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f
*%�R��<=&'�3 >(+*-,.�de

(0,±1) /∈ Sf P µ_*L�3 �� f *L�� 7,��;(�*L�_&',�&:�7ed*-(�*%�«�"�����S(+,5�I�"��(+03�)(
Sf

�� >(+&3�$#L#L�� 7,��3��*L�I(+�h,$<	(J1k, � 8Y,.�+�I*L�'#L��E'�7i��"�'�7CD�)(+� � �3,��'�"@W8'(J�*L�;(��7C+O)�$#%� P��vQ �3E9�"�"E\e*-<
p = (x, f(x))

�$�:E
q = (y, f(y))

(�03�7�
x < y

�$�3E
x > y

E9��Á3�3��(J1k, 7,��'�3�" >(+�"E
����(+�"e9,�8Y�7�M03��#j<�8'#%�$�'���°*-�

R2
e91A0',.���R �,��;(+*-�_&',.&3�°*-@���i��"�V<=,.C�@

Sf P�����5,.C�*L�7�;(D�)(�*L,��M8'C+�"���7C+O_*-�3iW*%��,�@2��(+C��
ϕ
,�<	(�0'��83#L���'��*%���7*-(�03�7CX��(�CD�$�3��#L�$(�*L,��M,�C

�MC+,$(+�$(�*L,�� P � �"�',$(+�?�_� ang(ϕ)
(�0'��$�'i.#-��,�<

ϕ
*-�N "������*j(�*L���MC�,�(+�)(+*-,.�de	�$�3Ey����(

ang(ϕ) = 0
*-<
ϕ
*%�A�T(+C+���3��#L�$(�*L,�� PC ,)1§1V�?E'��Á3�'�?(J1V,5���7#-<�·~@���83�R,$<

S1 P � �7�',�(��?�_� %α

(+0'�?C+,$(D�)(�*L,��y�$�Y,�&'(�(�0'�
,�C+*Li�*L��_�M�$�'i.#-�

α P Å ,�C c > 0
#L��(

ψc

�Y�R(�03��@��$8S,��'(+�$*L�'��E�_�ÂB @�&'#-(�*L8'#-�_*L�'i?�_�
c
G-e

(�0:�)(�*%�7e9#L��(
ψc((x, y)) =

(x, cy)

|(x, cy)|
((x, y) ∈ S1).
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Q (�*L���"�����2(�,?���7�¬(+03�)(A(+0'�RC�*Li�*%E9*-(J��,$< f *L@28'#-*L�"�A(�03�$(A<=,�CA�7O.�7C+� c ∈ C

Sf = %ang(ϕc)(ψc(Sf )). � ¶ P ÿ �
Q < Sf

 �,.�3��*L�I(+�°,�<�(J1k,28:,.*-�;(+�"e9(+0'�7�
f
*L�A 7#-���$C+#-�?,�<�(+0'�«<=,�C+@

a+ bx
���3E�1V�R��C��

E9,.�'� P¾ �7(��',)1
Sf = I ∪ −I

e91A0'�"C��
I
*%�A�2�I&'�3*-�;(��"C�O)��#Y,�<

S1 *-��(+0'�«C�*Li�0;(A03�$#-<�83#L���'� P± �? �#%�$*L@ (�0:�)(�(+0'���7�3E'8:,.*-�;(+�T,$<
I
�$C+�?�$@2,.�'i

(0,±1)
�$�3E

(1, 0) P µ_&38'8:,;�I�2(+0'*%�<v�$*L#%�7e'���3EM �,��:�I*%E9�7C°(+0'�«<=&'�3 �(�*L,��
l(c) = arclength (ψc(I)) (c ∈ (0,∞)) P�Q (�*%�A�������(�,��I�"�T(+03�)(

l
*%�¬C����$#	�$�3��#-�;(+*L �e����3ES1k�W��0',)1 (�0:�)(«*j(R*%�h�',�(« 7,��3�I(+���;( P ¾ �7(¬&3�hÁ3CD�J(���+��&'@2��(�0:�)(
(0, 1)

�$�3E
(0,−1)

�$C+�h�',�(k�"�3E98Y,�*L�.(D�°,$<
I
e_(�03�7�

limc→0 l(c) = 0
e9��,

l 7���'�',�(��:�T 7,��3�I(+���;( � ��� l > 0 �>P ¾ �7(h&3�h�',)1 ��&'8'8Y,.���«(�0:�)(h�"*j(+0'�7C
(0, 1)

,�C
(0,−1)*%�¬���³�"�3E98Y,�*L�.(R,�<

I
ed(�0'�"�

0 < arclength(I) < π
2

,�C
π
2 < arclength(I) < π P�Q ��Y,$(�0 7�����"�

limc→0 l(c) = π
2

�'&9(
l(c) 6= π

2

e9��,
l
*%���',�(k �,.�3�I(+�$�;( P �X� l *%�[���3�$#L�;(�*% $e;*j(�)(�(+��*-�3�V�"�. D0�,$<d*-(+�kO)�$#L&'�"�k�)(k@2,.�I(k �,.&'�;(+���'#-�2@��$�_�W(�*L@2�"�"e9�I,R(+0'�7C+�h�769*L�I(+�k�

c ∈ C��,�(+03�)(
arclength (ψc(I)) 6= arclength(I)

e91A0'*% D0M 7,��;(�CD��E'*L �(+� � ¶ P ÿ �>P
� �A �(�&3��#-#L��e�*-(S 7�$���Y�Â��0',)1A���_���N��,�@2�71A03�$(4#L�7�'i�(�0_�K "�$#% �&'#%�)(+*-,.��&3��*-�'i´(�0'�E9�"C�*LO)�)(�*LO����V(�03�$(

l
�$(I(D�$*L�3�°�"�. D0O)�$#L&'�R�)(�@2,;�J(°(J1A*% �� P��»k&9(5(�03*L�S������*-#L� �_*L�7#%E'�

ang(ϕc) = 0
,.C

π
<=,�CS�7O.�7C+�

c ∈ C P � C ,$(+��(�0:�)(
(0,±1) /∈ Sf

�$�:E³(+03�)(
Sf

*L�T�I�_@2@2��(�C+*% P��/� &3�I(T���R���:,)O.��ed1k�2@��F�Â���+��&'@2��(+03�)(
ang(ϕc) = 0

<=,�C«�$#L#
c ∈ C P�=Q �3E9�"�"E\e� D0',_,.��� C ′, c′0

���3�$#L,�i.,�&3��#L� P�� »k&9(¬(�0'�"� f *L�O��"CI(+*L "�$#L#-��C�*Li�*%EW<=,�Ck�$��&'�: �,�&3�.(D�$�'#L�h����(kO;*%�«(+C+���3�I#%�)(+*-,.�3�"e.��,R(�0'�X8'C+,;,�<\*L�V �,�@28'#L��(+� P
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f : R → R ; z�)¡K�${ ; }�|~{��${>��ªD¨9¡Y�7|H}v£$¡´|='�)|X}%©�xFz7{>|H}v�D�$�����5{>}j��}v�ª�£){2�4©�z7|

C ⊂ (0,∞)
x�}v�|H{+�)¡'©>�-�$|H}v£$¡'© � < 'z7¡U|='z7{�z�z��.}%©D|H©

a ∈ R
©>¨3�DS|='�$|

f − a}%©RxFz7{>|~}v�+�$�����?{>}j��}v�hª�£${�|='z�©��$®2z�©7z�|Vx"}v�2'£${>}���£)¡3| �)��|H{+�)¡'©>�-�$|H}v£$¡'© �
>«�)rdr@?�uK± �4 7���y 7#-���$C+#-�Â���+�I&'@2�W(�0:�)(

1 /∈ C P »k�Â���+��&'@289(�*L,��de�<=,�CR�"O��7C+� c ∈ C(�03�7C+�¬�769*L�I(+�
uc, vc ∈ R

��&3 D0(�03�$(

cf(x) = f(x+ uc) + vc (∀x ∈ R) � ¶ P ¶ ���8'83#-�_*L�'i2(�0'*%�°Á3CD�I(°1A*-(�0
c = c2

(�0'�"�M1A*j(+0
c = c1

1V�«,.�9(+��*-�

c1c2f(x) = c1(f(x+ uc2
) + vc2

) =

= c1f(x+ uc2
) + c1vc2

= f(x+ uc1
+ uc2

) + vc1
+ c1vc2

� ¶ P º �
Q �;(��7CD D03���'i�*L�'i c1 �$�3E c2 1k�«i���(

c2c1f(x) = f(x+ uc2
+ uc1

) + vc2
+ c2vc1

. � ¶ P ½ �c ,�@283��C�*L�'i � ¶ P º � ���3E � ¶ P ½ � �_*L�7#%E'� vc1
+ c1vc2

= vc2
+ c2vc1

,
��,

vc1

c1 − 1
=

vc2

c2 − 1

<=,�C��$#L#
c1, c2 ∈ C,

½



 �,.�3���"`;&'�7�;(+#-�
a := vc

c−1

*%�[(�0'�«����@2��O)�$#L&'��<=,.Ck��#-#
c ∈ C P µ_&'�:�J(+*j(+&9(�*L�'i�(�0'*%�k�3�� Df�(�,

� ¶ P ¶ � i�*LO���� cf(x) = f(x + uc) + a(c − 1)
e:��,

c(f(x) − a) = f(x+ uc) − a
<=,.Ch�$#L#

c ∈ C
e'03�7�3 7�

f − a
*L��O��7C�(�*% 7��#-#L��C+*-i.*LE4<=,�C

C
O;*%�W0',�C+*LÄ7,��;(D�$#Y(�CD�$�3��#%�)(�*L,��:� P �

��� m_r3�)m�� �du�� 9 z7|
f : R → R ; z�S�+£$¡3|~}�¡3¨3£$¨_©�x)z�{>|~}v�D�)�����S{>}j��}v��ªD¨9¡���|~}v£)¡4ª�£${?�)¡¨9¡Y�D£$¨9¡3| � ; �-z�©7z�| C ⊂ (0,∞)

x"}v�43£){>}���£)¡:| �$�]|H{+�)¡'©>�-�$|H}v£$¡'© � < 3z�¡
f
}%©�£JªW|='z°ª�£){>®

bekx (b ∈ R, k ∈ R \ {0})
�

»k��<=,�C+�«8'C+,)O;*L�'i�(�0'*%�°(+0'�7,.C��"@�1V�«�'�"�"EM�2E9��Á:�'*j(+*-,.�S�$�3E��W#-�"@W@�� P
l�m.n	o�p=q"pHr:o��du�� Å ,.C¬�?<=&'�3 >(+*-,.�

f : R → R
#-�7(

Tf,C ⊂ R
�Y��(�0'�2��E'E'*j(+*-O.�Ti�C+,�&38

i��"�'�7CD�)(+�"E�_�4(+0'�T����(
T ′ = {t ∈ R : ∃c ∈ C ∀x ∈ R f(x + t) = cf(x)} P«� ± �T1A*-#L#&3��&3�$#L#L�4�I*L@28'#L�?1AC�*-(��
T
<=,�C

Tf,C P��
�[m��6� 5³�\u�� 9 z7|

f : R → R ; zM�Sx)z�{>|~}v�D�)�����Â{>}j�$}v�WªD¨9¡���|~}v£)¡�ª�£){�$¡!¨9¡��+£$¨9¡3| � ; �-z©7z�|
C ⊂ (0,∞)

x�}v�W3£){>}���£)¡:| �$��|~{��)¡3©D�L�)|~}v£)¡'©«©>¨3�DM|='�)|
f(0) = 1

� < 'z7¡
T
}%©��.z�¡3©�z

�)¡��
f(x+ t) = f(x)f(t) ∀x ∈ R ∀t ∈ T.

� £){�zD£$xFz7{	�
f(t) > 0

ª�£){�z7x)z�{>�
t ∈ T

�
>«�)rdr@?�u »V�M���+��&'@289(�*L,��de:<=,�CX�7O.�7C+�

c ∈ C
(�03�7C+����69*%�J(D�

tc ∈ R
�I&3 D0M(+03�)(

cf(x) =
f(x+tc)

<=,�C]�7O.�7C+�
x ∈ R P	Z 0'�"� tc ∈ T

<=,�C]�"O��"C��
c ∈ C P µ_*L�3 7� f *L�	�',�(]*LE9�"�;(�*% 7�$#L#L�Ä7�"C�,:e

tc 6= tc′

1A0'�"�'�7O.�7C
c, c′ ∈ C

�$C+�hE9*%�I(�*L�3 >( P�
 �7�3 7� {tc : c ∈ C}
*L�V&'�3 7,�&'�;(D�$�'#L��e

��,
T
*%�W&'�3 7,�&'�;(+���'#L� P �X�2�7O��"C�����&'�'i.C�,.&'8N,$< R

*%���"*j(+0'�7C�E9*%�+ �C+��(��M �,.&'�;(+���'#-��,�C
E9�"�3�I�.e

T
*%�AE9�"�3�I� P� O��"C��
t ∈ T

 7�$�³�:��1AC�*-(I(+�7�³�.�
t =

∑m
i=1 niti � ti ∈ T ′, ni ∈ Z, i = 1, . . . ,m �1A0'�"C��

f(x+ ti) = cif(x) (x ∈ R, i = 1, . . . ,m �>PÅ C+,�@ (+0'�"���R1k�¬������*-#L�?i.��(

f(x+ t) = ctf(x),
1A0'�"C��

ct =

m∏

i=1

cni

i , x ∈ R, t ∈ T. � ¶ P À �
C ,�(��X(�03�$(

ct > 0 � �$�3E��$#%�I,�(�0:�)(A*j(A*%�k�',$(A�'�� ��"�+�+�$C+*-#L���T@2�7@��:�"CA,$< C ��P]Q (��I&9¹? 7�"�(�,��I03,)1w(�03�$(
ct = f(t)

<=,�C¬�7O.�7C+�
t ∈ T

eY�3&9(X(+0'*%�h<=,.#-#L,)1���*-<[1k����&'�3�I(�*-(�&9(+�
x = 0*L�.(+, � ¶ P À ��P �

>«�)rdr@?�u �vZ 0'@ P ¶ P À �AQ < f *L�X*%E9�7�;(�*% 7��#-#L�MÄ7�"C�,�(+0'�7�³1V�W�$C+�TE9,��3��e\�I,4#-�7(¬&3�¬���+��&'@2�(�0:�)(4(+0'*%�*%��',$(�(�0'�U 7�.�I� P§Z 0'�U �#%���+�4,�<T �,.�.(+*-�_&',.&3�?O.�7C�(�*% 7��#-#L�!C+*Li�*%E/<=&'�3 �(�*L,��3�<=,�C��I,.@2�³&'�3 7,�&'�;(D�$�'#L�³����(O_*%�N0',.C�*LÄ7,.�;(+�$#�(�CD�$�3��#L�$(�*L,��3�"e����41V�"#-#«���4(�03�Â �#%���+�?,�<
<=&'�3 �(�*L,��3�k,�<d(�0'�¬<=,.C�@

bekx � b ∈ R, k ∈ R \ {0} � �$C+�h�Y,$(+0� 7#-,;�I��E�&'�3E9�"C°0',�C+*-Ä",��;(+��#(�CD�$�:�I#%�)(+*-,.�3�°�$�3E�&'�3E'�7C�@�&'#j(+*-83#-*% 7�$(�*L,��M�_�?�',��3Ä7�7C+,� �,.�3�J(D�$�;(+�"e'��,W1k�R@��F�4���+��&'@2�
(�0:�)(

f(0) = 1 P5Z 0'�"��(�0'�8'C+�7O_*-,.&3�R#L�7@2@��S�_*-�"#LE3�R(�0:�)( f(t1 + t2) = f(t1)f(t2)
(t1, t2 ∈ T )

e��$�3Ey�$#%��,(+03�)(
f |T > 0 P4Z 0'�"� g(t) = log f(t)

*%��E9��Á:�'�"EU<=,.CR�7O��"C��
t ∈ T

eh���3E
g
*%� 7#-���$C+#-���.E'E9*-(�*LO��U,��

T P »k&9(S*-(�*%��1V�"#-#-·~f_�',)1A� � �$�3Et�$�t�"�����
 7��#L 7&'#%�)(�*L,�� � (�0:�)(A�$��.E'E9*-(�*LO��h<=&'�3 >(+*-,.�,.�4�WE9�7�3���X��&'�'i.C�,.&'8?*%�k�7*-(�0'�"CV,�<d(�0'�X<=,�C+@
kx
e9,.CV&3�;�Y,�&3�3E9�"E�Y,$(�0<=C+,�@��$�Y,)O��¬�$�3E4�:�"#-,)1 ,��4�"O��"C��2�',.�3E9�7i.�7�'�"C+�$(��X*-�;(��"C�O)��# P

À



Z 0'�«�I�� �,.�3E4��#j(+�7C+�3�)(+*-O.�X 7���'�',�(k0',.#LEde'�I*L�3 �� f *%�° �,��;(+*-�_&',.&3�7e9��, f |T *L�k,$<�(�0'�X<=,�C+@
ekx

e��I,��_�5 �,��;(+*-�_&'*-(J�
f
*%�¬,$<[(+0'*%�¬<=,�C+@ �7O��"C��_1A0'�"C�� P µ_*L�3 �� C  7,��;(+��*-�:�h�"#-�"@W�"�;(+�

E9* AY�"C��"�;(X<=C+,�@
1
e\1k�T,.�9(+��*-�³(�03�$(

f(x) = 1 (x ∈ R)
*%�X�3,$(«O��7C�(�*% 7��#-#L��C�*Li�*%EM<=,�C

CO_*L�W0',.C�*LÄ7,.�;(+�$#Y(+C+���3�I#%�)(+*-,.�3�"e;03�7�3 7�
k 6= 0 P �

� &9(�(�*L�'iR(�,.i��7(�0'�"C	(�0'�°(+0'C��"���$�Y,)O��V(�0'�",�C+�7@��] �,.@28'#-�7(�����(�0'��83C�,_,$<Y,$< � ���'f�,)O_*%�$G � �,.�)�J�" �(�&'C+� P± ��C��"@��$C+f?0'�7C+�R(+03�)(h1k��03�FO.�R�� >(+&3�$#L#L����#L��,�8'C+,)O��"E4(�03�R<=,�#L#-,)1A*L�'i:e31A0'*% D05�$89·8'#L*-���°� P i P (+,?»k��*-C+�« �#%���+� ÿ <=&3�3 >(+*-,.�3� P
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f : R → R ; z2�4x)z7{>|H}v�D�)���j�{>}j��}v�¬ªD¨9¡Y�7|H}v£$¡Wª�£${W�)¡y¨9¡��+£$¨9¡3| � ; �-z©7z�|
C ⊂ (0,∞)

x"}v�|~{��)¡3©>�-�)|~}v£)¡3© ��� ª
f
3�F©W���'£$}�¡3|h£Iª��D£)¡:|H}�¡:¨9}�|H�?|='z7¡U}�|A}%©W£JªT|�3z

ª�£){>®
a + bekx ¯ a, b, k ∈ R

¥ ��� ª
f
}%©?x)z�{>|~}v�D�)�����Â{>}j�$}v�Âx�}v�Â|H{��$¡'©>�-�$|H}v£$¡'© ¯ } � z � C =

(0,∞)
¥2�$¡Y� ; £)¨9¡���zD��£)¡³��¡Y£)¡���z �;z�¡�z�{��$| zR}�¡3| z�{>x)�)�\|='z7¡M}�|�}%©R£Iª¬|�3z]ª�£){>® a+ bekx

¯ a, b, k ∈ R
¥ ��| £"£ �
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(�0:�)(

f(0) = 1
e�(�0'�V(�CD�$�3��#%�)(�*L,��:�d�$C+��0',.C�*LÄ7,.�.(D�$#~e)�$�3E

f |T
*L��,$<9(+0'�V<=,�C+@

ekx (k ∈ R) P
Q �«(�0'�[Á3CD�J(� "������e�#-�7( x0

�:�k�°8:,.*-�;(�,�<9 7,��;(�*L�_&'*-(J�h,$<
f
e�(�03�7�� �#L�"��C�#L�

f(x0) = ekx0

e
��*-�3 7�

T
*%��E9�"�3�I� P ¾ �7(��',)1 x ∈ R

�:���$C+�'*j(+C+��C��.e9�$�3E
tn ∈ T (n ∈ N)

�Y���I&3 D0�(�0:�)(
limn→∞ tn = x0 − x P	� ��*L�'i ¾ �7@2@���¶ P ÆT1V�«,��'(+�$*L�

ekx0 = f(x0) = lim
n→∞

f(x+ tn) = lim
n→∞

f(x)f(tn) = f(x) lim
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Pn1,...,nk
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f(x) =
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i=1 g(pi)
ni
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x =
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i=1 nipi ∈ P̂ , ni ∈ Z, pi ∈ P, i = 1, . . . , k.
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cf(x) = f(x + p)
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D = {f > 0}
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g = log f
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g(x+ t) = g(x) + g(t) ∀x ∈ D ∀t ∈ T,��,
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h(x) = g(x)− kx � x ∈ D �>P�Z 03*L�k*%�k��@2�"�.�I&'CD�$�3#-�h<=&'�3 >(+*-,.�4(+03�)(°*%�8Y�7C+*-,9E9*% ¬@W,9E9&3#-,��"O��7C+�

t ∈ T P	Q �3E9�"�"E\e
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a + bx ¯ b 6= 0
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a + bekx ¯ bk 6= 0
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ϕ(graph(f)) = graph(g)
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f ′ = f
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ϕ(graph(f ′))
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graph(g′)
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ϕ−1(graph(g′))
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ϕ(graph(f ′)) = graph(g′)

�

�



>«�)rdr@?�u »k�����_@2@W�7(�C+�^,�<
f ′

���3E
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graph(g′) ⊂ ϕ(graph(f ′)) P µ_*L�3 7�³(+0'�Â#%�)(�(��"C�����(M*L�� �#L,.���"Ede�*j(5��#L��,´��&9¹? ��"�4(�,
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ϕ(graph(f ′))
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graph(g′) P ± �41A*L#L#k�. >(�&:�$#L#-���0',)1�(+03�)(
ϕ(graph(f ′))
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� P � Ph� C��"#L�$(�*LO��7#L�! 7,�@2�"��i�C+�@����;� � 8Y,�*L�;(+��,�<
graph(g′)
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graph(g′) \ graph(g)
,.CX*L�

ϕ(graph(f) \ graph(f ′)) ∩ graph(g′) PRZ 0'�Á3CD�J(�����(�*L�� 7#-���$C+#-�y,�<
H1
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graph(f) \ graph(f ′)
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H1

@2�"�.�I&'C+�¬Ä7�7C+, � C+�7#%�)(+*-O.�7#L�?@2�"�$i.C�� � ��&'�3����(,$<
ϕ−1(graph(g′)) P µ9&'8'8Y,.���h(+03�)( ϕ−1(graph(g′)) ⊂

⋃
∞

n=1 graph(hn)
e91A0'�"C��X(�0'�

hn

G ���$C+� ¾ *-83�+ D0'*-(�Ä �  7,��;(�*L�_&',�&3� � <=&3�3 >(+*-,.�3� P �h� graph(hn)∩(graph(f)\graph(f ′))*%�A �#L�"�$C+#L�?,$<
H1 @2�"����&'C+�XÄ"�7C+,W<=,�CA�7O.�7C+� n e'1k�«��C��«E9,.�'�R*-��(+0'�R@2�"����&'C+�¬ "����� P¾ �7(?&3�2�',)1 1AC+*-(��

{x ∈ R : f ′(x) 6= f(x)} =
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∞

m=1Nm
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graph(f |Nm
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C+�7#%�)(�*LO��"#-���',)1A0'�"C��hE'�7�3���X��&'�3����(k,$<
ϕ−1(graph(g′)) P Å *-6?�$� m e;���3E?��&'8'8Y,.����(+03�)(

graph(f |Nm
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(�03�$(h*L�h �,)O��"C���E
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graph(hn)
G � P »k&9(k(�03*L�°*%�[*L@28:,;����*L�'#-�.e'���[(�0'�«�$CD V *%�V*L�

graph(hn)
e
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 �,)O.�7CD���)(	@2,.�I(��hC��"#L�$(�*LO��7#L�
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graph(f |Nm
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f = f ′

�$#L@2,.�I(��"O��7C+�_1A0'�7C+� � ,.�´�³ 7,�@2�"��i�C+�����( � e�1A0'�"C�� f ′
*L��,$<�(�0'�°<=,.C�@

a+bekx � bk 6= 0 �>P]Z 0'�����:,)O.�k#L�7@2@��R*L@28'#-*L�"�](�03�$( f ′*%�X��#L��,�O��"CI(+*L "�$#L#-��C�*Li�*%EM1A*-(�0S(+0'�W�+�$@2��*%��,�@2��(+C�*L�"�
ϕc P »V�M �,.�3��*LE9�"C�*L�'i�(+0'�T&3�'*L`;&'������_@289(�,�(����$�:E�(�0'��#L*L@W*-(¬�$(
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f ′
1k��,��9(D�$*L��(�03�$(X�7O.�7C+�

ϕc

*L�X�W(�CD�$�3��#L�$(�*L,�� P»k� Z 0'�",�C+�7@ ¶ P ½R1V�A@��F���.����&'@2�°(�0:�)([�"O��7C+� ϕc

*L�V�� >(+&3�$#L#L�T0',.C�*LÄ7,.�.(D�$#~e$0'�"�3 ��
f ′
*L�

,$<�(�0'�«<=,.C�@
bekx P 
 �7�: �� cf ′(x) = f ′

(
x+ log(c)

k

) <=,�C°�"O��7C+�
x ∈ R

e
c > 0

���3E?(+0'�
�+�$@2�X03,�#%E'�k<=,�C

f P �h�+��&'@2�¬�3,)1�(�03�$(A(�0'�"C��¬*%�A�$� x0
��,T(+03�)(

f(x0) 6= f ′(x0)
e'(�0'�"�

cf(x0) 6= cf ′(x0)
<=,.CT�"O��7C+�

c > 0
e�(+0'�7C+��<=,.C��

f
(
x0 + log(c)

k

)
6= f ′

(
x0 + log(c)

k
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<=,�C��7O.�7C+�
c > 0
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f = f ′
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f ′
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g = cf
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g′ = cf ′
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graph(f)
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graph(g) P �h�

graph(f)∩graph(f ′)
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C
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A = {ang(ϕc) : c ∈ C}
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��,
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