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Abstract. Almost 30 years ago, M. Schiitzenberger and L. Simon established that two n-words
with letters drawn from a finite alphabet having identical sets of subwords of length up to |n/2] +1
are identical. In the context of coding theory, V.I. Levenshtein elaborated this result in a series
of papers. And further elaborations dealing with alphabets and sequences with reverse comple-
mentation have been recently developed by P.L. Erd6s, P. Ligeti, P. Sziklai, and D.C. Torney.
However, the algorithmic complexity of actually (re)constructing a word from its subwords has
apparently not yet explicitly been studied. This paper augments the work of M. Schiitzenberger
and L. Simon by showing that their approach can be reworked so as to provide a linear-time
solution of this reconstruction problem in the original setting studied in their work.
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1. Definitions, Notations and Results
We consider

e foreach n € N, the index set [n] := {1, 2,..., n},
e afinite alphabet A, i.e., just a finite non-empty set,

e and words w = ajay---a, of length n with letters ay, az, ..., a, drawn from the
alphabet A, i.e., maps w: [n] — A from [n] into A. For any such word, we denote its
length n also by ||w|| and, for any j € [n], its restriction to the subset [j] of [n] by
Wil
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For any k € N and a € A, we write a* for the word w of length k with w(i) = a for
alli=1,..., k. And for any two words w; € Al and wy € Al of length ny and ny,
respectively, we write wi o w» for the concatenation of wi and w, defined by

Wl(i), if i <ny,
wiowy: [n1+m] —A:i—
Wz(i—nl), ifi > ny.

Further, for any word w € Al of length n with entries from A and any letter a € A, we
put
w (@) :={ie [n]|w(i) =a} and ||w|, :=#w"'(a),

and for any w and a as above and any & € [||w||4], we let i, (k) denote that index j € [n]
for which w(j) = a and ||w)||» = k holds, i.e., the index j of the k’s copy of a in w or,
equivalently, the smallest index j € [n] with [[wy;[[s > k:

Jwla(k) =min(j € [n]: [jw(;lla = k).
In particular,
min (wil(a)) :jw‘a(l) and max (w’l(a)) :jw‘a(ﬁ)

holds for every a € A with ||w||, > 0 and £ := ||w||,.

Clearly, given any word w € Al of length n, any number £ € [n], and any letter a € A
with ||w||, = £, there exists a unique sequence

wo(a), wi(a),..., wi(a)
of words (possibly of length 0) with

w=wp(a)oaowi(a)oa---oaow(a).

It is also obvious that ||wi(a)|l, = 0 holds forall k =0, 1,..., ¢, and that

4
Jwla() =k+ Y [lwi-1(a)|| and n=£+Y [lwi(a)]] (1.1)
iclk i=0

|

holds for all k € [¢] for these words wo(a), wi(a),..., we(a).

Further, knowing the length || w|| of a word w as well as, for all but one a € A, the number
[|wl|a of copies of @ occurring in w and the [|[w||, indices j,jo (1), jiwia(2);-- -5 Jwa(W]la)
encoding where the letter a occurs in w — or (cf. (1.1)) just as well the sums
Yicpg llwi-1(a)| for all k € [|w]|,] — is equivalent to knowing w.

Next, given any n € N, any alphabet A, and any word w = ajas---a, in Al as above,
we define the subset () of A"l for every m € [n] by

w .. . . . .
( >:—{ailaiz---aimhl,zz,...,szN,1§11 << <ipy<n}.
m
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Any word v in (') will be called a subword of length m of w.

We define Schiitzenberger’s Guessing Game to be the task of correctly reconstructing,
in a systematic fashion, a word w € Al of length n from answers to queries about its
subwords of length m, for some fixed m € N. It follows from results of Schiitzenberger
and Simon (cf. [5]) and Levenstein (cf. [2, 3]) that one can always reconstruct w from
answers to sufficiently many such queries in case 2m > n holds™. The shortest known
proof can be found in the Bible of Formal Language Theory edited by M. Lothaire
(cf. [4]). Here, we will consider queries of the following three types:
(i) Whatis [[w: m||, :=max (||[v[|a: veE (1))?
(ii) Whatis j,(w|m|k) := max (min (v~'(a)): ve (), |v]la = k)?
(iii) Whatis j(w|m|k) := min (max (v='(a)): ve (), |Iv|la = k)?

Noting that ||w||, < m must hold for all but at most one letter a € A in case 2m > n, we
will show that the following holds:

Theorem 1.1. Given an alphabet A and two integers n, m € N with 2m > n, any word
w e Al can be reconstructed from answers to #A queries of the type (i), and |n(1 — #14 )]
queries of type (ii) and (iii), each.

Clearly, this theorem follows immediately from the following two results:

Proposition 1.2. With A, n, m, w as in Theorem 1.1 and a any letter in A, one has
min(||wlla, m) = [jw: m|a,

and, therefore,
[Wlla = llw: ml|a

in case ||w||a < m, while

holds in case ||w||q > m. In particular, |w||, can be determined for all a € A from
answers to exactly #A queries of type (1).

Proposition 1.3. With A, n, m, w, a as above, £ := |w||, < m, and k € [{), one has either

Jawlmlk) >k and Y |wi_1(a)|| = ja(w|m|k) +n—L—m
i€[k]

or

Jawlmll —k+1) <m+k—{ and Z [lwi—i(a)|| = ja(w|m|€ —k+1)—1.
ic[k]

T Yet not always in case 2m < n: E.g., if A = {a, a>}, one has (V:n‘) = (”fnz) = A"l for the two words
wi i=ajaxaiay - --ayaz and wy 1= axajaza - - - aza; of length 2m.
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2. Proofs

The first proposition is fairly obvious. To establish the second one, we proceed as
follows: To simplify notation, we put w; := w;(a) forall i =0, ..., ¢ and, following [4],
we note that any subword v of w of length m with ||v||, > k for which min (v~'(a)) is
as large as possible, must be a subword of the word

w = (woowy---owp_g) o (aOW_kr10a0W_420---0aowy),
one gets from w by dropping all but the last k copies of a in w. Thus, if

Y wiall<m—k Q.1
i€[l—k+1]

holds, the required subwords v of w are necessarily of the form
V=wpowj---owy_roaoV
for some subword v’ of length m — (14 Yc (s 1 [|wi-1]]) of the word
Wi k410AOWy_120--0aOWy,
with ||V/||, = k — 1, implying that

Jawlmlk) =1+ Y [wii]|
i€[l—k+1]

must hold in this case. Otherwise, Y¥ic(¢—k41] [|wi—1]| > m —k holds and the required

subwords v of w are necessarily of the form v =1’ o a* for some subword v/ of length
m—k of woowy---owy_y, implying that

Jawlmlk) =m—k+1
holds in this case. So, we always have

ja(w|m|k):1—|—min( Z |\w[,1||7m—k),
i€[l—k+1]

or, equivalently,
Y Awictll = ja(w|mlk) —1, (2.2)
i€[l—k+1]
with equality holding unless Y;c (¢ 1] [[Wi—1]| > m —kand j,(w|m|k) —1 > m—khold,
in which case,
JaWlmlk) =1=m—k< Y [lwi1]| (2.3)
i€[l—k+1]

must hold. Replacing k by ¢ — k+ 1 in (2.2) we see that

Y [witll = ja(wlmlk) +n— £ —m
i€[k]
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holds unless we have m +k — £ < Ycry [[wi-1]| and jo(w|m|¢ —k+1) > m+k— L.

Similarly, any subword v of w of length m with ||v||q > k for which max (v~!(a)) is as
small as possible, must be a subword of the word

w' = (wpoaowio---owr_j0a)o (Wrowg - wp),
one gets from w by dropping all but the first k copies of a in w. Thus, if
l
m—k=Y il =n—t= ¥ wii,
i=k i

i€[k]

or, equivalently,

Y lIwicill >n—m—t+k (2.4)
i€[k]

holds, the required subwords v of w are necessarily of the form
v=1"oaowrowiiwy

for some subword v/ of wpoaow;jo---oaow,_; of length m — 1 — ¥, ||[wi|| with
[IV'|le = k— 1. So, we must have
4
Jawlmlk) =m =Y |lwill =m—n+0+ Y |lwi1] > &
i=k ic[k]

in this case, while j,(w|m|k) = k must hold in case

m—n+l+Y |lwi1]| <k
i€[k]

In other words, we have

Jawlmlk) =m—n+£+ Z Wit
iclk]

unless j,(w|m|k) = k and

‘
Ylwill =n—£=Y [winil| >m—k (2.5)
i=k ic[k]

holds.

However, either j,(w|m|k) > k or j,(w|m|¢ —k+1)—1 <m+k—{—1 must always
hold because, otherwise, our analysis shows that m — £ +k < Y'/_, ||wi|| <n—£f—m+k
would hold, in contradiction to 2m > n.
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It seems fairly obvious that, provided all one can ask for are the numbers
(lw: ml|a, jo(w|ml|k), and j,(w|ml|k),

one can not do much better. However, if one can also ask for specific words vy in
(™) with ||vi||s > k and min (vfl(a)) = ja(w|ml|k) and/or words v, with ||v2||, > k and
max (v ! (a)) = ja(w|m|k), a much smaller number of queries (yet depending on the
specific word w that is to be reconstructed) might do. E.g., if there exists some a € A
with £ := |lw: m||, < m, some k € [{], some word v; € (V) with [[v1]| > ¢—k+1and
min (v, '(a)) = ja(w|m|€ —k+1) of the form v} oa’~**!, and some word v, € (') with
[v2]la > k and max (v, ' (a)) = ju(w|ml|k) of the form a¥ oV}, then w =V} 0@ oV must
hold. It might be of some interest to investigate further such cases as well as, e.g., the
a\[/e]rage number of queries of this more specific type needed to reconstruct the words in
Al

A closely related problem is to identify words of length n over a finite alphabet with re-
verse complementation. This problem arises in the context of molecular genetics where
it is, more specifically, related of the problem of constructing efficient microarray as-
says. It has recently been shown by P.L.. Erd&s et al. (cf. [1]) that, in this case, subwords
of length up to roughly 2n/3 are necessary to identify the words. The complexity issue
of the corresponding version of M. Schiitzenberger’s guessing game seems to be more
involved and will be addressed in subsequent papers.
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