A BURGESS-LIKE SUBCONVEX BOUND FOR TWISTED L-FUNCTIONS

V. BLOMER, G. HARCOS, P. MICHEL, AND APPENDIX 2 BY Z. MAO

ABSTRACT. Let g be a cuspidal newform (holomorphic or Maass) of arbitrary level and nebentypus,
X a primitive character of conductor ¢, and s a point on the critical line s = % It is proved that

L(g ® X, 8) Ke,g.5 q%—%(1—29)+5,

where € > 0 is arbitrary and 6 = é is the current known approximation towards the Ramanujan—
Petersson conjecture (which would allow 6 = 0); moreover, the dependence on s and all the
parameters of g is polynomial. This result is an analog of Burgess’ classical subconvex bound for
Dirichlet L-functions. In Appendix 2 the above result is combined with a theorem of Waldspurger
and the adelic calculations of Baruch—Mao to yield an improved uniform upper bound for the
Fourier coefficients of holomorphic half-integral weight cusp forms.

1. INTRODUCTION

Let g be a general cusp form, that is,
e a holomorphic form of integral weight k, > 1, level D, and nebentypus X4,

(1.1) e or a Maass form of weight 0 or 1 (without loss of generality), level D, and nebentypus

Xg having spectral parameter t; = (A — i)l/ ? where ) is the Laplacian eigenvalue.

We suppose that g is “new” in the sense of Atkin-Lehner theory; in particular, g is an eigenform of
the Hecke operators T),, n > 1, and we will denote by Ay(n) its n-th Hecke eigenvalue. We shall be
concerned with the twist g ® x, where x is a primitive character to a large modulus ¢. This is again
a newform (of level dividing Dg?), and its L-function L(g ® ¥, s) equals up to finitely many Euler
factors ), Ag(n)x(n)n~"; to be precise, we have

L(g ® X7S) _ Z Ag@x(n)

ns
n>1
1 -1
- 1] (1_ /\g(p)sx(p) N X -ﬁ;(p)) 1 (1_ Ag@;(p) N Xg®;<s(p)) .
PHa.D) p p pl{a,D) p p

In this paper we are interested in upper bounds for L(g ® x, s) when s is on the critical line Rs = %
In some respects, the weight k4 of a holomorphic form and the spectral parameter ¢, of a Maass

form behave similarly, the reason being that if ¢ is holomorphic of weight &, then y*/ 2g(z) is Maass

having spectral parameter ¢ = z% For a uniform notation let us therefore define the infinity type

fig of g as

ky—1
2

tg if g is a Maass form of weight 0 or 1 and Laplacian eigenvalue % + t;,

. if g is holomorphic of weight %,
9=
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and let us write p1, := 1+ |fig|. Then the general convexity bound gives

1 1 1
L(g ® x,5) < (|s|pgqD)(|s|pg)2 D1gq?

for Rs = % and for any € > 0 which, however, is often not sufficient for applications. In particular, it
is of interest to break convexity in the g-aspect while keeping a polynomial control in the remaining
parameters |s|, pg, D.

The first breakthrough was obtained by Duke-Friedlander—Iwaniec [DFI93]. If ¢ is holomorphic

of level D =1 they proved the subconvex exponent

1 1
1.2 - - —
(1.2) 5 33
using the d-symbol method. In the case of a general holomorphic cusp form of weight at least 2,
Bykovskii [By96] derived, by a different method, the stronger subconvex exponent

11
1. -

as long as (D, q) = 1. While it is unclear whether and to what extent Bykovskii’s method carries
over to the general case (1.1), the second and third author independently used the strategy from
[DFI93] to break convexity also in the Maass case [H03a, HO3b, M04a]. As a notable feature of
[HO3a], a very flexible variant of the d-symbol method due to Jutila [J92, J96, J99] was introduced
into the argument.

Sarnak [SO01] recently developed a new method using relatively deep spectral analysis and in
particular estimates for triple products of automorphic forms. Although not stated explicitly, his
method yields

1 1—-260
14 - —
(14) 2 14446

when ¢ is holomorphic; see also [Co03, CoPSS] for an explicit version in the more general context
of holomorphic modular forms over totally real fields. This is stronger than (1.2), but weaker than
(1.3). Here and henceforth, § > 0 denotes any admissible constant, by which we mean that the
following approximation to the Generalized Ramanujan—Petersson conjecture is satisfied:

Hypothesis Hy. For any cuspidal automorphic form m on GL2(Q)\ GL2(Aqg) with local Hecke

parameters agrl)(p), a5r2)(p) for p < oo and usrl)(oo), yg)(oo), one has the bounds

|a£rj)(p)| <p97 ]: 172
(resp. [RuD (00)] < 6, j = 1,2)

provided T, (Tesp. Too) is unramified.

Currently, the best admissible constant is 8 = 614 as follows from the work of Shahidi, Kim—
Shahidi, Kim and Kim—Sarnak [KS02, K03, KS03].

Eventually, Sarnak’s method and the bound (1.4) can be generalized to arbitrary g, but this
requires very delicate arguments from the theory of automorphic representations. However, these
difficulties can be avoided, and in this paper we combine various ideas from [Bl04b, HMO04b] to

obtain the stronger exponent

1 1-20
(1.5) 2 8

valid in the general case (1.1). Precisely, we have

Theorem 1. Let g be a cuspidal automorphic newform (i.e., either a holomorphic form or a Maass
cusp form) as in (1.1), and let x be a primitive character of conductor q. For any e > 0 and for
Rs = % one has

(1.6) L(g ® X, 8) <e (|s|ug Dq)?|s|* pB DO g2 =5(1-20),
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where
31446 75 4 126 9
Bi=—— = —
16’ 16 ¢ 16’
and 0 < 6 < % is any real number such that Hypothesis Hy is satisfied. Since 6 = 6—74 18 currently
admissible, the current subconvex exponent equals

1 25 103
3 256 = 36— 0.40234375.

Remark 1.1. Unlike all previous bounds, our estimate is explicit in all the parameters of g which
turns out to be useful for applications. The numerical values of A, B, C' can be improved with more
careful estimates.

A=

Remark 1.2. The bound (1.6) should be compared with Burgess’ bound [B63] for Dirichlet L-
functions. Indeed, the square of L(y,s) can be interpreted as the twisted L-function L(E ® ¥, s),
where F denotes the (derivative of the) standard weight zero Eisenstein series of level 1 and Laplacian
eigenvalue i. In this context, Burgess’ bound (in its hybrid version by Heath-Brown [HB78]) is
written as
L(E ® x,5) <e ([sla)*|s|*q* .

Thus the bound of Theorem 1 is the cuspidal analog of Burgess’ result under the Ramanujan—Peters-
son conjecture (i.e., § = 0).

Remark 1.3. Under more restricted assumptions, the sharpest subconvex exponent for this problem
is due to Conrey—Iwaniec [CI00], namely

L(g®x. 1) <ep, 77

for a quadratic character x and for g either a cusp form of level 1 or g(2) = E(z, 4 +it) the Eisenstein
series of full level (here ¢ € R); in the latter case, one has
N2
L{g@x,5) =L (x3+it)]",

so this bound is the exact analog of Weyl’s % bound for the Riemann zeta function. Note, however,
that the argument leading to this bound uses crucially the positivity of the central value L(g ® ¥, %)
and is therefore limited to the case of x a quadratic character, g a self-dual modular form and to
1

the special value s = 3.

Remark 1.4. It is a nice feature that our method permits a uniform treatment of all cusp forms
on GL2(Q)\ GL2(Aq). Depending on the applications, Theorem 1 can be optimized with respect
to various auxiliary parameters, and it can be used as an ingredient for several other subconvexity
problems, some of which will be considered elsewhere. Here we want to focus on Rankin—Selberg
L-functions. Let f and g be two cuspidal newforms. Then for s on the critical line one has the
convexity bound
L(f X 975) <<E,;Lf,g,s q%+s7

where ¢ denotes the level of f. The problem of improving this estimate was solved in [KMV02,
MO04a, HMO04a]. The hardest case is when the conductor of the nebentypus of f is large (if the
nebentypus is primitive for instance). In this configuration, the subconvexity problem for twisted
L-functions plays a key role. In [HMO04a], we use the results of the present paper to obtain the
following corollary:

Corollary. There exist positive absolute constants A,5 > 0 with the following property. For any
two newforms f and g (holomorphic or Maass) of respective levels q, D and respective nebentypus
Xf» Xg such that xyxg is non-trivial, one has

1_
L(f x g,8) < (|slusugD)*q>~°
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for Rs = % Assuming Hypothesis Hy we can take

s_(1-200-2%)
8 202

so that at the current state of knowledge 6 = ﬁ s admissible.

Combining some of the methods of [HM04a, Bl04b] and of the present paper it is possible to
reduce considerably the constant 202 above. We will return to this on another occasion.

Remark 1.5. Theorem 1 can be combined with the powerful results of Shimura and Waldspurger to
improve on the known upper bounds for the Fourier coefficients of half-integral weight holomorphic
or Maass cusp forms. The recent careful adelic calculations of Baruch-Mao enable one to derive
these estimates with proper uniformity in all the parameters of the underlying cusp form. The
details in the holomorphic case have been kindly worked out for us by Zhengyu Mao and have been
included in this paper as Appendix 2 (see Theorem 6).

Acknowledgements. The second author wishes to thank Université Montpellier II for its hospital-
ity during the week June 1521, 2004. The third author would like to thank the American Institute
of Mathematics (Palo-Alto) and the organizers of the workshop “Emerging applications of measure
rigidity” —during which this work was initiated—for their kind invitation and the excellent working
conditions.

2. SOME GENERAL RESULTS

In this section, we indicate our normalization for the Fourier coefficients of modular forms, recall
some of their properties and state various results from the spectral theory of automorphic forms; for
more background and references, we refer to [DFI02] and to [HMO04a].

2.1. Fourier coefficients. We will follow the notation of [DFI02] to large extent. A Maass cusp
form g of weight £ > 0 and Laplacian eigenvalue (% + zt)(% —4t) admits an expansion

9(2) = X pg(mW a4 so(dmlnly)e(na)
neZ
n#0

in terms of the Whittaker function W, ;(y). Note that W, (y) ~ y“e~¥/2 for y — 4o00. For an
Eisenstein series Eq(z, % + it) attached to some cusp a of Tg(D), we have a Fourier expansion of the
type
Eq (2, % +it) = Samooy? T + 0q (3 +it) yr it 4 Z pq(n,t)Wﬁg7it(47T|n|y)e(nx).

neZ

n#0
Finally, when g¢(z) is a holomorphic cusp form of weight k, we write
(2.1) 9(2) = Y pg(n)(4mn)*e(nz),

n>1
keeping in mind that y*/2¢(z) is a Maass form of weight k.
We will need the following general Voronoi-type summation formula ([HMO04a, Proposition 2.1}).

Proposition 2.1. Let g be a cusp form (holomorphic or Maass) of weight k, level D and nebentypus
Xg- Let c =0 (mod D), and let a be an integer coprime to c. If F € C*((0,00)) is a Schwartz class
function vanishing in a neighborhood of zero, then

(2.2) > Vapyn)e(n®) F(n) = ng@ >3 viasge(wnt ) 7 ()

n>1 + n>1



A BURGESS-LIKE SUBCONVEX BOUND FOR TWISTED L-FUNCTIONS 5

In this formula,

I(3+it—%)

n) = n), n) = —Fr———pg(—"n),
and

(2.3) FE(y) = /O h F(z)JF (4m/zy) da,

where t = t, is the spectral parameter of g in the Maass case, and
[}

Jf(x) = 2mil Jy_1 (z), Jy (z) =0,

if g is induced from a holomorphic form of weight l;

Jf () = o

if k is even, and g is not induced from a holomorphic form;

{Ygzt + Y oi(z)}, J, (x) := 4dch(nmt) Kot (z),

J+ { 2” Y,Qit(‘ib)}, Jg_(l') = —41 Sh(’]rt)Kgit(x),
if k is odd, and g is not induced from a holomorphic form.

2.2. Hecke operators. We recall that there is an action on the L2-space of modular forms of level
D and some given nebentypus by the commutative algebra T generated by the Hecke operators
{T,.}n>1. We denote by T(”) the subalgebra generated by {T}(n,py=1 and call a holomorphic or
Maass cusp form a Hecke-Maass cusp form if it is an eigenform for T(?). For a Hecke Maass cusp
form g we denote by x, its nebentypus and by A4(n) its n-th Hecke eigenvalue. If Hypothesis Hy is
valid, one has

(2.4) Ao ()] < T(n)n”,
where 7(n) denote the divisor function. Moreover, for (n, D) = 1 the following relations hold:
(2.5) Vipg(dn) = py(£1)As(n),
mn mn
(2.6) Vi mAgm) = > xo(@py (55 ) /s
dlemm) dd d

(2.7) Vimnp,mn) = 3" x(du(d)p (4 ﬁAg (5)-

d|(m,n)

If g is a Hecke form and belongs to the new subspace (in the sense of Atkin-Lehner theory), then ¢
an eigenform of all Hecke operators and the above relations hold with no restriction on n. In this
case, we say that g is a newform.

2.3. Kuznetsov’s formula and the large sieve. We make the following convention: if f and g
are two Maass cusp forms of the same weight, same level D, and same nebentypus, then we normalize
their Petersson inner product (f,g) as

(2.8) (f. ) = / o ?(z)g(z)dz;iy;

if f and g are holomorphic of weight k, (f, g) is given as above with an extra y* factor. In particular,
we say that g is L?-normalized if (g, g) = 1.

For a character x to modulus D, we denote by B(D; x) = {f;};>1 (resp. B{(D;x)) an orthonormal
basis of the L?-space of weight 0 Maass cusp forms (resp. of the space of holomorphic cusp forms
of weight k) of level D and nebentypus y. If x is the trivial character, we simply omit it from the
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notation. We can always choose a basis formed of Hecke-Maass cusp forms, and we will pick a special
basis later in section 3.1. Let us now recall Kuznetsov’s trace formula (in the trivial nebentypus
case, see [I87, Theorems 9.4, 9.5, 9.7]).

Theorem 2. Let m,n, D be positive integers and ¢ € C((0,00)). One has

S(m,n;c) 4m\/mn ) B
0 = TRk -1 Y ppmps(n)
5(t. +oo A
+ Z c}f((;]ti—) 5 (m) )+ = Z/ <p Pa(m,t)pa(n,t)dt,
and
—n;c) dmymn
4\/7 — OZ(D) 4 ( ¢ > N

p(t;) 1 oo Bty
i>1 Ch(ﬂj)pj(m)pj(n) T 2 / ~ ch(mt) palmm, toa(n, )

where the Bessel transforms are defined by

plk—1):= /000 @(m)ika,l(x)dg;
(29 b0 = [ el (Yoo + Vo) 2
(2.10) gb(t):/ooo p(x)4ch(mt) Koy (z )d;

Remark 2.1. The kernels in (2.9) and (2.10) can be expressed alternatively as

2ch {Yzzt )+ Yoou(z)} = 2sh {211& — J_ou(z)};

4 ch(mt) Kot (x { 2it () — T-2it(2) }.

The next lemma is a variant of Lemma 7.1 of [DI82] and provides bounds for the various Bessel
transforms of the test functions ¢ above.
Lemma 2.1. Let p(x) be a smooth function, compactly supported in (X,2X), satisfying
(@) <i (Z/X)’

for some Z > 1 and for any integer i > 0, the implied constant depending only on i. Then, fort >0
and for any real k > 1, one has

(2.11) B(it), (it) < Hl(j()/(Z/)Z‘ for 0<t< %;
212) 90, ¢, 90 < S for 120
@13 e, et 50 < (7) (7 + ) for 21

k
(2.14) ¢(t), ¢(t), o(t) <k <f> (tllﬂ + f) for t>max(2X,1).
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Proof. The inequalities (2.11), (2.12), (2.13) can be proved exactly as (7.1), (7.2) and (7.3) in [DI82].
The last inequality (2.14) is an extension of (7.4) in [DI82], but we only claim it in the restricted
range t > max(2X,1). On the one hand, we were unable to reconstruct the proof of (7.4) in [DI82]
for the entire range t > 1; on the other hand, [DI82] only utilizes this inequality for ¢ > max(X, Z)
(cf. page 268 there, and note also that for ¢ < Z the bound (2.13) is stronger). For this reason we
include a detailed proof of (2.14) in the case of @(t). For ¢(t) and @(¢) the proof is similar.

We may assume that k = 2j + 1 is a positive odd integer. The Bessel differential equation

22 Kgig () Ky (1) = (o = 41%) Koy ()
gives an identity

(2.15) ¢(t) = (D) (),

where

ENECORY o(@) )
This transform Dy is smooth and compactly supported in (X,2X), and it is straightforward to
check that

(D) Voo < (Z/1)*(Z/X)" for t>max(2X,1).
By iterating (2.15) it follows that
@(t) = (D} ) (1),
where D{  is a smooth function, compactly supported in (X,2X), satisfying
I(D? )Pl < (2/)¥(2/X)" for t>max(2X,1).

We bound (DJ )V (t) by (2.13) and obtain

VA 25+1 1 X

Finally, we recall the large sieve inequalities from [DI82].

Theorem 3. Let D be a positive integer, M, K,T > 1, and let (amm)m~n be a sequence of complex
numbers supported on [M,8M)]. Then, for any € > 0,

2

(2.16) STk Y D amVmps(m) <<5K8< >Z|am|2
k=0(2) fesBy(D) I m m
E<K

2

<. T¢ <T2 ) Z\am\Q;

(2.17) > Chm Zamfpg m)

[t;|<T

(2.18) Z/ Zamfpa m; t)

dt <. Tf( >Zam2
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3. A LARGE SIEVE INEQUALITY

Theorem 4. Let D, q,r be positive integers. For M, N,C,Z > 1, let g(m,n;c) be a smooth function
compactly supported on

[M/2,2M] x [N/2,2N] x [C/2,2C]

satisfying
gititk itk
mianiger 1 €) ik yrnGEE
and let (am)meny2,2Mm)> (On)ne[n/2,2n7 be two sequences of complex numbers satisfying
3.1) am #0 = qlm, (¢;m/q) =1,
bp 20 = r|n, (r,n/r)=1.

Then for any € > 0 one has, under Hypothesis Hy,

SEM,N;C) = Y ZZ wg(m,nw)

c=0(D) m

C 260
<. (¢qrDZMNC)*(qr)? <1 + )

VMN
VMN pym\ "’ vMN pynv\ "’
x 22| 2% + Z i) A 4 700 D) lall2[ol]2-

Proof. This is a variant of Theorem 9 of [DI82]. We only treat the bound for ¥+ (M, N;C), the
bound for ¥~ (M, N; C) being similar. We first proceed as in [DI82], and put the test function in a
shape appropriate for the use of Kuznetsov’s trace formula: We define G by

g (55173527 VT xm) // G(&1,&2;7) e(§171 + Eax) d€1dEa,
R2

so that by Fourier inversion one has

M dm\/x1x
(3.2) G(&1,&2;7) / / <9317»T2, . - 2) e(—&121 — §aw2) dayda,
and
(3.3)
4/m
YH(M,N;C) = // Z Zzame (E1m)bne(§on) ———— ( ) (51,52, ) d&1d&s.
R? —o(p) m

Note that G(&1,&2;x) as a function of the x variable is supported in the interval [X,16X] with
(3.4) X::“éﬂv.

Let pi1,p2, k be 3 positive integers. We integrate (3.2) by parts p; times with respect to z; and po
times with respect to xo, and differentiate it k& times with respect to z getting

o Z \"( z \*[(z\"
(35) %G(&,f%x) <<I)17P27k (|§1M> (|€2N> <X> v

We postpone the integration over &1,&; and the choice of p1,ps to the end of section 3. Having
these parameters fixed for the moment, we simplify the notation and set

o(x) == G(&1,82;2),
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and by slight abuse of notation we denote by a,, and b, the complex numbers a,,e(§3m) and

bne(&an), respectively. This, of course, does not change the values of ||a||2, ||b]|2 or the support of
these sequences. We apply Theorem 2, so that the integrand in (3.3) is the sum of three terms:

(36) Holo + Maass _|_TEiscn7

where

THC =4 Y G(k—DI(k) D] (Zamfpf )(Zb Vips >>

k=0 (2) feBy(D) \m~M n~N

TMaass = 42 Ch(ﬂ't ( Z am\/>p] > (Z bnfﬂ] ) ?

TEise“::fZ/ (Zam\/»pumt><2b\fpant)>dt

n~N

3.1. Contribution of the cuspidal spectrum. In this section we bound the contribution from
the holomorphic and the Maass spectrum. The proof of the bound for TH is similar to that of
TMaass hut sharper, so we only display the proof for TM2255 By Cauchy-Schwarz we have

2

B7) |V < Zch gy Z bu/np;i(n

Z amfﬂj )' Z Ch 7Tt

so that it is sufficient to bound each factor separately. Our aim is to establish multiplicative proper-
ties of the coefficients a,,, b, in order to exploit the condition (3.1). Since the Hecke operators T,
with (n, D) = 1 are normal and commute with the Laplacian, one may choose an orthonormal basis
{f;} of B(D) made of Hecke-Maass eigenforms. More precisely, it follows from Atkin-Lehner theory
that an orthonormal basis of Hecke—Maass eigenforms can be obtained as follows. Let f be any Maass
newform of level Dy dividing D, then the complex vector space generated by { f4(2) := f(dz), d| Dgf}
is a 7(D/Dy)-dimensional subspace of the space of cusp forms of level D formed of Hecke eigenforms
of the T,,, (n,D) = 1, with eigenvalues being the same as those of f, that is, Af(n). By Gram-—
Schmidt there is an L*-orthonormal basis {f(a)(2), d|D£f} of this subspace of the form

fa(2) =Y aa(d)f(dz), aud)eC,

(the ag(d’) depend also on f but we suppress it from the notations). Now we form an orthonormal
basis of Hecke-Maass cusp forms of level D by the union of the { f(4)(2), d|D%£} for f ranging over

the L?-normalized cuspidal newforms of level dividing D. Let us fix one of these basis elements fa
for a moment. We have for any m > 1,

Vimps, (m) =Y aa(d)Wmpys, (m) =Y Vdayd)y/m/dps(m/d),

d'|D d'|(D,m)

where, in order to simplify notation, we made the convention that ag(d’) = 0 if d or d’ does not
divide D/Dy. We suppose now that m = gm’ with (¢,m’) = 1. Setting ¢’ = (¢, D), we obtain by
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(2.7) that

Jm - Sadrdaog(dyd) ] I (L
Mg, (m)= > 1d24(d1ds) ad, " \dods

di|(D,m")
da|q’
m’ m’
= Z \/dldQOéd d1d2 )\f d df )
(D) ! '
da|q’

since f is a Hecke eigenform for all Hecke operators. For the same reason, we have the identity

(@)= (i) =, 2 v () (ag)

dal(% 4
Since (¢, m’) = 1, we conclude that

q/m/ q/m/
mpf(d)(m): Z Xy (ds)n (dg)/\f< d) Z didzaa(didz) d3d2d1pf <d3d2d1)

ds|(F.q") di|(D,m")
/m/ q/m/
- n 4
= Z Xf(d?)) (d3)>‘f < 'ds ) Z \/704,1(61) dsd’ P (d3d/>
ds|(F.q") a'|(D, q(;; )

q q'm’ q'm’
= E Xr(ds)p(ds)A g \ —— )\ ——Prawy | —— ) -
q'ds ds ds
a3 (Fa')

Hence it follows from (3.1) and (2.4) that for f; an element of Hecke eigenbasis described above (and
by writing d for %),
5 2

<T(Q)2q20 Z Z aqm’Vdm/pfj(dm/) ;

d|(q,D) |(m’,q)=1

m)

and therefore

(3.8) Z‘“’ |Z av/mp; (m)

To estimate the j-sum we set

2
<7'

Z Agm NV dm/pi(dm”)

d|(q,D) J>1 m/~M/q

Ty := max(16X, (ZX)'/2, 2%/3),

where X is given by (3.4), and we split the sum as
2

ot , N
;lf((mz) o agmVdmpidm')| = > o+ Y o+ >

m'~M/q ltj1<1 1<]t;1<To T T<|t;|<2T

where T runs through the numbers of the form 2T}, v € Nj.
By the large sieve inequality (2.17) combined with (3.5), (2.11) and (2.12), we obtain

e[ Z \P ([ Z \" Z\* dM )
Z...<<5,pl,p2 (1+X)2) <|£1|M> (|£2|N> MN<1+X> (1+qD> lla|?.

lt51<1
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) (78 + 55 ) lalt

dM
@ M) (|§2N> <Z4/3 AX D) lallz

For each T = 2"T; such that T < Z'*¢ we can combine (2.17), (3.5) and (2.13) to see that

o Z N\ Z \7 Z X\ (g dMY
> <o (gm) (w) ¥ (7) (e 7) (74 5 ) e

T<|t;|<2T
Z p1 Z p2 dM
7% MN (23 4+ 72X + — 2.
<<€7P1,P2 <|€1|M) <|€2|N> < + + qD ||aH2

The contribution of each T' = 2Ty such that T > Z*¢ is negligible as follows from (2.17), (3.5)
and (2.14) with k = 10/e. In fact, we have Z < T'~%/2, therefore

Z \P' [/ Z \ Z\"e /1 x dM
L& Te MN (= T2 4+ = 2
2 o Sem <|51|M) <|52|N) (T) (T1/2+ )( * D)”a'2

T<|t;|<2T
Z P1 Z P2
. MNT 2 (14—
<o (i) () (15 )l

By summing over all T > T; and using also (3.8) we infer that

X iy [

Similarly, a combination of (2.17),

3.5)
Z s Lo (T4 X)Z (|§1ZM>M(|§2N> N(
“

and (2.12) shows that

1<t;1<To

<<6,p17p2 1 +X)Z

2

s Z NP ([ Z \7
<<5,P1»I)2 ((1—|—X)Z(])3 <|§1|J\4) <|£2|]V) M

20 (1 L\ (a2 20 (4, D)M
(Hx) <Z3/+ZX+Z D )||||2.

We have a similar bound for the second factor in (3.7). Therefore we obtain, for any ¢ > 0,

M € Z o Z "
(3.9) TH Lep, py (14 X)Zgr) ( ) ( ) "

[§11M &2V
1\? /. D)M\? [ D)N\"?
x (qr)° <1+X> (23/2+ZX+229(qu)> <Zd/2+zx+z“'9(r’m)> llall2llbll2-

The contribution of holomorphic forms is treated similarly using (2.16); however, since the Rama-
nujan—Petersson conjecture holds true for holomorphic forms, one obtains the stronger bound

(3.10) THl « ((1+X)qu)5( Z )1)1( z )pzMN
o & | M 2|V

,D)M ,D)N\ "
o (292 4 zx £ @DIMNT (g g (BDINNTE
qD rD

3.2. Contribution of the Eisenstein spectrum. We now evaluate 775" in (3.6). By Cauchy—

Schwarz one has
p(t)
dt | x
faes =

2 [%
< /Rch Z

and it is sufficient to bound each factor separately. We wish to imitate the argument given above, but
a slight difficulty occurs as the Eisenstein series E4(z,s) are not Hecke eigenforms in general. The
problem of diagonalizing Hecke operators on the space of Eisenstein series was dealt with by Rankin

2

’TEISQII

Zamfpa m t) Zb \Fpa

at |,
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[Ra90, Ra93, Ra92, Ra94]. However, we proceed (as in [M04a, HMO04a]) by computing directly the
Fourier coefficients of the Eisenstein series. Recall (see [DI82, Lemma 2.3]) that the cusps {a} of
Iy(D) are uniquely represented by the rationals
{E : wlD, wu Euw},

w
where, for each w|D, U,, is a set of integers coprime with w representing each reduced residue class
modulo @ := (w, D/w) exactly once. In the half-plane St < 0 we have for m # 0 (see [DI82, (1.17)
and p.247]),

Fit|m)it [ (w, D/w) Lyt 1 4]
T2 m w w g
Vimlpa(m,t) = —5—— ( ’ ) e > e <m>
I (3 +it) wD (v.Djw)=1 " s (mode%, (MW)):1 i
57211‘ mod w

with analytic continuation to 3t = 0. The congruence condition on § can be analyzed by means of
multiplicative characters modulo w:

1 g v(7)
Z A 1+2it Z e(mw) Z 1/’ Z 71+2¢tGQ/J(T’U’Y"LU),
(v,D/w)=1 5([1‘30(:1"/11}27 (5p/u;):1 ’leOdw (’y,D/w):l
y=u (modw

where
= X v ()
b (mod q)
is the Gauss sum. Note that we may replace ¢ by its underlying primitive character, since we only
sum over b coprime with q. For brevity we write

Yy
Sy (m;w) = Z 71323t Gy (m;yw),
(v,D/w)=
so that

>

(m, 1)

REENTE %w&;ﬂ(@) RIS J(—u);amm“%(m;w)

u€EU [¥ mod W

By Parseval it follows that

a
In the following it will be useful to perform the summation over the primitive characters underlying

the 9’s. For each character ¢ mod w, we record by w* its conductor and by ¥* its underlying
primitive character, so that

(3.11) >

2

" T+ F 2 5B, 2

2

Z amm™ Sy (m;w)

m

Z am/mpa (m, t)

1 mod W

2

(m, 1)

- (m;w)

3

14it Tt +it)]2 Z Z Z WDSD

w*2|D ¥* mod w* 4p* lw| 2

where the ¢*-sum is over primitive characters only. To compute Sy« (m;w), we decompose w as

w=www", w'| (w*)>, (", w*) = 1.
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Our aim is now to establish (3.13) below, i.e. for m = gm’ with (¢,m') = 1 we want to express
Sy+(gm',w) in terms of Sy-(dm/,*) with d | (¢, D). Let us first note that according to our decom-
position of w the Gauss sum factors as

Gy (m;yw) = " (yw") Gy (my ww)r(m; yw") = Gy ™ (yw" ) Gy (m/w's w*)r(m; yw”),

where r(m; q) := G1(m; q) is the Ramanujan sum and .|, = 1 if w’ | m and else it vanishes. With
this notation,

5w/‘mw/W(m/w’)¢*(fw//)Gw*(1;w*) Z d,*Q(Fy)r(m. w//) Z 1/1*2(a)
L) (y*2 1 + 2it) e ylt+2it o ‘ a2it
(4D /w)=1 (aDy=1

Sy (m; w) =

_ 6w’\mw/W(m/w/)w* (w//)G¢* (17 w*)
LD) (1p**,1 + 2it)

Ry (m; w' ) my+ (m),

say, where the superscript (D) indicates that the local factors at the primes dividing D have been
removed. We consider the ~-sum

vy
Ry (m;w') = Z %r(m; yw').
YD
(v,D/w)=1

Since (v, w*) = (v, D/w) = 1, it follows that in fact v|(w”)>° (justifying our notation), and one has

*2(, B
Ry« (m;w'") = H Z mr(pvp(m);pa-kﬁ)
ol \BZ0

We suppose now that m is of the form m = ¢gm’ with (¢,m’) = 1, and we factor w’, w” (recall that
they are coprime) as

1

w = w;w'(q), w' = wgw"(q), where w,, wy [¢> and (w’(q)w"(q),q) =1.

Moreover, since (g,m’) = 1 and w'[gm’, it follows that wj = (w’,q). With these notations we find
that

Sy (gm/sw) = Gy qwgh* <Uj],> P (wy) Ry~ (g5 wg ) ny~(q)
q

(o Gy (L0
X 6w/(q)\m/w/(q)w* < m Y (  w )

* ("(@ . 1. 11(q) (!
w’(‘”>w (w )L(D)(z/J*Z,lJrQit) Boge (m's w0 ) ()

Setting

w// B o
Vg 1= <(w//’2),q) and Vg 1= H P,

P [Jwy
agvp(g)+1

an explicit calculation shows that Ry~ (vq; ﬁq) is nonzero and in fact

Rd,*(q;u)”) 141

(3.12) — 1L (vp(q) +1)—=2 < 37(D)7(q),
Ry (vg;74) p(l;ID) P k(p)

where
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Note also that wjv,|(g, D) and §,|wy. In particular, (w;
by the above formula

, — Ry~ q; Wy / S )
(3.13) Sy (qm's w) = by T (w,qv )w ( ) o )) (@)Soe (1] 0y 075,07 ),

974 Y (vq,
Combining (3.12) with (3.13) and noting that |1y (q)| < 7(¢) we obtain by a trivial estimation
5 2
< 97(D)*r(q)* Z Z agm: (M) Sy, (dm/; w*w’f)qw"(q)>
dl(q,D) |(m,q)=1

Given w* such that w*?|D and given w such that w*|w|Z-, the number wy := w*w't,w" @ also

satisfies w*|w; |w| 2. Moreover, if we set @; := (w1, D/w;), one has

gVgm') = 1 and ny~(wyv,) = 1, therefore

Z amm™ Sy, (m;w)

w wq

~ ST =
p(w) p(wn)
so we deduce from this discussion and from (3.11) that

>

)

™

Y TG + 0P

<97(D)*7(q)* )

dl(q,D)

x Z Z Z 1D<p wl) Z aqm’(m/)itsw(dm';wl)

w*2|D ¥* mod w* w*|wq|D (m/,q)=1

2
D Y Y| Y e putint 0
d|(¢,D) a |(m/,q)=1

We are now in a similar situation as in (3.8). Applying the large sieve inequality (2.18) we obtain
analogously the bound

(3.14) T%sen Leprp ((1+X)Dqu)E< A >P1< A )m MN
1, &1 | M |&2|V

DM 1/2 _D)N 1/2
w (222 + zx + @LDMN T (gaja g DNl
gD rD

for any € > 0.

Collecting (3.4), (3.9), (3.10), (3.14), and integrating over the &;,&s variables (with p; = 0
it |&| < Z/M, and p; > 1 if || > Z/M and similarly for (€2,p2)) we conclude the proof of
Theorem 4. 0

4. A SHIFTED CONVOLUTION PROBLEM

Let g, €1, > be positive integers, and g be a cuspidal newform of level D and nebentypus x, and
Hecke eigenvalues Ay(n), n > 1. Let F(z,y) be a smooth function supported on [X/2,2X]|x [Y/2,2Y]
which satisfies

az-&-y Z’H‘j
wioy L @Y < Xy
for some X,Y,Z > 1 and for all 4,5 > 0, the implied constant depending only on i, j.
In this section we estimate, for positive integers ¢1, {5, q, the following average of shifted convolu-

tion sums: o
D(g7£1a 627 q) = Z ¢)(qh) Z )‘g(m)/\g(n)F(Elm,EQ'n)a

h#0 lim—~Lan=qh

(4.1)
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where by symmetry we may assume that ¥ > X and ¢(¢h) is a redundancy factor (borrowed from
[DFI94a] to ease the forthcoming computations) arising from a smooth even function ¢ such that
P|[—2v,2v] = 1, suppg C [-4Y,4Y] and »(z) <; Y% Our analysis follows closely Sections 4.1-5.2
of [HMO04a], but we also make use of the essential ingredients of [Bl04b], namely the square mean
bound for shifted convolution sums taken from [J96] and the spectral large sieve of [DI82] in our
improved form of Theorem 4. The proof of Proposition 2.4 of [HM04a] yields the following uniform
estimate for exponential sums associated with g:

(4.2) Z)\ e(na) < (Dpgx)© wng/Qu_(l]ﬂxl/Q,
n<x
where
_ gl
7 gl
In the same proof we also demonstrated by an elementary argument that
(4.3) wy e (Dpg)*DY 232,

With this bound at hand we derive the following square mean bound for shifted convolution sums,
a variant of Lemma 3 in [J96] (cf. Lemma 3.2 in [Bl04b]): for ¢1,¢2 € Z and z,y > 1 we have by
Rankin—Selberg theory

2

1
S Y XNmam)| = /0|Sg(f€1a,:z:)59(:|:€2a,y)}2da

h'€Z | m<x, n<y
llmj:lgn:h'

1
< (D,ug:L‘)Ew;Dugx/ ’Sg(ifga7y)’2da
0

= (Dﬂgx)ewgDNgx Z Ag(n)[?

n<y
(4.4) <. (D,ugacy)%w;Duga:y
the implied constant depending on € alone. Our goal is
Theorem 5. Assume Hypothesis Hy. Set
T :=qDuglla XY Z,
and assume (by symmetry) that Y > X. Then

1/2 1/2
83430 +9 -1 X M
D(gv‘€17€2ﬂ ) <e T wQD’u Z 4 v ((X> - QDé1€2 Y '

The remaining part of this section is devoted to the proof of this theorem.

4.1. Setting up the circle method. We detect the summation condition ¢ym — fon — qgh = 0 by
means of additive characters:

D(g,{1,02,q) / G(a)1p,1)() da

G(a):= Ha)K(a) := Zd)(qh) —agh) x Z Aq( VF (Lym, £on)e(a(tym — lan)).

h#0 m,n>=1

As in [H03a, HMO04a, Bl04b], we apply Jutila’s method of overlapping intervals [J92, J96] to ap-
proximate the characteristic function of the unit interval I(c) = 1j9 1)(cr) by sums of characteristic
functions of intervals centered at well chosen rationals. Let C' > Y be a large parameter to be
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chosen later, and let w be a smooth function supported on [C/2,3C] with values in [0, 1] equal to 1
on [C,2C] such that w® (x) <; C~*. We also set

§:=C"',  D=Dhty, L:= Y w)plc), P:=TC=qDulilzXYZC.
c=0(D")

Note that, assuming C' > D', L satisfies the inequality
2—e

D14y
for any € > 0. The approximation to I( ) is provided by

I(a) = 25L Z Z lja s a45(c)

c=0(D’) a (mod ¢)
(a,c)=1

(4.5) L>>.

(which is supported in [—1,2]), and by the main theorem in [J92] one has

- Cc?te (Dt145)?
_ 2 3e
(4.6) /[ - [I(a) — I(a)|*da <. 5I7 <. C —

Next, we introduce the corresponding approximation of D(g, {1, {2, q):

D(g,l1,02,q) ;:/[ ]G(a)f(a) do.
~1,2

Then it follows from (4.6) that
Dty ty
C1/2

‘D(ga€1,£27Q) - Zs(gvgla€2aq)| < ||I - jH2||GH2 < 025 HG”2
By Parseval,
v\ /2
1Gll2 < [[H][2]| Kl < (q) 1Ko,

while an integration by parts shows that

—6152/ / flx Loy)Sg(—bia, ) Sy (—loer, y) dz dy,

so that by (4.1) and (4.2),
Yy \ /2
1K ||oo <e T?*w)Dpg Z*
010y

Collecting the above estimates, we find that

010, X Y2\ M2
qC '

(4.7) D —D <. P*w2D*1,Z* (

4.2. D as a sum of Kloosterman sums. We have

15:% Z w(c) Z Js,a,

c=0(D’) a (mod ¢)
(a,c)=1
where
—agh T alym —alon
a = E
s, zh:e( ; );Ag(m))\g(n)e< ; )e( : ) (m, n, h)
and

6
B(w.y.2) = Fllrn,ta0)o(az) 55 | elaltuo — oy~ 42)) do.
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By applying Proposition 2.1 to the variables m,n and by summing over a,c, we get (observe that
the factor X (a) from the m-sum is cancelled by x,(@) coming from the n-sum) together with (2.5)

A +_+_+,+
D—E EgEg D7,

+,+
where
- 1 _ (gh, Flym + ¢
(48) D:I:,:I: = Z Z >\g( Z Z q Fe1m 215 C) (C/‘:t i(m,n, h, C),
m,n c=0(D’) h#0
and

1284 R e 4mli+/ 47l
e-montie)s= 2D [T [T By ( 1 m) Ty ( ey "y> dx dy
0 0

and where 5; =1 and e, = £1 is the sign of g if it is not induced from a holomorphic form, i.e.,

_ . r it
g, satisfies py(—n) = ¢/ %pg( ) for all m > 1.

4.3. Estimates for £+ and its derivatives. Notice that the definition of E and the various
assumptions made so far imply that

(4.9) E(z,y,z) =0 unless x~ X/l;, y~Y/ly, |qz| <4Y.
Moreover,
o Zitigi (j qk
(i.3.k) S b
(410) E (1'7 Y, Z) <<z,],k Xiyitk )

so that for any fixed h

ZH0 T P XY
Xiyitk

(4'11) ||E(i7j’k) (*’ *, h) Hl L4k
and therefore
20 XY

XiYitk
Next, we evaluate £5F (m, n, h; c) and its partial derivatives. Depending on the case, E¥%(m, n, h; ¢)
can be written as a linear combination (with constant coefficients) of integrals of the form

N drly TG
(4.12) £ Ezw / / (@, Y, h) T (ch mx) o, (” - ”y> dz dy,

where

IECTR ) <5 5k

{Jl 1/ J2 u( )} C {(}Y}Y;(S;_(Et)), Ch(’th)Ky(.’E)}

with v € {£2it,} if g is a Maass form of weight 0 and spectral parameter ¢,; or

{JU e )} C{YV(CL’)

sh(mt)’
with v € {£2it,} if g is a Maass form of weight 1; or
J1p(@) = Jou(2) = Tk, —1(2),

if g is a holomorphic form of weight &,.
In order to estimate (4.12) efficiently, we integrate by parts ¢ (resp. j) times with respect to z
(resp. y), where i (resp. j) will be determined later in terms of m (resp. n) and e. Using (6.1),

sh(wt)Kl,(;z:)}
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we see that £5%(m,n, h;c) can be written as a linear combination (with constant coefficients) of
expressions of the form

Glaw(e) (Liym\ > [ lay/n ‘23'/0o o giti I
P E 1 2
; p . - 3z’5‘yﬂ{ (x,y, )W "W, }

X WO W T (W) Ja s (Wa) da dy,

where {v1, 19} C {£2it,} (or v1,v2 = k; — 1) and

Amli/mx  /ml X W e 4dmly\/ny nlyY
c c 2 c C

in view of (4.9). Using (4.11) and Proposition 6.2 in the slightly weaker form

W1 =

T +i(Wh) e = (14 W) 1+ W) 2

2,054 (W2) <jie P‘H_E(l + Wy )ﬁ_Q‘%gHE (1 + W2)_1/2a

i+2\%tg|+e(

we can deduce for any ¢, 7 > 0 that

L 02 02 1/2 ‘ 02 02 1/2 J
+,+ . .. pE 2Z i+j - =
g (m7 n, h7 C) <<74J,6 (:ug ) glmX + élmX KQTLY + EQHY (m’ ’I’L),

where

_ Xy C? o2\ !5 tmX tony \ ) V4
a1 s = { (e g ()} A0S ()

This shows, upon choosing i and j appropriately, that £%%(m,n, h;c) is very small unless

(4.14) q|h| € 4Y, c~C, m <, PEHZ’%Z;CQ, n <, Ps'u;%Z;Oz,
and in this range we retain the bound (by taking i = j = 0)
(4.15) EEE(m,n, hyc) < PTE(m,n).
The partial derivatives
minjhkclﬂé’i’i(m n, h;c)
Omtoni Ohkoct T

can be estimated similarly. We shall restrict our attention to the range (4.14). The same argument
as above yields that outside this range the partial derivatives are very small. By (6.1) applied to
the m and n variables and (6.2) applied to the ¢ variable, the above partial derivative is a linear
combination of integrals of the form

Q. 8(13 w al a2
Rl(tg)c Saca3 ( )/ / hkath z,Y, )Wl W2 J17V1*a1 (Wl)JQ,szag(W2) dxdy,

where R; is a polynomial of degree < [ and the nonnegative integers a1, as, as satisfy
a1 +as+az3 <i+j+1.
Therefore we obtain using (4.14)

h k 7 X TonY i4j+1
mn]hk l(g:l::l:) ’]kl)(mnhc)<<”kleP€<q||) ué<1+\/1m +\/2n ) E(m,n)

R, Y C C
(4.16) L jkle PO (PE QZ)H]H (m,n).
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4.4. Bounding D+ via the large sieve. We only treat D, the other terms being similar. To
simplify notation, we rename D™~ as D and £~ as £. We collect the terms in the definition (4.8)
according to
A = 4lim — lan.
Thus we have the natural splitting
D=D"+Dt+D,

DO ;:% > Nm)rg(n) > Zr(qiil;c)f(m,n,h;c)

lim=~lan c¢=0(D’) h#0

where

with
r(ghic) = S(gh,0;¢) = > ple/d)d
'I(gh,c)
the Ramanujan sum, and

S(qh,h': —
3oy SO S A ()€, B ).
O(D/) h#0 £h’>0 ¢ Lym—~Lan=nh'

~ 1
417 DE = =
(4.17) 7

4.4.1. Bounding D°. We set 0} := 1/(l1,45), ly := fg/(ﬂhﬁg)' then
1 _
T Z Ag(C5m)Ng (€1m) Z Z (qh; c)E(Lym, €\m, h;c).
m>1 e=0(D") < 0

The c-sum equals

Z (CH) Z Zg ’mﬁ'm d h'C/C”
AT (g )

o Pt B
therefore by (4.14) and (4.15) it is bounded by
: / / /1' (qu£1£2) 4= / /
@Pon e
cde'~C

In summing over the m variable we may restrict ourselves to the range
[ﬁl,fg}m < P€M4Z2(02/Y)
as the remaining contribution is negligible. If Y/X <. P€y4Z 2. then we split the m-sum into three

[01,62]m<C2/Y C2 )Y K[t £a]m<C2 /X C2 /X< [l1,la)m<. Peud Z2(C2 [ Y)
and combine (4.5) and (4.13) with basic properties of the Hecke eigenvalues \j(n) to infer that

(q, Délfg) XY2
(][61,42]179 C

HY/X >, PE,u‘;ZQ7 then we split the m-sum into two parts,

[61,62]m<C? )Y C2 /Y <[l1 balm <. P=pud 22(C2/Y)

750 <. PQE

(X—oye—l L X3y /A M§ZX—1/4y—3/4) )

and infer similarly that

(q, Délég) XY

2
DO p2e (Xfayeq 3*4923/2*2"X*9Y"*1> .
D TN e Hy
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In both cases we conclude that

X3/4Y5/4

—

4.4.2. Bounding D*. Following [B104b], we decompose the inner sum in (4.17) as

— 0
(4.19) / E )\g(m))\g(n)a—yé'(x7 y, h;c) dy,
ny
Klm ézn h,

~O 3, 2
(4.18) D <. P*pulZ

where the variables x and y are connected by the equation

(420) €1x - €2y = hl
(note that &',y > 0 implies 2 > 0). Then DT decomposes accordingly as
. 1 [ .
(4.21) o= [ D
1
where
(gh, s
(1.22) S5 by XD g g
¢=0(D’) h#0 k>0
and
— 0 by+h  h
(4.23) by = Z Ag(m)Ag(n), gy(h,hW'sc) = =& 2y Y, —; .
<y Ay Gl q
Zl’H’L*Zzn:h/

In particular, g,(h, h'; c) and all its partial derivatives are very small unless

424 Bl < AY. c peta? peta?"C”
(4.24) |h| < 4Y, c~ 0, T <Le X Y <Le WA

and in this range they obey by (4.16) and (4.20) the bound

iR ¢k gld®) (1 ¢) = (h> (h/> {bg(lﬂm ) (x v, h. c) + gULik) (x ” h’ )}
Y q 2 0y q q
Lijke ,u3+2]+3k(PEZ)1+]+ky713(x’ y)

Using the definition (4.13) it can be checked that in the range (4.24) we have the uniform bound
xy\'?

(4.25) (zy)'?=(2,y) <. PulZC =W,
{10y

so that in fact

hih/jckgl(/i,j,k)(h7 B e) i e u2+2g+3k(Psz)lJerrkafl/nyS/Q.
This also shows that we can decompose g, (h, h'; ¢) dyadically in the h and h’ variables such that
gy(h, W)= > gyum(h,hsc),
H,H'>1

where H and H’ run through the powers of 2 independently, and gy, i, a’(h, k'; ¢) as a function of h
(resp. h') is supported on H/2 < |h| < 2H (resp. H'/2 < h' < 2H’) and satisfies

P2zwW - Zitk
~1/2 3/2 HiH/jck’

(4.26) 9y (W) i e

where

(4.27) Z:=PUZ,
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and T is connected to y by the equation
fli‘ — égy = H/.

The same argument also shows that all these partial derivatives are very small unless

4z202 42202
(4.28) H<gy, H<. PP~ .0 g« ple?
X 8%

Accordingly, Dt (y) of (4.22) decomposes into a double sum over the H and the H'. We further
decompose all the pieces according to the g-part of the h variable and we find (after replacing gh by
h) that

(4.29) DY y)= > > DhwaW
H,H'>1q’|q>
where
DhwgW = >, X, D byw )gy,H w(h,hie).

c=0(D’) qq’'|h h'>0
B gol)V—
(347099")=1

We are ready to apply the large sieve for the sums D;}}H,ﬂ,(y). By Theorem 4 and (4.26),

- PEMQZW C 20
+ g / 2e A
[ () RSE W(q P)*(qq") (1 + HH’)

1/2 1/2 1/2
~ ~ ~ / / ~ ! / /
x 72 <Z3/2+Z IéH +Z29(qq’D)H> <Z3/2+Z IéH +Z29H,> <H) 1Byl -

qq' D’ D qq’

Here, by (4.23) and (4.4),
||by||2 <e Pgwng/Qﬂ;/Q(fy)l/z-

If we choose C' > Z2D'Y, then by our general assumption Y > X it follows that in the range (4.28)

1/2 1/2 1/2
c N\’ (; VHH | g 1 H\Y . Y
1 2Py 7—— + 7% — = Putzzoc :
( " HH’) ( e T D ) TN qq'D'X

These additional estimates yield (for the relevant range (4.28))
~ 11 ~
Dy v (9) <y~ (4" P) wy DY Pug 2323 CW (qq')’
1/2
(NP o)
qq’D’X X qq/D/ ’

and by the definition of W and Z (see (4.25) and (4.27)) the right hand side is

1/2
02 63139 25 1 Y 1/2 (q D/)
—1 /P 11e 4 ZT+9 / 97§Y - ) Y .
<<E Y 6162 (q ) wg/J“g (qq ) X + qD/

Finally, by (4.29), (4.28), (4.21) and (4.5) we conclude that

~ 83 25 _1 Y (q Dflfg)
4.30 Dt <. P2y, Dud 7800y [ = M)y
(4.30) e 77 wg Dhtg et \x) T nng
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The treatment of D~ is very similar to that of DT except that instead of (4.19) we decompose
the inner sum in (4.17) as

[T X R biod

m<x
Zl 777,7@2 n:h'

4.5. Concluding Theorem 5. Theorem 5 follows immediately from (4.7), (4.18) and (4.30) upon
choosing C' to be a large power of T', say

C = (qDugl, 62 XY Z)'0,

5. APPLICATION TO SUBCONVEXITY BOUNDS FOR TWISTED L-FUNCTIONS

Let g be a cuspidal newform (i.e., either a holomorphic or a Maass cusp form) as in (1.1), let
Rs = %, and let x be a primitive character of conductor q.

5.1. Approximate functional equation. Using the functional equation of the L-function attached
to the cuspidal automorphic representation 7, ® x = @, (7g,0 ® X») and a standard technique
involving Mellin transforms, we can express the special value L(g ® x,s) = L(my ® X, s) as a sum of
two Dirichlet series of essentially v/C' terms, where

C:=C(my ® X, ) < |2 Dg?
is the analytic conductor defined by [IS00]. For example, Theorem 1 in [H02] shows that
)‘Wg®x(n) n Ary®x (N)—/ n
L(g@X,S):Z ns W(01/2)+Kz:1 nl-—s W(Cl/Q)’

n>1 n>=

where £ is of modulus one, Ar gy (n) are the coefficients of the Dirichlet series L(g® X, s), and W is
a smooth bounded function of (0, 00) (depending on 7y ® x and s) satistying the uniform estimates

WO (2) <ia (142)74

for any z > 0, any integer ¢ > 0 and any A > 0 with implied constants depending only on i and A.
The coefficient A g (n) may be complicated for n not coprime with ¢D, however for #ts > 1 one
has

Lgoxs) = [ A (X + X (@) 3 Ag(n)x(n)

plaD L~ (mg,p ® Xps )

so that by (2.4)

Ar,@x (1) n 1 Ag(n)x(n) dn
Z if W(Cl/Q) <e qZDoo dl/2—6—¢ T;l . ns W<C’1/2)

n>1 d|(¢D)
for any € > 0, the implied constant depending only on .
By the rapid decay properties of W, the contribution of the d, n such that dn > C''/2% is negligible

for any given € > 0. For the rest of the sum we apply a smooth dyadic decomposition, so that we
are left with estimating O(log C') sums of the form

N-V25(g@ x, N) = N~1/2 Z Ag(n)x ()W s(n),

n>1

where 1 < N < CV/2+¢ and Wi ,s is some smooth function supported in [N, 2N] satistying

xiW](Vi) (z) < |s|,

38

the implied constant depending only on 1.
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5.2. Amplification. We shall estimate the sums X(g®yx, N) by the amplification method of [DFI93].
That is, we choose some L so that log L < log ¢ and estimate the amplified second moment

S(g,N) = >

X’ (mod q)

> XN [Blgex, N,

L<eL2L0

where Y’ runs over the characters modulo ¢ and
S(g® X', N) =Y Ag(n)x' ()W (n).
n>1
By orthogonality of characters one has (see [M04b])
S(g,N)<ela) D, X()x()d Y. Ag(m)Ag(n)F(tym, lan),
Ll 2 <2L h £im—tan=hq
where
F(z,y) = Wns(x/l)Wn s(y/l2).

The total contribution of h = 0 can be estimated by Cauchy—Schwarz and the Rankin—Selberg
bound:

3 N m)Ag()F(tim, ten) <. T°NL, T :=|s|uyDg.

L< ,42<20
lim=Llan

For each pair /1, £5 coprime with ¢, the contribution of h # 0 can be estimated directly by Theorem 5
with the parameters (when ¢; < ¢o) X =N, Y =N, Z = |s]:

o N\ 12
Z Z Ao (M)Ag (n)F(fym, bon) <. T*U¢"Y2NL (1 + qL) ,

h#0 £1m—~Lan=hq

where we have put for convenience

63
(5.1) U= |s|%+9wg,ug4 D,
We also note that
(5.2) N<TVq,  V:=|s|u,DV?,
whence the obvious lower bound
. S(g, N) )"
1/2 )
N=/"8(gex, N) <. ¢ ( NI?
together with the above estimates imply that
1/2
v /2

(5.3) Lg®x,s) < T* {Z +Uq /L (1 + L) :

The expression on the right hand side suggests that we choose L of the form
1—260

1 /R’

where R > 1 depends only on s, u, and D. If R is not too large then we can guarantee with the

help of the convexity bound

(5.4) L:=q

Lig®x,s) < TVY/241/2

that L > ¢° with some § > 0. More precisely, the bound (5.3) follows from the convexity bound
unless

v 1/2
Ug'/?toL (1 + L) < Vq,
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which by (5.4) is equivalent to

U U2\ /3
max W’(W) < L.

Fixing any § > 0, this inequality can be rewritten as

- g2 AV s\
max<{ ——s=, | ==+ - < L,
e (7)) ()

. U vz " 5(1-20)
RT3 < max VR \ v = ¢ 7 <L

This justifies the choice

(5.5) - (%) =

since then (5.3) holds true either because L is admissible or as a consequence of the convexity bound.

which implies that

5.3. Concluding Theorem 1. We choose L according to (5.4)—(5.5), where § is a very small
positive number depending on € and U,V are defined in (5.1)—(5.2). Then (5.3) implies that

1/2
Lig®y,s) <. T4e {UV1/2q1/2+eL} <. T55U1/4V3/8q(3+20)/8.

In view of (4.3), this is the bound of Theorem 1.

APPENDIX 1: BOUNDS FOR BESSEL FUNCTIONS

In this appendix we recall some facts about Bessel functions. Proofs of Propositions 6.1 and 6.2
can be found in the Appendix of [HM04a].
For s € C, the Bessel functions satisfy the recurrence relations

(xSJS(x))/ =z°Js_1(x), (xSYs(x))/ =2°Ys_1(x), (xsKs(x))l = —2°K,_1(x).

In particular, if » > 0 and Hy denotes either Jg, Y, or K, then

(6.1) (VA Haa (VD) = £07/2)(r/E) Ha(rV),
and for any j > 0,
00 8 ()0 ()50 (2) s (2) e (2 s (),

where each @; is a polynomial of degree 7 whose coefficients depend only on ¢ and j.

Proposition 6.1. For any integer k > 1, the following uniform estimate holds:

k—1
Jeo1(z) < { 2T(k-3)
kax—1/2 1<z

The implied constant is absolute.
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Proposition 6.2. For any o > 0 and any € > 0, the following uniform estimates hold in the strip
|Rs| < o
(1+|(‘s|)0+6 el 0<a < 1+|Dsf;
efw|38|/2ys(x) < (1—|-|\ys|) € 1+ Ss| <2 <1+ 5%
x1/2, 1+ s> < z.

ote 5
eI (1) < (1+\%f\) “rToe 0< <14 7(Qs|/2;
e e tmISsl/2=1/2) 14 7|Ss]/2 < .

The implied constants depend only on o and €.

APPENDIX 2: IMPROVED BOUND FOR THE FOURIER COEFFICIENTS
OF HOLOMORPHIC HALF-INTEGRAL WEIGHT CUSP FORMS

By ZHENGYU MAO

In this appendix we apply the estimate obtained in Theorem 1 along with the work of [BMO05] to
get an improved upper bound for the Fourier coefficients of holomorphic half-integral weight cusp
forms. For positive integers & and M and an even Dirichlet character x modulo 4M let Sy, 1 (4M, x)

denote the space of holomorphic forms of weight k + %, level M, and nebentypus x. The functions
f(2) in this space satisfy (cf. [Wa81])

) F(EE) — e @), o= (4 ) € o)
where
j(0,2) =0 (Zi;) 16(2), 0(z) = n_fjooe(n?z).

Let Sllc+l (4M, x) denote the orthogonal complement in Skrl (4M, x) of the space of theta series in
2
one variable. Note that S|  , (4], ) is the entire space Sy, 1(4M, ) for k > 2, while for k =1 it
2
equals the subspace V(4M; x) defined in [U93]. In the following we prove:

Theorem 6. Let B, C, 0 be the constants as in Theorem 1. If
pr )(4mn)? +ie(nz)

is an L*-normalized cusp form in Sip1(AM, x) (cf. (2.1), (2.8)), then for e > 0 and for n > 1 we
2
have
(7.2) Vinps(n) e (kMn)* (T (k+3))
Remark 7.1. A similar bound holds for Maass forms. For example, when
e tiy) = 3 oWy so(4minly)e(na)

neZ
n#0

—1/2 B2 Ot -1 (1-20)

is an L2-normalized Maass cusp form of Welght , level 4M, and Laplacian eigenvalue 1 v +t2 (t € R),
one has

Vipg(n) <o (1+[t)M]n|)(ch(nt) /21 + [t) 5 M n|7 =15 (1=20)

for some positive constants B’ and C’. We leave the details to a future work.
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Remark 7.2. The first breakthrough in obtaining nontrivial bounds for the Fourier coefficients of
half-integral weight cusp forms was achieved by Iwaniec [I87] and reads with slight refinements as
(cf. Lemma 2 in [DSp90])

Vips(n) <o (kMn)* (T (k+ 1)) 72 kini—as

with the above normalization and under the above assumptions, providing that n is square-free.
Estimates that are valid for all n have been obtained in [Bl04a], Theorem 1 and Lemma 4.4, which
are particularly useful for applications with ternary quadratic forms. Combining (7.2) with Lemma
4.2 in [Bl04a] we see that equations (1.3)—(1.5) in [Bl04a] can be replaced with

(7.3) r(spuf,n) —r(f,n) <. Nisps=is(-20te

which is stronger for large n.

7.1. Cusp forms and cuspidal automorphic representations. Let Aq be the ring of adeles of
the rational field Q. Define the additive character ¢ of Aq such that ¥ () = €*™® over Qoo = R
and for x € Q,, V() = e~ 2™ where p'& € Z for some integer [ and ¥ — 3 € Z,, the ring of integers
of Q,. The additive measures on Q, are defined to be self-dual with respect to 1, for v = p or oo.

Let f(z) € S]’H_%(ZLM, X), then associated to f(z) is a vector ¢ = t(f) in the space of cuspidal

automorphic representations of SL; (Aq), the two-fold cover of SLa(Aq). Here ¢ = t(f) is a function
on SLy(Aq) which is continuous and left-invariant under SLo(Q) and satisfies

560 sinf Eil pal .
(7.4 (7 30) (Conly omt) ) =yt ),

where y > 0, x € R, and —7m < 6 < 7. By the strong approximation theorem for SLo, we see that

@ =t(f) is unique.

It is clear that ¢ decomposes into a sum of ¢; = @), @i,», where each ¢; is a vector in some
irreducible cuspidal representation 7; of §I/42(AQ). We will first establish the bound (7.2) in the case
when ¢ = t(f) itself is a vector ¢ = ), Py in an irreducible cuspidal representation 7 of SL, (AqQ).

In [Wa91] a map Sy, is defined from the set of irreducible cuspidal representations of SL, (AqQ)
to the set of irreducible automorphic representations of PGLy(Aqg). With our assumption of or-
thogonality to one-variable theta series, we see that m := S, (7) is a cuspidal representation. Let
¢ =@, pv be the unique (up to scalar multiple) new vector in the space of = (cf. [Ca73, Sc02]).

Define
. 9k _f(a b _ai+b
g(z) == p(o)(cz+d)™", o= (c d) € SLy(R), =z:= L
where SLo(R) is identified with its image in PGL2(Aq) under the embedding o — (0,1,1,...).
Then g(z) is a newform of weight 2k, some level N, and trivial nebentypus. We can be more

precise on the size of N.

Lemma 7.1. We have N | (2M)> and N < (4M)2.

Proof. If p does not divide 2M, then 7, is unramified, thus so is m,, which implies that N is not
divisible by p. Let ¢(m) denote the conductor of 7 (cf. [Sc02]), and let v, denote the p-adic valuation
on Q. Clearly, the conductor of the character x over Qj is at most v,(4M). We see from Section
1.3.2 of [Wa81] that the newform corresponding to the representation = ® x has level at most 2M,
that is, c(mp, ® x) < vp(2M). Then, from the table of conductors of local representations (see [Sc02]),
c(mp) < 2v,(4M), which is equivalent to N < (4M)%. O

We adopt the notation (2.1) to the present situation, that is,

9(2) = 3 py(n)(dmn)e(nz).

n>1
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7.2. A theorem from [BMO05]. We recall Theorem 4.3 in [BM05]. The statement we need is:

Theorem 7. Let m = Sy (7). Let S = {oo}U{p: p|2M} be a finite set of places. For all square-free
integers D > 1, either WP ($) =0 or

(WP (@)> _ W(@)I’L (r @ xp, 3

)T 2u(oo 600 D),

(7.5) o = 5

[ el 1
where
(7.6) Ey(0, $us o, D) = (v, %)

6(¢U,¢1]D)L1) (771) ® XD, %) |D|v.

The notations are as in [BMO05] which we will explain along the way. xp is the quadratic character
AG/Q" associated with the quadratic extension Q(vVD). WP and W are Whittaker functionals
and are related to the Fourier coefficients:

& W@ = [o((1 7)) et-Dords = e PamD)E gy o),

(78) wio) = [o((* 7)) vcado=eranto,
The Petersson norms are related by (cf. (2.8))

1> (f, )/ vol(T'o(4M)\H) "7 vol(Do(N)\H)
When v = oo, ¢, and ¢, are the lowest weight vectors in 7., and 7y, respectively. The constant
Ey(py, Pv, ¥y, D) is computed in [BMO05]; it equals

- | 1 -1
(7'10) EOO(@OO)SOOOa/lz[}OOvD) = 564 (1=D) p* %ﬂ- kr(k)L (ﬂ-oo ® XD, %)
Note that
L (ﬂ' & XD %) =L (7TOO ® XD %) L (g & XD %) l2(gaD)a
where ( 1)
L2 (9@ xps 5
Ia(g, D) = ————2%
Ly (m2 @ XD 3)
is the quotient of the 2-factors of L(g ® xp,s) and L(m & xp, s). Thus from Theorem 7 we have

P OEATH) . ~
0.9/ volToam M L 9@xD:5) (o, D)p% Ep(@p, s tp, D).

The method of [HL94] implies that (cf. [HMO04a, Section 2.6], [DFI194b, p.219])

|pg (1)T'(2k)
(9.9)/ vol(lo(N)\H)
We note that by the duplication formula for the Gamma function we have

AT (k) 27

U(2k) T (k+3)
so that the above bound is equivalent to
19y (DP4*T (k)
(9,9)/ vol(I'o(N)\H)
As Lo (g®><D7 %) < ﬁ and Lo (772 ® XD, %) > m, we see that

(7.13) l2(g, D) < 1.

(7.11)  Dlps(D)|* <

< (EN)©.

< (kN)“ (T (k+ 1) 7"

(7.12)
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Therefore in order to obtain an upper bound for |ps(D)|, we only need to find upper bounds for
EP(LPIN 95;0» "/}pa D)

7.3. Estimating E,(¢p, @p, ¥p, D). In the definition (7.6) of E,(py, $v, v, D), we have

llew
€ @U?wv = Tr 7 . V|2
Worbo) =1L, (o)
( q/]D) = ||95v||2
L2 (g0)[?
Here L, and LD are the local (D-th) Whittaker functionals, [|¢,||? is the local Hermitian form
defined as
2
9 a da
v = L, v v I
bt = [l (s (1)) )]
and ||, |2 is the local Hermitian form defined as
2
2. |2|v D6 a N ﬂ
e = e (e ((* o)) o)

The § is summed over the representatives of square classes of Q, and f/{? % are local Whittaker
functionals fixed to be compatible with L.
When v = p with p|2M, ¢, is a vector with

(7.14) ﬁ'p(k)sbp = Xp(k)‘ﬁpa ke KP(M)7

where K,(M) is the subgroup of SL2(Q,) consisting of matrices (Z Z) with a,d € Zy, b € Z;, and

c € AMZy; xp(k) is some unitary character of the group K,(M). We note that the double cover
S‘I:g splits over K, (M), thus we can consider K, (M) as a subgroup of S\I/JQ(QQ,).

Lemma 7.2. When ¢, satisfies equation (7.14), e(gbp,wpD)_ \2| (1—p= 1)~ for any D € Q.

= Be [ i (5 ((* ) %)

When |a|, =1, <a a_1> € K,(M) and we get, for some unitary character x’,

a ((“ a_1)> o= X'(@)@p.

As the Whittaker functional L” is a linear form, we see that the integrand is identically \if (&p)]?.
The integral thus gives (1 —p~*)|L2(¢,)[2. From the definition of e(3,, %) we get the lemma. [

Proof. Clearly,
2

da.

The vector ¢, is a new vector in m,. Let F,(z) be its image in the Kirillov model of m,. Then
L,(vp) = F,(1) which we will assume to be 1, and

dx
2 2

. =/|F<x d
ool Ol

Looking through the table of Fj,(x) in [Sc02], we see either m, is an unramified representation or
|Fy(z)| < |z|'/?charz, (z). In the latter case we get [¢p,]|? < 1. In the former case we computed
lopll? in [BMO5] and obtained

lopll* = (1 +p~ 1 —p~> 7172
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Here s is a purely imaginary parameter (by the Ramanujan conjecture established by Deligne)
associated to m,. Thus we have

Lemma 7.3. e(pp,¢¥p) < (1+p H(1—p~1)~2 O
Clearly, |D|, > p~'. Looking through the table of L (,, 3) in [Go70] we get
L(my®xp,3) > (1+p"%) 7%
Combining this with (7.6) and Lemmata 7.2-7.3 we get
Lemma 7.4. E,(¢p, &p,tp, D) < gr-(1+p7 ) (0 +p"2)*(1 —p~1) 7% O
7.4. Concluding Theorem 6. The above Lemma gives

H EP(‘Pm@pawva) < M2,
p|2M

Combining this estimate with (7.11), (7.12), (7.13), and Lemma 7.1 we obtain

Dlps(D)? <. (kM) (T (k+ 1)) ML (g9 xp, 1)
By Theorem 1 and Lemma 7.1,

1

L(g®xp, L) < (kMD)kPM?>¢p3-501-20),
Thus we get, for square-free D,
(7.15) VDps(D) < (kMD)" (T (k+ %))

From the theory of the Shimura correspondence [Sh73], we see that for n = Dt? with D square-
free, we have /nps(n) = vV Dpr(D)A(t), where A(t) is the t-th Hecke eigenvalue of a fixed newform
of weight 2k. By Deligne’s bound, |A(t)| < 7(t) <. n° which shows that (7.15) remains valid if D is
replaced by any positive integer n.

Now an arbitrary f(z) with (f, f) =1 is a linear combination ), b; f;(z), where

fi(2) =3 g (n)(dmn) 5 e(nz),

(fi, fj) = 6;j (thus Y, |b;|*> = 1), and the Fourier coefficients py, (n) satisfy the bound of (7.15). By
Cauchy—Schwarz,

12 LB A O+ pi-s(1-20)

lor(m)* <Y lps ()],
and by Theorem 4.2.1 of [Ra77], the dimension of S , , (4], X) is at most
2
k+ 3
12
therefore we conclude the bound (7.2).

[SLo(Z) : To(4M)] <o kM*'*e,
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