
The !1-limit of Baire-2 fun
tions is Baire-2Tam�as M�atrai�April 17, 2006Abstra
tLet X be a Polish spa
e, Y be a separable metri
 spa
e and 
onsidera family f� : X ! Y (� < !1) of Baire-2 fun
tions. Giving a partialanswer to a question of Tomasz Natkanie
, we show that if for a fun
tionf : X ! Y , the set f� < !1 : f�(x) 6= f(x)g is �nite for every x 2 X, thenf itself is ne
essarily Baire-2. The proof is based on a 
hara
terization of�03 sets whi
h 
an be interesting on its own.1 Introdu
tionAlmost a 
entury ago, W. Sierpi�nski [6℄ observed that the pointwise limitof a sequen
e with length !1 of 
ontinuous real fun
tions is ne
essarily
ontinuous (Theorem 1 on page 133), whi
h may seem to be quite para-dox 
ompared to the behavior of ordinary pointwise 
onvergen
e. In thesame paper, Sierpi�nski has also proved this 
lass preserving property of!1-
onvergen
e for the Baire-1 fun
tions (Theorem 2 on page 137); and hepointed out that by assuming the Continuum Hypothesis, every real fun
-tion 
an be obtained as the !1-limit of Baire-2 fun
tions (for more detailsand dis
ussions, see [6℄, Se
tion 5, page 139 and [2℄, spe
ially Theorem 3on page 499).In view of these fa
ts, T. Natkanie
 [5℄ introdu
ed a stronger notionof pointwise 
onvergen
e. We re
all the pre
ise setting in the followingde�nition.De�nition 1. Let (X; �) be a Polish spa
e, (Y; d) be a separable metri
spa
e and 
onsider an ideal I on !1. We say that a sequen
e of fun
tionsf� : X ! Y (� < !1) I-
onverges to the fun
tion f : X ! Y , in notationf� !I f , if f� < !1 : f�(x) 6= f(x)g 2 Ifor every x 2 X.Similarly, we write f� !dI f if for every " > 0 and x 2 X we havef� < !1 : d(f(x); f�(x)) > "g 2 I:�This resear
h was supported by the OTKA grant F 043620.2000 Mathemati
s Subje
t Classi�
ation: 26A211



In 
ase of the ordinary !1 
onvergen
e, as used in [2℄ and [6℄, we haveI = [!1℄! , that is the ideal of 
ountable subsets of !1. However, ourmotivating theorem, giving partial answer to Problem 1 in [5℄ on page490, is related to the parti
ular 
ase when the ideal 
ontains the �nitesubsets of !1, that is I< = [!1℄<!.Theorem 2. Let (X; �) be a Polish spa
e, (Y; d) be a separable metri
spa
e, and 
onsider a family f� : X ! Y (� < !1) of Baire-2 fun
tions.If f : X ! Y is su
h that f� !dI< f , then f is Baire-2.We note here that the original question asked by T. Natkanie
 re-fered to I<-
onvergen
e. However, it is easy to see that I<-
onvergen
eimplies dI< -
onvergen
e, so the result above is formally stronger than therequired. The suÆ
ien
y of dI< -
onvergen
e was pointed out to the authorby Petr Holi
k�y. We also note that using more sophisti
ated te
hniques,this result has already been generalized to every Baire-� 
lass (see [4℄).In the following se
tion, we present the 
hara
terization of �03(�) setswhi
h is the key element of the proof of Theorem 2. The last se
tion
ontains the proof of Theorem 2.Our referen
e for the basi
 notions in des
riptive set theory is [1℄; inparti
ular, �0�(�) (�0�(�) resp.) stands for the �th multipli
ative (additiveresp.) Borel 
lass in (X; �), starting with �01(�) = 
losed sets, �01(�) =open sets.2 �03(�) sets in the Borel hierar
hyLet (C; �C) denote the Polish spa
e 2! with its usual produ
t topology. Todistinguish �03(�) sets from �03(�) sets, we 
onstru
t a �03(�C) set P � Csu
h that every �03(�) subset of X 
ontaining a suitable 
opy '(P) of Pis \mu
h bigger" in sense of Baire 
ategory than '(P) (for the pre
isestatement, see Lemma 3).First we have to 
onstru
t P. The method had already been used byLusin to build a proper �03(�C) set and was 
ommuni
ated to the authorby Petra �Sindel�a�rov�a. Following [1℄, for two �nite sequen
es s; t 2 !<!,we write s < t if t is a (proper) extension of s. The length of s is denotedby jsj. If s = s1s2 : : : sn and i 2 N, then s_i stands for the sequen
es1s2 : : : sni.For every �nite sequen
e s 2 !<!, �x a nonempty perfe
t set Ps � Cwith the following propreties:P; = C; (1)for t < s; Ps � Pt and Ps is nowhere dense in (Pt; �C jPt); (2)[i2NPs_i is dense in (Ps; �C jPs): (3)To have Ps_i � Ps (i 2 N), one simply has to take a 
ountable densesubset Ds = fd1; d2; : : : g � Ps and 
over su

essively every di with aperfe
t set Ps_i whi
h is nowhere dense in (Ps; �C jPs). Then (1), (2) and2



(3) are obviously satis�ed. On
e this done, letP = 1\n=0 [s 2 !<!jsj = n Ps: (4)Now we 
an formulate our 
hara
terization.Lemma 3. Let (X; �) be a Polish spa
e, A � (X; �) be a Borel set.1. If A is �03(�), then whenever for a 
ontinuous one-to-one map' : (C; �C)! (X; �)we have '(P) � A, then there is an s 2 !<! for whi
h A\'(Ps) isof the se
ond 
ategory in ('(Ps); � j'(Ps)).2. If A is not �03(�), then there is a 
ontinuous one-to-one map' : (C; �C)! (X; �)su
h that '(P) � A and A\ '(Ps) is meager in ('(Ps); � j'(Ps)) forevery s 2 !<!.The statements involving Baire 
ategory do make sense sin
e '(Ps),as a 
ontinuous image of the 
ompa
t set Ps, is 
losed in the Polish spa
e(X; �), so itself is Polish with the restri
ted topology � j'(Ps) (see e.g. [1℄,Proposition 3.3.(ii) on page 13). To prove Lemma 3, we will use thefollowing result (see e.g. [3℄, page 433). In some sense, Lemma 3 is aquantitative analogue of this result in the spe
ial � = 3 
ase.Theorem 4. (A. Louveau, J. Saint Raymond) Let 3 � � < !1 and (X; �)be a Polish spa
e. If P� � C is �0�(�C) but not �0�(�C) and A0; A1 � X isany pair of disjoint Borel sets, then either A0 
an be separated from A1 bya �0�(�) set or there is a 
ontinuous one-to-one map ' : (C; �C)! (X; �)with '(P�) � A0 and '(C n P�) � A1.Before giving the proof of Lemma 3, we make two easy observations.Lemma 5.1. P � C is a �03(�C) set.2. P \ Ps is dense and meager in (Ps; �C jPs) for every s 2 !<!:Proof. The �rst statement follows immediately from (4). To see thatP � (Ps0 ; �C jPs0 ) is dense for every s0 2 !<!, take any nonempty 
losedball B0 � Ps0 ; we show thatB0\P 6= ;. We 
onstru
t �nite sequen
es si 2!<! (i 2 N) and a sequen
e of nonempty 
losed balls Bi � (Psi ; �C jPsi )(i 2 N) su
h that si � sj and Bsj � Bsi for 0 � i � j. This proves thestatement sin
e su
h a (Bi)i2N is a nested sequen
e of nonempty 
losedsets in (C; �C), so \i2NBi � B0 \ Pis nonempty.Suppose that sk and Bk have already already found. By (3), there isan l 2 N su
h that for sk+1 = s _k l, Bk \ Psk+1 6= ;. Thus we 
an �nd3



a 
losed ball Bk+1 � (Psk+1 ; �C jPsk+1 ) 
ontained in Bk \ Psk+1 , whi
h
ompletes the 
onstru
tion.Finally, for every s 2 !<!, P \ Ps is meager in (Ps; �C jPs) sin
eP \ Ps �  [i2NPs_i! \ Ps (5)and by (2), the union on the right hand side of (5) is meager in (Ps; �C jPs).�Proof of Lemma 3. For the �rst statement, let A � X be �03(�),' : (C; �C)! (X; �) be 
ontinuous, one-to-one, and suppose thatA\'(Ps)is meager in ('(Ps); � j'(Ps)) for every s 2 !<!. ThenA = [n2NAnwhere the sets An (n 2 N) are �02(�), and sin
e in Polish spa
es a �02(�)set is meager if and only if it is nowhere dense, An\'(Ps) is nowhere densein ('(Ps); � j'(Ps)) for every n 2 N and s 2 !<!. We de�ne by indu
tion�nite sequen
es sn 2 !<! (n 2 N) and a 
orresponding sequen
e of 
losedballs Bn � (X; �) (n 2 N) su
h that(i) jsnj = n (n 2 N);(ii) sn � sm if n � m;(iii) Bm � Bn if n � m;(iv) Bn \ '(Psn+1) (n 2 N) is nonempty and perfe
t;(v) Bn \ '(Psn) \An = ; (n 2 N).This 
ompletes the proof, sin
e on one hand, by (2), (iii) and (iv), wehave that Bn\'(Psn+1) is a nested sequen
e of nonempty perfe
t sets, soQ = \n2NBn \ '(Psn+1) = \n2NBn \ '(Psn)is a nonempty subset of '(P), while on the other hand, by (v), Q\A = ;sin
e Q\ An = ; for every n 2 N, whi
h 
ontradi
ts '(P) � A.Let s0 = ; and suppose that si and Bi�1 are found for 0 � i � nsatisfying (i){(v); we de�ne Bn and sn+1. Sin
e An \ '(Psn) is nowheredense in ('(Psn); � j'(Psn)), we 
an �nd a 
losed ball Bn � Bn�1 for whi
hBn \ '(Psn) is a nonempty perfe
t set and Bn \ '(Psn) \ An = ;; thus(iii) and (v) hold. By (3), we 
an �nd an i 2 N su
h that Bn \ '(Ps _n i)is also nonempty and perfe
t. With sn+1 = s _n i , (i), (ii) and (iv) aresatis�ed, whi
h 
ompletes the proof.For the se
ond statement, let A � X be Borel but not �03(�). Bythe �rst part of the lemma for (X; �) = (C; �C) and ' = IdC , P is not�03(�C) sin
e by Lemma 5.2, it is meager in Ps for every s 2 !<!. Sin
eP is �03(�C) by Lemma 5.1, we 
an apply Theorem 4 for � = 3, P3 = P,A0 = A and A1 = X n A.The set A is not �03(�), so A0 
annot be separated from A1 by a �03(�)set. Thus we have a 
ontinuous one-to-one map' : (C; �C)! (X; �)4



su
h that '(C)\A = '(P); hen
e '(P) � A. We show that A\'(Ps) ismeager in ('(Ps); � j'(Ps)) for every s 2 !<!.Take an s 2 !<!. Sin
e ' is a 
ontinuous one-to-one map on the 
om-pa
t set Ps, it is a homeomorphism between (Ps; � jPs) and ('(Ps); � j'(Ps)).We haveA \ '(Ps) = A \ ('(C) \ '(Ps)) = (A \ '(C)) \ '(Ps) = '(P) \ '(Ps):Sin
e homeomorphism preserves 
ategory, A \ '(Ps) = '(P) \ '(Ps) ismeager in ('(Ps); � j'(Ps)) by Lemma 5.2. The proof is 
omplete.�3 I-
onvergent fun
tionsWe will have to establish 
onne
tion between fun
tion 
lasses and sublevelsets. For this, we will use the following 
lassi
al result (see e.g. [1℄, ChapterII, Theorem 24.3 on page 190).Theorem 6. Let (X; �) be a Polish spa
e, (Y; d) be a separable metri
spa
e. Then for every 1 � � � !1, a fun
tion f : X ! Y is Baire-� if andonly if f�1(U) � X is �0�+1(�) for every open set U � Y .In the metri
 spa
e (Y; d), the open ball 
entered at x 2 Y with radius� is denoted by Bd(x; �). Now we prove Theorem 2.Proof of Theorem 2. Let f� !dI< f for a family f� : X ! Y(� < !1) of Baire-2 fun
tions and suppose that f : X ! Y is not Baire-2. As the pointwise limit of the fun
tions ff� : � < !g, f is 
learlyBorel, so by Theorem 6, there is an open ball Bd(x; �) � Y su
h that thef�1(Bd(x; �)) is Borel but not �03(�). SetH(") = f�1(Bd(x; �� ")); H�(") = f�1� (Bd(x; �� "))for every � < !1 and 0 < " < �. Note that by Theorem 6, H�(") is �03(�)for every � < !1 and 0 < " < �.Sin
eH(0) is not �03(�), by Lemma 3.2 there is a 
ontinuous one-to-onemap ' : (C; �C)! (X; �) su
h that(a) '(P) � H(0), and(b) H(0) \ '(Ps) is meager in ('(Ps); � j'(Ps)) for every s 2 !<!.For " > 0, let J1(") denote the set of those indi
es � < !1 for whi
hH�(") is of the se
ond 
ategory in ('(Ps); � j'(Ps)) for some s 2 !<!.We prove that !1 n J1(") is �nite for every " suÆ
iently small. Supposethat this is not true; take a positive sequen
e ("i)i2Nwith "i ! 0 and a
ountably in�nite set J 0("i) � !1nJ1("i) for every i 2 N. By the de�nitionof dI<� 
onvergen
e,H("i) � H 0("i) := [�2J0("i)H�("i); (6)so by (a), we have that'(P) � H(0) � [i2NH("i) � [i2NH 0("i): (7)5



By (6), H 0("i) (i 2 N) is �03(�), so by (7) we 
an apply Lemma 3.1for A = Si2NH 0("i). We obtain that A is of the se
ond 
ategory in('(Ps); � j'(Ps)) for some s 2 !<!, whi
h 
ontradi
ts to the de�nition ofJ1(").So there is an "0 > 0 su
h that J1(") is of 
ardinality !1 for every" < "0. In parti
ular, given that !<! is 
ountable and ('(Ps); � j'(Ps))has 
ountable base for every s 2 !<!, there is an s 2 !<! and an openset U � ('(Ps); � j'(Ps)) su
h that for a 
ountably in�nite set of indi
esJ 00 � J1("0=2) we have that H�("0=2)) \ '(Ps) is 
omeager in U in the� j'(Ps) topology whenever � 2 J 00. Hen
e by the Baire Category Theoremfor H 00 = \�2J00H�("0=2);H 00 is also 
omeager in U in the � j'(Ps) topology, so by (b) we 
an �nd apoint x0 2 H 00 nH(0). Thus f� (� < !1) is not dI< -
onvergent sin
eJ 00 � n� < � : d(f(x0); f�(x0)) > "02 ois in�nite; a 
ontradi
tion. This 
ompletes the proof.�As we have mentioned above, Theorem 2 is true for every Baire 
lass(see [4℄). The proof of the general theorem uses a 
hara
terization of�0�(�) sets for every � < !1 involving Baire 
ategory, similarly to Lemma3. Finally we note that this approa
h makes also possible to treat thepointwise 
onvergen
e of sequen
es of Borel fun
tions with length � where!1 < � < 2�0 is a 
ardinal.Referen
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