leaves
in Zj)). Let Z; C Zj be the set of the leaves just chosen, Z] = Z} \ Z;. In general,
assume that vertices yi,...,y, € Y, not necessarily different colors i1, ...,4, € [t],
pairwise disjoint sets Z1,...,Z, and sets Z1, ..., Z, are already defined. Let Y, =
Y\ {y1,.-,yq}- Select y,1 € Yy and iy € [t] such that d; ., (Y441, Z;) is maximal,
Zgr1 =TipsWar1, 24), Zoyn = 2y \ Zg1 = Zy \ (Ui Zs).

Consider the edges between the (yet uncovered) vertices in Z, and the (yet not
used) vertices in Y, (Y} is nonempty because of (??7)). We have

Z Z di(z,Yy) > ‘Z{;‘ (Y] —=q—(r—1)si1).

2€Z] 1<i<t

Indeed, |Y,| = Y| — ¢, and a vertex z € Z is adjacent to less then s,;; vertices of
Y in each color j, t +1 < j < r. Else, if z € Z, Y* C Y, |[Y*| > 544, exist such
that all edges in [z, Y™*] colored j, t + 1 < j <, then {2z} UX with Y* would form
a (t + 1)-anchor, contradicting the choice of ¢. Therefore, by a standard averaging
argument

1 1
TP 2 (Y=g = )sen)

1 (r —t)si41
— Sz (1= sy
/ q’( Y] —q

10
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Using (??) we have

1 (r —t)St41
Zyal = 12y = 1241l <17, (1 3 (1 BRET R

1 —t
< |Z]exp {_t (1 - (T|Y| )_S;+1>}

< |Z]exp {—1 (1 - %»

1 1 1
= |Z‘;|eXp{_(2r—1)t} < |Z£,|9XP{—2N} < |Z;’eXP{_2TQ}' (6)

To obtain (??7) we utilized |Y| > s, and (?7), and (??) follows from (?7) by s; = rs;.1.

Summarizing,

1
‘Zz/1+1’ < |Z(/1| exXp {_27"2} )

and we let our algorithm run for at most |s,/2r| steps. Therefore we shall cover all

vertices in Z}) if

1z (5= ) <251 (o) Y 2 g (o) Y < gl <,

which is satisfied by ,
|Zo| < [V(H)| < e/

Assume that we covered Z| with monochromatic stars with centers vy, ..

colors i1,...,14, and sets of leaves Zi,...,Z,. The partitioning trees 77, .
colors 1,...,t are defined as follows.
V(L) ={z;U U {m}uzy),
k€[qo]: =t
and

ET = U (@) u{m2):z€Zi}).

k€lqo]: =t

Clearly, the vertices of Y, =Y \ {v1,...9, } can be added to, say, T;. O
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