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Abstract. We examine finite words over an alphabet Γ =
{

a, ā; b, b̄
}

of pairs of letters, where
each word w1w2 · · ·wt is identified with its reverse complement w̄t · · · w̄2w̄1

(
where ¯̄a = a, ¯̄b = b

)
.

We seek the smallest k such that every word of length n, composed from Γ, is uniquely determined
by the set of its subwords of length up to k. Our almost sharp result (k ∼ 2n/3) is an analogue of
a classical result for “normal” words. This problem has its roots in bioinformatics.
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1. Introduction

Let ∆ be a finite alphabet and let ∆∗ denote the set of all finite sequences over ∆, called
words. For s, w ∈ ∆∗ we say that s is a subword of w (s ≤ w) if s is a (not necessarily
consecutive) subsequence of w. (Note, that some authors have called these constructs
“subsequences”, reserving “subword” for consecutive subsequences.) The length of w
is denoted by |w|. The following result was independently rediscovered repeatedly; as
far as we are aware the problem originally was posed by Schützenberger and Simon.
(In the bibliography we try to give the original sources relevant to our problem. It is not
our intention, however, to give a comprehensive bibliography.)

Theorem 1.1. (Simon [8]) Every word w ∈ ∆∗ with at most 2m−1 letters is completely
determined by its length and by the set of all its subwords of length at most m.
∗ This work was supported, in part, by Hungarian NSF, under contract Nos. AT48826, NK62321, F043772,

N34040, T34702, T37846, T43758, ETIK, Magyary Z. grant and by the U.S.D.O.E..
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The pair of words abababa and bababab shows clearly that this result is sharp. In
Simon’s paper it was noted that it suffices to prove the theorem for the two-letter case:
∆ = {a, b}. Perhaps the shortest proof of Theorem 1.1 is due to Sakarovitch and Simon
(see [6, pp. 119–120]); we were influenced by this nice proof.

Levenshtein in his papers [3–5] considers more generalizations of the reconstruc-
tion problem. In [3] the author examines which other sets of subwords or super-words
determine uniquely the original word, in [4] the maximum size of the set of common
subwords (or super-words) of two different words of a given length is given in a recur-
sive way. In [5] every unknown sequence is reconstructed from its versions distorted by
errors of a certain type, which are considered as outputs of repeated transmissions over
a channel, and a minimal number of transmissions sufficient to reconstruct the original
word (either exactly or with a given probability) is given. In both of the latter papers
simple reconstruction algorithms are given.

In this paper we study another version of this problem. Let Γ =
{

a, ā; b, b̄
}

be an
alphabet where the letters come in pairs (called complement pairs); and let Γ∗ denote
the set of all finite sequences, called words, composed from Γ. Define ¯̄a = a, ¯̄b = b and
for a word w = w1w2 · · ·wt ∈ Γ∗ let w̃ = wt wt−1 · · ·w1, the reverse complement of w.
Note that (̃w̃) = w. Now we want to keep the essence of the previous partial ordering,
while, in our poset, each word is identified with its reverse complement.

As in the foregoing theorem, we do not address effective reconstruction essentially;
our concern is the prefatory problem of determining the minimal m such that the sub-
words of length up to m determine each word of length n. In the “classical case” the
reconstruction problem was recently addressed (see, Dress and Erdős [1]). In the re-
verse complement case the problem seems to be more complicated, and no results are
presently available.

Our problem and definitions have biological motivations (for details see [2]). DNA
typically exists as paired, reverse complementary words or strands: The Watson-Crick
double helix, with its four letters, A, C, G and T paired via Ā = T and C̄ = G. Cor-
responding DNA codes could involve the insertion-deletion metric — with bounded
similarity between two strands: The length of the longest subword common either to
the strands or common to one strand and the reverse complement of the other.

Another common task is to decide rapidly and efficiently whether a given DNA
double-strand (for example an erroneous gene, which is associated with illness) is
present in a sample. This setting typically invokes microarrays: Ten thousand or so
of relatively short DNA words (called probes) are fixed on a glass slide. The sample
reacts with the probes, and the probes which bind material from the sample are deter-
mined. We may model this process with our definition, i.e., to say that binding occurs
if the probe is a subword of either strand. One may argue that the physicochemical
laws do not allow each subword of the long DNA word to bind effectively because, for
instance, “blocks” of consecutive matches may be required for binding. Although this
is a perfectly legitimate objection, our aim is to provide additional background for such
applications.

Before we list our main results, let us remark that our problem is a special case of a
general class of problems, in which group orbits substitute for the classes of words and
their reverse complements. The group must have a well defined action on all subwords
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— an induced action based, for instance, on permuting letter identities and letter posi-
tions. (The group considered herein is of order two.) A permutation may, for example,
act on the positions included in subwords through the respective complete ordering.
Thus, one version of the general problem is:

Given the k-spectra of the words for its orbits (the set of subwords of up to length k
occurring in any of these words), find a characterization of all the (permutation) groups
which yield k-spectra one-to-one correspondence with these orbits. For the general
problem, the respective partial order would be inclusion when any member of the orbit
occurs as a subword.

2. Main Results

In this section we formulate our main results. Let us recall that in our partial order
every word is identified with its reverse complement. Therefore, if in this partial order
the word g is smaller than the word f , then it can happen that g is a subword of f or
it is a subword of its reverse complement f̃ . For convenience, if we do not know (or
do not care) which is the case, then we will say that the word g precedes the word f
(g ≺ f ). Let S(m, f ) denote the set of words of length ≤ m, which precede f . We seek
to determine when S(m, f ) uniquely defines f .

One may note essential differences between this and the original problem; here, for
instance, we may have more subwords but we do not distinguish between individual
subwords belonging to a word or to its reverse complement. This difference is evident
when the alphabet consists of a letter and its complement.

Let us consider the following example:

F ′ = ā2k+ε ak and G ′ = ā2k+ε−1ak+1, (2.1)

where ε ∈ {0, 1, 2}, k ≥ 1 and (k, ε) 6= (1, 0). The length of both words is 3k + ε. On
the one hand, the subword ā2k+ε of F ′ satisfies ā2k+ε 6≺ G ′. On the other hand, it is
easy to check that

S
(
2k + ε−1, F ′

)
= S

(
2k + ε−1, G ′

)
.

In this paper we prove the following result:

Theorem 2.1. Every word f ∈ {a, ā}∗ of length at most 3m−1 is uniquely determined
by its length and by the set

D ′( f ) := S(2m, f ).

The proof of this result can be found in Section 4.
The next example illustrates that if our words contain letters from more than one

complement pair, then they are “easier to distinguish”. Consider the following words:

F = ā2k+ε b̄bak and G = ā2k+ε−1 b̄bak+1, (2.2)

where ε ∈ {0, 1, 2} and k ≥ 1 and (k, ε) 6= (1, 0). The length of both words is 3k+2+ε.
On the one hand, the subword ā2k+ε of F satisfies ā2k+ε 6≺ G . On the other hand, it is
easy to verify that

S(2k + ε−1, F ) = S(2k + ε−1, G).

We have the following statement:
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Theorem 2.2. Every word f ∈ Γ∗ of length at most 3m + 1 (m > 1) containing both
(a or ā) and

(
b or b̄

)
is uniquely determined by its length and by the set

D( f ) := S(2m, f ).

The examples abab and abba show that in case of m = 1 the statement is not true.
The proof of this result can be found in Section 5.

Please recognize that due to our definitions, the expression “uniquely determined”
means “uniquely determined, up to reverse complementation”. The statement pertains
to the case of ε = 2 in the example.

3. Easy Consequences

There are some immediate consequences of the results of Section 2. For example in the
case when our words contain letters from one complement pair only, one may formulate
the following result.

Corollary 3.1. Every word f ∈ {a, ā}∗ of length at most n is uniquely determined by

its length and by the set S
(⌈

2(n+2)
3

⌉
, f

)
.

Proof. Let m be the smallest integer such that n ≤ 3m− 1. Then
⌈

2(n+2)
3

⌉
≥ 2m and

Theorem 2.1 applies.

Correspondingly, for the case of words containing letters from two complement
pairs, we have

Corollary 3.2. Every word f ∈ Γ∗ of length at most n containing both (a or ā) and (b

or b̄) is uniquely determined by its length and by the set S
(⌊

2(n+1)
3

⌋
, f

)
.

Proof. The statement is straightforward: Let m be the smallest integer such that n ≤

3m+1. Then
⌊

2(n+1)
3

⌋
≥ 2m, therefore Theorem 2.2 applies.

Our instinct says that Corollaries 3.1 and 3.2 are not sharp. We suspect that the truth
is the following:

Conjecture 3.3. Each word of length at most 3m+2+ ε containing both (a or ā) and
(b or b̄) is uniquely determined by its length and by the set S(2m+ ε, f ). Furthermore,
each word of length at most 3m+ ε containing only a or ā is uniquely determined by its
length and by the set S(2m+ ε, f ).

If our words are self-reverse complementary, then we are back to the original prob-
lem:

Remark 3.4. Let the words f and g ∈ Γ∗ (of length at most n) be self-reverse comple-
mentary, that is f = f̃ and g = g̃. Now if S (d(n+1)/2e, f ) = S (d(n+1)/2e, g) then
f = g.

Proof. If for the word w we have w ≺ f and f = f̃ , then w is a subword of f as well as
of f̃ . Therefore Theorem 1.1 applies.
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For the original problem it was almost trivial that from the result for the case of 2-
letter alphabet one derives an (approximate) result for the case of k-element alphabets
as well. The situation here is similar but the proof requires some work:

Theorem 3.5. Theorem 2.2 remains valid if the word f contains letters from k ≥ 2
different complement pairs.

Proof. We use induction on the number k of different complement pairs present. The
case of two pairs present is Theorem 2.2. Assume that the statement is valid for the case
of k− 1 different pairs present. Let f and g be words with length | f | = |g| ≤ 3m + 1,
and in both words let there be k different complement pairs present. The alphabet is
{a1, ā1, . . . , ak, āk}. Let A1,2, Ā1,2 be a new pair of complementary letters, and f1,2 be
the word derived from f by identifying all occurrences of a1 and a2 with A1,2 and all
occurrences of ā1 and ā2 with Ā1,2. The word g1,2 is derived similarly. The new words
contain letters from k−1 different pairs and D( f1,2) = D(g1,2). The inductive hypoth-
esis gives that f1,2 = g1,2

(
one might need to exchange the names of g1,2 and g̃1,2

)
.

Furthermore, for the subwords f ∗1,2 and g∗1,2 consisting of all occurrences of the let-
ters {a1, ā1, a2, ā2} we have D

(
f ∗1,2

)
= D

(
g∗1,2

)
; therefore, we can apply Theorem 2.2.

Whence f ∗1,2 = g∗1,2 or f ∗1,2 = g̃∗1,2.
In the case of f ∗1,2 = g∗1,2 interleaving f1,2 and f ∗1,2 we can determine f which is

identical to g. In case of f1,2 = g̃1,2 and f ∗1,2 = g̃∗1,2 we can proceed similarly. However,
it can happen that

f1,2 = g1,2, but f1,2 6= g̃1,2, while (3.1)

f ∗1,2 6= g∗1,2, but f ∗1,2 = g̃∗1,2. (3.2)

The value
∣∣ f ∗1,2

∣∣ cannot be odd, since otherwise f1,2

(
| f ∗1,2|+1

2

)
= g1,2

(
|g∗1,2|+1

2

)
, there-

fore f ∗1,2 = g̃∗1,2 cannot occur. So let
∣∣ f ∗1,2

∣∣ = ` be even. From Condition (3.2) it
follows that there is an index j ≤ `/2 such that f ∗1,2( j) = a1, g∗1,2( j) = a2, while
f ∗1,2(` + 1− j) = ā2 and g∗1,2(` + 1− j) = ā1. From Condition (3.1) it follows that
there is a subscript i ≤ (3m + 1)/2 such that f1,2(i) = a3 (therefore g1,2(i) = a3 also
holds) while g1,2(3m + 2− i) = b where b 6= ā3. If b ∈ {a1, . . . , ak}, then introducing
the new letters B1, B̄1, B2, B̄2, substitute all occurrences of a1 and a3 with B1, all oc-
currences of ā1, ā3 with B̄1, all occurrences of the letters a2, a4, . . . , ak with B2, and,
finally, all occurrences of the letters ā2, ā4, . . . , āk with B̄2 in the original words. The
result is the words f B and gB which satisfy the conditions of Theorem 2.2 while clearly
f B 6= gB and f B 6= g̃B, a contradiction.

If, however, b ∈ {ā1, ā2, ā4, . . . , āk}, then we may define a bipartition of the al-
phabet, where letters b and a3 belong to different classes, and letters a1 and a2 also
belong to different classes. Then substitute all occurrences of the letters from the first
class of the bipartition with C1, C̄1 and the letters from the second class with C2, C̄2,
respectively. The new words clearly satisfy the conditions of Theorem 2.2; however,
the consequence of Theorem 2.2 does not hold.

This proof suggests that the existence of letters from more complement pairs de-
creases the necessary subword length in the result.
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Because our approach does not work for very short words, we use the following
enumerative result:

Remark 3.6. Theorems 2.1 and 2.2 were tested by a computer program for short words
(for | f | ≤ 13 and for selected words with | f | ≤ 18) and were found valid. Therefore our
proofs need only address sufficiently long words, allowing reasoning which is effective
above a (usually very small) length.

In the next two sections we prove our main results. The general approach used is
similar to the one in the proof of Theorem 3.5: Identify a subword of the word under
investigation which distinguishes the word and its reverse complement from each other.
Such a subword can identify the word itself. The greater the similarity between the
word and its reverse complement, the harder to find such a subword but, compensating
for this difficulty, the more is known about the structure of such words.

4. The Proof of Theorem 2.1

Assume that f and g are words in {a, ā}∗ of the same length such that

| f | = |g| ≤ 3m−1 and D ′( f ) = D ′(g) = D ′.

Due to Remark 3.4, we may assume that f is not self-reverse complementary. Denote
by A(w) the number of a’s in the word w, and define Ā(w) analogously. Without loss of
generality we may assume that both words f and g are written in the form where A( f )≥
Ā( f ) and A(g)≥ Ā(g). At first assume that A( f ) > A(g), which also means that Ā( f ) <
Ā(g). If A( f ) > 2m, then take an arbitrary subword g′ of g such that A(g′), Ā(g′) ≥
Ā( f ) + 1. It is clear that g′ 6≺ f . If, instead, A( f ) ≤ 2m, then take the subword f ′ of
f containing A(g) + 1 a’s. It is also clear that f ′ 6≺ g and that | f ′|, |g′| ≤ 2m, which
constitutes a contradiction. Therefore, in this proof henceforth we assume that we have

A := A( f ) = A(g) and Ā := Ā( f ) = Ā(g). (4.1)

Before proceeding we introduce one more notion: a word contains a run of length k
when it contains k consecutive copies of a certain letter.

4.1. The Case Ā < A

In this case we know that f 6= f̃ and g 6= g̃, and each subword of f or g containing
at least Ā + 1 a’s obeys these inequalities. All subwords from S(2m, f ), containing
at least Ā + 1 a’s, are subwords of g, because they cannot be subwords of g̃ — and
correspondingly, the analogous statement holds for the subwords from S(2m, g).

Our words f and g can be written in the following form:

f := aI0 āaI1 ā · · · āaIs and g := aJ0 āaJ1 ā · · · āaJs ,

where s = Ā, and any Il or Jl can be zero. If f 6= g, then the subset

L := {l ∈ {0, . . . , s}| Il 6= Jl}
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has at least two elements. Without loss of generality we may assume that I` =
min{Il, Jl : l ∈ L}, i.e., f contains a shortest run — of those letters indexed by L. Then
consider the subword g′ of g containing all its ā’s, containing at least I` + 1 a’s in the
`-th run of a’s, and finally containing, as needed, other copies of a’s so that altogether
there are at least Ā+1 a’s. Then, due to the definition, g′ is not a subword of f , further-
more, by the number of a’s, it is also clear that g̃′ is also not a subword of f . We know
that ∣∣g′

∣∣ ≤ max
{(⌈

A
2

⌉
−1

)
+1+ Ā, 2Ā+1

}
,

since the left argument of the maximum includes, within its parentheses, the largest pos-
sible value for Ik. If |g′| ≤ 2Ā+1 ≤ 2m holds, then there is a contradiction. Therefore
this method shows that D ′( f ) and D ′(g) must be different while Ā+1 ≤ m. Continuing
the proof from now on (in this section) we assume that

Ā > m−1. (4.2)

Hence, in this case
A = 3m−1− Ā≤ 2m−1. (4.3)

Denote by f̄ (a, `) the subword of f containing all a’s and the `-th run of ā’s. By our
assumptions these are subwords of g, but, as we have just seen, not subwords of g̃.
Therefore both f and g can be written in the following forms:

f = ar0 ās1ar1 ās2 · · · āst art and g = ar0 āz1ar1 āz2 · · · āz t art , (4.4)

where r0 or rt can be zero, while r1, . . . , rt−1 and all si and z i are non-zero.
Now we are going to show that for all i we also have si = zi (which, of course,

implies that f = g).
Let F ∈ {x, y}∗ be an arbitrary word and assume it is written in the form

F = xr0 ys1xr1ys2 · · ·yst xrt , (4.5)

where the runs are not empty (except, possibly, the very first and last). That is r0, rt ≥ 0
and all other superscripts > 0. A subword W of F is well recognizable for the pair
x, y if one can reconstruct exactly which letter of W comes from which x- or y-runs
of F. (Reverse complementation is not taken into consideration here. Generally we
will ensure separately that the well recognizable subword’s reverse complement is not
a subword of the original.) It is clear that if the subword W ′ of F contains W as a
subword, then W ′ is also well recognizable. The subword F1 containing one letter from
each run is clearly well recognizable. Even better, if r0 and rt are both non-zero (or,
oppositely, both zero), then the reverse complement of this subword is automatically
not a subword of F. But when F has a large number of runs (say each run consists of
one letter), then one can find much shorter well recognizable subwords.

Proposition 4.1. Let W (F) be the subword of F defined as follows:

(I) W (F) retains at least one x from each x-run.
(II) If r0 or rt > 1, then W (F) contains one x from the respective run and one y from

the neighboring y-run.



422 P.L. Erdős et al.

(III) From all other x-runs with precisely two letters, let W (F) contains both.
(IV) From all other x-runs with at least three letters, W (F) contains one x from the

run and one y from both adjacent runs.
(En1) If between two previously chosen y’s there are only two-letter x-runs, then keep

one x from each of these runs and take one element from each y-run in-between.
(En2) From every run of y’s, remove all but one.

Then the resulting W (F) is a well recognizable subword of F for the pair x, y.

(The two last procedures enhance the previously constructed well recognizable
words, that give their different kinds of names.) Proposition 4.1 may be thought of
as an algorithm, whose six steps are applied sequentially in a single pass. Thus, its va-
lidity is evident. Let us remark that without operation (En1) the subword W (F) would
be still a well recognizable subword, but this operation decreases the number of letters
by one with each application. Note that W (F) never has more letters than the total
number of runs in f and neither is it ever shorter than the number of x-runs. However,
this construction is sensible for one-letter runs and in their presence it produces well
recognizable words with fewer letters than the total number of runs.

Note also that any well recognizable subword of f in Condition (4.4) is also a well
recognizable subword of g.

Assume now that f 6= g, that is the series s1, . . . , st and z1, . . . , z t are different. Then
the set

L := {l ∈ {1, . . . , t} | sl 6= z l}

has at least two elements, since the total number of ā’s are the same in both of our
words. Without loss of generality we may assume that z` = min{sl , z l : l ∈ L}. At first
take the subword f1 of f containing all its a’s and z` + 1 ā’s from the `-th ā-run. This
word is clearly a well recognizable one, and, due to A > Ā, its reverse complement is
not a subword of f or g. Therefore, if A+ z` +1 ≤ 2m, then f1 ∈ D ′( f ) but f1 6∈ D ′(g),
a contradiction.

If, however, this is not the case, then | f1| = 2m+α and

A = 2m+α− (z` +1), (4.6)

Ā = 3m−1−A = m−α+ z`,

where α≥ 1. By the minimality of z` there is another ā-run in f with at least z` elements.
Therefore there are at most

t ≤ 2+ Ā− (2z` +1) = m+1− (z`+α) (4.7)

ā-runs in the word f , and there is at most one more: that is, at most m+2− (z`+α) a-
runs in f .

Recall that the subword f1 is not in D ′( f ) because it has α extra letters and z` ≥
α ≥ 1 (viz. (4.6)).

Assume at first that r0, rt > 0. Then consider the subword f2 of the word f contain-
ing one letter from each run except the `-th ā-run, which contains z` +1 ā’s. This word
is well recognizable, and f̃2 is not a subword of f or g because they do not contain
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enough ā-runs. Furthermore, f2 is also clearly not a subword of g, since in the `-th
ā-run there are too many letters. Due to (4.7) we know that

| f2| ≤ 1+2t + z` ≤ 1+2 [m+1− (z`+α)]+ z` = 2m+3−2α− z` ≤ 2m,

since z` ≥ α ≥ 1. Therefore f2 ∈ D ′( f ) but f2 6∈ D ′(g), a contradiction.
If r0 = rt = 0 then we can repeat the previous reasoning since f̃2 is not a subword

of f or g because there are not enough a-runs in them. If, say, r0 > 0 and rt = 0, then
we cannot rule out that the reverse complement of f2 is a subword of g. In this case
there are precisely t (≤ m+1− (z`+α)) a-runs in f . Construct the subword f3 of f
as follows: it contains one letter from each run except the `-th ā-run, which contains
z` +1 ā’s. Then f3 looks like f2 but it has one fewer element, due to rt = 0. It is a well
recognizable subword of f but not a subword of g. Its length is

| f3| = 2t + z` < | f2|,

therefore also f3 ∈ D ′( f ). In general, this would yield a contradiction, but if rt−` > z`,
then f̃3 could be a subword of g. But then let f4 be constructed from f3 by adding
z` more a letters to the (t − z`)-th a-run. This f4 is clearly a subword of f but not a
subword of g or g̃. Finally

| f4| = | f3|+ z` ≤ 2m+2−2α≤ 2m.

Therefore f4 ∈ D ′( f ) but 6∈ D ′(g), a contradiction. The case Ā < A is proved.

4.2. The Case Ā = A

In this case we can prove a slightly stronger version of Theorem 2.1: we can suppose
that | f | ≤ 3m. Now | f | = |g| is even, i.e., m = 2k and the two words are of the form

f = ar0 ās1ar1 ās2 · · · āst art and g = aR0 āz1aR1 āz2 · · · āzT aRT , (4.8)

where r0 + · · ·+ rt = s1 + · · ·+ st = R0 + · · ·+RT = z1 + · · ·+ zT = A = 3k and at least
one of r0, rt and at least one of R0, RT is positive, otherwise we exchange the names of
f and f̃ , and similarly for g as well. Now without loss of generality we may assume that
r0 > 0. Then in g we have R0 > 0. Otherwise the subword aāA of f does not precede g
(since there are not enough ā’s after the first a in g, and not enough a’s before the last ā
in g̃ ).

If rt > 0 also holds, then consider the subword f1 = āAa. If 3k + 1 ≤ 4k then f1 ∈
D ′( f ) but f̃1 is not a subword of g, since there are not enough a’s after the first ā in
g. Therefore f1 itself is a subword of g and we have RT > 0; otherwise, there are not
enough ā’s before the last a in g. It also means that f1 is a well recognizable subword
of f and g as well. Therefore rt = 0 ⇔ RT = 0. (If, however, | f | ≤ 4, then applying
Remark 3.6 completes the proof.)

Assume at first that
rt , RT > 0. (4.9)

Denote by Fi the subword of f derived from f1 by inserting one a from the i-th a-run.
If A ≥ 6 then Fi ∈ D ′( f ). These words together, for all i, describe the length of the
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ā-runs in f , and all those runs are the complete union of some consecutive ā-runs in
g. Repeating the process with g, yielding Gi’s, we have the similar correspondence
between the ā-runs of f and g. Therefore the ā-run structures of f and g are identical:
t = T , and si = z i; i = 1, . . . , t. (If A ≤ 5 then Remark 3.6 finishes the proof.) Therefore
our words are of the form

f = ar0 ās1ar1 ās2 · · · āst art and g = aR0 ās1aR1 āz2 · · · āst aRt . (4.10)

Assume now that f 6= g: that is, the series r0, . . . , rt and R0, . . . , Rt are different. Then
the set

L := {l ∈ {0, . . . , t} | rl 6= Rl}

has at least two elements, since the total number of a’s is A in both words. With-
out loss of generality we may assume that R` = min{rl , Rl : l ∈ L}. Consider the f -
subword f2 = ās1+···+s`aR`+1ās`+1+···+st a. This is clearly neither a subword of g nor of
g̃. Therefore A + R` + 2 > 4k, implying that R` ≥ k − 1. Due to the selection pro-
cedure for R` there is another a-run in f of length at least R`. Then all the other
a-runs in f altogether contain ≤ 3k− (2R` + 1) letters; hence the numbers of ā-runs
are limited: t ≤ 3k − 2R`. Let the subword f3 contain one letter from each differ-
ent run in f , and contain R` more letters from the `-th a-run. This word has at most
2(3k−2R`)+1+R` = 6k−3R` +1 ≤ 3k +4 letters (here we used R` ≥ k−1). Since
f3 is a subword of f but does not precede g and this is a contradiction (unless k ≤ 2,
when | f | ≤ 12 and Remark 3.6 applies; or k = 3 and the length of word f ’s a-runs are
3, 2, 1, 1, 1, 1 which allows again the use of Remark 3.6), Theorem 2.1 is established
for this case.

From now on we assume that (4.9) does not hold: that is we have

rt = RT = 0. (4.11)

(Let us recall that at that point we do not know whether the number of runs in f and
g are equal or different.) Let f (a; i) denote the subword of f containing all its a’s,
furthermore one ā from the i-th ā-run of f ; i = 1, . . . , t.

Claim: Every f (a; i) is a subsequence of g or every f (a; i) is a subsequence of g̃ or
both hold.

Indeed, if every f (a; i) is a subsequence of both words then there is nothing to
prove. Therefore assume that there is an index i such that f (a; i) is a subsequence of
g but not of g̃. Then for all indices l 6= i the subword f (a; l) is also a subword of g.
Indeed, if there is an index l, such that the subword f (a; l) was a subword of g̃ but not
of g, then consider the analogous subword f (a; i, l) of f , containing altogether A + 2
letters (all a’s and one letter from the i-th and one from the l-th ā-run). This would
not be a subword either of g or g̃, a contradiction, if A ≥ 6 (if A < 6 then Remark 3.6
applies). The Claim is proved.

Therefore we may assume that all f (a; i) are subwords of g; therefore t ≤ T , and
one can make t groups g∗1, . . . , g∗t of consecutive a-runs in g such that the total length
of a-runs within g∗j is equal to s j . Repeat the whole process for the subwords g(a; i). It
still might be necessary to substitute f̃ for f , but due to (4.11) this already implies that
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t = T. (4.12)

But from this equation it also follows that each g(a; i) is a subword of f , since they are
just the image in g of the subwords f (a; i). Therefore we also have ri = Ri for all i.

Now repeat the whole process for the analogous subwords f (ā; i) of f . This yields

(si = zi, for all i) or (si = Rt−i, for all i) .

In the first case the proof is complete. Assume that this is not the case. Then the second
relation series holds. But repeating the whole process again for the analogous subwords
g(ā, i) then we get that zi = rt−i, for all i. Since we have ri = Ri it follows that si = zi
for all i, which contradicts our assumption, and Theorem 2.1 is proved.

5. Proof of Theorem 2.2

In this section, for conciseness, we will use the notation â for both a and ā and b̂ for
both b and b̄, when the actual value of â or b̂ is immaterial. With this notation every
word of Γ∗ can be considered as a word from

{
â, b̂

}∗
. Assume that f and g are words

in Γ∗ of the same length such that

| f | = |g| ≤ 3m+1 and D( f ) = D(g) = D. (5.1)

Without loss of generality we may also assume, due to Remark 3.4, that at least one of
the two words, say g, is not self-reverse complementary. Furthermore let

p = max{|s| : s ∈ D∩ â∗} and q = max
{
|s| : s ∈ D∩ b̂∗

}
.

Without loss of generality we can assume that q ≤ p. Let f (a) denote the subword
of f consisting of all â’s. The notation f (b), g(a), and g(b) are analogous. Then, by
definition, | f (a)| ≥ p and | f (b)| ≥ q; hence

2q ≤ p+q ≤ | f (a)|+ | f (b)| = | f | ≤ 3m+1,

and consequently q ≤ 3m+1
2 < 2m if 1 < m. This implies that | f (b)| = |g(b)| = q. It

also implies that | f (a)| = |g(a)| holds. We remark that | f (a)| may exceed p.
(
Note

that if q is odd, then the subwords containing all b̂’s are different from their reverse
complements.

)

Due to these properties there exist non-negative integers t, T ; i0, . . . , it ; r1, . . . , rt ;
j0, . . . , jT ; and R1, . . . , RT such that

f = âi0 b̂r1 âi1 · · · b̂rt âit and g = â j0 b̂R1 â j1 · · · b̂RT â jT , (5.2)

where t can be equal to T , and i0, it , j0, jT can be zero, while all other superscripts are
nonnegative integers, and, furthermore, where i0 + · · ·+ it = j0 + · · ·+ jT = | f (a)| and
r1 + · · ·+rt = R1 + · · ·+RT = | f (b)|. Since q ≤ 2m, the subwords f (b) and g(b) belong
to S(2m, f ) = D; therefore f (b) = g(b) or f (b) = g̃(b), or both. Let us remark that we
have our general form (4.5) with letters â and b̂; therefore Proposition 4.1 applies to
these words.

For two words w and u denote by w ' u if both of w ≺ u and u ≺ w hold. The
following observation will be useful later.
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Proposition 5.1. Assume that T = t, ik = jk for k = 0, . . . , t and rl = Rl for l = 1, . . . , t,
and furthermore f (a) ' g(a) and f (b) ' g(b). Then f ' g.

Proof. Suppose instead that f 6= g and f 6= g̃. We can obtain f by interleaving the runs of
f (a) and f (b). Since f 6= g it is easy to see that we must get g from the runs of f̃ (a) and
f (b). If at least one of f (a) and f (b) is self-reverse complementary, then we get f = g̃
or f = g, a contradiction. Suppose now that f (a) 6= f̃ (a) and f (b) 6= f̃ (b). Then due to
Theorem 1.1 there exists a subword a∗ of length at most d(| f (a)|+1)/2e, such that, say,
a∗≤ f (a), but a∗ � f̃ (a). We get b∗ of length at most d(| f (b)|+1)/2e similarly. Now let
f∗ be the word obtained from interleaving a∗ and b∗. Clearly f∗ ≺ f but f∗ ⊀ g. Hence
if | f | > 7, then | f∗| ≤ d(| f (a)|+ 1)/2e+ d(| f (b)|+ 1)/2e = d( f + 2)/2e = d(3m +
3)/2e ≤ 2m, a contradiction. (The cases | f | ≤ 7 are covered by Remark 3.6.)

Next we are going to show that the conditions of Proposition 5.1 hold.
At first we show that the run structures in f (b) and in at least one of g(b) and g̃(b)

are identical. Denote by f (b; `) the subword consisting of all its b̂’s and one letter from
the `-th â-run. Since | f (b; `)| ≤ 2m, m > 1, this belongs to D( f ) = D(g).

Claim: Every f (b; `) is a subsequence of g or a subsequence of g̃ or both hold.
Indeed, if every f (b; `) is a subsequence of both words then there is nothing to

prove. Therefore assume that for a particular k the word f (b; k) is a subword of, say,
g but not of g̃. Then for all ` the words f (b; `) are subwords of g as well. Indeed, if
there is a j 6= k such that f (b; j) is a subword of g̃ but not of g, then the f -subword
f (b; k, j), defined analogously, is not a subword of either g or g̃. Because | f (b; k, j)| ≤
(3m+1)/2+2, this yields a contradiction for m ≤ 5. (The cases m ≤ 4 are covered by
Remark 3.6.) The Claim is proved.

So we can assume that every f (b; `) is a subsequence of, say, g. Therefore t ≤ T ,
and one can construct t groups g∗1, . . . , g∗t of consecutive b̂-runs in g such that the total
length of the b̂-runs within g∗j is equal to r j . Repeat the whole process for the subwords
g(a; i). It is possible that we had to substitute f̃ for f , but this already implies that
t = T . But from this equation it also follows that each g(a; `) can be chosen to be a
subword of f since, as we know, the subwords f (a; i) can be found in g. Therefore we
also have ri = Ri for all i and

f = âi0 b̂r1 âi1 · · · b̂rt âit and g = â j0 b̂r1 â j1 · · · b̂rt â jt , (5.3)

where the b̂-runs with the same superscripts are identical. Furthermore, we also know
that the number of non-empty â-runs in f and g are equal as well. Indeed, if the multiset
{i0, ir} has no fewer non-zero elements than the multiset { j0, jr}, then the word con-
taining one â from the nonempty runs indexed by the first multiset and f (b) establishes
this relation. Therefore the number of non-empty â-runs in f and g is the same, say r ′:
equal to t −1, t or t +1.

It remains to prove that f (a) ' g(a) and that g can be written in a form such that
ik = jk for all possible k.

(
Note that if one must interchange g and g̃ then we will show

that in that case f (b) = f̃ (b).
)

5.1. The Case q = 1
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Let us start with the special case q = 1. Now without loss of generality we may assume
that both words are written in the form where b̂ = b (otherwise we can take the reverse
complement form of the word). Now any subword of f containing the letter b should
be contained in g in its original form because changing the subword into its reverse
complement would change b into b̄. Since | f (a)| = |g(a)|, i0 + i1 = j0 + j1.

If the multisets {i0, i1} and { j0, j1} were different, then there would exist a unique
smallest element within them, say, the i1: we have i0 > j0, j1 > i1. Take a subword u
of g of the form

u = bâi1+1.

This subword clearly does not precede f (there are not enough â’s after b in the word
f ). Since |u| ≤ (3m+1)/2 ≤ 2m, m > 1, therefore D( f ) 6= D(g), a contradiction. The
ordered pairs (i0, i1) and ( j0, j1) coincide. Denote by f0 the longest simple subword of
f ending with b and by f1 the longest subword of f starting with b. The definitions of g0
and g1 are similar. Now f0 and g0 are words of the same length, and all their subwords
of length ≤ 2m, ending with b coincide as well. Denote by f ∗0 and g∗0 the same words
without their b terminuses. Then we know that all subwords of length

⌈
(| f ∗0 |+1)/2

⌉

of f ∗0 and g∗0 are the same over the alphabet a, ā, in the simple subword relation. Ap-
plication of Theorem 1.1 gives that f ∗0 = g∗0 in the original ordering. Furthermore, the
same applies to f ∗1 and g∗1; therefore we have proved that f = g.

From now on we assume that 1 < q ≤ (3m+1)/2. Therefore | f (a)|= 3m+1−q≤
3m−1. Now considering the elements âk ∈ D and applying Theorem 2.1 we get that

f (a) ' g(a).

The only remaining goal is to prove that the â-structure of the words are the same, i.e.,
ik = jk for all k.

5.2. The Case 1 < q ≤ m+1

Proposition 5.2. If 1 < q ≤ m+1 and there are two indices ` ∈ {0, . . . , t} for which

q+ i` > 2m, (5.4)

then we have t = 2, q = m+1, i0 = i1 = j0 = j1 = m.

Proof. Indeed, if q ≤ m and if there are two distinct indices k 6= l satisfying (5.4) then

q+ il +q+ ik ≥ 2m+1+2m+1;

therefore
q+ il + ik ≥ 4m+2−q≥ 3m+2 > | f |,

a contradiction.
If, however, q = m+1 and i0 = i1 = m, then j0 = j1 as well. Otherwise we would

have, say, j0 < i1 < j1. Then a g-subword consisting of one letter from the middle b̂-run
and i1 + 1 letters from the j1-run is clearly shorter than 2m but does not precede f , a
contradiction. Let us remark that in this case Proposition 5.1 is applicable directly, and
Theorem 2.2 is proved.
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If there is precisely one index ` satisfying (5.4), then the corresponding run will
be called a long run, while the other runs are called short. Denote by f ∗(b; k) the f -
subword consisting of all its b̂’s and the complete k-th â-run. For short runs the length
of these words is at most 2m; therefore these belong to D( f ) = D(g). Assume for a
moment that f (b) = g(b) 6= g̃(b). Then f ∗(b; k) is not a subword of g̃ for any short
run, and therefore we can find equality of the lengths of the short runs, i.e., ik = jk
for short runs. Furthermore, because of Proposition 5.2 (i) there is only one â-run (the
`-th), whose length can not be ascertained from the subwords, but then |i`|= (3m+1−
q)−∑k 6=` |ik| = (3m+1−q)−∑k 6=` | jk| = | j`|, which completes the proof in this case.
Therefore from now on we assume that

f (b) = g(b) = g̃(b)

holds as well. (We also know that q = | f (b)| is even, but this is not important.)

Case 1. Assume at first that there is a long run in the word f and this is the `-th
one. Then g also has at least one long run. Indeed, let u1 denote an (2m− q)-letter
subword of the long run. Then the f -subword f (b)∪u1 belongs to D(g), and the image
of u1 is contained in a long â-run of g. However, g cannot contain two long runs,
otherwise Proposition 5.2 would apply, a contradiction. Therefore g contains exactly
one long run and we may assume that f and g contain their respective long runs at
the same index `. Let us assume now that ` 6= t − `. Then denote by f ∗` the subword
containing everything except the `-th and (t − `)-th â-runs. This has at most 2m letters,
and therefore belongs to D( f ): that is, it precedes the analogously defined g-subword
g∗` . Similarly g∗` precedes f ∗` . Consequently we know that f ∗` ' g∗` . This means that

(a) f ∗` = g∗` , or
(b) f ∗` = g̃∗` ,

or both. But all the three possibilities imply that i` + it−` = j` + jt−`. If (b) does not
hold then there is a k 6= `, t − ` such that f̃ (b; k) is not a subword of g(b; t − k). But
since it−k 6= 0, the subword f (b; k, t − `) (consisting of all b̂’s and one element of the
k-th and one element of the (t − `)-th â-runs each) which is not longer than 2m, is
therefore a subword of g(b; k, t − `), and vice versa, which shows that Proposition 5.1
is applicable. If, however, (b) holds but (a) does not, then there is a k such that f (b; k)
is not a subword of g(b; k). Then let u denote an 2m− q− ik element subword of the
long run in f . Let f ′ be the word consisting of u and f (b; k). This is not a subword of
g but also not a subword of g̃(b; t − k, t − `) unless q is very close to m and jt−` is also
close to m. But then we have a small run-number r and then there is a well recognizable
subword of f with at most 2r + 1 letters and repeating the previous reasoning we get
the contradiction.

We now come to the case when ` = t − ` and t is odd. But then if f ∗` has at most
2m letters, which allows us to show as before that f ∗` ' g∗` , and then we can apply
Proposition 5.1 again. If this is not the case then we have q = m + 1 and i` = m. If
we have at least four non-empty â-runs then for all k 6= ` we have f (b; k, t − k) '
g(b; k, t − k), showing that i` = j`. Furthermore, it is impossible, as usual, that for
k1, k2 we have f (b; k1, t−k1) = g(b; k1, t−k1) while f (b; k2, t−k2) = g(b; k2, t −k2).
(We can use the previous technique again.) So Proposition 5.1 is applicable again.
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Case 2. Next suppose that there is no long run. Then all f (b; k) ∈ D( f ) = D(g).
Assume that for all k the subword f (b; k, t − k) has length ≤ 2m. Then for all k we
have f (b; k, t − k) ' g(b; k, t − k). Moreover, as usual, we can show that if there is
a k such that f (b; k, t − k) is equal to g(b; k, t − k) but not to its reverse complement;
then for all other l 6= k we also have f (b; l, t − l) = g(b; l, t − l). Indeed, if this is
not the case then there is a subword f1 of f (b; k, t − k) with at most d(ik + it−k)/2e
letters from its â-runs showing that f (b; l, t − l) 6= g̃(b; l, t − l). Similarly, there is a
subword f2 of f (b; l, t − l) with at most d(il + it−l)/2e letters from its â-runs showing
that f (b; l, t − l) 6= g(b; l, t − l). Putting together these two subwords we get a word
from D( f ) which does not belong to D(g), a contradiction, except that q = m + 1 and
both â-run pairs contain exactly m−1 letters, where m is odd. But again, we can find a
well recognizable word with ten letters, and repeating the whole process we are done.

So what remains is that we have an ` such that q + i` + it−` > 2m. Then for all
other k 6= `, t − ` we have f (b; k, t − k) ' g(b; k, t − k). (Otherwise we have four non-
empty â-runs, and finding a well recognizable word with eight letters finishes the proof.)
Again we can show that, say, f (b; k, t − k) is equal to g(b; k, t − k). Of course, we get
that i` + it−` = j` + jt−`. Then the multisets {i`, it−`} and { j`, jt−`} are the same.
Otherwise there would be a clear maximum, say i` and then f (b; i`) does not precede g,
a contradiction. So we are done except that i` = jt−` 6= j` = it−`. If for all k 6= `, t−` we
have f (b; k, t − k) = g̃(b; k, t − k), then we can apply Proposition 5.1 to obtain f = g̃,
or there is a k which does not satisfy this. As usual, we can construct a subword of
f with d(ik + it−k)/2e+ d(i` + it−`)/2e letters from the respective â-runs which does
not precede g: a contradiction, except that again those four runs contain all the â’s.
Repeating the reasoning, we can construct a well recognizable word of length at most,
say, 10. So the case 1 < q ≤ m+1 is solved.

5.3. The Case q > m+1

In this case we have p = | f (a)| ≤ 2m−1. Therefore any subword fk consisting of f (a)

and an arbitrary letter from the k-th b̂-run belongs to D( f ). If f (a) 6= f̃ (a) then it also
means that for all k the subword fk is a subword of g, and therefore for all k we have
ik = jk. Proposition 5.1 completes the proof.

So we may assume that f (a) = f̃ (a). Suppose that there is a k such that fk is a
subword of g but not of g̃. Assume furthermore that there is an ` such that f` is a
subword of g̃ but not of g. (If this second subword does not exist then we already have
that the lengths of the â-runs in f and g are identical.) Let fk, ` denote the “union” of
the former two subwords, then it is a subword of f but not a subword either of g or of
g̃. If q > m + 2 then fk, ` ∈ D( f ) therefore it is a contradiction and we are done. But
q = m+2 can not be true, otherwise p = 2m−1 would hold, and therefore f (a) 6= f̃ (a),
a contradiction. Theorem 2.2 is fully proved.
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