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Abstract

Inferring evolutionary trees is an interesting and important problem in biology, but one that is
computationally difficult as most associated optimization problems are NP-hard. Although many
methods are provably statistically consistent (i.e. the probability of recovering the correct tree
converges to 1 as the sequence length increases), the actual rate of convergence for different
methods has not been well understood. In a recent paper we introduced a new method for
reconstructing evolutionary trees called the dyadic closure method (DCM), and we showed that
DCM has a very fast convergence rate. DCM runs in O(x° logn) time, where # is the number
of sequences, and so, although polynomial, the computational requirements are potentially too
large to be of use in practice. In this paper we present another tree reconstruction method, the
witness—antiwitness method (WAM). WAM is faster than DCM, especially on random trees, and
converges to the true tree topology at the same rate as DCM. We also compare WAM to other
methods used to reconstruct trees, including Neighbor Joining (possibly the most popular method
among molecular biologists), and new methods introduced in the computer science literature.
(© 1999 Published by Elsevier Science B.V. All rights reserved.
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1. Introduction

Rooted leaf-labelled trees are a convenient way to represent historical relationships
between extant objects, particularly in evolutionary biology (where such trees are called
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“phylogenies™). Molecular techniques have recently provided large amounts of sequence
(DNA, RNA, or amino-acid) data that are being used to reconstruct such trees. Statis-
tically based methods construct trees from sequence data, by exploiting the variation in
the sequences due to random mutations that have occurred. A typical assumption made
by these tree conmstruction methods is that the evolutionary process operates through
“point mutations”, where the positions, or “sites”, within the sequences mutate down
the tree. Thus, by modelling how the different sites evolve down the tree, the entire
mutational process on the sequences can be described. A further assumption that is
typically made is that the evolutionary processes governing each site are identical, and
independent (i.i.d.). For such models of evolution, some tree construction methods are
guaranteed to recover the underlying unrooted tree from adequately long sequences
generated by the tree, with arbitrarily high probability.

There are two basic types of tree reconstruction methods: sequence-based methods
and distance-based methods. Distance-based methods for tree reconstruction have two
steps. In the first step, the input sequences are represented by an »n x n matrix d of pair-
wise dissimilarities (these may or may not observe the triangle inequality, and hence
may not be truly “distances”). In the second step, the method A computes an additive
matrix M(d) (that is, an n x n distance matrix which exactly fits an edge-weighted tree)
from the pairwise dissimilarity matrix, 4. Distance methods are typically polynomial
time. Sequence-based methods, on the other hand, do not represent the relationship
between the sequences as a distance matrix; instead, these methods typically attempt to
solve NP-hard optimization problems based upon the original sequence data, and are
computationally intensive. See [26] for further information on phylogenetic methods in
general.

A tree reconstruction method, whether sequence-based or distance-based, is con-
sidered to be accurate with respect to the topology prediction if the tree associated
(uniquely) with the computed additive matrix has the same unrooted topology as
the tree used to generate the observed sequences. A method is said to be statisti-
cally consistent for a model tree T if the probability of recovering the topology of
T from sequences generated randomly on T converges to 1 as the sequence length
increases to infinity. It has long been understood that most distance-based methods
are statistically consistent methods for inferring trees under models of evolution in
which the sites evolve i.i.d., but that some sequence-based methods (notably, the op-
timization problem maximum parsimony [25]) are not statistically consistent on all
trees under these models. For this reason, some biologists prefer to use distance-
based methods. However, not much is known, even experimentally, about the se-
quence length a given distance-based method needs for exact topological accuracy
with high probability. How long the sequences have to be to guarantee high proba-
bility of recovering the tree depends on the reconstruction method, the details of the
model, and the number »n of species. Determining bounds on that length and its growth
with n has become more pressing since biologists have begun to reconstruct trees
on increasingly larger numbers of species (often up to several hundred) from such
sequences.
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In a previous paper [20], we addressed this question for trees under the Neyman
2-state model of site evolution, and obtained the following results:

1. We established a lower bound of log n on the sequence length that every method,
randomized or deterministic, requires in order to reconstruct any given n-leaf tree
in any 2-state model of sequence evolution,

2. We showed that the maximum compatibility method of phylogenetic tree construc-
tion requires sequences of length at least nlog n to obtain the tree with high prob-
ability, and

3. We presented a new polynomial time method (the dyadic closure method (DCM))
for reconstructing trees in the Neyman 2-state model, and showed that polylogarith-
mic length sequences suffice for accurate tree reconstruction with probability near
one on almost all trees, and polynomial length sequence length always suffices for
any tree under reasonable assumptions on mutation probabilities.

Thus, the DCM [20] has a very fast convergence rate, which on almost all trees is
within a polynomial of our established lower bound of log# for any method. However,
although DCM uses only polynomial time, it has large computational requirements (it
has Q(n*k + n° log n) running time, and uses O(n*) space), where k is the sequence
length. This may make it infeasible for reconstructing large trees.

In this paper, we present the witness—antiwitness method (WAM), a new and faster
quartet-based method for tree reconstruction, which has the same asymptotic conver-
gence rate as the DCM. The running time of WAM has a worst-case bound O(n’k +
n* log nlog k) where k is the sequence length, and is even faster under some reason-
able restrictions on the model (see Theorem 12 for details). Thus, WAM is a faster
algorithm than DCM, and has essentially the same convergence rate to the true tree
topology as DCM. The provable bounds on the running time of WAM depend heavily
on the depth of the model tree. We introduced the “depth” in [20] and showed that
depth(T) is bounded from above by log n for all binary trees 7', and that random trees
have depths bounded by O(log log »).

In addition to presenting the new method, we present a framework for a comparative
analysis of the convergence rates of different distance based methods. We apply this
technique to several different methods, neighbor joining [43], the Agarwala et al. [1]
“single-pivot” algorithm and its variant [21], the “double-pivot” algorithm, and the
naive quartet method (a method we describe in this paper). We obtain upper bounds
on the sequence lengths that suffice for accuracy for these distance-based methods, and
show that these upper bounds grow exponentially in the weighted diameter of the tree,
which is the maximum number of expected mutations for a random site on any leaf-
to-leaf path in the tree. We analyze the weighted diameter of random trees under two
distributions. We show that the diameter of random trees is 2(1/n) under the uniform
distribution, and (log n) under the Yule-Harding distribution. Consequently, these
upper bounds on the sequence lengths that suffice for accuracy for these other distance-
based methods are significantly larger than the upper bounds obtained for DCM and
WAM. We note that our upper bounds for the algorithms in [1,21] match those given
by Sampath Kannan (personal communication). Finally, we generalize our methods and
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results to more general Markov models, and find the same relative performance (these
results should be compared to those of Ambainis et al. in [4]). (While this framework
provides a comparison between the convergence rates of these methods, it is limited by
the fact that these are upper bounds on the sequence lengths that suffice for accuracy
for these distance methods. These upper bounds may be loose, but no better upper
bounds on these methods are yet known, to our knowledge. Obtaining better bounds
on the convergence rates of these and other methods is an important open question.)

The structure of the paper is as follows. In Section 2 we provide definitions and
discuss tree reconstruction methods in general. In Section 3, we describe the analytical
framework for deriving upper bounds on the sequence lengths needed by different meth-
ods for exact accuracy in tree reconstruction, and we use this framework to provide an
initial comparison between various distance-based methods. In Section 4, we describe
the witness—antiwitness tree construction algorithm (WATC), and in Section 5, we de-
scribe the witness—antiwitness method (WAM) in full. In Section 6, we analyze the per-
formance of WAM for reconstructing trees under the Neyman model of site evolution,
and compare its performance to other promising distance-based methods. We extend the
analysis of WAM to reconstructing trees under the general r-state Markov model in Sec-
tion 7. Finally, in Section 8, we disucss the applicability of our results to biological data.

2. Definitions

Notation. P[4] denotes the probability of event 4; E[X] denotes the expectation of
random variable X. We denote the natural logarithm by log. The set [n] denotes

{1,2,...,n} and for any set S, (;f ) denotes the collection of subsets of S of size
k. R denotes the real numbers.

Definition. (I) Trees. We will represent a phylogenetic tree T' by a semi-labelled tree
whose leaves (vertices of degree one) are labelled by extant species, numbered by
1,2,...,n, and whose remaining internal vertices (representing ancestral species) are
unlabelled. We will adopt the biological convention that phylogenetic trees are binary,
meaning that all internal nodes have degree three, and we will also assume that T is
unrooted (this is due to scientific and technical reasons which indicate that the location
of the root can be either difficult or impossible to determine from data). We let B(n)
denote the set of all (2n—5)!'=(2n—5)(2n—7)---3-1 semi-labelled binary trees on
the leaf set [n].

The path between vertices u and v in the tree is called the uv path, and is denoted
P(u,v). The topological distance L(u,v) between vertices u and v in a tree T is the
number of edges in P(u,v). The edge set of the tree is denoted by E(T). Any edge
adjacent to a leaf is called a leaf edge, any other edge is called an internal edge. For
a phylogenetic tree 7 and S C[n], there is a unique minimal subtree of T, containing
all elements of S. We call this tree the subtree of T induced by S, and denote it by
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Tis. We obtain the contracted subtree induced by S, denoted by T, |’§, if we substitute
edges for all maximal paths of 7|s in which every internal vertex has degree two. We
denote by ij|kl the tree on four leaves i,j,k, [ in which the pair 7,/ is separated from
the pair £,/ by an internal edge. When the contracted subtree of 7' induced by leaves
i, j.k, 1 is the tree ij|kl, we call ij|kl a valid quartet split of T on the quartet of leaves
{i,j,k,1}. Since all trees are assumed to be binary, all contracted subtrees (including,
in particular, the quartet subtrees) are also binary. Consequently, the set Q(T') of valid
quartet splits for a binary tree 7 has cardinality (Z) .

(I) Sites. Consider a set C of character states (such as C={4,C,G,T} for DNA
sequences; C = {the 20 amino acids} for protein sequences; C ={R,Y} or {0,1} for
purine—pyrimidine sequences). A sequence of length k is an ordered k-tuple from C
— that is, an element of C*. A collection of n such sequences — one for each species
labelled from [n] — is called a collection of aligned sequences.

Aligned sequences have a convenient alternative description as follows. Place the
aligned sequences as rows of an r x k£ matrix, and call site i the ith column of this
matrix. A pattern is one of the |C|" possible columns.

(I1) Site substitution models. Many models have been proposed to describe the evo-
lution of sites as a stochastic process. Such models depend on the underlying phyloge-
netic tree 7 and some randomness. Most models assume that the sites are independently
and identically distributed (i.i.d.).

The models on which we test our algorithm also assume the Markov property that
the random assignment of a character state to a vertex v is determined by the character
state of its immediate ancestor, and a random substitution on the connecting edge.
In the most general stochastic model that we study, the sequence sites evolve i.i.d.
according to the general Markov model from the root [47]. We now briefly discuss this
general Markov model. Since the 1.i.d. condition is assumed, it is enough to consider
the evolution of a single site in the sequences. Substitutions (point mutations) at a site
are generally modelled by a probability distribution 7 on a set of »>1 character states
at the root p of the tree (an arbitrary vertex or a subdividing point on an edge), and
each edge e oriented out from the root has an associated » x r stochastic transition
matrix M(e). The random character state at the root “evolves” down the tree — thereby
assigning characters randomly to the vertices, from the root down to the leaves. For
each edge e = (u,v), with # between v and the root, (M (e)).s is the probability that v
has character state f§ given that u has character state a.

(IV) The Neyman model. The simplest stochastic model is a symmetric model
for binary characters due to Neyman [40], and was also developed independently by
Cavender [12] and Farris [24]. Let {0, 1} denote the two states. The root is a fixed leaf,
the distribution 7 at the root is uniform. For each edge e of T we have an associated
mutation probability, which lies strictly between 0 and 0.5. Let p:E(T)— (0,0.5)
denote the associated map. We have an instance of the general Markov model with
M(e)o1 =M (e)o = ple). We will call this the Neyman 2-state model, but note that it
has also been called the Cavender—Farris model, and is equivalent to the Jukes—Cantor
model when restricted to two states.
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The Neyman 2-state model is hereditary on subsets of the leaves — that is, if we
select a subset S of [n], and form the subiree 7|g, then eliminate vertices of degree
two, we can define mutation probabilities on the edges of Tl’g so that the probability
distribution on the patterns on S is the same as the marginal of the distribution on
patterns provided by the original tree 7. Furthermore, the mutation probabilities that
we assign to an edge of 7, |>§ is just the probability p that the endpoints of the associated
path in the original tree 7" are in different states.

Lemma 1. The probability p that the endpoints of a path P of topological length k
are in different states is related to the mutation probabilities p\, pi,..., px of edges
of P as follows:

1 k
p=5 (1 -1 ~2pi)> .
i=1

Lemma 1 is folklore and is easy to prove by induction.

(V) Distances. Any symmetric matrix, which is zero-diagonal and positive off-
diagonal, will be called a distance matrix. (These “distances”, however, may not satisfy
the triangle inequality, because the distance corrections used in phylogenetics, and de-
scribed below, do not always satisfy the triangle inequality. Since it is nevertheless the
practice in systematics to refer to these quantities as “distances”, we will do so here as
well.) An n x n distance matrix D;; is called additive, if there exists an n-leaf tree (not
necessarily binary) with positive edge lengths on the internal edges and non-negative
edge lengths on the leaf edges, so that D; equals the sum of edge lengths in the
tree along the P(7,j) path connecting leaves i and j. In [10], Buneman showed that
the following four-point condition characterizes additive matrices (see also [45, 64]):

Theorem 1 (Four-point condition). A4 matrix D is additive if and only if for all i, j, k, 1
(not necessarily distinct), the maximum of Dij+ Dy, Dy+Dj;, Dy+Djy is not unique.
The tree with positive lengths on internal edges and non-negative lengths on leaf edges
representing the additive distance matrix is unique among the trees without vertices
of degree two.

Given a pair of parameters (7, p) for the Neyman 2-state model, and sequences of
length & generated by the model, let H(i,j) denote the Hamming distance of sequences
i and j and AV =H(i, j)/k denote the dissimilarity score of sequences i and j. The
empirical corrected distance between i and j is denoted by

dij= — 1log(l —2hY). (1)

The probability of a change in the state of any fixed character between the sequences
i and j is denoted by £7 =[E(hY), and we let

Dy = — Llog(1 —2EY) (2)
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denote the corrected model distance between i and j. We assign to any edge e a
positive length

I(e)= — 1 log(1 — 2p(e)). (3)

By Lemma 1, D;; is the sum of the lengths (see previous equation) along the path
P(i,j) between i and j, and hence D;; is an additive distance matrix. Furthermore,
d;; converges in probability to Dj; as the sequence length tends to infinity. These
mathematical facts also have significance in biology, since under certain continuous
time Markov models [48], which may be used to justify our models, /(e) and D;; are the
expected number of back-and-forth state changes along edges and paths, respectively.
A similar phenomenon and hence a similar distance correction exists for the general
stochastic model [47], and is discussed in detail in Section 7.

(V1) Tree reconstruction. A phylogenetic tree reconstruction method is a function
@ that associates either a tree or the statement Fail to every collection of aligned
sequences, the latter indicating that the method is unable to make such a selection for
the data given.

According to the practice in systematic biology (see, for example, [31,32,52]), a
method is considered to be accurate if it recovers the unrooted binary tree 7', even if
it does not provide any estimate of the mutation probabilities. A necessary condition
for accuracy, under the models discussed above, is that two distinct trees, 7,77, do
not produce the same distribution of patterns no matter how the trees are rooted, and
no matter what their underlying Markov parameters are. This “identifiability” condition
is violated under an extension of the i.i.d. Markov model when there is an unknown
distribution of rates across sites as described by Steel et al. [49]. However, it is shown
in [47] (see also [13]) that the identifiability condition holds for the i.i.d model under
the weak conditions that the components of 7 are not zero and, for each edge e, the
determinant det(M(e))#£0,1,—1, and in fact we can recover the underlying tree from
the expected frequencies of patterns on just pairs of species.

Theorem 1 and the discussion that follows it suggest that appropriate methods ap-
plied to corrected distances will recover the correct tree topology from sufficiently
long sequences. Consequently, one approach (which is guaranteed to yield a statisti-
cally consistent estimate) to reconstructing trees from distances is to seek an additive
distance matrix of minimum distance (with respect to some metric on distance ma-
trices) from the input distance matrix. Many metrics have been considered, but all
resultant optimization problems have been shown or are assumed to be NP-hard (see
[1,17,23] for results on such problems).

(VI) Specific tree construction algorithms. In this paper, we will be particularly
interested in certain distance methods, the four-point method (FPM), the naive method,
neighbor joining, and the Agarwala et al. algorithm. We now describe these methods.

Four-Point Method (FPM). Given a 4 x 4 distance matrix d, return the split ij|k/
which satisfies d;; + dy < min{dy +d;;,d;; +dy }. If there is no such split, return
Fail.
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FPM is a not truly a tree reconstruction method, because it can only be applied to
datsets of size four. We include it here, because it is a subroutine in the Naive Method,
which we now describe.

The Naive Method uses the four-point method to infer a split for every quartet
i,j,k,I. Thus, if the matrix is additive, the four-point method can be used to detect
the valid quartet split on every quartet of vertices, and then standard algorithms [6, 14]
can be used to reconstruct the tree from the set of splits. Note that the naive method
is guaranteed to be accurate when the input distance matrix is additive, but it will
also be accurate even for non-additive distance matrices under conditions which we
will describe later (see Section 3). Most quartet-based methods (see, for example,
[7,50,51]) begin in the same way, constructing a split for every quartet, and then
accommodate possible inconsistencies using some technique specific to the method,;
the naive method, by contrast, only returns a tree if all inferred splits are consistent
with that tree. The obvious optimization problem (find a maximum number of quartets
which are simultaneously realizable) is of unknown computational complexity.

The Agarwala et al. algorithm [1] is a 3-approximation algorithm for the nearest
tree with respect to the L., -metric, where L..(4,B)= max;; |[4;; — B;;|. Given input d,
the result of applying the Agarwala et al. algorithm to d is an additive distance matrix
D such that Lo.(d,D)<3Ly(d,D"), where D" is an optimal solution.

The use of the Agarwala et al. algorithm for inferring trees has been studied in two
papers (see [22] for a study of its use for inferring trees under the Neyman model,
and [4] for a study of its use for inferring trees under the general Markov model).
However, both [22, 4] consider the performance of the Agarwala et al. algorithm with
respect to the wvariational distance metric. Optimizing with respect to this metric is
related to — but distinct from — estimating the tree 7, since it is concerned as well
with the mutational parameters p.

The neighbor joining method [43] is a method for reconstructing trees from distance
matrices, which is based upon agglomerative clustering. It is possibly the most popular
method among molecular biologists for reconstructing trees, and does surprisingly well
in some experimental studies; see, for example, [34, 35].

All these methods are known to be statistically consistent for inferring trees both
under the Neyman 2-state model and under the general r-state Markov model of site
evolution.

3. A framework for the comparison of distance-based methods

Although it is understood that all reasonable distance-based methods will converge
on the true tree given sequences of adequate length, understanding the rate of con-
vergence (as a function of sequence length) to the true topology is more complicated.
However, it is possible sometimes to compare different distance-based methods, without
reference to the underlying model. The purpose of this section is to provide a frame-
work for an explicit comparison among different distance-based methods. We will use
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this technique to compare the 3-approximation algorithm of Agarwala et al. to the
Naive method. Our analysis of these two algorithms shows that on any distance matrix
for which the first algorithm is guaranteed to reconstruct the true tree, so is the naive
method. Since our new method, WAM, is guaranteed to reconstruct the true tree on
any dataset for which the naive method is also guaranteed to reconstruct the true tree,
this analysis also establishes a comparison between the Agarwala et al. algorithm and
WAM.

By the four-point condition (Theorem 1) every additive distance matrix corresponds
to a unique tree without vertices of degree 2, and with positive internal edge lengths,
and non-negative lengths on edges incident with leaves.

Suppose we have a binary model tree 7 with positively weighted internal edges.
Let x be the minimum edge-weight among internal edges, and let D be the associated
additive distance matrix. Let d be an observed distance matrix, and let 4 =L.(d, D).

For every distance-based reconstruction method &, we seek a constant ¢(®) such
that

(@)= sup{c: A<cx = &(d) yields T}.

Lemma 2. (i) Two additive distance matrices D and D' define the same topology if
and only if for all quartets the relative orders of the pairwise sums of distances for
that quartet are identical in the two matrices.

(ii) For every edge-weighted binary tree T with minimum internal edge weight x,
and any 9> 0, there is a different binary tree T' such that L..(D,D’)=x/2+1, where
D' is the additive distance matrix for T’

(iii} Given any n x n distance matrix d, four indices i,j,k,1 in [n], let pij; denote
the difference between the maximum and the median of the three pairwise sums,
dij +du, dig +dy, dif +dg. Let P be the maximum of the py over all quartets
i,j,k, 1. Then there is no additive distance matrix D such that L..(d,D)<P/4.

Proof. Claim (i) is a direct consequence of the four-point condition (Theorem 1).

To prove (ii), for a given T, contract an internal edge e having minimum edge
weight x, obtaining a non-binary tree T’. 7”7 has exactly one vertex adjacent to four
edges. Add x/4 to the weight of each of the four edges. Insert a new edge of weight ¢
to resolve the vertex of degree four, so that we obtain a binary tree 7", different from
T. Let D be the additive distance matrix for 7 and let D" be the additive distance
matrix for 7", It is easy to see that then L.o(D,D’)=x/2 + 9.

For the proof of (iii), let D be an additive distance matrix with L. (d,D)=¢<t/4.
For all quartets i,j,k [, the median and the maximum of the three pairwise sums
induced by i j,k I are identical in D. Now consider the quartet i,/,k,/ for which
Pijir =t. The maximum and the median of the three pairwise sums in d differ by p;u.
In order for the maximum and median of the three pairwise sums to be equal in D,
at least one pairwise distance must change by at least p;;/4. However &< p;u/4,
contradicting the assumption. [






