THE PRIME GEODESIC THEOREM IN ARITHMETIC PROGRESSIONS
DIMITRIOS CHATZAKOS, GERGELY HARCOS, AND IKUYA KANEKO

ABSTRACT. We address the prime geodesic theorem in arithmetic progressions, and resolve
conjectures of Golovchanskii-Smotrov (1999). In particular, we prove that the traces of
closed geodesics on the modular surface do not equidistribute in the reduced residue classes
of a given modulus.

1. Introduction

1.1. Historical prelude. The prime geodesic theorem asks for an asymptotic evaluation of
the counting function of oriented primitive closed geodesics on hyperbolic manifolds. If the
underlying group is a cofinite Fuchsian group I' C PSLy(R), then this problem has received
distinguished attention among number theorists; see for instance [Hej76a, Hej76b, Hej83,
Hub61, Hub61, Kuz78, Sar80, Sel89, Ven90] and references therein for classical triumphs.

A closed geodesic P on T'\H corresponds bijectively to a hyperbolic conjugacy class in T’
(cf. [Hubb9]). If N(P) denotes the norm of this conjugacy class, then the hyperbolic length
of P equals logN(P). As usual, we set Ap(P) = logN(Fy), where Py is the primitive closed
geodesic underlying P, and we introduce the Chebyshev-like counting function

Up(x) = Y Ap(P).

N(P)<z

Because the prime geodesic theorem is reminiscent of the prime number theorem, the norms
are sometimes called pseudoprimes. Selberg [Sel89] established an asymptotic formula of the
shape

U= Y ijr(x), (1.1)

1

where the main term emerges from the small eigenvalues \; = s;(1—s;) < }1 of the Laplacian
on I'\H for the upper half-plane H, and &r(x) is an error term. It is known that Ep(x) <.

217¢; see the explicit formulze in [lwa84a, KIK22]. This barrier is often termed the trivial
bound. Given an analogue of the Riemann Hypothesis for Selberg zeta functions apart from
a finite number of the exceptional zeros, one should expect the best possible estimate to be
Er(x) <. 227 This remains unresolved due to the abundance of Laplace eigenvalues.

If T is arithmetic, then an improvement over the barrier was achieved by Iwaniec [[wa84al,

who proved that &r(z) <. 23+ for the full modular group I' = PSLy(Z). Iwaniec [Iwas4b)]
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stated that the stronger exponent % + ¢ follows from the Generalised Lindelof Hypothesis for
quadratic Dirichlet L-functions. Furthermore, under the Generalised Lindelof Hypothesis for
Rankin—Selberg L-functions, the same exponent follows from the Weil bound for Kloosterman
sums. Luo—Sarnak [[.S95] then strengthened the machinery of Iwaniec to obtain the exponent
=+ ¢; see also [Koy98, LRS95]. As a further refinement, Cai [Cai02] derived the exponent
% + ¢. The crucial gist in all these works is to estimate nontrivially a certain spectral
exponential sum via the Kuznetsov formula. On the other hand, the subsequent work of

Soundararajan—Young [SY 13] demonstrated that
Er(r) <. pitete

where 1} is a subconvex exponent for quadratic Dirichlet L-functions. The current record ¢ =
% by Conrey-Iwaniec [C100] implies the best known exponent % + &. The proof utilises the
Kuznetsov—Bykovskii formula (see [Byk94, Kuz78, SY13]), leaving the theory of Selberg zeta
functions aside. For recent progress on the prime geodesic theorem and its generalisations,
we direct the reader to [BBCL22, BBHM19, BCC'19, BF19, BF20, BFR22, CCL22, CG18,
CWZ22, DM23, Kan20, Kan22, Kan23, Koy01, PR17].

1.2. Statement of main results. By a classical theorem of Dirichlet, the primes equidis-
tribute in the reduced residue classes of a given modulus. As we shall see, the prime geodesic
analogue of this phenomenon breaks down, and the corresponding non-uniform distribution
can be determined explicitly.
We fix I' = PSLy(Z). By definition, an element P € I' is said to be hyperbolic if as a
Mobius transformation
az+b

cz+d
it possesses two distinct real fixed points. By conjugation, any hyperbolic element P € T’

A0 ) with A > 1. Here

Pz =

0 At

P acts as multiplication by A2, namely Pz = A\2z. The factor A2 is called the norm of P,
which depends only on the PSLy(R)-conjugacy class of P. We note that the positive trace

may be expressed as P = 0_1]30, where o € PSLy(R) and pP= (

t =tr(P) =tr(P) = A+ A~
is an integer exceeding 2, and hence the norm takes the form

N(P) = (@)2 _ 22400

Given a prime p > 2, we define the Chebyshev-like counting function in arithmetic progres-
sions modulo p by

Ur(z;p,a) = Z Ar(P).
N(P)<z
tr(P)=a (mod p)

The following result shows that the main term in an asymptotic for Wr(x;p,a) depends
on the residue class a (mod p) unlike for primes in arithmetic progressions.
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Theorem 1.1. Let I' = PSLy(Z), and let p > 3 be a prime. Then we have that

( 1 . 2_4
x4 O(2itEte)  gf (a ) =1,
p—1 p
1 3.9 a2—4
Ur(z:p,a) = x4+ O (zite2te i =1, 1.2
e = § kOt (S0 (12)
2
P EE <a —4)_
cx+ Oy (x172 7 =0,
\p2_1 7( ) f p

where ¥ is a subconvex exponent for quadratic Dirichlet L-functions.
Remark 1. The implied constant in the error term is independent of p when a # +2 (mod p).

Remark 2. When p = 3, the first case of (1.2) is void, while the second case is covered with
a stronger error term by [GS99, Theorem 1].

Remark 3. Apart from the size of the error term, Theorem 1.1 resolves [G599, Conjecture 2]
for level N = 1. In fact, we expect that our method works for I' = I'o(/N') when (NV,p) = 1,
but we restrict to I' = PSLy(Z) for simplicity. Furthermore, we expect that the error term
can be improved significantly by a more careful analysis (e.g. by combining the Kuznetsov—
Bykovskii formula with an adelic trace formula), but we solely focused on determining the
main term according to the sign of the Legendre symbol. We leave such pursuits for future
work.

The method of Golovchanskii-Smotrov [GS99, Theorem 1] is different from ours, and they
delve into properties of the norms and traces, expressing Wr(x;p, a) as a linear combination
of Wr,(ory(z) for some k > 0, for which an asymptotic formula is already known as in (1.1).
For example, they derived a general linear combination of the shape

B\IJFO(N)(ZL‘) — 3\I/F0(2N)(ZL') + \IJI‘O(4N) (Qf) = 3\DF0(N) (.QT; 2, 1),

from which it follows that'

2

1
Uy (2;2,1) = 3 %+ Enw) (z), Urovy(2;2,0) = 3 @+ &) (z).

The level structure that they developed is delicate, and it appears that their idea only works
for some specific values of p and a. Hence, some new ideas are needed to prove Theorem 1.1.
An elementary counting argument implies the following result.

Corollary 1.2. Let I' = PSLy(Z), and let p > 3 be a prime. Then we have that

-3 9
Z \pr(l';p, (I) = h ST+ O ,a(x%+§+£)7

a (mod p)

a274):1
p

p—1 3.0,
Z \pr(x;p,a)ZQ(p—_i_l)-x—l—Op@(:vﬁﬁ),

a (mod p)

()

'We emphasise that the case of p = 2 is not contained in Theorem 1.1.
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2
>0 Ur(wipa) = a4 O (01,
p —

a(gmodp)
(=54)=0
where ¥ is a subconvex exponent for quadratic Dirichlet L-functions.

Remark 4. Apart from the size of the error term, Corollary 1.2 resolves [GS99, Conjecture 1]
in the case of full level N = 1, and again the method should work for T' = T'o(N) when
(N,p) =1.

Acknowledgements. The authors thank Mikhail Nikolaevich Smotrov for sending us the
preprint [GS99].

2. Key propositions

This section prepares for the proof of Theorem 1.1. Throughout, we follow [SY13, Sec-
tion 2] closely.

Let ' = PSLy(Z) as before. Sarnak [Sar82, Proposition 1.4] showed that the primitive
hyperbolic conjugacy classes in I" correspond bijectively to the I'-equivalence classes of prim-
itive indefinite binary quadratic forms. We recall this correspondence briefly. For a given
primitive quadratic form az? + bxy + cy?® of discriminant d > 0, the automorphs are the
elements

t—bu
—CU
au 5

with ¢2 — du? = 4 being a solution of the Pell equation. For u nonzero, P(t,u) is hyperbolic
with norm (¢ + uv/d)?/4 and trace t. Because P(—t,—u) = P(t,u) holds in T', we shall
restrict to t > 0 without loss of generality. This is in harmony with our convention in
Section 1.2 that tr(P) > 2 for a hyperbolic element P € T". If (¢4, u4) denotes the fundamental
solution of the Pell equation, then P(t4,u4) is a primitive hyperbolic matrix of norm €2 and
trace t4. Moreover, every automorph P(t,u) with u > 0 (resp. u < 0) is a unique positive
(resp. negative) integral power of P(t4,uq). Sarnak’s bijection sends the quadratic form
ax?+bxy+cy? to the conjugacy class of P(tg,uy) in T'. Thus, for a given discriminant d > 0,
there are h(d) primitive hyperbolic conjugacy classes in T', each of norm €% and trace t4.

Now every hyperbolic conjugacy class { P} can be written uniquely as {P}'} for n > 1 and
a primitive hyperbolic conjugacy class {Fy} (cf. [Hub59]). Combining this with Sarnak’s
bijection described above, we obtain

Ur(z;p,a) =2 Z Z h(d)logeg,

3<ISX t2—du?=4
t=a (mod p)

where X abbreviates \/z + \/LE, and d > 0 (resp. u > 0) runs through discriminants (resp.

integers). The class number formula h(d) logeg = VdL(1, x4), where xq is the not necessarily
primitive quadratic Dirichlet character associated to the discriminant d, allows us to write

Up(zipa)=2 Y > VdL(1,xa). (2.1)

3<t<X t2—du?=4
t=a (mod p)
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For an arbitrary discriminant § > 0, we define Zagier’s L-series by (cf. [SY13, (6) & (3)])

L(s,6) = Z L(s, xa)u' ™ = Z )\‘;—(f),

du?=6

where d > 0 (resp. u > 0) runs through discriminants (resp. integers). This series admits a
transparent Euler product expansion (to be discussed below), while it simplifies (2.1) as

Ur(z;p,a) =2 Z V2 —4L(1, 1% — 4). (2.2)

3<t<X
t=a (mod p)

If § = DI?, where D > 0 is a fundamental discriminant and [ > 0 is an integer, then we
obtain the following Euler product expansion of Zagier’s L-series (cf. [SY13, (2)]):

= Z L(S, XDlz/uz)uli%

ull

= L(s,xp) Y _u""*[[(1 = xn(p))

ull Pl

:H Zp12s

P 0<m<wp(l)

pre(D(1-2)

1 —xp(p)p~* 23)

In particular, for fixed J, the arithmetic function ¢ — A,(d) is multiplicative. The idea
of the proof of Theorem 1.1 is to group together certain values of ¢ in (2.2) such that the
corresponding Zagier L-series L(s,t?> —4) has a constant Euler factor at p = p. Thus we are
led to consider L(s,d) with its Euler factor at p = p removed:

LP(s,0) = Z /\q—(5>.

q>1 v
(g,p)=1

Proposition 2.1. Let p > 3 be a prime, and let n > 1 be an integer. Let r (modp™) be an
arbitrary residue class. If (q¢,p) = 1 and b denotes the squarefree part of q, then

X b 1
S @y =X O g i
prob
3<t<X
t=r (mod p™)

Proof. Tt follows from [SY13, Lemma 2.3] that

=3 () swrie

aiqe= q k (mod g2)
This leads to
S DI VI CSTAND S (%),

3<t<X Barq 2 k (mod g2) 3<t<X %
t=r (mod p™) t=r (mod p™)

When k& = 0 (mod ¢3), the inner sum over ¢ is % +O(1), and S(0, 1; g2) = u(ge), yielding the
expected main term. When k # 0 (mod ¢2), we apply the Weil bound for Kloosterman sums
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and the estimate

kt kpr ||
v (M) <] <
3<t<X 42 42
t=r (mod p™)
where ||-|| is the distance to the nearest integer. The proof is complete. O

Guided by Proposition 2.1 and (2.2), we consider the sum

Uh(zphr) =2 > VP —4L’(1,1 - 4). (2.4)
3<t<X
t=r (mod p™)

We shall deduce Theorem 1.1 from the following analogue of [SY13, Theorem 3.2]:

Proposition 2.2. Let p > 3 be a prime, and let n > 1 be an integer. Let r (modp™) be an
arbitrary residue class. Then

Ui(z +u;p",r) — Uiz p™,r) = “ Oa(u%x%rgﬁ), Vz<u<uw. (2.5)
pn
Proof. Let /x < u < x, and set

1 1
X = — d X' =+ .
\/E+\/§ an x+u—|—\/m

From the definition (2.4), it is clear that

Ui +up'r) = Uizp”,r) =2 > VE—ALP(1,1* - 4)

X<t<X'’
t=r (mod p™)
=(2+0 (") D> tLP(1L£P—4),
X<t<X'
t=r (mod p™)

because vt2 — 4 = t(1 + O(t~?)). We shall approximate LP(1,?* — 4) in terms of a suitable
Dirichlet series. Let V' > 1 be a parameter to be chosen later, and let

§=t*—4= DI

where D > 0 is a fundamental discriminant and [ > 0 is an integer. Consider

AL (0) = Z Aqu)e_g.

q>1
(g:p)=1
Shifting the contour yields the expression
d d
AV (6) = / LP(1+ s, 5)VSF(S)—S, = LP(1,9) +/ LP(1+ s, 5)VSF(S)—S_.
(1) 211 (_%) 211

On the right-hand side, for some A > 0,
1
LP(1 4 5,8) < [L(1+5,8)| <o |L(L+ 5, x0)lF <2 8°*[s]*, Res= —,

while I'(s) decays exponentially. It follows that
LP(1,8) = AL(8) + O.(57+V2),
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and hence
Uiz +up”r) — Uh(ap"r) = 2+ 0@@™) > AL —4) + O (ua™FV 7).
X<t<X'’
t=r (mod p™)

If (¢,p) = 1 and ¢ = bc? with b squarefree, then Proposition 2.1 along with partial
summation leads to

u () .
A N e R O.(Xq2*%)
X<t<X’
t=r (mod p™)

It thus follows that
b (:2 1
2 Y e -n=— 3 HO) w2 | o (xve,

pn
X<t<X' be>1
t=r (mod p™) (be,p)=1

A standard contour shift argument gives

0% _ [ prgQEtBe oy
b; 22 ¢ Vo= (1)VF(S) @1 s) 2m_—1—|—O(V ),

(be,p)=1

where (P(s) is the Riemann zeta function with the Euler factor at p removed. As a result,
Uh(z +u; p™,r) — Ui (z; p",r) = 2y OE(:C%V%“ +uzg?teV ).
p’I’L
Setting V = uz~2t? yields (2.5). O

Corollary 2.3. Let p > 3 be a prime, and let n > 1 be an integer. Let r (modp™) be an
arbitrary residue class. Then

Wi r) = o Ot HE0), (2.6)
Proof. Setting u = x in (2.5) yields
U5 (2z;p", 1) — UR(a;p™, 1) = 1% - Og(a:%+g+‘5).
Now (2.6) follows readily by a dyadic subdivision. O

3. Proof of Theorem 1.1
We shall approximate the t-sum in (2.2). As before, we write
§=t*—4= DI

where D > 0 is a fundamental discriminant and [ > 0 is an integer.
If @ # +2 (mod p), then for every t participating in (2.2), we have that p 1 [ and

win=(5)- () - (57) - (57)

By (2.3), the corresponding Zagier L-series L(s,t* — 4) factorises as

L(s, 1> —4) = (1 - (a2 - 4) ps)_l LP(s, 1% — 4),

p
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hence by (2.2) and (2.4), it also follows that

Up(z;p,a) = (1 - (a2 — 4) p‘l)l Ui (z;p, a).

p
Applying (2.6), we obtain the first two cases of (1.2).
If @ = £2 (modp), then we shall assume (without loss of generality) that a = £2. We
subdivide the t-sum in (2.2) according to the exponent of p in the positive integer t — a:

Up(2;p,a) = Y Wr(w;p, k),
k=1

where
Ur(z;p,a; k) =2 Z V12 —4L(1, 1% — 4).

3<t<X
vp(t—a)=k

We shall approximate these pieces individually. Note that ¥r(x;p,a; k) = 0 for p* >t — a.
Moreover, the condition v,(t — a) = k constrains ¢ to p — 1 residue classes modulo p**!, and
it also yields v,(t* — 4) = k.

If k=2n—11is odd, then p | D and v,(l) =n — 1, hence by (2.3),

1 — pn(l—Qs)

2 —
Lt =4 =3

LP(s, 1% — 4).

Using also (2.4) and (2.6), we obtain
p—1 1-p™
pZn 1 — p—l
3,0
= (" —p' M + O, (i t2TE). (3.1)

It is important that the implied constant in the error term is independent of n.
If k = 2n is even, then p{ D and v,(l) = n, hence by (2.3),

1—p D
Ls,t2—4:( )Lps,t2—4.
( ) 1—pt=2s  1—xp(p)p—* ( )
4n,.2

We can understand xp(p) by writing ¢t = a + p?"r. Indeed, then t* — 4 = 2ap*'r + p*"r?,

()-8

This means that among the p — 1 choices for ¢ (mod p?**1), half the time xp(p) equals 1 and
half the time it equals —1. Using also (2.4) and (2.6), we obtain

Ur(z;p,a;2n —1) = -x+ Opﬁ(x%’%%)

n(1—2s) n(1—2s)

o _p—1(1—p™ (1/2)p™  (1/2)p™" 3494,
Ur(x;p,a;2n) = T (1 — + e + = T+ Op(x1727F)
—3n
B (p‘”‘ " 1> 7+ Ope(at 37, (32)

Again, the implied constant in the error term is independent of n.
Summing up the pieces Vr(z;p, a;2n — 1) and Vr(z;p,a;2n) for 1 < n <log(X +2), and
inserting the approximations (3.1)—(3.2), we deduce the asymptotic formula

Up (2 p, £2) = cpr + O, (21129),
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- 1-2 1-3 2 p" D
Cp = T —p T T — = :

This is the third case of (1.2), and the proof of Theorem 1.1 is complete.

4. Proof of Corollary 1.2

p—3

There are 25= residues a (mod p) such that a* — 4 is a nonzero quadratic residue. Indeed,
this occurs if and only if a*> — 4 = b? (mod p) for some b # 0 (mod p), which can be written
as (a + b)(a — b) = 4 (modp). Making the change of variables a + b = 2x (modp) and
a—0b = 2zx7! (modp), we obtain a = x + 27! (modp) and b = z — ! (mod p) with the
condition z # —1,0, 1 (mod p). This restriction leaves 252 different ways to choose a (mod p).

Since there are two solutions to (%) = 0, we conclude that there are 2+ residues a (mod p)

such that a* — 4 is a nonzero quadratic nonresidue. Now Corollary 1.2 is immediate from
Theorem 1.1.

[BBCL22]

[BBHM19)

[BCC+19]

[BF19]
[BF20]

[BFR22]

[Byk94]

[Cai02]

[CCL22)

[CG18]
[CI00]
[CWZ22]

[DM23]

References

Antal Balog, Andras Bir6, Giacomo Cherubini, and Niko Laaksonen, Bykouvskii-Type Theorem
for the Picard Manifold, International Mathematics Research Notices (2022), no. 3, 1893-1921.
MR 4373228

Antal Balog, Andras Bird, Gergely Harcos, and Péter Maga, The Prime Geodesic Theorem in
Square Mean, Journal of Number Theory 198 (2019), 239-249, Errata: https://users.renyi.
hu/~gharcos/primegeodesic_errata.txt. MR 3912938

Olga Balkanova, Dimitrios Chatzakos, Giacomo Cherubini, Dmitry Frolenkov, and Niko Laak-
sonen, Prime Geodesic Theorem in the 3-Dimensional Hyperbolic Space, Transactions of the
American Mathematical Society 372 (2019), no. 8, 5355-5374. MR 4014279

Olga Balkanova and Dmitry Frolenkov, Sums of Kloosterman Sums in the Prime Geodesic The-
orem, The Quarterly Journal of Mathematics 70 (2019), no. 2, 649-674. MR 3975527

, Prime Geodesic Theorem for the Picard Manifold, Advances in Mathematics 375 (2020),
107377, 42. MR 4142089

Olga Balkanova, Dmitry Frolenkov, and Morten Skarsholm Risager, Prime Geodesics and Aver-
ages of the Zagier L-Series, Mathematical Proceedings of the Cambridge Philosophical Society
172 (2022), no. 3, 705-728. MR 4416575

Viktor Alekseevich Bykovskii, Density Theorems and the Mean Value of Arithmetic Functions
on Short Intervals, Rossiiskaya Akademiya Nauk. Sankt-Peterburgskoe Otdelenie. Matematich-
eskil Institut im. V. A. Steklova. Zapiski Nauchnykh Seminarov (POMI) 212 (1994), 56-70,
196, translation in Journal of Mathematical Sciences (New York) 83 (1997), no. 6, 720-730.
MR 1332009

Yingchun Cai, Prime Geodesic Theorem, Journal de Théorie des Nombres de Bordeaux 14 (2002),
no. 1, 59-72. MR 1925990

Dimitrios Chatzakos, Giacomo Cherubini, and Niko Laaksonen, Second Moment of the Prime
Geodesic Theorem for PSL(2,Z[i]), Mathematische Zeitschrift 300 (2022), no. 1, 791-806.
MR 4359543

Giacomo Cherubini and Joao Guerreiro, Mean Square in the Prime Geodesic Theorem, Algebra
& Number Theory 12 (2018), no. 3, 571-597. MR 3815307

John Brian Conrey and Henryk Iwaniec, The Cubic Moment of Central Values of Automorphic
L-Functions, Annals of Mathematics 151 (2000), no. 3, 1175-1216. MR 1779567

Giacomo Cherubini, Han Wu, and Gergely Zabradi, On Kuznetsov-Bykovskii’s Formula of Count-
ing Prime Geodesics, Mathematische Zeitschrift 300 (2022), no. 1, 881-928. MR 4359547
Lindsay Dever and Djordje Mili¢evi¢, Ambient Prime Geodesic Theorems on Hyperbolic 3-
Manifolds, International Mathematics Research Notices (2023), no. 1, 588-635. MR 4530117



https://doi.org/10.1093/imrn/rnaa128
https://doi.org/10.1093/imrn/rnaa128
https://doi.org/10.1016/j.jnt.2018.10.012
https://doi.org/10.1016/j.jnt.2018.10.012
https://users.renyi.hu/~gharcos/primegeodesic_errata.txt
https://users.renyi.hu/~gharcos/primegeodesic_errata.txt
https://doi.org/10.1090/tran/7720
https://doi.org/10.1093/qmath/hay060
https://doi.org/10.1093/qmath/hay060
https://doi.org/10.1016/j.aim.2020.107377
https://doi.org/10.1017/s0305004121000384
https://doi.org/10.1017/s0305004121000384
https://doi.org/10.1007/BF02439199
https://doi.org/10.1007/BF02439199
http://jtnb.cedram.org/item?id=JTNB_2002__14_1_59_0
https://doi.org/10.1007/s00209-021-02778-8
https://doi.org/10.1007/s00209-021-02778-8
https://doi.org/10.2140/ant.2018.12.571
https://doi.org/10.2307/121132
https://doi.org/10.2307/121132
https://doi.org/10.1007/s00209-021-02808-5
https://doi.org/10.1007/s00209-021-02808-5
https://doi.org/10.1093/imrn/rnab048
https://doi.org/10.1093/imrn/rnab048

10

[GS99]

[Hej76a]
[Hej76b]
[Hej83)]

[Hub59]

[Hub61]

[Hub61]
[Iwa84a]

[Twag4b]

[Kan20]
[Kan22]
[Kan23]
[KK22]
[Koy98]
[Koy01]

[Kuz78]

[LRS95]

[LS95]

[PR17]

[Sar80]
[Sar82]

[Sel89)

DIMITRIOS CHATZAKOS, GERGELY HARCOS, AND IKUYA KANEKO

Vladimir Vasil’evich Golovchanskii and Mikhail Nikolaevich Smotrov, The Distribution of the
Number Classes of the Primitive Hyperbolic Elements of the Group T'o(N) in Arithmetic Pro-
gressions, preprint, FEB RAS Khabarovsk Division of the Institute for Applied Mathematics
(1999), no. 15, 1-15.

Dennis Arnold Hejhal, The Selberg Trace Formula and the Riemann Zeta Function, Duke Math-
ematical Journal 43 (1976), no. 3, 441-482. MR 414490

, The Selberg Trace Formula for PSL(2,R). Vol. 1, Lecture Notes in Mathematics, vol.
548, Springer-Verlag, Berlin-New York, 1976. MR, 439755

, The Selberg Trace Formula for PSL(2,R). Vol. 2, Lecture Notes in Mathematics, vol.
1001, Springer-Verlag, Berlin, 1983. MR 711197

Heinz Huber, Zur analytischen Theorie hyperbolischen Raumformen und Bewegungsgruppen,
Mathematische Annalen 138 (1959), 1-26. MR 109212

, Zur analytischen Theorie hyperbolischer Raumformen und Bewegungsgruppen. II. Nach-
trag zu Mathematische Annalen 142, 385-398 (1961), Math. Ann. 143 (1961), 463—464.
MR 154980

, Zur analytischen Theorie hyperbolischer Raumformen und Bewegungsgruppen. 11, Math-
ematische Annalen 142 (1960/61), 385-398. MR 126549

Henryk Iwaniec, Prime Geodesic Theorem, Journal fiir die Reine und Angewandte Mathematik
349 (1984), 136-159. MR 743969

, Nonholomorphic Modular Forms and Their Applications, Modular Forms. Papers
from the Symposium Held at the University of Durham, Durham, June 30-July 10, 1983
(Robert Alexander Rankin, ed.), Ellis Horwood Series in Mathematics and its Applications: Sta-
tistics and Operational Research, Ellis Horwood Ltd., Chichester, 1984, pp. 157-196. MR 803367
Tkuya Kaneko, The Second Moment for Counting Prime Geodesics, Proceedings of the Japan
Academy, Series A, Mathematical Sciences 96 (2020), no. 1, 7-12. MR 4047570

, The Prime Geodesic Theorem for PSLo(Z[i]) and Spectral Exponential Sums, Algebra
& Number Theory 16 (2022), no. 8, 1845-1887. MR 4516195

, Spectral Exponential Sums on Hyperbolic Surfaces, The Ramanujan Journal 60 (2023),
no. 3, 837-846. MR 4552664

Tkuya Kaneko and Shin-ya Koyama, Fuler Products of Selberg Zeta Functions in the Critical
Strip, The Ramanujan Journal 59 (2022), no. 2, 437-458. MR 4480294

Shin-ya Koyama, Prime Geodesic Theorem for Arithmetic Compact Surfaces, International
Mathematics Research Notices (1998), no. 8, 383-388. MR 1628243

, Prime Geodesic Theorem for the Picard Manifold Under the Mean-Lindeldf Hypothesis,
Forum Mathematicum 13 (2001), no. 6, 781-793. MR, 1861249

Nikolai Vasil’evich Kuznetsov, The Arithmetic Form of Selberg’s Trace Formula and the Dis-
tribution of the Norms of the Primitive Hyperbolic Classes of the Modular Group, preprint,
Khabarovsk Complex Research Institute, Far Eastern Scientific Center, Khabarovsk (1978), 1-
44.

Wenzhi Luo, Zeev Rudnick, and Peter Clive Sarnak, On Selberg’s Figenvalue Conjecture, Geo-
metric and Functional Analysis 5 (1995), no. 2, 387-401. MR 1334872

Wenzhi Luo and Peter Clive Sarnak, Quantum Ergodicity of Eigenfunctions on PSLo(Z)\H?2,
Institut des Hautes Etudes Scientifiques. Publications Mathématiques (1995), no. 81, 207-237.
MR 1361757

Yiannis Nicolaos Petridis and Morten Skarsholm Risager, Local Average in Hyperbolic Lattice
Point Counting, with an Appendiz by Niko Laaksonen, Mathematische Zeitschrift 285 (2017),
no. 3-4, 1319-1344. MR 3623751

Peter Clive Sarnak, Prime Geodesic Theorems, Ph.D. thesis, Stanford University, 1980, p. 111.
MR 2630950

, Class Numbers of Indefinite Binary Quadratic Forms, Journal of Number Theory 15
(1982), no. 2, 229-247. MR 675187

Atle Selberg, Collected Papers. Vol. I, Springer-Verlag, Berlin, 1989, With a Foreword by Ko-
maravolu Chandrasekharan. MR 1117906



https://drive.google.com/file/d/1MxrJbbhLTGKzh4-1lCWa4Up_EDGeaqHc/view
https://drive.google.com/file/d/1MxrJbbhLTGKzh4-1lCWa4Up_EDGeaqHc/view
https://drive.google.com/file/d/1MxrJbbhLTGKzh4-1lCWa4Up_EDGeaqHc/view
http://doi.org/10.1215/S0012-7094-76-04338-6
https://doi.org/10.1007/BFb0079608
https://doi.org/10.1007/BFb0061302
https://doi.org/10.1007/BF01369663
https://doi.org/10.1007/BF01470758
https://doi.org/10.1007/BF01470758
https://doi.org/10.1007/BF01451031
https://doi.org/10.1515/crll.1984.349.136
https://doi.org/10.3792/pjaa.96.002
https://doi.org/10.2140/ant.2022.16.1845
https://doi.org/10.1007/s11139-022-00620-1
https://doi.org/10.1007/s11139-022-00550-y
https://doi.org/10.1007/s11139-022-00550-y
https://doi.org/10.1155/S1073792898000257
https://doi.org/10.1515/form.2001.034
https://drive.google.com/file/d/1uT165msBQYX7R-1fJksSyMENnKHmMcVW/view
https://drive.google.com/file/d/1uT165msBQYX7R-1fJksSyMENnKHmMcVW/view
https://doi.org/10.1007/BF01895672
https://doi.org/10.1007/BF02699377
https://doi.org/10.1007/s00209-016-1749-z
https://doi.org/10.1007/s00209-016-1749-z
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:8103552
https://doi.org/10.1016/0022-314X(82)90028-2
https://link.springer.com/book/9783642410215

THE PRIME GEODESIC THEOREM IN ARITHMETIC PROGRESSIONS 11

[SY13] Kannan Soundararajan and Matthew Patrick Young, The Prime Geodesic Theorem, Journal fiir
die Reine und Angewandte Mathematik 676 (2013), 105-120, Errata: https://www.math.tamu.
edu/%7Emyoung/PrimeGeodesicCorrections.pdf. MR 3028757

[Ven90) Aleksei Borisovich Venkov, Spectral Theory of Automorphic Functions and Its Applications,
Mathematics and its Applications (Soviet Series), vol. 51, Kluwer Academic Publishers Group,
Dordrecht, 1990, Translated from the Russian by Natalia B. Lebedinskaya. MR 1135112

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PATRAS, 26 110, PATRAS, GREECE
URL: https://dchatzakos.math.upatras.gr
Email address: dimitris.xatzakos@gmail.com

ALFRED RENYI INSTITUTE OF MATHEMATICS, POB 127, BUDAPEST H-1364, HUNGARY
URL: https://users.renyi.hu/"gharcos/
Email address: gharcos@renyi.hu

THE DIVISION OF PHYSICS, MATHEMATICS AND ASTRONOMY, CALIFORNIA INSTITUTE OF TECHNOL-
0GY, 1200 E. CALIFORNIA BLvD., PASADENA, CA 91125, USA

URL: https://sites.google.com/view/ikuyakaneko/

Email address: ikuyak@icloud.com


https://doi.org/10.1515/crelle.2012.002
https://www.math.tamu.edu/%7Emyoung/PrimeGeodesicCorrections.pdf
https://www.math.tamu.edu/%7Emyoung/PrimeGeodesicCorrections.pdf
https://doi.org/10.1007/978-94-009-1892-4
https://dchatzakos.math.upatras.gr
https://users.renyi.hu/~gharcos/
https://sites.google.com/view/ikuyakaneko/

	1. Introduction
	1.1. Historical prelude
	1.2. Statement of main results
	Acknowledgements

	2. Key propositions
	3. Proof of Theorem 1.1
	4. Proof of Corollary 1.2
	References

