
On Perturbations of Eventually Compa
tSemigroups Preserveing Eventual Compa
tnessTam�as M�atrai�April 17, 2006Abstra
tWe show, within the 
ontext of Miyadera{Voigt perturbations on Lpspa
es, that for partial di�erential equations with delay arising from animmediately 
ompa
t undelayed equation the delay semigroup is even-tually 
ompa
t. We also indi
ate how this result 
an be applied to thespe
tral analysis and numeri
al treatment of these equations.1 Introdu
tionIn this paper we 
ontinue the investigations of Andr�as B�atkai and SusannaPiazzera in [1℄ on the semigroup approa
h to partial di�erential equationswith delay in the state spa
e of Bana
h spa
e valued Lp fun
tions. Theirresults in parti
ular establish its equivalen
e to a 
orresponding abstra
tCau
hy problem under suÆ
iently mild assumptions. Just like in numer-ous similar 
ases (see e.g. [5℄, [10℄ and [14℄), this allows the study of awide 
lass of delay equations through semigroup theory (see also [11℄ fora detailed study).In this paper we prove the eventual 
ompa
tness of the delay semigroupfor partial di�erential equations with delay arising from immediately 
om-pa
t undelayed equations. The novelty of this result is in the 
hoi
e ofthe state spa
e Lp. Namely, the analogous result for Bana
h spa
e val-ued 
ontinuous fun
tions has been proven in [15℄ (Chapter 8.3, page 286).However, the state spa
e Lp turns out to be more 
onvenient for manyappli
ations (see e.g. [7℄, Chapter VI, Se
tion 8 on 
ontrol theory, or thePrefa
e of [2℄). In Se
tion 5, following [1℄ we present a wide 
lass of delayequations satisfying the assumptions of our abstra
t results.The 
onsequen
es of the eventual 
ompa
tness are twofold. First, itopens the way to the appli
ation of the very sophisti
ated and elaboratedmethods of spe
tral analysis of 
ompa
t operators, whi
h in turn givesinformation about the stability properties of the semigroup ([7℄, Chapter�This resear
h was 
arried out while the author has been visiting the Arbeitsgemeins
haftFunktionalanalysis of Eberhard Karls University T�ubingen under Marie Curie Training SitesFellowship, Contra
t No. HPMT-CT-2001-00315. This resear
h was also partially supportedby the OTKA Grant F 043620. 1



V, Se
tion 1). Se
ond, it gives an a priori estimate on the distribution ofthe solution fun
tions whi
h 
an be helpful for the numeri
al treatmentof partial di�erential equations with delay in Lp spa
es. We will exposethese appli
ations in Se
tion 5.2 Posing the problemOn the Bana
h spa
e X, we 
onsider the equationu0(t) = Au(t) + �ut; t � 0;u(0) = x;u0 = f; (DE)where� x 2 X;� A : D(A) � X ! X is a 
losed and densely de�ned operator;� f 2 Lp([�1; 0℄; X) for a �xed 1 � p <1;� � :W 1;p([�1; 0℄; X)! X is a bounded linear operator;� u : [�1;1)! X, and ut : [�1; 0℄! X is de�ned by ut(�) = u(t+�),� 2 [�1; 0℄.We investigate the solutions of (DE) through the abstra
t Cau
hyproblem U 0(t) = AU(t);U(0) = � xf � ; (ACP)de�ned on the Bana
h spa
eE := X � Lp([�1; 0℄; X);



� xf �



E := max fkxkX ; kfkLpgby the unbounded operator A := � A �0 dd� �with domainD(A) := �� xf � 2 D(A)�W 1;p([�1; 0℄; X) ���� f(0) = x� :The \equivalen
e" of (DE) and (ACP ) has been established in [1℄(Proposition 2.1, Proposition 2.2). 2



Proposition 2.1. Let � xf � 2 D(A). Then u : [�1;1) ! X is asolution of (DE) with initial values x and f if and only if U : [0;1)! E,U(t) = � u(t)ut �is a 
lassi
al solution of (ACP) with initial value � xf �.It turned out that it is worthwhile to examine the properties of (ACP )within the 
on
ept of Miyadera{Voigt perturbation by 
onsidering theunbounded operator A0 := � A 00 dd� �with domain D(A0) = D(A) and the perturbing operatorB := � 0 �0 0 � 2 L(D(A0); E): (1)By the general theory of Miyadera-Voigt Perturbation (see e.g. [7℄,Chapter VI, Se
tion 6 or more spe
ially [2℄, Part II, Se
tion 3.3.2) onehas the following. If (A;D(A)) generates a strongly 
ontinuous semi-group (S(t))t�0 on X, then (A0; D(A0)) generates a strongly 
ontinuoussemigroup (T0(t))t�0 on E given byT0(t) = � S(t) 0St T0(t) � ; (2)where (T0(t))t�0 is the nilpotent left shift semigroup on Lp([�1; 0℄; X)and St : X ! Lp([�1; 0℄; X) is de�ned by(Stx)(�) = � S(t+ �)x; � t � � � 0;0; � 1 � � < �t: (3)Moreover, if there exist t0 > 0 and q < 1 su
h thatZ t00 k�(Ssx+ T0(s)f)kXds � q 



� xf �



E (4)for every � xf � 2 D(A0), then the 
onditions of the Miyadera{Voigtperturbation theorem are satis�ed, and the perturbed operator (A; D(A))generates a strongly 
ontinuous semigroup (T (t))t�0 on E .Smallness 
onditions like (4) will play an important role for our 
om-pa
tness results. Using the notations of [1℄, we re
all two su
h 
onditions.De�nition 2.2. We say that � satis�es 
ondition (M) ifZ t0 k�(Ssx+ T0(s)f)kXds � q(t)



� xf �



E (M)for every � xf � 2 D(A0), t > 0, and appropriate 
onstants q(t) 2 R.We say that � satis�es 
ondition (K) if (M) holds and q(t) ! 0 ast! 0. 3



Observe that (M) holds whenever the suÆ
ient 
ondition (4) for theexisten
e of Miyadera{Voigt perturbation is satis�ed.Our investigations are 
on
erned with the 
ompa
tness of semigroups.We re
all the relevant notions.De�nition 2.3. A strongly 
ontinuous semigroup (T (t))t�0 on the Ba-na
h spa
e X is 
alled eventually 
ompa
t if there is a t0 > 0 su
h that thefun
tion t 7! T (t) is 
ompa
t operator valued as a mapping from (t0;1)to L(X). The semigroup is immediately 
ompa
t if t0 = 0 
an be 
hosen.The present paper is devoted to prove that the immediate 
ompa
tnessof (S(t))t�0 on X implies the eventual 
ompa
tness of (T (t))t�0 on E .Here is our main result.Theorem 2.4. Let 1 � p <1 be �xed and 
onsider the abstra
t Cau
hyproblem (ACP ). Suppose that (A;D(A)) generates an immediately 
om-pa
t strongly 
ontinuous semigroup (S(t))t�0 on X and � satis�es 
ondi-tion (M) with q(t0) < 1 for some t0 > 0. Then the strongly 
ontinuoussemigroup (T (t))t�0 generated by (A; D(A)) on E is 
ompa
t for t > 1.On the way to obtain this result, we will prove several 
ompa
tnesstheorems under various assumptions (see Theorem 4.1). The suÆ
ien
y of
ondition (M) in these results seems to be new; among other things, this iswhy one 
an prove Theorem 2.4 for p = 1, as well (
ompare to Proposition5.2 in [1℄). Lemma 4.2 
ontains the key estimate, whi
h might be usefulin other situations involving similar perturbation problems. We will alsodis
uss the role of 
ondition (K).We remark here that it is known that the immediate 
ompa
tnessfor (S(t))t�0 in Theorem 2.4 
annot be weakened to eventual 
ompa
t-ness (see e.g. [3℄, Example 5.1, page 374). Note also that in general theMiyadera{Voigt Perturbation of eventually 
ompa
t semigroups is notne
essarily eventually 
ompa
t. Therefore, sin
e the unperturbed semi-group (T0(t))t�0 is not immediately 
ompa
t, our situation is quite pe
u-liar.3 Preliminaries and NotationsFor the norm unit ball of a Bana
h spa
e X we use B(X), while B(F; ")stands for the "-neighborhood of a F � X for " > 0.Integrals on R are to be understood in Bo
hner sense a

ording to the
anoni
al Lebesgue measure. The Bana
h spa
e of p{integrable X{valuedfun
tions on the 
ompa
t interval I � R is de�ned also with respe
t to theLebesgue measure and is denoted by (Lp(I;X); k:kLp(I;X)). If a fun
tionf is de�ned on an interval I � R, then we write f ���I for the restri
tionof f onto I; we will use this to simplify our notation while 
arrying outnorm estimates of fun
tions on parts of their domains. To shorten theexpressions, we do not indi
ate the restri
tion onto [�1; 0℄ for fun
tionsin the argument of �.Our referen
e on Miyadera{Voigt Perturbation is [7℄ (Lemma III.1.13and Corollary III.3.15). That is, if (T (t))t�0 is a strongly 
ontinuous4



semigroup on the Bana
h spa
e X and the operator (C;D(C)) satis�esthe 
onditions of the perturbation theorem of Miyadera and Voigt, thenthe perturbed semigroup (U(t))t�0 is given by the Dyson-Phillips seriesU(t)x = 1Xn=0(V nT )(t)x; (5)where (V F )(t)x = Z t0 F (t� s)CT (s)xds (6)is de�ned for every x 2 D(G) and extended 
ontinuously onto X.Moreover, if ((V nT )(t))t�0 is immediately 
ompa
t for some n 2 Nand ((V jT )(t))t�0 is eventually 
ompa
t for every 0 � j < n, then((V mT )(t))t�0 is immediately 
ompa
t for every m � n, so (U(t))t�0is eventually 
ompa
t.Sin
e E is a produ
t spa
e, the de�nition of 
ompa
tness of the ap-propriate operators will be 
he
ked 
oordinate wise. To verify relative
ompa
tness in Lp([�1; 0℄; X), we will make use of the following general-ization of the well-known Compa
tness Theorem of Kolmogorov and Riesz([12℄, Theorem 1, page 66).Theorem 3.1. Let I � R be a 
ompa
t interval, X be a Bana
h spa
eand 
onsider a 
lass of fun
tions F � Lp(I;X) for some �xed 1 � p <1.Then F is relatively 
ompa
t if and only if(a) F is uniformly 
ontinuous, that isZI\(I�h) kf(s+ h)� f(s)kpXds! 0 if h! 0;uniformly in F;(b) for every interval D � I, the set�ZD f(s)ds ���� f 2 F� � Xis relatively 
ompa
t.We need that the integral of an integrable 
ompa
t operator valuedmap is a 
ompa
t operator. This is 
ontained in Theorem 1.3 of [13℄.Theorem 3.2. Let X be a Bana
h spa
e, [a; b℄ � R be a 
ompa
t interval.If S : (a; b℄ ! L(X) is a bounded measurable fun
tion, then the fun
tionV : [a; b℄! L(X), V (t) = Z ta S(a+ t� s)dsis norm 
ontinuous on [a; b℄. 5



If, in addition, S is 
ontinuous and 
ompa
t operator valued in (a; b),then for every measurable set D � [a; b℄, the operatorZD S(s)ds 2 L(X)is 
ompa
t.Finally we state here the important fa
t that immediate norm 
on-tinuity follows from immediate 
ompa
tness (see e.g. Lemma II.4.22 in[7℄).Theorem 3.3. Immediately 
ompa
t semigroups are immediately norm
ontinuous.4 Eventual 
ompa
tnessWe will prove the following theorem. As usual, PrX : E ! X and PrLp :E ! Lp([�1; 0℄; X) stand for the proje
tion from E onto its �rst andse
ond 
oordinate, respe
tively.Theorem 4.1. Let X, E, (A;D(A)), (S(t))t�0, (T0(t))t�0, (T (t))t�0 and� be as in Theorem 2.4 for some �xed 1 � p < 1, with a � satisfying(M). Let V denote the operator de�ned by (6). If (S(t))t�0 is immediately
ompa
t, then1. the operator T0(t) is 
ompa
t for t > 1;2. PrLp(V T0)(t) is 
ompa
t for t > 0;3. the operator PrX(V T0)(t) is 
ompa
t for t > 1;4. the operator (V 2T0)(t) is 
ompa
t for t > 0.5. If � satis�es 
ondition (K), then the operator PrX(V T0)(t) is 
om-pa
t for t > 0.From this, Theorem 2.4 immediately follows.Proof of Theorem 2.4. By Corollary III.3.16 in [7℄, we 
an applythe Miyadera{Voigt perturbation theorem forT (t) = T0(t) = � S(t) 0St T0(t) � ;C = B = � 0 �0 0 � :From Theorem 4.1, 1., 2. and 3. we have that T0(t) and (V T0)(t) are 
om-pa
t for t > 1, while Theorem 4.1, 4. gives that (V 2T0)(t) is immediately
ompa
t. So the perturbed semigroup (T (t))t�0 is 
ompa
t for t > 1,whi
h proves the statement.�Before starting our quest for 
ompa
tness, we show how (M) impliesa weak version of (K). In short, the following lemma says that the kxkXon the right hand side of (M) 
an be repla
ed with tkxkX .6



Lemma 4.2. If � satis�es (M), thenZ t0 k� (Ssx+ T0(s)f)kX ds �� 2t ((M + 1)kxkX + kfk1) k�kL(W1;1 ;X) ++ q(t)kfkL1 + q(t)2t (MkxkX + kfk1) �� t� (kxkX + kfk1) + q(t)kfkL1 ;where M denotes the norm bound of S(s) on [0; t℄ and q(t) is the fun
tionin the de�nition of 
ondition (M).Later on, we will use only the 
onstant � := �(t;M;�) to shorten theresulting expressions.Proof. Our strategy is to repla
e Ssx+ T0(s)f by a fun
tion whi
h iszero in 0. To this end, for a suÆ
iently large positive integer N (its valuewill be determined later), we de�ne our 
uto� fun
tion ash(�) := 8<: 1; if � < � tN ;�Nt �; if � tN � � � 0;0; if 0 � �:To simplify the following 
al
ulations, we setgk := S ktN x+ T0 �ktN � f; k = 0; : : : ; N � 1:First we �nd our N . We have



��Ssx+ T0(s)f � T0�s� ktN � [hgk℄�



X �� k�kL(W1;1 ;X) 



�Ssx+ T0(s)f � T0�s� ktN � [hgk℄� ���[�1;0℄



W1;1 : (7)Sin
e h(�) = 1 for � � � tN , for every � 2 ��1;� tN ��S ktN x+ T0�ktN � f� (�) = [hgk℄ (�)holds, so in parti
ular�Ssx+ T0(s)f � T0�s� ktN � [hgk℄� (�) = 0for every � 2 ��1;� 2tN � if s 2 h ktN ; (k+1)tN i. Thus for su
h s we have



�Ssx+ T0(s)f � T0�s� ktN � [hgk℄� ���[�1;0℄



W1;1 �� 



[Ssx+ T0(s)f ℄ ���[� 2tN ;0℄



W1;1 ++ 



�T0 �s� ktN � [hgk℄� ���[� 2tN ;0℄



W1;1 : (8)7



By the 
ontinuity of the norm, for an N suÆ
iently large we have



(Ssx+ T0(s)f) ���[� 2tN ;0℄



W1;1 � kxkXfor every s 2 h ktN ; (k+1)tN i, k = 0; : : : ; N � 1. Then, from the de�nition ofW 1;1 norm, the se
ond term of (8) 
an be estimated as



�T0�s� ktN � [hgk℄� ���[� 2tN ;0℄



W1;1 == 



�T0�s� ktN � [hgk℄� ���[� 2tN ;0℄



L1 ++ 



�T0�s� ktN ��h0gk + hg0k�� ���[� 2tN ;0℄



L1 �� khk1 



�T0�s� ktN � gk� ���[� 2tN ;0℄



W1;1 ++ 



�T0�s� ktN � gk� ���[� 2tN ;0℄



1 



h���[� 2tN ;0℄



W1;1 �� kxkX + 2 (MkxkX + kfk1) :So by (7) and (8), for an N suÆ
iently large we obtain



��Ssx+ T0(s)f � T0�s� ktN � [hgk℄�



X �� 2 ((M + 1)kxkX + kfk1) k�kL(W1;1 ;X) (9)for every s 2 h ktN ; (k+1)tN i, k = 0; : : : ; N � 1.Let us �x this N . Then by the triangle inequality and (9),Z (k+1)tNktN k� (Ssx+ T0(s)f)kX ds �� 2tN ((M + 1)kxkX + kfk1) k�kL(W1;1 ;X) ++ Z (k+1)tNktN 



��T0�s� ktN � [hgk℄�



X : (10)We have to estimate the remaining integral in (10). By the triangle in-equality,k� (T0(s) [hgk℄)kX � 



��T0�ktN + s� [hg0℄�



X ++ k�1Xl=0 



��T0�(k � l � 1)tN + s� [hgl+1℄��T0�(k � l)tN + s� [hgl℄�



X ; (11)8



the sum to be understood empty for k = 0.Consider the fun
tions on the right hand side,ek;l := T0�(k � l � 1)tN � [hgl+1℄� T0� (k � l)tN � [hgl℄ ;k = 1; : : : ; N � 1; l = 0; : : : ; k � 1:Observe that ek;l is zero outside the interval h� (k�l+1)tN ;� (k�l�1)tN i. Thisis 
lear for � � � (k�l�1)tN , sin
e both terms are zero, while for � <� (k�l+1)tN it follows from the identities�T0�(k � l� 1)tN � [hgl+1℄� (�) = [hgl+1℄�� + (k � l� 1)tN �= gl+1�� + (k � l� 1)tN � = �S ktN x+ T0 �ktN � f� (�)and�T0�(k � l)tN � [hgl℄� (�) = [hgl℄�� + (k � l)tN �= gl�� + (k � l)tN � = �S ktN x+ T0�ktN � f� (�):A similar 
omputation shows thatek;l = T0� (k � l � 1)tN � el+1;l;while by the triangle inequalitykek;l(�)kX � 



�T0�(k � l� 1)tN � [hgl+1℄� (�)



X ++ 



�T0� (k � l)tN � [hgl℄� (�)



X � 2 (MkxkX + kfk1)for every � 2 h� (k�l+1)tN ;� (k�l�1)tN i ; so in parti
ularkek;lkL1 = kel+1;lkL1 � 4tN (MkxkX + kfk1) (12)for every k = 1; : : : ; N � 1; l = 0; : : : ; k � 1. That is, by (M) for thefun
tion el+1;l, using (12) and el+1;l(0) = 0 we obtainN�1Xk=l+1 Z tN0 k� (T (s)ek;l)kX ds == N�1Xk=l+1 Z tN0 



��T � (k � l� 1)tN + s� el+1;l�



X ds == Z (N�l�2)tN0 k� (T (s)el+1;l)kX ds � Z t0 k� (T (s)el+1;l)kX ds �� q(t)kel+1;lkL1 � q(t) 4tN (MkxkX + kfk1) : (13)9



By summing on l, we haveN�1Xk=0 Z tN0 k�1Xl=0 k� (T0(s)ek;l)kX ds == N�2Xl=0 Z tN0 N�1Xk=l+1 k� (T0(s)ek;l)kX ds �� N�2Xl=0 q(t) 4tN (MkxkX + kfk1) � q(t)4t (MkxkX + kfk1) : (14)Similarly, for the �rst term of the right hand side of (11) we obtainN�1Xk=0 Z tN0 



��T0�ktN + s� [hg0℄�



X ds == Z t0 k� (T0(s) [hg0℄)kX ds � q(t)kfkL1 : (15)Finally, by putting together (10), (11), (14) and (15), we arrive atZ t0 k�(Ssx+ T0(s)f)kXds = N�1Xk=0 Z (k+1)tNktN k� (Ssx+ T0(s)f)kX ds �� N�1Xk=0 2tN ((M + 1)kxkX + kfk1) k�kL(W1;1 ;X) ++ N�1Xk=0 Z tN0 



��T0�ktN + s� [hg0℄�



X ds++ N�1Xk=0 Z tN0 k�1Xl=0 k� (T0(s)ek;l)kX ds �� 2t ((M + 1)kxkX + kfk1) k�kL(W1;1 ;X) ++ q(t)kfkL1 + q(t)4t (MkxkX + kfk1) ;as stated. This �nishes the proof.�Next we prove a lemma whi
h will help to 
he
k the relative 
ompa
t-ness of sets appearing in the range of the perturbed semigroup.Lemma 4.3. Let X, Y be arbitrary Bana
h spa
es, a; b 2 R and 1 �p <1 be �xed. Consider a bounded mapping V : [a; b℄! L(X;Y ) and abounded set � � L1([a; b℄; X).1. Suppose that V is norm 
ontinuous and 
ompa
t operator valued on(a; b℄. If � satis�es Z bb�Æ k
(s)kXds! 0 (16)as Æ ! 0, uniformly in �, then the setC = �Z ba V (a+ b� s)
(s)ds����
 2 �� (17)is relatively 
ompa
t in Y . 10



2. If V is norm 
ontinuous and 
ompa
t operator valued on the 
losedinterval [a; b℄, then the 
on
lusion of 1. holds for every bounded � �L1([a; b℄; X).Proof. For every " > 0 we 
onstru
t a relatively 
ompa
t set C" � Xsu
h that C is in the "-neighborhood of C". This 
learly proves the lemma.Let Q be the norm bound of � in L1([a; b℄; X).Suppose �rst that V is norm 
ontinuous and 
ompa
t operator valuedon [a; b℄. Then fV (t)j t 2 [a; b℄g � �L(X;Y ); k:kL(X;Y )�is the 
ontinuous image of the 
ompa
t interval [a; b℄, so it is a 
ompa
tset of operators. Hen
e there is �nite set fb = t0 > t1 > � � � > tn >tn+1 = ag � [a; b℄ su
h thatkV (t)� V (tj)kL(X;Y ) < "Q (18)whenever t 2 [tj+1; tj ℄, j = 0; : : : n. We show thatabs 
onv  n[j=0V (tj)(QB(X))! (19)
an be 
hosen for C", where abs 
onv indi
ates absolute 
onvex hull.Sin
e V (tj)(B(X)) is relatively 
ompa
t for every 0 � j � n, C" isrelatively 
ompa
t, as well. Let now 
 2 �. ThenZ ba V (a+ b� s)
(s)ds = nXj=0 Z a+b�tj+1a+b�tj V (a+ b� s)
(s)ds == nXj=0 Z a+b�tj+1a+b�tj V (tj)
(s)ds++ nXj=0 Z a+b�tj+1a+b�tj (V (a+ b� s)� V (tj))
(s)ds:The �rst sum of the right hand side is 
learly in C", while by (18) for these
ond term we have



 nXj=0 Z a+b�tj+1a+b�tj (V (a+ b� s)� V (tj))
(s)ds



X �� nXj=0 Z a+b�tj+1a+b�tj kV (a+ b� s)� V (tj)kL(X) k
(s)kX ds << "Qk
kL1([a;b℄;X) � ":This proves the se
ond part of the lemma.To prove 1., let M denote the norm bound of V (t) on [a; b℄. By (16),there is a Æ > 0 su
h thatZ bb�Æ k
(s)kXds < "M (20)11



for every 
 2 �. A

ording to the se
ond part of the lemma the setC" = �Z b�Æa V (a+ b� s)
(s)ds����
 2 ��is relatively 
ompa
t in Y . By (20),



Z ba V (a+ b� s)
(s)ds� Z b�Æa V (a+ b� s)
(s)ds



Y �� Z bb�Æ kV (a+ b� s)
(s)kY ds �M Z bb�Æ k
(s)kXds < ";so C" ful�lls the requirements.�Now we return to the setting of Se
tion 2 and study the 
ompa
tnessproperties of the operator family St.Lemma 4.4. Let (S(t))t�0 be an immediately 
ompa
t semigroup on theBana
h spa
e X and �x 1 � p <1.1. For every t � 0, the set fStxj kxkX � 1g (21)is relatively 
ompa
t in Lp([�1; 0℄; X).2. The mapping s 7! Ss is norm 
ontinuous as a[0;1)! L(X;Lp([�1; 0℄))fun
tion.3. If the set � � L1([0; t℄; X) is bounded, then the set�Z t0 St�s
(s)ds����
 2 ��is relatively 
ompa
t in Lp([�1; 0℄; X).Proof. To prove 1, we apply Theorem 3.1 for F := fStxj kxkX � 1g.By Theorem 3.2, for every measurable set D � [0; t℄ the operatorW = ZD\(�t;0℄ S(t+ �)d�is 
ompa
t, so the set�ZD f ���� f 2 F� = fWxj kxkX � 1gis relatively 
ompa
t.To prove the uniform 
ontinuity of F , let M denote the norm boundof S(s) on [0; t℄. Again, to simplify the 
al
ulations, we set S(s) = 0 for
12



s < 0. Take a Æ > 0 and an 0 < h < Æ. By de�nition,Z �h�1 k[Stx℄ (� + h)� [Stx℄ (�)kpX d� == Z �h1 kS(t+ � + h)x� S(t+ �)xkpX d� �� Z �t�t�h kS(t+ � + h)xkpX + Z �t+Æ�t kS(t+ � + h)x� S(t+ �)xkpX d� ++ Z �h�t+Æ kS(t+ � + h)x� S(t+ �)xkpX d�:It is 
lear that Z �t�t�h kS(t+ � + h)xkpX � hMpkxkpX ;Z �t+Æ�t kS(t+ � + h)x� S(t+ �)xkpX d� � Æ(2M)pkxkpX ;and thatZ �h�t+Æ kS(t+ � + h)x� S(t+ �)xkpX d� �� sups2[Æ;t℄ kS(s+ h)� S(s)kpL(X) kxkpX :The immediate norm 
ontinuity of (S(t))t�0 implies thatsups2[Æ;t℄ kS(s+ h)� S(s)kpL(X) < Æ (22)for every h suÆ
iently small, and thenZ �h�1 k[Stx℄ (� + h)� [Stx℄ (�)kpX d� � Æ(3M)pkxkpX :Sin
e Æ was arbitrary, this proves uniform 
ontinuity in the sense of The-orem 3.1 and so relative 
ompa
tness.The se
ond statement of the lemma has been impli
itly proven inProposition 4.2 of [2℄, so we omit the simple proof.The third statement of the lemma follows immediately from the pre-
eding ones using Lemma 4.3.2 for Y = Lp([�1; 0℄; X), V (s) = Ss, a = 0,b = 1 and our given bounded set �. The needed 
ompa
tness and norm
ontinuity of V have been shown in 1 and 2, respe
tively. This 
ompletesthe proof.�In our last lemma we prove the missing ingredient for the proof ofTheorem 4.1.
13



Lemma 4.5. Let (S(t))t�0 be immediately 
ompa
t, and de�ne�0 := �
x;f ���� � xf � 2 D(A0) \B(E)� � Lp([0; t℄; X); (23)where 
x;f (s) = � (Ssx+ T0(s)f) ; s 2 [0; t℄ (24)for every � xf � 2 D(A0)If � satis�es 
ondition (K), then �0 satis�es the 
ondition of Lemma4.3.1, that is for every t > 0,Z tt�Æ k
(s)x;fkX ds! 0 (25)as Æ ! 0, uniformly in �0.Proof. LetM be the norm bound of S(s) on [0; t℄, 
onsider a � xf � 2D(A0) and take a Æ > 0.It follows immediately from the semigroup property that for everys 2 [0; Æ℄,St�Æ+sx+ T0(t� Æ + s)f == Ss (S(t� Æ)x) + T0(s) [St�Æx+ T0(t� Æ)f ℄ : (26)By 
ondition (K), for every Æ > 0 there is a 
onstant q(Æ) > 0 for whi
hZ Æ0 k�(Ss (S(t� Æ)x) + T0(s) [St�Æx+ T0(t� Æ)f ℄)kXds �� q(Æ)



� S(t� Æ)xSt�Æx+ T0(t� Æ)f �



E �� q(Æ)max fMkxkX ;MkxkX + kfkLpg �� q(Æ)(M + 1) 



� xf �



E : (27)Sin
e q(Æ)! 0 as Æ ! 0, by (26) and (27) for every� xf � 2 D(A0)\B(E)we haveZ tt�Æ k�(Ssx+ T0(s)f)kXds == Z Æ0 k�(St�Æ+sx+ T0(t� Æ + s)f)kXds � (M + 1)q(Æ)! 0 (28)if Æ ! 0, uniformly in �0, as stated.�Proof of Theorem 4.1. First we show that T0(t) is 
ompa
t fort > 1. By (2), for �xed t > 1 and � xf � 2 E ,T0(t)� xf � = � S(t)xStx � :14



Sin
e (S(t))t�0 is immediately 
ompa
t, T0(t) is 
ompa
t in the �rst 
o-ordinate. The 
ompa
tness in the se
ond 
oordinate has been proven inLemma 4.4.1.Now we prove assertions 2 and 3. By (1), (2) and (6), for every� xf � 2 D(A),(V T0)(t)� xf � = Z t0 T0(t� s)BT0(s)� xf �ds == Z t0 T0(t� s)� 0 �0 0 �� S(s)xSsx+ T0(s)f �ds == Z t0 � S(t� s) 0St�s T0(t� s) �� � (Ssx+ T0(s)f)0 �ds == Z t0 � S(t� s)� (Ssx+ T0(s)f)St�s� (Ssx+ T0(s)f) � ds: (29)Take now �0 of (23), whi
h is bounded in L1([�1; 0℄; X) by 
ondition(M) . By Lemma 4.4.3 we have thatF = �Z t0 St�s
(s)ds���� 
 2 �0� == �Z t0 St�s� (Ssx+ T0(s)f) ds���� � xf � 2 D(A0) \B(E)�is relatively 
ompa
t in Lp([�1; 0℄; X), whi
h proves 2.We prove 3 by showing that�Z t0 S(t� s)� (Ssx+ T0(s)f) ds���� � xf � 2 D(A0) \B(E)� (30)is in the "-neighborhood of a relatively 
ompa
t set for every " > 0 andt > 1.Sin
e by Lemma 4.4.1 and 2,fStxj kxkX � 1gis relatively 
ompa
t in Lp([�1; 0℄; X) for every t > 0 and s 7! Ss is norm
ontinuous, we 
an �x a �nite setfxj j j 2 Jg � B(X)su
h that for every x 2 B(X) there exists a j(x) 2 J for whi
hkSsxj(x) � SsxkL1 � "2q(t) (31)for every 0 � s � t. With the notation of Lemma 4.2, we also set� := minnt� 1; "8M2�o ;where M is the norm bound of S(s) on [0; t℄.15



For every � xf � 2 D(A0) \B(E) and Æ < � we haveZ t0 S(t� s)� (Ssx+ T0(s)f) ds == Z 10 S(t� s)� (Ssx+ T0(s)f) ds++ Z t1 S(t� s)� �Ssxj(x)� ds++ Z t�Æ1 S(t� s)� �Ss �x� xj(x)�� ds++ Z tt�Æ S(t� s)� �Ss �x� xj(x)�� ds: (32)By Lemma 4.3.2, the �rst and third term of the right hand side of (32)maps to a relatively 
ompa
t set, while the se
ond term 
an have only�nitely many values. To estimate the fourth term, observe that similarlyto (26) we haveSs �x� xj(x)�+ T0(s)f == Ss�t+Æ �S(t� Æ) �x� xj(x)�� + T0(s� t+ Æ) �St�Æ �x� xj(x)��for s � t� Æ � 1. So after a 
hange of variable, by Lemma 4.2,



Z tt�Æ S(t� s)� �Ss �x� xj(x)�� ds



X == 



Z Æ0 S(Æ � s)� �Ss �S(t� Æ) �x� xj(x)��++ T0(s) �St�Æ �x� xj(x)���ds



X ��M Z Æ0 

� �Ss �S(t� Æ) �x� xj(x)��++ T0(s) �St�Æ �x� xj(x)��� 

Xds �� ÆM� �kS(t� Æ) �x� xj(x)� kX + kSt�Æ �x� xj(x)� k1�++ q(t)kSt�Æ �x� xj(x)� kL1 � Æ4M2� + q(t) "2q(t) � ":This proves 3.For 4, we only have to prove that PrX(V 2T0)(t) is 
ompa
t for everyt > 0, sin
e PrLp(V 2T0)(t) is 
ompa
t by 3 (see Lemma III.1.13 in [7℄).First we show that PrX(V T0jX)(t) is 
ompa
t for every t > 0. As inthe proof of 3, for a " > 0 we �x a �nite set fxj j j 2 Jg � B(X) satisfying(31), and for every Æ > 0 a fun
tion fÆ : [�1; 0℄! [0; 1℄ su
h that f(0) = 1and kfkL1 � Æ. Observe thatFÆ := �� xxfÆ �����x 2 B(X)� � D(A0);16



and sin
e (V T0) (t) extends 
ontinuously onto X, for every � > 0,(PrX(V T0)(t))B(X) � B (((V T0) (t))FÆ; �) ;if Æ is suÆ
iently small. So to prove that (PrX(V T0)(t))B(X) is relatively
ompa
t, it is enough to show that (V T0)FÆ is in the "-neighborhood ofa relatively 
ompa
t set whenever Æ is suÆ
iently small.Let � := "4M2� + 2q(t)M :Then, with Æ < �, we havePrX(V T0)(t))� xxfÆ � == PrX(V T0)(t))� xj(x)xj(x)fÆ �++ Z t0 S(t� s)�(Ss �x� xj(x)� + T0(s) ��x� xj(x)� fÆ�)ds == PrX(V T0)(t))� xj(x)xj(x)fÆ �++ Z t�Æ0 S(t� s)�(Ss �x� xj(x)�+ T0(s) ��x� xj(x)� fÆ�)ds+Z tt�Æ S(t� s)�(Ss �x� xj(x)�+ T0(s) ��x� xj(x)� fÆ�)ds: (33)Just as in the proof of 3, we only have to estimate the third term of theright hand side of (33).We haveSs �x� xj(x)�+ T0(s) ��x� xj(x)� fÆ� == Ss�t+Æ �S(t� Æ) �x� xj(x)��+T0(s�t+Æ) �T0(t� Æ) �x� xj(x)� fÆ� :By Lemma 4.2,



Z tt�Æ S(t� s)�(Ss �x� xj(x)�+ T0(s) ��x� xj(x)� fÆ�)ds



X �� ÆM� �kS(t� Æ) �x� xj(x)� kX + kT0(t� Æ) �x� xj(x)� fÆk1� ++ q(t)kT0(t� Æ) �x� xj(x)� fÆkL1 � Æ4M2� + 2q(t)MÆ � ";as required. So PrX(V T0jX)(t) is 
ompa
t for every t > 0.Next we show that kPrX(V T0jX)(t)kL(X) ! 0 (34)
17



as t! 0. Sin
e by Lemma 4.2,



PrX(V T0)(t)) � xxfÆ �



X == 



Z t0 S(t� s)� (Ssx+ T0(s) [xfÆ℄) ds



X �� tM� (kxkX + kxfÆk1) + q(t)MkxfÆkL1 �� (2Mt� + q(t)MÆ) kxkX ;for Æ ! 0 we obtain kPrX(V T0jX)(t)kL(X) � 2Mt�;whi
h proves (34).Sin
e PrX(V T0jX)(t) is 
learly norm 
ontinuous for t > 0, we have thatPrX(V T0jX)(t) is 
ompa
t and norm 
ontinuous on the whole interval[0; t℄.Similarly to (29),PrX(V 2T0)(t)� xf � == Z PrX(V T0)(t)� � (Ssx+ T0(s)f)0 �ds == Z PrX(V T0)(t)jX� (Ssx+ T0(s)f) ds:As pointed out above, Lemma 4.3.2 
an be applied for a = 0, b = t,V (s) = PrX(V T0jX)(s) and � = �0 of (23). This proves the 
ompa
tnessof PrX(V 2T0)(t) for every t > 0.If � satis�es 
ondition (K), then by Lemma 4.5 we 
an apply Lemma4.3.1 for a = 0; b = t, the immediately 
ompa
t V (t) = S(t) and thebounded set � = �0. We obtain that (V T0)(t) is 
ompa
t in the �rst
oordinate for every t > 0. This proves assertion 5 and �nishes the proof.�5 Appli
ationsOur main example for delay terms satisfying (M) and (K) has been dis-
ussed in details in [2℄, Se
tion 3.3.3. It is shown that for every 1 � p <1and � : [�1; 0℄! L(X) of bounded variation the delay term given by theRiemann-Stieltjes integral�(f) = Z 0�1 d�f; f 2 C([�1; 0℄; X) (35)satis�es 
ondition (M), while 
ondition (K) holds if 1 < p <1. So if (4)holds, then the 
onditions of Theorem 2.4 are satis�ed, that is (A; D(A))generates a strongly 
ontinuous semigroup (T (t))t�0 on E , whi
h is even-tually 
ompa
t if the semigroup (S(t))t�0 generated by (A;D(A)) is im-mediately 
ompa
t. 18



More spe
ially we 
an 
onsider the 
ase when � is a �nite sum of Dira
measures, that is �(f) = nXi=1 Bif(hi);where Bi 2 L(X), hi 2 [�1; 0℄ for every i = 1; : : : ; n. This type of delayequation often appears in appli
ations (see e.g. [4℄, Chapter 2.4.).5.1 Spe
tral analysisBy virtue of the Spe
tral Mapping Theorem for eventually norm 
on-tinuous semigroups ([7℄, Theorem IV.3.10, page 280), the growth boundand the spe
tral bound of our perturbed semigroup 
oin
ide. The non-zero spe
trum of a 
ompa
t operator 
onsists of a 
ountable number ofisolated points in C . These points are all eigenvalues belonging to �-nite dimensional eigenspa
es. Sin
e the spe
trum of the generator ofan eventually norm 
ontinuous operator is bounded in every half-planef� 2 C j <� > �0g, �0 2 R, we obtain the following de
omposition theo-rem (see also Theorem 4.15 in [2℄ for a di�erent proof).Theorem 5.1. Let X, E, (A;D(A)), �, (A; D(A)) and (T (t))t�0 be asin Theorem 2.4. Then there exists a de
omposition E = ES+EC +EU of Einto subspa
es invariant under the semigroup (T (t))t�0 su
h that EC andEU are �nite dimensional, and� the semigroup TS(t) = T (t)��ESis uniformly exponentially stable;� the semigroup TU(t) = T (t)��EUis invertible and the semigroup T �1U (t) is uniformly exponentiallystable;� the semigroup TC(t) = T (t)��ECis a group, it is polynomially bounded, hen
e has growth bound 0, inboth time dire
tions.This de
omposition result is 
ru
ial in many situation. As an example,see e.g. [4℄, Chapter 5.2 and many other delay equations arising in 
ontroltheory.5.2 Numeri
al aspe
tsFinally we would like to point out the quantitative nature of Theorem 2.4,namely that PrXT (t) is "as 
ompa
t as" S(t). To do so we 
onsider adelay equation with numeri
ally well-understood operators A and �, thelatter satisfying 
ondition (K) with a "
omputable" q(t): one may simplytake the Diri
hlet Lapla
ian for A on X = L2(
) for a bounded domain
 and a point evaluation for �, as in Example 3.14 of [2℄ (for the value ofq(t) see (3.49) in Theorem 3.34 of [2℄).19



The solution of the equation is 
ompletely des
ribed by PrXT (t), sowe examine only this 
oordinate. Let t0 be su
h that q(t0) � 1=2; letM denote the norm bound of S(s) on [0; t0℄. We analyze the proje
tionPrZT (t) for every subspa
e Z � X.For t < t0 the general estimate of the Dyson-Phillips series gives




 1Xn=1(V nF )(t)x




X � 



F (s)���[0;t0℄



1 kxkX ; (36)(see the proof of Corollary III.3.16 in [7℄). By (29) and (28) we havekPrZ(V S)(t)kL(X) �� 


PrZS(s)��[0;Æ℄


1 (M + 1)q(Æ) + 


PrZS(s)��[Æ;t0℄


1 q(t0) (37)for every Æ > 0.Let now " > 0 be arbitrary and 
hoose Æ > 0 satisfyingM(M+1)q(Æ) �". Then if Z is 
hosen su
h that kPrZS(s)kL(X) � " for every s 2 [Æ; t0℄,then by (37), kPrZ(V S)(t)kL(X) � 2":So by (36) for the fun
tion F := PrZ(V T0)(t) we havekPrZT (t)kL(X) �� kPrZS(t)kL(X) + kPrZ(V S)(t)kL(X) ++ 




PrZ 1Xn=1V n(V S)(t)




L(X) � 3":The 
orresponding estimate for t > t0 
an be dire
tly obtained fromthe semigroup property. Note that the dependen
e of t0, Æ and Z on "is not "wild"; e.g., in Example 3.14 of [2℄, (S(t))t�0 is 
ontra
tive andanalyti
, so we have t0 = 1=4, while Æ and Z depends dire
tly on theeigenvalue stru
ture of A.To summarize, PrXT (t) inherits the approximability properties of S(t)on a quantitative way. In a Hilbert spa
e setting, whenever a (�nitedimensional) subspa
e W provides a good approximation to the image ofS(t), it also approximates PrXT (t) well (above Z plays the role ofW?). Sothe numeri
al treatment of our delay equations may be made by applyingthe methods developed for smooth fun
tions by approximating the initialdata (Lp fun
tions on bounded domains), sin
e not only the error in Lpnorm of the approximation is preserved but also its distribution in thespa
e X (for the basi
 numeri
al te
hniques for delay equations involvingsmooth fun
tions see e.g. [8℄, Chapter II.15 and [9℄, Chapter IV.5). Thispro
edure may give a method with good 
onvergen
e properties and with
ontrol on the Lp stru
ture, as well.Referen
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