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Abstract

We prove a Hurewicz-type theorem for generalized separation: we present a method

which allows us to test if for a sequence of Borel sets (4;)i<, satisfying ., 4; = 0

there is a sequence (Bj)i<. of IT{ sets such that A; C B; (i < w) and ),

B; = 0 or not.
We also prove an analogous result for generalized reduction. The results of the paper are

motivated by a Hurewicz-type theorem of A. Louveau and J. Saint Raymond on ordinary

separation of analytic sets.

1. Introduction

It is well known that the analytic sets have the separation property, i.e. a pair of
disjoint analytic sets can be separated by a Borel set. If we need to estimate the Borel
class of this separating set then the following theorem is very useful (see [2]); (2¢, 7o)

stands for the Cantor set with its usual product topology.
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THEOREM 1. (A. Louveau, J. Saint Raymond) Let 3 < & < wy and (X, 1) be a Polish

space. If Pe C 2 is T (1ow) but not ¥(row) and Ag, Ay C X is any pair of disjoint

analytic sets, then either Ay can be separated from Ay, by a Eg(r) set or there is a

continuous one-to-one map ¢: (2%, 1) = X with p(P¢) C Ag and p(2¥ \ Pr) C A;.
The same conclusion holds for £ = 2 if Py C 2% is the complement of a dense countable

set.

Thus for our fixed 0 < £ < wy, either Ag can be separated from A; by a 22 set, and
this property can be witnessed by the separating set itself; or Ay cannot be separated
from A; by a 22 set, a property which is a priori unwitnessable but from Theorem 1 we
get that in this case the inclusions ¢(P;) C Ag, ¢(2¥\ P¢) C A; show that the separation
by a ¥ set is impossible.

Now the analytic sets also have the generalized reduction property, that is for every
sequence (A;);<. of analytic sets with [, A; = 0 there is a sequence (B;);<., of Borel
sets such that A; C B; (i < w) and [,_,, B; = 0. But of what complexity must B;
(i < w) be? That is if £ is fixed, when can each B; (i < w) be chosen in Hg? To answer

this question, we will prove in particular the following result.

THEOREM 2. For every 0 < { < w, there exists a Polish space (D¢, Tp,) homeo-
morphic to (2¥,7) and A2+1(TDE) sets Re(i) C D¢ (i < w) such that the following
hold.

(i) If B; C D¢ is a IY(7p,) set and Re(i) C B; (i <w) then ;. Bi # 0.

(ii) If (X,7) is a Polish space and (A;)i<. is a sequence of Borel sets in X such that

ﬂi<w Ai = 0
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(a) either there is a sequence (B;)i<, of Hg(r) sets such that A; C B; (i < w)

and ;.. Bi = 0,

b) or there is a continuous map p: D¢ — X such that p(R¢(i)) C A; (i < w).
3 3

Observe that if (ii)(b) holds then the map ¢ indeed shows that (ii)(a) fails: if (B;)i<w
is a sequence of IT{(7) sets such that A; C B; C X (i < w) then (,_, ¢ "(B;) # 0

follows from (i) using Re(i) C ¢ '(B;) (i < w), thus M,__ Bi # 0. So this theorem has

i<w
the same feature of testing as does Theorem 1. We call it Hurewicz-like because Theorem
1 for £ = 2 is the so-called Hurewicz dichotomy theorem.

The concept of our approach is similar to that of [2], that is we will define games.
On the other hand we do not follow the spirit of [2], that is we do not define closed
games, neither will the reducing map ¢ in Theorem 2.(ii)(b) be one-to-one. We will
have to refer to Borel determinacy, so in particular this proof is not effective. We also
restrict our attention to sequences of Borel sets. We dare to accept this because in case
of generalized separation for analytic sets the separating sequence of Borel sets can be
obtained constructively, as done in the 2E.1 Strong Separation Theorem of [5].

We note that the problem of finding a Hurewicz test for generalized separation has an
aspect which does not appear in ordinary separation: namely that for Theorem 2.(i) we
have to find a property which can guarantee that the intersection of a countable family
of Borel sets is nonempty. We do this using the topologized Hurewicz test sets of [4].

The results of this paper can be considered as an application of the theory initiated in

[4] and developed in [3].
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2. Preliminaries

Our terminology and notation follow [1]. Let &, 9; (i < w) be ordinals. We write
¥; — & if € is successor and ¥; + 1 = € (i < w) or if £ is limit, ¢; < 9¥; (I < j < w) and
sup; ., v = &.

For every ordinal £ < w; we fix once and for all a sequence (¥;);<., such that ; — &.
To avoid complicated notations, we do not indicate the dependence of the sequence on
¢, it will be always clear which pair of ordinal and sequence is considered.

In this note we will need to refine Polish topologies by turning countably many pairwise
disjoint closed sets into open sets. We do this as described in [1], that is the open sets
of the ancient topology together with their portion on the members of our collection
of closed sets serve as a base of the new, finer topology. We will use that the topology

obtained in this way is also Polish.

DEFINITION 3. Let (X, 7) be a Polish space, P = {P;: i < w} be a countable collection
of pairwise disjoint I19(7) sets. Then 7[P] denotes that Polish topology refining 7 where

each P; (i < w) is turned successively into an open set.

It is easy to see that the resulting finer topology 7[P] is independent from the enumer-
ation of P. This will be clear shortly when we fix a base of 7[P]. We also use the notation
7[P] when the countable collection of not necessarily II9(7) sets P can be enumerated
on such a way that P, is TI9(7[{P;: i < n}]).

We also need a precise notion of basic open sets in our spaces.

DEFINITION 4. Let (X;,7;) (i € I) be Polish spaces; if a basis G; is fixed in the spaces

(X;,7) (i € I), which are meant to be the basic open sets in (X;,7;), then the basic
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open sets of (]],c; Xi,[[;c; 7i) are the open sets of the form [, ; G; x HiEI\J X;, where

ieJ
J C I is finite and G; € G; for every i € J.
If the basic open sets G are fixed in the Polish space (X, 7) and 7[P] makes sense for

a countable collection P of subsets of X, then the basic open sets of T[P] are of the form

GNForGwithGeg,FePp.

Observe that the basic open sets defined on this way form a basis of [],., 7 and 7[P],
respectively. From now on whenever a Polish space (X,7) appears we assume that a
countable basis comprised of basic 7-open sets is fixed with respect to the convention of
Definition 4. The closure in (X, 7) is denoted by cl,.

As usual, TIY(7) (X2(7), A2(7) resp.) (0 < £ < w) stands for the & multiplicative
(additive, ambiguous resp.) Borel class in the Polish space (X, 7), starting with I1{(7) =
closed sets, ¥9(7) = open sets.

We recall some definitions related to separation.

DEFINITION 5. Let X be an arbitrary set. For Ay, 4y C X we say that G C X
separates Ay from A; if we have Ag C G C X \ 4.

A class T C 2% has the separation property if for every Ay, A € T thereis aset G € T
such that X \ G € T and G separates Ay from A;. A class T C 2% has the generalized
separation property if for every sequence (4;)i<, C T with ), A; = 0 there is a
sequence (G)i<. C I' such that (X \ Gy)icw CT, A; CG; (i <w) and (), G; = 0.

A class ' C 2% has the reduction property if for every A, A’ € I there are B,B' € T
such that BC A, B'C A, AUA' = BUB' and BNB' =0.

A T C 2% has the generalized reduction property if for every sequence (A4;)i<, C T



6 TAMAS MATRAI
there is a sequence (G;)i<w C T such that G; C A4;, G;NG; =0 (i,j < w, i # j) and

Ui<w Gz = Ui<w AZ

3. Spaces, sets and topologies

In our first definition we recall the spaces, the sets and the topologies of [4], Section 3

on pages 162-163.

DEFINITION 6. We set (Cy,7¢,) = (2¥,70+), P ={x € C;: VYm € w (z(m) = 1)} and
vy =w. We set 7p, = 7¢, on (.
Let now 1 < £ < wy and suppose that the space (Cy, 7, ), the set Py, the topology

7p, and the ordinal vy are defined for every ¥ < £. Then with ¥; — & let

Ce = Hcﬂ“ TC, = HTOW

i<w i<w

P ={x € Ce:Vi<w (2(i,.) € Cy, \ Py;)}, (3-1)

TEZHTPM,Q:Z'C,%. (3-2)

i<w i<w

Finally let 7p, = T,§E {Uen: n < w}] where

Uen = H (Cy, \ Py,) x Py, x H Cy, C (3-3)
i<n n<i<w
C [ Co: x Ce, x I Co. =Ce (n<w).
i<n n<iw

The spaces and sets appearing in Theorem 2 are the following.

DEFINITION 7. For ¢ = 1let (Dy,7p,) = (w+1, 0,+1) where 0,41 is the order topology

on w+ 1. Let A\;: w X w — w be the bijection defined by

AM(nyi)==(+n+1D(GE+n)+n (ni<w)

N | =

and set Ry(n) = {A\(n,i):i <w} (n <w) and Ry = {w}.
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For 1 < & < wy, let (Ce (i), 7o, (3))s { Pe (i), Tr, (1)} (i < w) be copies of the space (Cg¢, 7¢, )

and pair {P, 7p, } defined in Definition 6. Set

= H Ce(i), Tp, = HTCE(z‘): (3-4)

i<w i<w

= H 05(7' X Pg H Cg (35)

i<n n<i<w
The(n H TPE y X TP (n) X H TP£ (3-6)
i<n n<i<w

and

Re(n) = (DE \PE(n)) N () Peli) =[] Pel) x (De\ Pe(m)) x [T Pe@), (37)

i<w,i#n i<n n<i<w

Re= () Pe(i) = [T (i), &, = [] 5. (3-8)

i<w i<w i<w
We state a trivial lemma on the Borel class of the preceding sets.
LEMMA 8. We have C¢ = 2% (0 < € < wy). For every 0 < € < wy, Pr is a Hg(TCE)
set, Ry (n) is AY(mp,) (n < w), and if 1 < £ < wy, Pe(n) is a (1) set and Re(n) is

a A2+1(TDE) set (n < w).

Proof. The first statement follow immediately from Definition 6 by induction. The

second statement is Claim 7 in [4]. From this the remaining statements are automatic. [

To close this section, we state some claims and a lemma from [4] which are the heart
of the proof of the results of this paper (see [4], Claim 8 on page 163, Claim 9 on page

164 and Lemma 13.(ii) on page 165).

CrLAIM 9.
(i) For every 1 < ¢ <wi, Pe C C¢ is a Tp,-nowhere dense hence Tp, -meager 119 (7p, )

set.
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(ii) For £>2, P C C¢ is a 7, ~dense TI5(75,) hence 75, -residual set.

(iii) For &> 2, 7 |p, = 5| P -

LEMMA 10. Fiz 1 <& < ws. Let (Z,0) be an arbitrary Polish space, G C Z x C¢ be a
basic o X Tp, -open set with GN(Z x Pg) # 0. If for a set W € Eg(o x71c), WN(Z x P)
is 0 X (TP£ \pé) -residual relatively in GN(Z x P), then W is o X Tp, -residual in a o X Tp, -
open set H C Z x C¢ satisfying that G N (Z x P¢) is contained in the o x Tp, -closure of

H.

4. Testing generalized separation and reduction

We aim to prove the following three results. The first says that R¢ (i) (i < w) has the

property we need.

Cramv 11. Let 0 < £ < wy be fized and suppose that B; C D¢ is a Hg(rpf) set and

Re(i) C B; (i <w). Then Re N, Bi # 0.
The second generalizes slightly Theorem 2.

THEOREM 12. Let 0 < & < wy. In the Polish space (X, 1) let (A;)i<w be a sequence of
Borel sets. Then
(i) either there is a sequence (B;)i<, of Hg(r) set such that A; C B; (i < w) and
Nicw Bi = MNico Ais

(i) or there is a continuous map ¢: D¢ — X such that o(Re¢) N, 4i = 0 and

i<w

P(Re(i) € Ay (i < w).
The third handles the problem of generalized reduction.

THEOREM 13. Let 0 < & < wy. In the Polish space (X, 1) let (Ai)icw be a sequence of

Borel sets. Then
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(i) either there is a sequence (B;)i<, of Eg(r) set such that B; C A;, BN B; = {

(ZJ < w, Z 7é .7) and Ui<w BZ = Ui<w Ai’
(ii) or there is a continuous map @: D¢ — X such that o(R¢) C U, Ai and

(p(RE(l)) NnA; =0. (1 < w).

Let us discuss first these results. Theorem 2 is the ()._, A; = 0 case of Theorem 12

i<w
together with Claim 11.

Next observe that in Theorem 12, (ii) excludes (i) (as (ii)(b) excluded (ii)(a) in
Theorem 2), as follows. If a map ¢ satisfies the conditions of (ii) then by Claim 11,
ReN(;co, ¢ '(Bi) # 0. This implies ¢(Re) N[, Bi # 0 so since o(Re) C€ X\, 4,

we have [, Bi # [);<., Ai- So Theorem 12 also provides a kind of Hurewicz test.

Note also that Theorem 13 follows from Theorem 12 by taking complements.

Proof of Theorem 13. By repeating the previous argument, one easily obtains that by
Claim 11, (ii) excludes (i). Set A} = X \ 4; (i < w). By Theorem 12, either there is a
sequence (Bj)i<, of TIY(7) set such that A} C Bj and ), A} = ., Bj or there is a

continuous map ¢: D¢ — X such that ¢(Re¢) N(),., 45 = 0 and @(Re(i)) C A} (i < w).

i<w

In the first case let Bf' = X \ Bj (i < w). The class 3¢ has the generalized reduction
property in Polish spaces (see e.g. [1], (22.16) Theorem on page 172) so there is a (1)
set B; C B (i <w)suchthat B;NB; =0 (i,j <w, i # j) and U, Bi = U;c, Bi' =
Uj<w Ai; which is (i).

In the second case we have p(R¢(i)) N A; =0 (i < w) and p(Re) C X \ N, A} =

i<w

U;<w Ai; which is (ii). So the proof is complete. [
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4-1. Why T2 ¢

It remains to prove Claim 11 and Theorem 12. Before doing this we feel obliged to

clarify why the testing of generalized separation is set up only for Hg sets and not for Zg

sets. We have three reasons for this, the first is a corollary of Theorem 2.

COROLLARY 14. Ifin Theorem 2 case (ii)(a) holds the sequence (B;);<. can be chosen

such that B; € AY(T) (i < w).

Proof. Since the class Hg has the generalized separation property in Polish spaces (see

e.g. [1], (22.16) Theorem on page 172), the statement follows. [

That is generalized separation with Hg sets incorporates generalized separation with
Eg sets. The following result says that in a particular case Theorem 1 gives an answer

to the problem with 32 sets.

CrAam 15. Let Ag, A1 C X be disjoint analytic sets. Then there are disjoint Zg(r)
sets Bg, By C X such that A; C B; (i =0,1) if and only if Ay can be separated from Ay

by a 22(7') set and vice versa, A can be separated from Ag by a 22(7') set.

Proof. If we have the disjoint 22(7') sets By, By C X such that 4; C B; (i =0, 1) then
the separation is obviously possible in both directions. Suppose now that a 22(7') set

B! separates A; from A;_; (i =0,1). The class 22 has the reduction property in Polish

(3

spaces (see again [1], (22.16) Theorem on page 172), thus we have disjoint %2(7) sets
By, By C X such that B; C B} (i = 0,1) and By U By = BjU Bj. Since BjNA;_; =
(i =0,1), we have B;N A;_; =0 (i =0,1). But AgU A; C B{U B = By U By, so we

get A; C B; (i =0,1). The proof is complete. [

The next clam is simply trivial.
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CraM 16. Let 0 < £ < wq be fized and let 9; — &. Let (A;)i<w be a decreasing

sequence of analytic sets in X such that (,_, A; = 0. If there is a sequence (B;)i<w

i<w
of (1) sets such that A; C B; (i < w) and ;. Bi = 0 there is a sequence (B})i<.

satisfying A; C By (i <w) and (), Bj = 0 such that B} is ¥4 (1) (i <w).

i<w

Proof. Write B; = ()., Bi(j) where B;(j) is 2?9]_ (1) (j < w) and B;(j) C Bi(k)

Jj<w
(k < j <w,i <w). Set Bj = ;<; Bj(i), then Bj is 3§ (1) (i < w). Since 4; C A; C
Bj C Bj(i) (j <i <w)wehave 4; C B; (i <w). Wealsohave(,_, B; =, ;, B;(i) =

;<. Bi = 0, which completes the proof. [J

Claim 15 and Claim 16 handle the two extreme situations in generalized separation:
when we have only two sets which are disjoint and when we have infinitely many sets
which are decreasing. The cases in-between can be handled with similar tricks but the
separation conditions become numerous and complicated. For reduction by Hg sets the
same remarks apply as for separation by Zg sets. So we leave this and turn to the proof

of Claim 11. We start with a claim.

Cram 17. Let 1 < & < wq be fixed. Then
(i) Re is TEE -residual in Dy;
(ii) Re(d) 4s Tp, (5 ~Tesidual in De (i < w);
(iii) if B C D¢ is Hg(TDE) and it is Tp, ; -residual in De for some i < w it is TEE-

residual in De.

Proof. By Claim 9.(ii), P¢ (i) is Tge(i)—residual in C¢ (i) (i < w). Thus by (3-4) and (3-8),
R is 7 -residual in D, which proves (i).

For (ii) fix an i < w. By Claim 9.(i) we have that P (i) is 7p, (;)-nowhere dense in C¢ (i)
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hence C¢(i) \ Pe(i) is 7p, (;)-residual in C¢(i). As we have seen in the proof of (i), P¢(i) is

Té(i)—residual in C¢ (i) (i <w) so by (3-4), (3-6) and (3-7), Re(3) is Tp,(i-residual in De.
For (iii) fix an i < w and let B C D¢ be an arbitrary T (7, ) set which is Tp, () Tesidual

in D¢. Suppose that B is not TEE—residual in D¢, that is for a nonempty basic Tég—open

set G C D¢ we have that W = D¢ \ B is residual in G. Set

Zo)y=| I <G, II =4 |

J<w, j#i J<w, j#i

then we have D¢ = Z x Ce(i), TEE =0 X Té(i), The(s) = T X Tr(i), and since o X 7¢,(;)

refines 7p, we have that W is ¥2(0 x 7¢,(;)). Moreover by Claim 9.(iii),

TEE‘ZXPE(Z') =0X (T;E(i)\PE(i)) =0X (TPE(z‘)\PE(i)) = T}’Dg(i)|Z><PE(i)-
Thus by Claim 9.(ii), Z x P is a 75, -residual Hg(rgﬁ) set in Dg, in particular G N
(Z % Pe(i)) # 0 and W N (Z x Pe(i)) is 0 X (7p,(i)| pe(s))-residual in G N (Z x Pe(i)). So
we can apply Lemma 10 and we obtain that W is of o x 7p, (;;-second category, that is of
Tpf(i)—second category in De¢. Since B is Tpﬁ(i)—residual in Dg, this contradicts BNW = ().

The proof is complete. []

Proof of Claim 11. Consider first £ = 1. If B; is TI{(7p, ) then w € cl;, (R (i) C B;
(i <w) soindeed w € Ry N[, Bi.

Let now 1 < § < wi. By Claim 17.(i), Rg is 75, -residual in D¢. We show that B;
(i < w) is also ng—residual in D¢, this will complete the proof.

Fix some ¢ < w. By Claim 17.(ii), R¢(4) is Tp, (iy-residual in Dg. Thus by Re (i) C By,
Bi is also 7p ;) -residual in Dg. Since B; is Hg(TDE), Claim 17.(iii) can be applied and

gives that B; is Téé—residual in D¢, as stated. [
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4-2. The game

The next task is to find the appropriate image of Re¢(n) (n < w) if generalized sep-
aration by Hg sets is not possible. Fix a 1 < & < w;. Let A¢: w — w - t¢ be a bi-
jection. By (3-4) and Lemma 8 we have D, = (2%)“; so there is a homeomorphism
Ag: (29,190 ) = (D¢, Tn) corresponding to A¢. We define the Borel game &¢ we need in
the proof of Theorem 12.

Let A;,G, H C D, be Borel sets such that A; C G (i < w). In the game
Q§E((‘4l)z<w, G, H)

players T and II play

11 3(0) A1)
where a(i), (i) € {0,1} (i < w), and II wins if and only if

A¢(a) € Re(i) = A¢(B) € A; (1 < w),
A¢(B) € G and <

Af(a) € Rg — Ag(ﬁ) ¢ H;

else I wins.

We associate maps to the strategies of I.

DEFINITION 18. Fix a 1 < ¢ < w; and let o be a strategy of I in ;. Then p,: D¢ —
D¢ denotes the function mapping to a y € D¢ the unique = € D¢ such that the run

{A 1 (2),A¢ (y)} is according to o

Note that p, is continuous. In the sequel we will use this property in the form that

p, " keeps the Borel class of sets.
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By the following claim the determinacy of the game &, indeed proves Theorem 12.

Cramv 19. For every 1 < £ < wn, in the game &¢ a winning strategy

(i) for player I gives a sequence (B;)i<y, of Hg(TDE) sets such that A; C B; (i < w)
and (G\ H)N;, Bi=0;

(ii) for player II gives a continuous map ¢: D¢ — G such that ¢(R¢) N H = 0 and

W(Re(i)) C A; (i < w).

Proof. Consider first a winning strategy o for I. Let B; = p;'(P¢(i)) (i < w). By
Lemma 8, B; is I1¢(7p, ) (i < w). So it remains to show that A; C B; (i < w) and that
(G\H)N ., Bi = 0.

Suppose that, for some i < w we have a y € A; \ B;, that is y € A; \ p; ' (P:(i)). Since
Ai \ p; Y (Pe(i)) = A; N p; ' (D \ Pe(i)), there is some = € D¢ \ Pe(i) such that the run

{Agl(az),Agl(y)} in B¢ is according to 0. We have

De\ Pe(i) = Re() U [ (De\ (Peli) U Pe()) ).

J<w,j#i
But if 2 € R¢(i) then IT wins since y € A; C G; while if x ¢ R¢ (i) and
ze U (Pe\ (P)uPe))
J<w,j#i

then © ¢ Re(j) (j < w) and ¢ R so II wins already by y € G. This contradicts the
definition of o and proves that A; C B; (i < w).

Suppose now that y € (G\ H)N(),_, Bi, that isy € G\ H and

y € 0, (Peli)) (i < w). (41)

Let © € D¢ be arbitrary such that the run {AE] (T)Ag](’l/)} in &, is according to o.

Then by (4-1), z € ;. P:(i) so = ¢ Re(j) (j < w). Thus IT wins by y € G\ H, which

again contradicts the choice of ¢ and proves (G\ H) N, Bi = 0.

i<w
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Let now o be a winning strategy of II. Let ¢: D¢ — D¢ map to an & € D¢ the unique
y € D¢ such that the run {Ag] (z), Ag] (y)} in B¢ is according to o. This map is clearly
continuous. We have p(D¢) C G, ¢(Re) N H = P and if i < w and = € Re¢(i) then

p(z) € A; since the strategy o is winning for II. This completes the proof. []

4-3. Passing to arbitrary Polish spaces

From this Theorem 12 will follow by standard arguments (see [2], Corollary 2 and
Theorem 3), that we give in the remaining part of the paper. We have to extend the

results to arbitrary Polish spaces; for this we need the following result (see e.g. [2],

Theorem on page 455).

THEOREM 20. (Saint Raymond) Let (E, 1), (F,7r) be compact metrizable spaces and
(Q,7q) be a Polish space. If h: E — F is a continuous surjection and f: E — @Q is a
Baire-1 function then h has a Baire-1 section (i.e. there is a Baire-1 function s: F — E

such that h(s(y)) =y (y € F)) such that fos: F — Q is also a Baire-1 function.

This theorem is applicable for a class of sets I if this I can be built up from XY sets

on some canonical way.

DEFINITION 21. Let D C 2¢ and let (C(n))n<w be a sequence of arbitrary subsets
of some base set X. The the Hausdorff operation associated to D acts on the sequence
(C(n))n<w as D((C(N))n<w) ={z € X: {n<w:ze€C(n)} € D}.

A class T is called a XY generated Hausdorff class if there is a basis D C 2 such that
in every Polish space (X, 7) the members of T' are the sets of the form D((C(n))n<w)

where (C(n))ncw C £3(7).
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We recall that each class Zg (1 < € <wy)is a XY generated Hausdorff class (see e.g.

[1], (23.5) Exercise on page 180.) The following corollary is a variant of the so-called
transfer lemma (for a version, see e.g. [2], Corollary 2 on page 455). It will allow us to

extend our results to arbitrary compact spaces.

COROLLARY 22. Let (E,7g) and (F,7r) be compact metrizable spaces, h: E — F be
a continuous surjection and I be a X9 generated Hausdorff class. Suppose that (A;)icw
is a sequence of subsets of F, T C F and there is a sequence (H;)i<, C T of subsets of

E satisfying h™ " (A;) N H; = 0 (i <w) and J,_, H; = h™"(T'). Then there is a sequence

(Bi)i<w CT of subsets of F satisfying AiNB; =0 (i <w) and ;. , Bi =T.

Proof. Let H; = D((Ci(n))n<.) where D is a basis for I and C;(n) is ¥3(7g) (i,n < w).
Let fin: E — [0,1] be a Baire-1 function such that Ci(n) = {z € E: f; n(z) >0} (i,n <
w). Set f: B — [0,1]**“, f =[], .., fi,n. From Theorem 20 for h and f we get a Baire-1
section s of h such that f o s is also of Baire-1, that is V;(n) = {y € F: fi.(s(y)) > 0}
is a ¥9(7r) set. Thus for B; = D((Vi(n))n<w) we have B; € T (i < w). It is clear
that s~'(H;) = B; (i <w). Since s~ '(h~"(T)) = T and J,_, Hi = h~'(T), we obtain
Ujco Bi = T. From s~ '(H); = B; we have s(B;) C H;, which gives B; = h(s(B;)) C
h(H;) (i < w). Since H;Nh™'(A;) = 0 implies h(H;)NA; = 0 (i < w), we have B;NA; = ()

(i < w) which completes the proof. [
It remains to finish with the proof of Theorem 12.

Proof of Theorem 12. Set H = (,_ A;, and let first £ = 1. If (), cl;(4;) = H we

i<w

have (i). Else let =, € (), cl-(4;) \ H. Fix a metric d on X generating the topology 7.

i<w
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Since z,, € cl;(4;) (i < w), we have

1 .
A; N By (mwn—-ﬂ> #0 (i,n < w)

where By(z,,1/n) is the open ball around z, with radius 1/n (n < w). So we can
pick points xy,(;n) € Ai N By(z,,1/(n +1)) (i,n < w). Let ¢: Dy — X be defined by
(1) = z; (i < w). This map is clearly continuous, ¢(R; (7)) C 4; (i < w) and p(Ry) ¢ H,
as required.

Let now 1 < £ < w;. Let (X,7) be a Polish compactification of (X, 7) (see e.g. [1],
(4.14) Theorem); then X C X is a I13(#) set. Take a continuous surjection h: D¢ — X
and consider the game &¢((h™'(A;))icw, h 1 (X),h 1 (H)). This game is clearly Borel so
by Borel determinacy either player I or player II has a winning strategy.

If player I has a winning strategy then by Claim 19.(i) we have a sequence (U;);<, of

IT¢(7p, ) sets such that h~'(A4;) C U; (i <w) and

(A (X)\ RN (H) N (Ui = 0.

i<w

That is by h='(H) C h="(4;) C h~'(X) (i < w) we have

W (X)N (Ui = b~ ' (H). (4-2)

Let (E,7i) = (D¢, 7n,), (F, i) = (X,7),T = X2, T = X\H and H; = D¢\ (h™" (X)NU;)

(i < w). Since h™1(A4;) Ch H(X)NU; implies h~*(4;) N H; =0 (i < w) and
U H; = D¢\ (hl(X) n ﬂ Ui) = D¢\ h™'(H) = h™(T)

by (4-2), we can apply Corollary 22 to get a sequence (V;)i<, of Eg(%) sets such that

3

A4;nVi =0 and ;. Vi = X\ H. Then B; = X \ V; is I{(7), 4; C B; (i < w) and

i<w

Ni<cw Bi = H, as required.

If Player IT has a winning strategy by Claim 19.(ii) we have a continuous map 9: D¢ —
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h='(X) such that ¥(R¢) N h™'(H) = 0 and ¢ (Re¢(i)) € h™"'(4;) (i < w). Then for

¢ =hot, ¢: D¢ — X is also continuous and satisfies p(R¢) N H = 0, p(Re(i)) C A;

(i < w). This completes proof. [
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