Haar null and Haar meager sets: a survey and new results

MARTON ELEKES AND DONAT NAGY

ABSTRACT. We survey results about Haar null subsets of (not necessarily locally
compact) Polish groups. The aim of this paper is to collect the fundamental
properties of the various possible definitions of Haar null sets, and also to review
the techniques that may enable the reader to prove results in this area. We also
present several recently introduced ideas, including the notion of Haar meager
sets, which are closely analogous to Haar null sets. We prove some results in a
more general setting than that of the papers where they were originally proved
and prove some results for Haar meager sets which were already known for Haar
null sets.
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1. INTRODUCTION AND HISTORY

Many results in various branches of mathematics state that certain properties hold
for almost every element of a space. In the continuous, large structures which are
frequently studied in analysis it is common to encounter a property that is true for
most points, but false on a negligibly small part of the structure. These situations
mean that there are facts which can be grasped only by defining a suitable notion
of smallness and stating that the exceptional elements form a small set.

In the Euclidean space R™ there is a generally accepted, natural notion of smallness:
a set is considered to be small if it has Lebesgue measure zero. The Haar measure
(which was introduced by Alfréd Haar in 1933) generalizes the Lebesgue measure

for arbitarty locally compact topological groups (see Eubsecfion 33 for a brief
introduction). Although “the” Haar measure is not completely unique (except in
compact groups, where there exists a natural choice), the system of sets of Haar
measure zero is well-defined. This yields a very useful notion of smallness in locally
compact groups, but says nothing of non-locally-compact groups, where there is

no Haar measure.
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In the paper [[9] (which was published in 1972) Christensen introduced Haar null
sets, which are defined in all abelian Polish groups and coincide with the sets of
Haar measure zero in the locally compact case. (A topological group is Polish
if it is separable and completely metrizable, for the definition of Haar nullness

see Definifion 3T1.) Twenty years later Hunt, Sauer and Yorke independently

introduced this notion under the name of shy sets in the paper [48]. Since then
lots of papers were published which either study some property of Haar null sets or
use this notion of smallness to state facts which are true for almost every element
of some structure. It was relatively easy to generalize this notion to non-abelian
groups, on the other hand, the assumption that the topology is Polish is still
usually assumed, because it turned out to be convenient and useful.

There is another widely used notion of smallness, the notion of meager sets (also
known as sets of the first category). Meager sets can be defined in any topological
space; a set is said to be meager if it is the countable union of nowhere dense sets.
A topological space is called a Baire space if the nonempty open sets are non-
meager; this basically means that one can consider the meager sets small in these
spaces. The Baire category theorem states that all completely metrizable spaces
and all locally compact Hausdorff spaces are Baire spaces (see [63, Theorem 8.4]
for the proofs).

In locally compact groups the system of meager sets and the system of sets of Haar
measure zero share many properties. For example the classical Erdés-Sierpinski
duality theorem states that it is consistent that there is a bijection f : R — R such
that f(A) is meager if and only if A C R has Lebesgue measure zero and f(A)
has Lebesgue measure zero if and only if A C R is meager. Despite this, there
are sets that are small in one sense and far from being small in the other sense,
for example every abelian locally compact group can be written as the union of a
meager set and a set of Haar measure zero.

In 2013, Darji defined the notion of Haar meager sets in the paper [23] to provide a
better analog of Haar null sets in the non-locally-compact case. (For definition see
Definifion 3T6.) Darji only considered abelian Polish groups, but [27] generalized
this notion to non-abelian Polish groups. Haar meager sets coincide with meager

sets in locally compact Polish groups, and Haar meagerness is a strictly stronger

notion than meagerness in non-locally-compact abelian groups (see Theorem 3313
and MTheorem 33 14). The analogy between Haar nullness and Haar meagerness
means that most of the results for Haar null sets are also true for Haar meager

sets and can often be proved using similar methods.
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First in Becfion 2, we introduce the notions, definitions and conventions which are
not related to our area, but used repeatedly in this paper. Then Eecfion—3 defines
the core notions and investigates their most important properties.

After these, Becfion 4 considers the modified variants of the definitions. This
section starts with a large collection of equivalent definitions for our core notions,
then lists and briefly describes most of the versions which appear in the literature
and are not (yet proved to be) equivalent to the “plain” versions.

The next section, Eecfion A, considers the feasibility of generalizing three well-
known results (Fubini’s theorem, the Steinhaus theorem and the countable chain
condition) for non-locally-compact Polish groups. Unfortunately, most of the an-
swers are given in form of counterexamples, but weakened variants of the first two
results can be salvaged and these are useful as lemmas.

Then in Eecfion @ we discuss some proof techniques for questions from this area.
Some of these are essentially useful lemmas, the others are just ideas and ways of
thinking which can be helpful in certain cases.

Finally, in Becfion™a we give a highly incomplete list of applications of Haar null
sets in various fields of mathematics.

2. NOTATION AND TERMINOLOGY

This section is the collection of the miscellaneous notations, definitions and con-
ventions that are used repeatedly in this paper.

The symbols N and w both refer to the set of nonnegative integers. We write N if
we consider this set as a topological space (with the discrete topology) and w if we
use it only as a cardinal, ordinal or index set. (For example we write the Polish
space of the countably infinite sequences of natural numbers as N“.) We consider
the nonnegative integers as von Neumann ordinals, i.e. we identify the nonnegative
integer n with the set {0,1,2,...,n — 1}.

P(S) denotes the power set of a set S. Foraset SC X xY, z € Xandy €Y, S,
is the z-section S, = {y : (z,y) € S} and SY is the y-section SY = {z : (z,y) € S}.

If S is a subset of a topological space, int(S) is the interior of S and S is the
closure of S. We consider N, Z and all finite sets to be topological spaces with the
discrete topology. (Note that this convention allows us to simply write the Cantor
set as 2¥(= {0,1}¥).) If X is a topological space, then

B(X) denotes its Borel subsets (B(X) is the o-algebra generated by the open

sets, see [63, Chapter IIJ),
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M(X) denotes its meager subsets (a set is meager if it is the union of countably
many nowhere dense sets and a set is nowhere dense if the interior of its
closure is empty, see [563, §8.A]).

If the space X is Polish (that is, separable and completely metrizable), then

31(X) denotes its analytic subsets (a set is analytic if it is the continuous image
of a Borel set, see [63, Chapter I11]),

IT{ (X) denotes its coanalytic subsets (a set is coanalytic if its complement is an-
alytic, see [63, Chapter IV]).

If the topological space X is clear from the context, we simply write B, M, X1
and IT}.

In a metric space (X, d), diam(S) = sup{d(z,y) : x,y € S} denotes the diameter
of the subset S. If z € X and r > 0, then B(x,r) = {2’ € X : d(z,2') < r} and
B(x,r) = {2’ € X : d(z,2") < r} denotes respectively the open and the closed ball
ball with center z and radius r in X.

If 4 is an outer measure on a set X, we say that A C X is u-measurable if
w(B) = u(BNA)+u(B\ A) for every B C X. Unless otherwise stated, we identify
an outer measure p with its restriction to the p-measurable sets and “measure”
means an outer measure or the complete measure that is identified by it this way.
A measure p is said to be Borel if all Borel sets are py-measurable. The support of
the measure y is denoted by supp pu.

Almost all of our results will be about topological groups. A set G is called
a topological group if is equipped with both a group structure and a Hausdorff
topology and these structures are compatible, that is, the multiplication map G x
G — G, (g,h) — gh and the inversion map G — G, g — ¢!
functions. We make the convention that whenever we require a group to have

are continuous

some topological property (for example a “compact group”; a “Polish group”,; ...),
then it means that the group must be a topological group and have that property
(as a topological space). The identity element of a group G will be denoted by 1¢.

Most of the results in this paper are about certain subsets of Polish groups. Unless
otherwise noted, (G,-) denotes an arbitrary Polish group. We denote the group
operation by multiplication even when we assume that the (abstract) group under
consideration is abelian, but we write the group operation of well-known concrete
abelian groups like (R, +) or (Z“,+) as addition.

Some techniques only work in Polish groups that admit a two-sided invariant

metric. (A metric d on G is called two-sided invariant (or simply invariant) if

d(g1hga, g1kgs) = d(h, k) for any g1, g2, h,k € G.) Groups with this property are
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also called TSI groups. This class of groups properly contains all Polish, abelian
groups, since each metric group G' admits a left-invariant metric which, obviously,
is invariant when G is abelian. Any invariant metric on a Polish group is auto-
matically complete. For proofs of these facts and more results about TSI groups
see for example [A4, §8.].

Some basic results can be generalized for non-separable groups, but we will only
deal with the separable case. On the other hand, many papers about this topic
only consider abelian groups or some class of vector spaces. When the proof of a
positive result can be generalized for arbitrary Polish group, we will usually do so,
but we will usually provide counterexamples only in the special case where their
construction is the simplest. If we assume that G is locally compact, our notions

will coincide with simpler notions (see Eubsecfion 33) and the majority of the

results in this paper become significantly easier to prove, so the interesting case is
when G is not locally compact.

3. BASIC PROPERTIES

3.1. Core definitions. This subsection defines Haar null sets and Haar meager
sets. Both of these notions have several slightly different formalizations in the
literature, these are discussed in Eecfion 4.

Haar null sets were first introduced by Christensen in [19] in 1972 as a general-
ization of the null sets of the Haar measure. (The Haar measure itself cannot be

generalized for groups that are non-locally-compact, see Theorem 3-3T11.) Twenty
years later in [48] Hunt, Sauer and Yorke independently introduced Haar null sets
under the name “shy sets”.

Definition 3.1.1. A set A C @ is said to be Haar null if there are a Borel set
B D A and a Borel probability measure p on G such that u(gBh) = 0 for every
g,h € G. A measure p satisfying this is called a witness measure for A. The
system of Haar null subsets of G is denoted by HN = HN(G).

Remark 3.1.2. Using the terminology introduced in [48], a set A C G is called
shy if it is Haar null, and prevalent if G \ A is Haar null.

Some authors (including Christensen) write “universally measurable set” instead
of “Borel set” when they define Haar null sets. This version is not equivalent to
the original, but most results can be proved for both notions in the same way.
When a paper uses both notions, sets satisfying this alternative definition are

called “generalized Haar null sets”.
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Definition 3.1.3. If X is a Polish space, a set A C X is called universally mea-
surable if it is py-measurable for any o-finite Borel measure p on X.

Definition 3.1.4. A set A C G is said to be a generalized Haar null if there are
a universally measurable set B O A and a Borel probability measure p on G such
that u(gBh) = 0 for every g, h € G. A measure p satisfying this is called a witness
measure for A. The system of generalized Haar null subsets of G is denoted by

GHN = GHN(G)

Remark 3.1.5. As every Borel set is universally measurable, every Haar null set
is generalized Haar null.

Haar meager sets were first introduced by Darji in [23] in 2013 as a topological
counterpart to the Haar null sets. (Meagerness remains meaningful in non-locally-
compact groups, but Haar meager sets are a better analogue for Haar null sets.)

Definition 3.1.6. A set A C ( is said to be Haar meager if there are a Borel
set B O A, a (nonempty) compact metric space K and a continuous function
f: K — G such that f~!'(gBh) is meager in K for every g,h € G. A function
f satisfying this is called a witness function for A. The system of Haar meager

subsets of G is denoted by HM = HM(G).

3.2. Notions of smallness. Both “Haar null” and “Haar meager” are notions of
smallness (i.e. we usually think of Haar null and Haar meager sets as small or
negligible). This point of view is justified by the fact that both the system of Haar
null sets and the system of Haar meager sets are o-ideals.

Definition 3.2.1. A system Z (of subsets of some set) is called a o-ideal if
(I) 0 ez,
(II) AcZ,BC A= Be€Tand
(III) if A, € 7 for all n € w, then |, A, € T.

To prove that these systems are indeed o-ideals we will need some technical lem-
mas.

Lemma 3.2.2. If i is a Borel probability measure on G and U s a neighborhood
of 1, then there are a compact set C C G and ¢ € G with u(C') >0 and C C cU.

Proof Applymg [63, Theorem 17.11], there exists a compact set C C X with
M(C) . Fix an open set V with 1 € V € V C U. The collection of open sets
{cV 1 k E C} covers C' and C is compact, so C' = | J cer(cV N C) for some finite
set F C C. It is clear that u(cV N C) must be positive for at least one ¢ € F.

Choosing C' = ¢V N C clearly satisfies our requirements. U
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Corollary 3.2.3. If i is a Borel probability measure on G, U is a neighborhood of
lg, B C G is universally measurable and satisfies p(gBh) = 0 for every g,h € G,
then there exists a Borel probability measure p’ that satisfies p'(gBh) = 0 for every
g,h € G and has a compact support that is contained in U.

Proof. Tt is easy to check that p/(X) := £ (Zi(g)c) satisfies our requirements. O

Lemma 3.2.4. Let d be a metric on G that is compatible with the topology of G.
If L C G is compact and € > 0 is arbitrary, then there exists a neighborhood U of
lg such that d(z - u,z) < € for every x € L and u € U.

Proof. (Reproduced from [27, Lemma 2|.) By the continuity of the function
(z,u) — d(z - u,z), for every z € L there are neighborhoods V, of x and U,
of 15 such that the image of V, x U, is a subset of [0,¢). Let F' C L be a finite
set such that L C |J,.p V. It is easy to check that U = (,cp
conditions. 0J

U, satisfies our

Theorem 3.2.5.

(1) The system HN of Haar null sets is a o-ideal.
(2) The system GHN of generalized Haar null sets is a o-ideal.

Proof. 1t is trivial that both HN and GHN satisfy (I) and (II) in Definifion 3277
The proof of (III) that is reproduced here is from the appendix of [22], where
a corrected version of the proof in [60] is given. Proving this fact is easier in

abelian Polish groups (see [19, Theorem 1]) and when the group is metrizable with
a complete left invariant metric (this would allow the proof of [60, Theorem 3] to
work without modifications). The appendix of [22] mentions the other approaches
and discusses the differences between them.

The proof of (III) for Haar null and for generalized Haar null sets is very similar.
The following proof will be for Haar null sets, but if “Borel set” is replaced with
“universally measurable set” and “Haar null” is replaced with “generalized Haar
null”, it becomes the proof for generalized Haar null sets.

Let A, be Haar null for all n € w. By definition there are Borel sets B, C G
and Borel probability measures p, on G such that A, C B, and u,(9B,h) = 0
for every g,h € G. Let d be a complete metric on GG that is compatible with the
topology of G (as G is Polish, it is completely metrizable).

We construct for all n € w a compact set C,, C G and a Borel probability measure
fi, such that the support of fi, is C,, fi,(gB,h) = 0 for every g,h € G (i.e. fi, is

a witness measure) and the “size” of the sets C), decreases “quickly”.
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The construction will be recursive. For the initial step use Corollary 3.2.3 to find

a Borel probability measure fiy that satisfies fig(¢Boh) = 0 for every g, h € G and
that has compact support Cy C G. Assume that fi,, and C, are already defined
for all n” < n. By Lemma 374 there exists a neighborhood U, of 14 such that
if u € U,, then d(k - u, k) < 27" for every k in the compact set CoC1Cy - -~ C,_.
Applying Corollary 3.2.3 again we can find a Borel probability measure ji,, that
satisfies fi,,(9B,h) = 0 for every g, h € G and that has a compact support C,, C U,,.

If ¢, € C, for all n € w, then it is clear that the sequence (cocica - Cp)new 18
a Cauchy sequence. As (G, d) is complete, this Cauchy sequence is convergent;
new Cn — G,

©((co,c1,Ca,...)) = coc1€o - -+ is the uniform limit of continuous functions, hence

we write its limit as the infinite product cocica---. The map ¢ : []

it is continuous.

Let p!! be the product of the measures fi,, on the product space C! := [L.c. Cn-
Let = . (') be the push-forward of u'' along ¢ onto G, i.e.

w(X) = e (X)) = " ({(co,c1,09,...) € CM i coeren - € X })

We claim that ;o witnesses that A = | J, ., A, is Haar null. Note that A is contained
in the Borel set B = ¢,
g,h € G. As p is o-additive, it is enough to show that p(gB,h) = 0 for every
g,h € Gand n € w.

By, so it is enough to show that p(gBh) = 0 for every

Fix g,h € G and n € w. Notice that if ¢; € C; for every j # n, j € w, then
fn, ({cn € Cp i coc109+ -+ € gBLh}) =
= [in ((0001 . "Cn71>_1 - gBuh - (Cpy1Cpga - - )—1) —0
because fi,,(¢'B,h') = 0 for all ¢’, b’ € G. Applying Fubini’s theorem in the product
space (H#n C'j) x C, to the product measure (H#n ﬂj> X [i, yields that
0=p" ({(co,cl,...,cn,...) eCMicoer ey Eanh}).
By the definition of x4 this means that u(gB,h) = 0. O

Theorem 3.2.6. The system HM of Haar meager sets is a o-ideal.

Proof. The proof of (I) and (II) in Definifion 3277 is trivial again. The proof of
(III) is reproduced from [27, Theorem 3]. This proof will be very similar to the

proof of Mheorem 3271, but restricting the witnesses to a smaller “part” of G is
simpler in this case (we do not need an analogue of Corollary 3.2.3).

Let A, be Haar meager for all n € w. By definition there are Borel sets B,, C G,

compact metric spaces K, # () and continuous functions f, : K, — G such that
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[ Y(gBnh) is meager in K, for every g,h € G. Let d be a complete metric on G
that is compatible with the topology of G.

We construct for all n € w a compact metric space K, and a continuous function
fn: K, — G satisfying that f,'(gB,h) is meager in K, for every g,h € G (i.e. f,

is a witness function) and the “size” of the images f,,(K,) C G decreases “quickly”.

Unlike the Haar null case, we do not have to apply recursion in this construction.
By Cemma 3774 there exists a neighborhood U, of 14 such that if u € U,, then
d(k - u, k) < 27" for every k in the compact set fo(Ko)fi(K1)- - fao1(Kp—1). Let
T, € fn(K,) be an arbitrary element and K, = [ (x,Uy,). The set K, is compact

(because it is a closed subset of a compact set) and nonempty. Let f, : K, — G,
fn(k) =z 1 f,(k), this is clearly continuous.

Claim 3.2.7. For every n € w and g,h € G, f (gBnh) is meager in K,.

Proof. Fix n € w and g, h € G. The set f;l(Un) is open in K, and because f is a
witness function, the set f.'(gB,h) = f, '(z,gBnh) is meager in K,,. This means
that f,1(U,) N f,7 ' (9Bnh) is meager in f, *(U,). Since each open subset of K, is

comeager in its closure and the closure of f1(U,) = fi ' (2,Uy) is [ (2,Uy) = K,
simple formal calculations yield that f,!(gB,h) N K, is meager in K,. O

Let K be the compact set [, ., K,, and for n € w let 1, be the continuous function
U, K — G,

Un(k) = folko) - fr(kr) - ...+ fa1(kn—1)-
By the choice of U,, we obtain d(¢,,_1(k), ¥, (k)) < 27" for every k € K. Using the
completeness of d this means that the sequence of functions (¢,)ne. is uniformly
convergent. Let f: K — G be the limit of this sequence. f is continuous, because
it is the uniform limit of continuous functions.

We claim that f witnesses that A = |J,., An is Haar meager. Note that A is
contained in the Borel set B = |J,,c,, B, s0 it is enough to show that f~'(gBh)
is meager in K for every g,h € GG. As meager subsets of K form a o-ideal, it is
enough to show that f~'(gB,h) is meager in K for every g,h € G and n € w.

Fix g,h € G and n € w. Notice that if k; € f(j for every j # n, j € w, then
Claim 3777 means that

{kn € K, : flko,ky,... kn,...) € gBh} =
{kn € Ko : fo(ko) - fr(kn) - .- fu(kn) - ... € gBuh}
ot (Fatha) - Focallam)) ™ g (Fusalbnss) Frsathnsa) ) )
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is meager in K,. Applying the Kuratowski-Ulam theorem (see e.g. [53, Theorem
8.41]) in the product space (H#n K}-) x K,, the Borel set f~1(gB,h) is meager.
U

As the group G acts on itself via multiplication, it is useful if this action does not
convert “small” sets into “large” ones. This means that a “nice” notion of smallness
must be a translation invariant system.

Definition 3.2.8. A Z C P(G) system is called translation invariant if A € 7T <
gAh € T for every A C G and g, h € G.

Proposition 3.2.9. The o-ideals HN, GHN and HM are all translation invari-
ant.

Proof. This is clear from Definifion 3T, Definifion 3 T4 and Definifion 3T/, [

If a nontrivial notion of smallness has these “nice” properties, then the following
lemma states that countable sets are small and nonempty open sets are not small.
Applying this simple fact for our o-ideals is often useful in simple cases.

Lemma 3.2.10. Let Z be a translation invariant o-ideal that contains a nonempty
set but does not contain all subsets of G. If A C G is countable, then A € T, and
if U C G is nonempty open, then U ¢ T.

Proof. If x € G, then any nonempty set in Z has a translate that contains {z}
as a subset, hence {z} € Z. Using that Z is closed under countable unions, this
yields that if A C G is countable, then A € Z. To prove the other claim, suppose
for a contradiction that U C G is a nonempty open set that is in Z. It is clear
that G = J,cq 9U, and as G is Lindeldf, G = (¢, gnU for some countable subset
{gn : n € w} € G. But here ¢g,U € T (because Z is translation invariant) and
thus G € Z (because Z is closed under countable unions), and this means that Z
contains all subsets of G, and this is a contradiction. 0

Remark 3.2.11. Let Z be one of the o-ideals HN', GHN and HM. If G is
countable, then Z = {{}, otherwise Z contains a nonempty set and does not
contain all subsets of G.

3.3. Connections to Haar measure and meagerness. This subsection dis-
cusses the connection between sets with Haar measure zero and Haar null sets
and the connection between meager sets and Haar meager sets. In the simple case
when G is locally compact we will find that equivalence holds for both pairs, justi-

fying the names “Haar null” and “Haar meager”. When G is non-locally-compact,
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we will see that the first connection is broken by the fact that there is no Haar
measure on the group. For the other pair we will see that Haar meager sets are
always meager, but there are Polish groups where the converse is not true.

First we recall some well-known facts about Haar measures. For proofs and more
detailed discussion see for example [44, §15].

Definition 3.3.1. If (X, ¥) is a measurable space with B(X) C X, then a measure
p: X — [0,00] is called regular if u(U) = sup{u(K) : K C U, K is compact} for
every U open set and p(A) = inf{u(U) : A C U,U is open} for every set A in the
domain of .

Definition 3.3.2. If G is a topological group (not necessarily Polish), a measure A :
B(G) — [0, 00] is called a left Haar measure if it satisfies the following properties:

(I) A(F) < o0 if F is compact,

(I) A(U) > 0if U is a nonempty open set,
(III) A(gB) = A(B) for all B € B(G) and g € G (left invariance),
(IV) X is regular.

If left invariance is replaced by the property A(Bg) = A(B) for all B € B(G) and
g € G (right invariance), the measure is called a right Haar measure.

Theorem 3.3.3. (existence of the Haar measure) If G is a locally compact group
(not necessarily Polish), then there ezists a left (right) Haar measure on G and
if M1, Ag are two left (right) Haar measures, then \y = c¢ - Ay for a positive real
constant c.

If G is compact, (I) means that the left and right Haar measures are finite measures,
and this fact can be used to prove the following result:

Theorem 3.3.4. If G is a compact group, then all left Haar measures are right
Haar measures and vice versa.

This result is also trivially true in abelian locally compact groups, but not true in
all locally compact groups. However, the following result remains true:

Theorem 3.3.5. If G is a locally compact group, then the left Haar measures and
the right Haar measures are absolutely continuous relatively to each other, that is,
for every Borel set B C G, either every left Haar measure and every right Haar
measure assigns measure zero to B or no left Haar measure and no right Haar
measure assigns measure zero to B.

This allows us to define the following notion:
12



Definition 3.3.6. Suppose that G is a locally compact group and fix an arbitrary
left (or right) Haar measure A\. We say that a set N C G has Haar measure zero
if N C B for some Borel set B with A(B) = 0. The collection of these sets is
denoted by N' = N (G).

Definifion 3737 defines the Haar measures only on the Borel sets. If A is an
arbitrary left (or right) Haar measure, we can complete it using the standard
techniques. The domain of the completion will be o(B(G) U N) (the o-algebra
generated by N and the Borel sets). For every set A in this o-algebra, let

A(A) = inf {Z A(B;): B; € B(G),AC | Bj} .

This completion will be a complete measure that agrees with the original A on Borel

sets and satisfies properties (I) — (IV) from Definifion 339 (or right invariance

instead of left invariance if A was a right Haar measure). We will identify a left
(or right) Haar measure with its completion and we will also call this extension
(slightly imprecisely) a left (or right) Haar measure.

Theorem 3.3.7. If G is a locally compact Polish group, then system of sets with
Haar measure zero is the same as the system of Haar null sets and is the same as
the system of generalized Haar null sets, that is, N(G) = HN (G) = GHN (G).

Proof. N(G) C HN(G):

Let A be a left Haar measure and X' be a right Haar measure. If N € N(G) is
arbitrary, then by definition there is a Borel set B satisfying N C B and A(B) = 0.
The left invariance of G means that A(gB) = 0 for every ¢ € G. Applying

MChearem 3737 this means that A (gB) = 0 for every g € G, and applying the right

invariance of \" we get that X' (gBh) = 0 for every g, h € G. Using the regularity

of X, it is easy to see that there is a compact set K with 0 < M (K) < co. The

N (KNX)
N (K)

that u(gBh) = 0 for every g,h € G, so B and p satisfy the requirements of

Denmtion o [ 1.

HN(G) C GHN(G):
This is trivial in all Polish groups, see Bemark 3 T3.

GHN (G) C N(G):

Suppose that A € GHN (G). By definition there exists an universally measurable
B C G and a Borel probability measure p such that pu(gBh) = 0 for every g, h € G.
Notice that we will only use that p(Bh) = 0 for every h € G, so we will also prove

that (using the terminology of Eubsecfion 474) all generalized right Haar null sets
13
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have Haar measure zero. Let A be a left Haar measure on G. Let m be the
multiplication map m : G x G — G, (z,y) = x - y.

Notice that the set m™'(B) = {(z,y) € GXG : x-y € B} is universally measurable
in G x (G, because it is the preimage of a universally measurable set under the
continuous map m. (This follows from that that the preimage of a Borel set under
m is Borel, and for every o-finite measure v on G x (G, the preimage of a set
of m,(v)-measure zero under m must be of v-measure zero. Here m.(v) is the
push-forward measure: m,(v)(X) =v({(z,y) :z-y € X}).)

Applying Fubini’s theorem in the product space G x G to the product measure
p X A (which is a o-finite Borel measure) we get that

(1 x N)(m™\(B)) = /G A{y:a-y € BY) dula) = /G w({x:x-y e BY dA(y)
[ 2By dnto) = [ By axw
G G

As p is a witness measure, the right hand side is the integral of the constant 0
function. On the left hand side A(x7'B) = A(B), as A is left invariant (note that
B is A\-measurable, because B is universally measurable and A is o-finite). Thus
0= [, A(B) du(x) = A(B). As A C B, this means that A\(4) =0, A e N(G). O

We reproduce the classical results which show that (left and right) Haar measures
do not exist on topological groups that are not locally compact. We will need the
following generalized version of the Steinhaus theorem.

Theorem 3.3.8. If G is a topological group, A is a left Haar measure on G and
C C G 1is compact with \(C) > 0, then 1 € int(C' - C™1).

Proof. As A is a Haar measure and C' is compact, A\(C') < oo. Using the regularity
of A, there is an open set U 2O C' that satisfies A\(U) < 2A(C).

Claim 3.3.9. There exists an open neighborhood V' of 1¢ such that V - C C U.

Proof. For every ¢ € C' the multiplication map m : G x G — G is continuous at
(1g,¢), so c € V.- W, C U for some open neighborhood V. of 15 and some open
neighborhood W, of ¢. As C' is compact and Ucec W, D (), there is a finite set I
with (J.cp We 2 C. Then V = () . V. satisfies V - W, C U for every ¢ € F, so
V.CCU. ]

Now it is enough to prove that V' C C - C~!. Choose an arbitrary v € V. Then

v-C and C are subsets of U and A\(v-C) = \(C) > %U) (we used the left invariance
14



of A). This means that v-C N C # (), so there exists ¢, ¢y € C with ve; = ¢y, but
this means that v = coe; ' € C'- C7L. O

We note that in Polish groups it is possible to find a compact subset with positive
Haar measure in every set with positive Haar measure. Hence the following version
of the previous theorem is also true:

Corollary 3.3.10. If G is a locally compact Polish group, X is a left Haar measure
on G and A C G is \-measurable with \(A) > 0, then 15 € int(A- A™1).

Other, more general variants of this result are examined in Eubsecfion 59

Theorem 3.3.11. If G is a topological group and \ is a left Haar measure on G,
then G is locally compact.

Proof. \(G) > 0 as G is open. Using the regularity of G, there exists a compact set
C with A(C) > 0. The set C'- C~! is compact (it is the image of the compact set
C x C under the continuous map (z,y) — zy~'). Applying Theorem 338 yields
that C'- C~!is a neighborhood of 1¢, but then for every g € G the set g-C - C~!
is a compact neighborhood of g, and this shows that G is locally compact. 0

The connection between meager sets and Haar meager sets is simpler. The fol-
lowing results are from [23] (the first paper about Haar meager sets, which only
considers abelian Polish groups) and [27] (where the concept of Haar meager sets
is extended to all Polish groups).

Theorem 3.3.12. Every Haar meager set is meager, HM(G) C M(G).

Proof. Let A be a Haar meager subset of G. By definition there exists a Borel
set B O A, a (nonempty) compact metric space K and a continuous function
f: K — G such that f~!(gBh) is meager in K for every g, h € G.

Counsider the Borel set
S={(g,k): f(k) e gB} CG x K.

For every g € G, the g-section of this set is S, = {k € K : f(k) € ¢B} = f~'(¢B),
and this is a meager set in K. Hence, by the Kuratowski-Ulam theorem, S is
meager in G X K. Using the Kuratowski-Ulam theorem again, for comeager many
k € K, the section S* = {g € G : f(k) € gB} = f(k) - B~! is meager in G. Since
K is compact, there is at least one such k. Then the inverse of the homeomorphism

b+ f(k)-b~! maps the meager set S* to B, and this shows that B is meager. [
15



Theorem 3.3.13. In a locally compact Polish group G meagerness is equivalent
to Haar meagerness, that is, HM(G) = M(QG).

Proof. We only need to prove the inclusion M(G) C HM(G). As G is locally
compact, there is an open set U C G such that U is compact. Let f : U — G be
the identity map restricted to U. If M is meager in G, then there exists a meager
Borel set B O M. The set gBh is meager in G for every g,h € G (as z — gzhis a
homeomorphism), so f~!(gBh) = gBhN U is meager in U for every g,h € G. O

Theorem 3.3.14. In a non-locally-compact Polish group G that admits a two-sided
mwvariant metric meagerness is a strictly stronger notion than Haar meagerness,

that is, HM(G) & M(G).

Proof. We know that HM(G) C M(G). To construct a meager but not Haar
meager set, we will use a theorem of Solecki from [67]. As the proof of this purely
topological theorem is relatively long, we do not reproduce it here.

Theorem 3.3.15. Assume that G is a non-locally-compact Polish group that ad-
mits a two-sided invariant metric. Then there exists a closed set FF C G and a
continuous function ¢ : F — 2¥ such that for any v € 2* and any compact set
C C G there is a g € G with gC C p~'({z}).

Using this we construct a closed nowhere dense set M that is not Haar meager.
The system {f~'({z}) : © € 2*} contains continuum many pairwise disjoint closed
sets. If we fix a countable basis in GG, only countably many of these sets contain an
open set from that basis. If for zy € 2¥ the set M := f~'({zo}) does not contain
a basic open set, then it is nowhere dense (as it is closed with empty interior).
On the other hand, it is clear that M is not Haar meager, as for every compact
metric space K and continuous function f : K — G there exists a g € GG such that
gf(K) C M, thus f~Y(¢g7'M) = K. O

4. ALTERNATIVE DEFINITIONS

In this section first we discuss various alternative definitions which are equivalent
to the “normal” definitions, but may be easier to prove or easier to use in some
situations. After this, we will briefly describe some other versions which appeared

in papers about this topic.
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4.1. Equivalent versions. In this subsection we mention some alternative defi-
nitions which are equivalent to Definifion 3T 1, Definifion 3 T4 or Definifion 3 T4.

Most of these equivalences are trivial, but even these trivial equivalences can be
frequently used as lemmas. First we list some versions of the definition of Haar
null sets.

Theorem 4.1.1. For a set A C G the following are equivalent:

(1) there ezists a Borel set B 2 A and a Borel probability measure p on G such
that u(gBh) =0 for every g,h € G (i.e. A is Haar null),

(2) there exists a Borel Haar null set B 2 A,

(3) there exists a Borel generalized Haar null set B 2 A,

(4) there exists an analytic set B O A and a Borel probability measure p on G
such that u(gBh) = 0 for every g,h € G,

(5) there exists an analytic generalized Haar null set B O A.

Proof. First note that Lusin’s theorem (see [63, 28.7]) states that all analytic sets
are universally measurable, hence gBh is p-measurable in condition (4).

(1) & (2) = (3) is trivial from the definitions. (3) = (1) follows from the fact that
if (3) is true, then there exists a Borel probability measure p such that u(gB'h) =0
for some (universally measurable) B’ O B and every g, h € G, but this means that
wu(gBh) = 0 for every g, h € G.

The implication (1) = (4) follows from the fact that all Borel sets are analytic.
The implication (4) = (5) is trivial again, considering that all analytic sets are
universally measurable.

Finally we prove (5) = (1) to conclude the proof of the theorem. This proof is
reproduced from [67]. Without loss of generality we may assume that the set A
itself is analytic generalized Haar null. We have to prove that there exists a Borel
set B O A and a Borel probability measure p on G such that pu(gBh) = 0 for every
g,h € G.

By definition there exists a Borel probability measure p such that ,u(gBh) = 0 for
some (universally measurable) B O A and every g,h € G, but this means that
w(gAh) = 0 for every g, h € G.

Claim 4.1.2. The family of sets
® = {X C G: X is analytic and p(gXh) = 0 for every g, h € G}

is coanalytic on analytic, that is, for every Polish space Y and P € X1(Y x G),
the set {y € Y : P, € ®} is IT5.
17



Proof. Let Y be Polish space and P € 31(Y x G) and let
P={(g,h,y,7) €GxGxY xG:v€gP,h}.

Then P is analytic, as it is the preimage of P under (g, h,y,v) — (y, g 'vh™1).
We will use the fact that if U and V' are Polish spaces, o is a Borel probability
measure on V and A C U x V is analytic, then {u € U : 9(A,) = 0} is coanalytic
(this is a corollary of [63, Theorem 29.26]). Using this fact yields that {(g, h,y) :
1t(Pigny)) = 0} is coanalytic, but then

{y €Y : w(Pypny) =0 for every g, h € G} ={y €Y : P, € &}
is also coanalytic. O
Now, since A € ®, by the dual form of the First Reflection Theorem (see [53,

Theorem 35.10 and the remarks following it]) there exists a Borel set B with
B D A and B € ®, and this B (together with 1) satisfies our requirements. 0J

The following proposition states the analog of the trivial equivalence (1) < (2)

for generalized Haar null sets. (The other parts of Thearem 4 T1 have no natural
analogs for generalized Haar null sets.)

Proposition 4.1.3. For a set A C G the following are equivalent:

(1) there exists a universally measurable set B O A and a Borel probability
measure i on G such that u(gBh) = 0 for every g,h € G (i.e. A is
generalized Haar null),

(2) there exists a universally measurable generalized Haar null set B O A.

In Definifion 3T 1 and Definifion-3 T4 the witness measure is required to be a Borel

probability measure, but some alternative conditions yield equivalent definitions.
A set A C G is Haar null (or generalized Haar null) if and only if there is a Borel
(or universally measurable) set B O A that satisfies the equivalent conditions listed
in the following theorem.

Theorem 4.1.4. For a universally measurable set B C G the following are equiv-
alent:

(1) there exists a Borel probability measure i on G such that u(gBh) = 0 for
every g,h € G,

(2) there exists a Borel probability measure n on G such that p has compact
support and p(gBh) = 0 for every g, h € G,

(3) there exists a Borel measure pn on G such that 0 < p(X) < oo for some

p-measurable set X C G and u(gBh) =0 for every g, h € G.
18



(4) there exists a Borel measure p on G such that 0 < u(C) < oo for some
compact set C' C G and u(gBh) = 0 for every g,h € G (the paper 48] calls
a Borel set shy if it has this property).

Proof. The implications (2) = (4) = (3) are trivial. (3) = (1) is true, because if p
and X satisfies the requirements of (3), then f(Y) = & (:E;))() is a Borel probability
measure and fi < p means that fi(¢Bh) = 0 for every g,h € G. Finally (1) = (2)

follows from [Corollary 3.2.3. O

The following result gives an equivalent characterization of Haar null sets which
allows proving that a Borel set is Haar null by constructing measures that assign
small, but not necessarily zero measures to the translates of that set. In [58,
Theorem 1.1] Matouskova proves this theorem for separable Banach spaces, but
her proof can be generalized to work in arbitrary Polish groups.

Theorem 4.1.5. A Borel set B is Haar null if and only if for every 6 > 0 and
netghborhood U of 1, there exists a Borel probability measure p on G such that
the support of p is contained in U and p(gBh) < & for every g,h € G.

Proof. Let P(G) be the set of Borel probability measures on G. As G is Polish, [63,
Theorem 17.23] states that P(G) (endowed with the weak topology) is also a
Polish space. In particular this means that it is possible to fix a metric d such
that (P(G),d) is a complete metric space. If p,v € P(G), let (u*v)(X) =
(ux v)({(z,y) : zy € X}) be their convolution. It is straightforward to see that
% is associative (but not commutative in general, as we did not assume that G
is commutative). The map * : P(G) x P(G) — P(G) is continuous, for a proof
of this see e.g. [45, Proposition 2.3]. Let §(X) = 1if 1¢ € X, and 6(X) = 0 if
lg ¢ X, then it is clear that 6 € P(G) is the identity element for x.

First we prove the “only if” part. Let (U, )ne. be open sets with (), U, = {1g}.
For every n € w fix a Borel probability measure p,, such that

(I) supp p, € U, and
(IT) pin(gBh) < =7 for every g,h € G.

It is easy to see from property (I) that the sequence (fi,)new (Weakly) converges
to d, and this and the continuity of * means that for any v € P(G) the sequence
d(v, v*u,) converges to zero. This allows us to replace (p,)ne, With a subsequence
which also satisfies that d(v, v * u,,) < 27" for every measure v from the finite set

{tjo * pgy % ..oy cr <mand 0 < jp < j; <...<j, <n}
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(Notice that property (II) clearly remains true for any subsequence.) Using this
assumption and the completeness of (P(G),d) we can define (for every n € w) the
“Infinite convolution” fi,, * (i, +1%. . . as the limit of the Cauchy sequence (i, * {411 *
Pnt2 ¥ - % [yt i) jew. We will show that the choice 1 = g % 11 * ... witnesses that
B is Haar null.

We have to prove that u(gBh) = 0 for every g,h € G. To show this fix arbitrary
g,h € G and n € w; we will show that u(gBh) < 5. Let ay = pio* piy % .. % fin 1
and S, = fini1 * finao * ... and notice the continuity of * yields that

pro= Hm (an i * (ot * g % i) =
= Qu, * Uy, * lenoz(NHH K fnto ¥ .o ¥ flngs) = O % Uy % B
This means that
p(gBh) = (cn * o * B)(9Bh) = (an X pin % Ba)({(2,y,2) € G* 1 wyz € gBh}) =
— (0 % ) % 1) ({ (3, 2),9) € G* x G+ y € 5 gBh="1}).
1

: ~ -1 -1
Notice that for every x,z € G property (II) yields that u,(x~'gBhz™") < —=5.
Applying Fubini’s theorem in the product space G? x G to the product measure

(an, X Bn) Xy yields that p(gBh) < n+r1

To prove the “if” part of the theorem, suppose that there exists a 6 > 0 and a
neighborhood U of 14 such that for every Borel probability measure g on G if
suppp C U, then u(gBh) > § for some g,h € G. Let p be an arbitrary Borel
probability measure. Applying yields that there are a compact set
C C G and ¢ € G with u(C) > 0 and C C ¢U. Define p/(X) = %, then
i is a Borel probability measure with supp ¢/ C U, hence p/(gBh) > § for some
g, h € G. This means that u(cgBh) # 0, so p is not a witness measure for B, and

because p was arbitrary, B is not Haar null.

O

For Haar meagerness the following analogue of Thearem 4171 holds:

Theorem 4.1.6. For a set A C GG the following are equivalent:
(1) there exists a Borel set B 2 A, a (nonempty) compact metric space K and
a continuous function f: K — G such that f~*(gBh) is meager in K for
every g,h € G (i.e. A is Haar meager),
(2) there exists a Borel Haar meager set B D A,
(3) there exists an analytic set B D A, a (nonempty) compact metric space K
and a continuous function f: K — G such that f~*(gBh) is meager in K

for every g, h € G.
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Proof. (1) < (2) is trivial from Definifion 314, (1) = (3) follows from the fact
that all Borel sets are analytic. Finally, the implication (3) = (1) can be found
as [24, Proposition 8], and the proof is a straightforward analogue of the proof of
(5) = (1) in MCheorem 4177

Without loss of generality we may assume that the set A itself is analytic and
satisfies that f~!(gAh) is meager in K for every g,h € G for some (nonempty)
compact metric space K and continuous function f : K — G. We will prove that
(for this K and f) there exists a Borel set B O A such that f~'(gBh) is meager
in K for every g,h € G.

Claim 4.1.7. The family of sets
® = {X C G : X is analytic and f~'(gXh) is meager in K for every g, h € G}

is coanalytic on analytic, that is, for every Polish space Y and P € X1(Y x G),
the set {y € Y : P, € ®} is IT3.

Proof. Let Y be a Polish space and P € X{(Y x G) and let
p:{(g7h7yak) EGXGXYXKf(k’) Egpyh}

Then P is analytic, as it is the preimage of P under (g, h,y, k) — (y, g~ f(k)h™1).
Novikov’s theorem (see e.g [63, Theorem 29.22]) states that if U and V' are Polish
spaces and A C U x V is analytic, then {u € U : A, is not meager in V'} is

analytic. This yields that {(g,h,y) : Py is meager in K} is coanalytic, but
then

{yeY: 15(97,%,) is meager in K for every g,h € G} ={y €Y : P, € &}

is also coanalytic. 0

Now, since A € ®, by the dual form of the First Reflection Theorem (see [53,
Theorem 35.10 and the remarks following it]) there exists a Borel set B with
B D A and B € ®, and this B satisfies our requirements. O

To prove our next result we will need a technical lemma. This is a modified version
of the well-known result that for every (nonempty) compact metric space K, there
exists a continuous surjective map ¢ : 2¥ — K.

Lemma 4.1.8. If (K,d) is a (nonempty) compact metric space, then there exists
a continuous function ¢ : 2° — K such that if M is meager in K, then o='(M)

1S meager in 2.
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Proof. We will use a modified version of the usual construction. Note that if
diam(K) < 1, then the ¢ constructed this way will be surjective (we will not need
this).

Let 2<% = U, c.,
is denoted by [s| and the sequence of length zero is denoted by ). If s and ¢ are

2™ be the set of finite 0-1 sequences. The length of a sequence s

sequences (where ¢ may be infinite), s < ¢ means that s is an initial segment of ¢
(i.e. the first |s| elements of ¢ form the sequence s) and s < ¢ means that s <t
and s # t. For sequences s,t where |s| is finite, s"t denotes the concatenation of
s and t. For a finite sequence s, let [s] = {x € 2¥ : s < z} be the set of infinite
sequences starting with s. Note that [s] is clopen in 2 for every s € 2<“.

We will choose a set of finite 0-1 sequences S C 2<“ and for every s € S we will
choose a point ks € K. The construction of S will be recursive: we recursively
define for every n € w a set .S,, and let S = U
following properties:

Sp. Our choices will satisfy the

new

(I) for every n € w and = € 2* there exists a unique s = s(z,n) € S, with
s =z, and s(z,n) < s(x,n’) if n < n'.

(I) for every n € w and = € 2¥ the set C,, = ﬂo§j<n§(/€s(m,j)7ﬁ) is
nonempty.

First we let Sp = {0} and choose an arbitrary ky € K, then these trivially satisfy
(I) and (II).

Suppose that we already defined Sy, S1,...,95,-1 and let s € S,_1 be arbitrary.
Notice that for x,2" € [s], Cyn—1 = Cy n—1 and denote this common set with Cj.
The set C is (nonempty) compact and it is covered by the open sets {B (c, %) :

¢ € Oy}, hence we can select a collection (cg-s))

that | J, el ( (s ), %) D (Cs. We may increase the cardinality of this collection by
repeating one element several times if necessary, and thus we can assume that the

jer, where I is a finite index set such

index set I, is of the form 2% for some integer ¢, > 1 (i.e. it consists of the 0-1
sequences with length ¢,). Now we can define S, = {s"t: s € S, 4,t € 2%}. If
s’ € S,, then there is a unique s € S,,_; such that s = &, if t satisfies that s’ = 5"t

(i.e. t is the final segment of §’), then let ky = ¢; (=)

It is straightforward to check that these choices satisfy (I). Property (I1) is satisfied
because if x € 2¢, and s, s’ and t are the sequences that satisfy s = s(z,n — 1)
and st = s = s(z,n), then ky = ct € Cy,, because it is contained in both
Cyn-1 = Cs and B (k;s/, E)’ and this shows that C,,, is not empty.

We use this construction to define the function ¢: let {¢(z)} = e, Con (as

the system of nonempty compact sets (Cyp)new is descending and diam(C, ) <
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diam (B (ks(x,n—l)a %)) < 2- % — 0, the intersection of this system is indeed a

singleton). This function is continuous, because if ¢ > 0 and p(z) = k € K, then

2. n01+1 < ¢ for some ng, and then for every 2’ in the clopen set [s(z,ng)] the set

B <ks(x,n0), ﬁ) =B (ks(z/m), ﬁ) has diameter < ¢ and contains both ¢(x)
and ().

Now we prove that if U C 2“ is open, then ¢(U) contains an open set V. It is clear
from (I) that {[s] : s € S} is a base of the topology of 2*. This means that there

exist a n € w \ {0} and s € 5,y satisfying [s] CU. Let V =, B (ktj, ﬁ)
where t; = s(z, j) for an arbitrary « € [s] (this is well-defined as t; € S is the only
element of S; with s(z,j) < s(x,n — 1) = s). It is clear that V is open and V' C
Cyn-1 = Cs (where x € [s] is arbitrary, this is again well-defined), to show that
V C o(U) let v € V be arbitrary. Define uy € 2% such that v € B (ks*uo, %) (this
is possible as {B (k;sAuO, %) tup € 2%} was a cover of C,,, 1 = C,). Repeat this
to define u; € 2% such that v € B (/fs*uo“ul, n%l), then us € 2% w0 w1 such that

veDB (k’sﬂquulAuQ, #2) etc. and let y be the infinite sequence y = s ug uy "us " .. ..
It is easy to see that p(y) = v, as d(p(y),v) < 2- 5 for every n € w.

Finally we show that if M € M(K) is arbitrary, then ¢~ '(M) € M(2¥). As M
is meager M C Un€w F, for a system (F},)ne, of nowhere dense closed sets. If

@ (M) is not meager, then o '(F,) contains an open set for some n € w. But
then F,, contains an open set, which is a contradiction. 0

We use this lemma to show that in [Definifion 3T @ we can also restrict the choice

of the compact metric space K. In the following theorem the equivalence (1) < (2)
is [2R, Proposition 3|, the equivalence (1) < (3) is [24, Theorem 2.11].

Theorem 4.1.9. For a Borel set B C G the following are equivalent:

(1) there exists a (nonempty) compact metric space K and a continuous func-
tion f : K — G such that f~*(gBh) is meager in K for every g,h € G
(i.e. B is Haar meager),

(2) there exists a continuous function f : 2¥ — G such that f~*(gBh) is meager
in 2% for every g, h € G,

(3) there exists a (nonempty) compact set C C G, a continuous function f :
C — G such that f~*(gBh) is meager in C' for every g,h € G,

Proof. (1) = (2):
This implication is an easy consequence of Cemma™@TH. If K and f satisfies the
requirements of (1) and ¢ is the function granted by Cemmad T8, then f = fop:

2% — G will satisfy the requirements of (2), because it is continuous and for every
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g,h € G the set f~'(gBh) is meager in K, hence ¢~ '(f~'(gBh)) = f~'(gBh) is
meager in 2.

(2) = (3):

If G is countable, the only Haar meager subset of G is the empty set. In this
case, any nonempty C' C G and continuous function f : C' — G is sufficient. If
G is not countable, then it is well known that there is a (compact) set C' C G
that is homeomorphic to 2. Composing the witness function f : 2¥ — G granted
by (2) with this homeomorphism yields a function that satisfies our requirements
(together with C).

(3) = (1):
This implication is trivial. O

4.2. Coanalytic hulls. In Theorem 4 T1 and Thearem TG we proved that the
Borel hull in the definition of Haar null sets and Haar meager sets can be replaced
by an analytic hull. The following theorems show that it cannot be replaced by
a coanalytic hull. As the proofs of these theorems are relatively long, we do not
reproduce them here. Note that these theorems were proved in the abelian case,
but they can be generalized to the case when G is TSI.

Theorem 4.2.1. (Elekes-Vidnydnszky, see [34]) If G is a non-locally-compact
abelian Polish group, then there exists a coanalytic set A C G that is not Haar
null, but there is a Borel probability measure p on G such that u(gAh) = 0 for
every g, h € G.

Corollary 4.2.2. If G is non-locally-compact and abelian, then GHN (G) 2
HN(G).

This (and its generalization to TSI groups) is the best known result for the following
question.

Question 4.2.3. (Elekes-Vidnydnszky, see [34, Question 5.4]) Is GHN(G) 2
HN(G) in all non-locally-compact Polish groups?

Theorem 4.2.4. (Dolezal-Viasdk, see [28]) If G is a non-locally-compact abelian
Polish group, then there exists a coanalytic set A C G that is not Haar meager,

but there is a (nonempty) compact metric space K and a continuous function
f: K — G such that f~*(gAh) is meager in K for every g,h € G.

4.3. Naive versions. It is possible to eliminate the Borel /universally measurable

hull from our definitions completely. Unfortunately, the resulting “naive” notions
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will not share the nice properties of a notion of smallness. The results in this
subsection will show some of these problems. Most of these counterexamples are
provided only in special groups or as a corollary of the Continuum Hypothesis,
as even these “weak” results are enough to show that these notions are not very
useful.

Definition 4.3.1. A set A C G is called naively Haar null if there is a Borel
probability measure p on G such that u(gAh) = 0 for every g,h € G.

Definition 4.3.2. A set A C G is called naively Haar meager if there is a
(nonempty) compact metric space K and a continuous function f : K — G such
that f~!(gAh) is meager in K for every g,h € G.

The following two examples show that in certain groups the whole group is the
union of countably many sets which are both naively Haar null and naively Haar
meager, and hence neither the system of naively Haar null sets, nor the system
of naively Haar meager sets is a o-ideal. The first example is from [29], it uses
the Continuum Hypothesis to partition a group into two naively Haar null sets
(hence it also proves that naively Haar null sets do not form an ideal in this
case). The second example is a certain partition of R? into countably many sets
by Davies (using only ZFC), where the sets were proved to be naively Haar null
in [35, Example 5.4]. In these papers the sets forming the partitions were only
proved to be naively Haar null, but similar proofs show that they are also naively
Haar meager.

Example 4.3.3. Let G be an uncountable Polish group. Assuming the Continuum
Hypothesis, there exists a subset W in the product group G x G such that both W
and (G x G) \ W are naively Haar null and naively Haar meager.

Proof. Let <y be a well-ordering of G in order type wy, and let W = {(g,h) €
G x G : g <w h} be this relation considered as a subset of G x G. Let u; be
an non-atomic measure on GG and s be a measure on G that is concentrated
on a single point. It is clear that (u; x p2)(gWh) = 0 for every g,h € G (as
gWhnsupp (p1 X pe) is countable). Similarly (pe % p1)(g((G x G) \ W)h) = 0 for
every ¢g,h € G, but these mean that W and (G x G) \ W are both naively Haar
null. Let K C G be a nonempty perfect compact set (it is well known that such
set exists) and let fi, fo : K — G be the continuous functions fi(k) = (k, 1g),
fa(k) = (1g, k) (here 1g could be replaced by any fixed element of G). Then
fi'(gWh) is countable (hence meager) for every g,h € G, so W is naively Haar

meager, similarly fo shows that (G x G) \ W is also naively Haar meager. O
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Example 4.3.4. The Polish group (R?,+) is the union of countably many sets
that are both naively Haar null and naively Haar meager.

Proof. We use the following result of Davies, its proof can be found in [28].

Theorem 4.3.5. Suppose that (0;)ic. is a countably infinite system of directions,
such that 0; and 0; are not parallel if i # j. Then the plane can be decomposed as
R? = UiewSZ- such that each line in the direction 0; intersects the set S; in at most
one point.

To prove that in this construction S; is naively Haar null for every ¢ € w simply let
i; be the 1-dimensional Lebesgue measure on an arbitrary line with direction 6,.
Then p;(g+S;+h) = 0 for every g, h € R?, because at most one point of g+.5;+h
is contained in the support of p;. This means that S; is indeed naively Haar null.

Similarly let K; be a nonempty perfect compact subset of an arbitrary line with
direction 6;, and let f; : K; — R? be the restriction of the identity function. Then
f fl(g +S; + h) contains at most one point for every g, h € R? hence it is meager.
This means that S; is indeed naively Haar meager. 0

The following theorem shows that in a relatively general class of groups the naive
notions are strictly weaker than the corresponding “canonical” notions.

Theorem 4.3.6. Let G be an uncountable abelian Polish group.

(1) There exists a subset of G that is naively Haar null but not Haar null.
(2) There exists a subset of G that is naively Haar meager but not Haar meager.

We do not reproduce the relatively long proof of these results. The proof of (1)
can be found in [85, Theorem 1.3], the proof of (2) can be found in [27, Theorem
16]. Note that when G is non-locally-compact, these results are corollaries of
MTheorem 47 1 and Theorem 4 2°4.

The following example from [27, Proposition 17] yields the results of
in a different class of groups. The cited paper only proves this for the naively Haar

meager case, but states that it can be proved analogously in the naively Haar null
case. We do not reproduce this proof, as it is significantly longer than the proof
of Example 4.3.3.

Example 4.3.7. Let G be an uncountable abelian Polish group. Assuming the
Continuum Hypothesis, there exists a subset X C G such that both X and G\ X

are nawely Haar null and naively Haar meager.
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4.4. Left and right Haar null sets. When we defined Haar null sets in Definid
Eion 3T 1. we used multiplication from both sides by arbitrary elements of G. If
we replace this by multiplication from one side, we get the following notions:

Definition 4.4.1. A set A C G is said to be left Haar null (or right Haar null)
if there are a Borel set B O A and a Borel probability measure p on G such that
wu(gB) =0 for every g € G (u(Bg) = 0 for every g € G).

Definition 4.4.2. A set A C G is said to be left-and-right Haar null if there are
a Borel set B O A and a Borel probability measure g on G such that pu(gB) =
w(Bg) = 0 for every g € G.

If “Borel set” is replaced by “universally measurable set”, we can naturally obtain
the generalized versions of these notions. As the papers about this topic happen
to follow Christensen in defining “Haar null set” to mean generalized Haar null set
in the terminology of this paper, most results in this subsection were originally
stated for these generalized versions.

Notice that even these “one-sided” notions form systems that are translation in-
variant, because if e.g. B is Borel left Haar null and a Borel probability measure u
satisfies u(gB) = 0 for every g € G and we consider a right translate Bh (this is the
interesting case, invariance under left translation is trivial), then p/(X) = p(Xh™')
is a Borel probability measure which satisfies 1/(g - Bh) = 0 for every g € G. An
analogous argument shows that the system of right Haar null sets is translation

invariant; using [Proposition 4.4.7 it follows from these that the system of left-and-

right Haar null sets is also translation invariant. It is clear that this reasoning
works for the generalized versions, too.

Unfortunately, these notions are not “good” notions of smallness in general, because
they fail to form o-ideals in some groups. In [[70] Solecki gives a sufficient condition
which guarantees that the generalized left Haar null sets form a o-ideal and gives
another sufficient condition which guarantees that the left Haar null sets do not
form a o-ideal. We state these results and show examples of groups satisfying
these conditions without proofs:

Definition 4.4.3. A Polish group G is called amenable at 1 if for any sequence
(t4n)new of Borel probability measures on G with 1 € supp p,, there are Borel
probability measures v,, and v such that

() v < pin,
(I) if K C G is compact, then lim, (v * v,)(K) = v(K).
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This class is closed under taking closed subgroups and continuous homomorphic
images. A relatively short proof also shows that (II) is equivalent to

(Il") if K C G is compact, then lim, (v, *x v)(K) = v(K).

This means that if G is amenable at 1, then so is the opposite group G°PP (G°PP is
the set G considered as a group with (x,y) — ¥y - x as the multiplication).

Examples of groups which are amenable at 1 include:

(1) abelian Polish groups,

(2) locally compact Polish groups,

(3) countable direct products of locally compact Polish groups such that all
but finitely many factors are amenable,

(4) inverse limits of sequences of amenable, locally compact Polish groups with
continuous homomorphisms as bonding maps.

Theorem 4.4.4. If G is amenable at 1, then the generalized left Haar null sets
form a o-ideal.

Our note about the opposite group (and the fact that the intersection of two o-
ideals is also a o-ideal) means that generalized right Haar null sets and generalized
left-and-right Haar null sets also form o-ideals.

The following definition is the sufficient condition for the “bad” case, note that
this condition is also symmetric (in the sense that if G satisfies it, then G°PP also
satisfies it).

Definition 4.4.5. A Polish group G is said to have a free subgroup at 1 if it has
a non-discrete free subgroup whose all finitely generated subgroups are discrete.

The paper [70] mentions several groups which all have a free subgroup at 1, we
mention some of these:

(1) countably infinite products of Polish groups containing discrete free non-
Abelian subgroups,

(2) Ss, the group of all permutations of a countably infinite set,

(3) the group of all permutations of Q which preserve the standard linear order.

Theorem 4.4.6. If G has a free subgroup at 1, then there are a Borel left Haar
null set B C G and g € G such that BU Bg € G. As the left Haar null sets are
translation invariant and G is not left Haar null, this means that they do not form

an ideal.
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As the notion of having a free subgroup at 1 is symmetric, the same is true for
right Haar null sets.

The paper [[70] uses these notions for problems related to automatic continuity and
the generalizations of the Steinhaus theorem, in Eubsecfion 5 we mention a few
of these results.

We finish the examination of these notions with some results about the connections
among these notions and the connections between these notions and the “plain”,

two-sided notions defined in Eubsection -3 1.

It is clear that all Haar null sets are left-and-right Haar null and all left-and-right
Haar null sets are both left Haar null and right Haar null. In abelian groups
these notions all trivially coincide with Haar nullness (and the generalized versions
coincide with generalized Haar nullness).

Also note that if A C G is a conjugacy invariant set (that is, gAg~! = A for every
g € G), then gAh = gh - h"'Ah = ghA (and similarly gAh = Agh) for every
g,h € G, hence if A is left (or right) Haar null, then A is Haar null.

For locally compact groups [Cheorem =337 and the remark in its proof shows that
all generalized right Haar null sets are Haar null. An analogous proof works for

generalized left Haar null sets and thus in locally compact groups eight versions
of Haar null (generalized or not, left or right or left-and-right or “plain”) are all
equivalent to each other and equivalent to having Haar measure zero.

The following simple result mentioned in [71] can be proved by modifying the proof
of [60, Theorem 2]

Proposition 4.4.7. A set A C G is left-and-right Haar null if and only if it is
both left Haar null and right Haar null.

Proof. We only have to show that if A is both left Haar null and right Haar null,
then it is left-and-right Haar null, as the other direction is trivial. By definition
there exist a Borel set B O A and Borel probability measures piq, o on G such
that p1(gB) = pa(Bg) = 0 for every g € G.

Define
((X) = (pa x p2) ({(2,y) € G* - yz € X}),

then p is clearly a Borel probability measure and if the characteristic function of
a set S is denoted by xg, then using Fubini’s theorem we have

u(gB) = / /G Yos(yz) dpn(z) dpa(y) = /G iy gB) dpua(y) = 0
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and

u(Bg) = /G /G XBg(y) dpa(y) dpa(z) = /G p2(Bgx™') dpa(z) =0

and these show that u satisfies the requirements of Definifion 449 OJ

There are results that show that (aside from this proposition) the weaker ones
among these notions do not imply the stronger ones.

If G has a free subgroup at 1, Theorem 446 provides a left Haar null set B and
g € G such that B U Bg € G; this set B is not generalized Haar null as the
generalized Haar null sets form a o-ideal that does not contain GG. Notice that
there are groups that admit a two-sided invariant metric and have a free subgroup
at 1 (for example Fy where Fj; is the free group of rank 2 with discrete topology).

In the earlier article [71] Shi and Thompson used more elemen-
tary techniques to find examples in the group HI[0,1] = {f
f is continuous, strictly increasing, f(0) = 0, f(1) = 1} (this is the auto-

morphism group of [0, 1]; the group operation is composition, the topology is the
compact-open topology). We state these results without proofs:

Example 4.4.8. There exists a Borel set B C H[0,1] and a Borel probability
measure ji such that u(Bg) = 0 for every g € H|0,1] (this implies that B is right
Haar null), but 1(gB) # 0 for some g € H[0,1] (i.e. p does not witness that B is
left Haar null).

Example 4.4.9. The group H[0,1] has a Borel subset that is left-and-right Haar
null but not Haar null.

The following result is [69, Theorem 6.1], a result from another paper of Solecki,
which provides a necessary and sufficient condition for the equivalence of the no-
tions generalized left Haar null and generalized Haar null in a special class of
groups.

Theorem 4.4.10. Let H, (n € w) be countable groups and consider the group
G =11, Hn. The following conditions are equivalent:

(1) In G the system of generalized left Haar null sets is the same as the system
of generalized Haar null sets.

(2) For each universally measurable set A C G that is not generalized Haar
null, 1¢ € int(AA™Y).

(3) For each closed set F C G that is not (generalized) Haar null, FF~' is

dense in some non-empty open set.
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(4) For all but finitely many n € w all elements of H, have finite conjugacy
classes in H,, that is, for all but finitely many n € w and for all x € H,
the set {yxy=':y € H,} is finite.

4.5. Openly Haar null sets. The notion of openly Haar null sets was introduced
in [68], and more thoroughly examined in [27].

Definition 4.5.1. A set A C G is said to be openly Haar null if there is a Borel
probability measure p on G such that for every € > 0 there is an open set U O A
such that pu(gUh) < € for every g, h € G. If p has these properties, we say that u
witnesses that A is openly Haar null.

The following simple proposition shows that this is a stronger property than Haar
nullness:

Proposition 4.5.2. Fvery openly Haar null set is contained in a Gs Haar null
set.

Proof. For every n € w there is an open set U, 2 A such that u(gU,h) < n+r1
for every g,h € G. Then B = (), ., U, is a G; set that is Haar null because it
satisfies u(gBh) < pu(gU,h) < n%l for every g,h € G, hence u(gBh) = 0 for every

g,h e€q. O

To prove that the system of openly Haar null sets forms a o-ideal, we will need
some lemmas.

Lemma 4.5.3. If p witnesses that A C G s openly Haar null and V' is a neigh-
borhood of 1, then there exists a measure ' which also witnesses that A is openly
Haar null and has a compact support that is contained in V.

Proof. Cemma 3777 states that there are a compact set C' C G and ¢ € G such that
u(C) >0 and C C V. Let p/(X) := %, this is clearly a Borel probability
measure and has a compact support that is contained in V. Fix an arbitrary ¢ > 0.
We will find an open set U D A such that ¢/(gUh) < ¢ for every g,h € G. Notice

that
W(gUh) <e <&  plcgUhNC) < pu(C)-e <=  pulegUh) < p(C) - e.

There exists an open set U O A with pu(gUh) < u(C) - € for every g, h € G, and
this satisfies p(cgUh) < u(C) - € for every g,h € G, hence p' has the required

properties. 0
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Theorem 4.5.4. The system of openly Haar null sets is a translation invariant
o-ideal.

Proof. 1t is trivial that the system of openly Haar null sets satisfy (I) and (II) in
Definifion 3270 The following proof of (III) is described in the appendix of [27]

and is similar to the proof of Chearem 3777.

Let A, be openly Haar null for all n € w, we prove that A = |, ., A, is also
openly Haar null. For every set A, fix a measure pu, which witnesses that A, is
openly Haar null. Let d be a complete metric on G that is compatible with the
topology of G.

We construct for all n € w a compact set C,, C G and a Borel probability measure
fi, such that the support of fi, is C,, fin(gUnh) < € for every g,h € G and the
“size” of the sets C), decreases “quickly”.

The construction will be recursive. For the initial step use Lemma 453 to find a
measure f[ip witnessing that Ay is openly Haar null and has compact support Cy C
G. Assume that fi,, and C,, are already defined for all n’ < n. By Cemma 377
there exists a neighborhood V,, of 14 such that if v € V,,, then d(k - v, k) < 27" for
every k in the compact set CoC1Cs - - - C,,_1. Applying Cemma 453 again we can
find a measure fi,, with compact support C,, C V,, which is witnessing that A, is
openly Haar null.

If ¢, € C, for all n € w, then it is clear that the sequence (cocica - Cp)new 1S
a Cauchy sequence. As (G, d) is complete, this Cauchy sequence is convergent;

we write its limit as the infinite product cocico---. The map ¢ : [[, ., Cn — G,
©((co, 1, €9, ...)) = coc1Co - -+ is the pointwise limit of continuous functions, hence
it is Borel.

Let pu! be the product of the measures fi,, on the product space C'! := [L.c. Cn-
Let u = ¢.(u') be the push-forward of u'' along ¢ onto G, i.e.

w(X) = p" (X)) = 1" ({(co,c1,09,...) €CT o+ € X }).

We claim that ;o witnesses that A = [, Ay, is openly Haar null. Fix an arbitrary
e > 0, we will show that there is an open set U O A such that u(gUh) < € for every
g,h € G. It is enough to find open sets U,, D A, such that pu(gU,h) < ¢ - 27+2)
for every g,h € G and n € w, because then U = J,_ _ U, satisfies that for every
g,heG

necw

€

n(gUh) < u(gUnh) < 5 <.

new
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Fix g,h € G and n € w. Choose an U,, O A,, open set satisfying that f,(gU,h) <
- 2-(*2) for every ¢, h € G. Notice that if ¢; € Cj for every j #n, j € w, then

fn, ({Cn € C,:cociCy+Cp-+ € gUnh}) _
= [, ((0001 e Cn_1)71 < gUph - (Cna1Cpyo - )*1) <. (nt2)
because ﬂn(g’Unh’) < g.92-(+2) for all ¢, 1’ € G. Applying Fubini’s theorem in

the product space (H itn C’j) x C,, to the product measure (H] 4n ﬂj> X [i, yields
that

g2 (42 5 1 ({(co, 1, cny..) € C":coer v o- € gUnh}).
By the definition of y this means that p(gU,h) < e -2-("+2), O

The surprisingly simple proof of the following result from [?2] demonstrates that
this is a useful notion:

Theorem 4.5.5. If there is a nonempty openly Haar null set in G, then every
countable subset C' C G 1is contained in a comeager Haar null set. In particular,
G may be written as the disjoint union G = AUB where A is a Haar null set and
B is meager in G.

Proof. If there is a mnonempty openly Haar null set in G, then applying

Cemma—37T0 yields that every countable set in G is openly Haar null. In par-

ticular a dense countable set C’ D C' is openly Haar null. Then [Proposition 4.5.2
yields that C" C A for a G5 Haar null set A. The dense Gs set A is a countable
intersection of dense open sets, hence B := G\ A is a countable union of nowhere

dense sets, i.e. B is (F, and) meager. U

This reasoning shows that a large class of Polish groups can be written as the union
of a Haar null set and a meager set, but unfortunately there are groups where only
the empty set is openly Haar null. We list some results about this in the following
propositions, the proofs of these results can be found in [22].

Proposition 4.5.6. In the Polish group G there is a nonempty openly Haar null
subset if at least one of the following conditions holds:

(1) G is uncountable and admits a two-sided invariant metric,

(2) G = Sy is the group of permutations of N with the topology of pointwise
convergence,

(3) G = Aut(Q, <) is the group of order-preserving self-bijections of the ra-

tionals with the topology of pointwise convergence on Q viewed as discrete
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(i.e. a sequence (fp)new € G¥ is said to be convergent if for every q € Q
there is a ng € w such that the sequence (fn(q))n>n, s constant),

(4) G = U(L?) is the unitary group on the separable infinite-dimensional com-
plex Hilbert space with the strong operator topology,

(5) G admits a continuous surjective homomorphism onto a group listed above.

Proposition 4.5.7. In the Polish group G the empty set is the only openly Haar
null subset if for every compact subset C C G and every nonempty open subset
U C G there are g,h € G with gCh C U. In particular G = H[0,1], the group
of order-preserving self-homeomorphisms of [0,1] (endowed with the compact-open
topology) has this property, hence in H[0, 1] only the empty set is openly Haar null.

4.6. Strongly Haar meager sets. Definifion 3T @ has another interesting ver-
sion, where we require the witness function to be the identity function of G re-
stricted to a compact subset C' C G. This is motivated by the fact that when we
prove that some set is Haar meager, we frequently use witness functions of this
kind.

Definition 4.6.1. A set A C G is said to be strongly Haar meager if there are
a Borel set B O A and a (nonempty) compact set C' C G such that gBh N C is
meager in C for every g, h € G.

Unfortunately, we know almost nothing about this notion. In [23] Darji asks the

following basic questions for the case when G is abelian (as [23] only considers
abelian groups), but these questions are also interesting in the general case.

Question 4.6.2. Is every Haar meager set strongly Haar meager?

Question 4.6.3. Is the system of strongly Haar meager sets a o-ideal?

(Of course if the answer for Question 4.6.9 is yes, then the answer for Question 4.6.3
is also trivially yes.)

A natural idea for showing that all strongly Haar meager sets are Haar meager
would be showing that if f : K — (G is a witness function for a Haar meager
set, then C' := f(K) satisfies the requirements of Definifion 46 1. Unfortunately,
this kind of proof will not work: we reproduce without proof the statement of [27,

Example 11], which shows a Haar meager set where the image of one particular

witness function does not satisfy the requirements of Definifion 46 1l.

Example 4.6.4. There exists a G5 Haar meager set A C R, a compact metric
space K and a witness function f : K — R such that AN f(K) is comeager in
fEK).
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5. ANALOGS OF THE RESULTS FROM THE LOCALLY COMPACT CASE

In this section we discuss generalizations and analogs of a few theorems that are
well-known for locally compact groups. Unfortunately, although these are true in
locally compact groups for the sets of Haar measure zero and the meager sets,
neither of them remains completely valid for Haar null sets and Haar meager sets.
However, in some cases weakened versions remain true, and these often prove to
be useful.

5.1. Fubini’s theorem and the Kuratowski-Ulam theorem. Fubini’s theo-
rem, and its topological analog, the Kuratowski-Ulam theorem (see e.g. [63, 8.41])
describes small sets in product spaces. They basically state that a set (which is
measurable in the appropriate sense) in the product of two spaces is small if and
only if co-small many sections of it are small. Notice that because the product of
left (or right) Haar measures of two locally compact groups of is trivially a left
(or right) Haar measure of the product group, (a special case of) Fubini’s theorem
connects the sets of Haar measure zero in the two groups and the sets of Haar
measure zero in the product group. Unfortunately, analogs of these theorems are
proved only in very special cases, and there are counterexamples known in oth-
erwise “nice” groups. We provide a simple counterexample (which can be found
as 21, Example 20]) that works in both the Haar null and Haar meager case.

Example 5.1.1. There exists a closed set A C 7% x 7Z“ that is neither Haar
null nor Haar meager, but in one direction all its sections are Haar null and
Haar meager. (In the other direction, non-Haar-null and non-Haar-meager many
sections are non-Haar-null and non-Haar-meager.)

Proof. The group operation of Z“ x Z“ is denoted by +.
The set with these properties will be

A={(s,t) €Z* X Z* : t, > s, > 0 for every n € w}.
It is clear from the definition that A is closed.

Note that for ¢ € Z“, the section A* = {s € Z¥ : t,, > s, > 0 for every n € w}
is compact (as it is the product of finite sets with the discrete topology), and it
follows from MTheorem 641 and [Corollary 6.4.G that all compact sets are Haar null
and Haar meager in Z*.

To show that A is not Haar null and not Haar meager, we will use the technique
described in Eubsecfion 68 and show that for every compact set C' C Z¥ x Z¥

the set A contains a translate of C. As C' = () satisfies this, we may assume that
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C # 0. Let wl(s,t) = s, and 72(s,t) = t,, then 7} 72 : Z¥ x Z* — 7Z are
continuous functions. Let a and b be the sequences satisfying a, = —min}(C)

and b, = —min72(C) + max7}(C) — min7}(C). Tt is straightforward to check

that this choice guarantees that if (s,t) € C' + (a,b), then ¢, > s, > 0 for every
neuw.

Finally, if s € Z“ satisfies s,, > 0 for every n € w, then similar, but simpler
arguments show that the section A, = {t € Z* : t,, > s, for every n € w} contains
a translate of every compact set C' C Z%, hence it is neither Haar null nor Haar
meager. Similarly, the set {s € Z* : s, > 0 for every n € w} is also neither Haar
null nor Haar meager, so we proved the statement about the sections in the other
direction. O

In [19, Theorem 6] Christensen gives a counterexample for Haar nullness where
one of the two groups in the product is locally compact. We state the properties
of this example without proving them.

Example 5.1.2. Let H be a separable infinite dimensional Hilbert space (with
addition as the group operation) and let S* be the unit circle in the complex plane
(with complex multiplication as the group operation). There exists in the product
group H x S* a Borel set A such that

(I) For every h € H, the section A;, has Haar measure one in S'.
(IT) For every s € S', the section A® is Haar null in H.
(ITT) The complement of A is Haar null in the product group H x S*.

The connection between (I) and (III) in this example is not accidental; Christensen
notes that if one of the two groups in a product is locally compact (and both are
abelian), then one direction of Fubini’s theorem holds, that is, a Borel set is Haar
null in the product group if and only if for co-Haar-null many A in the “large” group,
the h-section of the set has Haar measure zero in the locally compact group. The
proof of this remark can be found in [[H, Theorem 2.3], we include the proof of the
following generalized version.

Theorem 5.1.3. Suppose that G and H are Polish groups and B C G x H 1is a
Borel subset. Then if G is locally compact, then the following conditions are all
equivalent. Moreover, the implication (1) = (2) remains valid even if G is not
necessarily locally compact.

(1) there exists a Haar null set E C H and a Borel probability measure [ on

G such that every h € H\ E and g1,9> € G satisfies (g1 B"g2) = 0 (i.e.

these sections are Haar null and p is witness measure for each of them),
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(2) B is Haar null in G x H,
(3) there exists a Haar null set B C H such that for every h € H \ E the
section B" has Haar measure zero in G.

In the theorem equivalence (2) < (3) (which holds when G is locally compact)
is the statement of the remark (generalized for not necessarily abelian groups),
condition (1) is a trivial corollary of (3) that remains meaningful when G is non-
locally-compact and (1) = (2) is the direction of the remark that remains true
when G is not necessarily locally compact.

Proof. (1) = (2):

As the set F is Haar null, there exists a Borel set £ O E and a Borel probability
measure v on H such that v(h;E'hy) = 0 for every hy, hy € H. We show that the
measure p X v witnesses that B is Haar null in G x H. Fix arbitrary ¢g;,92 € G
and hq, he € H, we have to prove that (u x v)((g1,h1) - B (g2, ha)) = 0.

Notice that
(91, h1) - B - (g2, h2) € (G x (ha- E' - hg)) U ((g91,h1) - (B\ (G x E')) - (g2, h2))

and in this union the (u x v)-measure of the first term is zero (by the choice of 41 and
E’). For every h € H, the h-section of the Borel set (g1, h1)-(B\(G X E"))- (g2, he) is
g1-(B\(Gx E'))" "mh2". g, -and this is either the empty set (if by *hhy "' € E') or a set
of pi-measure zero (if h; *hhy' € H\ E"). Applying Fubini’s theorem in the product
space G x H to the product measure px v yields that (uxv)((g1, h1)-B-(g2, he)) = 0,
and this is what we had to prove.

(2) = (3) (when G is locally compact):

Let B C G x H be Haar null and suppose that p is a witness measure, i.e.
w1((g1,h1) - B+ (g2,hs)) = 0 for every ¢1,92 € G and hy,hy € H. Fix a left Haar
measure A on G, let § denote the Dirac measure at 1y (i.e. for X C H, §(X) =1
if 15 € X and 0 otherwise) and let A\ = A x 8. Let E = {h € H : \(B") # 0},
it is clearly enough to prove that £ C H is Haar null. First we use a standard
argument to show that F is a Borel set.

If (X,S) is a measurable space, Y is a separable metrizable space, P(Y) is the

space of Borel probability measures on ¥ and A C X X Y is measurable (i.e. A €

SxB(Y)), then [63, Theorem 17.25] states that the map X x P(Y) — Ry, (z, 0) —

0(A,) is measurable (for S x B(P(Y))). Applying this for (X,S) := (H,B(H)),

Y := G, and A := B yields that E = {(h,0) € H x P(G) : o(B") # 0} is Borel

(the Borel preimage of an open set in R ). If g is a Borel probability measure
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on G that is equivalent to A in the sense that they have the same zero sets, then
E = E*¢is Borel, because it is the section of a Borel set.

We will show that the measure v(X) = pu(G x X) witnesses that F is Haar null.
Fix arbitrary hq, he € H, we have to prove that 0 = v(hyEhy) = u(G x (h1Ehs)).

Consider the set
S ={((ug,un), (vg,vy)) € (G x H) x (G x H)) :
(UG7UH) . (Ug,UH) - (10,h1) -B- (1g,h2)},

it is easy to see that this is a Borel set. Applying Fubini’s theorem in the product
space (G x H) x (G x H) to the product measure p X \ yields that

(1 x N)(S) = /G l(16,h) - B (05" havi')) dA((v, vm)) = 0

because i witnesses that B is Haar null. Applying Fubini’s theorem again for the
other direction yields that

0=(nxA(S)= /G H/\ ((ug',up'h) - B+ (g, he)) dp((ug, up)) =

- / AN{g€G:(9,1n) € (ug' ug'hn) - B-(1g, ha)}) du((ug, ug)) =

/GXH)\ ({g € G : (ugg, hytughy!) € B}) dp((ug, un)) =
= [ (e B () =
_ /GXH)\ <Bh;1uHh51) du((ug, ug)).

It is clear from the definition of E that the function
0 GxH Ry, (ug ug)— A (Bhflw’@l)

takes strictly positive values on the set G x (h;Ehs). However, our calculations
showed that [ ¢ du is zero, hence the p-measure of the set G x (hyEhy) must be
zero.

(3) = (1) (when G is locally compact):

Fix a left Haar measure A on G. (3) states that A(B") = 0 for every h € H \ E.
Using Mheorem 3 31 it is easy to see that \(g;B"gy) = 0 for every gi, g2 € G. Let
C' C G be a Borel set such that 0 < A(C') < oo (the regularity of the Haar measure
guarantees a compact C' satisfying this) and let p be the Borel probability measure

u(X) = (/‘\)i 0. Then p < A guarantees that p satisfies condition (1). O
38




We also prove the analog of this for Haar meager sets:

Theorem 5.1.4. Suppose that G and H are Polish groups and B C G x H is a
Borel subset. Then if G is locally compact, then the following conditions are all
equivalent. Moreover, the implication (1) = (2) remains valid even if G is not
necessarily locally compact.

(1) there exists a Haar meager set E C H, a (nonempty) compact metric space
K and a continuous function f : K — G such that every h € H \ E and
g1, 92 € G satisfies that f~1(g1B"gy) is meager in K (i.e. these sections are
Haar meager and f is a witness function for each of them),

(2) B is Haar meager in G x H,

(3) there exists a Haar meager set E C H such that for every h € H \ E the
section B" is meager in the locally compact group G.

Proof. (1) = (2):

As the set F is Haar meager, there exist a Borel set E' O E| a (nonempty) compact
metric space K’ and a continuous function ¢ : K’ — H such that ¢! (hyE'hy) is
meager in K’ for every hy,hy € H.

Let f x ¢ : K x K" — G x H be the function (f x ¢)(k, k") = (f(k), p(kK')) (we
use this notation because this is the analog of the product measure). We show
that the function f x ¢ witnesses that B is Haar meager in G x H. Fix arbitrary
g1, 92 € G and hy, hy € H, we have to prove that (f x ¢)"*((g1,h1) - B - (g, ho)) is
meager in K x K'.

Notice that
(g1,h1) - B+ (g2,h2) € (G x (hy - E' - ha)) U ((g1, b)) - (B\ (G x E')) - (g2, h2))
and in this union
(fx@) (G (hi-E hy))=Kx @ '(hi+E - hy)

and using the choice of ¢ and the Kuratowski-Ulam theorem it is clear that this
is a meager subset of K x K’. For every h € H, the h-section of the Borel set
(g1, h1) - (B\ (G x E")) - (g2, ha) is g1 - (B\ (G x E')) "2’ . g, and this is either
the empty set (if h;'hhy' € E') or a set whose preimage under f is meager in K
(if hy'hhy' € H\ E'). This means that for every k' € K', the k’-section of the set

(f <) (g1, ) - (B\ (G x E) - (g2, h2)) € K x K'

is meager in K. Applying the Kuratowski-Ulam theorem in the product space
K x K’ yields that the set (f x ¢©)"*((g1,h1) - B - (g2, h2)) is indeed meager in

K x K’, and this is what we had to prove.
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(2) = (3) (when G is locally compact):

Let B C G'x H be Haar meager and suppose that f : K — G x H is a witness func-
tion (where K is a nonempty compact metric space), i.e. f=*((g1,h1) - B (go, h2))
is meager in K for every ¢1,9o € G and hy,hy € H. Let f(k) = (fa(k), fu(k))
for every k € K, then fo : K — G and fy : K — H are continuous functions.
Let E = {h € H : B" is not meager in G}, then [63, Theorem 16.1] states that E
is Borel. It is enough to prove that £ C H is Haar meager. We show that this
is witnessed by the function fy : K — H. Fix arbitrary hy, hs € H, we have to
prove that f'(hiEhsy) is meager in K.

As in the case of measure, define the Borel set

S ={((ug,un), (va,vy)) € (G x H) x (G x H)) :

(UG7UH) . (Ug,UH) - (10,h1) -B- (1g,h2)},
and the function ¢ : G — G x H, ¥(g) = (g, 1g) (¢ is the analog of X from the
case of measure). Let f x ¢ : K x G — (G x H) x (G x H) be the function
(f x¥)(k,g) = (f(k),¥(g)). First notice that for every g € G, the g-section of the
set (f x9)71(S)C K x G is
((f x )7 (89)? = {k € K : (f x¥)((k,g)) € S} =

={ke K:(f(k),¥(9)) € S} ={k e K:(f(k),(9,1n)) € S} =

={ke K:f(k) € (lg,h) B-(lg ha) - (9, 1) "'} =

= [ ((lg, M) - B+ (97", ha))

and this is meager in K (as f witnesses that B is Haar meager), hence the
Kuratowski-Ulam theorem yields that (f x 1)~!(S) is meager in K x G.

Applying the Kuratowski-Ulam theorem in the other direction yields that the set
{k € K:((f x¢) "(S)) is not meager in G}
is meager in K. Here if we let ug = fg(k) and ug = fg(k), then
(f <) (e ={g € G: (f x¥)((k,9)) € S} =

={9€G:(f(k).¥(9) € S} ={9 € G: ((ug,un),(9,1n)) € S} =
={9€G:(9,1u) € (ug,um)™" - (lg, M) - B (lg, ha)} =
={9€G:(9,1n) € (ug',uy' ) - B~ (lg,h2)} =
={geG: (ugg,h1 ughy') € B} =

_ uGl B Yughy (fG(k))fl ) BhflfH(k)hgl
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Thus we know that

{ke K: (falk)™- B frWhs s not meager in G} is meager in K,
and because meagerness is translation invariant

{ke K: Bh fr0hs ! g pog meager in G} is meager in K.
But notice that
fa(hEhy) ={k € K : fy(k) € mMEhy} = {k € K : h{* fy(k)hy' € E} =

={ke K: B fr®h ! g not meager in G}

so we proved that fg is indeed a witness measure for F.

(3) = (1) (when G is locally compact):
Notice that the proof of [hearem 33 T3 shows that in a locally compact Polish

group every meager set is Haar meager and there is a function which is a witness
function for each of them. The implication that we have to prove is clearly a
special case of this observation. [l

Finally, we state another special case when the analog of the Kuratowski-Ulam
theorem is valid. The proof of this result can be found in [27, Theorem 18].

Theorem 5.1.5. Suppose that G and H are Polish groups and A C G and B C H
are analytic sets. Then A X B is Haar meager in G x H if and only if at least one
of A and B is Haar meager in the respective group.

5.2. The Steinhaus theorem. The Steinhaus theorem and its generalizations
state that if a set A C G is not small (and satisfies some measurability condition,
e.g. it is in the o-ideal generated by the Borel sets and the small sets), then
AA™Y = {xy ' : xz,y € A} contains a neighborhood of 1.

The original result of Steinhaus stated this in the group (R, +) and used the sets
of Lebesgue measure zero as the small sets. Weil extended this for an arbitrary
locally compact group, using the sets of Haar measure zero as the small sets. We
already stated this result as Corollary 3.3.10 and used a special case of it to prove
that there are no (left or right) Haar measures in non-locally-compact groups.

The proof of Weil’s version also works for non-locally-compact groups, but in those
groups the result is vacuously true, as the statement starts with “If A is a left Haar
measure on G...”7. Using some variant of Haar null sets as the small sets is a

natural idea; this subsection will list some results about these versions.

We already stated the result [69, Theorem 6.1] as Thearem 44710 in the section

about left and right Haar null sets. This theorem shows examples of groups where
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the straightforward generalization of the Steinhaus theorem using generalized Haar
null sets as small sets is false.

The following positive result can be found as [63, Theorem 2.8] and is a slight
variation of a result in [I8]. This result does not claim that AA~! will be a neigh-
borhood of 14, only that finitely many conjugates of it will cover a neighborhood
of 1. Also, it uses generalized right Haar null sets as small sets (see Eubsecfion 44
for the definition), which is a weaker notion than generalized Haar null sets (hence
this result does not imply the variant where “right” is omitted from the text).

Theorem 5.2.1. Suppose that A C G is a universally measurable subset which
is not generalized right Haar null. Then for any neighborhood W of 14 there are
n € w and hg, hi,ha, ..., h,_1 € W such that

hoAA T hgt UM AA R UL . Uh, JAAT R
is a neighborhood of 14.

Proof. This theorem can be found as [65, Theorem 2.8] and it is a slight variation
of a result in [I§].

Suppose that the conclusion fails for A and W, that is, for every n € w and
ho, hi,...h,_1 € W and any neighborhood V' > 14, there is some

g€V \ (hoAA " hg' U R AAT AT UL U Ry AAT R

Then we can inductively choose a sequence (g;);e, such that g; — 1 and for
every jo < 71 < j2 < ... index sequence and r € w

(I) the infinite product g¢;,g;,9;, - -- converges (this can be achieved e.g. by
requiring d(gj, -+ 9jr_1, Gjo = ** Gjo_r * Gjn) < 2777 where d is a fixed complete
metric on G).

(1) gj, & (gjo -~ Gjo_s) " AA™ (Gjo - -~ G5y

Using (I) we can define a continuous map ¢ : 2* — G by

a(0) a(l) a2
pla) = go Vgt Wgs® ...

where ¢° = 1 and ¢! = g. Let X be the Haar measure on the Cantor group

(Z3)* = 2¢ and notice that as A is not generalized right Haar null, there is some
g € G such that

Ay~ (Ag)) = 0 (M)(Ag) > 0

So by Corollary 3.3.10,

o '(Ag)(p ' (4g)) "
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contains a neighborhood of the identity (0,0,...) in 2. This neighborhood must
contain an element with exactly one “1” coordinate, so there are o, 3 € ¢~ (Ag)
and m € w such that a(m) =1, B(m) = 0 and a(j) = S(j) for every j € w,j # m.
This means that there are h = gjog;, -~ g, Jo <1 < ... <jrm1 <mand k € G
such that ¢(a) = hg,k and ¢(5) = hk. It follows that

hgmh™ = hgnk - k'h™t € Agg™'A = AA™!

and so g, € h'AAYh = (gjo 95, .) "AA Y (gj, -+ gj,_,), contradicting the
choice of g,,. O

The following special case is often useful:

Corollary 5.2.2. Suppose that A C G is a universally measurable subset which is
conjugacy invariant (that is, gAg~! = A for every g € G; in abelian groups every
subset has this property) and not Haar null. Then AA™' is a neighborhood of the
identity.

Proof. If A is conjugacy invariant, then as we noted, gAh = gAg~' - gh = Agh
and thus A is generalized right Haar null if and only if A is generalized Haar null.
Moreover, if A is conjugacy invariant, then gAA™ g™ = (gAg™!) - (gAg~)™! =

AA™ hence AA™! is also conjugacy invariant and thus in this case Theorem 5 21
states that AA~! is a neighborhood of identity. O

Variants of the Steinhaus theorem can be used to prove results about automatic
continuity (results stating that all homomorphisms = : G — H which satisfy
certain properties are continuous). For example [Corollary 3.3.1( yields that any

universally measurable homomorphism from a locally compact Polish group into
another Polish group is continuous (see e.g. [63, Corollary 2.4]; a map is said to be
universally measurable if the preimages of open sets are universally measurable).

We prove the following automatic continuity result as a corollary of Thearem 5 2711,

Corollary 5.2.3. If G and H are Polish groups, H admits a two-sided invariant
metric and © : G — H is a universally measurable homomorphism, then 7 is
continuous.

Proof. Tt is enough to prove that 7 is continuous at 1¢ (a homomorphism is con-
tinuous if and only if it is continuous at the identity element). Let V' C H be an
arbitrary neighborhood of 1.

Using the continuity of the map (z,y) — zy~' at (1g,1y) € H x H, there is an

open set U with 1y € U satisfying that UU~! C V. If d is a two-sided invariant
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metric on H, then the open balls B(1y,7) are conjugacy invariant sets and form a
neighborhood base of 1y, hence we may also assume that U is conjugacy invariant.

G can be covered by countably many right translates of 7=!(U), because there is a
countable set S C 7(G) that is dense in 7(G) and thus the system {U -s:s € S}
covers 7(G). This means that the universally measurable set 7—!(U) is not right

Haar null, hence we may apply Thearem 5271 to see that for some n € w and

ho, hi,...,h,_1 € G the set
W= |J wr ()W) ey

0<j<n
is a neighborhood of 1. For every g € W there is a 0 < j < n such that
g € hym H(U)(x~1(U))~*h; ", but then
(g) € n(hy)UU ™ m(hy) ™" = m(hy)Un(hy) ™" - (m(hy)Um(hy) ™)~ = UUT,
thus 7(W) C UU~ C V and this shows that 7 is continuous at 1¢. O

In [[70] Solecki proved that if G is amenable at 1 (see Definifion 4 473), then a
simpler variant of the Steinhaus theorem is true, but if G has a free subgroup at

1 (see Definifion 4 4H) and satisfies some technical condition, then this variant is

false. The following theorems state these results.

Theorem 5.2.4. If G is amenable at 1 and A C G is universally measurable and
not generalized left Haar null, then A='A contains a neighborhood of 1¢.

Definition 5.2.5. A Polish group G is called strongly non-locally-compact if for
any neighborhood U of 1 there exists a neighborhood V' of 14 such that U cannot
be covered by finitely many sets of the form gV'h with g, h € G.

Note that the examples we mentioned after Definifion 445 are all strongly non-
locally-compact.

Theorem 5.2.6. If G has a free subgroup at 1 and is strongly non-locally-compact,
then there is a Borel set A C G which is not left Haar null and satisfies 1 ¢
int(A™1A).

It is possible to prove an analog of the Steinhaus theorem for the case of category,
using the meager sets as the small sets. This result is known as Piccard’s theorem
or as Pettis’ theorem (see e.g. [b4, Theorem 2.9.6] and [b3, Theorem 9.9]). The
paper [4Y] generalizes this result to abelian, not necessarily locally compact Polish
groups by proving the analog of the Steinhaus theorem that uses the Haar meager
sets as small sets. We state this theorem without proof; the proof is similar to

that of Mhearem 5271 and can be found in [49].
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Theorem 5.2.7. Let G be an abelian Polish group. If A C G is a Borel set that
is not Haar meager, then AA™! is a neighborhood of 1¢.

5.3. The countable chain condition. The countable chain condition (often ab-
breviated as kc) is a well-known property of partially ordered sets or structures with
associated partially ordered sets. A partially ordered set (P, <) is said to satisfy
the countable chain condition if every strong antichain in P is countable. (A set
A C P is a strong antichain if Vo, y € A: (z £y =Pz € P: (2 <z and z < y)).)
This is called countable “chain” condition because in some particular cases this
condition happens to be equivalent to a condition about lengths of certain chains.

We will apply the countable chain condition to notions of smallness in the following
sense:

Definition 5.3.1. Suppose that X is a set and S C A C P(X). We say that S
has the countable chain condition in A if there is no uncountable system U C A\ S
such that U NV € § for any two distinct U,V € U.

In our cases A will be a o-algebra and S will be the o-ideal of “small” sets. Notice
that S has the countable chain condition in A if and only if the partially ordered
set (A\S, C) satisfies the countable chain condition. Also notice that if S € S and
A D A, then “S has the countable chain condition in A” is a stronger statement
than “S has the countable chain condition in A”.

We will generalize the following two classical results (these are stated as [53, Ex-
ercise 17.2] and [63, Exercise 8.31]).

Proposition 5.3.2. If i is a o-finite measure, the o-ideal of sets with p-measure
zero has the countable chain condition in the o-algebra of p-measurable sets.

Proposition 5.3.3. In a second countable Baire space, the o-ideal of meager sets
has the countable chain condition in the o-algebra of sets with the Baire property.

The theorems in Eubsecfion 33 state that if G is locally compact, then N =
HN = GHN (i.e. of Haar measure zero < Haar null < generalized Haar null)
and M = HM (i.e. meager < Haar meager). The special case of [Proposition 5.3.2
where = ) for a left Haar measure A on G means that the o-ideal HN = GN'H
has the countable chain condition in the o-algebra of A-measurable sets. As every
universally measurable set is A-measurable, this clearly implies that HN = GHN
has the countable chain condition in the g-algebra of universally measurable sets.

Analogously, Proposition 5.3.d means that in a locally compact Polish group G
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the o-ideal HM has the countable chain condition in the o-algebra of sets with
the Baire property.

For the case of measure Christensen asked in [I9, Problem 2] whether is this true
in the non-locally-compact case (the paper [I9] considers only abelian groups, but
the problem is interesting in general).

The following simple example shows that the answer for this is negative in the
group Z* (a variant of this is stated in [29, Proposition 1]). It also answers the
analogous question in the case of category.

Example 5.3.4. For A C w let
SA)={se€Z”:s,>0ifne€ Aand s, <0ifn ¢ A}.

Then the system {S(A) : A € P(w)} consists of continuum many pairwise disjoint
Borel (in fact, closed) subsets of Z* which are neither generalized Haar null nor
Haar meager.

Proof. 1t is clear that S(A) is closed for every A C w. If A and B are two
different subsets of w, then some n € w satisfies for example n € A\ B and thus

Vs e S(A): s, >0, but Vs € S(B) : s, <0.

Finally, for every A C w the set S(A) contains a translate of every compact subset
C C Z¥, because if we define t© e zv by

) Jmin{c, :ce C} ifn e A,
" —1—max{c,:ce C} ifn¢A,
then clearly C' + t(©) C A. Applying Cemma 661 concludes our proof. O

In [67] Solecki showed that the situation is the same in all non-locally-compact
groups that admit a two-sided invariant metric. This is a corollary of Thead

Fem 33 TH, which we already stated without proof. As we will use Cemma G661
again, this also answers the question in the case of category.

Example 5.3.5. Suppose that G is non-locally-compact and admits a two-sided
invariant metric. Then none of HN, GHN and HM has the countable chain
condition in B(G).

Proof. By Thearem3-3 T3 there exists a closed set F' C G and a continuous func-
tion ¢ : F' — 2¥ such that for any z € 2¥ and any compact set C' C G there is
a g € G with gC C ¢ '({z}). Then the system {¢ ' ({z}) : z € 2¥} consists of
continuum many pairwise disjoint closed sets and they all satisfy the requirements

of Cemma G 61, hence they are neither generalized Haar null nor Haar meager. [
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6. COMMON TECHNIQUES

In this section we introduce six techniques, which are frequently useful in practice.
The first five of these can be used to show that a set is small, and the last one can
be used to show that a set is not small. Note that some of the results from the
earlier sections (for example, the basic properties in Enbsecfion 39 or the equivalent
definitions in Eubsecfion471)) are also very useful in practice.

6.1. Probes. Probes are a very basic technique for constructing witness measures.
The core of this idea is fairly straightforward and the only surprising thing about
probes is the fact that despite their simplicity they are often useful.

Probes were introduced with the following definition in [48] (this paper examines
the Haar null sets in completely metrizable linear space).

Definition 6.1.1. Suppose that V' is an (infinite-dimensional) completely metriz-
able linear space. A finite dimensional subspace P C V is called a probe for a set
A C V if the Lebesgue measure on P witnesses that A is Haar null.

There is nothing “magical” about this definition, but it is easy to handle these
simple witness measures in the calculations and if there is a probe for aset A O V|
then by definition A is Haar null. In arbitrary Polish groups it is easy to generalize
this idea and consider a witness measure which is the “natural” measure supported
on a small and well-understood subgroup or subset. If the considered set and the
candidate for the probe are not too contrived, then it is often easy to see that it
is indeed a probe.

For Haar meager sets the analogue of this is basically proving that the set is
strongly Haar meager (see Bubsecfion 4°6) and this is witnessed by a “naturally
chosen” set.

The proof of the following example illustrates the usage of probes. Several more
examples which demonstrate the usage of probes are collected in the paper [48].

Example 6.1.2. In the Polish group (C[0,1],+) of continuous real-valued func-
tions on [0, 1], the set M = {f € C[0,1] : f is monotone on some interval} is Haar
null.
Proof. For a proper interval I C [0, 1] let

M(I)={f €C[0,1] : f is monotone on [}.
As the Haar null sets form a o-ideal and

M = J{M(lg.7]) - 0 se<rs<ladgreqh



it is enough to show that M (I) is Haar null for every proper interval I C [0, 1]. It
is straightforward to check that M (I) is Borel (in fact, closed).

Fix a function ¢ € C[0, 1] such that its restriction to / is not of bounded variation.
We show that the one-dimensional subspace Ry = {c¢- ¢ : ¢ € R} is a probe for
M(I), that is, the measure u on C[0, 1] that is defined by

pX)=A{ceR:c-p e X})
(where X is the Lebesgue measure on R) is a witness measure for M (7).
We have to prove that p(M(I)+ f) =0 for every f € C[0, 1]. By definition
W(M(I)+ ) = A({c € R = c-p € M(I) + [})

and here the set Sy = {c € R : ¢- ¢ € M(I) + f} has at most one element,
because if ¢, ¢y € Sy, then ¢ - o = my + f and ¢ - ¢ = mg + f for some functions
my,my € M(I) that are monotone on I and hence (¢; — ¢3) - ¢ = my — my is of
bounded variation when restricted to I, but this is only possible if ¢; = ¢o. Thus
A(Sy) = p(M(I)+ f) =0 and this shows that M (/) is Haar null. O

6.2. Application of the Steinhaus theorem. Sometimes the application of one

of the results in Eubsecfion 592 can yield very short proofs for the Haar nullness

and Haar meagerness of certain sets. Unfortunately, this technique is restricted in
the sense that “good” analogs of the Steinhaus theorem are known only in special
groups.

We illustrate this technique by proving [Example 6.1.7 again. This new proof is
not as elementary as the one using probes, but also proves that the set under

consideration is Haar meager.

Example 6.2.1. In the Polish group (C[0,1],+) of continuous real-valued func-
tions on [0, 1], the set M = {f € C[0,1] : f is monotone on some interval} is Haar
null and Haar meager.

Proof. As we noted in the proof using probes, if I C [0, 1] is a proper interval, then
the set

M(I)={f €C[0,1] : f is monotone on I}
is Borel and it is enough to see that this set is Haar null and Haar meager for every

proper interval I C [0,1] (we use the fact that the Haar meager sets also form a
o-ideal).

Assume for contradiction that there exists a proper interval I C [0, 1] such that

M(I) is either not Haar null or not Haar meager. If M(I) is not Haar null, then
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Corollary 5.2.3 implies that M(I) — M(I) is a neighborhood of the constant 0
function. Similarly, if M (I) is not Haar meager, then [hearem 5277 implies that
M(I) — M(I) is a neighborhood of the constant 0 function.

It is well-known and easy to prove that the difference of two monotone functions is a
function of bounded variation. But M (I)— M (1) is a neighborhood of the constant
0 function and every f € M (I)—M (I) satisfies that the restriction f|; is of bounded
variation. This is clearly a contradiction, as it is easy to construct a continuous
function f such that || f]|« is small and f|; is not of bounded variation. O

The proof of [Proposition 6.4.2 is another example of this technique.

6.3. The Wiener measure as witness. The Wiener measure (which we will
denote by p in this section) is a well-studied Borel probability measure on the
Polish group (C[0,1],4). There are lots of results which show that something is
true for “most” continuous functions by proving that that u(E) = 0 where E is the
set of “exceptional” functions.

Although p(E) = 0 does not necessarily imply that E is Haar null, it is often
possible to use the same methods to show that there is a Borel set B such that
E C B CCC[0,1] and p(B + g) = 0 for every g € C[0, 1].

We illustrate this technique with the following result:

Example 6.3.1. In the Polish group (C[0,1],+) of continuous real-valued func-
tions on [0,1], the set

E ={f€C[0,1] : f has a derivative f'(z) € R at a point 0 <z < 1}

1s Haar null.

This is the main result of [47] and there it was proved by constructing a two-
dimensional probe. Later Holicky and Zajicek gave an alternative proof in [46]
using the Wiener measure as a witness measure; here we reproduce this second
proof:

Proof. We will prove that the set
Er={f €C[0,1] : f has a finite right derivative at a point 0 < z < 1}
is Haar null; then by symmetry the set

Ep ={f €C[0,1] : f has a finite left derivative at a point 0 < x < 1}

is also Haar null and this is enough because clearly £ C Er U Ef.
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For a function f € C[0, 1], we say that f is Lipschitz from the right at x if

fly) — ()
y—x

< oQ.

lim sup
y—x+

It is clearly sufficient to prove the following claim:

Claim 6.3.2. The set
B ={f € C[0,1] : f is Lipschitz from the right at a point 0 <z < 1}
has the following properties:
(1) Er C B,

(2) B is Borel (in fact, F,),
(3) (B +g) =0 for every g € C[0,1] (where p is the Wiener measure).

Here (1) is true because if f has a derivative f'(z) € R at a point 0 < z < 1 then

fz) = f(y)

v ()] < oc.

lim sup
Yy—r+

(2) follows from the fact that B = |J,, E,, where
E,={f€C[0,1]: thereis a 0 <z <1 — L such that
forall 0 <h <1—u, |f(x+h)— f(z)] < nh}.

Elementary calculations (which can be found in [63, Chapter 11]) show that E,, is
closed.

(3) is the nontrivial part of this claim. To prove it, first notice that that if f is
Lipschitz from the right at x, then there exists k € N and § > 0 such that if
r<u<v<z+/, then

[f(v) = flu)| <k - (z—w).
If n € N is large enough (n > z), then there exists an ¢ € {0,1,...,n — 1} such
that % <zx< % < ﬂ < H2 o ﬂ < x + 6, and hence for j € {0, 1,2},

n

'f<z+j+1) f<i+j>‘<ﬁ.
n n

If we formalize this observation, then we get

() ()
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Now we fix an arbitrary g € C[0, 1] and conclude the proof by showing that u(B +
g)=0. As B+g={heC[0,1]: h—g € B},

n—1
B+gc U U ﬂ UMnk'L:

keNmeNn>m i=0

where

2 . - . .
1
My i = ﬂ {h eClo,1] : ’h (#) o (ZJ;J) AL

Jj=0

4k }
< JR—

n
and A, j,, is the difference of two values of g (we will not use its value).

If h is a random function with the Wiener measure as its distribution, then it is
well known that any difference of the form h(ty) —h(t1) (where to > 1) has normal
distributions with variance to — ¢; and moreover, a collection of these differences
is independent if they correspond to non-overlapping intervals.

If X is a random variable with normal distribution and variance o2 (in an arbitrary
probability space (Q, F, P)) and A € R and r > 0 are arbitrary, then clearly

1

P(IX+Al<r) <
2ro

- 2r

2

because \/ﬁ is the maximal value of the density function of X.

Using this for the differences of the values of h yields

3
1 4k 128+/2
. 2 . — — n_% . 3\/_ . k37
orl n w2

n—1
% (U Mn,k,i) S n-
=0

M(Mn,k,i> S

[NIE

0

128v2 5 nooo
. 3 -k 5
T2

and therefore

(B +g) SM(U Uun L_JMM> =0,

keNmeNn>m i=0
as we claimed. O

Note that [[(2] shows that the set
{f €C[0,1] : f has a derivative f'(z) € RU{—00,00} at a point 0 <z < 1}

is not Haar null, but its complement is also not Haar null.
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6.4. Compact sets are small. This technique is based on the idea that in non-
locally-compact groups the compact sets are “small” in the sense that they have
empty interior, and in some groups we can use this to prove other kinds of small-
ness. The question whether all compact sets are Haar null and/or Haar meager
in some Polish group is interesting on its own right, and is not yet answered in
general.

Several known results state that in groups satisfying certain properties the compact
sets are Haar null or Haar meager, and these positive answers are also useful as
lemmas. As both the system of Haar null sets and the system of Haar meager
sets are g-ideals, these results will also mean that K, sets (countable unions of
compact sets) are Haar null and/or Haar meager in these groups.

The following theorem is [29, Proposition 8|, one of the earliest results in this topic.

Theorem 6.4.1. Let G be a non-locally-compact Polish group admitting a two-
sided invariant metric. Then every compact subset of G is Haar null.

Proof. We will use Chearem 4 TJ to prove this result; this proof is not essentially

different from the proof in [29], but separates the ideas specific to compact sets

(this proof) and the construction of a limit measure (the proof of Mhearem 4 T7H).

Fix a two-sided invariant metric d on G and let C' C GG be an arbitrary compact
subset. We need to prove that for every § > 0 and neighborhood U of 14 there
exists a Borel probability measure p on G such that the support of u is contained
in U and pu(gCh) < 6 for every g, h € G.

Fix 6 > 0 and a neighborhood U of 15. We may assume that U is open. As G is
non-locally-compact, the open set U is not totally bounded, hence there exists an
e > 0 such that U cannot be covered by finitely many open balls of radius 2e.

As C' is compact, hence totally bounded, there exists a N € w such that C' can be
covered by N open balls of radius €. This means that if X C C and every z, 2’ € X
satisfies ¢ # 2’ = d(z,2’) > 2¢, then | X| < N (because each of the N open balls of
radius € covering C' may contain at most one element of X). Using the invariance
of d this yields that for every g,h € G if X C gCh and every x,2’ € X satisfies
r # 1 = d(z,2") > 2¢, then | X| < N.

As U cannot be covered by finitely many open balls of radius 2¢, it is possible to
choose a sequence (uy)ne, such that u, € U and u,, ¢ U;:Ol B(u;, 2¢) for every
n € w. Choose an integer M that is larger than & and let Y = {u, : 0 < n < M}.
Let 4 be the measure on Y which assigns measure ﬁ toevery pointinY. Ifg,h € G
are arbitrary, then u(gCh) = % and here every y,y € gCh NY satisfies

y#y = d(y,y’) > 2e, and hence [gChNY| < N, and thus p(gCh) < & < 6. O
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The following result works in all non-locally-compact Polish groups, but only
proves that the compact sets are right Haar null (this is a weaker notion than
Haar nullness, see Eubsecfion 44 for the definition and properties).

Proposition 6.4.2. Let G be a non-locally-compact Polish group. Then every
compact subset of G is right Haar null.

Proof. Suppose that C' C G is compact but not right Haar null. Applying Thead
Fem 5771 yields that there exist a n € w and hg, hy, ..., h,_1 € G such that

hoCC~*hgt U CC A U ... Uh, ,CC A,

is a neighborhood of 1¢. But CC~! is compact (as it is the image of C' x C' under
the continuous map (x,y) — xy~!), thus its conjugates are also compact, and the
union of finitely many compact sets is also compact, and this is a contradiction,
because a neighborhood cannot be compact in G. 0

The paper [28] investigates the question in the case of Haar meager sets, we state
the main results without proofs. This article introduces the finite translation
property with the following definition:

Definition 6.4.3. A set A C G is said to have the finite translation property if
for every open set () # U C G there exists a finite set M C U such that for every
g,h € G we have gMh & A.

The first part of the proof is the following result which allows using this property
to prove that a set is strongly Haar meager (this is a stronger notion than Haar
meagerness, see Eubsection 476 for the definition and properties). The role of this
result is roughly similar to the role of MCheorem 4T in the case of measure; its

proof involves a relatively complex recursive construction.
Theorem 6.4.4. If an F, set A C G has the finite translation property, then A

1s strongly Haar meager.

The second part is showing that the compact sets have the finite translation prop-
erty when there is a two-sided invariant metric; the proof is relatively simple and

very similar to the one used in Theorem G477

Theorem 6.4.5. Let G be a non-locally-compact Polish group admitting a two-
sided invariant metric. Then every compact subset of G has the finite translation

property.
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These results yield the analogue of Theorem 6 41. Note that in the case when G

is abelian, it is also possible to prove this as a corollary of [Cheorem 5277 using
the method of the proof of [Proposition 6.4.2.

Corollary 6.4.6. Let G be a non-locally-compact Polish group admitting a two-
sided invariant metric. Then every compact subset of G is (strongly) Haar meager.

In addition to these, [28] also shows that compact sets have the finite translation
property in the group S, of all permutations of a countably infinite set.

We illustrate the usage of this technique with a simple example.

Example 6.4.7. In the non-locally-compact Polish group (Z*,+) there are subsets
A, B C Z* such that they are neither Haar null nor Haar meager, but for every
x € Z¥ the intersection (A + x) N B is both Haar null and Haar meager.

Proof. 1t is well-known that in Z* a closed set C' is compact if and only if
CC H{un,un +1,u, +2,...,v, — 1,v,} for some u,v € Z*,
new

as sets of this kind are closed subsets in a product of compact sets and in the other
direction if C' C Z* is compact, then the projections map it into compact subsets

of Z.

Let A = {a € Z¥ : a, < Oforeveryn € w}y and B = {b € Z* : b, >
0 for every n € w}. It is easy to check that these sets satisfy the condition of
LCemma 661 (the result used in the last technique) and this implies that A and B

are neither Haar null nor Haar meager.

On the other hand, the set (A+z)NB ={z € Z* : 0 < z, < x,} is compact, hence
[Cheorem 64T and [Corollary 6.4.9 shows that it is Haar null and Haar meager. [J

Note that this phenomenon is impossible in the locally compact case, where non-
small sets have density points and if we translate a density point of one set onto a
density point of the other, then the intersection will be non-small.

6.5. Random construction. This is a technique that is useful when one wants
to prove that a not very small set is Haar null. (For example this does not prove
Haar meagerness, hence this can work for sets that are not Haar meager.) The
main idea of this technique is that a witness measure for a Haar null set A C G
is a Borel probability measure and one can use the language of probability theory
(e.g random variables, conditional probabilities, stochastic processes) to construct

it and prove that it is indeed a witness measure. For example, the paper [30]
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applies this to prove a result in S, the group of all permutations of the natural
numbers (endowed with the topology of pointwise convergence). We illustrate this
technique by reproducing the core ideas of this proof. (The proof also contains
relatively long calculations which we omit.)

Theorem 6.5.1. In the Polish group Sy let X be the set of permutations that have
infinitely many infinite cycles and finitely many finite cycles. Then the complement
of X is Haar null.

Proof (sketch). We will find a Borel probability measure p on S, such that
u(gXh) =1 for every g,h € Sy. Using that X is conjugacy invariant u(gXh) =
wu(gh(h™1Xh)) = u(ghX) and here {gh: g,h € Seu} = Seo = {97! : g € S}, thus
it is enough to show that (¢~ X) =1 for every g € S..

We define the probability measure p by describing a procedure which chooses a
random permutation p with distribution u. (This way we can describe a relatively
complicated measure in a way that keeps the calculations manageable.)

Fix a sequence ko < ki < ko < ... of natural numbers which are large enough (the
actual growth rate is used by the omitted parts of the proof). The procedure will
choose values for p(0), p~1(0), p(1), p~*(1), p(2), p~*(2), ... in this order, skipping
those which are already defined (e.g. if we choose p(0) = 1 in the first step, then
the step for p~!(1) is omitted, as we already know that p~!(1) = 0). When we
have to choose a value for p(n), we choose randomly a natural number n’ < k,
which is still available as an image (that is, n’ > n and n’ is not among the already
determined values p(0), p(1), ..., p(n — 1)); we assign equal probabilities to each
of these choices. Similarly, when we have to choose a value for p~!(n), we choose
randomly a natural number n’ < k, which is still available as a preimage (that
is, n’ > n and n’ is not among the already determined values p~(0), p~1(1), ...,
p~(n — 1)); we assign equal probabilities to each of these choices again. When
we are finished with these steps, the resulting object p is clearly a well-defined
permutation, as every n € w has exactly one image and exactly one preimage
assigned to it. We can assume that k,, is large enough to satisfy k, > 2n + 1 and
this guarantees that we never “run out” of choices.

We say that pg is a possible partial result, if it can arise after finitely many steps
of this process. Relatively long combinatorial arguments show that the following
claim is true:

Claim 6.5.2. Assume that po is a possible partial result, g € Sy is an arbitrary
element and M is a natural number. Then there is a natural number N such that

the conditional probability with respect to u, under the condition of extending py,
55



of the event that the permutation p chosen by our process will be such that gp has
no finite cycles including a number greater than N and no two of the numbers
N +1,...,N+ M are in the same cycle of gp is at least %

Using this claim, it is possible to show the following claim by induction on 7:

Claim 6.5.3. Assume that (as in the previous claim) py is a possible partial result,
g € Ss 1s an arbitrary element and M is a natural number. Then for every i € w
the conditional probability (with respect to p, under the condition of extending po)
of the event that the permutation p chosen by our process satisfies that gp has only
finitely many finite cycles and at least M infinite cycles is at least 1 — 27,

Applying this second claim for every ¢ € w in the special case when py is the empty
partial permutation yields that the (unconditional) probability (with respect to )
of the event that the permutation p chosen by our process satisfies that gp has
only finitely many finite cycles and at least M infinite cycles is 1. Since this is
true for every M € w, the permutation gp has infinitely many infinite cycles with
p-probability 1. This shows that u(g~'X) = 1 for the arbitrary permutation g, so
we are done. O

This set X is the union of countably many conjugacy classes of permutations, one
for each finite list of sizes for the finite cycles in the permutation; the paper [30]
also shows that none of these conjugacy classes are Haar null.

6.6. Sets containing translates of all compact sets. Proving that a set is not
Haar null from the definitions requires showing that all Borel probability measures
fail to witness that it is Haar null, which is frequently harder than just showing
one measure witnesses that the set is Haar null. The situation is similar for Haar
meager sets, where even the choice of the domain of the witness function is not
straightforward, although the equivalence (1) < (2) in Theorem 4 T9 can be used
to eliminate this extra choice. Fortunately, in many cases the following simple

sufficient condition is enough to show that a set is not Haar null (in fact, not even
generalized Haar null) and not Haar meager.

Lemma 6.6.1. Suppose that a set A C G satisfies that for every compact set
C C G there are g, h € G such that gCh C A. Then A is neither generalized Haar
null nor Haar meager.

Proof. This lemma is stated e.g. as [/, Lemma 2.1], but this reasoning is also

frequently used without being stated separately.
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If A were generalized Haar null, then by Theorem 4 T4 there would be an uni-
versally measurable set B O A and a Borel probability measure p with compact
support C' C G such that u(¢g’Bh’) = 0 for every ¢, b’ € G, but there are g,h € G
such that gCh C A C B and thus u(¢~*Bh™') > u(C) = 1, a contradiction.

Similarly, if A would be Haar meager, then there would be a Borel set B O A, a
(nonempty) compact metric space K and a continuous function f : K — G such
that f~'(¢’BR') is meager in K for every ¢',h' € G, but there are g,h € G such
that gf(K)h C A C B and thus f~'(¢7'Bh!) O f7}(f(K)) = K is not meager
in K, a contradiction. 0]

7. A BRIEF OUTLOOK

It is clearly beyond the scope of this paper to collect the countless number of results
and applications of Haar null sets in various fields of mathematics. However, we
now give a highly incomplete list of works using Haar null sets, and encourage the
reader to use these as starting points for further reading.

First we mention the paper [62] which also surveys applications of Haar null sets
in addition to presenting their core properties. However, this paper was published
in 2005 and therefore it does not contain several recent ideas.

One of the original motivations of Christensen was to consider versions of automatic

continuity as discussed e.g. in Corollary 5.2.3, in this topic see the excellent survey
paper [65], and also [66] and [39].

The Rademacher theorem states that a Lipschitz function between Euclidean
spaces is differentiable almost everywhere. The second motivation of Christensen
was to extend this result to Banach spaces, see the paper [20] by Christensen, and
also [A, 313, 73].

A closely related result is the Alexandrov theorem stating that convex functions
on Euclidean spaces are twice differentiable almost everywhere. For extensions of
this result to Banach spaces see e.g. [67,58)].

There are various other interesting directions of research in functional analysis
involving Haar null sets, see e.g. 31,37, 55, 56].

When Haar null sets were rediscovered (under the name “shy sets”) in [48], they
were the first ones to apply Haar null sets in the theory of dynamical systems. Since

then numerous other such applications have been found, see e.g. [2,02,16,52].
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Multifractal analysis is a large area within geometric measure theory. There are
numerous interesting results concerning the multifractal analysis of prevalent func-
tions and measures, see e.g. [0, 9, 10, 61].

There are countless results in geometric measure theory calculating various fractal
dimensions of images, graphs, and level sets of certain functions, e.g. the generic
ones, prevalent ones, Brownian motion, etc. A recurring theme is that the generic
set is as small as it can, be, while the prevalent one is a large as it can be. See
e.g. [B,04,8, 11,8, A0, 41, 43, 51, hY].

Let us also mention a few results that are measure theoretic duals of classical
results of real analysis about generic continuous functions: [A8, 47, /2] concern
nowhere differentiable functions, and [6] is the Bruckner-Garg theorem describ-
ing the topological structure of the level sets. Interestingly, in the case of [/
and [B] the generic behavior happens with “probability strictly between 0 and 17,
that is, the set of functions exhibiting the behaviour in question is neither Haar
null nor co-Haar null.

A large part of modern descriptive set theory deals with homeomorphism groups
of compact metric spaces, and automorphism groups of countable first-order struc-
tures, such as e.g. H[0, 1], the group on increasing homeomorphisms of the unit
interval, Sy, the permutation group of the natural numbers or Aut(Q, <), the
group of increasing bijections of the rational numbers. There have been numerous
paper describing the structure of the random (=prevalent=co-Haar null many)
element of these groups, see e.g. [22,24, 25 B0, [71].

There is also quite some literature dealing with the set theoretic aspects of Haar
null sets. The so called cardinal invariants of (various versions of) Haar null sets
are calculated in [d] and [32]; other related results can be found in e.g. [6R] and [33].

Finally, there are also interesting but somewhat sporadic results involving Haar null
sets in the theory of differential equations: [36,50] and in the theory of functional
equations: [I7, 21, 42, A8, 64].

REFERENCES

[1] J. M. Aubry, F. Bastin, S. Dispa, Prevalence of multifractal functions in S* spaces, J.
Fourier Anal. Appl. 13 (2007), no. 2, 175-185.

[2] A. Avila, Global theory of one-frequency Schrodinger operators, Acta Math. 215 (2015), no.
1, 1-54.

[3] R. Balka, Dimensions of graphs of prevalent continuous maps, J. Fractal Geom. 3 (2016),
no. 4, 407-428.

[4] T. Banakh, Cardinal characteristics of the ideal of Haar null sets, Comment. Math. Univ.

Carolin. 45 (2004), no. 1, 119-137.
58



[5]

J. M. Borwein, J. V. Burke, A. S. Lewis, Differentiability of cone-monotone functions on
separable Banach space, Proc. Amer. Math. Soc. 132 (2004), no. 4, 1067-1076.

R. Balka, U. B. Darji, M. Elekes, Bruckner-Garg-type results with respect to Haar null sets
in C[0,1], Proc. Edinb. Math. Soc. (2). 60 (2017), no. 1, 17-30.

R. Balka, U. B. Darji, M. Elekes, Hausdorff and packing dimension of fibers and graphs of
prevalent continuous maps, Adv. Math. 293 (2016), 221-274.

R. Balka, A Farkas, J. M. Fraser, J. T. Hyde, Dimension and measure for generic continuous
images, Ann. Acad. Sci. Fenn. Math. (1) 38 (2013), 389-404.

F. Bayart, Y. Heurteaux, Multifractal analysis of the divergence of Fourier series, Ann. Sci.
Ec. Norm. Supér. (4) 45 (2012), no. 6, 927-946 (2013).

F. Bayart, Y. Heurteaux, Multifractal analysis of the divergence of Fourier series: the ex-
treme cases, J. Anal. Math. 124 (2014), 387-408.

F. Bayart, Y. Heurteaux, On the Hausdorff dimension of graphs of prevalent continuous
functions on compact sets, In: Further Developments in Fractals and Related Fields, edited
by J. Barral and S. Seuret, Springer, New York, 2013, 25-34.

J. Bochi, Y. Zhang, Ergodic optimization of prevalent super-continuous functions, Int. Math.
Res. Not. IMRN 2016, no. 19, 5988-6017.

J. M. Borwein, Minimal CUSCOS and subgradients of Lipschitz functions, Fized point theory
and applications (Marseille, 1989), 57-81.

J. M. Borwein, W. B. Moors, Essentially smooth Lipschitz functions, J. Funct. Anal. 149
(1997), no. 2, 305-351.

J. M. Borwein, W. B. Moors, Null sets and essentially smooth Lipschitz functions, SIAM J.
Optim. 8 (1998), no. 2, 309-323.

A. Bounemoura, Effective stability for Gevrey and finitely differentiable prevalent Hamilto-
nians, Comm. Math. Phys. 307 (2011), no. 1, 157-183.

J. Brzdek, On solutions of a generalization of the Reynolds functional equation, Demonstra-
tio Math. 41 (2008), no. 4, 859-868.

J. P. R. Christensen, Borel Structures in Groups and Semigroups, Math. Scand. 28 (1971),
124-128.

J. P. R. Christensen, On sets of Haar measure zero in abelian Polish groups, Israel J. Math.
13 (1972) 255-260 (1973).

J. P. R. Christensen, Measure theoretic zero sets in infinite dimensional spaces and ap-
plications to differentiability of Lipschitz mappings, Actes du Deuzieme Colloque dAnalyse
Fonctionnelle de Bordeauz (Univ. Bordeaux, 1973), I, Publ. Dep. Math. (Lyon) 10(2) (1973),
29-39.

J. P. R. Christensen, P. Fischer, Small sets and a class of general functional equations,
Aequationes Math. 33 (1987), no. 1, 18-22.

M. P. Cohen, R. R. Kallman, Openly Haar null sets and conjugacy in Polish groups, Israel
J. Math. 215 (2016), 1-30.

U. B. Darji, On Haar meager sets, Topology Appl. 160 (18) (2013) 2396-2400.

U. B. Darji, M. Elekes, K. Kalina, V. Kiss, Z. Vidnyanszky, The structure of random
automorphishms. Available at BrXiv=1705-07593.

U. B. Darji, M. Elekes, K. Kalina, V. Kiss, Z. Vidnyanszky, The structure of random
homeomorphishms. Available at BrXiv:1705 01884,

59


https://arxiv.org/abs/1705.07593
https://arxiv.org/abs/1705.01884

[26]
[27]

[28]

[46]

[47]

R. O. Davies, Covering the plane with denumerably many curves, J. London Math. Soc. 38
(1963), 433-438.
M. Dolezal, M. Rmoutil, B. Vejnar, V. Vlasik, Haar meager sets revisited, J. Math. Anal.
Appl. 440 (2016), no. 2, 922-939.
M. Dolezal, V. Vlasédk, Haar meager sets, their hulls, and relationship to compact sets.
Available at arXiv:1603-09510.
R. Dougherty, Examples of non-shy sets, Fund. Math. 144 (1994), 73-88.
R. Dougherty, J. Mycielski, The prevalence of permutations with infinite cycles, Fund. Math.
144 (1994), no. 1, 89-94.
J. Duda, On the size of the set of points where the metric projection exists, Israel J. Math.
140 (2004), 271-283.
M. Elekes, M. Poér, Cardinal invariants of Haar null sets, in preparation.
M. Elekes, J. Steprans, J. Haar null sets and the consistent reflection of non-meagreness,
Canad. J. Math. 66 (2014), 303-322.
M. Elekes, Z. Vidnyénszky, Haar null sets without G hulls, Israel J. Math. 209 (1) (2015)
199-214.
M. Elekes, Z. Vidnyéanszky, Naively Haar null sets in Polish groups. To appear in J. Math.
Anal. Appl.
G. A. Enciso, M. W. Hirsch, H. L. Smith, Prevalent behavior of strongly order preserving
semiflows, J. Dynam. Differential Equations 20 (2008), no. 1, 115-132.
J. Esterle, E. Matheron, P. Moreau, Haar negligibility of positive cones in Banach spaces,
St. Petersburg Math. J. 27 (2016), 731-756.
K. J. Falconer, J. M. Fraser, The horizon problem for prevalent surfaces, Math. Proc. Cam-
bridge Philos. Soc. (2) 151 (2011), 355-372.
P. Fischer, Z. Slodkowski, Christensen zero sets and measurable convex functions, Proc.
Amer. Math. Soc. 79 (1980), no. 3, 449-453.
J. M. Fraser, J. T. Hyde, The Hausdorff dimension of graphs of prevalent continuous func-
tions, Real Anal. Exchange (2) 37 (2011/12), 333-352.
J. M. Fraser, J. T. Hyde, A note on the 1-prevalence of continuous images with full Hausdorff
dimension, J. Math. Anal. Appl. (2) 421 (2015), 1713-1720.
Z. Gajda, Christensen measurable solutions of generalized Cauchy functional equations,
Aequationes Math. 31 (1986), no. 2-3, 147-158.
V. Gruslys, J. Jonusas, V. Mijovi¢, O. Ng, L. Olsen, I. Petrykiewicz, Dimensions of prevalent
continuous functions, Monatsh. Math. (2) 166 (2012), 153-180.
E. Hewitt, K. A. Ross, Abstract harmonic analysis. Vol. I. Structure of topological groups,
integration theory, group representations. Second edition. Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences], 115, Springer-Verlag,
Berlin-New York, 1979.
G. Hognés, A. Mukherjea, Probability measures on semigroups. Convolution products, ran-
dom walks, and random matrices. Second edition. Probability and its Applications (New
York), Springer, New York, 2011.
P. Holicky, L. Zajicek, Nondifferentiable functions, Haar null sets and Wiener measure, Acta
Univ. Carolin. Math. Phys. 41 (2000), no. 2, 7-11.
B. R. Hunt, The prevalence of continuous nowhere differentiable functions, Proc. Amer.
Math. Soc. 122 (1994), 711-717.

60


http://arxiv.org/abs/1603.09510

[48]
[49]
[50]

[51]

[52]
[53]

[54]

[55]
[56]
[57]
[58]

[59]

B. R. Hunt, T. Sauer, J. A. Yorke, Prevalence: A translation-invariant “almost every” on
infinite-dimensional spaces, Bull. Amer. Math. Soc. (N.S.) 27 (1992), 217-238.

E. Jablonska, Some analogies between Haar meager sets and Haar null sets in abelian Polish
groups, J. Math. Anal. Appl. 421 (2015), no. 2, 1479-1486.

R. Joly, Adaptation of the generic PDE’s results to the notion of prevalence, J. Dynam.
Differential Equations 19 (2007), no. 4, 967-983.

J.-P. Kahane, Propriétés prévalentes, versus génériques, des images continues. [Prevalent,
as opposed to generic, properties of continuous images, Bull. Sci. Math. 130 (2006), no. 2,
97-1009.

V. Yu. Kaloshin, B. R. Hunt, Stretched exponential estimates on growth of the number of
periodic points for prevalent diffeomorphisms. I, Ann. of Math. (2) 165 (2007), no. 1, 89-170.
A. S. Kechris, Classical descriptive set theory. Graduate Texts in Mathematics, 156,
Springer-Verlag, New York, 1995.

M. Kuczma, An Introduction to the Theory of Functional Equations and Inequalities.
Cauchy’s Equation and Jensen’s Inequality. 2nd edition, Birkhduser Verlag, Basel, 2009,
edited by A. Gildnyi.

E. Matouskové, Convexity and Haar null sets, Proc. Amer. Math. Soc. 125 (1997), no. 6,
1793-1799.

E. Matouskova, The Banach-Saks property and Haar null sets, Comment. Math. Univ.
Carolin. 39 (1998), no. 1, 71-80.

E. Matoukova, An almost nowhere Fréchet smooth norm on superreflexive spaces, Studia
Math. 133 (1999), no. 1, 93-99.

E. Matouskova, L. Zajicek, Second order differentiability and Lipschitz smooth points of
convex functionals, Czechoslovak Math. J. 48(123) (1998), no. 4, 617-640.

M. McClure, The prevalent dimension of graph, Real Anal. Exchange (1) 23 (1997/98),
241-246.

J. Mycielski, Some unsolved problems on the prevalence of ergodicity, instability, and alge-
braic independence, Ulam Quarterly, 1 (1992), no. 3, 30-37.

L. Olsen, Fractal and multifractal dimensions of prevalent measures, Indiana Univ. Math.
J. 59 (2010), no. 2, 661-690.

W. Ott, J. A. Yorke, Prevalence, Bull. Amer. Math. Soc. (N.S.) 42 (2005), no. 3, 263-290.
J. C. Oxtoby, Measure and category, Springer-Verlag, New York, 1971.

D. Rebhuhn, On genericity and complements of measure zero sets in function spaces, Proc.
Amer. Math. Soc. 68 (1978), no. 3, 351-354.

C. Rosendal, Automatic continuity of group homomorphisms, Bull. Symbolic Logic 15
(2009), no. 2, 184-214.

C. Rosendal, Universally measurable subgroups of countable index, J. Symbolic Logic 75
(2010), no. 3, 1081-1086.

S. Solecki, On Haar null sets, Fund. Math. 149 (1996), no. 3, 205-210.

S. Solecki, Haar null and non-dominating sets, Fund. Math. 170 (2001), 197-217.

S. Solecki, Size of subsets of groups and Haar null sets, Geom. Funct. Anal. 15 (2005), no.
1, 246-273.

S. Solecki, Amenability, free subgroups, and Haar null sets in non-locally compact groups,
Proc. London Math. Soc. (3) 93 (2006), no. 3, 693-722.

61



[71] H. Shi, B. S. Thomson, Haar null sets in the space of automorphisms of [0, 1], Real Anal.
Ezchange 24 (1998/99), 337-350.

[72] L. Zajicek, On differentiability properties of typical continuous functions and Haar null sets,
Proc. Amer. Math. Soc. 134 (2006), no. 4, 1143-1151.

[73] L. Zajicek, Hadamard differentiability via Gateaux differentiability, Proc. Amer. Math. Soc.
143 (2015), no. 1, 279-288.

ALFRED RENYI INSTITUTE OF MATHEMATICS, HUNGARIAN ACADEMY OF SCIENCES, PO Box
127, 1364 BUDAPEST, HUNGARY AND EOTVOS LORAND UNIVERSITY, INSTITUTE OF MATH-
EMATICS, PAZMANY PETER S. 1/C, 1117 BUDAPEST, HUNGARY

E-mail address: elekes.marton@renyi.mta.hu

URL: http://www.renyi.hu/~emarci

EOTvOS LORAND UNIVERSITY, INSTITUTE OF MATHEMATICS, PAZMANY PETER 8. 1/C, 1117
BUDAPEST, HUNGARY

E-mail address: nagdon@bolyai.elte.hu

62



	1. Introduction and history
	2. Notation and terminology
	3. Basic properties
	3.1. Core definitions
	3.2. Notions of smallness
	3.3. Connections to Haar measure and meagerness

	4. Alternative definitions
	4.1. Equivalent versions
	4.2. Coanalytic hulls
	4.3. Naive versions
	4.4. Left and right Haar null sets
	4.5. Openly Haar null sets
	4.6. Strongly Haar meager sets

	5. Analogs of the results from the locally compact case
	5.1. Fubini's theorem and the Kuratowski-Ulam theorem
	5.2. The Steinhaus theorem
	5.3. The countable chain condition

	6. Common techniques
	6.1. Probes
	6.2. Application of the Steinhaus theorem
	6.3. The Wiener measure as witness
	6.4. Compact sets are small
	6.5. Random construction
	6.6. Sets containing translates of all compact sets

	7. A brief outlook
	References

