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Abstract

We show, within the context of Miyadera Voigt perturbations on L
spaces, that for partial differential equations with delay arising from an
immediately compact undelayed equation the delay semigroup is even-
tually compact. We also indicate how this result can be applied to the
spectral analysis and numerical treatment of these equations.

1 Introduction

In this paper we continue the investigations of Andras Batkai and Susanna
Piazzera in [1] on the semigroup approach to partial differential equations
with delay in the state space of Banach space valued L? functions. Their
results in particular establish its equivalence to a corresponding abstract
Cauchy problem under sufficiently mild assumptions. Just like in numer-
ous similar cases (see e.g. [5], [10] and [14]), this allows the study of a
wide class of delay equations through semigroup theory (see also [11] for
a detailed study).

In this paper we prove the eventual compactness of the delay semigroup
for partial differential equations with delay arising from immediately com-
pact undelayed equations. The novelty of this result is in the choice of
the state space L”. Namely, the analogous result for Banach space val-
ued continuous functions has been proven in [15] (Chapter 8.3, page 286).
However, the state space LP turns out to be more convenient for many
applications (see e.g. [7], Chapter VI, Section 8 on control theory, or the
Preface of [2]). In Section 5, following [1] we present a wide class of delay
equations satisfying the assumptions of our abstract results.

The consequences of the eventual compactness are twofold. First, it
opens the way to the application of the very sophisticated and elaborated
methods of spectral analysis of compact operators, which in turn gives
information about the stability properties of the semigroup ([7], Chapter

*This research was carried out while the author has been visiting the Arbeitsgemeinschaft
Funktionalanalysis of Eberhard Karls University Tiibingen under Marie Curie Training Sites
Fellowship, Contract No. HPMT-CT-2001-00315. This research was also partially supported
by the OTKA Grant F 043620.



V, Section 1). Second, it gives an a priori estimate on the distribution of
the solution functions which can be helpful for the numerical treatment
of partial differential equations with delay in L? spaces. We will expose
these applications in Section 5.

2 Posing the problem
On the Banach space X, we consider the equation

u'(t) = Au(t) + ®uy, t >0,
u(0) =z, (DE)
ug = f,
where

e € X,

¢ A:D(A) C X — X is a closed and densely defined operator;

e feLP([-1,0],X) for a fixed 1 < p < oo;

e &:W"?([-1,0],X) = X is a bounded linear operator;

o u:[—1,00) = X, and us : [-1,0] — X is defined by u¢ (o) = u(t+0),
o€ [-1,0].

We investigate the solutions of (DE) through the abstract Cauchy
problem

(ACP)

defined on the Banach space

£:= X x L*([-1,0], X),

I(7)
f
by the unbounded operator

A
e (]

i= max {||z]|x, [ fllzr }
£

§lo
N———

with domain

D(A) := { ( j; ) € D(A) x WHP([~1,0], X) ‘f(()) = T}

The “equivalence” of (DE) and (ACP) has been established in [1]
(Proposition 2.1, Proposition 2.2).



Proposition 2.1. Let € D(A). Then u : [-1,00) — X is a

T
f
solution of (DE) with initial values © and f if and only if U : [0,00) = &,

o= (")

s a classical solution of (ACP) with initial value < f‘ )

It turned out that it is worthwhile to examine the properties of (ACP)
within the concept of Miyadera Voigt perturbation by considering the

unbounded operator
A0
(i)
0 3
with domain D(Ag) = D(A) and the perturbing operator

Bi— ( 0o ) € £(D(Ao), £). (1)

By the general theory of Miyadera-Voigt Perturbation (see e.g. [7],
Chapter VI, Section 6 or more specially [2], Part II, Section 3.3.2) one
has the following. If (A, D(A)) generates a strongly continuous semi-
group (S(t))¢>o0 on X, then (Ao, D(Ao)) generates a strongly continuous
semigroup (7o(t)):>0 on & given by

where (T5(t))¢>0 is the nilpotent left shift semigroup on L”([—1,0], X)
and S; : X — LP([—1,0], X) is defined by

san-{JTL o

Moreover, if there exist tp > 0 and ¢ < 1 such that

/ 18(S.z + To(s) )l s < qH( ‘) ()

£

for every < x
S\ f

perturbation theorem are satisfied, and the perturbed operator (A, D(A))
generates a strongly continuous semigroup (7 (£))¢>0 on €.

Smallness conditions like (4) will play an important role for our com-
pactness results. Using the notations of [1], we recall two such conditions.

Definition 2.2. We say that ® satisfies condition (M) if

) € D(Aq), then the conditions of the Miyadera—Voigt

[ 12+ s <a | () (a1)

£

for every ( ; ) € D(Ap), t > 0, and appropriate constants q(t) € R.

We say that ® satisfies condition (K) if (M) holds and ¢(t) — 0 as
t— 0.



Observe that (M) holds whenever the sufficient condition (4) for the
existence of Miyadera Voigt perturbation is satisfied.

Our investigations are concerned with the compactness of semigroups.
We recall the relevant notions.

Definition 2.3. A strongly continuous semigroup (7'(¢))¢>0 on the Ba-
nach space X is called eventually compact if there is a to > 0 such that the
function ¢ — T'(t) is compact operator valued as a mapping from (tg, c0)
to £(X). The semigroup is immediately compact if to = 0 can be chosen.

The present paper is devoted to prove that the immediate compactness
of (S(t))t>0 on X implies the eventual compactness of (7 (¢))¢>0 on £.
Here is our main result.

Theorem 2.4. Let 1 < p < oo be fized and consider the abstract Cauchy
problem (ACP). Suppose that (A, D(A)) generates an immediately com-
pact strongly continuous semigroup (S(t))i>o0 on X and ® satisfies condi-
tion (M) with q(to) < 1 for some to > 0. Then the strongly continuous
semigroup (T (t))i>o0 generated by (A, D(A)) on £ is compact for ¢t > 1.

On the way to obtain this result, we will prove several compactness
theorems under various assumptions (see Theorem 4.1). The sufficiency of
condition (M) in these results seems to be new; among other things, this is
why one can prove Theorem 2.4 for p = 1, as well (compare to Proposition
5.2 in [1]). Lemma 4.2 contains the key estimate, which might be useful
in other situations involving similar perturbation problems. We will also
discuss the role of condition (K).

We remark here that it is known that the immediate compactness
for (S(#))¢>0 in Theorem 2.4 cannot be weakened to eventual compact-
ness (see e.g. [3], Example 5.1, page 374). Note also that in general the
Miyadera Voigt Perturbation of eventually compact semigroups is not
necessarily eventually compact. Therefore, since the unperturbed semi-
group (To(t)),>, is not immediately compact, our situation is quite pecu-
liar.

3 Preliminaries and Notations

For the norm unit ball of a Banach space X we use B(X), while B(F,¢)
stands for the e-neighborhood of a F C X for £ > 0.

Integrals on R are to be understood in Bochner sense according to the
canonical Lebesgue measure. The Banach space of p integrable X valued
functions on the compact interval I C R is defined also with respect to the
Lebesgue measure and is denoted by (LP(I, X), ||.||z»1,x)). If a function

f is defined on an interval I C R, then we write f‘ for the restriction
of f onto I; we will use this to simplify our notation while carrying out
norm estimates of functions on parts of their domains. To shorten the

expressions, we do not indicate the restriction onto [—1,0] for functions
in the argument of ®.

Our reference on Miyadera Voigt Perturbation is [7] (Lemma I11.1.13
and Corollary I11.3.15). That is, if (T(t))t>0 is a strongly continuous



semigroup on the Banach space X and the operator (C, D(C)) satisfies
the conditions of the perturbation theorem of Miyadera and Voigt, then
the perturbed semigroup (U(t)):>0 is given by the Dyson-Phillips series

Ut)z =Y _(V'T)(t)z, (5)
where
(VF)(t)z = /0 F(t — $)OT(s)zds (6)

is defined for every z € D(G) and extended continuously onto X.

Moreover, if (V"T)(t))¢>0 is immediately compact for some n € N
and ((VIT)(t))s>o0 is eventually compact for every 0 < j < n, then
((V™T)(t))t>o0 is immediately compact for every m > n, so (U(t))i>o0
is eventually compact.

Since £ is a product space, the definition of compactness of the ap-
propriate operators will be checked coordinate wise. To verify relative
compactness in LP([—1, 0], X), we will make use of the following general-
ization of the well-known Compactness Theorem of Kolmogorov and Riesz
([12], Theorem 1, page 66).

Theorem 3.1. Let I C R be a compact interval, X be a Banach space
and consider a class of functions F C LP(I,X) for some fized 1 < p < oo.
Then F is relatively compact if and only if

(a) F is uniformly continuous, that is
[ U+ m) = Flkds 0 if o,
JIN(I—h)

uniformly in F;
(b) for every interval D C I, the set

{/D £(s)ds

is relatively compact.

fe]—'}cX

We need that the integral of an integrable compact operator valued
map is a compact operator. This is contained in Theorem 1.3 of [13].

Theorem 3.2. Let X be a Banach space, [a,b] C R be a compact interval.
If S: (a,b] » L(X) is a bounded measurable function, then the function
V :a,b] = L(X),

V(t) = /t S(a+t—s)ds

is morm continuous on [a,b].



If, in addition, S is continuous and compact operator valued in (a,b),
then for every measurable set D C [a,b], the operator

/ S(s)ds € L(X)

Finally we state here the important fact that immediate norm con-
tinuity follows from immediate compactness (see e.g. Lemma 11.4.22 in
[7]).

Theorem 3.3. Immediately compact semigroups are immediately norm
continuous.

1s compact.

4 Eventual compactness

We will prove the following theorem. As usual, Prx : £ - X and Prz» :
& — LP([-1,0],X) stand for the projection from &£ onto its first and
second coordinate, respectively.

Theorem 4.1. Let X, &, (A, D(A)), (S(t))t>o0, (To(t))t>o0, (T(t))e>0 and
® be as in Theorem 2.4 for some fized 1 < p < oo, with a P satisfying
(M). Let V denote the operator defined by (6). If (S ( ))¢>0 is immediately
compact, then

1. the operator To(t) is compact for t > 1;

2. Prro» (VT0)(t) is compact for t > 0;

3. the operator Prx (VTo)(t) is compact fort > 1;
4. the operator (V2To)(t) is compact for t > 0.
5

. If ® satisfies condition (K), then the operator Prx (VTo)(t) is com-
pact fort > 0.

From this, Theorem 2.4 immediately follows.

Proof of Theorem 2.4. By Corollary II1.3.16 in [7], we can apply
the Miyadera Voigt perturbation theorem for

() = To(t) = ( AL )

0@
6’787(00 )

From Theorem 4.1, 1., 2. and 3. we have that 7o(¢) and (V7o)(¢) are com-
pact for t > 1, while Theorem 4.1, 4. gives that (V>70)(t) is immediately
compact. So the perturbed semigroup (7 (¢)):>0 is compact for ¢ > 1,
which proves the statement.Hl

Before starting our quest for compactness, we show how (M) implies
a weak version of (K). In short, the following lemma says that the ||z||x
on the right hand side of (M) can be replaced with ¢||z| x.



Lemma 4.2. If ® satisfies (M), then

/0/ 19 (Suz + To(s) £l ds <

<2t (M + Dllzllx + | flloo) Rl zwra,x) +

+a@Olfllr +a(@)2t (M|z|lx +[[fllee) <
S tA(llzllx + [ flloo) + a@I fll

where M denotes the norm bound of S(s) on [0,t] and q(t) is the function
in the definition of condition (M).

Later on, we will use only the constant A := A(t, M, ®) to shorten the
resulting erpressions.

Proof. Our strategy is to replace Ssx + To(s)f by a function which is
zero in 0. To this end, for a sufficiently large positive integer N (its value
will be determined later), we define our cutoff function as

1, 1f(7<7%7
h(o):=¢ —%o, if — £ <o <0;
0, if0<o

To simplify the following calculations, we set

kt
gk = Srex +To <N>f’ k=0,...,N—1.

First we find our N. We have
kt
H@ (SS.T +To(s)f —To (s — —) [hgk]> H <
N X
(7)

< 1¥leouns o | [Se 4 oo s =70 (5= ) ]|

[=L,0] w11

Since h(s) =1 for 0 < —%, for every o € [—1, —%]

kt

(52470 (%) 1] (@) = (gl @)

holds, so in particular

(.24 70661 = 7o (5= &) 1l (0) =0

N> N

(sosmior (e o),

<[+ neon]

for every o € [f , — f\;] if s € [ﬂ M} Thus for such s we have

<
wi,1

—+

w1

el (s 5 ] g ®)

wi,1



By the continuity of the norm, for an N sufficiently large we have

H(Ssx+T0(s)f) ‘[7%,01 H < llellx

wiil

for every s € [%, W}, k=0,...,N — 1. Then, from the definition of

W norm, the second term of (8) can be estimated as

H 7o (o %) ‘[%,o]HWm =
- H 7 (o &) o) xal,

e D]y,

Lli

N
kt
< hlloo || |To (s = 2 q]\ +
e | 70 (s~ 50) 4] |
kt
A )]l ol P sl
H[ N )P zeo I =200y

< lzllix + 2 (Ml x + [ £lloo) -

So by (7) and (8), for an N sufficiently large we obtain

o(sosmorn - )om) -

<2((M + Dllzllx + [ flloo) [@llzwrr x)  (9)

N N 5
Let us fix this N. Then by the triangle inequality and (9),

for every s € [ﬂ (k“)t} k=0,...,N—1.

(k+1)¢
1@ (Ssz + To(s)f)llx ds <

kit
N

2t
< & (M +Dllzlix + 1 flloc) 1@l ewra x) +
(k+1)¢

)

We have to estimate the remaining integral in (10). By the triangle in-

(10)

X

equality,
I o) DDl < [ (70 (5 +) )|+

(e vai)] o



the sum to be understood empty for k = 0.
Counsider the functions on the right hand side,

er i="To <W> (hgi+1] = To <(k ]_Vl)t) [ha1]

k=1,...,N—1,1=0,...,k—1.

Observe that ey, is zero outside the interval [— (kfjlvﬁ)t, — Uc*;{”ﬂ . This

(k—1—1)t
— ke

is clear for o > , since both terms are zero, while for o <

*W it follows from the identities

{Tg ((k;N*l)’) [hgm]] (0) = [hgi41] (0+ Lﬂ)

o (U+ Lj\;”’) = [S%m +Th (%) f} (o)
and

20 (A52) tha] ) = pral (o + S
=0 (o + B = [sge i (B) 1]

A similar computation shows that

k—1—-1)t
ex, = To (%) €l41,1,

while by the triangle inequality

fewstolly < |70 (A=) el )

CTIE

_ (k=141)t _(k—l—1)t:|
N 1 N

+

X

< 2(Mlzllx + [ £lle)

X

for every o € [ , S0 in particular

4t
lewdller = llerrrallr < < (Mll2llx + {1 £lloc ) (12)

for every k = 1,...,N —1, 1 = 0,...,k — 1. That is, by (M) for the
function e;41,;, using (12) and e;41,(0) = 0 we obtain

2 [}ﬁ | (T'(s)ew,)|lx ds =

k=Il+1
N-1 +
=3 [l (o) -
k=i+1"0 X
ot ;
- / 19 (T(s)ersr0)ll ds < / 19 (T(s)ersr 1)l ds <
0 0
4t
< g@llevsrallir < a) 3 (M flallx + [l (13)



By summing on [, we have

N-1 %k71
>/ > 1 (Ta(erl ds =
k=0"0 =

N-—-2

t
I > e Tens)ly ds <

k=I+1

Il
g

0

2

-2

a(t)

N

IA

(M[z][x + I fll) < q(®)dt (Mllzllx + [|flloc) - (14)
l

Similarly, for the first term of the right hand side of (11) we obtain
ds =

]:Z:/Ow ‘q> (Tn (% +s> [hgo]) )
- / 19 (To(6) trgol) 1 ds < a@lfllr. (15)

Finally, by putting together (10), (11), (14) and (15), we arrive at

N_ (k+1)t

/ |®(Sez + To(s)f) || xds = Z/ @ (Sez + To(s) f)||x ds <
k=

Il
<)

?

12t

>/
A

~ (M +Dlzllx + (I Flloo) 1l ewrrx) +

Jo (5 m)

| (To(s)er,)| x ds <
1=0

Zx-
I
2~

+

ds +
X

2 w-
,_. ::
2|~

+

ES

;=0
t((M + Dllzllx + 1 flloo) IRl eewrn x) +
+aOlfllr + )4t (Mlz|lx + [ fllo)

as stated. This finishes the proof.H

<2

Next we prove a lemma which will help to check the relative compact-
ness of sets appearing in the range of the perturbed semigroup.

Lemma 4.3. Let X, Y be arbitrary Banach spaces, a,b € R and 1 <
p < oc be fired. Consider a bounded mapping V : [a,b] — L(X,Y) and a
bounded set T C L'([a,b], X).

1. Suppose that V' is norm continuous and compact operator valued on

(a,b]. If T satisfies

b
/ I (s) 1 ds — 0 (16)
Jb—48

as 0 — 0, uniformly in I, then the set

= {/ab V(a+b—s)y(s)ds

is relatively compact in'Y .

v e r} (17)

10



2. If V is norm continuous and compact operator valued on the closed
interval [a,b], then the conclusion of 1. holds for every bounded I' C
L'([a,b], X).

Proof. For every £ > (0 we construct a relatively compact set C. C X
such that C is in the e-neighborhood of C.. This clearly proves the lemma.

Let Q be the norm bound of T in L*([a, b], X).

Suppose first that V' is norm continuous and compact operator valued
on [a,b]. Then

{V(®)t € fa,b]} C (LXY), |l eexyy)

is the continuous image of the compact interval [a,b], so it is a compact
set of operators. Hence there is finite set {b = to > t1 > -+ > tp, >
tnt1 = a} C [a,b] such that

IV(E) ~ VE)lexy) < % (18)

whenever ¢ € [tj41,t;], 7 =0,...n. We show that

abs conv (U V(t]-)(QB(X))> (19)

=0
can be chosen for C., where abs conv indicates absolute convex hull.
Since V (¢;)(B(X)) is relatively compact for every 0 < j < n, C. is
relatively compact, as well. Let now v € I'. Then

n

b a+b—tj41
/ V(a+b—s)y(s)ds = Z/ Via+b—s)y(s)ds =

=0 +b—t;
n a+b7tj+1
= Z/ V(t;)y(s)ds +
j=0" a+b7tj

n a+bftj+1
+ Z/ﬂ (V(a+b—s)— V(t;)y(s)ds.

j=0"7a+b=t;

The first sum of the right hand side is clearly in C., while by (18) for the
second term we have

<

n a+b7t]-+1
>/ (Via+b =)~ ViE)y()ds]

j=0" a+b—t;

n a+bftj+1
<y / IV(a+b—s)— V) e ()l ds <
7=0

a+b—t;
15
< 6||7||Ll([a,b],x) <e.

This proves the second part of the lemma.
To prove 1., let M denote the norm bound of V() on [a,b]. By (16),
there is a 6 > 0 such that

[ nlivas < (20)

11



for every v € I'. According to the second part of the lemma the set

’yEF}

C. = {/;75 V(a+b— s)y(s)ds

is relatively compact in Y. By (20),

<

Y

b b—3
/ Via+b—s)y(s)ds — / Via+b—s)y(s)ds

b b
< [ Wbl as <3 [ Ias)lxds <<,
Jb—45 Jb—45

so C. fulfills the requirements.ll

Now we return to the setting of Section 2 and study the compactness
properties of the operator family S;.

Lemma 4.4. Let (S(t))i>0 be an immediately compact semigroup on the
Banach space X and fir 1 < p < oc.

1. For every t > 0, the set
{Sea] [lxflx <1} (21)

is relatively compact in LP([—1,0], X).

2. The mapping s — Ss 1S norm continuous as a
[0,00) = L(X, L”([-1,0]))

function.

3. If the set T' C L*([0,t], X) is bounded, then the set
t
{/ Si—sy(s)ds|vy € F}
0

is relatively compact in LP([—1,0], X).
Proof. To prove 1, we apply Theorem 3.1 for F := {S;z| ||z||x < 1}.
By Theorem 3.2, for every measurable set D C [0, ¢] the operator

W = S(t+ o)do

J DN(—t,0]

is compact, so the set

{/Df‘ fEF}:{Wm\ lollx <1}

is relatively compact.
To prove the uniform continuity of F, let M denote the norm bound
of S(s) on [0,t]. Again, to simplify the calculations, we set S(s) = 0 for

12



s < 0. Take a 6 > 0 and an 0 < h < §. By definition,

/ 8e2] (o + ) — [Sez] () 1% do =

-1

—h
:/ IS(t + o + b — S(t + o)a|[% dor <
1

—t —t+5
§/ ||S(t+a+h)$||§(+/ ISt + o+ h)z — S(t + o)z||5 do +
Joton Jt

—t—

—h
+ / IS(t + o + h) — S(t + o)z|% do.
—t+5

It is clear that

—t
/ IS(t + 0 + W% < AMP %,

t—h

—t+6
/ ISt + 0 + B)x — S(t + o)l do < 5M)? |||,

t

and that

“h
/ IS(t + o + ) — S(t + 0)a|l%, do <
—t4+6

< sup 115G+ 1) = SOz, el
s€[d,t

The immediate norm continuity of (S(#)):>0 implies that

31[16p] 1S(s +h) — S(S)HTZ(X) <9 (22)
s€[d,t

for every h sufficiently small, and then

—h
[ lisial (o + ) = [Sia) (0) s do < 831l
—1
Since § was arbitrary, this proves uniform continuity in the sense of The-
orem 3.1 and so relative compactness.

The second statement of the lemma has been implicitly proven in
Proposition 4.2 of [2], so we omit the simple proof.

The third statement of the lemma follows immediately from the pre-
ceding ones using Lemma 4.3.2 for Y = L?([-1,0], X), V(s) = Ss, a = 0,
b =1 and our given bounded set I'. The needed compactness and norm
continuity of V' have been shown in 1 and 2, respectively. This completes
the proof.l

In our last lemma we prove the missing ingredient for the proof of
Theorem 4.1.

13



Lemma 4.5. Let (S(t))i>0 be immediately compact, and define

To:= {%,f‘ ( jf ) € D(Ao)ﬂB(S)} c L7([0,4], X),  (23)
where

Yo.f(5) = @ (Ssz + To(s)f), s €[0,1] (24)

for every < f‘ ) € D(Ao)

If ® satisfies condition (K), then Lo satisfies the condition of Lemma
4.8.1, that is for every t > 0,

¢
[ sl ds >0 (25)
Ji—s

as 6 — 0, uniformly in T'g.

Proof. Let M be the norm bound of S(s) on [0, ¢], consider a ( fc ) €

D(Ap) and take a § > 0.
It follows immediately from the semigroup property that for every
s €[0,4],

Si—s4sz+To(t—6+s)f =
= 5. (S(t = 0)x) + To(s) [Si—sz + To(t — 3)f].  (26)

By condition (K), for every § > 0 there is a constant g(é) > 0 for which
5
[ 1S (S0 0)2) + To(o) [Si-so+ Tolt - D) xds <
0
S(t—96)x
<q(é <
< |( g 20700 )| <
< q(0) max {M|lz|x, Mllz|lx + [ fllr} <

<awor+|(5)

(27)

£

Since g(6) — 0as d — 0, by (26) and (27) for every < ) € D(Ao)NB(E)

T
f

we have
t
/ 19 (Soz + To(s)f) | x ds =
Jt—4

s
_ / BS540 + Tolt — 5 + ) F)llxds < (M +1)q(6) = 0 (28)
4]
if § = 0, uniformly in I'y, as stated.l

Proof of Theorem 4.1. First we show that To(¢) is compact for

t>1. By(2),f0rﬁxedt>1and<'7;)65,

wo(5)-(3)

14



Since (S(t)):¢>0 is immediately compact, To(t) is compact in the first co-
ordinate. The compactness in the second coordinate has been proven in
Lemma 4.4.1.

Now we prove assertions 2 and 3. By (1), (2) and (6), for every
( 7’; ) € D(A),
vmo(F) :/nt%(t_s)m(s)< © ) as -

:./ot%(t_s)( 00 ) ( S,qm‘S;-(?:(.s)f )dsz

=[Sm0 ) (FETEPEN Y

_ (St — s)® (Ssx + To(s)f)
N '/‘; ( Si—s® (Ssx + To(s)f) ) ds. (29)

Take now T of (23), which is bounded in L'([~1,0], X) by condition
(M) . By Lemma 4.4.3 we have that

F= {/nf Si—sy(s)ds|v € Fo} =

_ {/01 Si_o® (Ssz + To(s)f) ds

( g’f ) € D(Ao)ﬂB(E)}

is relatively compact in LP([—1,0], X), which proves 2.
We prove 3 by showing that

{/Ut S(t —s)® (Sex + To(s)f)ds

( ;ﬁ ) € D(Ao)ﬂB(S)} (30)

is in the e-neighborhood of a relatively compact set for every € > 0 and
t>1.
Since by Lemma 4.4.1 and 2,

{Sez| [lz]lx <1}

is relatively compact in L?([—1,0], X) for every ¢ > 0 and s +> S is norm
continuous, we can fix a finite set

{zjl j € J} C B(X)
such that for every x € B(X) there exists a j(z) € J for which

€
||SS.’IJ]‘(m) - SS'T”Ll < —

< %0 31)

for every 0 < s <t. With the notation of Lemma 4.2, we also set

A::min{tfl,8]\/‘[;2/\}7

where M is the norm bound of S(s) on [0, ¢].

15



For every < ; ) € D(Ao) N B(€) and § < A we have

/Ot S(t — )@ (Ssz + To(s)f) ds =
= /1 St —s)® (Ssz + To(s)f)ds +
+ /t St —8)® (Sexj(a)) ds +
11&75
+/1 S(t — )8 (S, (x — 2;00)) ds +
+ /t;(s S(t—35)® (Ss (z — zj)) ds. (32)

By Lemma 4.3.2, the first and third term of the right hand side of (32)
maps to a relatively compact set, while the second term can have only
finitely many values. To estimate the fourth term, observe that similarly
to (26) we have

Ss (# = wj@)) +To(s)f =
(z —

= szt+6 (S(f - 5) r T7(T))) + T()(S —t+ 5) [St,5 (73 - T7(T))]

for s >t — 40 > 1. So after a change of variable, by Lemma 4.2,

X

/,;5 S(t—s)® (S5 (z — zj(r))) ds

+ To(s) [St—s (x — xj(1))]) ds

8
/0 S(6— )@ (Ss (St —0) (x — () +

<

) X

< M./o | (Se (S(t —8) (& — 2;))) +

+ To(s) [Stfé (T - -77.7‘(1))]) ||de <
<OMA(IS(t—8) (x = zj(0) Ix + 1St (2 = 2500) ll) +

€
+q®)[|Se—s (x — Tj() 22 < FAMPA + Q(t)m <e.

This proves 3.
For 4, we only have to prove that Prx(V>70)(t) is compact for every
t > 0, since Prr»(V275)(t) is compact by 3 (see Lemma I11.1.13 in [7]).
First we show that Prx(V7o|x)(t) is compact for every ¢ > 0. As in
the proof of 3, for a € > 0 we fix a finite set {z;| j € J} C B(X) satisfying
(31), and for every 6 > 0 a function fs : [-1,0] — [0,1] such that f(0) =1
and ||f]|z1 < d. Observe that

w{(5)

v e B(X)} C D(Ay),
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and since (V7o) (t) extends continuously onto X, for every p > 0,
(Prx(VTo)(8)) B(X) C B(((VTo) (£)) Fs,p) ,

if 4 is sufficiently small. So to prove that (Prx (V7o)(t)) B(X) is relatively
compact, it is enough to show that (V' 7) Fs is in the e-neighborhood of
a relatively compact set whenever ¢ is sufficiently small.

Let

A —
T AN+ 2qOM

Then, with § < A, we have

er(V%)(t))< mgjﬂs ) N

:PTX(VTO)(t))< i) >+

Tj)fs

+/0 S(t—5)®(Ss (z — j(a)) +To(s) [(z — 70 f5])ds =

= Prevm) () )+

Tj)fs

t—4
+ /0 S(t—s)®(Ss (z — mj(y) + To(s) [(z — () f5])ds +
/f;g S(t— 8)®(Ss (z — 2;00)) + To(s) [(z — zj()) £5])ds.  (33)

Just as in the proof of 3, we only have to estimate the third term of the
right hand side of (33).
We have

Ss (& = zj(0)) +To(s) [(x — z0)) f5] =
= szt+6 (S(t - (5) (x - $](I)))+TO(S_t+6) [Tg(t - 6) ($ - x]'(I)) fS] :

By Lemma 4.2,
‘ S S(t—s)®(Ss (z — xj(0)) + To(s) [(z — zj()) f5])ds| <
Jt— X
S OMA (ISt = 0) (z — 2j()) lIx + 1To(t = ) (z — () fslloo) +

+ a0t — 0) (v — () foll i < F4AM?A +2q(H) M6 < e,

as required. So Prx(V To|x)(t) is compact for every ¢ > 0.
Next we show that

1Prx (VT ) (Ol ) = 0 (34)
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as t — 0. Since by Lemma 4.2,

X

<

HPTX(V'F])(t)) ( ;}5 )

| X
SEMA ([Jz]lx + |2 fslloe) + a(E) M|z f5]|l L1 <
< (2MiEA + q(8) M9) ||z x

/0 "S(t— £)B (Su + To(s) [ofs]) s

for § — 0 we obtain
||P7“X(V7T)|X)(t)”5(x) < 2MiA,

which proves (34).

Since Prx (V To|x)(t) is clearly norm continuous for ¢ > 0, we have that
Prx(VTo|x)(t) is compact and norm continuous on the whole interval
[0, t].

Similarly to (29),

PrX(VZ'ﬁ])(t)( ; ) =

-/ Prx<vm<t)( ® (Shz + To(a)S) )ds _

= /PTX(V%)(t)\Xé(SSm+T0(s)f) ds.

As pointed out above, Lemma 4.3.2 can be applied for a = 0, b = ¢,
V(s) = Prx(VTo|x)(s) and I' = I'g of (23). This proves the compactness
of Prx(V2To)(t) for every t > 0.

If ® satisfies condition (K), then by Lemma 4.5 we can apply Lemma
4.3.1 for a = 0, b = t, the immediately compact V(¢) = S(t) and the
bounded set T' = T'y. We obtain that (V75)(¢) is compact in the first
coordinate for every ¢ > 0. This proves assertion 5 and finishes the proof.ll

5 Applications

Our main example for delay terms satisfying (M) and (K) has been dis-
cussed in details in [2], Section 3.3.3. It is shown that for every 1 < p < oo
and 7 : [-1,0] = L(X) of bounded variation the delay term given by the
Riemann-Stieltjes integral

0
a() = [ anf, fec(-1.0.%) (3)
satisfies condition (M), while condition (K) holds if 1 < p < cc. So if (4)
holds, then the conditions of Theorem 2.4 are satisfied, that is (A, D(A))
generates a strongly continuous semigroup (7 (¢))¢>0 on &, which is even-
tually compact if the semigroup (S(t)):>0 generated by (A, D(A)) is im-
mediately compact.
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More specially we can consider the case when 7 is a finite sum of Dirac
measures, that is

o(f) = ZBif(hi),

where B; € L(X), h; € [-1,0] for every i = 1,...,n. This type of delay
equation often appears in applications (see e.g. [4], Chapter 2.4.).

5.1 Spectral analysis

By virtue of the Spectral Mapping Theorem for eventually norm con-
tinuous semigroups ([7], Theorem IV.3.10, page 280), the growth bound
and the spectral bound of our perturbed semigroup coincide. The non-
zero spectrum of a compact operator consists of a countable number of
isolated points in C. These points are all eigenvalues belonging to fi-
nite dimensional eigenspaces. Since the spectrum of the generator of
an eventually norm continuous operator is bounded in every half-plane
{A € C RX> Ao}, Ao € R, we obtain the following decomposition theo-
rem (see also Theorem 4.15 in [2] for a different proof).

Theorem 5.1. Let X, £, (A, D(A)), @, (A, D(A)) and (T (t))i>0 be as
in Theorem 2.4. Then there exists a decomposition € = Es+Ec+Ev of €
into subspaces invariant under the semigroup (T (t))i>0 such that Ec and
Eu are finite dimensional, and
o the semigroup
Ts(t) = T(t)],,
is uniformly erponentially stable;
e the semigroup
Tolt) = T(0),,

is invertible and the semigroup 751(15) is uniformly ezponentially
stable;

o the semigroup

To(t) = T(t

is a group, it is polynomially bounded, hence has growth bound 0, in
both time directions.

e

This decomposition result is crucial in many situation. As an example,
see e.g. [4], Chapter 5.2 and many other delay equations arising in control
theory.

5.2 Numerical aspects

Finally we would like to point out the quantitative nature of Theorem 2.4,
namely that Prx7 (t) is "as compact as” S(t). To do so we consider a
delay equation with numerically well-understood operators A and @, the
latter satisfying condition (K') with a ”computable” ¢(t): one may simply
take the Dirichlet Laplacian for A on X = L*(Q) for a bounded domain
Q2 and a point evaluation for ®, as in Example 3.14 of [2] (for the value of
q(t) see (3.49) in Theorem 3.34 of [2]).
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The solution of the equation is completely described by Prx T (t), so
we examine only this coordinate. Let to be such that g(to) < 1/2; let
M denote the norm bound of S(s) on [0,f]. We analyze the projection
Pr;T(t) for every subspace Z < X.

For t < to the general estimate of the Dyson-Phillips series gives

e}

> (VTF)(t)x

n=1

ll]lx (36)

< HF(S)

% [0,t0] Hoo

(see the proof of Corollary I11.3.16 in [7]). By (29) and (28) we have
[Prz(VS) ()l z(x) <
< [PraS@)ig s (M +1)a(0) + [[Pras(s)] ;| _atto) 7

for every 6 > 0.
Let now £ > 0 be arbitrary and choose § > 0 satisfying M (M+1)q(d) <
€. Then if Z is chosen such that |PrzS(s)||z(x) < € for every s € [4, o],
then by (37),
1Pes (V)W) x) < 2.

So by (36) for the function F' := Prz(V7To)(t) we have

IPrzT ()|l zox) <
< ||PrzS(t)||£(x) + ”PTZ(VS)(t)”L(X) +

+ < 3e.

L(X)

Pr, i V(VS)(t)

n=1

The corresponding estimate for ¢ > to can be directly obtained from
the semigroup property. Note that the dependence of to,  and Z on ¢
is not "wild”; e.g., in Example 3.14 of [2], (S(t))¢>0 Is contractive and
analytic, so we have to = 1/4, while § and Z depends directly on the
eigenvalue structure of A.

To summarize, Prx T (t) inherits the approximability properties of S(#)
on a quantitative way. In a Hilbert space setting, whenever a (finite
dimensional) subspace W provides a good approximation to the image of
S(t), it also approximates Prx 7 (t) well (above Z plays the role of W*). So
the numerical treatment of our delay equations may be made by applying
the methods developed for smooth functions by approximating the initial
data (LP functions on bounded domains), since not only the error in L?
norm of the approximation is preserved but also its distribution in the
space X (for the basic numerical techniques for delay equations involving
smooth functions see e.g. [8], Chapter II.15 and [9], Chapter IV.5). This
procedure may give a method with good convergence properties and with
control on the L? structure, as well.
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