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Abstract

We prove that the class of functions with the Baire property has
the weak difference property in category sense. That is, every func-
tion for which f(z+h)— f(x) has the Baire property for every h € R
can be written in the form f = g+ H + ¢ where g has the Baire prop-
erty, H is additive, and for every h € R we have ¢(z+ h) — ¢(x) # 0
only on a meager set. We also discuss the weak difference property of
some subclasses of the class of functions with the Baire property and
the consistency of the difference property of the class of functions
with the Baire property.

1 Introduction

Let R denote the set of real numbers and let F' be a class of real
valued functions. We say that F' has the difference property if every
function for which

flx+h)—f(x)e F
holds for every h € R can be written in the form
f=9+H
where g € F' and H is additive, that is
H(z +y) = H(z) + H(y)
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holds for every x,y € R. For a real h we shall write

Anf(z) = fx+h) = f(z)

for the difference functions.

Many function classes have the difference property, but the class of
Lebesgue measurable functions does not if we assume the continuum
hypothesis (see [5] or [6] for details). However, it was conjectured by
Erdds that every function f : R — R for which Ay, f is measurable for
every h € R is of the form f = g+ H + ¢ where g is measurable, H is
additive and for every h € R, ¢(x+h)—¢(z) = 0 holds almost every-
where (according to Lebesgue measure). This led to the definition of
weak difference property.

We say that a class F' has the weak difference property if every
function for which

Apfz) € F

holds for every h € R can be written in the form
f=9+H+¢

where ¢ € F, H is additive and for every h € R, Ap¢ = 0 holds
almost everywhere.

The conjecture of Erdds, namely the weak difference property of
the class of Lebesgue measurable functions and many of its conse-
quences, was proved by M. Laczkovich in [5].

The weak difference property in category sense was introduced in
[1]. If a property P(x) holds for every x € R except a meager set
of z’s then we say that P(x) holds M-almost everywhere (in short
Me-a.e.) or for M-almost every =, where M stands for the class of
meager subsets of R. Analogously we say that a class F' has the weak
difference property in category sense if every function for which

Ahf(x) eFr
holds for every h € R can be written in the form
f=9+H+¢

where ¢ € F, H is additive and for every h € R, Ap¢ = 0 holds
M-almost everywhere. The functions ¢ of this kind will be called
null.



In [1] some problems were formulated on the analogy of the classi-
cal weak difference property problems. One of these, the counterpart
of the result of M. Laczkovich for Lebesgue measurable functions,
the weak difference property in category sense of the class of func-
tions with the Baire property is the subject of our work. (A real
valued function has the Baire property if for every b € R the set
{z € R: f(z) < b} has the Baire property, that is it can be obtained
as the symmetric difference of an open and a meager set.) Once this
is done, it will be a more simple task to establish the weak difference
property of some subclasses of the class of functions having the Baire
property. We will prove two theorems:

Theorem 1.1 Let f : R — R be a function with uniformly essen-
tially bounded difference functions, that is for a fivred K € R,

|Apf(z)] < K M-a.e.

holds for every h € R. If A f has the Baire property for every h € R
then

f=9+0¢
where g has the Baire property and ¢ is null.

This first theorem answers Problem 2.2 in [1].

Theorem 1.2 Let f : R — R be an arbitrary function. If Apf has
the Baire property for every h € R then

f=9+H+¢

where g has the Baire property, H is additive and ¢ is null. That is,
the class of functions with the Baire property has the weak difference
property in category sense.

In [1] it was observed that in a similar way the weak difference
property of the class of functions that are equal to a continuous func-
tion almost everywhere according to Lebesgue measure was proved
in [3], the weak difference property in category sense of the class
of functions with the Baire property would imply this for the class
of functions that equal a continuous function M-almost everywhere.
Therefore Theorem 1.2 has the following corollary.

Corollary 1.3 (Problem 2.1 in [1]) The class of functions that equal
a continuous function M-a.e. has the weak difference property in
category sense.



It was observed in [6] that the consistency of the difference prop-
erty of the class of functions with the Baire property is also a corollary
of Theorem 1.2.

Corollary 1.4 (Problem 8.4 in [6]) It is consistent with ZFC' that
the class of functions with the Baire property has the difference prop-
erty.

Independently form our results this statement was proved recently
in [2].

2 Preliminaries

During the proofs we will need two well known theorems. (See e.g.
in [4] or [7].)

Theorem 2.1 (Kuratowski-Ulam) Let k +1 = n and H C R"™ be
meager. Then there is an Hy C R* meager set such that

({x} X Rl) nH

is meager for every x € R¥\ Hy.
Conversely, if H is of second category and has the Baire property
then there is an Hy C R set of second category such that

({x} X Rl> nNH
is of second category for every x € Hy. B

Definition 2.2 Let H be a subset of R and let I C R be an open
interval. We say that H is of second category everywhere in [ if for
every non-empty open interval J C I the set

HnJ

is of second category.

Theorem 2.3 (Banach) If H C R is of second category then it is
of second category everywhere in a suitable nonempty open interval
of R.



We use also a classical result on difference property. Its proof can
be found e.g. in [6].

Theorem 2.4 (Stability Theorem of Hyers) Let f : R — R be such
that

flx+y)— flx) - fly)| <K

for a nonnegative constant K. Then there is an additive function H
such that
If —H|< K.

In the proofs Q, N and Z will stand for the set of rationals, posi-
tive integers and integers respectively and A will denote the Lebesgue
measure. For A, BC R, h € R,

AAB = (A\B)U(B\ A4)
will denote the symmetric difference of A and B, while
A+h={z+h:x € A},

A+A={z+y:z,y € A}.

In order to avoid the use of an extreme number of parentheses we
accept the convention that

ANB+h=(ANB)+h.

For an x € R” and a positive real r the open ball centered at =
with radius r will be denoted by B(z,r).
For a function f: R — R let

[f <b={xecR: f(z) <b}.

The sets [f > b], [f < b] and [f > b] are defined analogously.
We will also use the following notation. Let K : R x R — R be
a function. For an y € R,

KY(z) = K(z,y)

denotes the horizontal section of K on R x {y}. The same is defined
for sets, that is for an S C R x R we use

SY =SSN (R x {y}).



3 Bounded functions

In the proof of Theorem 1.1 we will follow some ideas of M. Laczkovich
in [5]. We will need some kind of “norm” in order to measure the
proximity of two functions having the Baire property.

Definition 3.1 For a set H C R with the Baire property let
N (H) = U{I C R : I is an open interval
and H is of second category everywhere in [}.

It is easy to check that A/ (H) is an open set. The Banach Theo-
rem and the Baire property of H imply that HAN (H) is meager.

Definition 3.2 Let f : R — R be a periodic function with pe-
riod 1 having the Baire property. Let f* = max{f, 0} and f~ =
max{—f,0} be the positive and negative parts of f. Our “norm” will
be the following.

I1£1] :/o AN (Iff >¢])no,1)) dt+

+/1/\ (N (If~ > ) n[o,1])dt.
0

The integrals exist since the integrated functions are non-increa-
sing. It is easy to see that the triangle inequality does not hold for
[|.||. This is the major source of technical difficulties.

Lemma 3.3 Lete > 0 be fized and G1,Go, ... be a sequence of mea-
surable subsets of [0,1] such that

ANG;) >e€ fori=1,2,...,

and let (h;) be a given sequence of reals converging to zero. Consider
the following T : R — N U {0} U {oo} function.

T (x) :=sup{k € NU{0}: 3(j1,...,jr) € N*:
x € ((...((Gj1 +hj1)ﬂGj2+hj2)ﬁ...)ﬂij +hjk}'
~——
k—1

Then
AT = ox]) > e



Proof. The function T is clearly measurable. First we prove by
induction that T' < K is impossible for any K € N.
The assumption T' < 1 would imply

(1) GGZQG(Gz—FhZ):@

On the other hand, since the sequence (h;) converges to zero, for an
I sufficiently large we have

((0e)s(3))

thus using that
)\(G] + h[) > €

s(@remn(Ua)) =5

contradicting (1).
Let now K > 2 and suppose that 7' < K — 1 is impossible and
that T' < K. The assumption T' < K implies

we get that

UGiclr<r-1.
i=1

Again, for an I large enough, for any j > I we have

AT <K -1A(T < K —1]+ hy)) < %
SO .
) MG+ h) DT <K —1)) > 2.
Fori=1,2,... let
(3) Gi = (Grei+hrp) N[T < K —=1] = hry,

hi = hiy.
Then G; C Grii, G, is measurable and by (2)
~ €
A (G) > 2.
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Now one can define the function 7' for this sequence of sets and reals
the same way as 1" was defined. Since G; C Gry; and h; = hyq; it is
easy to see that 7' <T. From (3) we get that

T #0]C[T<K-1].

Thus T < K — 1 which contradicts the induction assumption. There-
fore we have proved that T cannot be bounded.
Suppose now that for a § > 0 we have

AM[T =o0]) <e—0.
Let K be such that

)\([TzK])<5—g,

and so 5
AMNGN[T<K]) > 3

Again, if I is sufficiently large then for any j > I we have

AT < KJIA([T < K]+ hj)) < g,
(4) )\((Gjﬁ[T<K]+hj)m[T<K])>g.

We continue as above. Let

Gi = (Gr+iN[T < K]+ hri) N [T < K] = by,

hi = hii;.
Since by (4) we have
~ 1)

2 (6) >3
and again G, cG I+i 1S measurable, we can define the function T for
this sequence of open sets and reals the same way as before, and we
get that .

T < K.

This contradicts the impossibility of boundedness and proves the sta-
tement. W



Lemma 3.4 Lete > 0 be fired and G1,Ga, ... be a sequence of open
subsets of [0,1] such that

MNG;)>e fori=1,2,...,

and let (h;) be a given sequence of reals converging to zero. Then for
any N € N one can find an I open interval and a sequence

(j17j27 e 7jN+1) S NN+1
such that
(5) In C (( .- ((Gjl + hj1) N Gj2 + hjz) n.. ) N GjN+1 + th+1'
N

Proof. Using the notations and the statement of Lemma 3.3 we get
that [T" > N] is non-empty. Since

[T > N] = U{((((Gh +hj1) ﬂG]é +hj2) N ) mGjN+1 +th+1 :
N

(j17j27 cee 7jN+1) S NNJrl},

we have that for a (ji,j2,...,Jn+1) the open set

(( .. ((Gj1 + hj1) N GjQ + hj2) n.. ) N GjN+1 + th+1
N

is also non-empty. W

Lemma 3.5 Let the function f : R — R be periodic with period 1
and suppose that Apf is uniformly essentially bounded and has the
Baire property for every h. Then

[|An, fll = 0 if hy, — 0.

Proof. Let |Apf| < K M — a.e. Suppose that there is an ¢ > 0 and
a sequence (h,) converging to zero such that

|An, fI] > & (vn e N).

Using that for any non-increasing function g : [0,1] — [0, 1] we have

/OlgéaJrg(a)
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for every a € [0, 1], we get that for any n € N either

A= 30) >3

€ €

AV ([ann>3])) > 5

(An, f)™ > 1
By choosing a subsequence we may suppose that the same case holds
for every n € N. The two cases can be treated on the same way, so

we consider only the first one.
So suppose that

€

A (> 30) >3

holds for every n € N. Let

3

o=t ([0 > ) = (301> ).

These are open sets with A (G,) > § so by applying Lemma 3.4
for N = [% + 1] (where [] stands for the integer part) we get a
nonempty Iy open interval and a sequence (ji,7j2,...,JN+1) with
the properties in Lemma 3.4. Let

N+1

h=>hj.
i=1
We claim that for M-almost every x € Iy — h we have
(6) Anf = NS> K,
which is a contradiction. We have
Apf(z) = Ath+1f($ +hj 4 by )+
+An, fl@+hj + .o+ hjy )+ F

FAp, flr+hj Ry )+ Ay, f+ Ry )+ Ay f(2).
For every = € Iy — h we have x + h € Iy, thus by (5) we get
l‘+h—th+1 _"‘_hjk Gij.

Since

r+h—hjy ., —...—hj, =x+hj +...4+h;_,,

JN+1
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by the definition of Gj, we get that
Ahjkf(:v+hjl +...+h ) > Z M—a.e. only—h

for every 1 < k < N + 1, which implies (6). B

The following lemma is a straightforward consequence of the Baire
category theorem.

Lemma 3.6 Let S, T C [0,1]x]0, 1] be such that TY and SY are open
for every y € [0,1]. If (T'\ S)Y is of second category for everyy € Y
where Y is non-meager then there are u,v € Q and an'Y' CY of
second category such that

(u,v) € (T'\ S5)
holds for every y € Y.

Lemma 3.7 Let K : [0,1]> — R be a function with the following
properties:

1. KY has the Baire property for every y € [0, 1];

2. ||[K¥ — KY|[ = 0 if yp — y in [0, 1].

Then there is a lower semi-continuous function G : [0,1]> — R such
that
KY—-GY=0M—a.e.

holds for M-almost every y € [0, 1].

Proof. For a g € Q let
N(g)= |J N(EY > q) x {y},
y€[0,1]

and let

M(q):U{B(x,r):erxQ,reQ,

(B (z,7) \ N (q))Y is meager for M-almost every y € [0, 1]}.

Let

G (z,y) =sup{g € Q: (z,y) € M (q)}-
As a supremum of lower semi-continuous functions (M(q) is open) G

itself is lower semi-continuous. In order to prove the statement of the
Lemma it is enough to show that

KV-GYV=0M —a.e.

11



holds for M-almost every y € [0, 1].
Consider the following relation on the subsets of [0, 1] x [0, 1]. For
T,S C[0,1] x [0,1] we write T' ~ S if

(TAS)Y

is meager for M-almost every y € [0, 1]. This is clearly an equivalence
relation. Using this notation we shall prove that

(G >q] ~[K >q]
for every g € Q. This will complete the proof, since
KY—-GY#0

on a set of second category for a non-meager set of y’s would imply
that
(IG > qlAIK > q])

is of second category for a non-meager set of y’s with an appropriate

q € Q.

We will prove the following equivalence chain:
(G >q] ~ M(q) ~ N(q) ~ [K > gl

We start with the middle one, that is M(q) ~ N(q).

It follows easily from the definition of M(q) that (M(q) \ N(q))Y
is meager for M-almost every y € [0,1]. So we have to show that
(N (¢) \ M (q))? is meager for M-almost every y € [0, 1].

Suppose that (N (¢) \ M (¢))? is not meager for a set of y's Z; C
[0, 1] of second category. From the definition of N (q) it is straightfor-
ward to see that for an e sufficiently small even (N (¢ +¢)\ M (¢))Y
is not meager for a set of y’s Zy C Z; of second category. Using
the fact that the horizontal sections of both M (¢) and N (¢ + ¢) are
open, by Lemma 3.6 we get that there exists a (u,v) C [0,1] open
interval with u,v € Q and a set Z3 C Zy of second category such
that
(7) (u,v) C (N (g+e)\ M(q))” Vy € Zs.

By the Banach Theorem one can find an open interval U such that
Z3 is of second category everywhere in U. Let U’ be the middle third
of U and Zy = Z3NU’. Choose p € Q such that

1 1
0<p< §min{§\u—v|,diam (U/)}.

12



Fix 2o = and any yo € Z4. Since (xo,y0) ¢ M (q), we have that
for any y{, € Q with |yo — yj| < p,

B((x0,0),p) ¢ M(q).

u+v
2

This implies that

(B ((z0,90) ,£) \ N (9))"

is not meager for a set of y’s of second category, so

(B ((z0,%0),2p) \ N ()"

is not meager for a set of y’s Vi C U of second category either, since

(B ((z0,%0) ,2) \ N (9))" < (B ((z0,%0) ,2p) \ N (2))" .

Again by Lemma 3.6, since the horizontal sections of B ((xo, v0) ,2p)
and N (q) are open, we get that there is an open interval (u/,v’) C
(u,v) and a set Vo C V; of second category such that

(8) (u', ") x Vo C B ((w0,50),20) \ N (q)

Now we have a set Z3 dense in U and a set V5 somewhere dense in
U. So one can take a sequence (y,) C Vo and an y € Z3 with y,, — y.
From (7) we have that KY > ¢+ ¢ holds M —a.e. on (v/,v") C (u,v)
and from (8) we get that K¥» < ¢ holds M — a.e. on (u/,v"). Hence

[KY — KV <e]n (v, 0)
is meager, so
AN(EY = K] 2 8)) = A((u, "))
for every 0 < § < ¢, thus
1KY = K] = eX ((w',0))

for every n € N. This is a contradiction, hence (N (¢) \ M (q))? is
meager for M-almost every y € [0,1] and so M(q) ~ N(q).
The equivalence
N(g) ~ [K >4

easily follows form the definitions.
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Finally we prove [G > q] ~ M(q). For any ¢ € Q we have
G > q] ={(z,y) € [0,1°Fr > q: (x,y) e M (r)} = [ M (r).
r>q

Since
M(r) ~ N(r)

for every r € Q, we get
U M)~ N0,
r>q r>q

Since
N(q) ~ [K > 4]

for every g € Q and

K >q) = JIK >7],
r>q

we have that

N(g) ~ [K > g ~ |JIE > ] ~ | N@).

So we get
M(q) ~ N(q) ~ [ N(r) ~ | M(r) ~ [G > g,
r>q r>q

as stated.
The proof of the lemma is complete.ll

Proof of Theorem 1.1 We can suppose that f is periodic with
period 1. Indeed, let fi(x) = f({z}) where {z} stands for the frac-
tional part of z. Then f — f; is essentially bounded and has the Baire
property since the difference functions of f are uniformly essentially
bounded and for n <z < n + 1 we have

fi—f=f@—n)=fz)=Anf.

This implies that the difference functions of f; are also uniformly
essentially bounded, while

Apfi(z) = filz +h) = fi(z) =

14



= [file+h) = flz+h)]+ [flz+h) = f(2)] +[f(z) = fi(z)]

shows the Baire property for every h. If fi = g1+¢ where g; has Baire
property and ¢ is null then we have f = g+ ¢, where g = (f — f1)+ g1
also has the Baire property.

Suppose now that f is periodic with period 1 and let

K(z,y) = flx+y) - f(o).
The equality
KY(z) = KY(x) = f(z +yn) = (2 +y) = Ay, f(z +y)
and Lemma 3.5 imply that
[|[KY" — KY|| - 0 if y, — y.

Thus using the periodicity of K and Lemma 3.7 we get a

G:RxR—R
Borel function such that K¥ — GY = 0 M — a.e. holds for M-almost
every y € R.
Let

S(x,y) = K(z,y) — G(z,y) = f(z +y) — f(z) — G(z,y).

We have that S(x,y) = 0 holds M-a.e. in = for M-almost every fixed
y € R. By the definition of S we have

Sle,y+2)=flety+2) - flz) - Gz,y+2),

—Sx+y,z)=—flr+y+2)+ flz+y)+Glx+y,2)

and
By adding and using

L(l’,y,Z) = S(l’,y—}—Z) _S($+yaz) _S(l’vy)
we get that

L(z,y,2) = =G(z,y + 2) + G(z + y, 2) + G(z,y),

15



so L, as a difference of Borel functions, has the Baire property. Hence
the fact that for M-almost every fixed z € R and for M-almost
every fixed y € R we have L(x,y,z) = 0 M-a.e. in = implies by the
converse part of the Kuratowski-Ulam Theorem that

L(z,y,2) =0 M — a.e. in R>.

The Kuratowski-Ulam Theorem tells us that there exists a point xg
such that for M-almost every z € R we have

L(zo,y,2) =0

for M-almost every y € R. However, for M-almost every z € R
also S(xp +y, z) = 0 holds M-a.e. in y, so for M-almost every fixed
z € R we have

L(zo,y,2) + S(zo + y, 2) =

(9) = S(zo,y + z) — S(xo,y) =0 for M —a.e. y € R.

Let Z denote the residual set from where z can be chosen in (9).
Since for every h € R we have Z N (h — Z) # (), there are 21,29 € Z
such that h = 21 + 2z9. Therefore for every h € R we have that

(10) S(wo,y + h) — S(zo,y) =

= [S(w0,y + 21 + 22) — S(wo,y + 22)] + [S(20,y + 22) — S(w0,y)] =0

holds for M-almost every y € R.
Now we can define g and ¢. By the definition of S we have

S(zo0,y) = f(wo +y) — f(z0) — G(w0,Y),

=)
f(y) = S(wo,y — z0) + f(z0) + G(20,y — T0)-
Let
9(y) = f(@o) + G(z0,y — o)
and

é(y) = S(xo,y — x0).

The function g — as a section of the Borel function G — obviously has
the Baire property. The function ¢ is null, since by (10)

Apd(y) = S(zo,y +h — x0) — S(z0,y — 20) = 0
holds for M-a.e. y€c R. B
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4 Unbounded functions

Theorem 1.1 allows us to find a decomposition f = g + ¢ if it is
guaranteed on some way that f contains no additive function. In the
following our goal is to find the additive function in a general f.

Definition 4.1 Let g : R — R have the Baire property. For an
I C R open interval we say that the induced oscillation of g is less
than D in I, if there exists an a € R such that I C N ([|g — a|] < D)).
For an x € R we say that the induced oscillation of g is less than D
in x, if there is an I open interval with x € I such that the induced
oscillation of ¢ is less than D in I. In this case we say that the fact
that the induced oscillation of g in z is less than D is witnessed by I.
We will use

Xp(g9) ={z € R: the induced oscillation of ¢ in x is less than D}.

Lemma 4.2 For every g : R — R with the Baire property and D >
0 the set

R\ Xp (9)

1s nowhere dense.

Proof. The open set

U N (llg —al < D))
acqQ

is contained in Xp (g), so it is enough to prove that it is dense.
Consider an I open interval. By the Baire category theorem for
some a € Q the set

lg—al < DINI

is of second category, which — using the Baire property of g — implies
N(lg—al<D)NI#0.NA

Definition 4.3 Let f : R — R be such that A, f has the Baire
property for every h € R, let D > 0 and consider the following
relation on R.

yNDZinyXD(Az—yf)-

For an open interval I with y € I we say that y ~p z is witnessed by
Iifye Xp(A.—yf) is witnessed by I.
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That is, y ~p z if the induced oscillation of

ft+2) = ft+y)

is less than D in ¢ = 0. This relation is symmetric and reflexive, but
not transitive. It is easy to check that instead of transitivity we have
the following property.

Lemma 4.4 Ift ~p y,t ~p z are witnessed by B(t,e) then y ~op z
and this is witnessed by B(y, ).

We also have the following property.

Lemma 4.5 Ify ~p t,y ~p 7 are witnessed by B(y,¢) and |t—7| <
d < e theny ~op y+t— 7 and this is witnessed by B(y,e — 0).

Proof. By definition, y ~p t, y ~p 7 witnessed by B(y,e) means
that the induced oscillation of A, f(z) and A;_, f(x) is less than
D in B(y,¢€). So from |t — 7| < § we get that the induced oscillation
of Ay_yf(x+7—1t)in B(y,e — ) is also less than D. Using

Aryf(@) = Ay f(r — t4+2) = Ap_of (@)

we get that the induced oscillation of A;_;f(z) is less than 2D in
B(y,e —9), as required. B

Definition 4.6 Let f : R — R be such that A, f has the Baire
property for every h € R and let D > 0. For at € R let

Erp(t)={yeR:t~puy}
Lemma 4.7 Let (z;) C R. If
E= U Eyp (xi)
i=1

1s dense in an interval then

oo
F= U Efop (i)
i=1

is of second category everywhere in R.
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Proof. Suppose that E is dense in an open interval I but F' is
meager in an open interval J. We can suppose A ([) = @ Let
(ej) C E be also dense in I. Then one can take a translation with
an h € R such that

(ej) +hC(J\F),

that is (E+h) N (J\ F) is dense in J. We claim that for every
t e (E+h)N(J\F)— h the induced oscillation of Ay f is not less
than D in . Indeed, since an induced oscillation of Ay f less than
D in t would imply t ~p (t + h) so if t ~p xz; (such an z; exists by
t € F) then by Lemma 4.4 we would have z; ~op t+h and t+h € F
which is not true. Since (E + h)N(J \ F') — h is dense in an interval
this contradicts Lemma 4.2. B

Lemma 4.8 Let g : R — R have the Baire property. Suppose that
for a d >0, a fired nonnegative constant K and a dense subset Z of
B(0,20) we have that for every z € Z

‘Azg‘ <K

holds M—a.e. in B(qo,d) with a gy € R. Then the induced oscillation
of g in B(qo,9) is less than K.

Proof. Suppose that the induced oscillation of ¢g in B(qo,d) is not
less than K. Then there is an a € R such that both [g—a > %] and
[9 — a < —2K] is of second category in B(qo, ). The Baire property
of g implies that

N([g—a> %D N B(qo, )
and

N([g—a< —%D N B(qo, 0)

are nonempty, so by the density of Z in B(0,2J) there is a z € Z and
an z € N([g — a < —3K)) such that z + 2z € N([g — a > 2£]). From
this and the Baire property of g we have that

3K
|Azg| > 53

holds M — a.e. in the non-empty open set

(e (o)) (o= 2])
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This is a contradiction. H

Proof of Theorem 1.2 Let f : R — R be such that Ay f has
the Baire property for every h € R. By the reflexivity of ~p, the set

U B
9€Q

contains Q, so it is dense. Then, by Lemma 4.7 for (z;) = Q, D =1,
there is a go € Q such that Es (qo) is of second category.
Since

1
E¢s(qo) = U {l’ € R : qop ~2 x is witnessed by B (qo, —> } ,
n
nelN

there exists an n € N such that the set
n .. 1
E"=Jdx € R:qy~gxis witnessed by B | qo, —
n

is of second category. By the Banach Theorem one can find an open
interval B (zg,24p) in which E™ is of second category everywhere.
We can suppose 24p < % Let E = E™ N B (x,24p).

From Lemma 4.5 for every t,7 € FE with |t — 7| < 8p we have
qo ~4 qo + T — t witnessed by B(qo, 16p). So the induced oscillation
of Ar_;f(x) is less than 4 on B(qo, 16p). This implies that for every
y € B(qo,8p) we have

Ay_goAr—if(2)] <8 M —a.e.
on B(qo,8p). Since
Ay—quT—tf(x) = AT—tAy—qof($)7

we have
(11) A7t Ay f(x)] <8 M —a.e.

on B(qo,8p) for every t,7 € E with |t — 7| < 8p. Since A,_4 f has
the Baire property, E — E is dense in B(0,8p) and (11) shows that

[AAy g f(2)] <8

holds M-a.e. in B(qo,4p) for every z € (E — E) N B(0,8p), we
can apply Lemma 4.8 for Z = (E — E) N B(0,8p), g = Ay—q f(2),
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0 =4p and K = 8. We get that the induced oscillation of A,_g, f(z)
on B(qo,4p) is less than 8, that is for every y € B(qo,4p) we have
qo ~s y witnessed by B(qo,4p).

Thus by Lemma 4.4 we get that

(12)  Vax,y € B(qo,4p) © ~16 y and witnessed by B(z,4p).

Let f1 be the periodic extension of f\[qo_%qﬁ%), that is for an
r€lgp—5,q0+5),l€Zlet

fr(z+1p) = f(2).

We show that for every h € R the induced oscillation of Apf; is
essentially bounded with a fixed nonnegative constant K.
Let
W ={zp:zeZ},
and let h € R. Since Ay fi(t) is also periodic with period p, it is

enough to verify its boundedness while ¢ € [go — §,q0 + ).
For h € W we have Ay fi = 0, which is clearly bounded. For

h¢ W let ,
P

where [.] stands for the integer part. For go — § <t < qo+ § — h we
have

Anfi(t) = Aj f(1).

By (12) for =t + h and y = t we have that in [go — £.q0 + 5) the
induced oscillation of Aj f(t) is less than 16. For go+5 —h<t< qo+5
we have

Anfi(t) = Ay, f(1)

and by (12) for # = t + h — p and y = ¢ we get that the induced
oscillation of A;_ f(t) in [go — §,q0 + %) is also less than 16.

So if we show that A; f(t) — Aj_ f(t) is essentially bounded for
t € [go—%,q0+5) by a fixed nonnegative constant R not depepnding
on h, then we get that the induced oscillation of Ay, f1 on [go—5, go+5)
is less than K = R+ 16 + 16.

To see this, observe first that

(13) ARf() = A f(8) = Dpf(t+h—p),
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a difference function of f with the fixed difference p not depending
on h. By applying (12) for z =t + hand y =t + h — p we have that
this difference function A,f has bounded oscillation on B(qo, §), so
it is essentially bounded here by a fixed nonnegative constant R not
depending on h. Thus by (13),

ALS(0) = Ay, S (1)

is also essentially bounded on B(qo, 5) by the fixed nonnegative con-
stant R not depending on h. This implies that the induced oscillation
of Ay f1 is essentially bounded with a fixed nonnegative constant K.

It is an easy computation that f; — f and Ay f; has the Baire
property for every h € R (see the beginning of the proof of Theorem
1.1).

Since the induced oscillation of Ay fi is at most K, one can find
a D (h) “mean value” of Ay fi, that is a real such that

N([[Anfr = D (h)| < K]) =R.
Thus for any h € R the set
[|Anfi = D(h)| > K]
is meager, so for any fixed u,v € R the set
[(D(u+v) = Aupofi) = (D(u) = Ay fi (Id +v)) —

— (D (v) = Avfr) | > 3K]

is also meager.
On the other hand,

D(u+v)—D(u)—D(v)=

— (D (u+0) = Aysufr) — (D(w) = Aufy (Id +v)) — (D (v) — A f1)

is constant for every fixed u,v € R, so we have
|D(u+wv)—D(u) — D (v)| <3K.
According to the Stability Theorem of Hyers this implies

D=d+H
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where d is a bounded function and H is additive. Let [ = f; — H.
Since
Apl=Apf1 — H (h) =

=Apfi—D(h)+d(h),

Ayl is uniformly essentially bounded and has the Baire property for
every h € R, so by Theorem 1.1

I=k+¢

where k has the Baire property and ¢ is null.

With g = f — fi1 + k finally we have f = g + H + ¢ where g has
the Baire property, H is additive and ¢ is null. This completes the
proof. W
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