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Abstract

In this thesis we develop the theory of topological Hurewicz test pairs. The central
idea of this method is to construct special Polish topologies in such a way that simply
structured sets, e.g. sets of low Borel class, are either “almost empty” or of second category
in the corresponding special topology. Through this approach, which can be considered
as a generalization of the Baire Category Theorem for higher Borel classes, we are able to
give a quantitative aspect, in Baire category sense, to certain results related to Hurewicz
test sets. As an application of the theory, we prove some results related to transfinite
convergence of Borel functions, to the problem of finding simple generators of analytic
ideals and to the problem of constructing Hurewicz test sets for generalized separation of
analytic sets.



Contents

1 Classical results, motivating problems

2 Definitions and notation
2.1 Sequences and trees . . . . . .. ..o
2.2 Refining topologies, basic open sets . . . . . . . .. ...
2.3 Hierarchies, separation, reduction . . . . . . .. ... ... ... .. ....

3 The £ = 3 case
31 Thellisetof Lusin . . . . . . . ...
3.2 Generating ideals . . . . .. .. Lo

4 Topological Hurewicz test pairs
4.1 Distinguishing Borel classes . . . . . . . . . .. .. .. ... ... ... ..
4.2 Intersection criteria . . . . . . . . . . ..
4.3 A moment of being concrete . . . . . ...
4.4 Constructible coverings . . . . . . . . .. ...

5 Testing the difference hierarchy
6 Z-convergent functions

7 Generalized separation and reduction
7.1 Witnessing generalized separation . . . . . . . . . ... ... ...
7.2 Generalized reduction . . . . . . .. ... L

8 Concluding remarks

13
13
18

27
27
32
38
41

43

51

55
95
62

63



CONTENTS



Chapter 1

Classical results, motivating
problems

If an open set is nonempty it is of second category. This is probably the simplest for-
mulation of the Baire Category Theorem. The purpose of our thesis is to show that this
theorem can be extended to the entire Borel hierarchy: for every 0 < ¢ < w; we define a
fine topology such that if a Eg set is just “a bit bigger than nonempty” then it is huge, i.e.
it is of second category in our fine topology. And we present some typical Baire Category
Theorem-like applications of this result: the intersection of countably many “fairly dense”
Eg sets is residual in the fine topology, hence it is nonempty.

We remark that there is a quite classical extension of the dichotomy expressed by the
Baire Category Theorem for open sets. More than a half century ago Witold Hurewicz
proved the following theorem, also called Hurewicz-dichotomy, about sets failing to be F,.

Theorem 1.1. (W. Hurewicz) Let X be a Polish space and A C X be an analytic set. If
A is not F,, then there is a continuous injection of the Cantor set into X, p: 2¥ — X
such that 2%\ ¢~ 1(A) is countable dense in 2*; that is ©(2¥) N A is a relatively closed
subset of A homeomorphic to the irrationals.

If we add the well-known fact that any subset N of the Cantor set 2 homeomorphic
to the irrationals is never F, we gave all the reasons why the pair (2¥, N) is called the
Hurewicz test for F, sets.

Theorem 1.1 has been strengthened in many successive steps. In some sense the most
general existence theorem for Hurewicz tests is the following (see [7]).

Theorem 1.2. (A. Louveau, J. Saint Raymond) Let 3 < & < wy and (X, 7) be a Polish
space. If P C 2% is Hg(TQM) but not Eg(Tzw) and Ay, A1 C X is any pair of disjoint analytic
sets, then either Ag can be separated from A1 by a 22(7') set or there is a continuous one-
to-one map @: (2¥,190) — X with o(P:) C Ay and ¢(2¥\ Pe) C A;.
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6 CHAPTER 1. CLASSICAL RESULTS, MOTIVATING PROBLEMS

The same conclusion holds for & = 2 if Py, C 2“ is the complement of a dense countable
set.

Thus we may call a II(75.) but not () set P a Hurewicz test for X2(r50) sets,
in the sense that either a set A C X is Eg(TQw), a fact which can be witnessed by a
description of the construction of A from simpler sets, or A is not Eg(’rgw), a property
which cannot be verified by checking some decomposition, but by Theorem 1.2 it can be
witnessed by a continuous injection ¢: 2¢ — X satisfying ¢ 1(4) = .

Theorem 1.2 turned out to be the ideal starting point of our investigations. It allows us
to isolate a simple reason, namely the image of the Hurewicz test ¢(F) in ¢(2¥) why the
analytic set Ag cannot be separated from the other analytic set A; with one single Eg set.
But the aspect of dichotomy which was present in the Baire Category Theorem for open
sets is lacking, in particular Theorem 1.2 says nothing about how “crude” a separation
attempt is if one insists on Zg sets, or in other words, how well our Ay can be approximated
by Eg sets laying outside A;. It was the problem of Z-convergent functions, raised by T.
Natkaniec in [17], which shed light on this failure. We start with the definition.

Definition 1.3. Let A be a cardinal, (X,7) and (Y,d) be Polish spaces. Consider an
ideal Z on A. We say that a sequence of functions f,: X — Y (a < A) Z-converges to the
function f: X — Y in notation f, —7 f, if

{a <A: folz) # f(2)} €T
for every x € X.

The question of T. Natkaniec is whether Z-convergence keeps the Baire classes or not,
that is under which condition on A and Z it is true that if f, is Baire-{ (o < w) and
fo —7 [ the limit function f must be also Baire-£. Since the Baire class of a function
is in close relation with the Borel class of its sublevel set it is not surprising that the
problem of Z-convergent functions is equivalent to finding some quantitative analogue of
Theorem 1.2. It was the first motivation for our investigations.

In some sense a particular case of the problem of T. Natkaniec is the problem of
generalized separation. It is well known that analytic sets have the generalized separation
property, that is for every sequence (A;);<., of analytic sets with (,_ A; = 0 there is a
sequence (B;);<,, of Borel sets satisfying A; C B; (i < w) and [, B; = 0. But of what
complexity must B; (i < w) be? That is, if £ is fixed, when can each B; (i < w) be chosen
in Hg? This can be regarded as an approximation problem where the analytic sets A;
(1 < w) play the role of constraint. One can ask whether there is a theorem providing
Hurewicz tests for generalized separation as Theorem 1.2 does for ordinary separation.

The last problem we mention here has been posed by A. Miller. S. Solecki in [21]
proved the following result.



Theorem 1.4. (S. Solecki) Given a family of closed sets T and an analytic set A in some
Polish space X, either A can be covered by the union of countably many members of T or
A contains a nonempty 113 set G with the property that F N G is meager in G for every
Fel.

Observe that this result has the feature of testing: if A can be covered by the union
of countably many members of Z this is witnessed by the countable collection of closed
sets in 7 realizing the covering, while the contrary, which is a priory unwitnessable, can
be verified by a good TI9 subset of A and Baire category. It is natural to ask whether this
holds for every Borel class (see [15]).

Question 1.5. (A. Miller) For 2 < £ < wy let T be a o-ideal which is generated by its Hg
members. Is it true that for every analytic set A C X, either A € T or there is a H2+1
set B C A such that B ¢ 77

These problems can be treated within the theory of topological Hurewicz test pairs, a
concept we aim to develop in this thesis. Informally, it can be summarized as “sets of low
Borel class are so simply structured comparing to sets of high Borel class that even Baire
category can distinguish them in a suitable topology”. As an illustration, the precise
topologized version of Theorem 1.2 is the following result (see [10], Theorem 4 on page
159).

Theorem 1.6. Let (X, 7) be a Polish space. For every 2 < £ < wy, there exist a H2(7'2w>
set Pe C 2% and a Polish topology Tp, on 2° which is finer than o« such that Pg is nowhere
dense and closed in the topology Tp,, and if a Borel set A C X is

1. in X(1), then whenever for a continuous one-to-one mapping p: (2%, 7)) — (X, 7)
we have that ¢~ (A) N P is of second category in P in the relative topology TP | P
then ¢~ 1(A) C 2 is of second category in the topology TP

2. not in 22(7'), then there is a continuous one-to-one mapping ¢: (2¥,790) — (X, T)
such that o(Pe) € A and ™' (A) C 2¥ is of first category in the topology Tp,.

Moreover, if A < 2% is a cardinal and in our model the union of a X\ number of meager
sets is meager in Polish spaces the first statement holds for every (not necessarily Borel)
set A which can be obtained as a union of a X number of 22(7) sets.

This result extends Theorem 1.2 by providing the quantitative aspect we have been
looking for: the Baire category in the topology 7p,. We remark that S. Solecki proved a
theorem where Baire category was used to distinguish Zg sets from a given Hg set (see
[22], Theorem 2.2). In his approach the topology 7p remains hidden.

In the next chapters we will build up the theory of topological Hurewicz test pairs.
The basic definitions and notations in Chapter 2 are followed by an introductory chapter,
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Chapter 3, where we make the reader familiar with the techniques and concepts in the
¢ = 3 case. In particular we show that the answer to a special form of the question of
A. Miller is consistently negative. In Chapter 4 we continue with the general 0 < & < w;
case, we prove Theorem 1.6 in an extended form and we construct Hg coverings for Eg
generated ideals. Given that Theorem 1.2 can essentially be extended to the difference
hierarchy, we perform a partial extension for Theorem 1.6 in Chapter 5. Then in Chapter
6 we show that indeed, Z-convergence keeps the Baire class of functions. In Chapter 7 we
construct a test allowing the determination of the minimal complexity of sets involved in
a generalized separation or reduction, and we conclude the thesis with Chapter 8 where
we formulate some problems which hopefully will be as motivating as the ones presented
here.!

Acknowledgements. The first results of the author in the domain of Hurewicz test
were obtained during a research stay in the Equipe d’Analyse Fonctionnelle de I'Université
Pierre et Marie Curie - Paris 6 with the support of the Analysis and Operators European
Training Network. The author is grateful to the members of the I’Equipe, in particular
to the members of the descriptive set theory research group, with special emphasis on
Gabriel Debs, Alain Louveau and Jean Saint Raymond for the discussions that provided
a lot of help.

The author would also like to thank the numerous remarks and comments received from
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Chapter 2

Definitions and notation

2.1 Sequences and trees

Our terminology and notation follow [4]. Let (C,7¢) denote the Polish space 2¢ with its
usual product topology. For two finite sequences s,t € w<“, we write s C ¢ (s C t, resp.)
if ¢ is an extension (a proper extension, resp.) of s. The length of s is denoted by |s|. If
s = (8081 ...8,-1) and i < w, then s7i stands for the sequence (s¢sq ... S,_1%).

If T C w<¥is a subtree and s € w<* then Ty = {t € w<¥: st € T'}. The terminal
nodes of 7" are denoted by %(T').

Let &,9; (i < w) be ordinals. We write 9; — £ if £ is successor and 0; +1 =& (i < w)
or if ¢ is limit, ¥; < ¥; (i < j < w) and sup,, ¥; = &.

For every ordinal £ < w; we fix once and for all a sequence (1J;);<,, such that ¢; — &.
To avoid complicated notations, we do not indicate the dependence of the sequence on &,
it will be always clear which pair of ordinal and sequence is considered.

The order topology on an ordinal £ is denoted by og.

2.2 Refining topologies, basic open sets

In this note we will notoriously refine Polish topologies by turning countably many closed
sets into open sets. We do this as described in [4], that is the open sets of the ancient
topology together with their portion on the members of our collection of closed sets serve
as a subbase of the new, finer topology. We will use that the topology obtained in this
way is also Polish.

Definition 2.1. Let (X, 7) be a Polish space, P = {P;: i < w} be a countable collection
of TT9(7) sets. Then 7[P] denotes that Polish topology refining 7 where each B; (i < w) is
turned successively into an open set.
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It is easy to see that the resulting finer topology 7[P] is independent from the enumer-
ation of P. This will be clear shortly when we fix a base of 7[P]. We also use the notation
7|P] when the countable collection of not necessarily II9(7) sets P can be enumerated on
such a way that P, is II(7[{P;: i < n}]).

Definition 2.2. If 7, (n < w) is a Polish topology on some base set X then \/, _ 7,
denotes the coarsest topology on X which refines each 7, (n < w).

The resulting topology is also Polish and we will shortly fix a countable base for it.
Before doing this we need a precise notion of basic open sets in our spaces.

Definition 2.3. Let (X;,7;) (i € I) be Polish spaces; if a basis G; is fixed in the spaces
(Xi,7;) (i € I), which are meant to be the basic open sets in (X;, 7;), then the basic open
sets of ([ ,c; Xi,[1,e; 7) are the open sets of the form

HGZ X H Xi,

ieJ i€I\J

where J C [ is finite and G; € G; for every i € J.

If the basic open sets G are fixed in the Polish space (X, 7) and 7[P] makes sense for
a countable collection P of subsets of X, then the basic open sets of T[P] are of the form
GNEyN---NF,_qor Gwith Geg, F, €P (i <n); a basic 7[P]-open set is said to be
proper if it is not T-open.

If the basic open sets G, are fixed for the Polish topologies 7,, (n < w) then the basic
open sets for \/ _ 7, are the sets of the form (,_, G,, where G,, € G,, (m < w, n; <
w (i <w)).

n<w <m

Observe that the basic open sets defined on this way form a basis of [[..; 7, 7[P] and
V<o Tn> Tespectively. From now on whenever a Polish space (X, 7) appears we assume
that a countable basis comprised of basic 7-open sets is fixed; and this is done with respect
to the convention of Definition 2.3 if applicable. We take X to be basic 7-open. Basic
open sets are assumed to be regular open. In zero dimensional spaces we assume that
our basic T-open sets are I19(7); note that our procedure of refinement results a zero
dimensional space from a zero dimensional one with TI{(7[P]) basic 7[P]-open sets. We
denote ambiguously our special collection of basic T-open sets also by 7.

The interior (closure, resp.) of a set A C (X, 1) is denoted by int,(A) (cl.(A), resp.).
We will never have to fix a special compatible metric on our Polish spaces but we will
condition on the diameter of sets. In this case diam, denotes the diameter in an arbitrary
fixed metric generating 7. We assume that diam,(X) < 1.

We recall that a IT9(7) subset G of the Polish space (X, 7) is itself a Polish space with
the restricted topology 7¢ (see e.g. [4], (3.11) Theorem). In particular, the notions related
to category in the topology 7 make sense relative to G.
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We will have to return to the topologies on the coordinates in product spaces. If
(X,0), (Y, 7) are arbitrary topological spaces and (X,S) = (X xY, 0 x 1), then we define
Prx(S) = 0. The projection of product sets in product spaces is defined analogously.
If Gy € X and Gy C Y, we say that the set of product form G = Gx x Gy C X is
nontrivial on the X coordinate if Gx # X.

2.3 Hierarchies, separation, reduction

As usual, TI9(7) (2(7) resp.) (0 < & < w) stands for the & multiplicative (additive
resp.) Borel class in the Polish space (X, 7), starting with I19(7) = closed sets, ¥¢(7) =
open sets. The dual class I" of a class I' C 2% is defined by ' = {A C X: X\ A €T}

A set is called proper IT{(7) if it is TI(7) but not ¥2(7) (0 < & < wy).

We derive the difference hierarchy as follows. Every ordinal n can be uniquely written
as a+n where « is limit and n < w. We call n even (odd, resp.) if n is even (odd, resp.).

Definition 2.4. Let 0 < ¥,£ < wy and let (A,),<y be a sequence of subsets of a set X,
such that A, C A,y (n <7’ <¥). Then Dy((A,)y<9) C X is defined by

x € Dy((Ay)y<w) <= x € U A, and the least n < ¥ with z € A,
n<9

has parity opposite to that of 4.
With this operation in the Polish space (X, 7) we set
Dy (S2(r)) = {Dal(Ay)yes): Ay € SUr), A, C Ay (n<of <)}

For fixed 0 < £ < wi, a set is called proper Dy (Xg(7)) if it is Dy (32(7)) but not
Dy (Z2(7)) (0 <9 <w).

Next we give two definition related to ideals.

Definition 2.5. Let 0 <7 < wy. If (X,7) is a Polish space and P C X, S)(P) (P)(P),
resp.) denotes the collection of ¥)(7) (II(7), resp.) subsets of P.

Definition 2.6. Let Z be a o-ideal and F C Z. We say that Z is generated by F if for
every G € T there exists F; € F (i < w) such that G C |J,_, F;. We say that T is strongly
generated by F if for every G € T there is an F' € F such that G C F.

We recall some definitions related to separation.

Definition 2.7. Let X be an arbitrary set. For Ay, A1 C X we say that G C X separates
Ap from Ay if we have Ag C G C X\ A;.
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A class I' C 2% has the separation property if for every disjoint Ay, A; € I there is a
set G € I" such that X \ G € T and G separates Ay from A;. A class I' C 2% has the
generalized separation property if for every sequence (A;);<, € I' with (,_ A; = 0 there
is a sequence (G})i<, C I' such that (X \ Gi)icw €T, 4; € G; (i <w) and (),_, G; = 0.

A class I' C 2% has the reduction property if for every A, A’ € T there are B, B’ € T’
such that BC A, BB C A, AUA' = BUB and BN B = (.

Our I' C 2% has the generalized reduction property if for every sequence (4;)j<, € I’
there is a sequence (G;)i<, C I' such that G; € A;, G;,NG; =0 (i,j < w, i # j) and

Ui<w Gl = Ui<w A’L



Chapter 3

The £ = 3 case

As we announced in the introduction, we start our work by constructing topological
Hurewicz test pairs for & = 3 and then we prove the corresponding theorems for II9
generated ideals. From now on (X, 7) denotes a Polish space.

3.1 The II set of Lusin

We will investigate the following object.
Definition 3.1. Let P C X. We call the pair {P,7p} a I13(7) topological Hurewicz test
pair in X if

1. PisaII3(7) set;

2. 7p is a Polish topology refining 7;

3. P is a nowhere 7p-dense I19(7p) set;

4. for every II3(7) set A C X and basic 7p-open set G with GNP # 0, if AN P is
7p|p-residual in G N P then A is 7p-residual in G.

As we shall see later, there exist II(7) topological Hurewicz test pairs in uncountable
Polish spaces. We present a construction providing such sets in a sufficiently large variety
for our purposes. First we define the topologies corresponding to P.

Definition 3.2. Consider a I13(7) set P and fix a presentation

P-NP P-Ur,

i<w JI<w
with TI{(7) sets P} € X (i,j < w). Set

Po={Pj:i<n, j<w}(n<w), P={X\P:i<uw}

13
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We define 75 = 7[P,] and 7p = 75[P].

Claim 3.3. We have the following.

~

. PisTY(75) and T1(7p).

2. If G is basic Tp-open and G N P # () then G is in fact basic T5-open.

3. The topologies Tp|p and T5|p coincide.

4. If G is basic T -open and GN X \ P' # 0 (n <i < w) then G is basic T[P,]-open.
5

. If G is a T[Py]-open set then the topologies

TP|Gm(mi<n PN\Up<jcw P and T[Pn”Gﬁ(ﬂKn P \U,<jcu P/
coincide.

Proof. The first statement is obvious. Since 7p = 75[P], proper basic Tp-open sets
do not intersect P, which shows 2. Form this we immediately get 3.

By definition, if a set is basicTs-open then it is basic 7[P,]-open for some n < w. But
a basic 7[P;11]-open but not 7[P;]-open set G’ satisfies G’ C P (i < w), so 4 follows.

For 5, it is enough to consider the case when G N (., P?) \Un<jew P? # 0. Let
H be a nonempty basic 7p-open set which intersects G N ()., P’) \ Un<jew 7, say
H = HyN (), X \ P™ where Hy is basic 75-open, | < w and my, < w (k < ). Then we
have n < my, (k < 1), s0 GN(N,-, P’ \Un<jcw PP € Ny X\ P Since HyN X\ P7 # ()
(n < j <w), Hy is basic 7[P,]-open by 4. Thus

HﬂGﬂ(ﬂPZ)\ U Pj:HoﬂGm<ﬂP">\ U P

<n n<j<w i<n n<j<w

where Hj is basic 7[P,]-open, so the statement follows and the proof is complete.ll

Using topologies of Definition 3.2 we can formulate a sufficient condition for that
{P,7p} is a topological Hurewicz test pair. Observe that the requirements concern mainly
the presentation of P instead of P itself; in the next chapter we will discuss the advantages
and inconveniences of this.

Theorem 3.4. With the notation of Definition 3.2, suppose that P C P! (i < j < w)
and P" is 7[P;]-dense and T[P;]-meager in X (i < w); then

1. P is 75 -residual;

2. {P,7p} is a TI(7) topological Hurewicz test pair.
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Proof. For 1, it is enough to show that P’ is 75-dense (i < w); being 75-open this
implies that each P’ and hence P is 75-residual. We have that P’ is 7[P;] dense and
contains P’ (i < j < w). So if G is a basic 75-open set then either G is 7[P;]-open and
so PPNG # 0, or G is not 7[P;]-open hence G C P'. This proves the statement.

For 2 we check the conditions of Definition 3.1: 1 holds by the choice of P. By
Definition 3.2, the topology 7p is Polish and refines 7, which proves 2.

For 3, by Claim 3.3.1 P is IT{(7p) so it remains to show that P does not contain any
nonempty basic 7p-open set. Suppose that G C P and G is nonempty basic 7p-open.
Then by Claim 3.3.2, G is basic 75-open hence basic 7[P,]-open for some n < w. But P"
is 7[P,]-meager, so G Z P"™ which contradicts G C P C P™.

For 4, let A C X be II9(7), G be a basic Tp-open set with G N P # () and suppose
that AN P is 7p|p-residual in G N P. Observe that since A is TI3(7), (I(7[P,]) (n < w),
I19(7p), resp.), the notions “meager” and “nowhere dense” coincide for A in the topology
7, (7[Pyn] (n < w), 7p, resp.).

By Claim 3.3.2, G is actually 75-open. Since by 1, P is 75-residual in X and by Claim
3.3.3 the topologies 7p|p and 75 |p coincide, we have that A is 75-residual in G. Suppose
that A is not 7p-residual in G; that is we have a nonempty basic 7p-open set G' C G
such that ANG’ is Tp-meager thus 7p-nowhere dense in G'. So by passing to a nonempty
basic Tp-open subset we can assume that AN G’ = 0. Since P? C P' (i < j < w),
we have G’ = G" N (X \ P") for some n < w where G C @G is basic 75-open. Since
G"N (X \ P") # 0, from Claim 3.3.4 we get that G” is basic 7[P,]-open. Now G” C G
implies that A is 75-residual hence 75-dense in G”. Since 7[P,] is coarser than 75, A is
7[Pn]-dense so 7[P,]-residual in G”. Thus A and X \ P" are both 7[P,]-residual in G”
which yields ANG” N (X \ P") # 0, a contradiction which completes the proof.l

The following theorem describes important additional properties of the construction
in Theorem 3.4, and in fact the first four statements can be considered as a reformulation.
The fifth statement points out an obvious fact.

Corollary 3.5. Let {P,7p} be a TI(7) topological Hurewicz test pair as in Theorem 3.4.
Then the following hold.

1. If AC X is T13(7) and 75 -residual then A is Tp-residual.

2. If AC X is 33(7) and of 75 -second category then A is of Tp-second category.
3. If AC X is 35(7) and of Tp-second category then A is of 5 -second category.
4. If AC X is Y(7) and Tp-residual then A is 75 -residual.

5. P is a proper I13(7) set.

Proof. Let A be II3(7) and 75-residual. By Theorem 3.4.1, P is a 75-residual TI3(75)
set so ANP # () and ANP is 75 |p-residual in P. By Claim 3.3.3 the topologies 75|p and
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7p|p coincide, so we have that AN P is 7p|p-residual in P. By Theorem 3.4.2, Definition
3.1.4 applies with G = X and we conclude that A is 7p-residual in X, as required.

For 2, let A = |J,_, A; with II3(7) set 4; (1 < w). As in the proof of 1, if A is of
Tr-second category then there exists an ¢ < w such that A; N P is 75|p-residual in GNP
for some basic 75-open set G with G N P # (). Since by Claim 3.3.3 the topologies 75 |p
and 7p|p coincide, we have that A; N P is 7p|p-residual in G N P. Thus G is a basic
Tp-open set with G N P # (), by Theorem 3.4.2, Definition 3.1.4 applies and gives that A;
is 7p-residual in GG. Thus A is of 7p-second category, as required.

Statements 3 and 4 follow from 1 and 2 by taking complements.

Finally suppose that P is X3(7). Since P is 75-residual by Theorem 3.4.1, from 2 we
get that P is of Tp-second category. But P is Tp-nowhere dense by Definition 3.1.3. This
contradiction completes the proof.ll

We prove here another, a bit more technical lemma but of the same flavor as Corollary
3.5.

Lemma 3.6. Let {P,7p} be a T13(7) topological Hurewicz test pair as in Theorem 5.4.
Let A C X be a Tp-meager I13(7) set. If G is a basic T[P,]-open but not 7[P,_1]-open set
for some n < w, put

Z5T(A) = clpp, (AN G).
Then Z5" (A) is 7[P,]-meager in G.

Proof. Suppose that Z3"(A) is of 7[P,]-second category in G. Now the ¥9(7) set P"
is 7[P,]-meager in G, so we have that A is of 7[P,]-second category in G\ P". Since G is not
7[Pa-1]-open and P/ C P’ (i < j < w), we have that G\ P" = GN (N, P') \U,<;., P’-
Thus from Claim 3.3.5 we obtain that the topologies 7p|g\pn and 7[P,]|c\pr coincide. So
A is of Tp-second category in the 7p-open G\ P", a contradiction. This completes the
proof.H

Theorem 1.2 says in particular that in (C, 7¢) from the point of view of Hurewicz tests
each proper I13(7¢) set is the same, up to passing to a perfect subset of C'. Precisely we
have the following.

Corollary 3.7. Let P, P’ C C be proper 113(7¢) sets. Then there are continuous one-to-
one maps ¢, ¢': C — C such that o~ (P) = P" and ¢'"'(P') = P.

Theorem 3.4 shows that a fairly big family of I13(7¢) sets P form a topological Hurewicz
test with the natural refinement 7p of 7 but in consequence the reasoning is at least
notationally complicated. So in view of Corollary 3.7 we can fix one special I13(7¢) set
for which the topologies 75 and 7p become simple without loosing to much generality.
Since the method we apply had already been used by Lusin to build (probably the first)
proper I13(7¢) set, we denote it by P, (see also [9]). We carry out the construction in an
arbitrary perfect Polish space (X, 7).
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For every finite sequence s € w<¥, fix a nonempty perfect set P, C X with the following
properties:

Py = X;
Pi~i NPy~ = f(sew™ i<j<w);
P, C P, and P, is 7|p,-nowhere dense in (P, 7|p,) (t C s € w<¥);

U P,~; is T|p,-dense in (P;, T

<w

(
(
(
(

w W w w
— D = —

d
2
3
A4

p.) (s € wsY).

To have P,—~; C P, (i < w), one simply has to take a countable dense subset D, =
{di,ds, ...} C P; and cover successively every d; with a perfect set P;~; which is nowhere
dense in (P, 7¢|p,) and disjoint from Ps~; (j < ¢). Then (3.1-3.4) obviously hold. Once
this done, let

(3.5) P, ={P;: s€w |s| <n} (n<w),
Pr= |J P(n<w), PL=()P"
S‘G‘i<“) n<w

Observe that this notation is in accordance with Definition 3.2. From now on if we
take a Pr, in X then we assume that the above construction has been carried out, such
that (3.1-3.5) hold. Observe also that the conditions of Theorem 3.4 are satisfied: P/ C P*
(i <j <w)by (3.3), P'is 7[P;]-dense in X by (3.4) and 7[P;]-meager in X by (3.3). So
{Pr,7p,} is a topological Hurewicz test pair, in particular P is a proper II3(7) set by
Corollary 3.5.5. Finally we formulate a corollary of Lemma 3.6, which gets particularly
simple for { Pr, 7p, }. We fix a notation in advance.

Definition 3.8. For every A C X set ZXTt(A) = cl.(ANP,) (s € w<*) and

ZXP(A)=pPyu | Z0P(A)\ PRI

sEw<w

Corollary 3.9. The topologies T|p, and T[Py11]|p, coincide (s € w<¥). A basic 5, -open
set is of the form G N Py where G basic T-open and s € w<¥.
Let A C X be a 7p, -meager 113(7) set. Then

]. Z;)(’PL(A> = Z;()S’PL(A) (S c w<w)’.
2. ZXPL(A) is T|p,-nowhere dense in P, (s € w<¥);

3. X\ 2% (A) is 5, -dense in X.
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Proof. The coincidence of the topologies and the structure of basic 7'1§L—open sets
follow from (3.2) and (3.3). This gives

ZXPH(A) = (AN P) = clop, , (AN Py) = Zp T (A) (s € w™),

which is 1.

By Lemma 3.6, Zl)gi’PL(A) is 7[Ps|+1]|p,-meager in P; (s € w<*), so since “meager”
and “nowhere dense” coincide for TI9(7) sets, 2 follows from 1.

For 3, let G be a basic TEL—open set, say G = G' N P, where G’ is basic 7-open and
s € w<¥. By (3.2) and (3.3) we have P,N Z%T(A) C ZXPr(A) U PI+L) thus

GNX\Z5(A) =G NP\ (P,NnZ5(A) DG NP\ (25 (A) U P,

Since ZXPr(A) is 7|p,-nowhere dense in P, by 2, and PlI*! is 7| p -meager in P, by (3.3),
G' NP\ (ZXPL(A) U PlsFY) £ (), which completes the proof.l

3.2 Generating ideals

The next step is to show that if (X, 7) is a Polish space and P C X is a Borel but not
¥9(7) set then the o-ideal generated by the 33(7) subsets of P can be covered by a o-ideal
T strongly generated by some II3(7) subsets of P such that P ¢ Z. This is surprising
because as we will see later there are ¥9(7¢) sets contained by Pr, which can be covered
only by 7p, | p,-residual I13(7¢) subsets of P;. We think that this is the best covering result
for 39-generated ideals which can be obtained in ZFC. We will return to this question in
the last chapter.

Theorem 3.10. Let (X, 7) be an uncountable Polish space and P C X be a proper I13(1)
set. Then there is a mapping ®: SY(P) — PI(P) such that A C ®(A) and

P\ JO(A) # 0 (A A" € S)(P) (i <w)).

<w

Proof. First we construct & = &, for (X,7) = (C,7¢) and P = Pj,. For every
A € SJ(Pp) fix a presentation A = J;_,, A; where A; is I13(7¢) (j < w). Set
O (A) = | o (4N P (s € w™),

J<ls|

2,(4) = | 0.(4) (0 <), 24 = (] | @u(4)
|s|=n m<w m<n<w
It is clear that ®7(A) is I13(7¢);

®,(A) C P" C P™ (m < n < w) shows O (A) C Py.
Since A C P, C P" implies A; C @

n(A) for j < n < w, we also have A C & (A). Tt
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remains to show that if A* € S3(Pp) with its fixed presentation A" = |J;_, A} (i < w)
then we can find a point in Py, \ ;. ®(A"). We do this by constructing inductively a
sequence s, € w<“, |s,| =n (n < w) and a basic 7¢-open set G, (n < w) such that

(3.6) Sn C Spt1 (N < w);
(3.7) G,NP;, #0 (n <w);
(3.8) clo (Gri1) € Gy (n < w);
(3.9) Gui1 NP, CC\|J®, (4) (n<w).
<n
Then by (3.6), (3.7) and (3.8) we have (., Gn NPy, # 0 and (,_, G N P, € Pp, so
(3.9) gives

() Gnn P, C P\ 2r(AY).
n<w i<w

It remains to make the construction. Set sy = 0, Gy = C. Suppose that s, G,, are
already defined; we find our s, 1, Gp11. By (3.2), ®,(A") N P,, = &, (A") (i <w). First
we obtain a basic 7¢-open set G C G,, such that GN P,, # ) and GNP, NP, (A) =0
(¢ < n). For this we show that ®,, (A") (¢ < n) is 7¢|p, -nowhere dense in P;,.

We have @, (A") = |,y clre (A§ N Py,) (i < ). Since A; C Pr, Al is a 7p,-meager
I9(7¢) set (i < n, j < |s,|). Hence by Corollary 3.9.2, ¢l (ANP,,) (i <n, j<|sa|)is
7ol p,, -nowhere dense in P,,. So ®,, (A*) (i < n) is indeed 7¢|p, -nowhere dense in P, .

We obtained that there is a basic 7¢-open set G C G,, which satisfies GNP, # () and
GNP, C C\U,<, ©n(A"). We can pass to a basic 7¢-open subset G11 C ¢l (Gny1) € G
such that G, N P,, # (); then we have (3.8). By (3.4) we can find an s, C 5,41 € w<¥,
|Sp1] = n+ 1 with Py, N Gpy1 # 0, thus (3.6), (3.7) and (3.9) hold. This choice
completes the inductive step and the proof of the special case.

If (X,7) and P are arbitrary, by Theorem 1.2 we can take a continuous one-to-one
map ¢: (C,7¢) — (X, 7) such that ¢~ *(P) = Pp. For A € S{(P) let

O(A) = (P\p(PL) Up(®r(v ' (A))).

Since homeomorphism preserves the Borel class of sets, this definition makes sense and
fulfills the requirements.ll

One may say that the construction in Theorem 3.10 is trivial if the 33(7¢) subsets of
Py, (which are all 7p, | p,-meager by Corollary 3.5.2) could be covered by a 7p, | p, -meager
[13(7¢) subset of Pr. Then a category argument would give that

P\ [ JO(A) # 0 (A, A € S)(P) (i <w)).
1<w
However, this is not the case. The construction in the following claim has already been
used by S. Solecki in [21] to prove Theorem 1.4.
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Claim 3.11. There is a ¥3(7¢) set A C Pp, such that if B is 3(1¢) and A C B C Py,
then B is Tp, |p, -residual in Py,

Proof. In this proof B(z,e) denotes the rc-open ball centered at = € C' with radius
e>0. Fixav € w<\ {0} and a basic 7c-open set V satisfying V N P, # (. We define an
injection p: w<¥ — W< a map j: w<¥ — w and basic T¢c-open sets (U;)ie,<w with the
following properties.

(3.10) Up=V, o(0) =v;

(3.11) sCt = ¢(s) Colt);

( ) US - CITC(US) - Ut \ Pgo(t)’\j(t) (S,t € w<“’, t C S);

(3.13) UNU; =0 (s,t € w=, |t| =1s]);

(3.14) diam,, (Uy) < 278 (s € w);

( ) Us N Py~ j(s) # 0 (s € w™);

(3.16) Vo € Us N Pys)~j(s) Ve > 0 Fi <w (Us~; C B(z,e)) (s € w™*).

Suppose that the construction is done. Let A,y = (1, ., Usew@’ Is|=n U,. This set is
I1(7¢), we show that A,y C Pr. By (3.13) we have A, v = U, cw Nhew, Usln- By (3.14),
(3.15) and (3.3) we have

() Usto = () (Usj N Poory) € Pr (0 € )

n<w n<w

so indeed A,y C Py.

Next we show that Us N Py~ js) € clr, (UsNAyv) (s € w<). Let & € UsN Pys)~ji(s)-
By (3.16) there is a sequence (i;);<, C w such that Us~;, C B(x,1/l). By (3.12) and
(3.14) we have A,y NU; # 0 (s € w<¥), in particular A,y NUs~;, # 0 (I < w) so indeed
S CITC(US N Av,V)-

Finally we show that every X9(7¢) set H C C' for which A, C H is of TEL—Second
category in VN P,. Let H = J,_, H; where H; is II{(7¢) (i <w). By the Baire Category
Theorem in A, y, there is an i < w such that H; N A,y is of 7¢|4, ,-second category in
A, v, say H; contains a basic TC|Av7V—open set G N A,y where G is basic 7¢c-open. By
(3.14) there is an s € w<* such that U, € G. By (3.15) we have Uy N Pyg—~j(s) 7 0. As
we have seen above,

U, N Pgo(s)’\j(s) C ClTC(US N Avy) - CITC(G N AUy) C H,.

Since P,(s)~j(s) € P, by (3.10) and (3.11), H; and thus H is indeed of 75 -second category
inV NP,

To have A, fix an enumeration {(v;, V;): ¢ < w} of the pairs (v, V') where v € w<¥, V is
basic Tc-open and VNP, # 0. Set A = J,_, Av,v;- If Bis a II§(7¢) set containing A, say
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B = ;.. Bi with B; ¥§(7¢) then as we have shown above, B; (i < w) is of 755, -second
category in every nonempty T]§L—open set. So B; (i < w) and hence B is TEL—residual.
Now if B C Pp, then B is 75 |p, residual in P, by Claim 3.3.3 the topologies 75 |p, and
Tp, |p, coincide, so B is 7p, |p,-residual in Py, as stated.

So it remains to make the construction; we do this recursively. Set Uy =V, p(0) = v
and let j(0) < w be such that VNP,~ ;@) # 0; such a j(0) exists by (3.4). So we have (3.10-
3.15) for s = (). Suppose that we already have Us, ¢(s) and j(s) for s € w<*, |s| < n such
that (3.11-3.15) hold for |s|, || < n and (3.16) holds for |s| < n. For every s € w<¥ with
|s| = n, using (3.3), we can fix a countable set Dy = {ds(i): i < w} C UsN Py \ Po(s)—j(s)
with the property that cl.. (D) = D U cl,,(Us N Pys)~j(s))- Then we can find a basic 7¢-
open neighborhood Us~; of d,(i) such that

Us’”i N Pgo(s) 7& @, Cch (USAZ') - Us \ Pga(s)’\j(s)v Us’”i N Us"\j = @ (Zaj <uw, i 7& ])

and diam,,(Us~;) < 2" (4 < w). Then (3.12-3.14) hold for |s|] < n + 1 and (3.16)
holds for |s| < n. Define ¢(s) C ¢(s7) to have Pps~;)NUs~; # 0 (i < w); this is possible
by (3.4). Then (3.11) holds for |s|,|t| < n + 1. Again by (3.4), we can have j(s7i) < w
such that Pps~i)~ s~ N Us~; # 0 (i < w). Then also (3.15) holds for |s| < n+ 1. This
completes the recursive step and the proof.l

By assuming the Continuum Hypothesis we can cover the X3(7¢) subsets of Pj, by
19(7¢) sets such that Py, is not in the o-ideal generated by the covering sets. Combining
Theorem 3.4 with the previous example we see that in this case the covering II9(7¢) sets
cannot be the subsets of Pr: a I19(7¢) subset of Pp, should be 7p, | p,-meager in P;, while
we have constructed a X9(7¢) subset of P, which can be covered only by 7p, | p, -residual
[13(7¢) subsets of Pp. For this covering by II9(7) sets, Theorem 1.2 is too “imprecise”
in the sense that it does not care about the presentation of Hg(T) sets. We prove an
alternative for £ = 3.

Lemma 3.12. Let (X,7) be a Polish space, (Ps)sen<v be a family of T19(7) subsets of
X satisfying (3.1-3.4). Let P,, P* (n < w) and Pp be as in (3.5). Let A be a fized
7p, -meager 19(7) set. If z* € X \ Z5PL(A) and U C X is basic T-open with x* € U then
there is a T-compact set ' C X such that x* € F C U\ A and (F N Py)scu<w Satisfies
(3.1-3.4) in the Polish space (F,T|r).

Proof. Let G = {G,,: n < w} be an enumeration of the sets of the form G N P
(s € w<¥ G basic T-open). Let 7 € w<¥ be such that z* € P, \ P"*'. We define
recursively a tree 7' C w<¥ and 7 = {(V;, X;): s € T'} such that TNw" (n < w) is finite,
Vs C X (s€T)is abasic T-open set, Xy = {zs~:i<w, s 1 €T} CX\ P, (seT)is
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a finite set, and with V" = U o7 o= Vs X" = Uersj=n Xs (n <w) the following hold:

(3.17) 2t € X" C X" (n <w);

(3.18) (Vi) CV,CU (i <w, 5,5 1€T);

(3.19) VinVi=0(s,;t €T, |s| = [t]);

(3.20)  diam, (Vi) < 271 (s € T);

(3.21) ViiNXs={zs~} (i<w, sTi€T);

(3.22) cl(G,) N X" =0 implies G, N V" =0 (n < w);

(3.23) if ¢ < |r| is maximal such that z, € P, then V,Ncl, (P, NA) =0 (s € T);
(3.24) if w5 € P, for some s € T,t € w< then X, NV, N (P, \ P") # 0 (m < |t]);
(3.25)

if v, € P, forsome s €T, t € w<¥ thenXsﬂVsﬂUPtﬂi#@.

<w

Suppose that the construction is done, we show that

F=(\vr=cd.(Jx"

n<w n<w

fulfills the requirements; here equality follows from (3.18), (3.20) and (3.21). By (3.18),
(3.19) and (3.20), F' is compact, (3.17) and (3.18) imply that a* € ' C U.

We show that FN A = (. If z € F then by (3.19) and (3.20) there is a unique o € w*
such that x = (", ., Vo|,. Let @ < |r| be maximal for which z,|, € P,, for infinitely many
n < w. By (3.21) we have lim, .. %4, = = so € P,,. Fix an n < w such that i is
maximal for which z,, € P,,. Then by (3.23), V,;, Ncl.(P, N A) = 0, in particular
x € Py, \ A, as stated.

Now we prove that (3.1-3.4) holds for (F'N Ps)sey,<w in the Polish space (F, 7|r). Since
(3.1) and (3.2) are automatic we only have to check (3.3) and (3.4).

First we show that FNP; = cl.(|J,., X"NF;). It is clear that FNP; D cl (., X"N
Py). For the reverse containment it is enough to show that whenever G N F N Py # () for
some basic 7-open set G then GN X™N P, # () for some n < w; so let GNF NP, # (). By
regularity we can find another basic 7-open set G’ C cl.(G") C G such that G'NFNP, # (.
Let G, = G’ N P,. Since G, N V"™ £ (. by (3.22) we have cl,(G,) N X™ # () hence
G N X"N P, # (), which proves the statement.

For (3.3), let s C t and suppose that G N F N P, # ) for some basic 7-open set G. We
have to show that G N F'N P, \ P, # (). By the preceding, =, € G N P, for some u € T,
so by (3.17), (3.18), (3.20) and (3.21), x, = x, € V,, C G for some u C v € T. Then by
(3.24) for m = |s| < [t| we get X, NV, N (Py,, \ P™™) # 0. Since P, C P™*! X, C F
and V,, C G, we have GNF N (P \ P,) # 0, as required.

For (3.4), suppose that G N F N P, # ) for some basic T-open set G and t € w<*. We
have to find some 7 < w such that GN F N P~; # (. Let z, € G N P;; as above, we have
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auCveT withx, =2, €V, CG. Then by (3.25), X, NV, N,
V, C G and X, C F we have GNF N Ui<w P,~; # () and we are done.

We do the construction recursively such that after the N step of the recursion (3.17-
3.23) hold for n < N while (3.24) and (3.25) hold for z, € XV~ Put § € T, set zg = x*
and let a* € V) C U be a basic 7-open set such that Vj Nl (P, N A) = 0; this choice
is possible since r* ¢ Z%7L(A), which means that z* ¢ cl, (P, N A). So zgy, Vj meet the
requirements.

Suppose that TN w? is defined, we have X¥~! and V¥ such that (3.17-3.23) hold for
n < N, (3.24) and (3.25) hold for z; € X¥~1. We extend T up to level N + 1 and define
XN VN guch that (3.17-3.23) hold for n < N + 1, (3.24) and (3.25) hold for z, € X¥
as follows. Let s € T, |s| = N be arbitrary; since x, ¢ Py, to satisfy (3.24) and (3.25)
for x; we have to take only finitely many points. We show that we can pick each of these
points = in V such that

(3.26) if ¢ < |r| is maximal for which « € P, then x ¢ cl.(P,, N A).

Pi~; # (), so from

Let z; € P, for some t € w<¥. For (3.24) let m < |t|, and let i < |r| be maximal
such that P, C P.,. We distinguish two cases. If P, = P, then by Corollary 3.9.2,
cl;(Py,, N A) is 7|p, -nowhere dense in P, so by (3.3) we can pick a point in VN Py, \
(P™t Ul (Py,, NA)). If Py, C P, then by (3.2) for every y € P, i is the maximal
for which y € P,),. Since z; € P, we have V; Ncl; (P, N A) = 0 by (3.23). By (3.3) we
can pick a point x in V; N Py, \ P, such that x ¢ cl.(P,, N A) follows from z € V.

For (3.25), if x, € P+ then z, € X, shows (3.25). So suppose that z, ¢ PM+!
By (3.4) we have a j < w such that V; N P~; # 0. By Corollary 3.9.2, cl,(P,~; N A)
is 7|p,~,-nowhere dense in P,~; so we can pick a point z in V; N P~; \ cl(Pi~; N A).
Let ¢ < |r| be maximal for which € P.,. If r|; = t™j then we have x ¢ cl.(P,, N A).
If r|; # t7j then P, C P,,. We show that for x,, as well, 7 is the maximal such that
zs € By,. If P, = P,, then this follows from z ¢ P! while if P, C P, then we are
done by the maximality of 7 for z. Thus by (3.23), V;Necl. (P, N A) = 0 so z € V; gives
x ¢ cl (P, NA).

Index 5 and the new points with s7i (i < ny) for some ny < w, put s7i € T (i < ng)
and take pairwise disjoint basic T-open sets xs~; € Vi~; C ¢l (Vi~;) C Vj such that (3.19),
(3.20), (3.22) and (3.23) hold; observe that (3.23) can be satisfied by (3.26). Since (3.17),
(3.18), (3.21), (3.24) and (3.25) hold, this completes the recursive step and the proof.l

Instead of covering ¥9(7) sets by II9(7) sets we define X9(7) sets avoiding them. The
sequence of 39(7) sets constructed for this must be specially nested.

Definition 3.13. Let (X, 7) be a Polish space and consider P, in X. Let 0 < ¢ < wy. Set
B° = {X}, while for 0 < a < ¢, let B* = {B{: i <w} be a collection of pairwise disjoint
I9(7) subsets of X. Set B* = U, B (a <), B¢ = Naee B Let 7[a] = 7[Uy, B,
TlfL[a] = T;L[Uﬁ<a B?] and 7p,[a] = 7P [Up<a B?] (a < ¢). We say that (l’)"”)a<C is
Pr-nested if
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L. B?C B* (a < <Q);
2. B*is 75 [a]-dense in X (a < ();
3. B¢ is T[a]-compact (o < (, i < w);

4. (P;N By,)sew<w satisfies (3.1-3.4) in the Polish space (B, 7[a]|p,) for every a < ( if
( is successor and for o < ¢ if ¢ is limit.

Since a compact Polish topology on a base set has no nontrivial compact Polish refine-
ment, Definition 3.13.3 says in particular that on B¢ the topologies 7[5] (8 < «) coincide.
In the sequel we use this property without further reference. Next we show that Definition
3.13.4 holds for limit o = (, as well.

Lemma 3.14. Let (15’0‘)0(<C be a Pp-nested sequence for some ( < wy and suppose that
A C Be is IY(7[¢]|B,) and 7p,[(]| B -meager. Then

1. B¢ is 1p, [(]-residual in X ;

2. if ¢ is a limit ordinal then (P N B¢)sew<e satisfies (3.1-3.4) in the Polish space
(Be, 7[¢]]B);

3. Bc\ ZPoPr0Bc(A) is 5, [C]| B, -dense in By;
4. PLN B #0.

Proof. By Definition 3.13.1 and 2, B* (a < () is 75, [a]-dense and 75, [¢]-open (a < ().
Since a 75, [¢]-open but not 75 [a]-open set is contained in B* (a < (), B* (o < () is also
75, [¢]-dense. Hence B* (a < () and so B is 75, [(]-residual in X, which is 1.

For 2, we have (3.1) and (3.2) automatically. To have (3.3), let ¢ C s and suppose that
GNP, # ) for some basic 7[(]|p,-open set. That is, G = G'NB; N B, for some basic T-open
set G', @ < ( and n < w. But (3.3) holds in B, in particular U = B*NG' N P, \ Ps # 0.
Now U is a 75, [(]-open set, so given that B is 75 [(]-residual by 1, we have U N B, # 0,
as required.

To see (3.4) fix an s € w<* and a basic 7[(]| g,-open set G with GNP, # (. As before,
we have that G = G’ N B N B¢ for some basic T-open set G, a < ¢ and n < w. Now
(3.4) holds in Bf hence By NG' N, Ps~i # 0, say U = B; N G' N Py~; # O for some
i < w. Again, U is a 75 [(]-open set, so given that B¢ is 75 [(]-residual by 1, we have
U N Be # 0, which proves the statement.

We have 3 since for ¢ limit by 2, for ¢ successor by Definition 3.13.4, Corollary 3.9.3
holds in the Polish space (B¢, 7(¢]|5,)-

Finally by 2 for ¢ limit and by Definition 3.13.4 for ( successor, Theorem 3.4.1 applies
and we get that PN B, is 75 [(]|p.-residual in Be; in particular, PN Be # (). This shows
4 and completes the proof.l
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Now we have everything to prove the ideal generation theorem. We remark that CH
is used only to assure that the cardinality of the family of IT5(7) sets is wy.

Theorem 3.15. Assume CH. Let (X, T) be a Polish space and P C X be a Borel not
¥9(7) set. Then there is a o-ideal T such that

1. T is strongly generated by its II3(7) members;
2. 8)(P)CI;
3. P¢T.

Proof. First we prove the special case (X,7) = (C,7¢), P = Pp. Using CH, let
{A,: @ < wi} be an enumeration of PY(Pr) such that Ay = (). We shall construct a
Ppr-nested sequence (B%) such that

a<wi

(3.27) A, NB* =0 (a < wy).

Once this done set
Ip, ={GCC:Ja<w (B.NG =0},

or, since B,11 C B* C B, (a < wy) by Definition 3.13.1, equivalently
Ip, ={GCC:Ja<w (B*NG=0)}.

By Definition 3.13, Zp, is a o-ideal. Also by Definition 3.13.1, Zp, is strongly generated
by its TI3 (7¢) members. By (3.27) it contains PJ (Pr), hence S (Pr), as well. Finally
Lemma 3.14.4 implies that P, ¢ Z, as required.

It remains to make the construction. We proceed by induction; to start with, set
B° = {Bj} with B) = C. Suppose that B* is defined for a < ¢ such that the sequence
(BY)a<¢ is Pr-nested and (3.27) hold. By Definition 3.13.4 if ¢ is a successor and by
Lemma 3.14.2 if ¢ is limit, {P, N B¢, 7p,[(]|B. } is a topological Hurewicz test pair; in
particular, P, N B¢ is 7p, [(]|p, meager in B¢. Since Ac N By € P, N Be and , Ac N B is
a 7p, (]| .-meager TI9(7[¢]|5,) set. So by Lemma 3.14.3 we can fix a countable set

Y ={x,:n <w} C B\ ZBB (A N By)

such that Y is 75 [(]|p.-dense in the Polish space (B¢, 75, [(][5,). We define recursively
BS (n < w) such that |J,_,, Bf # Be (n <w), (BY)accs1 is Pr-nested and (3.27) hold.
Suppose that we already have Bf C B for i < n. Let m < w be minimal with xz,, ¢
Uicn B¢ and take a basic 7c[¢]|B.-open set U C B¢ such that x = z,, € U € B:\U,_,, B¢
and U UJ,., Bf # B:. By Definition 3.13.4 if ¢ is successor and by Lemma 3.14.2 if ¢
is limit, we can apply Lemma 3.12 in the polish space (X, 7) = (B¢, 7¢((]|5,) for 2* = x,
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U, (PsN B¢)sew<e and A¢ N Be. Let BS C B be the resulting 7¢[(]|p,-compact set. This
defines recursively B°.

We have B¢ N A; = 0 so we have to check the conditions of Definition 3.13; 1 and 3
are obvious while 2 follows from Y C B¢ using Lemma 3.14.1. If ¢ is limit, 4 follows for
a = ( from Lemma 3.14.2. If { is a successor then we have 4 for a = ¢ by the induction
hypothesis. Now we check 4 for « = £ + 1; (3.1) and (3.2) are automatic. To have (3.3),
let t C s and suppose that G N P, # ) for some basic 7¢[¢ + 1]|p_,,-open set G. Since
B¢ is 75 [¢ +1]|5,,,-open and 75 [¢ + 1]|Bc+l—dense, we can assume that G is of the form

G' N BY for some basic 7¢g-open set G and n < w. But (3.3) holds in BS,
BSNG' NP\ P, # 0, as required.

To see (3.4) fix an s € w<¥ and a basic 7¢[¢ + 1]|p.,,-open set G with G N Py # 0;
as before, we can assume that G = G’ N BS for some basic Tc-open set G’ and n < w.
Now (3.4) holds in B§ hence BS NG’ N, Ps~; # 0 which proves the statement. This
completes the recursive step and the proof of the special case.

For an arbitrary uncountable Polish space (X, 7) and Borel not 39(7) set P take a
continuous one-to-one map ¢: (C,7¢) — (X, 7) such that p=(P) = Py,. Let

in particular

T={GCX:3G €Tp(GNe(C) C p(G))}.

Since homeomorphism preserves the Borel class of sets and X \ ¢(C) is 7-open hence
19(7), this o-ideal is strongly generated by its I13(7) members. If A C P is 33(7) then
o1 (A) C Py is XY(1¢) so ¢ 1 (A) € Zp, and hence A € Z. This shows SS(P) C Z. Since
P, ¢ Ip, we have P ¢ Z, which completes the proof.l

Let us turn back to Question 1.5. The analogous question for strong generation is the
following.

Question 3.16. Let (X, 7) be a Polish space and let 0 < € < wy. If a o-ideal T C 2%
18 strongly generated by its Hg(’/') members and a Borel set A C X is not in T then does
there exists a X2,,(7) set B C A such that B ¢ T ¢

If £ = 1 then the answer is obviously affirmative, since if B is a countable 7|4-dense
subset of A then B ¢ 7 is shown by A C cl.(B).

Theorem 3.15 shows that for £ = 2 the answer is consistently negative. We think that
Question 3.16 is independent. In particular, we belive that Theorem 3.10 gives the best
constructible covering for the ideal SY(P). We will come back to this problem in Chapter
8.



Chapter 4

Topological Hurewicz test pairs

This chapter is devoted to the extensions of the results of Chapter 4 we have for 4 < ¢ <
w1: the existence of Hg topological Hurewicz test pairs and the ideal generation theorem.

4.1 Distinguishing Borel classes

In this section we extend Theorem 3.4 to higher levels of the Borel hierarchy. In order
to produce a sufficiently big family of test pairs we need a machinery which allows us to
condition on the construction of a given Borel set from simpler sets. For this, we handle
a Hg(T) set by coding its construction from closed sets in a tree. The following inductive
definition makes this concrete.

Definition 4.1. Let 0 < £ < wy and ¥; — £ For £ = 1, [P, (Py)] is called a I19(7) set
with presentation if P = Py is a I1{(7) set.

Suppose that the IT)(7) sets with presentation are defined for ¢ < £. Then [P, (Pt)tE ]
is a ITY(7) set with presentation if T C w<¥ is a subtree such that {(i): i < w} CT,
P =X\ U, Pu and [Py, (Pi~t)ier,,| is a I, (1) set with presentation (i < w).

It is important to note that a Hg(T) sets with presentation is not necessarily a proper
Hg (7) set. For example, it can easily be empty.

Next we define the test sets and the corresponding topologies. These test pairs are ex-
actly what one may expect; in particular, the following definition for £ = 3 is in accordance
with Definition 3.1.

Definition 4.2. Let 0 < £ < w; and P C X. We call the pair {P,7p} a II{(7) topological
Hurewicz test pair in X if

1. Pis a ITIY(7) set;

2. 7p is a Polish topology refining 7;

27
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3. P is a Tp-nowhere dense I19(7p) set;

4. (a) & = 1: for every 7-open set A C X and basic 7p-open set G with G N P # ) if
AN P is 7p|p-residual in G N P then A is 7p-residual in a 7p-open set G' C G
such that GNP C cl..(G' N P).

(b) 1 < £ is a successor ordinal: for every ¥ < &, II9(7) set A C X and basic
Tp-open set G with GNP # 0 if AN P is 7p|p-residual in G N P then A is
Tp-residual in G.

(¢) 1 < ¢ is a limit ordinal: there is a 7p-open set Hx p(¥) (¥ < ) such that
P C Hxp(d) (9 < &), and for every 9 < &, T4(7) set A C X and basic
Tp-open set G with GNP # () if AN P is 7p|p-residual in G N P then A is
Tp-residual in G N Hx p(V).

We associate inductively the topologies 75 and 7p to Hg(T) sets with presentation
(0 <& <w).

Definition 4.3. Consider a IT¢(7) set with presentation [P, (P;)er]. For £ = 1 we define
75 =7p=7. If 1 <& <w and 7p is defined for I (7) sets with presentation for ¥ < &,
set P = { Py N()cn(X \ Pi)): n <w}. We define 75 =/ and 7p = 75 [P].

i<w TP

Observe that P is disjoint to the members of P and the sets in P are pairwise disjoint.
Next we prove an auxiliary claim on how P is related to the topologies 75, 7p. For its
proof we will need the Kuratowski-Ulam Theorem in the following form (see [4], (8.41)
Theorem).

Theorem 4.4. (Kuratowski-Ulam) Let (X, 7) and (Y, o) be Polish spaces, let G = Gx X
Gy be a basic T x o-open set in X X Y and consider a Borel set A C X x Y. Set
AV ={z € X: (x,y) € A}. Then A is T x o-residual in G if and only if

{y € Gy: AY is T-residal in Gx}
18 o-residual in Gy .
Claim 4.5. With the notation of Definition 4.3, we have the following.
1. Pis1I3(r5) and IS (7p).
2. If G is basic Tp-open and G N P # () then G is in fact basic T3 -open.
3. The topologies Tp|p and T5|p coincide.

4. The topologies
TPPw\Uicw Py @10 T5 1P 0\U,c, Py (1< @)

coincide.
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5. If (Y,0) is any nonempty Polish space and {P,7p} is a IIY(1) topological Hurewicz
test pair in (X, 7) then {P xY,7p x 0} is a IIY(1 x o) topological Hurewicz test pair
in (X xXY,7xo0).

Proof. We prove the first statement by induction on £. For £ = 1 the statement is
obvious. Let now 1 < £ < w; and suppose that the statement holds for ¥ < £&. We have

(4.1) P:X\UP(H):X\U (P(n)ﬂm(X\P(i)))a

n<w n<w <n

where P, is 75 closed (n < w) by the inductive hypothesis and P,y N[, (X \ Py)) is
Tp-open (n < w) by definition, so 1 follows. By Definition 4.3, proper basic Tp-open sets
do not intersect P, which shows 2. This immediately implies 3.

Since the sets in P are pairwise disjoint, if G is a proper basic 7p-open set which
intersects Py \ U,-,, Py then G = G' N Py \ U,-,, P where G’ is basic 75-open, so 4
holds.

For 5, let G be a basic 7p X g-open set, say G = Gx X Gy where Gx (Gy, resp.) is
basic Tp-open in X (basic o-open in Y, resp.). If £ = 1, let A be a 7 X g-open set such
that AN (P xY)is 7p X o-residual in (Gx N P) X Gy. Let

G = U {H C X xY: H is basic 7p X g-open, A is 7p X o-residual in H}.

Then A is 7p X o-residual in G’ so it remains show that GN (P xY') C cl,, . (G' N (P x
Y)). Suppose that K = Kx x Ky C G is a nonempty basic 7p X g-open set such that
KN(PxY)CGEN(PXxY)\clxo(G'N(PxY)). Then AN (P x Y) is 7p X o-residual
in (Kx N P) x Ky, so by Theorem 4.4,

W ={y € Ky: AYN P is 7p|p-residual in Kx N P}

is o-residual in Ky. Since {P, 7p} is a I1{(7)-topological Hurewicz test pair, by Definition
4.2.4a, for every y € W there is a 7p-open set K% (y) C Kx such that AY is 7p-residual in
K (y) and Kx NP C cl.(K%(y) N P). Since (X, 7p) has countable base, K (y) contains
the same basic 7p-open set for o-residually many y’s, that is there is a basic 7p-open set
K, C Kx and a basic g-open set K{ C Ky such that

{y € Ky : AV is Tp-residual in K’}

is o-residual in K3.. Then by Theorem 4.4, A is 7p x o-residual in K’ = K’ x K., that
is K’ C (', a contradiction.

Let now 1 < € < w; be a successor ordinal, ¥ < £ and A be a I1%(7 x o) set such that
AN (P xY)is7p x o-residual in (Gx N P) x Gy. We show that A is 7p x o-residual in
G. By Theorem 4.4,

W ={y € Gy: AY N P is 7p|p-residual in Gx N P}
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is o-residual in Gy. Since {P,7p} is a IT{(7)-topological Hurewicz test pair, by Definition
4.2.4b, AY (y € W) is tp-residual in Gx. Then again by Theorem 4.4, A is 7p X o-residual
in G, as stated.

Let now 1 < £ < wy be a limit ordinal. We show that Hxxy.pxy(¥) = Hxp(¥) X YV
fulfills the requirements. Let ¥ < & and A be a II(7 x o) set such that AN (P x Y) is
7p X o-residual in (Gx N P) x Gy. By Theorem 4.4,

W ={y € Gy: AN P is 7p|p-residual in Gx N P}

is o-residual in Gy. Since {P,7p} is a IT¢(7)-topological Hurewicz test pair, by Definition
4.2.4c, AY (y € W) is tp-residual in Gx N Hx p(¥). Then again by Theorem 4.4, A is
7p % o-residual in G N Hxxy pxy (V) = (Gx N Hx p(¥)) x Gy, as stated. This completes
the proof.l

The following claim describes the behavior of a topological test pair with respect to
Y(T) sets.

Claim 4.6. Let 0 < & < wy and let {P,7p} be a IIY(7) topological Hurewicz test pair. If
for a 22(7) set W and tp-open set G with GNP # () we have that W N P is Tp|p-residual
in GNP, then W is Tp-residual in a Tp-open set H satisfying that GNP C cl,,(H N P).

Proof. For £ = 1 the statement follows from the definition. Let now 1 < £ < w; and
write W = |, Qi, where Q; is ITj (1) and 9; — & If W NG NP is 7p|p-residual in
G N P then let H; denote the maximal 7p-open set in which Q; is 7p-residual (i < w).
By Definition 4.2.4, the 7p-open set H = |J._, H; meets every Tp-open set intersecting
G N P, which proves the statement.ll

i<w

In the following theorem we give a method allowing to build up inductively a topo-
logical Hurewicz test pair from simpler test sets .

Theorem 4.7. Let 0 < § < wi, ¥; — & and let [P, (Py)ser] be a nonempty T (7) set with
presentation. If £ = 1 and P is T-nowhere dense then {P,Tp} is a topological Hurewicz
test pair.

For 1 < & < wy suppose that | J
Hurewicz test pair (i < w). Then

Py is T -dense and { Py, 75 } is a 115 (7) topological

<w

1. P is 15 -residual;
2. {P,7p} is a TIY(7) topological Hurewicz test pair.

Proof. If { = 1 then G’ = AN G does the job. Let now 1 < § < wy. Since { P, 75}
(n < w) is a II§ (7) topological Hurewicz test pair, P,y (n < w) is 7;5-nowhere dense so
1 follows from (4.1).

For 2 we have to check the conditions of Definition 4.2; 1 holds by the choice of P, 2
follows from Definition 4.3.
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For 3, by Claim 4.5.1 it remains to show that P does not contain any nonempty basic
Tp-open set. Suppose that G C P and G is nonempty basic 7p-open. Then by Claim
4.5.2, G is basic 75-open, we have that (J,_, P is 75-dense hence P,y NG # () for some
n < w, a contradiction.

Let now 9 < &, A C X be IT%(7), G be a basic Tp-open set with GNP # () and suppose
that AN P is 7p|p-residual in G N P. By Claim 4.5.2, G is actually 75-open while by 1
and Claim 4.5.3, A is 75-residual in G.

Set G/ = G if £ is a successor. If £ is limit then let I < w be minimal such that 9 < ¥y,
set Hxp(¥) = ;e X\ Py and G' = GNHx p(V) = G\U,.; Pu)- We have P C Hx p(1))
by Definition 4.1. It remains to show that A is 7p-residual in G’. Note that G’ is 75-open
and that A is 75-residual in G'.

Suppose that A is not 7p-residual in G'; that is we have a nonempty basic Tp-open
set G C G such that AN G is Tp-meager in G. By passing to a nonempty basic Tp-open
subset we can assume that

é:GoﬁP(n)ﬂﬂX\P(i):Goﬂp(n)\UP(i)

<n i<n

where G is basic T75-open and n < w. Note that if € is limit then I < n by the choice of
G'. So we can assume Gy N(),_, X \ Py € G

We obtained that the ¥3(7) set X \ A is 7p|p,\U,., p,,-Tesidual in the 7p-open set
Py N Go N (e X \ Pr). Thus by Claim 4.5.4, X \ A is T;’p(n)\ui<n p,-residual in the
75| py-open set Py N Go N[, X \ Pu. Since ¢ < 4, we can apply Claim 4.6 for the
39 (1) set W = X \ A, the IT§ (7) topological Hurewicz test pair { P, 75} and the 75-
open set G = Gy N ﬂKn X\ P(l satisfying G N P,y # 0. We get that X \ A is 75-residual
in a 75-open set H such that G N P, C cl ;(H ﬁ Pyy), in particular H' = HNG # 0
and H' C G'. Thus both A and X \ A are 75-residual in the nonempty 75-open set H, a
contradiction. This completes the proof.ll

Just as for the £ = 3 case, the conditions of Theorem 4.7 concern the presentation of
the Hg(r) set P instead of P itself. This handicap seems to be inevitable. First, because
up to our knowledge there are no results providing some method to build up 22(7') sets
from simpler sets, there is not even a canonical decomposition of X9(7) sets to IT%(7) sets.
It is easy to see that by taking a wrong presentation the topology 7p becomes wrong
either, that is we cannot just condition our test set to be proper Hg(r), a suitably chosen,
not natural presentation must be involved. Second, because the only way to build up a
proper Hg(T) set for & > 4 is to use induction, so in view of our first reason one could
hardly imagine Theorem 4.7 without some inductive condition on the presentation. Even
if well explained, this handicap remains painful and this is responsible for most of the
complication we have to face later. We close this section with the usual corollaries.
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Corollary 4.8. For a 0 < & < wi, let {P,7p} be a ITY() topological Hurewicz test pair
as in Theorem 4.7. Let G be a basic Tp-open set with GNP # (), or equivalently let G be
a nonempty basic T5-open. Then the following hold.

1. If € is a successor, ¥ < & and A C X is UY(7) and 75-residual in G then A is
Tp-residual in G.

2. If AC X s 22(7') and of T5-second category in G then A is of Tp-second category
n G.

3. If € is a successor, 9 < & and A C X is ¥9(7) and of Tp-second category in G then
A is of T5-second category in G.

4. If AC X is TI(7) and Tp-residual in G then A is 75 -residual in G.
5. P is a proper TI§(7) set.

Proof. Let A be II(7) and 75-residual in G. Since P is a 75-residual II3(75) set,
AN P is 75|presidual in G N P. Since by Claim 4.5.3 the topologies 75|p and 7p|p
coincide, AN P is 7p|p-residual in G N P. So Definition 4.2.4b applies and we conclude
that A is 7p-residual in G, which proves 1.

For 2, let A = J,_, A; with IIj (7) set A; (i < w) where ¥J; — £ Since P is a
T5-residual TI3(75) set, if A is of 75-second category in G then for an i < w, A; N P
is 75 |p-residual in G’ N P for some basic T5-open set G' C G. Since by Claim 4.5.3
the topologies 75|p and 7p|p coincide, we have that A; N P is 7p|p-residual in the basic
Tp-open set G’ with G’ P # () so by Definition 4.2.4, A; is Tp-residual in some nonempty
Tp-open set G” C G’ thus A is of 7p-second category in G, as required.

Statements 3 and 4 follow from 1 and 2 by taking complements.

For 5, suppose that P is 22(7'). By Theorem 4.7.1, P is 75-residual in X so by
Corollary 4.8.2, P is of 7p-second category in X. But by Definition 4.2.3, P is 7p-nowhere
dense, a contradiction. This completes the proof.l

There is an asymmetry in our approach to topological Hurewicz test sets: the test
set is of some multiplicative class and the sets tested are of the dual additive class. The
reason for this is that 22 is closed under taking countable union while Hg is not. However,
there is a testing theorem like Theorem 4.7 for special Eg sets (see e.g. Theorem 5.2 or
Corollary 5.3) but the statement of this theorem cannot go beyond Corollary 4.8. So we
do not work for that.

4.2 Intersection criteria

It turns out that the conditions of Theorem 4.7 are combinatorial, they are the same as
requiring that countably many intersections are nonempty. We give these intersections.
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Our purpose is to show that if Theorem 4.7 proves that a set P is a topological Hurewicz
test then P remains a test set if the initial topology 7 of the Polish space is changed.

Definition 4.9. Let 0 < ¢ < w; and [P, (P)er] be a II2(7) set with presentation. If
E=1,set Ci(X,7,P) ={(X\ P,G): Ger}. lf Cy(X', 7', P') is defined for every ¥ < ¢,
Polish space (X’,7’) and I19(7) set with presentation P’ then let ¥; — & and set

Ce(X,7,P)={(X\P,G): GeT5} U Ucﬁi (X, \/ TP(],),P(l')> :

i<w j<w, ji
We say that [P, (P,)er] satisfies Ce in (X, 1) if
V(C,G) € Ce(X,7,P) (G40 = CNG#N0D).

Claim 4.10. Let 0 < § < wy. If a TI)(7) set with presentation [P, (P,)er) satisfies C¢ in
(X, 7) then {P,Tp} satisfies the conditions of Theorem 4.7, so in particular {P,Tp} is a
Hg(’]') topological Hurewicz test pair.

Proof. We prove the statement by induction on . For ¢ = 1, 0, means that P
is T-nowhere dense in X, that is {P,7p} is a II(7) topological Hurewicz test pair by
Theorem 4.7. Suppose now that the statement holds for ¥ < ¢ and let ¥; — £. By G,
X\ P =, P is 7p-dense in X and [Py, (Pi~t)ier,,] satisfies By, in the Polish space
(X, Vjcw, j2iTR;))- We have

< __ _
™ = \/Tpm = < \/ TP(j)) ,
P

j<w j<w, j#i .
(2)

so by the induction hypothesis { Py, 755 } is a IIj (7) topological Hurewicz test pair. Thus
the conditions of Theorem 4.7 are satisfied, Theorem 4.7.2 can be applied and we conclude
that {P, 7p} is a II(7) topological Hurewicz test pair.H

We need that if P lives in a product space but it is nontrivial only on one coordinate
then Cg also conditions only on one coordinate.

Claim 4.11. Let 0 < & < wy and let [P, (P,)ier]| be a TIY(T) set with presentation in
the Polish space (X, 7). Let (Y,0) be a Polish space and set Q = P XY, Q, = P, xY
(t €T). Then [Q,(Qu)ier] is a II(1 x o) set with presentation and for every (C,G) €
Ce(X x Y, 7 x0,Q), C is nontrivial only on the X coordinate.

Proof. The statement easily follows by induction on .1

The next claim gives that Cg remains true if the initial topology gets coarser.
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Claim 4.12. Let 7' be a Polish topology on X refining 7. If for some 0 < £ < wy a Hg(r)
set with presentation [P, (P,)cr] satisfies C¢ in (X, 7') then it satisfies C¢ in (X, 7) as well.

Proof. We prove by induction on £ that Ce(X, 7, P) C Ce(X,7,P) (0 < & < wy).
From this the statement follows.

For £ = 1 we have 7 C 7" and so (X, 7, P) C C;(X, 7/, P). Suppose now that the
statement holds for ¥ < € and let ¥; — £. Since 7 C 7/ we also have 75 C 75, TP, C Tj;(i)
(1 <w) so

{(X\P,G):Gerp} C{X\PG):GeT's

and by the induction hypothesis,

Co, (X, \/ TPWP@)> C Cy, (X, V' 7h, p@> :
J<w, j#i J<w, j#i
This proves Ce(X, 7, P) C C¢(X, 7/, P) and completes the proof.l

From now on in this section we work to prove the main lemma of the extension of
Theorem 3.10. The technique of the proof is to exploit the low class Hurewicz test sets
appearing in the construction of a Hg(T) test set. For this we need some more topologies.

Definition 4.13. Let 0 < £ < wy and let [P, (P,)ier] be a II(7) set with presentation
which satisfies Cg in (X, 7). We define the topologies

Tp(n) = \/ TR V \/ Tlf(i) (n <w).

i<n n<i<w

Corollary 4.14. Let 0 < £ < wy, ¥; — & and let [P, (P,)wer] be a Hg(T) set with pre-
sentation which satisfies C¢ in (X, 7). With the notation of Definition 4.13, {Py,,7p(n)}
satisfies the conditions of Theorem 4.7, thus it is a Hgn (1) topological Hurewicz test pair.

We have
p(0)S = \/ 5
i<w
and Tp(n+ 1)< = 7p(n) (n < w).

Proof. Since [P, (P,);er] satisfies C¢, [Py, (Pnﬁt)teT(m] satisfies Gy, in the Polish space
(X, Vjcu, j2iTR;))- Then by Claim 4.12, [Py, (Py~t)ier,, ] satisfies Cs, in the Polish space

(X, \/ TR V \/ TE@_)) )

i<n n<i<w

We have
p(n) = 7R, V \/ TPy V \/ 7'5(1_)

<n n<i<w
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so by Claim 4.10, { P, 7p(n)} satisfies the conditions of Theorem 4.7, so it is a II§ (7)
topological Hurewicz test pair. Similarly,

p(n+ 1)~ =715V \/ TPy V \/ 75, = Tr(n) (n <w)
i<n+1 n+1<i<w

and
<_ < < _ <
p(0)° = Thy V \/ Th, = \/ By

0<i<w <w

which completes the proof.l

The next lemma is an application of our newly found Hurewicz test sets.

Lemma 4.15. Let 2 < £ < w; be such that we have £ = & + 1 where & = &'+ 1 is
a successor. Let [P, (Py)er] be a IIY(1) set with presentation which satisfies Ce. Fiz an
n<w. If Ais a¥,(r) set and A is Tp(n)-meager in a Tp(n)-open set G then A is also
Tp(m)-meager in G (n < m < w).

Proof. If G is 7p(n)-open then it is 7p(m)-open (n < m < w) so it is enough to prove
that A is 7p(n + 1)-meager in G; from this the statement follows by induction.

By Corollary 4.14 we have that { P41), 7p(n+1)} is a IIY, (7) topological Hurewicz test
pair and 7p(n + 1)< = 7p(n). So by Corollary 4.8.3 our A cannot be of 7p(n + 1)-second
category in GG. This completes the proof.l

The crucial point in the proof of Theorem 3.10 was the fact the a IT3(7) set of first
category is nowhere dense whatever is the underlying Polish topology. This is not true
for T (7) sets when 3 < 9 < w; so in order to avoid them we have to reduce complicated
sets to I19(7) sets. This is the motivation of the following concept.

Definition 4.16. Let T' C w<“ be a tree. We say that a subtree 7" C T is even-complete
if

teT, [tlodd = {tly1"iri<w}nT ={t} &
(tTii<wInNT£0& {ii<w}nT CT,
and T” is maximal with respect to this property.

If 7" C T is an even complete subtree, t € 7"\ T(T") with |¢| even then ¢tT1 € T”
denotes the unique extension of ¢ with [t™7| = |¢] + 1.

Lemma 4.17. For some 0 < § < wy let [P, (Py)er] be a IIY(7) set with presentation. If
T" C T is an even-complete subtree and x ¢ P, (t € T(T")) then x ¢ P.

Proof. We prove the statement by induction on £. For & = 1 and & = 2 the only
even-complete subtree of T'is 7" = {0} that is © ¢ Py = P, as stated. Suppose now that
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3 < £ and the statement holds for ¥ < £. By maximality we have T” # (), hence there is
a unique ¢ < w such that (i) € T". But T}~ ; is an even-complete subtree of Ti~; (j < w)
so by the induction hypothesis x ¢ Pi~; (j < w). That is v € P and so x ¢ P, which
completes the proof.ll

Now we can prove the main result of the section.

Claim 4.18. Let 1 < £ < wy be such that we have € = & + 1 where & = &+ 1 is a
successor. Let [P, (Py)ier] be a IIY(7) set with presentation which satisfies Ce. If A™ is a
119, (7) set such that A* N Py =0 (n < w) then P\ U, A" # 0.

n<w

Proof. Fix a presentation [A", (A} )iern] (n < w). Take maps 1;: w — w and 75: w —
w<¢ such that

n=(m,n): w— U{n} xT"

n<w
is a bijection satisfying

(4.2) tteT" tCt = ntn,t) <n tn,t) (n<w)
and

(4.3) m(n) <max{0,n —1} (n <w).

We construct inductively a basic 7p(n)-open set G, (n < w) and an even-complete
subtree F" CT™ (n < w) such that

(44)  crpm(Gni1) € Gy (n <w);
(4.5) GNPy =0 (n<w);
(4.6) G, N A" is Tp(n)-meager (n < w);
(4.7) if my(n) € FM™\ T(FM™)Y and |n,(n)| is even, then
G,NA™ ";+Fm(n) is 7p(n)-meager (n,i < w);

(4.8) if 7y(n) € T(F™™) then G, C X \ Ag; ") (n <w).

(n

Since the topology 75 is finer than 7p(n) (n < w), clrpm)(Gny1) € Gy implies that
cl < (Gn1) € Gy (0 < w), so we have that (,_, Gy # 0 by (4.4) and ., G, C P by
(4.5). By Lemma 4.17, (4.8) gives

(NG.cP\[JA"

n<w n<w

n<w

In the following construction we will successively grow the trees F, so a node can be
terminal after some intermediate step but not in the final tree. To be concrete, we will
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grow F™ at () in the n'* step or never, while if s € F" for s € T™\ {0} with n(m) = (n, s)
then we will grow F™ at s in the m' step or never. We will declare when a tree does not
grow any more from a node, such that this node remains terminal.

For n = 0, by (4.2) and (4.3) we have 1(0) = (0,0). To find our Gy observe that X\ A°
is a X, (7) set containing Ppy. By Corollary 4.14, {P), 7(0)} satisfies the conditions of
Theorem 4.7, in particular it is a Hg, (1) topological Hurewicz test pair. By Theorem 4.7.1,
Poy and hence X \ A% is 7p(0)<-residual, by Corollary 4.8.2, X \ A? is of 7p(0)-second
category, that is A is 7p(0)-meager in some nonempty basic 7p(0)-open set G.

If A” is TI3(7) with 3 < ¢ < w; then we have A® =(,_, X \ A};), so for some ky < w
and nonempty basic 7p(0)-open set G’ C G we have that X \ A(()ko) is 7p(0)-meager in G'.
Put kyi € F? (i < w). Then (4.7) holds for n = 0 and (4.8) does not apply. Since P
is 7p(0)-nowhere dense we can pass to some basic 7p(0)-open subset Gy C G’ such that
Go N Py = 0; so (4.5-4.8) are satisfied for n = 0.

Else we have that A° is TI9(7) or I13(7), that is A° is 7p(0)-nowhere dense in G. In
this case choose Gy C G\ (P) U A°), put 0 € F° and F° does not grow any more, that
is 72(0) = 0 € T(F). Now (4.7) does not apply; so we again have (4.5-4.8) for n = 0.

Suppose that G, (n < N) is already defined such that (4.5-4.8) hold for n < N and
(4.4) holds for n < N —1; we find our Gy. Again, X \ AV is a X2 (7) set containing
Piny. By Corollary 4.14, { Py, 7(IN)} satisfies the conditions of Theorem 4.7, it is a
IT¢,(7) topological Hurewicz test pair, 7p(N)< = 7p(N — 1), so Gy_; is 7p(NN)<-open.
By Theorem 4.7.1, Py) and hence X \ AV is 7p(N)~-residual in Gn_1, so by Corollary
4.8.2, X \ AN is of 7p(N)-second category in Gx_1, that is AY is 7p(N)-meager in some
nonempty basic 7p(V)-open set G C Gy_;.

If AN is not a II9(7) or a IT3(7) set with presentation then we have AN =(0,_ X\Aé\if).
So for some ky < w and nonempty basic 7p(/N)-open set G’ C G we have that X \ Aé\,iN)ls
7p(N)-meager on G’. If AN is a T19(7) or a I13(7) set with presentation then set G’ = G.

Since P(yy is 7p(IN)-nowhere dense, we can pass to some basic 7p(N)-open subset
G” C G’ such that G" N Py = 0 and cl,,v)(G”) € Gn-1. We put kyi € FV, (i < w),
then (4.4-4.6) hold for every basic 7p(N)-open set Gy C G”.

If no(N) ¢ T(FmM) then set Gy = G”. If |n2(N)| is odd then neither (4.7) nor (4.8)
apply so the inductive step is complete. If |1o(/N)| is even then (4.8) does not apply so
it remains to show (4.7). If ny(N) = 0 then after the n;(IN) step of the construction
we had that Am®) is neither a T19(7) nor a I(7) set with presentation, 2 < ¢ and

Govy N AZiF"I(I\U is 7p(m(N))-meager (i < w). By (4.3) we have that n;(N) < N.
Smce Am nl(N) is (1) (i < w), Lemma 4.15 gives that A;’igi(m is 7p(N)-meager
in Gy, hence also in Gy, as required.

If 772( ) ¢ T(FMI)) ny(N)| is even but ny(N) # () then we show that 7y(N) will
never be a node of F). Let u be the terminal node of F"™) on the branch of 7,(N)
in T By (4.2) there is an m < N such that n;(m) = n1(N) and no(m) = u. After the
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m'™ step of the construction u remained a terminal node of F(N) that is F(N) never
grows from u so 13(N) will never be a node of Fm®™). So again neither (4.7) nor (4.8)
apply and the inductive step is complete.

If ny(N) € T(FMW)) then we do the following. Let m < w be such that n;(m) = 7, (N)
and 12(m) = N2(N)|jpa(3)—2- By (4.2) we have m < N. Since no(N) # 0, AW is neither
a I1%(7) nor a I19(7) set with presentation and 2 < £. Also, AZ;%%; is a ¥, (1) set. We had

(4.7) in the m'™ step of the construction so by Lemma 4.15, G” C G,, implies that AZ;%?

is 7p(N)-meager in G”. If AZ;%; is a II9(7) or a I3(7) set then it is actually 7p(NV)-
nowhere dense in G” so we can find a nonempty basic 7p(N)-open set Gy C G"\ AZ;E%;
We do not grow F®) from the node 7y(N), so (4.7) does not apply and (4.8) holds.

If AZ;E%; is T15(7) for some 3 < ¥ < ¢’ then since AZ;%%; =N, X\ AZ;EJBAZ” for
some [y < w and nonempty basic 7p(N)-open set Gy C G” we have that X \ AZ;%%AIN
is 7p(INV)-meager on G. We put no(N)"Iyi € FW) (i < w), then (4.7) holds and (4.8)
does not apply. This completes the recursive step and the proof.ll

<w

4.3 A moment of being concrete

In order to proceed we need to show at least one concrete Hg(’/') topological Hurewicz test
pair. We do this as was done in [15].

Definition 4.19. We set (Cy,7¢,) = (C,7¢), P = {z € C1:Vm € w (z(m) = 1)},
T, = {0}, P} = P, and t; = w. Suppose that the spaces (Cy, 7¢,), the II§(7¢,) sets with
presentation [Py, (P”)ser,] and the ordinal ty are defined for every ¥ < £. Then let

Og = HCﬂi, TC§ = HTC%,

i<w 1<w
(49) Pg = {ZL’ c 052 Vi <w (CL‘(Z, ) € Cﬁi \ Pﬂi)},
(4.10) Te={n"t:teTy,, n<uw},
(4.11) Piy=1]Co x P x [ Co €Ty, n<w)
i<n n<i<w

and

Te = Ztﬂi.

<w



4.3. A MOMENT OF BEING CONCRETE 39

Claim 4.20. Let 0 < £ < wy and ¥; — . We have C¢ = 2%. The IIY(7) set with pre-
sentation [P, (Pf)teTg] satisfies C¢; in particular {Pe, 7p.} is a I(7) topological Hurewicz
test pair. We have 75, = [[;o, 7p,, and 7p, = 75, {Ucn: n <w}] (1 <& < w1) where

(4.12) Uew = [ [ (Co,\ Po,) x Py, x [] Co. C

<n n<i<w
CIICo xCeox J] Co,=Cc (1 <& <wi, n<w)
<n n<iw

Proof. We prove the statements by induction on &, For € = 1, C = 2, P, is a
single point so it is nowhere dense, as stated. Let now 1 < £ < w; and suppose that the
statements are true for ¥ < £. Then

Ce = [ Co =] 27 = 22w = 2%,

i<w 1<w
By definition,
T;E - \/Tp(i-) - HTPI%’
i<w i<w
as stated.
Let now (C,G) € Ce(C¢, 7¢,, Pe). 1If ¢ = X\ P and G € 75, is nonempty then &

is nontrivial only on finitely many coordinates so it intersects X \ P = |J,_,, Pé). If
(C,G) € Co,(Ce, Vo jori Tre ,Pé.)) then by Claim 4.11, C' is nontrivial only on the i
: 5}

coordinate and G = Hj <o G where G = Cy, except for finitely many j’s, G is basic
TR,,-OPen (j € w\ {¢}) while G; is basic TCy,-Open. Since [Py,, (Pt)teTﬂi] satisfies Cy, by
the induction hypothesis, we have Pr;(C) N Pr;(G) # 0, which implies C NG # 0. So
[P, (Pf)teTg] indeed satisfies Ce.

Finally we have P(gn) ﬂﬂKn(C’g\Pfi)) = Ug,n, s0 by definition 7p, = 75 [{Ugn: n < w}].
This completes the proof.l

We point out a property of this construction.
Lemma 4.21. Let G C C¢ be a nonempty basic p.-open set. Then int.< (cl.< (G)) # 0.
3 3

Proof. If GG is basic Té—open then by regularity we have int < (cl.< (G)) = G # (. So
N

let GG be proper basic 7p,-open, say G' = G' N Ug,, where G’ is 7‘1§§—open and n < w. Since
U is 7p,-dense in [];_,, Cy, x Py, X [, Cv,, we have

G/ N (H Cﬁi X Pgn X H 0191) - iIltT; (C1T< (G))

, . 3 Pe
<<n n<ai<w
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S0 inths <CIT§3(G>> # (), as stated.l

We close this section with the proof of Theorem 1.6.

Proof of Theorem 1.6. First we prove 1. and 2. in the £ = 2 case while this is
exceptional in Theorem 1.2. Then we show 1. and 2. for 3 < ¢ < w; and finally we treat
the extension for every 2 < ¢ < wy.

So let £ = 2. We set

Uy ={2€2”:Vn>N (z(n) =0)} (N <w),

Ty={(i):i<w}, P =0, (i<w), Py=2%\ ( U U2”N> .
N<w
Then the topology 7p; is the refinement of 7o, by turning each point of the finite sets U, y
(N < w) into an open set. Clearly, Py is the complement of a dense countable subset in
(2¥ 7¢,), so in particular Py is TI9(7¢,) and 7¢,-residual. As a complement of the dense
Tp-open set (., U; v, we also have that Py is 7p;-nowhere dense.

Let A C X be ¥9(7) and take a continuous one-to-one mapping ¢: (2%, 7¢,) — (X, 7)
such that ¢~'(A) N P; is of 7p|p-second category in P;. Then ¢~'(A) C (2%, 7¢,) is
¥9(7¢,) and ¢~ (A)NPy is of 7py | py -second category; thus ¢~ (A) is of 7¢,-second category,
as well. Since a ¥.9(7¢, ) set in (2, 7¢, ) is of second category only if its interior is nonempty,
¢~ (A) contains a nonempty 7¢,-open set so ' (A) N Uj y # O for some N < w. Then
¢~ 1(A), having nonempty interior, is of Tp;-second category.

If A is not X9(7), we apply Theorem 1.2 for Ag = A, Ay = X \ A. These sets
cannot be separated by a 22(7)—56‘5, so since Py is the complement of a countable dense
subset of (2¥, 7¢, ), there is a continuous one-to-one mapping ¢: 2* — X with ¢(Pj) C A,
©(29\ P;) € X \ A. So as we have seen above, ¢ '(A) = P; is indeed 7p;-meager.

We turn to the £ > 3 case. The Polish space (C,7¢,) is obviously homeomorphic
to (C1,7¢,) (see e.g. [4], Theorem 7.4 on page 35). We show that {P;,7p } fulfills the
requirements for every 3 < & < wy.

Let A C X be ¥g(r) for some £ < w; and take a continuous one-to-one mapping
¢: Ce — X such that ¢~ '(A) N P is of 7p,|p,-second category in Pe. Then ¢~'(A) C C;
is ¥¢(7c,) and ¢~'(A) N P is 7p,|p-residual in G N P for some basic open set G. So
according to Claim 4.6, o~1(A) is of Tp.-second category, as required.

Suppose now that A is not 22(7). We apply Theorem 1.2 for Ag = A, A; = X \ A.
These sets cannot be separated by a ¥2(7)-set, so since P is IT{(7¢,) but not ¥(7c,),
there is a continuous one-to-one mapping ¢: C¢ — X with ¢(F) C A, ¢(29\ FP;) C X\ A.
So by Definition 4.2.3, ¢ '(A) = P is indeed 7p,-meager.

Finally suppose that for some cardinal A < 2%, in our model the the union of a
A number of meager sets is meager in Polish spaces. Let A; (i < X) be ¥g(7) and
A = ;-\ Ai be Borel. Since p~'(A) N P is of 7p,|p,-second category in P, by our
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assumption ¢~'(A;) N P is also of second category in (P, 7p,|p,) for some i < X. So by
the first statement, ¢! (4;) € ¢ '(A) is of 7p,-second category. This finishes the proof.l

4.4 Constructible coverings

In this section we give the extension of Theorem 3.10.

Theorem 4.22. Let 1 < £ < wy be such that & = £ + 1 where £ is a successor. Let
(X, 7) be an uncountable Polish space and P C X be a proper Hg(T) set. Then there is a
mapping ®: S (P) — PY(P) such that B € ®(B) and

P\|Jo(B") #0 (B,B € §(P), i <w).
1<w
Proof. Fix our . First we construct ® = & for (X, 7) = (C¢, 7¢,) and P = P.. For
every B € S(P) fix a decomposition B = (J;_, Bj where Bj is IT},(7¢,) (j < w). Since
the class TI¢, (7¢, ) has the separation property (see e.g. [4], (22.16) Theorem; and if § = 2

note that C is zero dimensional) we can take a sequence (An(B))n<w € AZ(7¢,) such
that

(4.13) UBicAuB) CC\ [P (n<w).

i<n i<n

Set
¢(B)= () U 2uB)
m<w m<n<w
It is clear that ®¢(B) is TI(7¢, ) and (4.13) implies B € ®¢(B) C P;. It remains to show
that if B* € S(P¢) with its fixed decomposition B* = |J;_,, B} (i < w) then we can find
a point in P\ ;. Pe(B").
We apply Claim 4.18 for A" = |J,,, An(B?) (n < w). We obtain that P\|J

Since
oe(B)C |J AuB)C A

i<n<w n<w

A £ .

n<w

we have P\ {J,_, ®c(B") # 0, which completes the proof of the special case.
If (X, 1), P are arbitrary, by Theorem 1.2 we can take a continuous one-to-one map
¢: (Ce,1¢,) — (X, 7) such that o~'(P) = Pe. For B € §(P) let

®(B) = (P \ ¢(F)) U p(Pc(¢™(B))).

Since homeomorphism preserves the Borel class of sets this definition makes sense and
fulfills the requirements.ll
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With a more careful approach one could prove Theorem 4.22 for £ = &'+ 1 where £’ is
a limit ordinal. We think that this is the maximum one can do in ZFC, that is Theorem
4.22 is consistently false when ¢ is a limit ordinal. It seems that proving Theorem 4.22
for such a ¢ is equivalent with an affirmative answer to the question of A. Miller for Hg
generated ideals, the consistency of which is not established at the moment. We return
to this problem in Chapter 8.



Chapter 5

Testing the difference hierarchy

In this chapter we show that for 0 < £ < 3 a proper Dn(Eg) set cannot be well approx-
imated by a Dn/(Zg) set for n’ < m. As usual in this paper, approximation is measured
by Baire category in a suitable topology. The interesting feature of this is that such a
testing is possible even if Dn(Zg) is not closed under taking countable union; this is why
the result we obtain is weaker than what we have got used to for the Borel hierarchy.

The reasons for restricting £ are twofold. The more important one is that argument
which follows is not applicable for £ = n = w. The less important, aesthetic reason is that
for £ < 3 all the ideas which are new comparing to the previous chapters appear without
serious technicalities. We will discuss possible generalizations after the proof of Claim 5.5
and in Chapter 8.

We start with the definition of the relevant spaces. From now on in this section let
0<é¢<3and 0<n<w.

Definition 5.1. Take sequences (C¢(), T, (o)) and {Pe(a), Tr(a)} (o < wy) of copies of
the Polish space (Cg, 7¢,) and the IT(7¢, ) topologlcal Hurewicz test pair { P, 7p, } defined
in Definition 4.19. Let

= H Ce(a), Tc,, = H TCe(a) (0 < < wi).

a<n a<n

The difference operator will act on

Lkn LJ (I]:C% \l% :[I (% ) a<<77<iw1)

B<La \y<p B<y<n
We set
Vew(@) = [ Pe(v) )\ Pe(a)) x J] Ce() (@ <n<w),
<o a<y<n

43
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vaﬂ?(ﬁ) = H P&(’Y),

Weq(a)= [T P x J] Cetr) (@ <n<wn).

Now for every 0 < n < wy let

P, =D, ((U&n(a))a@;) = U{ng(a): a <mn, aisodd < 7 is even},

Qe = Cep \ Peyy = U{ng(&): a<mn, aisodd < nis odd}
and define the topologies

Tgn = HT;E(Q), T§<,n(O‘> = HT;E(V) X H TP (v) (a <n<w),

a<n y<a a<y<n

Ten = Ten (O Wen(a): a <nil.

It is clear that Ug, () is ¥(7¢, ) ( <1 < wi). Observe that Py, Qe (0 <7 < wi)
are T¢-open sets and that the sets Vg, (a) (o < n) are pairwise disjoint. Notice that
Wen(n) = Vey(n) and 75, = 75,(n) (0 <n <wi). The testing theorem can be stated as
follows.

Theorem 5.2. Let 0 < £ <3 and 0 < 1 < wy be fized and consider a Dy(¥2(7¢,,)) set
A C Cey. Let G be 15, -open; and if § = 1 suppose that W1 ,(n) € G in addition. Then if
AN Qg is Tey-residual in G N Qe then AN Pe,, is of T¢n-second category in G N Pr,,.

We formulate a corollary of this theorem.
Corollary 5.3. Let 0 < £ <3 and 0 < n < wy be fized.

1. If A C Cey is a Dy(X(1c,,)) set and Qey C A then AN Py is of 7¢,-second
category.

2. If A C Ce,y is a Dn<Eg<TC§m)) set and P, C A then AN Qg is of Te,-second
category.

Proof. The first statement is the special G = Cgmvcase of Theorem 5.2, while the
second follows from Theorem 5.2 applied to A = C¢,, \ A and G = C¢,,. 1

Corollary 5.3 has already the feature of dichotomy we are looking for: it allows to
derive from the information that a set A is simply structured the conclusion that either
it does not contain Q)¢, or it is big in category in C¢,, \ Q¢,, and vice versa.

The proof of Theorem 5.2 is based on Claim 5.5 stating that sets like W¢ (1) behave
as topological Hurewicz test sets with the topology ¢ ,. Before stating and proving it we
need the usual lemma on the coincidence of topologies.
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Lemma 5.4. Let 0 <n < w; and o < n be fixed. Then
1. for & =1, if G is 7, -open and Wi, (n) € G then GO Vi, (v) #0 (v < n);
2. for § =2,3, Vey(a) is a 75, (v)-dense set (a <y <n);
3. for € =2,3, Wen(a) is a 75, (v)-dense TI(r,) set (o <7 <n);
4. if G is basic 75, (0)-open and G N Ve () # O then G is basic 75, (7)-open (v < a);

5. if G is basic T¢y-open and G N Ve, (a) # O then there is a basic 75, (a)-open set G
such that G N Ve (o) = G'N Ve p(a);

6. the topologies T¢ylv; (@) and 75, (V)|ve (o) (7 < @) coincide;
7. if G is basic 7, (0)-open and G N We () # O then G is basic 7, (v)-open (v < a);

8. if G is basic T¢ p-open and GNWe . (n) # O then there is a basic Tgn—open set G' such
that G' 0 Wey(n) = G0 Wey(n);

9. the topologies Te ylw, ,(ny and 75, (Vlwe ) (v < 1) coincide.

Proof. Since 775, = 7¢, ,, 1 is obvious. By Definition 4.19, both P¢(3) and C¢(3)\ P¢(5)
are Tlfg(ﬁ)—dense (8 < «) sets, so 2 follows. By Theorem 4.7.1 and Claim 4.5.1, P(f) is a
Tlfg(ﬁ)—residual Hg(T;5 (B)) set (B < «), so we have 3.

For 4, let G be basic 75, (0)-open with G N Ve () # 0. If for some v < a, Pr¢, (G)
is proper basic 7p,(,)-open then Pre. (G) N Pe(v) = () hence G N V¢, (a) = 0, which is not
the case. So Pr¢ (G) is Tlfg(v)—open (v < «), thus 4 holds.

For 5, let G be basic 7¢,-open, say G = G' N We,(B) where G’ is basic 7, (0)-
open and 3 < 7, such that G N Vg, (a) # 0. Since Ve,(a) C We,(v) (v < «) and
Ven(@)NWen(v) =0 (o < v < 1), we have GN Ve (o) = G'N Ve, (a) # 0. Thus by 4, G’
is basic 77, ()-open so 5 holds.

Since 7., (7) (v < «) is finer than 77, () and coarser than 7¢ ,, 5 immediately gives 6.

For 7, observe that We (o) = U< <, Ven(B). Thus GN Ve g # () for some oo < 8 <.
So by 4, G is basic Tgn('y)—open (v < ), as required.

For 8, let G be a basic 7¢ ,-open set, say G = G'NW¢ ,(3) where G is basic 7, (0)-open
and § <7, and suppose that G N W, (n) # 0. From We,(n) C We,(v) (v < 1) we get
G' N Wey(n) = G N Wey(n) # 0 thus from 7 we have that G’ is 7, -open, as stated.

Since 75, (v) (v < ) is finer than 77, and coarser than 7¢,, 9 immediately follows
from 8, so the proof is complete.ll

Claim 5.5. Let 0 < n < wq, (Y,0) be an arbitrary nonempty Polish space and G C
Cen xY be a nonempty 75, X o-open set, such that if § = 1 then GN (W1, (n) x Y) # 0 in
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addition. If A C Ce,, XY is 22(7'05,” x o) and AN(Wen(n) xY) is of (Te, X 0) |W€m(n)><y—
second category in G N (We,(n) xY) then there is a nonempty basic 7’<7 X o-open set
Go C G such that A is ¢, x o-residual in Gy and Go N (We,(n) x Y) # 0.

Proof. Before starting the proof, observe that for ¢ = 2,3 by Lemma 5.4.3, G N
(Wen(n) xY) # 0 for every nonempty Tfm X o-open set G.

For ¢ = 1 we have that Tfn = 7¢,, and that A is 7¢,, X o-open so every basic
Ty, X 0-open set G can be chosen which satisfies Go € G N A and W1, (n) € Pr¢, , (Go).

Let now & = 2 or & = 3. Since A is X(7¢,, X o), there is a IIY_,(7¢,, X o) set
B C A and a nonempty basic 7¢,, X o-open set G* C G such that G* N (We,,(n) xY) # 0
and B is (e X 0) |w,,, (nxy-residual in G* N (We,(n) x V). By Lemma 5.4.8 there is a
basic 75, x o-open set Gy for which Go N (We,(n) x Y) = G* N (We,(n) x Y). Then by
Lemma 5.4.9, B is (Tgn X 0) |we.,mxy-residual in Go N (Wey(n) x Y). We show that B
is 7¢ , X o-residual in Go; then by B C A, G| fulfills the requirements.

For { = 2 we have 75, = 75,,(1) = 7¢,,- So by Lemma 5.4.9,

(7-2777 X U) |W2,71(77)><Y = (7-2<777<77) X U) |ng(77)><Y = (7-02,71 X 0) |W2,n(77)><Y‘

Hence B is (7¢,, X ) |w,, mxy-residual in GoN (Wa,(n) X V). By Lemma 5.4.3 we have
that Wa,(n) x Y is 7¢,, % o-residual in X X Y so the II{(7¢,, X o) set B contains Go.
This proves the £ = 2 case.

For & = 3 suppose that B is not 73, x o-residual in Gy. Since Cs,;, \ B is ¥9(7¢,, X 0),
there is some nonempty basic 73, X 0-open set G' C Gy and I(7¢, , x o) set F' C C3,,\ B
such that F'is 73, x o-residual in G', that is G’ C F which gives Cngfnm(G’) C F. We can
assume that G' is not 737, (0)-open, so G" = (W3, (a) x Y) N G" for some v < 1 where G”
is basic 73, (0) x o-open; thus by Lemma 5.4.7, G" is 73, (a) X o-open. Then for some finite
set I C 1, Proy)(G”) is basic 75, -open (v € I N a), Prey)(G”) is basic 7p,(;)-open
(v € I'\ @) and Pre,(,)(G") = Cs(y) (v € n\ I). By Lemma 5.4.3 we have

(51) G” g legfn(a)XU(G,) g legfnxa(G,)'
By Lemma 4.21,
int,s (cls  (Prey) (@) #0 (v € ).

P3(v) P3(y

So by the regularity of Pry(G”) in Y,
intT:snXU(ClT;’nXU<G”)) 7£ @

which by (5.1) gives
H - intTanXO-(CnganU(G,)) % @

Since Gy is regular Tgfn X o-open,

H C int7§7,><o<Cl7—3<m><a(G0>> = G,
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and from clT;nXJ(G’) C F we have H C F. Since B is (75, X 0) |ws,, (n)xy-residual in
Go N (W3,(n) xY) and by Lemma 5.4.3, W5, (n) is 75, -residual in Cy,, B is 75, X 0-
residual in Gy. But H C Gy \ B, a contradiction.ll

In our present approach the validity of this claim limits our capacities in testing the
difference hierarchy. It is fairly simple to see that the proof of the lemma can be repeated
for 3 < ¢ <w, 0 <n <w; it is an imitation of the proof of Theorem 4.7 for the Hg(ch,,,)
set We,. Also, if n < w then the statement of the lemma follows for every 0 < & < w;
from the fact that {P, 7p} is a topological Hurewicz test pair, using Kuratowski-Ulam
Theorem as in the proof of Claim 4.5.5. The handicap of this approach is that Claim 5.5
is false for £ = n = w. This failure is the main reason why we restrict our attention to
£<3.

In the proof of Theorem 5.2 the product structure of Definition 5.1 must be exploited.
So we prove it in the following more general form. When Y is a single point, we get back
Theorem 5.2.

Theorem 5.6. Let0 < £ <3 and0 < n < w; be fized. Let (Y, o) be an arbitrary nonempty
Polish space and consider a Dy(X(1¢,, % 0)) set A C Cepy x Y. Let G C Cepy X Y be
75, X 0-open, and for & = 1 suppose that G N (Wy,(n) x Y) # 0 in addition. Then if
AN(Qey }X YY) is ¢y x o-residual in GN(Qe,y X Y) then AN(Peyy, X Y) is of 7y X 0-second
category in G N (Pe, X Y).

Proof. We prove the statement by induction on 7. Let first n = 1, then A is a
¥(7¢,, X o). By Claim 4.20, Claim 4.10 and Claim 4.5.5, { P; XY, 7p, X 0} is a topological
Hurewicz test pair in C¢; X Y, so the statement follows from Claim 4.6.

Suppose now that 1 < n < w; and that the statement holds for ' < n. Let A =
Dy((Aa)a<y) with X2(7¢, X 0) sets Ay (o < 1) satisfying Az € A, (6 < a <n). We
have that We,,(n) X Y C Q¢, X Y is 7¢, X o-open. By assumption for £ = 1 and by
Lemma 5.4.3 for £ = 2,3, GNWe,(n) xY # 0 so Ais of ¢, x o-second category in
G N We,p(n) x Y. Thus there is a minimal a such that the parity of o and 7 are different
and for some basic 7¢, X o-open set G* C G, A, of 7¢, X o-second category in the
nonempty G* N (We,(n) x Y). Then by Lemma 5.4.8 there is a 77, X o-open set G’ such
that G* N (We,(n) xY) =G N (We,(n) xY) # 0.

We apply Claim 5.5 for A, and G’; we obtain that for some nonempty basic Tgn X 0-
open set Gy C G, A, is T¢, x o-residual in Gy, and G N (Wy,(n) xY) # 0. So in
particular, A, is ¢, x o-residual in Go N (Vg, () x Y'), which is nonempty by Lemma
54.1 if £ = 1 and by Lemma 5.4.2 if £ = 2,3. But the parity of a and 7 differ, so
Ven(a) XY C Pepy x Y. That is if Ay \ Ug., Ap is also of 7¢, x o-second category in
Go N (Ve,(a) X Y) then we are done.

Suppose that this is not the case. Then there is a § < « and a basic 7¢, X o-open set
Gy C G such that G§N (Ve (o) x Y) # 0 and Ag is 7¢ ,, X o-residual in G5N (Ve (o) X Y),
and the parity of § and « differ, that is parity of  and 7 coincide. By Lemma 5.4.5,
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there is a basic 7, () x o-open set G such that G5N (Ve ,(a) x Y) = GuN (Ve () x Y).
Since Gy is basic 7'<777 x o-open, we can and do assume that G € G. Then by Lemma
5.4.6, Ag is Tgn(a) x o-residual in G, N (Vg () X Y'). By passing to a subset if necessary,
we assume that Pre, ) (Gp) is proper 7p, (a)-open, that is

(5.2) Prega)(Gp) € Cela) \ Pe().

Set 171 = «,

?:<H C’g(ﬂ) XY, 5:<H Tp5(7)> X o

a<y<n asy<n

and G = GY. With this setting, using (5.2),
(5.3) G0 (Wea(ii) x V) = Gy 1 (Vea) x Y) £
and by Lemma 5.4.9,

(54) (7‘5’77 X 5’) ’Gﬂ(Wgﬂﬁ(ﬁ)XY/) — (T
= (755 % 7) |cg)m(v5,,7(a)xY) = (75,(e) x 0) |G6ﬁ<V5m(a)><Y)‘

We apply Claim 5.5 in Ce; x Y for Ay, which by (5.3) and (5.4) is (7¢5 X &) | We (@)= 7™
residual in the nonempty G N <W5,ﬁ(ﬁ) X f/). We get that for some nonempty basic
To; X 0-open set Go C G, Ag is T 5 x G-residual in G and G N <W§7ﬁ(ﬁ) X ?) # (. In
particular, Gy N (1/'5;,(7) X ?) # 0 (v <7) by Lemma 5.4.1 if £ = 1 and by Lemma 5.4.2
if ¢ =23, and Ag is 7¢; X G-residual in Gy N (Vgﬁ(v) X f/> (v <7).

Now Gy C G is Tey X o-open and Ve z(y) % Y is also Teqn X 0-open (v < 7). So A

is ¢, x o-residual in Go N (‘/;*77(")/) X ?) for every v < 5 with parity different from the
parity of 7. By (5.2) and Gy C G},

Prc(a)(Go) € Cela) \ Pe(a),
so we have G N (Ve (7) X V) = Go N (Vei(7) x }7> # 0 (v <7). Then by Lemma 5.4.6,
O) X U) |é0ﬂ(V§y7](’y)><Y) -

(
= (753(0) X &) lgyn (v, (yxv) =
) |

- (7'57,7(0 X 5-) éoﬂ(‘/'g,;]('y)x?) = (Tf,ﬁ X 5) |é0m(vgyﬁ(7)><f/) ('7 < ﬁ)
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We get that A is 7¢; x G-residual in G N (Vgn(’y) X ?) for every v < 7 with parity
different from the parity of 7. Since Ag is also 7¢; x G-residual in Gy N (1/577(7) X ff)

(v < 1), this is possible only if Dg ((AA,)Kﬁ) is 7 5 X G-residual in G N (Vgﬁ(y) X f/)
for every v < 7 with parity different from the parity of 7.

Set n = 3,
Y = ( H 05(7)) xY, o= ( H TP§(7)> X0,
B<y<a B<y<a
A=D, <(Av)7<n> and G = GoNH # () where H is nontrivial only on the 3% coordinate

and Prc,(s)(H) is proper basic 7p,(g)-open, i.e. Pre,s)(H) C Ce(8) \ Pe(8). Since Gy is
basic 75, X g-open, it is 77;(8) x G-open and so G is basic 77, X g-open. As above, we
have )

Gy N (Ven(0) X X) = Gon (Vea(n) x V) #0 (v < 1)

so by Lemma 5.4.6,

(56) (Tf’ﬂ 8 Q) oV ) = (Tgﬂ(()) % 9) |G (Ve ) =
= (T§~(O) X 6—) |Q0m<vg,ﬂ("/)><x) =
= (753(0) X &) gy (ve syx) = (63 X ) lgun(vesipxr) (VS 1)-

Since A = D, <(A7)v<n> is 7¢ 5 X G-residual in G N (Vgﬁ(v) X Y), we get that A is
Ten X o-residual in G N <V§77 (7y) % X) for every v < n with parity equal to the parity of
n. That is, A is 7¢,; X g-residual in G N (Qgﬂ X X). So by the induction hypothesis A is
of 7¢, X o-second category in G'N <P§ﬂ X X). Since A = Dg <(A7)w<ﬁ> C A, this means

that A is of 7¢, x g-second category in P, X Y. We have

Veun() XY = Vey(7) XY (v <n)

so by Lemma 5.4.6,

= (75,00) X 0) lve .y = (Tem X ) [ve ynxy (v < 1)
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Since 3 and n have the same parity,

PeyxY =Pegx [] Ce(r) xY =

B<y<n

U{ng(a): a<fB, aisodd < Biseven} C P, x Y.

So A is of 7¢, X o-second category in P, x Y, which completes the proof.l

Possible further extensions of testing theorems will be discussed in Chapter 8.



Chapter 6

Z-convergent functions

It is a fact of life that the class of continuous real functions is not closed under pointwise
convergence: instead, we obtain a realization of the Baire-1 functions. On the other hand,
it is an easy exercise that the pointwise limit of a sequence of continuous functions with
length w; is necessarily continuous.

This problem and other properties of the pointwise convergence of transfinite sequences
of real functions has been first considered by W. Sierpinski [20]. In particular, he studied
which class of functions will be closed under such convergencies. Since most of the classes,
for example the class of Baire-¢ functions for ¢ > 2, are not, T. Natkaniec [17] introduced
a stronger notion of pointwise convergence. We recall the precise setting in the following
definition.

Definition 6.1. Let A be a cardinal, (X, 7) be a Polish space, (Y, d) be a separable metric
space and consider an ideal Z on X\. We say that a sequence of functions f,: X =Y (a <
A) Z-converges to the function f: X — Y in notation f, —7 f, if

{a<X: folo) # fl2)} €T

for every x € X.
Similarly, we write f, —d f if for every ¢ > 0 and x € X we have

{a <A d(f(x), fa(x)) >} € L.

In case of the ordinary w; convergence, as used in [5] and [20], we have A = w; and
7 = [w;1]=¥, that is the ideal of countable subsets of w;. However, our motivating theorem,
answering Problem 1 in [17] on page 490, is related to the particular case, when the ideal
contains the finite subsets of wy, that is Z. = [w;|<¥.

Theorem 6.2. Let (X, 1) be a Polish space, (Y,d) be a separable metric space, and for a
fized £ < wy consider a family fo: X — Y (a < wy) of Baire-§ functions. If f: X — Y
1s such that f, —d f, then f is Baire-€.

51
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We note here that the original question asked by T. Natkaniec referred to Z_-con-
vergence. However, it is easy to see that Z_-convergence implies %<—convergence, so the
result above is formally stronger than the required. The sufficiency of %<—Convergence was
pointed out to the author by Petr Holicky.

As W. Sierpiriski showed (][20], Theorem 1 on page 133 and Theorem 2 on page 137),
for the class of continuous and Baire-1 functions Theorem 6.2 holds also for Z = [w;]=¥
instead of Z_. On the other hand, it is independent for every 2 < ¢ < w; whether there
is a [w1]=“-convergent sequence of Baire-§ functions whose limit function is Borel but not
Baire-{ (observe that the §_-convergence implies the [wi]=*-convergence). The first part
of the following theorem has already been proved by W. Sierpinski ([20], Section 6, pages
139 and 140) and further discussed by P. Komjath ([5], Theorem 3, page 499). Its second

part, related to Problem 3 in [17] on page 490, is a simple analogue of Theorem 6.2.

Theorem 6.3. Let (X, 7) be a Polish space, (Y,d) be a separable metric space.

1. (W. Sierpinski, P. Komjdth) Assuming CH, there exists an [w|S¥-convergent se-
quence of real Baire-2 functions whose limit function is not Borel.

2. Let A < 2% be an infinite cardinal with cf(\) > w and set J = [N\|<}. For a fired
& < wy, consider a family fo: X — Y (a < A) of Baire-§ functions and a Borel
function f: X — Y. If f, —d f and in our model the union of A\ meager sets is
meager in Polish spaces, then f is necessarily Baire-§.

The assumption on the additivity of meager sets holds under MA(N) (see e.g. [3],
Theorem 1.2 on page 505 or [16], Theorem on page 170). The convergence of transfinite
sequences of Baire-2 functions of length wy has also been investigated by P. Komjath
(see [5], Theorem 4 and Theorem 5 on page 500). It is consistent (with 2% = w, and
M A(wy)) that every real function can be obtained as such a limit. It is also consistent,
under more complicated assumptions, that the limit function is necessarily Baire-2. The
case when the underlying space X is not necessarily Polish but merely metric has been
considered in [2] and [19]. Transfinite convergence of derivatives is examined in [1] while
in [18] transfinite convergence of Baire-{ functions if treated under various set theoretic
assumptions.

In order to establish the connection between function classes and sublevel sets we will
use the following classical result (see e.g. [4], Chapter II, Theorem 24.3 on page 190).

Theorem 6.4. Let (X, 1) be a Polish space, (Y,d) be a separable metric space. Then for
every 1 <& <wy, a function f: X —Y is Baire-¢ if and only if f~'(U) € X is X2, (7)
for every open set U CY.

In the metric space (Y, d), the open ball centered at x € Y with radius p is denoted by
By(z, p). After these preparations, Theorem 6.2 and Theorem 6.3.2 are simple corollaries
of Theorem 1.6.
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Proof of Theorem 6.2. By Theorem 1 on page 133 and Theorem 2 on page 137 of
[20], the statement holds for £ < 1. So let 2 < £ < wy be fixed and suppose that f, —d f

for a family f,: X — Y (a < w) of Baire-¢ functions.

Suppose that f is not Baire-{. As the pointwise limit of the functions {f,: o < w},
f is clearly Borel, so by Theorem 6.4, there is an open ball By(z,p) C Y such that
S (Ba(z, p)) is Borel but not X2, (7). Set

H(e) = [ (Ba(w,p —¢)), Hale) = f," (Balz,p—¢))

for every a < w; and 0 < & < p. Note that by Theorem 6.4, H,(e) is in ¥, (1) for every
a<w;and 0 <e < p.

Since H(0) is not %¢,,(7), by Theorem 1.6.2 there is a continuous one-to-one map
v: (2¥ 7¢,) — (X, 7) such that

(i) @(Pess) € H(0), and
(19) ¢ ' (H(0)) C 2¥ is of first category in the topology 7p,, .

By (i), there is an g9 > 0 such that ¢ ™' (H(go)) N Peyy is of 7p,, |p.,,-second category.
Let Ji(¢) denote that set of those indices a < wy for which ¢! (H,(¢)) is of 7p,,,-second
category.

We prove that w; \ Ji(g) is finite for every € < g¢. Suppose that this is not true and
take a countably infinite set .J'(¢) € w; \ Ji(e). By the definition of §_— convergence,
£ < gp implies that

H(so) CH'(e) := | ) Halo),
a€clJ/(e)
so we have that ¢~ '(H'(g)) N Peyy is of 7., |p.,,-second category in Peiq; that is, since
H'(e) is ¥¢,,(7), by Theorem 1.6.1 ¢~'(H'(¢)) is of 7p,,,-second category. This is a
contradiction, since by the definition of Jy(¢), ¢~'(H'(¢)) is Tp,,,-meager.

So Ji(g) is of cardinality w; for every ¢ < g¢. In particular, given that (2%, 7p,,,) has
countable base, there is a 7p,, ,-open set U C 2“ such that for a countably infinite set of
indices J” C Ji(g0/2) we have that ¢~ (H(£0/2)) is 7p,,,-residual in U whenever o € J”.

Hence for
H" = (] Halo/2),

aeJ"

¢~ '(H") is also Tp,,-residual in U, so by (ii) we can find a point zp € H” \ H(0). Thus
fa (@ < wy) is not §_-convergent since

R

is infinite; a contradiction. The proof is complete.l
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Proof of Theorem 6.3.2. Again, for £ < 1 the statement follows from the proofs of
Theorem 1 on page 133 and Theorem 2 on page 137 of [20] ; so let £ > 2. Now f is Borel
by assumption; and the proof is the same as for Theorem 6.2, until the definition of J;.
Now we show that card (A \ Ji(¢)) < A for every € < .

Suppose that this is not true and take a set J'(¢) C A\ Jy(¢) of cardinality A. By the
definition of dj— convergence, € < £g implies that

H(s) CH'(e) = | Halo).

aclJ!(e)

so we have that ¢~ (H'(g)) N Peyy is of 7p,, |p,.,-second category in Pe,y; that is, by the
extension of Theorem 1.6.1, since H'(e) is the union of the A number of ¢, (7) sets Hq(¢)
(€ J'(€)), ¢~ ' (H'(¢)) is of 7p,,,-second category. Now this contradicts the assumption
that the union of a A number of meager sets is meager in (2¢, 7p,, , ), since by the definition
of Ji(e), ¢ ' (Hale)) (a € J'(¢)) is Tp,,,-meager.

We continue as above; J;(¢) is of cardinality A for every € < gy. In particular, given
that cf(\) > w and (2¥,7p,,,) has countable base, there is a 7p,, -open set U C 2¢ such
that for a set of indices J” C Ji(g9/2) of cardinality A we have that ¢ ~!(H,(g/2)) is
Tp,,,-tesidual in U whenever v € J”. Since in our model the intersection of a A number
of 7p,,,-residual sets is again 7p, ,-residual, for

H" = (] Halo/2),

aeJ"”

@' (H") is also Tp,,,-residual in U, so by (ii) we can find a point zo € H”\ H(0). Again,
this contradicts the dj—convergence. The proof is complete.l



Chapter 7

Generalized separation and
reduction

It is well known that a pair of disjoint analytic sets can be separated by a Borel set. If
we need to estimate the Borel class of this separating set then Theorem 1.2 is very useful:
we only need to test the pair of analytic sets via injections of 2. Since analytic sets also
have the generalized separation property, that is for every sequence (A4;);<, of analytic
sets with (), A; = 0 there is a sequence (B;);<,, of Borel sets such that 4; C B; (i < w)
and (), Bi = 0, one can request a test for the complexity of the B;’s. We cannot refuse
such a demand so we present test sets corresponding to this problem. If topologization
seems to be artificial for Theorem 1.2, here the topological feature of our Hurewicz test
sets will be essential, namely for the proof that testing generalized separation is possible;
this application is the main motivation of this section.

The concepts are similar that of [7]. On the other hand we do not follow the spirit of
[7], that is we do not define closed games, neither will be reducing maps be one-to-one.
We will have to refer to Borel determinacy, so in particular this proof is not effective. We
also restrict our attention to sequences of Borel sets; all these simplification to make the
argument as short as possible for having a nice application of topological test sets.

First we examine the problem of generalized separation; generalized reduction will
follow by taking complements.

7.1 Witnessing generalized separation

We aim to prove the following theorem.

Theorem 7.1. For every 0 < § < wy, there exists a Polish space (De¢, Tp,) homeomorphic
to (C,7¢) and A, (Tp,) sets Re(n) C Dg (n < w) such that the following hold.

i<wBi % (Z)

1. If B; C D¢ is a 1IY(7p,) set and Re(i) C B; (i < w) then )

95
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2. If (X, 7) is a Polish space and (A;)i<w is a sequence of Borel sets in X such that
Nicw Ai = 0 then

(a) either there is a sequence (B;)icw of TIY(T) sets such that A; C By (i < w) and
mi<w Bl = (Z)J
(b) or there is a continuous map ¢: D¢ — X such that o(Re(1)) C A; (i < w).

Observe that if 2b holds then the map ¢ indeed shows that 2a fails: if (B;)i<, a
sequence of TIY(7) sets such that A; € B; € X (i < w) then (,_, ¢~ "(B;) # 0 follows
from 1 using R¢(i) C ¢ 1(B;) (i < w), so ;. Bi # 0. So this theorem is of Hurewicz
type.

Before starting the construction we feel obliged to clarify why the testing is set up
only for Hg sets and not for 22 sets. We have three reasons for this, the first is a corollary
of Theorem 7.1.

<w

Corollary 7.2. If in Theorem 7.1 case 2a holds then the sequence (B;)i<, can be chosen
such that B; € AY(T) (i < w).

Proof. Since the class Hg has the generalized separation property in Polish spaces
(see e.g. [4], (22.16) Theorem on page 172), the statement follows.H

That is generalized reduction with Hg sets is stronger than generalized reduction with
Eg sets. The following result says that in a particular case Theorem 1.2 gives an answer
to the problem for ¥ sets .

Claim 7.3. Let Ay, A1 C X be disjoint analytic sets. Then there are disjoint 22(7') sets
By, B1 € X such that A; € B; (i =0,1) if and only if Ay can be separated from Ay by a
Y2(7) set and vice versa, Ay can be separated from Ag by a ¥(7) set.

Proof. If we have the disjoint X¢(7) sets By, By € X such that A; € B; (i = 0,1)
then the separation is obviously possible in both directions. Suppose now that a 22(7)
set B! separates A; from A;_; (i = 0,1). The class Eg has the reduction property in
Polish spaces (see again [4], (22.16) Theorem on page 172), thus we have disjoint ¥¢(7)
sets B; C B! (i = 0,1) such that By U By = Bj U B}. Since BiNA;_; =0 (: =0,1), we
have B;NA;_; =0 (: =0,1). But AgU A; C ByU B} = By U By, so we get A; C B;
(1 =0,1). The proof is complete.l

The next clam is simply trivial.

Claim 7.4. Let 0 < £ < wy be fizred and let 9; — £. Let (A;)i<., be a decreasing sequence
of analytic sets in X such that (\;,_, A; = 0. If there is a sequence (B;)i<, of Hg(7‘) sets
such that A; C B; (i < w) and (\;., Bi = 0 then there is a sequence (B;);<., satisfying
A; € B (i <w) and (;., B] = 0 such that Bj is £ (1) (i < w).

i<w
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Proof. Write B; = (,_,, Bi(j) where B;(j) is Zgj(T) (j <w) and B;(j) C Bi(k) (k <
j <w,i<w). Set B =, B;(i), then B is Xy (1) (i < w) Since A; C A; C B; C B, (z)
(j <i<w)wehave A; C B (i <w). Wealso have Nicw Bi =N j<o Bii) = ﬂKw :
which completes the proof.ll

Claim 7.3 and Claim 7.4 handle the two extreme situations in generalized separation:
when we have only two sets which are disjoint or we have infinitely many sets which
are decreasing. The cases in-between can be handled with similar tricks but the sepa-
ration conditions become numerous and complicated, so we omit them and turn to the
construction of test sets for generalized separation by Hg sets.

Definition 7.5. For € = 1 let (Dy,7p,) = (w+ 1,0,41). Let A\i: w X w — w be the
bijection defined by

A(n,i) = %(z’+n+ Di+n)+n (n,i<w)
and set Ri(n) = {\i(n,7): i <w} (n <w) and Ry = {w}.

For 1 < & < wy, let (Ce(i), Tegw)), {Pe(i), Tr (i)} (1 < w) be copies of the space (C, 7¢, )
and TI? Hurewicz test pair {F, Tpg} defined in Definition 4.19. Set

= Hos(i)7 Tp, = HTCg(i))

i<w 1<w

= H Cg( X Pé >< H Cg

i<n n<i<w
TPg HTPfj XTP& X H TP§

<n n<i<w

and
R&(n)=<Df\p§(n)>ﬂ (| P(m)=]]P0) n)\ Pe(n)) x [ Pe(n)
m<w,m#n <n n<i<w
Re = ﬂ ]55(2') = HPg(z'), T]% = HTlfg(i)a
<w 1<w <w

We state a trivial lemma on the Borel class of the preceding sets.

Lemma 7.6. For every 1 < & < w, Pe(n) is a P (7p,) set and Re(n) is a AY,,(Tp,) set
(n <w).

Next we show that the sets Re¢(n) do the job for Theorem 7.1.
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Claim 7.7. Let 0 < £ < wy be fized and suppose that B; C Dg¢ is a Hg(Tpg) set and
Rg(l) C B (Z < w). Then Rg N mi<w B; 7£ @

Proof. Consider first § = 1. If B; is IIY(7p, ) then w € cl,, (Ri(i)) € B; (i < w) so
indeed w € Ry N[, Bi-

Let now 1 < £ < w;. By Claim 4.5.5, {If’g(n), Tﬁg(n)} (n < w) is a topological Hurewicz
test pair in the Polish space

(Dg’HT;&(i) X TCg(n) X H TP;(i)) .

<n ni<w

Moreover, also by Claim 4.5.5, Theorem 4.7 holds for Pg(n) with the presentation inherited

from the presentation of P defined in (4.9-4.11) of Definition 4.19. We also have 7'; =
e(n

T, (n <w). So by Theorem 4.7.1, P:(i) (i < w) hence R is T, residual in D¢. We show
that B; (i < w) is also ng—residual in Dg, this will complete the proof.

Fix some i < w. Since D¢ \ Pe(i) is T, (y-residual and Pe(j) is also Tp, (y-residual
(j < w, j # 1), Re(i) and thus B; are also T, y-residual in De (i < w). Since B is
I (7p,) , it is also

0
IT¢ (H Té(i) X TCe(n) X H TP§<(Z~)> .

i<n n<i<w
Thus Corollary 4.8.4 can be applied and gives that B; is 75

_-residual, that is 753 -residual
Pe (i) 3
in Dg, as stated.ll

The next task is to find the appropriate image of R¢(n) (n < w) if generalized separa-
tion by Hg sets is not possible. Fix a 1 < § < w;. Let A¢: w — tew be a bijection; using
D¢ = (2%)” by Claim 4.20, let A¢: C — Dg denote the corresponding homeomorphism.
We define the Borel game &, which is the heart of the proof of Theorem 7.1.

Let A;, G, H C D¢ be Borel sets such that A; C G (i < w). In the game &¢((4;)i<., G, H)
players I and II play

I «0) a(l)

II p(0) (1)
where (i), 5(i) € {0,1} (i < w), and II wins if and only if

Ae(a) € Re(i) = Ae(B) € Ai (1 <w),

Ae(B) € G and <
Ag(a) S RE - Ag(ﬂ) ¢ H;

else I wins.

We associate maps to the strategies of 1.
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Definition 7.8. Fix a 1 < £ < w; and let o be a strategy of I in &,. Then p,: D¢ —
D, denotes the function mapping to a y € D the unique x € D¢ such that the run

{Agl(x), Agl(y)} is according to o.

Note that p, is continuous. In the sequel we will use this property in the form that
p, ! keeps the Borel class of sets.
By the following claim the determinacy of the game &, indeed proves Theorem 7.1.

Claim 7.9. For every 1 < § < wq, in the game &¢ a winning strategy

1. for player I gz’ves a sequence (B;)i<w of Hg(Tpg) sets such that A; C B; (i < w) and
(G \ H) N mz<w (Z)

2. for player II gives a continuous map ¢: D¢ — G such that o(R¢) N H = () and
p(Re(i)) € A (i <w).

Proof. Consider first a winning strategy o for I Let B; = p;'(P:(i)) (i < w). By
Lemma 7.6, B; is HO(Tpg) (i < w). So it remains to show that A; C B; and that
(G\H)N ey B, =0,

Suppose that for some i < w we have a y € A; \ B;, that is y € A; \ p; ' (Pe(i)). Since
A\ p7(Pe(i)) = A; 0 p;(De \ Pe(i)), there is some z € D¢ \ Pe(i) such that the run
{Agl(x),/\gl(y)} in &, is according to 0. We have

D\ Pei) = Re) U |J (De\ (BG) U B()) ) -

J<w,j#i

But if x € R¢(i) then IT wins since y € A; C G while if x ¢ R¢(i) and

ve U (pe\ (RG)uR))

J<w,jF#i

then = ¢ Re(j) (j < w) and = ¢ Re so II wins already by y € G. This contradicts the
definition of o and proves that A; C B; (i < w).
Suppose now that y € (G \ H) N[, B;, that is y € G\ H and

(7.1) y € p; (Peli)) (i <w).

Let x € D¢ be arbitrary such that the run {Agl(iﬁ), Agl(y)} in &, is according to 0. Then
by (7.1), € N, Pe(i) s0 = ¢ Re(j) (j < w). Thus II Wins by y € G\ H, which again
contradicts the choice of o and proves (G\ H) N[, Bi = 0.

Let now o be a winning strategy of II. Let ¢: D — Dg map to an x € D¢ the unique
y € D¢ such that the run {Agl(x),Agl(y)} in &, is according to o. This map is clearly
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continuous. We have ¢(D¢) C G, p(Re) N H = () and if i < w and x € Re(i) then
o(x) € A; since the strategy o is winning for II. This completes the proof.ll

From this Theorem 7.1 will follow by standard arguments (see [7], Corollary 2 and
Theorem 3); that we give in the remaining part of this section. We have to extend the
results to arbitrary Polish spaces; for this we need the following result (see e.g. [7],
Theorem on page 455).

Theorem 7.10. (Saint Raymond) Let (E, 1), (F,Tr) be compact metrizable spaces and
(Q, 1) be a Polish space. If h: E— F is a continuous surjection and f: E — Q is a first
class function then h has a first class section (i.e. there is a Baire-1 function s: F — E
such that h(s(y)) =y (y € F)) such that fos: F — @ is also a first class function.

This theorem is applicable for a class of sets I' if this ' can be built up from X9 sets
on some canonical way.

Definition 7.11. Let D C 2 and let (C'(n))n<w be a sequence of arbitrary subsets of
some base set X. The the Hausdorff operation associated to D acts on the sequence
(C(n))p<w as

D(C(n))p<w) ={z€eX: {n<w:xze€C(n)} e D}

A class T is called a X9 generated Hausdorff class if there is a basis D C 2 such that in
every Polish space (X, 7) the members of I" are the sets of the form D((C(n)),<.) where

(C(n))n<w € E5(7).

We recall that each class ¥ (1 < & < wy) is a X3 generated Hausdorff class (see e.g.
[4], (23.5) Exercise on page 180.) The following corollary is a variant of the so-called
transfer lemma (for a version, see e.g. [7], Corollary 2 on page 455). It will allow us to
extend our results to arbitrary compact spaces.

Corollary 7.12. Let (E,71g), (F,7r) be compact metrizable spaces, h: E — F be a
continuous surjection and T’ be a ¥ generated Hausdorff class. Suppose that (A;)ic. 18
a sequence of subsets of F', T" C F and there is a sequence (H;)i<, C T' of subsets of E
satisfying h"Y(A;) N H; = 0 (i < w) and |J,__, H; = h™Y(T). Then there is a sequence

<w T
(Bi)icw C T of subsets of F satisfying A;NB; =0 (i <w) and |J,_ B; =T.

1<w

Proof. Let H; = D((Ci(n)),<.) where D is a basis for T and C;(n) is X3(7x) (i,n < w).
Let fi,: £ — [0,1] be a first class function such that C;(n) = {x € E: f;,(z) > 0} (i,n <
w). Set f: B — [0,1]**“, f =[1; <., fin- From Theorem 7.10 for h and f we get a first
class section s of h such that fos is also of first class, that is V;(n) = {y € F: fi.(s(y)) >
0} is a X9(7x) set. Thus for B; = D((Vi(n))n<w) we have B; € T' (i < w). It is clear
that s '(H;) = B; (i <w). Since s™'(h"1(T)) = T and U,_, H; = h™'(T), we obtain
Uico Bi = T. From s~V (H); = B; we have s(B;) C H;, which gives B; = h(s(B;)) C h(H;)
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(i < w). Since H; N h™1(A;) = 0 implies h(H;) N A; = 0 (i < w), we have B;N A; =
(1 < w) which completes the proof.l

It remains to finish with the proof of Theorem 7.1. We prove a slightly stronger
extension; Theorem 7.1 is the (,_ A; = 0 case of Theorem 7.13 together with Claim 7.7.

Theorem 7.13. Let 0 < £ < wy. In the Polish space (X, T) let (A;)i<w be a sequence of
Borel sets. Then

1. either there is a sequence (B;)ic, of IY(T) set such that A; € B; (i < w) and
mi<w Bl = mi<w Ai’

2. or there is a continuous map ¢: De — X such that p(Re) N[
p(Re(1)) € Ai (i <w).

Ai = @ and

<w

Proof. First we show that 2 excludes 1. If a map ¢ satisfies the conditions of 2
then by Claim 7.7, Re N (., ¢ *(B;) # 0. This implies p(Re) N[, Bi # 0 so since
©(Re) € X \Nicn, Ais we have (,_, Bi # i, Ai-

To return to the proof of the theorem, set H = [,_, A;, and let first £ = 1. If
Nico cl-(A;) = H then we have 1. Else let x, € [, cl-(4;) \ H. Since z,, € cl,(4;)
(1 < w), we have

<w

A;N B (xy,1/n) £ 0 (i,n < w)

where B.(z,,1/n) is the open ball around z,, with radius 1/n (n < w). So we can pick
points () € A; N Br(z,,1/n) (i,n < w). Let ¢: D; — X be defined by (i) = z;
(i < w). This map is clearly continuous, ¢(R1(1)) € A; (i < w) and p(Ry) ¢ H, as
required.

Let now 1 < £ < w; and let (A4;);<, be a sequence of Borel sets in (X, 7) such that
MNico Ai = H. Let (X,7) be a Polish compactification of (X, 7) (see e.g. [4], (4.14)
Theorem); then X C X is a I19(7) set. Take a continuous surjection h: D¢ — X and
consider the game

Ge((h™'(Ag))icw, b (X), b7 (H)).

This game is clearly Borel so by Borel determinacy either player I or player II has a
winning strategy.

If player I has a winning strategy then by Claim 7.9.1 we have a sequence (U;);<, of
I§(7p, ) sets such that h=(4;) C U; (i <w) and

(" YX)\ AN (H)) N ﬂ U, =0.

That is by
R H)Ch ' A) ChH(X) (i <w)
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we have
(7.2) hUX)N (Ui =h™'(H).
i<w

Let (E,75) = (D¢, mp,), (F.1p) = (X,7), T = Srp,), T = X \ H and H; = D; \
(WY X)NU;) (i <w). Since h™1(A4;) C h Y (X)NU,; implies h ' (A)NH; =0 (i <w)
and

J .= De\ (hl(X) N w) — D\ BN H) = 1T

1<w 1<w
by (7.2), we can apply Corollary 7.12 to get a sequence (V;);<, of Eg(f') sets such that
AinV;=0and U_,Vi=X\H. Then B; = X\ V; is IY(7), A; € B; (i < w) and
Ni<. Bi = H, as required.

If Player II has a winning strategy then we have a continuous map ¢: De — h™(X)
such that ¢¥(R¢) N h™ (H) = 0 and ¥(Re(i)) € h™'(A;) (¢ < w). Then for ¢ = h o1,
¢: D¢ — X is also continuous and satisfies o(Re¢) N H = 0, ¢(Re(i)) € A; (i < w). This
completes proof.l

7.2 Generalized reduction

Generalized reduction follows from Theorem 7.13 by taking complements.

Theorem 7.14. Let 0 < £ < wy. In the Polish space (X, T) let (A;)i<w be a sequence of
Borel sets. Then

1. either there is a sequence (B;)i<. of 22(7’) set such that B; C A;, BN B; = 0
(Zhj < w, i # J) and Ui<w BZ = Ui<w Ai’

2. or there is a continuous map ¢: D¢ — X such that p(R¢) C |

A; and o(Re(i))N

<w

Proof. By repeating the argument in the proof of Theorem 7.13 one easily obtains
that by Claim 7.7, 2 excludes 1. Set A, = X \ A; (i <w). By Theorem 7.13, either there
is a sequence (Bj)i<, of IIY(7) set such that A} C Bj and (), A} = [, Bi or there is a
continuous map ¢: D¢ — X such that ¢(Re) N[, A; = 0 and p(Re(i)) C A} (1 <w) .

In the first case let Bf = X \ Bj (i < w). The class X has the generalized reduction
property so there is a ¥¢(7) set B; € B (i < w) such that B;N B; =0 (i,j < w, i # j)
and (J,_, Bi = U, Bi = U, Ai; which is 1.

In the second case we have o(R¢(i)) N A; = 0 (1 < w) and p(Re) € X\, 4 =
U, <., Ai; which is 2. So the proof is complete.H

For reduction by Hg sets the same remarks apply as for separation by Eg sets (see
Corollary 7.2, Claim 7.3, Claim 7.4 and their discussion).



Chapter 8

Concluding remarks

We constructed Hg topological Hurewicz test pairs for every 0 < £ < w; and we proved
the applications announced in the introduction. To conclude this thesis we would like
to present some problems which were left open implicitly or explicitly in the preceding
chapters.

Problem 8.1. Extend Theorem 4.7 or Theorem 5.2 to the entire Borel-Wadge hierarchy.

The aesthetic motivation for this is the fact that Theorem 1.2 has its extension to all
the Borel-Wadge degrees (see [6] and [8]). The real motivation is that it is not clear at
all how one could get rid of the rigid structure of the sets P (0 < { < wy), which were
practically our only examples of Hurewicz test sets. The reason why we did not prove
Theorem 5.2 for 3 < £ was the failure of Claim 5.5 for £ = n = w. But the reason for
this failure is that we cannot allow too much flexibility in the structure of our topological
Hurewicz test sets so the proofs get lost in technicalities. An approach which is able
to handle the entire Borel-Wadge hierarchy will hopefully be free of these superfluous
complications.

Next let us recall the theorem of S. Solecki mentioned in the introduction ([21], The-
orem 1 on page 1023).

Theorem 8.2. (S. Solecki) Let T be a family of closed subsets of a Polis space (X, T). Let
A C X be aXi(r) set. Then either A can be covered by a countable union of members of
T or there is a TI3(7) set G C A such that F' NG relatively meager in G for every F € .

Less formally this result says that if a o-ideal Z is generated by its IIY members
the problem whether an analytic set belongs to Z or not depends only on sets of low
complexity, namely on IT9 sets. This led to the formulation of Question 1.5 and Question
3.16. It is important to note that these questions are already refuted by the following
unpublished result of A. Kechris and M. Zeleny.
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Theorem 8.3. (A. Kechris-M. Zeleny) Assume V. = L. Then there is an analytic set
A C C and a o-ideal T strongly generated by its 113(7¢) members such that I contains
every Borel subset of A.

However, in view of Theorem 3.15 it seems to be interesting to look for an alternative
counterexample. Mostly because in the proof of Theorem 3.15, C'H was used for having
only w; many sets to handle, so this result is more “descriptive” than “set theory”.

Problem 8.4. Prove (without V = L) for every 2 < £ < w; that the answer to Question
1.5 and/or to Question 3.16 is consistently negative.

We know that using the approach of nested sequences applied in the proof of Theorem
3.15 it can be proved that Question 1.5 has a negative answer under C'H; this will be
published elsewhere. The reason why we could not include it in this thesis is the same as
above: the proof gets extremely technical due to the fact that the structural conditions
on P, are so restrictive that this set cannot be used. We admit that we used P, instead
of P3 for the same reason. And we also admit that this approach seems to be completely
inadequate to handle the 4 < ¢ < w; case. It seems that Problem 8.4 is in close relation
also to the question whether Theorem 4.22 holds for £ = £ + 1 where £’ is a limit ordinal.

Problem 8.5. Prove for every 2 < £ < wy that the answer to Question 1.5 and/or to
Question 3.16 is consistently positive.

We have no results in this direction. It can easily happen that the conditions for a
positive answer are much more natural and easier to handle. Since the proof of Theorem
8.2 is as elegant as numerous its corollaries are, it would be nice if an analogous statement
was true for higher Borel classes, at least consistently.

Problem 8.6. Make the arguments in Chapter 7 effective.

It seems to require only endurance. But a lot more than effective generalized separation
and reduction might be achieved. We could ask for a much closer analogy with the Baire
Category Theorem and related techniques than what we have up till now through our
topological Hurewicz test pairs. Namely for 1 < ¢ < wq, we intend to have some machinery
which isolates a “maximal” 22 set inside a given Borel set which behaves like “taking the
interior”. The best candidate for the framework of such a theory seems to be the effective
machinery. It may allow to define topologies 7p to a much larger family of Hg set in such
a way that {P,7p} is a topological Hurewicz test pair. We may have an elegant, natural
proof for Theorem 4.22 and for ideal generation theorems in general. And we may be in
the position to answer Question 1.5 and Question 3.16: in the negative by repeating the
relatively simple argument of the proof of Theorem 3.15 and in the positive by repeating
the absolute simple argument of the proof of Theorem 8.2 with a properly chosen notion
of an “effective closure”.
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