
Infinite dimensional
perfect set theorems

Tamás Mátrai
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A one dimensional perfect set theorem

A ⊆ R

analytic, ∃P ⊆ R nonempty

symmetric, =⇒ perfect:

∃H ∈ [R]ω1 : P ⊆ A

H ⊆ A

} {



A two dimensional perfect set theorem (?)
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Folklore counterexample
Theorem
∃A ⊆ [R]2 Fσ set:

• ∃H ∈ [R]ω1 : [H]2 ⊆ A;

• ∀P ⊆ R nonempty perfect ∃Q ⊆ P nonempty perfect:

[Q]2 ∩ A = ∅.

Terminology: α ≤ ω, A ⊆ Rα, H ⊆ R,

† [H]α: α element subsets;

† ISα(H) or H [α]: injective α → H functions;

† A is symmetric: coordinate permutation invariant;

† H is A-homogeneous: ISα(H) ⊆ A (or [H]α ⊆ A if α < ω).

∃A ⊆ [R]2 Fσ set:
∃ uncountable A-homogeneous ∧ 6∃ nonempty perfect A-homogeneous

W. Kubís, S. Shelah (MA): uncountable  arbitrary ℵγ < c (γ < ω1)
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Positive results

W. Kubís:
A ⊆ [R]n

Gδ, ∃P ⊆ R nonempty

symmetric, =⇒ perfect:

∃H ∈ [R]ω1 : [P]n ⊆ A

[H]n ⊆ A

} {

J. Mycielski:
A ⊆ [R]n

analytic, ∃P ⊆ R nonempty

symmetric, =⇒ perfect:

comeager or [P]n ⊆ A

of full measure

} {
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Infinite dimensional perfect set theorems I.

A ⊆ Rω

∃P ⊆ R nonempty

symmetric, =⇒ perfect:

∃H ∈ [R]ω1 : ISω(P) ⊆ A

ISω(H) ⊆ A

} {
Theorem

A ⊆ R2 Fσ, H ⊆ R A-homogeneous 
A+ ⊆ Rω symmetric open:

• H is A+-homogeneous;

• 6 ∃ ¬∅ perfect A-homog. ⇒ 6∃ ¬∅ perfect A+-homogeneous
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Infinite dimensional perfect set theorems I.
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Infinite dimensional perfect set theorems II.

Theorem
A ⊆ Rω has the Baire property (analytic or coanalytic),

∃H ⊆ R non-(perfectly)-meager A-homogeneous⇒

∃P ⊆ R ¬∅ perfect A-homogeneous

However:

A ⊆ Rω open, dense and of full measureX ⇒

∃P ⊆ R ¬∅ perfect A-homogeneous
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Motivation: analytic iDeals

I ⊆ P(ω)
ideal: analytic:

† A ⊆ B ∈ I ⇒ A ∈ I; † I ⊆ 2ω analytic.

† A,B ∈ I ⇒ A ∪ B ∈ I;

"H : strongly unbounded
Question: I ⊆ P(ω) analytic ideal

∃H ∈ [I]ω1 : ∀J ∈ [H]ω
⋃
J /∈ I⇒

? ?

∃P ⊆ I ¬∅ perfect : ∀J ∈ [P]ω
⋃
J /∈ I

A ⊆ P(ω)ω, (An)n<ω ∈ A ⇔
⋃

n<ω An /∈ I, A ⊆ (2ω)ω coanalytic

Answer: NO! ∃I ⊆ P(ω) analytic ideal:

† I has an uncountable strongly unbounded set;

† I has no ¬∅ perfect strongly unbounded set.
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