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ON P O W E R  SUMS OF C O M P L E X  N U M B E R S  
W H O S E  S U M  IS 0 

G. HARCOS (Budapest) 

I n t r o d u c t i o n .  Let Z l , . . .  , Z n be complex numbers,  s~ = z[ + . . .  + 
+ z~, and put Mn = inf max Is, I, where the infimum is taken over systems 

l ~ n  
rain Izjl = 1 and Sl = 0. The determination of M,~, which is clearly a 

minimum by Weierstrass' theorem, is raised by P. Turs in his posthumous 
book [1]. Simple examples show i e ~  _-< 2, M3,~-1 =< 3, M6m-3 =< 3 ([2]) and 
by a note of [2] Mn = O(1) for the outstanding case n = 6m + 1. M. Szalay 
has proved the lover  bound 1 ~- (log 2 -  o ( 1 ) ) / l o g n  for i ,~  ([2]). It is known 
that  M2 = 2, M3 = 3, M4 = 2, 1.9219 < M5 < 2.2321 and 1.7936 < M6 _<- 
< 1.9968 ([2]). We shall prove 

THEOkEM 1. Mn =< 2 + 3~2/2+~ 
n 

We also improve the lower bound: 

1-55/logn < Mn (n > 1024) THEOREM 2. 1 -t- logn = = " 

In Section 3 we obtain some numerical estimates for Mn (6 = n _< 19). 
The lower bounds are deduced as in [2], the upper ones are gained by direct 
computing of examples Izjl = 1 (j  = 1 , . . . ,  n). A detailed calculation is given 
for the cases n = 6, 7. 

1. To prove Theorem 1 we can assume n is odd, since M2m < 2 by the 
result of [2]. Let n = 2m - 1 (m >_ 2) and consider the system 

{ c~e ~ij for l _ _ < j = < m - 1  

zj ~- e~oi(j+l ) for m __< j __< n 

where i 2 = - 1 ,  ~2 = 27r/(n + 2) and c~ _>_ 1 is to be chosen later. Clearly 
min Izjl = 1 and we shall see that  Sl = 0 holds for a suitable c~. For 1 _< 

l<_j<n 
_< L, _< n we obtain 

ra-1 n+l 
8~ = ~ E e~iJu + E e~iJ~ = 

j=l j=mq-1 
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52 G. HARCOS 

m - 1  

= ( aV-  1) E e~i/v + E 

ju  

m - 1  

e ~ i j v  -~ (Ol v --  1) E 
j = l  

e ~ i j u  - -  1 - -  s  - "  

= e *'~/~ [(a~ - 1) 
sin ~(m - 1)v/2 

sin ~v/2 - 2 cos r , 

i ,e.~ 

[(a~ . s in~(m - l)v/2 
I~I = ,  - - 

W i t h  the notation A = ~ = 2 - ~  we have 

2 cos ~mu/21 . 

~ ( m - 1 ) _  ~r_3A and ~m 
2 2 2 2 

SO 

I*~1 = [(~=- 1)sin (~in 2~-3~) 
which yields 

(a~, .4- cos 3Av 
I~1 = - i) sTn2--~'uu 

- 2 cos v - Av , 

~: 2 sin Av[ according as v = 1 or 3 (mod 4), 

]l(a ~ .4- sin 3Av 
= - 1)  s i ~  2-i-g~ 

Thus 

+ 2 cos Av according as v _ 2 or 4 (mod 4). 

{ ] ( a  v l~c~ 2 sin Av[ if v is odd 
- -  "- / sin 2AI) 

(1) I s ~ l - -  l(  O~v ~-]sin2Av1%sin3Av + 2cosAv] if v is even. 

Now define v' = n + 2 - v, then Av = ~r/2 - Au' and (1) gives 

{ [(o~v l ~ s i n 3 ~ v '  COS AV ~ if V is odd - j ~ + 2  

(2) [svl= ](av ~l~c~ 2sinAv' i f v i s even .  

Denoting min{v, v ~} by a and noting that u and v ~ are of opposite parity, we 
get by (1) and (2) 

(3) {[(a ~ 1~r _2sinAg[ i f a i s  odd 
- -  ~)  sin2A~ 

Is~]= ](a v ~j~.21~sin3~ L cosAg[ i f a i s e v e n .  
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(3) shows that  sl = 0 holds if a is chosen such that  a - 1 - -  2sinAsin2Acos3A 

Clearly 

a = l + - -  
2), .2), (1 + o(1)) = 1 + (~2 + o ( 1 ) ) / ~ =  

= .xp{  + 

i . e . ,  

(4) ~'~ = exp{ ( ~  + o(1))In} = 1 + ( ~  + o 0 ) ) / n  

Suppose first that  ~ is even. Since ~ < (n + 2)/2, 0 < A~ < ~r/4, we can 
observe that  cos A~, sin 2A~ and sin 3A~ are positive. Thus we can omit the 
sign of absolute-value in (3) and deduce by (4) 

s in 3A,r 
l,s~,l =< (c~ ~ -  1)s--~n 2A ~ 

+ 2cos A~ < ( ~  - 1)~ + 2 = 2 +  
3~r2/2 + o(1) 

n 

Secondly, assume t~ to be odd. If a = 1 then u = 1 and s~ = 0. Therefore we 
only have to deal with the case a > 3. (3), (4) and 0 < ha  < a-/4 yield 

~ -  1 ( ~  + o(1))/~ 
I~1 < ~-A7r + 2sinA~ < sin2A~ + 2sin A~; < 

< (~2 +o(1))/n (~2 + o(1)) / .  ~ ~2 +o(1) 
= 2 . 2A~  + 2A~ = 2 + ~ - ' 2 ~  - 2t~ + ~ - - ~ t ~ .  

n+2  ~ 

This gives for 3 < x < (n + 2)/12 and all large enough n 

~r 2 + o(1) ~r 10 4 
I~1 < + < + = 2 ,  

= 6 ~ T ~ 

and for (n + 2)/12 < tr and all large enough n 

~.2 + o(1) ~ 4 

I~l < 2(~ + 2)/12 + ~ < ~ = 2. 

The results gained in the even and in the odd cases imply Theorem 1. [] 

REMARK. One would expect that  a similar good or perhaps a bet ter  
est imate can be obtained for Mn by the system 

{ a + e ~ij f o r l  < j < m - 1  
z j =  

e ~i(j+l) for m = < j = < n 
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where the complex a is chosen such that  Sl = 0. However, this is not so, 
since - -  by similar calculation ~s above - -  for any fixed and even u 

2u + o(1) 
I s ~ l = 2 +  as n ~ .  

n 

2. To prove Theorem 2 we use the fact (see [2]) that  the unique positive 
root Rn of the polynomial (of degree In/2]) 

. 

F~(x) =-1  + E I j__~. (x) , .  
2j2+...+nj==n 2<_,<_n 

furnishes a lower bound for M~ (the j~'s are nonnegative integers). Using 
the formula 

j l+ . . .+njn=n l ~ < _ n  

(see [3]) we easily get for any positive integer k < n/2 

+ 

2 k - 1  

Fn(x )=- l+  E ( x + n - r - 1 ) ~  r . 
v----O 

X2k V" 1 -[-[ l__~(xy. < 
( 2 k -  1)! A.~ jl + 2k .,.1 j~,!\u] 

j l T . . . T n j n = n - 2 k  l~_~'~_n 

2k ) E ( x + n - r - 1  ( - x )  r 
__< - 1 +  r!  

r ~ 0  

ss 1 < X < 1 -I- 1-e and k = [~] then Now let n = 1024, e = log~, = ~ 

~ n ~ j ~ x ' < - l +  x + n - 2 k - 1  , ~_~ , ( - x )  ~ 
= n -  2k [x+n-2k-l~ r! 

r=O ~, n - 2 k  ] 

We have 

x + n -  2 k -  1) 

n 2k 

x - 1  
< exp 

\ d=l J 
< 

< exp {(1 - s ) ! ~  + 1 }  < e 1-~ , 
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and for any 0 _< r _< 2k 

< exp 

i.e., 

Thus 

1 <  ~ i 2 k k  ~) < , ,~ , x - 1  = + - = ( ~ 1 ~  < exp < 
~, n - 2 k  / j : n - 2 k +  l "J 

1 E < exp 
log  n j = n -  2k + l 

log n - log(n - 2k) "[ 
< / e x p  

log n 
(+), 

t ~  1 < e x p  - l < ~ e x p  . 
I, n - 2 k  ] 

( j=o 
- -  + lo--~ exp ~ ~.~ < 

j=o 

x2k.{. 1 

< e l - ~  e - X + ( 2 k + l ) !  + lo--~exp ~ e~ < 

< e 1-~ + ((2k + l)/3)2k+l + l o - - ~ e x p  1 +  < 

~ + )  < el-e + 2k +----~ + < 

< + ~ogn 
E 

- -  < e - e + -  < e -~- f -ee  -~, 
e 

since n :> 1024 implies s < 1. Finally 

Fn(x) < - 1  + e-~(1 + ~) < - 1  + e-~e ~ = O. 

Now 0 _-< Fn(M~), hence 

1 + 1 - 5 5 / l ~  1 - s  
log ~ Yog ~ < M~ (~ >_ 1024). [] 

REMARK. A similar argument leads to the result 

1 - - O ( 1 )  
R ~ = I +  

log n 
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3. Finally we consider systems of type 

zj = exp(~j i )  (1 <= j __< m) 

zj+.~ = e x p ( - ~ j i )  (1 = j __< m) 
} if n = 2m, 

Z l = l  

zj+l = exp(~vji) 

Zj+m = e x p ( - ~ j i )  

( l < j < m - 1 )  } 

( l < j < m - 1 )  

if n = 2 m - 1  

and 81 0 then max [s~ I where the ~j  are real numbers. If s .  = z~' + . . .  + z~ = 
l<u<_n 

provides an Upper est imate for M,~. 
First we deal with the case n = 6 in detail. If 

(5) ( Z ~  Z l ) . . . ( Z  -- Z6) = Z 6 + a l  z5 + . . .  + asz + a6 

then a6 = 1, a2 = a4 = a and a3 = 13 with some real a and ~ and the 
condition sl = 0 implies al = a5 = 0. It is easy to verify that  the numbers 
Aj = 2 cos ~j  ( j  = 1, 2, 3), which lie in the interval [ -2;  2], are real roots of 
the equation 

(6) A3-~ ( a -  3)A + ~  = 0. 

Conversely, if we choose the real a and/3  such that  (6) has three roots in 
[-2;  2] and define a6 to be 1, al = a5 to be 0, a2 = a4 to be a and a3 to be 

then the numbers Z l , . . .  ,z6 determined by (5) lie on the unit circle Izl = 1 
and they satisfy 81 = 0. 

Calculating the power sums in terms of a and/~ by the Newton-Girard  
formulae we get 

s2 = - 2 a ,  s3 = -3/3, s4 = 2a 2 - 4a,  s5 = 5a/3, s6 = 3/32 - 2a 3 -t- 6a 2 - 6. 

It seems to be convenient to put a = 1 - r and fl = 2(1 +r  where 0 < r < 2 
since then 

max Is~l = 2(1 - E 2) 
1<u<_5 

and 

Is61 = 2(I - r _ 2 ( 2 5 r  3 _ 19e2 _ 63r + 6). 

It can be checked that 25r 3 - 19r 2 - 6 3 r  + 6 has the only real root r = 
= 0.092951... in the interval [0; 2/5] and this r determines an a = 
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= 0.907048... and a/5 = 0.437180... such that (6) has three roots in [-2; 2]. 
Thus the inequality 

M6 ~ 2 ( 1 -  ~2) = 1.982720... 

follows. [] 
Secondly, let n = 7. If z I ---- 1 and 

( 7 )  (Z  - -  Z l ) ( Z  - -  Z 2 ) . . . ( Z  -- Z7) : Z 7 21- a l  Z6 - { - . . . - -~  a 6 z  -11- a 7 

then a7 = -1 ,  as = - a ,  a5 = a and a3  ---- - - f l ,  a4  = f l  with some real a and 
and the condition 81 = 0 implies al = a6  - -  0. It is easy to verify that the 

numbers Aj = 2 cos ~j (j  = 1, 2, 3), which lie in the interval [-2; 2], are real 
roots of the equation 

(8) a3 + a : _ ( .  + 2)a- ( .  + Z+ 1)=0. 

Conversely, if we choose the real a and/~ such that (8) has three roots in 
[-2; 2] and define aT to be -1 ,  al = a6 to be 0, a2 as - a ,  a5 as a, a3 as - ~  
and finally a4 as ~ then the numbers Zl = 1, z2 , . . . ,  z7 determined by (7) lie 
on the unit circle [z[ = 1 and they satisfy 81 = 0. 

It is convenient to put ~ = 2a/3. Calculating the power sums in terms 
of a by the Newton-Girard formulae we get 

8 2 = 8 3 = 2 a ,  8 4 = 2 a  2 - 8  1 0 a 2 - b a ,  

8 6 = 2 ~ 3 - 8 a 2 ' 3  s z - - 7 (  1 - 1 3 ~ 2 2  ) - 9 -  + ~ ' 

which yields that for 9/10 __< a < 1 

( 1 3 2  ~ ) 
max l ~ 1 = 2 ~  and 1~1=7  1 - - ~ - a  + a 3 . 

lgv_<6 

It can be checked that 2a = 7 ( 1 - ~ a 2 + ~ a  3) has the only real root 
a = 0.947181... in the interval [0; 9/10] and this a determines a /3 = 
= 0.631454... such that (8) has three roots in [-2; 2]. Thus the inequal- 
ity 

M~ _< 2a = 1.894363... 

holds. [] 
Further on we indicate for comparison the lower bounds Rn of Section 2. 

The upper bounds are derived from systems described above. We have the 
following inequalities for Mn (6 =< n ~ 19): 
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1.793610 < M 6  < 1 .982720 

1 .719907 <M T< 1.894363 

1.662581 < M s <  1 .999796 .  

1 . 6 1 8 5 5 5 . . .  5 M 9 ~  1 . 7 9 0 7 8 2 . . .  

1 . 5 8 3 2 5 5 . . .  5 M l o  ~ 1 . 9 7 3 6 8 8 . . .  

1 .554267 .  < M l l  < 2.119011 

1 .529965 <MI~ < 1 .998574 .  
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{ ~ 1  = 3 3 . 9 8 7 5 8 5 .  o . .  

~2 = 7 3 . 3 0 3 7 4 5 . . .  ~ 

~ 3  = 1 0 9 . 0 9 7 5 4 7 . . .  ~ 

~4 = 142 .118198 .  o 

/ ~1 = 3 8 . 4 3 0 4 8 7 .  o 

~2 = 6 7 . 2 2 0 0 8 6 . . .  ~ 

~3 = 1 3 4 . 1 1 4 6 1 4 . . .  ~ 

~4 = 1 6 7 . 0 2 2 7 4 0 . . .  ~ 

~1 = 32"074778" - -  ~ 

~2 = 5 7 " 6 1 6 7 4 0 - ' '  ~ 

~3 = 9 1 " 8 8 7 5 4 3 - ' "  ~ 

~4 = 1 1 7 " 6 1 8 9 8 4 " ' "  ~ 

~5 = 1 5 2 . 4 2 5 3 3 0 . . 2  

~1 = 4 4 " 0 3 8 3 4 9 ' ' '  ~ 

~2 = 7 0 " 3 6 4 4 1 7 - ' -  ~ 

~3 = 9 6 " 5 3 3 4 8 7 ' ' '  ~ 

V4 = 1 2 5 . 4 9 3 3 4 5 . . 2  

~5 = 1 4 9 " 3 7 4 8 9 9 ' ' "  0 

~1 = 2 6 . 2 8 0 5 6 6 .  . .~ 

~2 = 5 2 . 0 2 0 4 2 8 . - .  ~ 

~3 = 76 .396810  - - -~  

~4 = 1 0 2 . 1 2 7 1 6 0 . . .  ~ 

~5 = 129.177757 . . . 0  

F6 = 1 5 4 . 8 7 7 6 0 0 . . 2  
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1 . 5 0 9 2 4 5 . . .  __< M13 -< 2 . 1 2 6 7 2 8 . . .  

~1 : 1 9 . 1 9 1 9 3 8 - . .  ~ 

~2 = 3 9 . 8 0 3 8 2 4 . - .  ~ 

~3 : 8 8 . 6 7 5 6 8 7 . . .  ~ 

~4 = 1 1 7 . 9 0 4 4 9 7 - . -  ~ 

~S = 1 4 2 . 2 2 2 6 5 0 . - -  ~ 

~6 : 1 6 7 - 7 8 9 8 7 8 . . .  ~ 

1.491331 < M 1 4  < 1.828905 

~1 : 9 . 0 6 9 8 9 2 . .  .0 

~2 31 .062936  .o 

~3 52 .885792  .o 

~4 98 .672340  .o 

~5 121.786322 .~ 

~6 142.291313 .o 

~7 168.191278 .o 

1 .475659 <-/1//15 < 1 .967363 

~1 : 2 1 . 8 1 0 4 9 0 . . .  ~ 

~2 4 0 . 2 7 9 2 7 4 . . .  ~ 

~3 6 1 . 8 2 3 0 9 8 . . .  ~ 

~4 1 0 5 . 3 8 0 9 2 8 . . .  ~ 

~5 = 1 2 5 . 0 4 4 0 8 7 . . .  ~ 

~6 : 1 4 6 . 8 4 3 3 3 2 . . .  ~ 

~7 = 1 7 0 . 7 1 4 1 2 0 . . .  ~ 

t . 4 6 1 8 0 0 7 . . ,  g M16 ~ 2 

1.449458 < M 1 7  < 1 .948290 �9 ' '  ~ : . - .  

~1 : 1 9 . 3 3 1 3 9 7 - - .  ~ 

~2 = 3 9 . 8 6 6 7 4 3 . . .  ~ 

~3 : 5 8 . 0 2 3 9 2 4 . .  .0 

~4 = 7 5 . 9 5 5 6 9 9 . . .  ~ 

~5 = 1 1 4 . 4 1 4 5 2 9 - - .  ~ 

~6 = 133 .645456 . . . 0  

~7 = 1 5 3 . 4 9 8 1 7 4 . . .  ~ 

Us = 1 7 0 . 0 4 5 3 3 1 - - . ~  
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1.438363... ~ M l s  ~ 2 

1.428328... ~M19 ~ 1.888063... 

[ ~1 = 18.409141... ~ 

~2 37.223032. o 

~3 52.895537. o 

~4 70.133067. o 

~5 88.133122. ~ 

[~6  123.294802. ~ 

~7 139.974654. o 

~8 156.231133. o 

~9 172.269165. o 
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