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Hurewi
z test sets for generalized separation and redu
tionBy TAM�AS M�ATRAIDepartment of Mathemati
s and its Appli
ationsCentral European UniversityN�ador u. 6. 1051 Budapest, Hungarye-mail : matrait�renyi.hu(Re
eived )Abstra
tWe prove a Hurewi
z-type theorem for generalized separation: we present a methodwhi
h allows us to test if for a sequen
e of Borel sets (Ai)i<! satisfying Ti<! Ai = ;there is a sequen
e (Bi)i<! of �0� sets su
h that Ai � Bi (i < !) and Ti<! Bi = ; or not.We also prove an analogous result for generalized redu
tion. The results of the paper aremotivated by a Hurewi
z-type theorem of A. Louveau and J. Saint Raymond on ordinaryseparation of analyti
 sets.

1. Introdu
tionIt is well known that the analyti
 sets have the separation property, i.e. a pair ofdisjoint analyti
 sets 
an be separated by a Borel set. If we need to estimate the Borel
lass of this separating set then the following theorem is very useful (see [2℄); (2!; �2! )stands for the Cantor set with its usual produ
t topology.



2 Tam�as M�atraiTheorem 1. (A. Louveau, J. Saint Raymond) Let 3 � � < !1 and (X; �) be a Polishspa
e. If P� � 2! is �0�(�2! ) but not �0�(�2! ) and A0; A1 � X is any pair of disjointanalyti
 sets, then either A0 
an be separated from A1 by a �0�(�) set or there is a
ontinuous one-to-one map ' : (2!; �2! )! X with '(P�) � A0 and '(2! n P�) � A1.The same 
on
lusion holds for � = 2 if P2 � 2! is the 
omplement of a dense 
ountableset.Thus for our �xed 0 < � < !1, either A0 
an be separated from A1 by a �0� set, andthis property 
an be witnessed by the separating set itself; or A0 
annot be separatedfrom A1 by a �0� set, a property whi
h is a priori unwitnessable but from Theorem 1 weget that in this 
ase the in
lusions '(P�) � A0, '(2! nP�) � A1 show that the separationby a �0� set is impossible.Now the analyti
 sets also have the generalized redu
tion property, that is for everysequen
e (Ai)i<! of analyti
 sets with Ti<! Ai = ; there is a sequen
e (Bi)i<! of Borelsets su
h that Ai � Bi (i < !) and Ti<! Bi = ;. But of what 
omplexity must Bi(i < !) be? That is if � is �xed, when 
an ea
h Bi (i < !) be 
hosen in �0�? To answerthis question, we will prove in parti
ular the following result.Theorem 2. For every 0 < � < !1, there exists a Polish spa
e (D� ; �D�) homeo-morphi
 to (2!; �2! ) and �0�+1(�D� ) sets R�(i) � D� (i < !) su
h that the followinghold.(i) If Bi � D� is a �0�(�D� ) set and R�(i) � Bi (i < !) then Ti<! Bi 6= ;.(ii) If (X; �) is a Polish spa
e and (Ai)i<! is a sequen
e of Borel sets in X su
h thatTi<! Ai = ;



Hurewi
z test sets for generalized separation and redu
tion 3(a) either there is a sequen
e (Bi)i<! of �0�(�) sets su
h that Ai � Bi (i < !)and Ti<! Bi = ;,(b) or there is a 
ontinuous map ' : D� ! X su
h that '(R�(i)) � Ai (i < !):Observe that if (ii)(b) holds then the map ' indeed shows that (ii)(a) fails: if (Bi)i<!is a sequen
e of �0�(�) sets su
h that Ai � Bi � X (i < !) then Ti<! '�1(Bi) 6= ;follows from (i) using R�(i) � '�1(Bi) (i < !), thus Ti<! Bi 6= ;. So this theorem hasthe same feature of testing as does Theorem 1. We 
all it Hurewi
z-like be
ause Theorem1 for � = 2 is the so-
alled Hurewi
z di
hotomy theorem.The 
on
ept of our approa
h is similar to that of [2℄, that is we will de�ne games.On the other hand we do not follow the spirit of [2℄, that is we do not de�ne 
losedgames, neither will the redu
ing map ' in Theorem 2.(ii)(b) be one-to-one. We willhave to refer to Borel determina
y, so in parti
ular this proof is not e�e
tive. We alsorestri
t our attention to sequen
es of Borel sets. We dare to a

ept this be
ause in 
aseof generalized separation for analyti
 sets the separating sequen
e of Borel sets 
an beobtained 
onstru
tively, as done in the 2E.1 Strong Separation Theorem of [5℄.We note that the problem of �nding a Hurewi
z test for generalized separation has anaspe
t whi
h does not appear in ordinary separation: namely that for Theorem 2.(i) wehave to �nd a property whi
h 
an guarantee that the interse
tion of a 
ountable familyof Borel sets is nonempty. We do this using the topologized Hurewi
z test sets of [4℄.The results of this paper 
an be 
onsidered as an appli
ation of the theory initiated in[4℄ and developed in [3℄.



4 Tam�as M�atrai2. PreliminariesOur terminology and notation follow [1℄. Let �; #i (i < !) be ordinals. We write#i ! � if � is su

essor and #i + 1 = � (i < !) or if � is limit, #i � #j (i � j < !) andsupi<! #i = �.For every ordinal � < !1 we �x on
e and for all a sequen
e (#i)i<! su
h that #i ! �.To avoid 
ompli
ated notations, we do not indi
ate the dependen
e of the sequen
e on�, it will be always 
lear whi
h pair of ordinal and sequen
e is 
onsidered.In this note we will need to re�ne Polish topologies by turning 
ountably many pairwisedisjoint 
losed sets into open sets. We do this as des
ribed in [1℄, that is the open setsof the an
ient topology together with their portion on the members of our 
olle
tionof 
losed sets serve as a base of the new, �ner topology. We will use that the topologyobtained in this way is also Polish.Definition 3. Let (X; �) be a Polish spa
e, P = fPi : i < !g be a 
ountable 
olle
tionof pairwise disjoint �01(�) sets. Then � [P ℄ denotes that Polish topology re�ning � whereea
h Pi (i < !) is turned su

essively into an open set.It is easy to see that the resulting �ner topology � [P ℄ is independent from the enumer-ation of P . This will be 
lear shortly when we �x a base of � [P ℄. We also use the notation� [P ℄ when the 
ountable 
olle
tion of not ne
essarily �01(�) sets P 
an be enumeratedon su
h a way that Pn is �01(� [fPi : i < ng℄).We also need a pre
ise notion of basi
 open sets in our spa
es.Definition 4. Let (Xi; �i) (i 2 I) be Polish spa
es; if a basis Gi is �xed in the spa
es(Xi; �i) (i 2 I), whi
h are meant to be the basi
 open sets in (Xi; �i), then the basi




Hurewi
z test sets for generalized separation and redu
tion 5open sets of (Qi2I Xi;Qi2I �i) are the open sets of the formQi2J Gi�Qi2InJ Xi; whereJ � I is �nite and Gi 2 Gi for every i 2 J .If the basi
 open sets G are �xed in the Polish spa
e (X; �) and � [P ℄ makes sense fora 
ountable 
olle
tion P of subsets of X , then the basi
 open sets of � [P ℄ are of the formG \ F or G with G 2 G, F 2 P .Observe that the basi
 open sets de�ned on this way form a basis of Qi2I �i and � [P ℄,respe
tively. From now on whenever a Polish spa
e (X; �) appears we assume that a
ountable basis 
omprised of basi
 � -open sets is �xed with respe
t to the 
onvention ofDe�nition 4. The 
losure in (X; �) is denoted by 
l� .As usual, �0�(�) (�0�(�), �0�(�) resp.) (0 < � < !) stands for the �th multipli
ative(additive, ambiguous resp.) Borel 
lass in the Polish spa
e (X; �), starting with �01(�) =
losed sets, �01(�) = open sets.We re
all some de�nitions related to separation.Definition 5. Let X be an arbitrary set. For A0; A1 � X we say that G � Xseparates A0 from A1 if we have A0 � G � X nA1.A 
lass � � 2X has the separation property if for every A0; A1 2 � there is a set G 2 �su
h that X n G 2 � and G separates A0 from A1. A 
lass � � 2X has the generalizedseparation property if for every sequen
e (Ai)i<! � � with Ti<! Ai = ; there is asequen
e (Gi)i<! � � su
h that (X nGi)i<! � �, Ai � Gi (i < !) and Ti<! Gi = ;.A 
lass � � 2X has the redu
tion property if for every A;A0 2 � there are B;B0 2 �su
h that B � A, B0 � A0, A [ A0 = B [ B0 and B \B0 = ;.A � � 2X has the generalized redu
tion property if for every sequen
e (Ai)i<! � �



6 Tam�as M�atraithere is a sequen
e (Gi)i<! � � su
h that Gi � Ai, Gi \ Gj = ; (i; j < !; i 6= j) andSi<! Gi = Si<! Ai. 3. Spa
es, sets and topologiesIn our �rst de�nition we re
all the spa
es, the sets and the topologies of [4℄, Se
tion 3on pages 162-163.Definition 6. We set (C1; �C1) = (2!; �2! ), P1 = fx 2 C1 : 8m 2 ! (x(m) = 1)g andr1 = !. We set �P1 = �C1 on C1.Let now 1 < � < !1 and suppose that the spa
e (C#; �C#), the set P#, the topology�P# and the ordinal r# are de�ned for every # < �. Then with #i ! � letC� = Yi<!C#i ; �C� = Yi<! �C#i ;P� = fx 2 C� : 8i < ! (x(i; :) 2 C#i n P#i)g; (3�1)�<P� = Yi<! �P#i ; r� =Xi<! r#i : (3�2)Finally let �P� = �<P� [fU�;n : n < !g℄ whereU�;n = Yi<n (C#i n P#i)� P#n � Yn<i<!C#i � (3�3)�Yi<nC#i � C�n � Yn<i!C#i = C� (n < !):The spa
es and sets appearing in Theorem 2 are the following.Definition 7. For � = 1 let (D1; �D1) = (!+1; o!+1) where o!+1 is the order topologyon ! + 1. Let �1 : ! � ! ! ! be the bije
tion de�ned by�1(n; i) = 12(i+ n+ 1)(i+ n) + n (n; i < !)and set R1(n) = f�1(n; i) : i < !g (n < !) and R1 = f!g.



Hurewi
z test sets for generalized separation and redu
tion 7For 1 < � < !1, let (C�(i); �C�(i)), fP�(i); �P�(i)g (i < !) be 
opies of the spa
e (C� ; �C�)and pair fP�; �P�g de�ned in De�nition 6. SetD� = Yi<!C�(i); �D� = Yi<! �C�(i); (3�4)P̂�(n) = Yi<nC�(i)� P�(n)� Yn<i<!C�(i); (3�5)�P̂�(n) = Yi<n �<P�(i) � �P�(n) � Yn<i<! �<P�(i) (3�6)andR�(n) = �D� n P̂�(n)� \ \i<!;i6=n P̂�(i) = Yi<nP�(i)� (D� n P�(n))� Yn<i<! P�(i); (3�7)R� = \i<! P̂�(i) = Yi<! P�(i); �<R� = Yi<! �<P�(i): (3�8)We state a trivial lemma on the Borel 
lass of the pre
eding sets.Lemma 8. We have C� = 2r� (0 < � < !1). For every 0 < � < !1, P� is a �0�(�C�)set, R1(n) is �02(�D1 ) (n < !), and if 1 < � < !1, P̂�(n) is a �0�(�D� ) set and R�(n) isa �0�+1(�D�) set (n < !).Proof. The �rst statement follow immediately from De�nition 6 by indu
tion. These
ond statement is Claim 7 in [4℄. From this the remaining statements are automati
.To 
lose this se
tion, we state some 
laims and a lemma from [4℄ whi
h are the heartof the proof of the results of this paper (see [4℄, Claim 8 on page 163, Claim 9 on page164 and Lemma 13.(ii) on page 165).Claim 9.(i) For every 1 � � < !1, P� � C� is a �P�-nowhere dense hen
e �P�-meager �01(�P� )set.



8 Tam�as M�atrai(ii) For � � 2, P� � C� is a �<P� -dense �02(�<P� ) hen
e �<P�-residual set.(iii) For � � 2, �P� jP� = �<P� jP� .Lemma 10. Fix 1 � � < !1. Let (Z; �) be an arbitrary Polish spa
e, G � Z �C� be abasi
 ���P� -open set with G\ (Z � P�) 6= ;: If for a set W 2 �0�(���C� ), W \ (Z � P�)is ����P� jP��-residual relatively in G\(Z � P�), then W is ���P�-residual in a ���P�-open set H � Z � C� satisfying that G \ (Z � P�) is 
ontained in the � � �P�-
losure ofH. 4. Testing generalized separation and redu
tionWe aim to prove the following three results. The �rst says that R�(i) (i < !) has theproperty we need.Claim 11. Let 0 < � < !1 be �xed and suppose that Bi � D� is a �0�(�D� ) set andR�(i) � Bi (i < !). Then R� \Ti<! Bi 6= ;.The se
ond generalizes slightly Theorem 2.Theorem 12. Let 0 < � < !1. In the Polish spa
e (X; �) let (Ai)i<! be a sequen
e ofBorel sets. Then(i) either there is a sequen
e (Bi)i<! of �0�(�) set su
h that Ai � Bi (i < !) andTi<! Bi = Ti<! Ai,(ii) or there is a 
ontinuous map ' : D� ! X su
h that '(R�) \ Ti<! Ai = ; and'(R�(i)) � Ai (i < !).The third handles the problem of generalized redu
tion.Theorem 13. Let 0 < � < !1. In the Polish spa
e (X; �) let (Ai)i<! be a sequen
e ofBorel sets. Then



Hurewi
z test sets for generalized separation and redu
tion 9(i) either there is a sequen
e (Bi)i<! of �0�(�) set su
h that Bi � Ai, Bi \ Bj = ;(i; j < !; i 6= j) and Si<! Bi = Si<! Ai,(ii) or there is a 
ontinuous map ' : D� ! X su
h that '(R�) � Si<! Ai and'(R�(i)) \ Ai = ;. (i < !).Let us dis
uss �rst these results. Theorem 2 is the Ti<! Ai = ; 
ase of Theorem 12together with Claim 11.Next observe that in Theorem 12, (ii) ex
ludes (i) (as (ii)(b) ex
luded (ii)(a) inTheorem 2), as follows. If a map ' satis�es the 
onditions of (ii) then by Claim 11,R�\Ti<! '�1(Bi) 6= ;. This implies '(R�)\Ti<! Bi 6= ; so sin
e '(R�) � X nTi<! Ai,we have Ti<! Bi 6= Ti<! Ai. So Theorem 12 also provides a kind of Hurewi
z test.Note also that Theorem 13 follows from Theorem 12 by taking 
omplements.Proof of Theorem 13. By repeating the previous argument, one easily obtains that byClaim 11, (ii) ex
ludes (i). Set A0i = X n Ai (i < !). By Theorem 12, either there is asequen
e (B0i)i<! of �0�(�) set su
h that A0i � B0i and Ti<! A0i = Ti<! B0i or there is a
ontinuous map ' : D� ! X su
h that '(R�) \Ti<! A0i = ; and '(R�(i)) � A0i (i < !).In the �rst 
ase let B00i = X n B0i (i < !). The 
lass �0� has the generalized redu
tionproperty in Polish spa
es (see e.g. [1℄, (22.16) Theorem on page 172) so there is a �0�(�)set Bi � B00i (i < !) su
h that Bi \ Bj = ; (i; j < !; i 6= j) and Si<! Bi = Si<! B00i =Si<! Ai; whi
h is (i).In the se
ond 
ase we have '(R�(i)) \ Ai = ; (i < !) and '(R�) � X n Ti<! A0i =Si<! Ai; whi
h is (ii). So the proof is 
omplete.



10 Tam�as M�atrai4�1. Why �0�?It remains to prove Claim 11 and Theorem 12. Before doing this we feel obliged to
larify why the testing of generalized separation is set up only for �0� sets and not for �0�sets. We have three reasons for this, the �rst is a 
orollary of Theorem 2.Corollary 14. If in Theorem 2 
ase (ii)(a) holds the sequen
e (Bi)i<! 
an be 
hosensu
h that Bi 2 �0�(�) (i < !).Proof. Sin
e the 
lass �0� has the generalized separation property in Polish spa
es (seee.g. [1℄, (22.16) Theorem on page 172), the statement follows.That is generalized separation with �0� sets in
orporates generalized separation with�0� sets. The following result says that in a parti
ular 
ase Theorem 1 gives an answerto the problem with �0� sets.Claim 15. Let A0; A1 � X be disjoint analyti
 sets. Then there are disjoint �0�(�)sets B0; B1 � X su
h that Ai � Bi (i = 0; 1) if and only if A0 
an be separated from A1by a �0�(�) set and vi
e versa, A1 
an be separated from A0 by a �0�(�) set.Proof. If we have the disjoint �0�(�) sets B0; B1 � X su
h that Ai � Bi (i = 0; 1) thenthe separation is obviously possible in both dire
tions. Suppose now that a �0�(�) setB0i separates Ai from A1�i (i = 0; 1). The 
lass �0� has the redu
tion property in Polishspa
es (see again [1℄, (22.16) Theorem on page 172), thus we have disjoint �0�(�) setsB0; B1 � X su
h that Bi � B0i (i = 0; 1) and B0 [ B1 = B00 [ B01. Sin
e B0i \ A1�i = ;(i = 0; 1), we have Bi \ A1�i = ; (i = 0; 1). But A0 [ A1 � B00 [ B01 = B0 [ B1, so weget Ai � Bi (i = 0; 1). The proof is 
omplete.The next 
lam is simply trivial.



Hurewi
z test sets for generalized separation and redu
tion 11Claim 16. Let 0 < � < !1 be �xed and let #i ! �. Let (Ai)i<! be a de
reasingsequen
e of analyti
 sets in X su
h that Ti<! Ai = ;. If there is a sequen
e (Bi)i<!of �0�(�) sets su
h that Ai � Bi (i < !) and Ti<! Bi = ; there is a sequen
e (B0i)i<!satisfying Ai � B0i (i < !) and Ti<! B0i = ; su
h that B0i is �0#i(�) (i < !).Proof. Write Bi = Tj<! Bi(j) where Bi(j) is �0#j (�) (j < !) and Bi(j) � Bi(k)(k � j < !; i < !). Set B0i = Tj�i Bj(i), then B0i is �0#i(�) (i < !). Sin
e Ai � Aj �Bj � Bj(i) (j � i < !) we have Ai � B0i (i < !). We also haveTi<! B0i = Ti;j<! Bj(i) =Ti<! Bi = ;, whi
h 
ompletes the proof.Claim 15 and Claim 16 handle the two extreme situations in generalized separation:when we have only two sets whi
h are disjoint and when we have in�nitely many setswhi
h are de
reasing. The 
ases in-between 
an be handled with similar tri
ks but theseparation 
onditions be
ome numerous and 
ompli
ated. For redu
tion by �0� sets thesame remarks apply as for separation by �0� sets. So we leave this and turn to the proofof Claim 11. We start with a 
laim.Claim 17. Let 1 < � < !1 be �xed. Then(i) R� is �<R�-residual in D�;(ii) R�(i) is �P̂�(i)-residual in D� (i < !);(iii) if B � D� is �0�(�D�) and it is �P̂�(i)-residual in D� for some i < ! it is �<R� -residual in D�.Proof. By Claim 9.(ii), P�(i) is �<P�(i)-residual in C�(i) (i < !). Thus by (3�4) and (3�8),R� is �<R� -residual in D�, whi
h proves (i).For (ii) �x an i < !. By Claim 9.(i) we have that P�(i) is �P�(i)-nowhere dense in C�(i)



12 Tam�as M�atraihen
e C�(i) nP�(i) is �P�(i)-residual in C�(i). As we have seen in the proof of (i), P�(i) is�<P�(i)-residual in C�(i) (i < !) so by (3�4), (3�6) and (3�7), R�(i) is �P̂�(i)-residual in D�.For (iii) �x an i < ! and let B � D� be an arbitrary �0�(�D� ) set whi
h is �P̂�(i)-residualin D�. Suppose that B is not �<R� -residual in D�, that is for a nonempty basi
 �<R� -openset G � D� we have that W = D� nB is residual in G. Set(Z; �) = 0� Yj<!; j 6=iC�(j); Yj<!; j 6=i �<P�(j)1A ;then we have D� = Z � C�(i), �<R� = � � �<P�(i), �P̂�(i) = � � �P�(i), and sin
e � � �C�(i)re�nes �D� we have that W is �0�(� � �C�(i)). Moreover by Claim 9.(iii),�<R� jZ�P�(i) = � � ��<P�(i)jP�(i)� = � � ��P�(i)jP�(i)� = �P̂�(i)jZ�P�(i):Thus by Claim 9.(ii), Z � P� is a �<R� -residual �02(�<R�) set in D� , in parti
ular G \(Z � P�(i)) 6= ; and W \ (Z � P�(i)) is � � ��P�(i)jP�(i)�-residual in G \ (Z � P�(i)). Sowe 
an apply Lemma 10 and we obtain that W is of �� �P�(i)-se
ond 
ategory, that is of�P̂�(i)-se
ond 
ategory in D�. Sin
e B is �P̂�(i)-residual in D�, this 
ontradi
ts B\W = ;.The proof is 
omplete.Proof of Claim 11. Consider �rst � = 1. If Bi is �01(�D1) then ! 2 
l�D1 (R1(i)) � Bi(i < !) so indeed ! 2 R1 \Ti<! Bi.Let now 1 < � < !1. By Claim 17.(i), R� is �<R� -residual in D� . We show that Bi(i < !) is also �<R� -residual in D� , this will 
omplete the proof.Fix some i < !. By Claim 17.(ii), R�(i) is �P̂�(i)-residual in D�. Thus by R�(i) � Bi,Bi is also �P̂�(i)-residual in D�. Sin
e Bi is �0�(�D� ), Claim 17.(iii) 
an be applied andgives that Bi is �<R� -residual in D�, as stated.



Hurewi
z test sets for generalized separation and redu
tion 134�2. The gameThe next task is to �nd the appropriate image of R�(n) (n < !) if generalized sep-aration by �0� sets is not possible. Fix a 1 < � < !1. Let �� : ! ! ! � r� be a bi-je
tion. By (3�4) and Lemma 8 we have D� = (2r�)!; so there is a homeomorphism�� : (2!; �2! )! (D�; �D� ) 
orresponding to �� . We de�ne the Borel game G� we need inthe proof of Theorem 12.Let Ai; G;H � D� be Borel sets su
h that Ai � G (i < !). In the gameG�((Ai)i<!; G;H)players I and II playI �(0) �(1) : : :II �(0) �(1)where �(i); �(i) 2 f0; 1g (i < !), and II wins if and only if��(�) 2 G and * ��(�) 2 R�(i) =) ��(�) 2 Ai (i < !);��(�) 2 R� =) ��(�) =2 H ;else I wins.We asso
iate maps to the strategies of I.Definition 18. Fix a 1 < � < !1 and let � be a strategy of I in G�. Then �� : D� !D� denotes the fun
tion mapping to a y 2 D� the unique x 2 D� su
h that the runf��1� (x);��1� (y)g is a

ording to �.Note that �� is 
ontinuous. In the sequel we will use this property in the form that��1� keeps the Borel 
lass of sets.



14 Tam�as M�atraiBy the following 
laim the determina
y of the game G� indeed proves Theorem 12.Claim 19. For every 1 < � < !1, in the game G� a winning strategy(i) for player I gives a sequen
e (Bi)i<! of �0�(�D�) sets su
h that Ai � Bi (i < !)and (G nH) \Ti<! Bi = ;;(ii) for player II gives a 
ontinuous map ' : D� ! G su
h that '(R�) \ H = ; and'(R�(i)) � Ai (i < !).Proof. Consider �rst a winning strategy � for I. Let Bi = ��1� (P̂�(i)) (i < !): ByLemma 8, Bi is �0�(�D�) (i < !). So it remains to show that Ai � Bi (i < !) and that(G nH) \Ti<! Bi = ;.Suppose that for some i < ! we have a y 2 Ai nBi, that is y 2 Ai n ��1� (P̂�(i)). Sin
eAi n ��1� (P̂�(i)) = Ai \ ��1� (D� n P̂�(i)), there is some x 2 D� n P̂�(i) su
h that the runn��1� (x);��1� (y)o in G� is a

ording to �. We haveD� n P̂�(i) = R�(i) [ [j<!;j 6=i �D� n �P̂�(j) [ P̂�(i)�� :But if x 2 R�(i) then II wins sin
e y 2 Ai � G; while if x =2 R�(i) andx 2 [j<!;j 6=i �D� n �P̂�(j) [ P̂�(i)��then x =2 R�(j) (j < !) and x =2 R� so II wins already by y 2 G. This 
ontradi
ts thede�nition of � and proves that Ai � Bi (i < !).Suppose now that y 2 (G nH) \Ti<! Bi, that is y 2 G nH andy 2 ��1� (P̂�(i)) (i < !): (4�1)Let x 2 D� be arbitrary su
h that the run n��1� (x);��1� (y)o in G� is a

ording to �.Then by (4�1), x 2 Ti<! P̂�(i) so x =2 R�(j) (j < !). Thus II wins by y 2 G nH , whi
hagain 
ontradi
ts the 
hoi
e of � and proves (G nH) \Ti<! Bi = ;.
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tion 15Let now � be a winning strategy of II. Let ' : D� ! D� map to an x 2 D� the uniquey 2 D� su
h that the run n��1� (x);��1� (y)o in G� is a

ording to �. This map is 
learly
ontinuous. We have '(D�) � G, '(R�) \ H = ; and if i < ! and x 2 R�(i) then'(x) 2 Ai sin
e the strategy � is winning for II. This 
ompletes the proof.4�3. Passing to arbitrary Polish spa
esFrom this Theorem 12 will follow by standard arguments (see [2℄, Corollary 2 andTheorem 3), that we give in the remaining part of the paper. We have to extend theresults to arbitrary Polish spa
es; for this we need the following result (see e.g. [2℄,Theorem on page 455).Theorem 20. (Saint Raymond) Let (E; �E), (F; �F ) be 
ompa
t metrizable spa
es and(Q; �Q) be a Polish spa
e. If h : E ! F is a 
ontinuous surje
tion and f : E ! Q is aBaire-1 fun
tion then h has a Baire-1 se
tion (i.e. there is a Baire-1 fun
tion s : F ! Esu
h that h(s(y)) = y (y 2 F )) su
h that f Æ s : F ! Q is also a Baire-1 fun
tion.This theorem is appli
able for a 
lass of sets � if this � 
an be built up from �02 setson some 
anoni
al way.Definition 21. Let D � 2! and let (C(n))n<! be a sequen
e of arbitrary subsetsof some base set X . The the Hausdor� operation asso
iated to D a
ts on the sequen
e(C(n))n<! as D((C(n))n<!) = fx 2 X : fn < ! : x 2 C(n)g 2 Dg:A 
lass � is 
alled a �02 generated Hausdor� 
lass if there is a basis D � 2! su
h thatin every Polish spa
e (X; �) the members of � are the sets of the form D((C(n))n<!)where (C(n))n<! � �02(�).



16 Tam�as M�atraiWe re
all that ea
h 
lass �0� (1 < � < !1) is a �02 generated Hausdor� 
lass (see e.g.[1℄, (23.5) Exer
ise on page 180.) The following 
orollary is a variant of the so-
alledtransfer lemma (for a version, see e.g. [2℄, Corollary 2 on page 455). It will allow us toextend our results to arbitrary 
ompa
t spa
es.Corollary 22. Let (E; �E) and (F; �F ) be 
ompa
t metrizable spa
es, h : E ! F bea 
ontinuous surje
tion and � be a �02 generated Hausdor� 
lass. Suppose that (Ai)i<!is a sequen
e of subsets of F , T � F and there is a sequen
e (Hi)i<! � � of subsets ofE satisfying h�1(Ai) \Hi = ; (i < !) and Si<! Hi = h�1(T ). Then there is a sequen
e(Bi)i<! � � of subsets of F satisfying Ai \ Bi = ; (i < !) and Si<! Bi = T .Proof. LetHi = D((Ci(n))n<!) whereD is a basis for � and Ci(n) is �02(�E) (i; n < !).Let fi;n : E ! [0; 1℄ be a Baire-1 fun
tion su
h that Ci(n) = fx 2 E : fi;n(x) > 0g (i; n <!). Set f : E ! [0; 1℄!�!, f =Qi;n<! fi;n. From Theorem 20 for h and f we get a Baire-1se
tion s of h su
h that f Æ s is also of Baire-1, that is Vi(n) = fy 2 F : fi;n(s(y)) > 0gis a �02(�F ) set. Thus for Bi = D((Vi(n))n<!) we have Bi 2 � (i < !). It is 
learthat s�1(Hi) = Bi (i < !). Sin
e s�1(h�1(T )) = T and Si<!Hi = h�1(T ), we obtainSi<! Bi = T . From s�1(H)i = Bi we have s(Bi) � Hi, whi
h gives Bi = h(s(Bi)) �h(Hi) (i < !). Sin
e Hi\h�1(Ai) = ; implies h(Hi)\Ai = ; (i < !), we have Bi\Ai = ;(i < !) whi
h 
ompletes the proof.It remains to �nish with the proof of Theorem 12.Proof of Theorem 12. Set H = Ti<! Ai, and let �rst � = 1. If Ti<! 
l� (Ai) = H wehave (i). Else let x! 2 Ti<! 
l� (Ai) nH . Fix a metri
 d on X generating the topology � .
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tion 17Sin
e x! 2 
l� (Ai) (i < !), we haveAi \ Bd�x! ; 1n+ i� 6= ; (i; n < !)where Bd(x! ; 1=n) is the open ball around x! with radius 1=n (n < !). So we 
anpi
k points x�1(i;n) 2 Ai \ Bd(x! ; 1=(n + i)) (i; n < !). Let ' : D1 ! X be de�ned by'(i) = xi (i � !). This map is 
learly 
ontinuous, '(R1(i)) � Ai (i < !) and '(R1) =2 H ,as required.Let now 1 < � < !1. Let (X̂; �̂ ) be a Polish 
ompa
ti�
ation of (X; �) (see e.g. [1℄,(4.14) Theorem); then X � X̂ is a �02(�̂) set. Take a 
ontinuous surje
tion h : D� ! X̂and 
onsider the game G�((h�1(Ai))i<! ; h�1(X); h�1(H)): This game is 
learly Borel soby Borel determina
y either player I or player II has a winning strategy.If player I has a winning strategy then by Claim 19.(i) we have a sequen
e (Ui)i<! of�0�(�D� ) sets su
h that h�1(Ai) � Ui (i < !) and(h�1(X) n h�1(H)) \ \i<!Ui = ;:That is by h�1(H) � h�1(Ai) � h�1(X) (i < !) we haveh�1(X) \ \i<!Ui = h�1(H): (4�2)Let (E; �E) = (D�; �D�), (F; �F ) = (X̂; �̂ ), � = �0� , T = X̂nH andHi = D�n(h�1(X)\Ui)(i < !). Sin
e h�1(Ai) � h�1(X) \ Ui implies h�1(Ai) \Hi = ; (i < !) and[i<!Hi = D� n h�1(X) \ \i<!Ui! = D� n h�1(H) = h�1(T )by (4�2), we 
an apply Corollary 22 to get a sequen
e (Vi)i<! of �0�(�̂ ) sets su
h thatAi \ Vi = ; and Si<! Vi = X̂ n H . Then Bi = X n Vi is �0�(�), Ai � Bi (i < !) andTi<! Bi = H , as required.If Player II has a winning strategy by Claim 19.(ii) we have a 
ontinuous map  : D� !



18 Tam�as M�atraih�1(X) su
h that  (R�) \ h�1(H) = ; and  (R�(i)) � h�1(Ai) (i < !). Then for' = h Æ  , ' : D� ! X is also 
ontinuous and satis�es '(R�) \ H = ;, '(R�(i)) � Ai(i < !). This 
ompletes proof.A
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