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1. We present a detailed proof of (3.12) in [BHM07], starting from the formula

Rψ∗(m;w′′) :=
∏

pα‖w′′
pα‖D

∑
β>0

ψ∗2(pβ)

pβ(1+2it)
r
(
pvp(m); pα+β

) .

We will calculate explicitly the factors on the right hand side:

Rψ∗,pα(m;w′′) :=
∑
β>0

ψ∗2(pβ)

pβ(1+2it)
r
(
pvp(m); pα+β

)
.

The Ramanujan sums satisfy

r(m; q) =
∑

d|(m,q)

dµ(q/d),

therefore we have

r
(
pvp(m); pγ

)
=


0, γ > vp(m) + 2;

−pvp(m), γ = vp(m) + 1;

pγ − pγ−1, 1 6 γ 6 vp(m).

Using the notation

Bκ :=
∑

06β6κ

ψ∗2(pβ)

p2itβ

we obtain

(1) Rψ∗,pα(m;w′′) =


0, α > vp(m) + 2;

−pvp(m), α = vp(m) + 1;

pαBvp(m)−α − pα−1Bvp(m)−α+1, 1 6 α 6 vp(m).

In particular,

∣∣Rψ∗,pα(m;w′′)
∣∣ 6


0, α > vp(m) + 2;

pvp(m), α = vp(m) + 1;(
vp(m) + 1

)
(pα + pα−1), 1 6 α 6 vp(m).

It is now clear that∣∣Rψ∗(q;w′′q )∣∣ 6 ∏
pα‖w′′q
pα‖D

α6vp(q)+1

(
vp(q) + 1

)(
1 +

1

p

)
pmin(vp(q),α).

We specify ṽq in such a way that

pα‖w′′q and α 6 vp(q) + 1 ⇐⇒ pα‖ṽq.
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That is,

ṽq :=
∏

pα‖w′′q
α6vp(q)+1

pα.

In addition, we define vq as

vq :=

(
w′′

(w′′, 2)
, q

)
.

Let us now consider an arbitrary pα‖ṽq.
Case 1. If α = vp(q) + 1, then vp(vq) = vp(q), α = vp(vq) + 1, therefore by (1)∣∣Rψ∗,pα(vq; ṽq)∣∣ = pvp(vq) = pmin(vp(q),α).

Case 2. If α 6 vp(q) and p = 2, then vp(vq) = α− 1, therefore by (1)∣∣Rψ∗,pα(vq; ṽq)∣∣ = pvp(vq) =
1

2
pmin(vp(q),α).

Case 3. If α 6 vp(q) and p > 2, then vp(vq) = α, therefore by (1)∣∣Rψ∗,pα(vq; ṽq)∣∣ =

∣∣∣∣pα − pα−1(1 +
ψ∗2(p)

p2it

)∣∣∣∣ > (1− 2

p

)
pmin(vp(q),α).

It is now clear that ∣∣Rψ∗(vq; ṽq)∣∣ > ∏
pα‖w′′q
pα‖D

α6vp(q)+1

κ(p)pmin(vp(q),α),

where

κ(p) :=

{
1
2 , p = 2;

1− 2
p , p > 2.

It follows that ∣∣∣∣∣Rψ∗
(
q;w′′q

)
Rψ∗

(
vq; ṽq

) ∣∣∣∣∣ 6 ∏
p|(q,D)

(
vp(q) + 1

)1 + 1
p

κ(p)
6 3τ(D)τ(q).

2. We update Lemma 7.1 in [BHM07] and its proof. The lemma holds in the stronger form that
N | (4M)2. In the proof, the sentence “We see from Section 1.3.2 of [Wa81] etc.” should be replaced
by: “We know from the work of Niwa [Ni75] and Cipra [Ci83] that the newform corresponding to
the representation π⊗χχk−4 has level dividing 2M , that is, c(πp⊗χχk−4) 6 vp(2M).” At the end of
the proof, N 6 (4M)2 should be replaced by N | (4M)2.
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