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Abstract

We show that by assuming the Continuum Hypothesis it is possible
to construct a Hg set P C R and a o-ideal Z C 2% such that Z contains
the 9 sets which are the subsets of P, for every A € T there is a 19
set G € T satisfying A C G (i.e. T is strongly I13-generated) but
P ¢ Z. This result is motivated by a question of Arnold Miller. We
also prove in ZFC several covering results related to (strongly) IT5-

generated ideals.

1 Introduction

Let (X,7) be a Polish space and let Z C 2 be a o-ideal which is
generated by its II{(7) members, i.e. A € T if and only if there are

19(7) sets F; € T (i < w) such that A C J,_ F;. This condition

i<w
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makes our task simple if we need to decide and to prove whether an
analytic set A is in Z or not and A happens to be in T; then A € T
is witnessed by a countable union of properly chosen I19(7) sets. But
what if A ¢ Z7 Unlike the previous case this problem seems to be much
more complex since it may really involve analytic sets. However, this
case is also as simple as possible, as shown by the following result of

S. Solecki ([9], Theorem 1 on page 1023).

Theorem 1. (S. Solecki) Given a family of closed sets T and an an-
alytic set A in some Polish space X, either A can be covered by the
union of countably many members of T or A contains a nonempty I19

set G with the property that F N G is meager in G for every F € T.

Less formally this result says that if a o-ideal Z is generated by its
19 members the problem whether an analytic set belongs to Z or not
depends only on sets of low complexity, namely on TI3 sets: A ¢ T can
be verified by a good I19 subset of A and Baire category. It is natural

to ask whether this holds for every Borel class (see [8]).

Question 2. (A. Miller) For 2 < ¢ < wy let Z be a o-ideal which

s generated by its Hg members. Is it true that for every analytic set

A C X, either A €T or there is aHg+1 set B C A such that B ¢ ¢

Before all further speculations it is important to note that this
question is already refuted by the following unpublished result of A.

Kechris and M. Zeleny. First we give a definition.

Definition 3. Let Z be an ideal and F C Z. We say that Z is strongly

generated by F if for every G € 7 there is an F' € F such that G C F.



Theorem 4. (A. Kechris-M. Zeleny) Assume V. = L. Then there
is an analytic set A C 2% and a o-ideal T strongly generated by its

119 (7ow ) members such that T contains every Borel subset of A.

That is the answer to Question 2 is consistently negative. Among
other things, in this paper we aim to relax the condition V = L, as

follows. We introduce a notation in advance.

Definition 5. Let 0 < < wy. If (X, 7) is a Polish space and P C X,
S)(P) (P, (P), resp.) denotes the collection of Xj(r) (II)(7), resp.)

subsets of P.

In the next theorem and in the rest of the paper CH abbreviates

the Continuum Hypothesis.

Theorem 6. Let (X,7) be a Polish space and P C X be a Borel not
Y9(r) set. Let A C SY(P) be arbitrary of cardinality wi. Then there

is a o-ideal T such that
1. T is strongly generated by its T13(1) members;
2. ACT;
3. P¢T.
In particular, by assuming CH there is a o-ideal T such that
1. T is strongly generated by its T13(7) members;
2. SUP) CT;

3. P¢T.



Unfortunately this result does not show that Question 2 is consis-
tently false. It only reproves a variant of Theorem 4 using only CH.
Theorem 6 is sharp when P is I13(7) in the sense that Z contains all
the Borel subsets of P which has lower Borel class than P. We also
prove two ZFC results related to ideal generation. The first construct
a 19 covering for I13-generated ideals and we think that this is the

best one can obtain in ZFC.

Theorem 7. Let (X, 7) be an uncountable Polish space and P C X be
a T19(7) set which is not X3(7). Then there is a mapping ®: SY(P) —
PY(P) such that A C ®(A) and

P\ [ @A) #0 (A, A" € S(P) (i <w)).

i<w

The following easy theorem is the analogous result of Theorem 1

for strong generation.

Theorem 8. Let (X,7) be a Polish space and A C X be an analytic
set. If an ideal T C 2% is strongly generated by its 09(7) members

then either A € T or there is a ¥9(7) set S C A so that S ¢ T.

Theorem 6 also shows that the Theorem 7 and Theorem 8 are in
some sense the best possible ZFC results. The nontrivial proofs are
based on the theory of topologized Hurewicz test sets initiated in [6]
and developed in [5]

Let us turn back to Question 2. The analogous question for strong

generation is the following.

Question 9. Let (X,7) be a Polish space and let 0 < £ < wy. If a

o-ideal T C 2% is strongly generated by its Hg(T) members and an
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analytic set A C X is not in T does there exists a Eg+1(7) set BC A

such that B ¢ T ?

Despite Theorem 4, in view of Theorem 6 it seems to be interesting
to look for an alternative proof (without V' = L) for the fact that for
every 2 < ¢ < wy the answer to Question 2 and/or to Question 9 is
consistently negative. Mostly because in the proof of Theorem 6, CH
is used for having only w; many XY sets to handle, so this result is
more “descriptive” than “set theory”.

In the end we remark that Theorem 1 has numerous important
corollaries so it would be nice if an analogous statement was consis-
tently true for the higher Borel classes. However, it seems to be open
whether the answer to Question 2 and/or to Question 9 is consistently

positive for every/some 2 < ¢ < wy.

2 Preliminaries

Our terminology and notation follow [1]. As usual, Hg(T) (22(7) resp.)
(0 < &€ < w) stands for the ¢* multiplicative (additive resp.) Borel
class in the Polish space (X, 7), starting with II{(7) = closed sets,
YU(7) = open sets. A set is called proper Hg(T) if it is Hg(T) but not
22(7) (0 <& <w).

Let (C, 7¢) denote the Polish space 2¥ with its usual product topol-
ogy. For two finite sequences s,t € w<*, we write s C t (s C t, resp.)
if ¢ is an extension (a proper extension, resp.) of s. The length of s is

denoted by |s|. If s = (sps1...8n-1) and i < w, then s7i stands for



the sequence (8gs1 ... S$p—1%).

In this note we will notoriously refine Polish topologies by turning
countably many closed sets into open sets. We do this as described
in [1], that is the open sets of the ancient topology together with
their portion on the members of our collection of closed sets serve as
a subbase of the new, finer topology. We will use that the topology

obtained in this way is also Polish.

Definition 10. Let (X,7) be a Polish space, P = {P;: i < w} be
a countable collection of TIY(7) sets. Then 7[P] denotes that Polish
topology refining 7 where each P; (i < w) is turned successively into

an open set.

It is easy to see that the resulting finer topology 7[P] is independent
from the enumeration of P. This will be clear shortly when we fix a

base of 7[P].

Definition 11. If the basic open sets G are fixed in the Polish space
(X,7) and P is a countable collection of I (1) subsets of X the basic
open sets of T[P] are the sets of the form GNFyN---NF,_; or G
with G € G, F; € P (i < n); a basic 7[P]-open set is said to be proper

if it is not 7-open.

Observe that the basic open sets defined on this way form a basis
of 7[P]. From now on whenever a Polish space (X,7) appears we
assume that a countable basis comprised of basic 7-open sets is fixed
with respect to the convention of Definition 11. We take X to be basic

T-0open.



The closure of a set A C (X, 7) is denoted by cl.(A). We will never
have to fix a special compatible metric on our Polish spaces but we
will condition on the diameter of sets. In this case diam, denotes the
diameter in an arbitrary fixed metric generating 7. We assume that
diam,(X) < 1.

We recall that a T13(7) subset G of the Polish space (X, 7) is itself a
Polish space with the restricted topology 7| (see e.g. [1], (3.11) The-
orem). In particular, the notions related to category in the topology
7 make sense relative to G.

We will use the following result in the special £ = 3 case (see e.g.
[3], page 433). Recall that for to sets Ag, A1 C X we say that G C X

separates Ag from Ay if we have Ag C G C X \ 4.

Theorem 12. (A. Louveau, J. Saint Raymond) Let 3 < £ < wy and
(X, 7) be a Polish space. If P: C C is proper Hg(Tc) and Ay, A1 C X
is any pair of disjoint analytic sets, then either Ag can be separated

from Ay by a 22(7') set or there is a continuous one-to-one map

o+ (C,70) = (X.7) with p(Py) C Ag and o(C'\ P) C Ar.

3 The IIj set of Lusin

We fix one special 113(7¢) set which will play multiple roles in the
sequel. Since the method we apply had already been used by Lusin to
build (probably the first) proper I13(7¢) set, we denote it by Pr. This
construction has already been used in [7] in a special case.

Let (X,7) be an uncountable Polish space. For every finite se-



quence s € w<%, fix a nonempty perfect set Py C X with the following

properties:
Pe’\imPe’\j =0 (SE(‘)<wa 1 <] <(4)); (2)

P, C P, and P is 7|p,-nowhere dense in
(P, 7|p,) (t C s €ws¥); (3)

U Py~; is 7| p,-dense in (Ps, 7|p,) (s € w<Y). (4)

1<w
To have Py~; C Py (i < w), one simply has to take a countable
dense subset Dy = {dy,ds,...} C Ps and cover successively every
d; with a perfect set Ps~; which is nowhere dense in (Ps, 7¢|p,) and
disjoint from Py~; (j < ¢). Then (1-4) obviously hold. Once this

done, let

Pn={Ps: s €w™’, |s| <n} (n <w), (5)

P={X\P:i<uw} (6)
and let P¥Y = (),

r= J Ps(z'<w),PL:nPi:X\U(X\Pi). (7)

|s| =1

We introduce two topologies related to this construction.

Definition 13. With the notation of (5-6) we set 75 = 7[P,] and

TPL = T1§L [P]



From now on if we take a Pr, in X we assume that the above
construction has been carried out such that (1-7) hold. Observe that
PI C P (i <j <w) by (3), P"is 7[P;]-dense in X by (4) and 7[P;]-
meager in X by (3). By (2) and (3), a basic TEL—open set is of the
form G N Py and a basic 7p,-open set is of the form G N Ps N (X \ P?)
where G is basic T-open, s € w<% and i < w. We will use this without
further reference. We prove a claim on the relation of Pr and the

topologies of Definition 13.
Claim 14.
1. Py ois a TY(7) set.
2. The topologies T}§L and Tp, are Polish and refine 7.

3. If G is basic Tp, -open and G N Py, # 0 then G is in fact basic

<
Tp, -0pen.
4. The topologies Tp,|p, and 75 |p, coincide.

5. If G is basic 75 -open and G N X \ P' # () then G is basic T[P;]-

open.
6. The topologies Tp,|p\ pisi+1 and T|p\ pisi+1 coincide (s € w<¥).
7. Py, is a Tp, -nowhere dense H?(TPL) set.
8. Pr is a Tﬁrl—residual H3(71§L) set.
Proof. We have 1 by (7). By Definition 13, the topologies T;L and
Tp, are Polish and refine 7, which proves 2.

Since 7p, = 7'1§L [P], proper basic 7p, -open sets do not intersect

Pr, which shows 3. Form this we immediately get 4.



By definition, if a set is basic TI§L—0pen then it is basic 7[P,]-open
for some n < w. But a basic 7[P;11]-open but not 7[P;]-open set G’
satisfies G’ C P (i < w), so b follows.

For 6, fix an s € w<¥ and take a basic 7p, -open set H so that
HN P, \ P+ £ (. By definition, H = GNP, N (X \ P for some
basic T-open set G C X, t € w<“ and ¢ < w. From (2) and (3) we get

that |s| <4 and ¢ C s, hence
(G P (X\P)) 0 (PP =GR\ PRI

Thus the topologies TPL\PS\P\SW and T\Pg\P\Sm coincide.

For 7, P, is TI%(7p,) by (6) and (7). So it remains to show that
Py, does not contain any nonempty basic 7p, -open set. Suppose that
G C Pr, and G is nonempty basic 7p, -open. Then by 3, G is basic T;L—
open hence basic 7[P,]-open for some n < w. But P" is 7[P,|-meager,
so G  P™ which contradicts G C P;, C P™.

For 8, it is enough to show that P’ is 75, -dense (i < w); being
75, -open this implies that each P? and hence Pj, is 75, -residual. By
(3) and (4) we have that P’ is 7[P;] dense in X and contains P’
(i <j <w). Soif G is a basic 75 -open set then either G is 7[P;]-
open and so P' N G # (), or G is not 7[P;]-open hence G C P’. This

proves the statement.Hl

The next theorem contains the striking property of Pr.

Theorem 15. Let (X, 7) be a Polish space, (Ps)gcw<e be a family of
119(7) subsets of X satisfying (1-4). Let P, P" (n < w) and Py, be as

in (5-7). Then for every (1) set A C X and basic 7p, -open set G
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with G N P, # 0, whenever AN Py, is Tp, |p, -residual in G N Py, then

A is Tp, -residual in G.

Proof. Let A C X be II3(7), G be a basic 7p,-open set with
G N P;, # 0 and suppose that AN Py, is 7p, |p,-residual in G N Pr,.
Observe that since A is I(7), (II3(7[Py]) (n < w), TI§(7p, ), resp.), the
notions “meager” and “nowhere dense” coincide for A in the topology
7, (T[Pn] (n <w), 7p,, resp.).

By Claim 14.3, G is actually Tﬁ{l—open. Since by Claim 14.8, Py is
75, -tesidual in X and by Claim 14.4 the topologies 7p, |p, and 75 |p,
coincide, we have that A is TEL—residual in G. Suppose that A is
not 7p, -residual in G; that is we have a nonempty basic 7p, -open set
G' C G such that AN G’ is 7p,-meager thus 7p, -nowhere dense in
G'. So by passing to a nonempty proper basic 7p,-open subset we
can assume that AN G’ = (). Since P/ C P! (i < j < w), we have
G'=G"N (X \ P") for some n < w where G" C G is basic 75 -open.
Since G"N(X\ P™) # 0, from Claim 14.5 we get that G” is basic 7[P,,]-
open. Now G" C G implies that A is 75 -residual hence 755 -dense in
G". Since 7[Py] is coarser than 75 , A is 7[Py]-dense so 7[Pp]-residual
in G”. Thus A and X \ P" are both 7[P,]-residual in G" which yields

ANG"N (X \ P") # 0, a contradiction which completes the proof.l

The following theorem describes important corollaries of Theorem
15, and in fact the first four statements can be considered as its refor-

mulation. The fifth statement points out an obvious fact.

Corollary 16. Let G C X be basic Tp, -open with G NP # 0, or

equivalently let G be basic T,§L—0pen.
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1. If AC X isI3(7) and 75 -residual in G then A is Tp, -residual
. ", 4

i G.

2. If AC X is X3(7) and of T,§L -second category in G then A is of

Tp, -second category in G.

8. If AC X is X3(7) and of Tp, -second category in G then A is of

< .
TP, -second category in G.

4. If AC X is I(7) and 7p, -residual in G then A is 75 -residual
o ’ L

in G.
5. P is a proper T1Y(7) set.

Proof. For 1, let A be [13(7) and 75 -residual in G. By Claim 14.8,
P; is a Tﬁrl—residual Hg(T;L) set so ANGNP;, #0and ANGN Py,
is 75, |p,-residual in G N Py. By Claim 14.4 the topologies 75 |p,
and 7p, |p, coincide, so we have that AN G N Py, is 7p, | p,-residual in
G N Pr,. By Theorem 15 we conclude that A is 7p,-residual in G, as
required.

For 2, let A = J;,, Ai with TI3(7) set A; (i < w). As in the proof
of 1, if A is of 7'}§L—second category in GG then there exists an 1 < w
and a basic Tﬁ—open set G' C G with G' N P, # 0 such that A; N P,
is TEL\pL—residual in G' N Pr,. Since by Claim 14.4 the topologies
T;I“PL and 7p, |p, coincide, we have that A; N Py, is 7p, | p, -residual in
G'NPp. Thus G’ is a basic 7p, -open set with G' NPy, # (), Theorem 15
applies and gives that A; is 7p, -residual in G'. Thus A is of 7p, -second

category in (G, as required.

Statements 3 and 5 follow from 1 and 2 by taking complements.
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Finally suppose that Py, is 33(7). Since Py, is T;L -residual in X by
Claim 14.8, from 2 we get that Py, is of 7p,-second category in X. But
Py, is 7p,-nowhere dense by Claim 14.7. This contradiction completes

the proof.l

We prove here another, a bit more technical lemma but of the same

flavor as Corollary 16. We fix a notation in advance.

Definition 17. For every A C X set
ZXPL(A) = el (AN P) (s € w<Y)

and

ZX’P"(A) — P U U ZSX,PL(A) \P‘SH'l.

sew<w

Lemma 18. Let A C X be a 7p, -meager 119(7) set. Then
X,PL . N <w).
1. Zg """ (A) is T|p,-nowhere dense in Ps (s € w<Y¥);
2. X\ 251 (A) is TﬁL—dense in X.

Proof. For 1, suppose that Z;7"(A) is not 7|p,-nowhere dense

in Py for some s € w<“. Then A is 7|p,-dense in G N Py for some
T-open set G satisfying G N P, # (. Since “residual” and “dense”
coincide for TI(7) sets, A is 7|p,-residual in G N Ps. Now the ¥9(7)
set PI**1is 7|p,-meager in G N P, so we have that A is 7|p,-residual
in GNP, \ P+ By Claim 14.6 the topologies 7P, |p,\ plsi+1 and
T|PS\P\S\+1 coincide. So A is 7p, -residual in the 7p, -open GHPS\P‘SH],
a contradiction.

For 2, let G be a basic 7'}§L—open set, say G = G' N Py where G’ is

basic 7-open and s € w<“. We show that G N X \ Z*"2(A) # 0. By
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(2) and (3) we have
P, z%5P(A) C zXPr(A) U plIF,
thus

GNX\Z5PL(A) =

= @' NP\ (PN Z5(4) 26" NP\ (215 (4) U PP,

Since ZSX’PL(A) is 7|p,-nowhere dense in P, by 1, and PIsI*! is 7|p -
meager in P, by (3), G' N P, \ (Z:-7" (A) U PlsIH1) £ (. Hence G N

X\ ZXPr(A) # 0, which completes the proof.H

3.1 Constructible coverings

Our next goal is to show that if (X, 7) is a Polish space and P C X
is a proper I13(7) set then the o-ideal generated by the X3(7) subsets
of P can be covered by a o-ideal Z strongly generated by some Hg(T)
subsets of P such that P ¢ Z. This is surprising because as we will
see later for X = C there are X3(7¢) sets contained by Pj which
can be covered only by 7p, |p, -residual I13(7¢) subsets of Pr. As we
mentioned in the introduction, we think that this is the best covering

result for $-generated ideals which can be obtained in ZFC.

Proof of Theorem 7. First we construct ® = &y, for (X,7) =
(C,7¢) and P = Pi,. For every A € 8§(Pp) fix a presentation A =
Uj<. Aj where A; is TI9(7¢) (j < w). Set

O,(A) = | el (45N Py) (s € w™),
J<lsl
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o,(A) = | ®:(4) (n<w), @A) =) U @A)

Is|=n m<w m<n<w

It is clear that @ (A) is O3(7¢); @,(4) C P* C P™ (m < n < w)
shows ®(A) C Pp. Since A C P, C P" implies A; C ®,(A) for
j < n < w, we also have A C ®(A). It remains to show that if
At € 8Y(Pp) with its fixed presentation A* = Uj<w Aly (4 < w) then
we can find a point in P\ |J;, ®£(A%). We do this by constructing

inductively a sequence s, € w<“, |s,,| = n (n < w) and a basic 7¢-open

set Gy, (n < w) such that

$n C Spt1 (n <w); (8)

Gn NP, #0 (n<w); (9)

clr (Gni1) C Gr (n <w); (10)

Gni1 N Py SO\ |J @ (47) (n <w). (11)
i<n

Then by (8), (9) and (10) we have

r] G%fjf%n #r@:nui r}‘ganI%n C fi,

n<w n<w

so (11) gives
() Gun P, CPL\ ] 2L(4).

n<w i<w

It remains to make the construction. Set sqg = (), Go = C. Suppose
that s,, G, are already defined; we find our s,y1, Gy11. By (2),
®, (AN P, =, (A") (i < w). First we obtain a basic 7¢-open set
G C Gy, such that GNP, # ) and GNP;, N®,, (AY) =0 (i < n). For
this we show that @, (A’) (i < n) is 7¢|p,, -nowhere dense in P;,.

We have @, (A") = Uj<s clTC(A§ NPs,) (1 <n). Since Py, is 7p, -

meager by Claim 14.7 and A; C Pr, A; is a 7p, -meager I19(7¢) set
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(i <n, j <|sp|). Hence by Lemma 18.1, CITO(A;- NP, ) (i<n, j<
|sn|) is 7¢|p,, -nowhere dense in Ps,. So ®,,(A") (i < n) is indeed
7c|p,, -nowhere dense in P; .

We obtained that there is a basic 7c-open set G C G, which
satisfies GNPy, # 0 and GNPy, C C\U, <, ®,(A"). We can pass to a
basic 7¢-open subset Gy,41 C cl;,(Gp41) C G such that G, NPy, #
(0; then we have (10). By (4) we can find an s, C sp41 € w<Y,

|$nt1] = n+ 1 with Py, N Gpq1 # 0, thus (8), (9) and (11) hold.

nt1
This choice completes the inductive step and the proof of the special
case.

If (X,7) and P are arbitrary, by Theorem 12 we can take a con-
tinuous one-to-one map ¢: (C,7¢) — (X, 7) such that ¢ '(P) = Py,.

For A € SY(P) let

©(4) = (P\p(P) Up(@r(p ' (4)).

Since homeomorphism preserves the Borel class of sets, this definition

makes sense and fulfills the requirements.ll

Onme could say that Theorem 7 is trivial if the %.3(7¢) subsets of Py,
(which are all 7p, | p, -meager by Corollary 16.2, Claim 14.4 and Claim
14.7) could be covered by a 7p, | p, -meager I13(7¢) subset of Pr. Then
a category argument would give that

P\ | @A) £0 (A, A" € S§(P) (i <w)).
1<w
However, this is not the case. The construction in the following claim

has already been used by S. Solecki in [9] to prove Theorem 1.
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Claim 19. There is a $3(7¢) set A C Py, such that if B is TI3(7¢)

and A C B then BN Py, is Tp, |p, -residual in Pr,.

Proof. In this proof B(x,e) denotes the 7¢-open ball centered at
x € C with radius € > 0. Fix a v € w<¥ \ {0} and a basic 7c-open
set V satisfying V N P, # (). We define an injection ¢: w<¥ — w<%, a

map j: w<* — w and basic T¢-open sets (U;)en,<e with the following

properties.
Up =V, () =v; (12)
sCt = ¢(s) C p(t); (13)
Us C clr, (Us) € U\ Py~ jry (5,8 € w2, ¢ C s); (14)
Uy U =0 (5.t € 0=, 1] = |s|); (15)
diam, (U,) < 2711 (5 € 0<); (16)
Us N Pyp(o)~j(s) # 0 (s € 0=); (17)

Ve e UgN Pcp(s)’\j(s) Ve >0

Ji < w(Ug~; C B(z,€)) (s € w<Y). (18)

Suppose that the construction is done. Let
A?),V = m U Ug.
n<w sew<v, |s|=n
This set is II9(7¢), we show that A, C Pp. By (15) we have

A?;,V: U ﬂ Urr\n

ogew¥Y n<w

By (16), (17) and (3) we have

) Us, = () (Ua), N Pyio),) € Pr (0 € )

n<w n<w
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so indeed A, v C Pr.
Next we show that Us N Py~ j(s) C clr, (UsNAyv) (s € w<?). Let
T € Us N Py(g)~j(s)- By (18) there is a sequence (i;);<, € w such that
Us~i, C B(z,1/1). By (14) and (16) we have A, vy NU; # 0 (s € w<¥),
in particular A,y NUs~;, # 0 (I < w) so indeed z € cl,, (Us N A, v ).
Finally we show that every X9(7¢) set H C C for which A, v CH

is of TEL—second category in VN P,. Let H = | H; where H; is

1<w
I%7¢) (i < w). By the Baire Category Theorem in A, v, there is

an ¢ < w such that H; N A, v is of 7¢|4, ,-second category in A, v,

v,V
say H; contains a basic T(;|Avﬁv—0pen set G N A, v where G is basic
Tc-open. By (16) there is an s € w<% such that U; C G. By (17) we

have Uy N Py(5)~j(s) # 0. As we have seen above,
UsN P@(s)’\j(s) - (317—(/,(US N Au,V) - CITC(G N AU,V) C H;.

Since Pys)~ sy € Py by (12) and (13), H; and thus H is indeed of
Tﬁ{l—second category in V N P,.

To have A, fix an enumeration {(v;, Vi): i < w} of the pairs (v, V)
where v € w<¥ \ {0}, V is basic 7c-open and V N P, # (. Set A =

Uicw Avivi- If Bis a 1Y(7¢) set containing A, say B = Ni<o Bi with
B; ¥9(7¢) then as we have shown above, B; (i < w) is of 75, -second
category in every nonempty TEL—open set. So B; (i < w) and hence B
is Tﬁil—residual. Then by Claim 14.8, BN Py, is 71§L\pL residual in Py,
by Claim 14.4 the topologies 75 |p, and 7p,|p, coincide, so BN Py, is
7p, | p,-residual in Pr, as stated.

So it remains to make the construction; we do this recursively. Set

Up =V, () = v and let j(§) < w be such that VN P,~ ;) # 0; such
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a j(0) exists by (4). So we have (12-17) for s = (). Suppose that we
already have Us, ¢(s) and j(s) for s € w<“, |s| < n such that (13-17)
hold for |s|,|¢| < n and (18) holds for |s| < n. For every s € w<“ with

|s| = m, using (3), we can fix a countable set
D, = {ds(i): 1 < u)} CUgnN Pap(s) \ Pap(s)’“j(s)

with the property that cl,. (D) = D U cl,. (Us N Py~ j(s))- Then we

can find a basic 7¢-open neighborhood Us~; of dg(7) such that

Us~i N Pcp(s) 7'é wa CIT(; (Us"z') C U \ P(p(s)’\j(s)7

Us’\iﬂUs"j :w (Za] <w, 27'&.7)

and diam,. (Us~;) < 2"71% (i < w). Then (14-16) hold for |s| <
n + 1 and (18) holds for |s| < m. Define ¢(s) C ¢(s74) to have
P~ NUs~i # 0 (i < w); this is possible by (4). Then (13) holds
for |s|,|t| < n+ 1. Again by (4), we can have j(s7i) < w such that

P,

o(s~i)~j(s~i) NUs~i # 0 (i <w). Then also (17) holds for |s| < n+1.

This completes the recursive step and the proof.l
To close this section we prove Theorem 8.

Proof of Theorem 8. Suppose that A ¢ 7. Let S C A be a
7| a-dense countable set. Then S C X is %9(7) and A C cl.(S) shows
cl,(S) ¢ T. Since T is strongly generated by its 11{(7) members this

implies S ¢ Z and the proof is complete.l
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3.2 An unwitnessable ideal

By assuming the Continuum Hypothesis we can cover the %3(7¢) sub-
sets of Pp, in C by II3(7¢) sets such that Py, is not in the o-ideal gen-
erated by the covering sets. Combining Theorem 15 with the previous
example we see that in this case the covering I13(7¢) sets cannot be
the subsets of Pr: a II3(7¢) subset of P;, should be 7p, |p, -meager
in P, while we have constructed a ¥(7¢) subset of P, which can be
covered only by 7p, | p,-residual 113(7¢) subsets of Py,. For this cov-
ering by II9(7) sets, Theorem 12 is too “imprecise” in the sense that
0

it does not care about the presentation of IT¢(7) sets. We prove an

alternative for £ = 3.

Lemma 20. Let (X,7) be a Polish space, (Ps)scu<e be a family of
19(7) subsets of X satisfying (1-4). Let P, P" (n < w) and Py, be as
in (5). Let A be a fized Tp, -meager I(7) set. If x* € X \ ZXPr(A)
and U C X is basic T-open with x* € U then there is a T-compact set
F C X such that z* € F CU\ A and (F N Py)gcu<w satisfies (1-4) in

the Polish space (F,T|p).

Proof. Let § = {Gy,: n < w} be an enumeration of the sets of
the form G N Ps (s € w<¥, G basic T-open). Let r € w<¥ be such
that z* € P, \ PI"I*1. We define recursively a tree T C w<* and T =
{(Vs, Xs): s € T} such that TNw" (n < w) is finite, V, C X (s € T') is
a basic T-open set, X = {25~ i<w, s 1 €T} C X\ Py (seT)is

a finite set, and with V" = Usems‘:nVs, X" = Usems‘:n X5 (n <w)
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the following hold:

€ X" C X" (n <w); (19)
cly(Vs~i)) CVs CU (i <w, 5,574 €T); (20)
VinVi=0(s,t €T, |s| = [t]); (21)
diam, (V;) < 275 (s € T); (22)
ViniN X5 ={z5~i} (i <w, sTi€T); (23)
cl(Gp) N X™ = @ implies G, N V" = (n < w); (24)

if i < |r| is maximal such that z; € P, then
Vinel (P, NA) =0 (seT); (25)
if z;, € P, for some s € T, t € w<% then
XNV (P, \P™) #£0 (m < t]);  (26)
if 2, € P, for some s € T, t € w<“ then

X, nV,n )P #0. (27)

<w

Suppose that the construction is done, we show that

F= ﬂV"‘:clT<U X”)

n<w n<w
fulfills the requirements; here equality follows from (20), (22) and
(23). By (20), (21) and (22), F' is compact, (19) and (20) imply that
e FCU.

We show that FN A = (. If x € F then by (21) and (22) there is

a unique o € w* such that z = (1, V|, Let ¢ < |r| be maximal

n<w ‘n'

for which z,, € P, for infinitely many n < w. By (23) we have

aln

lim,, a0 Ty|, =T 80T € Pr\,—- Fix an n < w such that 4 is maximal for
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which z,(, € P,,. Then by (25), V,;, Ncl(P,;NA) = 0, in particular
T € P, \ A, as stated.

Now we prove that (1-4) holds for (F'NP;)e,<w in the Polish space
(F,7|F). Since (1) and (2) are automatic we only have to check (3)
and (4).

First we show that F N P, = cl.(J X" N Py). Tt is clear that

n<w

FnP; Dl (U X™N Py). For the reverse containment it is enough

n<w
to show that whenever G N F' N Py # () for some basic 7-open set G
then GN X" N Py # () for some n < w; solet GNF NPy # 0. By
regularity we can find another basic T-open set G’ C ¢l (G") C G such
that G'NF NP, # 0. Let G,, = G' N P,. Since G, N V"L £ (, by
(24) we have cl,(G,) N X™ # () hence G N X™ N P, # (), which proves
the statement.

For (3), let s C t and suppose that G N F N P; # () for some basic
7-open set G. We have to show that GN F N P\ P, # (. By the
preceding, z,, € GNP, for some u € T, so by (19), (20), (22) and (23),
Xy = Ty € V,, C G for some u C v € T. Then by (26) for m = |s| < |¢]
we get X, NV, N (P, \ P"*) # 0. Since P, C P™*! X, C F and
Vy € G, we have GNF N (Ps \ P) # 0, as required.

For (4), suppose that GNFNP; # () for some basic 7-open set G and
t € w<¥. We have to find some i < w such that GNF N P~; # (. Let
T, € G N Py; as above, we have au Cv € T with z, =z, € V,, C G.

Then by (27), X, NV, NnU,.., Pi~i # 0, so from V,, C G and X, C F

<w

we have GNF N, Pi~i # 0 and we are done.

i<w

We do the construction recursively such that after the N step
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of the recursion (19-25) hold for n < N while (26) and (27) hold for
z, € XN Put ) € T, set zy = 2* and let z* € Vj C U be a basic
7-open set such that VjyNel (P, N A) = 0; this choice is possible since
x* ¢ ZXPL(A), which means that z* ¢ cl,(P. N A). So zy, V) meet
the requirements.

Suppose that T Nw? is defined, we have XV =1 and V¥ such that
(19-25) hold for n < N, (26) and (27) hold for z, € XV~!. We extend
T up to level N + 1 and define XV, V¥*1 such that (19-25) hold for
n < N +1, (26) and (27) hold for 2, € XV as follows. Let s € T,
|s| = N be arbitrary; since z5 ¢ Pr, to satisfy (26) and (27) for z
we have to take only finitely many points. We show that we can pick

each of these points z in V; such that
if i <|[r| is maximal for which z € P, then x ¢ cl.(P,, N A). (28)

Let zs € P, for some t € w<“. For (26) let m < [t|, and let
i < |r| be maximal such that P, C P,,. We distinguish two cases. If
Py, = P, then by Lemma 18.1, ¢l (P, NA) is 7|p, -nowhere dense
in P, so by (3) we can pick a point in V,N Py, \(P™ " Ucl, (P, NA)).
If P, C Py, then by (2) for every y € P, i is the maximal for which
€ P,,. Since z; € Py, we have VyNel (P,,NA) = 0 by (25). By (3)
we can pick a point z in VN Py, \ P! such that = ¢ cl.(P,, N A)
follows from x € V.
For (27), if z; € P+ then z, € X, shows (27). So suppose that
zs ¢ PU+1. By (4) we have a j < w such that V, N P~; # 0. By
Lemma 18.1, cl;(P;~; N A) is 7| p,~ ,-nowhere dense in P~ ; so we can

pick a point 2 in Vs N P~ \ cl(P~;NA). Let i < |r| be maximal for
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whichz € P,,. If r[; = 7 j then we have z ¢ cl, (P, ,NA). Ifr|; #t7j
then P, C P,,. We show that for z, as well, 7 is the maximal such
that o5 € P,,. If P, = P,, then this follows from z ¢ P! while
if P, C P, then we are done by the maximality of i for z. Thus by
(25), Vs Nel (P, N A) =0 so z € V gives ¢ cl (P, N A).

Index zs and the new points with s7i (i < ng) for some ny, < w,
put s7i € T (i < ng) and take pairwise disjoint basic 7-open sets
Zs~i € Vs~; Ccly(Vs~;) C Vi such that (21), (22), (24) and (25) hold;
observe that (25) can be satisfied by (28). Since (19), (20), (23), (26)

and (27) hold, this completes the recursive step and the proof.l

Instead of covering Y3(7) sets by T19(7) sets we define X9(7) sets
avoiding them. The sequence of $9(7) sets constructed for this must

be specially nested.

Definition 21. Let (X, 7) be a Polish space and consider Pj, in X.
Let 0 < ¢ < wy. Set BY = {X} while for 0 < a < (, let B* =
{B&: i < w} be a collection of pairwise disjoint IIY(7) subsets of X.
icw B (@ <€), B¢ = Nyeo B Let 7la] = 7[Uy, B,
75, 10] = 75, o B”) and 7p,[0] = 75, (U BY] (@ < ). We say

that (B*),, is Pr-nested if

Set B* = |

1. BF C B* (a < B <();
2. B®is 75 [a]-dense in X (a < ();
3. B? is 7[a)-compact (o < (, 1 < w);

7

4. (Ps N By)scw<w satisfies (1-4) in the Polish space (B, T[e]|B,)

for every a < ( if ( is successor and for a < ¢ if ¢ is limit.
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Since a compact Polish topology on a base set has no nontrivial
compact Polish refinement, Definition 21.3 says in particular that on
B{* the topologies 7[(] (8 < «) coincide. In the sequel we use this
property without further reference. Next we show that Definition

21.4 holds for limit a = (, as well.

Lemma 22. Let (Ba)a« be a Pr-nested sequence for some ( < wi

and suppose that A C B¢ is TIY(7[¢]|.) and 7p, [(]|p -meager. Then
1. B is 1 []-residual in X;

2. if ¢ is a limit ordinal then (Ps N Be)sew<w satisfies (1-4) in the

Polish space (B¢, T[C]|B,);
8. B¢\ ZPoPLOBc(A) is 75, [(l . -dense in Bg;

4. PLﬂBc?é@.

Proof. By Definition 21.1 and 2, B® (« < () is 75, [a]-dense and
75, [(J-open (o < (). Since a 75 [¢]-open but not 75 [a]-open set is
contained in B* (a < (), B* (a < () is also 75 [(]-dense. Hence B®
(@ < ¢) and so B¢ is 75, [¢]-residual in X, which is 1.

For 2, we have (1) and (2) automatically. To have (3), let ¢ C s
and suppose that G'N P; # § for some basic 7[(]|p.-open set. That is,
G = G' N By N B, for some basic 7-open set G', a < ¢ and n < w.

But (3) holds in BY

n?’

in particular U = BYNG' NP\ Py # 0. Now U
is a 75 [(]-open set, so given that B¢ is 75 [(]-residual by 1, we have
U N B¢ # 0, as required.

To see (4) fix an s € w< and a basic 7((]|p.-open set G with

G N P; # 0. As before, we have that G = G' N By N B¢ for some
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basic T-open set G', @ < ¢ and n < w. Now (4) holds in B? hence
BiNG' ' NU;c, Ps~i # 0, say U = B NG' N Py~; # 0 for some i < w.
Again, U is a 75 [(]-open set, so given that B is 75 [¢]-residual by 1,
we have U N B # 0, which proves the statement.

We have 3 since for ¢ limit by 2, for { successor by Definition 21.4,
Lemma 18.2 holds in the Polish space (B¢, 7(C]|5,)-

Finally by 2 for ¢ limit and by Definition 21.4 for { successor,
Theorem 15.8 applies and we get that Pr, N B¢ is 75 [(]]p,-residual
in Bg; in particular, Pr, N By # (). This shows 4 and completes the

proof.H
Now we have everything to construct our unwitnessable ideal.

Proof of Theorem 6. If CH is assumed set A = SY (Pyr,). First
we prove the special case (X,7) = (C,7¢), P = Py,. For every A € A

fix a presentation A = |J,__ A(i) where A(i) C Py, is II3(7¢). Let

1<w
{A,: a < wi} be an enumeration of {A(i): A € A, i <w} C PY(Py)

such that Ag = (). We shall construct a Pr-nested sequence (B%)

a<wi

such that
A,NBY=0 (@ < wy). (29)
Once this done set
Ip, ={GCC:Ja<w (BaNG=0)},
or, since B,y1 € B* C B, (@ < wy) by Definition 21.1, equivalently

IPL :{GQO da < wq (BQHGZQ))}
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By Definition 21, Zp, is a o-ideal. Also by Definition 21.1, Zp, is
strongly generated by its 15 (7¢) members. By (29) it contains A.
Finally Lemma 22.4 implies that Pr, ¢ Z, as required.

It remains to make the construction. We proceed by induction; to
start with, set B = {B{} with B) = C. Suppose that B* is defined
for @ < ¢ such that the sequence (B®),<¢ is Pr-nested and (29) hold.
By Definition 21.4 if ¢ is a successor and by Lemma 22.2 if { is limit,
{Pr.0 B¢, 7p [ClB, } is a topological Hurewicz test pair; in particular,
Pr,N B¢ is Tp, [C]|;qC meager in B¢. Since Ac N B C P, N B¢, Ac N B¢
is a 7p, [¢]| B.-meager TI9(7[(]|p,) set. So by Lemma 22.3 we can fix a

countable set
Y = {2,:n <w} C B\ ZPPNBe (4. N By)

such that Y is 75 [(]|.-dense in the Polish space (B¢, 75, [(]|,). We

define recursively BS (n < w) such that U Bf # B¢ (n < w),

i<n

(B*)a<c41 is Pr-nested and (29) hold.
Suppose that we already have BiC C B¢ for i <n. Let m < w be

minimal with z,, ¢ | Bf and take a basic T¢[(]|p,-open set U C B

i<n

such that z* = z,, € U C B¢ \ U, BS and U U,_, BS # B¢. By
Definition 21.4 if ¢ is successor and by Lemma 22.2 if  is limit, we
can apply Lemma 20 in the polish space (X,7) = (B¢, 7c[(]|B,) for
x*, U, (Ps N B¢)sep<e and A¢ N By, Let BS C B¢ be the resulting
7c[(]|B.-compact set. This defines recursively BC.

We have B¢ N A¢ = 0 so we have to check the conditions of Defini-
tion 21; 1 and 3 are obvious while 2 follows from Y C B¢ using Lemma

22.1. If  is limit, 4 follows for a = ¢ from Lemma 22.2. If  is a suc-
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cessor then we have 4 for a = £ by the induction hypothesis. Now
we check 4 for « = £+ 1; (1) and (2) are automatic. To have (3), let
t C s and suppose that G N P # () for some basic 7¢[¢ + 1]

| B¢y -OPED

set G. Since B¢ is 75, [¢ +1] -open and 75 [¢ + 1] -dense, we

‘B(+1 |B<+1

can assume that G is of the form G' N B,g, for some basic 7¢-open set
G and n < w. But (3) holds in BS, in particular BN G'N P, \ Ps # 0,
as required.

To see (4) fix an s € w<“ and a basic 7¢[¢ + 1] -open set G

By
with G N P, # 0; as before, we can assume that G = G' N B for
some basic 7¢-open set G/ and n < w. Now (4) holds in B§ hence
BSNG'N Ui<w Ps~i # 0 which proves the statement. This completes
the recursive step and the proof of the special case.

For an arbitrary uncountable Polish space (X,7) and Borel not
29(7) set P take a continuous one-to-one map ¢: (C,7¢) — (X,7)

such that ¢ 1 (P) = Pr. Construct Zp, for the family
A= {1 (A): Ae A} C SY(Py).
Let
I={GCX:3G' €Ip (GNp(C)Cp(G)}.

Since homeomorphism preserves the Borel class of sets and X \
©(C) is T-open hence T19(7), this o-ideal is strongly generated by its
[19(7) members. If A C P is in A then ¢ '(4) C Pp, is in A ! so
¢ '(A) € Ip, and hence A € Z. This shows A C Z. Since P, ¢ Zp,

we have P ¢ Z, which completes the proof.ll
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