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a 9., H-1051 Hungary (e-mail: matrait�renyi.hu)The graph of Gâteaux derivatives isw?-
onne
tedAbstra
tWe show that if (X; k:k) is a separable Bana
h spa
e, 
 � X isopen, 
onne
ted and f : 
! R is an everywhere Gâteaux di�erentiableLips
hitz 
ontinuous fun
tion, then the graph of the derivative of f is
onne
ted in (
; k:k)� (X?; w?).1 Introdu
tionAs a generalization of 
lassi
al Darboux property, J. Mal�y has proved([1℄, Theorem 1, page 168) that the range of the derivative of a Fr�e
hetdi�erentiable fun
tion is 
onne
ted in X? endowed with the norm topol-ogy:Theorem 1.1. Let f be a Fr�e
het di�erentiable fun
tion de�ned onan open subset D of the Bana
h spa
e X. Then for any 
losed 
on-vex set K � D with nonempty interior, f 0(K) is a 
onne
ted subset of(X?; k:kX?).On the other hand, a result of R. Deville and P. H�ajek ([5℄, Theorem1) shows that the above mentioned theorem of J. Mal�y does not hold ifthe 
ondition of Fr�e
het di�erentiability is weakened to Gâteaux di�er-entiability (for more details and other related results see the remarks atthe end of this note). In view of this fa
t, D. Azagra asked whether itis true that the range of Gâteaux derivatives is 
onne
ted at least if X?is endowed with the w? topology. We answer his question in positive:Key Words: Darboux property, Gâteaux di�erentiableMathemati
al Reviews subje
t 
lassi�
ation: 26B05�This resear
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arried out while the author has been visiting the Department ofMathemati
s of University College London under Marie Curie Training Sites Fellowships,Contra
t No. HPMT-CT-2000-00037. 1



2 Theorem 1.2. Let (X; k:k) be a separable Bana
h spa
e, 
 � X beopen, 
onne
ted and let f : 
 ! R be an everywhere Gâteaux di�eren-tiable lo
ally Lips
hitz fun
tion. Then the graph of the derivative,Graph(f 0) = f(x; f 0(x)) : x 2 
g � (
; k:k)� (X?; w?)is 
onne
ted.Our referen
e for the basi
 notions 
on
erning di�erentiability is [7℄,for topologi
al notions we refer to [9℄ and [7℄.For a Bana
h spa
e X, BX(x; r) denotes the open ball in X 
enteredat x with radius r. For the unit ball we write BX . We denote the normin X? by k:kX? .The symbol 
lX stands always for norm 
losure in X, while �X in-di
ates the 
orresponding boundary.For the value at v 2 X of a fun
tional x? 2 X? we use x?(v).We denote by N the set of nonnegative integers.F� stands for the sets whi
h 
an be obtained as 
ountable union of
losed sets.2 Proof of TheoremWe will use the following two well-known theorems. For the proof of the�rst, see [9℄, Volume 1., Chapter II., x27, page 301., while the se
ond 
anbe found in [7℄, Chapter 3., Proposition 62, page 56 and in [8℄, 1.9.37.Theorem 2.1. Let h be a fun
tion of the �rst Baire 
lass between met-ri
 spa
es, that is so that the inverse image of open sets under h is F�.Then the set of dis
ontinuity points of h is of �rst 
ategory.Theorem 2.2. If the Bana
h spa
e X is separable, then (BX? ; w?) is
ompa
t, metrizable, so spe
ially separable.The new element of our proof is 
ontained in the following result.Theorem 2.3. Let (X; k:k) be a separable Bana
h spa
e, 
 � X beopen, 
onne
ted and let F : 
! (X?; w?) be a fun
tion with the follow-ing properties:1. F is of the �rst Baire 
lass;2. if V is a �nite dimensional linear subspa
e of X, w 2 V , r > 0satisfying 
lVBV (w; r) � 
, then for every u 2 �VBV (w; r) wehave F (u) 2 
lV ?F (BV (w; r)).Then Graph(F ) � (
; k:k)� (X?; w?) is 
onne
ted.The 
onne
tion between Theorem 1.2 and Theorem 2.3 is establishedin the following two lemmas.



3Lemma 2.4. Let (X; k:k) be a separable Bana
h spa
e, 
 � X openand f : 
 ! R an everywhere Gâteaux di�erentiable lo
ally Lips
hitzfun
tion. Then f 0 : (
; k:k) ! (X?; w?) is of the �rst Baire 
lass.Lemma 2.5. Let V be a �nite dimensional Bana
h spa
e, 
 � V open.Let w 2 V , r > 0 satisfying 
lV BV (w; r) � 
, and let u 2 �VBV (w; r).Suppose that f : 
 ! R is everywhere Fr�e
het di�erentiable. Thenf 0(u) 2 
lV ?f 0(BV (w; r)):Before giving the proofs we note that Lemma 2.5 is a straightforward
orollary of Theorem 1.1. A more general statement has been observedby R. Deville and P. H�ajek ([5℄, Proposition on page 2.) where a proofbased on the above mentioned result of Mal�y was given. In the formas stated below, this result is a very easy 
onsequen
e of Ekeland'svariational prin
iple (see [1℄, Lemma 2, page 168). However, sin
e thisindependent proof would be mainly te
hni
al, we give only a proof basedon Theorem 1.1.Proof of Lemma 2.5 Take an x 2 BV (w; r) and � < r su
hthat �VBV (x; �) \ �VBV (w; r) = fug. Then Theorem 1.1 for K =
lVBV (x; �) gives that f 0(
lVBV (x; �)) is 
onne
ted, spe
iallyf 0(u) 2 
lV ?f 0(K n fug) � 
lV ?f 0(BV (w; r)):This proves the statement.�Proof of Lemma 2.4We have to show that whenever B � (X?; w?)is open, fx 2 
 : f 0(x) 2 Bg is F�.Suppose �rst that f is Lips
hitz with 
onstant L. We 
an assumethat L < 1. From the 
ontinuity of f we have that for every dire
tionw 2 �XBX , 
losed set J � R and real T > 0 the setAw;J;T = �x 2 
 : f(x+ tw)� f(x)t 2 J; 0 < jtj � T�is relatively 
losed.Let now I � R be an open interval. Sin
e f is Gâteaux di�erentiableeverywhere, whenever Ji � I, i 2 N is a sequen
e of 
losed intervalswith Ji � Jk for i � k and Si2NJi = I, we havefx 2 
 : (f 0(x))(w) 2 Ig = [i2N[n2NAw;Ji; 1n+1 ;an F� set. Note that from L < 1 we have f 0(x) 2 BX? for every x 2 
.Thus if w1; : : : ; wm 2 �XBXare dire
tions and I1 : : : ; Im � R are open intervals, for the basi
 openset B = fx? 2 BX? : x?(wj) 2 Ijg



4 we have that the setfx 2 
 : f 0(x) 2 Bg = m\j=1fx 2 
 : (f 0(x))(wj) 2 Ijgis F�. Sin
e X is separable, we have from Theorem 2.2 that BX? ismetrizable and separable, so every open set in BX? is the 
ountableunion of basi
 open sets, whi
h proves the statement for Lips
hitz fun
-tions.Consider now the general 
ase. Sin
e X is separable, there is a
ountable 
olle
tion of open sets f
i : i 2 Ng su
h that
 = [i2N
iand f is Lips
hitz on 
i. Then for any open set B � X?,fx 2 
 : f 0(x) 2 Bg = [i2Nfx 2 
i : f 0(x) 2 Bg:From the pre
eding we know that fx 2 
i : f 0(x) 2 Bg is F� in 
i, soit is F� in 
, that the inverse image of open sets under f 0 is F�. This
ompletes the proof.�Proof of Theorem 2.3. Suppose that Graph(F ) is not 
onne
ted,that is there are disjoint open sets A;B � 
�X? su
h that Graph(F ) �A [ B and A \ Graph(F ) 6= ;; B \Graph(F ) 6= ;. Using Pr
 for theproje
tion to 
, we setA = Pr
(A \Graph(F ));B = Pr
(B \Graph(F )):The sets A and B are nonempty disjoint subsets of the 
onne
ted set
, so P = 
lXA \ 
lXB \ 
 is nonempty.The set P is relatively 
losed in 
, that is of se
ond 
ategory. Sin
eX is separable, Theorem 2.2 implies that (X?; w?) is metrizable. Sin
e Fis of the �rst Baire 
lass, by Lemma 2.1 we 
an �nd a point of 
ontinuityx0 of F jP . By symmetry, we 
an assume that (x0; F (x0)) 2 A.Sin
e 
 and A are open, there is a � > 0 and dire
tionsx1; x2; : : : ; xm 2 �XBXsu
h that BX(x0; �) � 
 and for every y 2 X and y? 2 X?, ky�x0k < �and jy?(xj)� (F (x0))(xj)j < �; j = 1; : : : ;m imply (y; y?) 2 A.By the 
ontinuity of F jP at x0, there is an 0 < " < � su
h that forevery x 2 P \BX(x0; ") and 1 � j � m we havej(F (x))(xj)� (F (x0))(xj)j < �2 : (1)



5So P \ BX(x0; ") � A, that is B is open in BX(x0; ").Sin
e x0 2 
lXB, we 
an �nd an xm+1 2 B \ BX(x0; "). Let beV � X be the linear spa
e spanned by x0; x1; : : : ; xm; xm+1. Fromx0 2 BV (x0; ") \ A and xm+1 2 BV (x0; ") \ B we have that the setW = BV (x0; ") \ Bis nonempty, W 6= BV (x0; ") and, as noti
ed above, W is open.Sin
e V is �nite dimensional, W is open and W 6= BV (x0; "), we 
an�nd a ball 
ontained in W tou
hing �V (V \B), that is a w 2 W and anr > 0 su
h that BV (w; r) � W and �VBV (w; r) \ �VW is a nonemptysubset of BV (x0; "). Let u 2 �VBV (w; r)\�VW . Note that from u 2 Aand u 2 
lVW we have u 2 P \BV (x0; ").From " < � we have that 
lVBV (w; r) � 
, and BV (w; r) � W � Bimplies that j(F (x))(xj)� (F (x0)(xj)j � �for at least one index j 2 f1; 2; : : : ;mg whenever x 2 BV (w; r). On theother hand, it follows from u 2 P \ BX(x0; ") and (1) thatj(F (u))(xj)� (F (x0)(xj)j < �2for every j = 1; : : : ; m. ThusF (u) =2 
lV ?F (BV (w; r));whi
h 
ontradi
ts to the se
ond 
ondition. This proves the statement.�Proof of Theorem 1.2 Let F = f 0. A

ording to Lemma 2.4, Fis of the �rst Baire 
lass. Sin
e in �nite dimensional spa
es the notionof Fr�e
het and Gâteaux di�erentiability 
oin
ides for lo
ally Lips
hitzfun
tions, for every �nite dimensional subspa
e V � X, the restri
tionf jV is everywhere Fr�e
het di�erentiable, that is from Lemma 2.5 we havethat F jV = f 0jV satis�es the se
ond 
ondition of Theorem 2.3. ThusGraph(f 0) � (
; k:k)� (X?; w?) is 
onne
ted, as stated.�Remarks.1. R. Deville and P. H�ajek ([5℄, Theorem 1) have 
onstru
ted aneverywhere Gâteaux di�erentiable fun
tion f : l1 ! R su
h that f 0 isnorm to w? 
ontinuous and for whi
h f 0(l1) � (l?1 ; k:kl?1 ) has an isolatedpoint. This shows that the range of Gâteaux di�erentiable fun
tionsneed not to be 
onne
ted in the norm topology.R. Deville and P. H�ajek ([5℄, Theorem 2) have also 
onstru
ted amapping f : l1 ! R2 su
h thatkf 0(x)� f 0(y)kL(l1;R2) � 1whenever x; y 2 l1; x 6= y. Thus the range of the derivative of ve
torvalued fun
tions 
an be very dis
onne
ted in the norm topology.



6 2. J. Saint Raymond ([6℄, Example 14.) 
onstru
ted an everywhereFr�e
het di�erentiable mapping f : R2 ! R2 ; su
h that the Ja
obi de-terminant det f 0(x) admits exa
tly two values. Therefore, f 0(R2) is not
onne
ted. This shows that the ve
tor valued analogue of the result ofMal�y or Theorem 1.2 does not hold even in �nite dimensional spa
es.On the other hand, he also proved ([6℄, Theorem 20.) that if det f 0 isnon-vanishing then the graph of det f 0 is 
onne
ted.3. Let X be an in�nite dimensional Bana
h spa
e with separabledual, and let M � X? be an analyti
 set satisfying some extra ar
wise
onne
tivity 
onditions. M. Fabian, Ond�rej Kalenda and Jan Kol�a�rin [2℄ have proved that su
h a set M 
an be obtained as a range ofa 
ontinuously di�erentiable bump. This implies that the range of aderivative does not have to be simply 
onne
ted or lo
ally 
onne
ted.Analogous �nite and in�nite dimensional results 
an be found in [3℄or in [4℄.Referen
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