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Abstra
tWe show that by assuming the Continuum Hypothesis it is possibleto 
onstru
t a �03 set P � R and a �-ideal I � 2R su
h that I 
ontainsthe �03 sets whi
h are the subsets of P , for every A 2 I there is a �02set G 2 I satisfying A � G (i.e. I is strongly �02-generated) butP =2 I. This result is motivated by a question of Arnold Miller. Wealso prove in ZFC several 
overing results related to (strongly) �02-generated ideals.1 Introdu
tionLet (X; �) be a Polish spa
e and let I � 2X be a �-ideal whi
h isgenerated by its �01(�) members, i.e. A 2 I if and only if there are�01(�) sets Fi 2 I (i < !) su
h that A � Si<! Fi. This 
ondition�The resear
h was partially supported by the OTKA grants F 43620 and T 49786.2000 Mathemati
s Subje
t Classi�
ation: 03E15, 54H05, 28A051



makes our task simple if we need to de
ide and to prove whether ananalyti
 set A is in I or not and A happens to be in I; then A 2 Iis witnessed by a 
ountable union of properly 
hosen �01(�) sets. Butwhat ifA =2 I? Unlike the previous 
ase this problem seems to be mu
hmore 
omplex sin
e it may really involve analyti
 sets. However, this
ase is also as simple as possible, as shown by the following result ofS. Sole
ki ([9℄, Theorem 1 on page 1023).Theorem 1. (S. Sole
ki) Given a family of 
losed sets I and an an-alyti
 set A in some Polish spa
e X, either A 
an be 
overed by theunion of 
ountably many members of I or A 
ontains a nonempty �02set G with the property that F \G is meager in G for every F 2 I.Less formally this result says that if a �-ideal I is generated by its�01 members the problem whether an analyti
 set belongs to I or notdepends only on sets of low 
omplexity, namely on �02 sets: A =2 I 
anbe veri�ed by a good �02 subset of A and Baire 
ategory. It is naturalto ask whether this holds for every Borel 
lass (see [8℄).Question 2. (A. Miller) For 2 � � < !1 let I be a �-ideal whi
his generated by its �0� members. Is it true that for every analyti
 setA � X, either A 2 I or there is a �0�+1 set B � A su
h that B =2 I?Before all further spe
ulations it is important to note that thisquestion is already refuted by the following unpublished result of A.Ke
hris and M. Zelen�y. First we give a de�nition.De�nition 3. Let I be an ideal and F � I. We say that I is stronglygenerated by F if for every G 2 I there is an F 2 F su
h that G � F .2



Theorem 4. (A. Ke
hris-M. Zelen�y) Assume V = L. Then thereis an analyti
 set A � 2! and a �-ideal I strongly generated by its�02(�2! ) members su
h that I 
ontains every Borel subset of A.That is the answer to Question 2 is 
onsistently negative. Amongother things, in this paper we aim to relax the 
ondition V = L, asfollows. We introdu
e a notation in advan
e.De�nition 5. Let 0 < � < !1. If (X; �) is a Polish spa
e and P � X,S0� (P ) (P0� (P ), resp.) denotes the 
olle
tion of �0�(�) (�0�(�), resp.)subsets of P .In the next theorem and in the rest of the paper CH abbreviatesthe Continuum Hypothesis.Theorem 6. Let (X; �) be a Polish spa
e and P � X be a Borel not�03(�) set. Let A � S03 (P ) be arbitrary of 
ardinality !1. Then thereis a �-ideal I su
h that1. I is strongly generated by its �02(�) members;2. A � I;3. P =2 I.In parti
ular, by assuming CH there is a �-ideal I su
h that1. I is strongly generated by its �02(�) members;2. S03 (P ) � I;3. P =2 I. 3



Unfortunately this result does not show that Question 2 is 
onsis-tently false. It only reproves a variant of Theorem 4 using only CH.Theorem 6 is sharp when P is �03(�) in the sense that I 
ontains allthe Borel subsets of P whi
h has lower Borel 
lass than P . We alsoprove two ZFC results related to ideal generation. The �rst 
onstru
ta �03 
overing for �02-generated ideals and we think that this is thebest one 
an obtain in ZFC.Theorem 7. Let (X; �) be an un
ountable Polish spa
e and P � X bea �03(�) set whi
h is not �03(�). Then there is a mapping �: S03 (P )!P03 (P ) su
h that A � �(A) andP n [i<!�(Ai) 6= ; (A;Ai 2 S03 (P ) (i < !)):The following easy theorem is the analogous result of Theorem 1for strong generation.Theorem 8. Let (X; �) be a Polish spa
e and A � X be an analyti
set. If an ideal I � 2X is strongly generated by its �01(�) membersthen either A 2 I or there is a �02(�) set S � A so that S =2 I.Theorem 6 also shows that the Theorem 7 and Theorem 8 are insome sense the best possible ZFC results. The nontrivial proofs arebased on the theory of topologized Hurewi
z test sets initiated in [6℄and developed in [5℄Let us turn ba
k to Question 2. The analogous question for stronggeneration is the following.Question 9. Let (X; �) be a Polish spa
e and let 0 < � < !1. If a�-ideal I � 2X is strongly generated by its �0�(�) members and an4



analyti
 set A � X is not in I does there exists a �0�+1(�) set B � Asu
h that B =2 I ?Despite Theorem 4, in view of Theorem 6 it seems to be interestingto look for an alternative proof (without V = L) for the fa
t that forevery 2 � � < !1 the answer to Question 2 and/or to Question 9 is
onsistently negative. Mostly be
ause in the proof of Theorem 6, CHis used for having only !1 many �03 sets to handle, so this result ismore \des
riptive" than \set theory".In the end we remark that Theorem 1 has numerous important
orollaries so it would be ni
e if an analogous statement was 
onsis-tently true for the higher Borel 
lasses. However, it seems to be openwhether the answer to Question 2 and/or to Question 9 is 
onsistentlypositive for every/some 2 � � < !1.2 PreliminariesOur terminology and notation follow [1℄. As usual, �0�(�) (�0�(�) resp.)(0 < � < !) stands for the �th multipli
ative (additive resp.) Borel
lass in the Polish spa
e (X; �), starting with �01(�) = 
losed sets,�01(�) = open sets. A set is 
alled proper �0�(�) if it is �0�(�) but not�0�(�) (0 < � < !1).Let (C; �C) denote the Polish spa
e 2! with its usual produ
t topol-ogy. For two �nite sequen
es s; t 2 !<!, we write s � t (s � t, resp.)if t is an extension (a proper extension, resp.) of s. The length of s isdenoted by jsj. If s = (s0s1 : : : sn�1) and i < !, then s_i stands for5



the sequen
e (s0s1 : : : sn�1i).In this note we will notoriously re�ne Polish topologies by turning
ountably many 
losed sets into open sets. We do this as des
ribedin [1℄, that is the open sets of the an
ient topology together withtheir portion on the members of our 
olle
tion of 
losed sets serve asa subbase of the new, �ner topology. We will use that the topologyobtained in this way is also Polish.De�nition 10. Let (X; �) be a Polish spa
e, P = fPi : i < !g bea 
ountable 
olle
tion of �01(�) sets. Then � [P℄ denotes that Polishtopology re�ning � where ea
h Pi (i < !) is turned su

essively intoan open set.It is easy to see that the resulting �ner topology � [P℄ is independentfrom the enumeration of P. This will be 
lear shortly when we �x abase of � [P℄.De�nition 11. If the basi
 open sets G are �xed in the Polish spa
e(X; �) and P is a 
ountable 
olle
tion of �01(�) subsets of X the basi
open sets of � [P℄ are the sets of the form G \ F0 \ � � � \ Fn�1 or Gwith G 2 G, Fi 2 P (i < n); a basi
 � [P℄-open set is said to be properif it is not � -open.Observe that the basi
 open sets de�ned on this way form a basisof � [P℄. From now on whenever a Polish spa
e (X; �) appears weassume that a 
ountable basis 
omprised of basi
 � -open sets is �xedwith respe
t to the 
onvention of De�nition 11. We take X to be basi
� -open. 6



The 
losure of a set A � (X; �) is denoted by 
l� (A). We will neverhave to �x a spe
ial 
ompatible metri
 on our Polish spa
es but wewill 
ondition on the diameter of sets. In this 
ase diam� denotes thediameter in an arbitrary �xed metri
 generating � . We assume thatdiam� (X) � 1.We re
all that a �02(�) subset G of the Polish spa
e (X; �) is itself aPolish spa
e with the restri
ted topology � jG (see e.g. [1℄, (3.11) The-orem). In parti
ular, the notions related to 
ategory in the topology� make sense relative to G.We will use the following result in the spe
ial � = 3 
ase (see e.g.[3℄, page 433). Re
all that for to sets A0; A1 � X we say that G � Xseparates A0 from A1 if we have A0 � G � X nA1.Theorem 12. (A. Louveau, J. Saint Raymond) Let 3 � � < !1 and(X; �) be a Polish spa
e. If P� � C is proper �0�(�C) and A0; A1 � Xis any pair of disjoint analyti
 sets, then either A0 
an be separatedfrom A1 by a �0�(�) set or there is a 
ontinuous one-to-one map' : (C; �C)! (X; �) with '(P�) � A0 and '(C n P�) � A1.3 The �03 set of LusinWe �x one spe
ial �03(�C) set whi
h will play multiple roles in thesequel. Sin
e the method we apply had already been used by Lusin tobuild (probably the �rst) proper �03(�C) set, we denote it by PL. This
onstru
tion has already been used in [7℄ in a spe
ial 
ase.Let (X; �) be an un
ountable Polish spa
e. For every �nite se-7



quen
e s 2 !<!, �x a nonempty perfe
t set Ps � X with the followingproperties:P; = X; (1)Ps_i \ Ps_j = ; (s 2 !<!; i < j < !); (2)Ps � Pt and Ps is � jPt-nowhere dense in(Pt; � jPt) (t � s 2 !<!); (3)[i<!Ps_i is � jPs-dense in (Ps; � jPs) (s 2 !<!): (4)To have Ps_i � Ps (i < !), one simply has to take a 
ountabledense subset Ds = fd1; d2; : : : g � Ps and 
over su

essively everydi with a perfe
t set Ps_i whi
h is nowhere dense in (Ps; �C jPs) anddisjoint from Ps_j (j < i). Then (1-4) obviously hold. On
e thisdone, let Pn = fPs : s 2 !<!; jsj < ng (n � !); (5)P = fX n P i : i < !g; (6)and let P! = ;,P i = [s 2 !<!jsj = i Ps (i < !); PL = \i<!P i = X n [i<! �X n P i� : (7)We introdu
e two topologies related to this 
onstru
tion.De�nition 13. With the notation of (5-6) we set �<PL = � [P!℄ and�PL = �<PL [P℄. 8



From now on if we take a PL in X we assume that the above
onstru
tion has been 
arried out su
h that (1-7) hold. Observe thatP j � P i (i � j < !) by (3), P i is � [Pi℄-dense in X by (4) and � [Pi℄-meager in X by (3). By (2) and (3), a basi
 �<PL-open set is of theform G\Ps and a basi
 �PL-open set is of the form G\Ps \ (X nP i)where G is basi
 � -open, s 2 !<! and i � !. We will use this withoutfurther referen
e. We prove a 
laim on the relation of PL and thetopologies of De�nition 13.Claim 14.1. PL is a �03(�) set.2. The topologies �<PL and �PL are Polish and re�ne � .3. If G is basi
 �PL-open and G \ PL 6= ; then G is in fa
t basi
�<PL-open.4. The topologies �PL jPL and �<PL jPL 
oin
ide.5. If G is basi
 �<PL-open and G\X n P i 6= ; then G is basi
 � [Pi℄-open.6. The topologies �PL jPsnP jsj+1 and � jPsnP jsj+1 
oin
ide (s 2 !<!).7. PL is a �PL-nowhere dense �01(�PL) set.8. PL is a �<PL-residual �02(�<PL) set.Proof.We have 1 by (7). By De�nition 13, the topologies �<PL and�PL are Polish and re�ne � , whi
h proves 2.Sin
e �PL = �<PL [P℄, proper basi
 �PL-open sets do not interse
tPL, whi
h shows 3. Form this we immediately get 4.9



By de�nition, if a set is basi
 �<PL-open then it is basi
 � [Pn℄-openfor some n < !. But a basi
 � [Pi+1℄-open but not � [Pi℄-open set G0satis�es G0 � P i (i < !), so 5 follows.For 6, �x an s 2 !<! and take a basi
 �PL-open set H so thatH \ Ps n P jsj+1 6= ;. By de�nition, H = G \ Pt \ (X n P i) for somebasi
 � -open set G � X, t 2 !<! and i � !. From (2) and (3) we getthat jsj < i and t � s, hen
e�G \ Pt \ �X n P i�� \ �Ps n P jsj+1� = G \ Ps n P jsj+1:Thus the topologies �PL jPsnP jsj+1 and � jPsnP jsj+1 
oin
ide.For 7, PL is �01(�PL) by (6) and (7). So it remains to show thatPL does not 
ontain any nonempty basi
 �PL-open set. Suppose thatG � PL and G is nonempty basi
 �PL-open. Then by 3, G is basi
 �<PL-open hen
e basi
 � [Pn℄-open for some n < !. But P n is � [Pn℄-meager,so G 6� P n whi
h 
ontradi
ts G � PL � P n.For 8, it is enough to show that P i is �<PL-dense (i < !); being�<PL-open this implies that ea
h P i and hen
e PL is �<PL-residual. By(3) and (4) we have that P i is � [Pi℄ dense in X and 
ontains P j(i � j < !). So if G is a basi
 �<PL-open set then either G is � [Pi℄-open and so P i \ G 6= ;, or G is not � [Pi℄-open hen
e G � P i. Thisproves the statement.�The next theorem 
ontains the striking property of PL.Theorem 15. Let (X; �) be a Polish spa
e, (Ps)s2!<! be a family of�01(�) subsets of X satisfying (1-4). Let Pn, P n (n � !) and PL be asin (5-7). Then for every �02(�) set A � X and basi
 �PL-open set G10



with G \ PL 6= ;, whenever A \ PL is �PL jPL-residual in G \ PL thenA is �PL-residual in G.Proof. Let A � X be �02(�), G be a basi
 �PL-open set withG \ PL 6= ; and suppose that A \ PL is �PL jPL-residual in G \ PL.Observe that sin
e A is �02(�), (�02(� [Pn℄) (n � !), �02(�PL), resp.), thenotions \meager" and \nowhere dense" 
oin
ide for A in the topology� , (� [Pn℄ (n � !), �PL, resp.).By Claim 14.3, G is a
tually �<PL-open. Sin
e by Claim 14.8, PL is�<PL-residual in X and by Claim 14.4 the topologies �PL jPL and �<PL jPL
oin
ide, we have that A is �<PL-residual in G. Suppose that A isnot �PL-residual in G; that is we have a nonempty basi
 �PL-open setG0 � G su
h that A \ G0 is �PL-meager thus �PL-nowhere dense inG0. So by passing to a nonempty proper basi
 �PL-open subset we
an assume that A \ G0 = ;. Sin
e P j � P i (i � j < !), we haveG0 = G00 \ (X n P n) for some n < ! where G00 � G is basi
 �<PL-open.Sin
eG00\(XnP n) 6= ;, from Claim 14.5 we get that G00 is basi
 � [Pn℄-open. Now G00 � G implies that A is �<PL-residual hen
e �<PL-dense inG00. Sin
e � [Pn℄ is 
oarser than �<PL , A is � [Pn℄-dense so � [Pn℄-residualin G00. Thus A and X nP n are both � [Pn℄-residual in G00 whi
h yieldsA \G00 \ (X n P n) 6= ;, a 
ontradi
tion whi
h 
ompletes the proof.�The following theorem des
ribes important 
orollaries of Theorem15, and in fa
t the �rst four statements 
an be 
onsidered as its refor-mulation. The �fth statement points out an obvious fa
t.Corollary 16. Let G � X be basi
 �PL-open with G \ P 6= ;, orequivalently let G be basi
 �<PL-open.11



1. If A � X is �02(�) and �<PL-residual in G then A is �PL-residualin G.2. If A � X is �03(�) and of �<PL-se
ond 
ategory in G then A is of�PL-se
ond 
ategory in G.3. If A � X is �02(�) and of �PL-se
ond 
ategory in G then A is of�<PL-se
ond 
ategory in G.4. If A � X is �03(�) and �PL-residual in G then A is �<PL-residualin G.5. P is a proper �03(�) set.Proof. For 1, let A be �02(�) and �<PL-residual inG. By Claim 14.8,PL is a �<PL-residual �02(�<PL) set so A \ G \ PL 6= ; and A \ G \ PLis �<PL jPL -residual in G \ PL. By Claim 14.4 the topologies �<PL jPLand �PL jPL 
oin
ide, so we have that A \G \ PL is �PL jPL-residual inG \ PL. By Theorem 15 we 
on
lude that A is �PL-residual in G, asrequired.For 2, let A = Si<! Ai with �02(�) set Ai (i < !). As in the proofof 1, if A is of �<PL-se
ond 
ategory in G then there exists an i < !and a basi
 �<P -open set G0 � G with G0 \ PL 6= ; su
h that Ai \ PLis �<PL jPL-residual in G0 \ PL. Sin
e by Claim 14.4 the topologies�<PL jPL and �PL jPL 
oin
ide, we have that Ai\PL is �PL jPL -residual inG0\PL. Thus G0 is a basi
 �PL-open set with G0\PL 6= ;, Theorem 15applies and gives that Ai is �PL-residual inG0. Thus A is of �PL-se
ond
ategory in G, as required.Statements 3 and 5 follow from 1 and 2 by taking 
omplements.12



Finally suppose that PL is �03(�). Sin
e PL is �<PL-residual in X byClaim 14.8, from 2 we get that PL is of �PL-se
ond 
ategory in X. ButPL is �PL-nowhere dense by Claim 14.7. This 
ontradi
tion 
ompletesthe proof.�We prove here another, a bit more te
hni
al lemma but of the same
avor as Corollary 16. We �x a notation in advan
e.De�nition 17. For every A � X setZX;PLs (A) = 
l� (A \ Ps) (s 2 !<!)and ZX;PL(A) = PL [ [s2!<! ZX;PLs (A) n P jsj+1:Lemma 18. Let A � X be a �PL-meager �02(�) set. Then1. ZX;PLs (A) is � jPs-nowhere dense in Ps (s 2 !<!);2. X n ZX;PL(A) is �<PL-dense in X.Proof. For 1, suppose that ZX;PLs (A) is not � jPs -nowhere densein Ps for some s 2 !<!. Then A is � jPs-dense in G \ Ps for some� -open set G satisfying G \ Ps 6= ;. Sin
e \residual" and \dense"
oin
ide for �02(�) sets, A is � jPs-residual in G \ Ps. Now the �02(�)set P jsj+1 is � jPs-meager in G \ Ps so we have that A is � jPs-residualin G \ Ps n P jsj+1. By Claim 14.6 the topologies �PL jPsnP jsj+1 and� jPsnP jsj+1 
oin
ide. So A is �PL-residual in the �PL-openG\PsnP jsj+1,a 
ontradi
tion.For 2, let G be a basi
 �<PL-open set, say G = G0 \ Ps where G0 isbasi
 � -open and s 2 !<!. We show that G \X n ZX;PL(A) 6= ;. By13



(2) and (3) we havePs \ ZX;PL(A) � ZX;PLs (A) [ P jsj+1;thusG \X n ZX;PL(A) == G0 \ Ps n (Ps \ ZX;PL(A)) � G0 \ Ps n (ZX;PLs (A) [ P jsj+1):Sin
e ZX;PLs (A) is � jPs-nowhere dense in Ps by 1, and P jsj+1 is � jPs-meager in Ps by (3), G0 \ Ps n (ZX;PLs (A) [ P jsj+1) 6= ;. Hen
e G \X n ZX;PL(A) 6= ;, whi
h 
ompletes the proof.�3.1 Constru
tible 
overingsOur next goal is to show that if (X; �) is a Polish spa
e and P � Xis a proper �03(�) set then the �-ideal generated by the �03(�) subsetsof P 
an be 
overed by a �-ideal I strongly generated by some �03(�)subsets of P su
h that P =2 I. This is surprising be
ause as we willsee later for X = C there are �03(�C) sets 
ontained by PL whi
h
an be 
overed only by �PLjPL-residual �03(�C) subsets of PL. As wementioned in the introdu
tion, we think that this is the best 
overingresult for �03-generated ideals whi
h 
an be obtained in ZFC.Proof of Theorem 7. First we 
onstru
t � = �L for (X; �) =(C; �C) and P = PL. For every A 2 S03 (PL) �x a presentation A =Sj<! Aj where Aj is �02(�C) (j < !). Set�s(A) = [j<jsj 
l�C (Aj \ Ps) (s 2 !<!);14



�n(A) = [jsj=n�s(A) (n < !); �L(A) = \m<! [m�n<!�n(A):It is 
lear that �L(A) is �03(�C); �n(A) � P n � Pm (m � n < !)shows �L(A) � PL. Sin
e A � PL � P n implies Aj � �n(A) forj < n < !, we also have A � �L(A). It remains to show that ifAi 2 S03 (PL) with its �xed presentation Ai = Sj<!Aij (i < !) thenwe 
an �nd a point in PL nSi<! �L(Ai). We do this by 
onstru
tingindu
tively a sequen
e sn 2 !<!, jsnj = n (n < !) and a basi
 �C -openset Gn (n < !) su
h thatsn � sn+1 (n < !); (8)Gn \ Psn 6= ; (n < !); (9)
l�C (Gn+1) � Gn (n < !); (10)Gn+1 \ Psn+1 � C n [i�n�n �Ai� (n < !): (11)Then by (8), (9) and (10) we have\n<!Gn \ Psn 6= ; and \n<!Gn \ Psn � PL;so (11) gives \n<!Gn \ Psn � PL n [i<!�L(Ai):It remains to make the 
onstru
tion. Set s0 = ;, G0 = C. Supposethat sn, Gn are already de�ned; we �nd our sn+1, Gn+1. By (2),�n(Ai) \ Psn = �sn(Ai) (i < !). First we obtain a basi
 �C-open setG � Gn su
h that G\Psn 6= ; and G\Psn \�sn(Ai) = ; (i � n). Forthis we show that �sn(Ai) (i � n) is �C jPsn -nowhere dense in Psn .We have �sn(Ai) = Sj<jsj 
l�C (Aij \Psn) (i � n). Sin
e PL is �PL-meager by Claim 14.7 and Aij � PL, Aij is a �PL-meager �02(�C) set15



(i � n; j < jsnj). Hen
e by Lemma 18.1, 
l�C (Aij \ Psn) (i � n; j <jsnj) is �C jPsn -nowhere dense in Psn . So �sn(Ai) (i � n) is indeed�C jPsn -nowhere dense in Psn .We obtained that there is a basi
 �C -open set G � Gn whi
hsatis�es G\Psn 6= ; and G\Psn � C nSi�n�n(Ai). We 
an pass to abasi
 �C -open subset Gn+1 � 
l�C (Gn+1) � G su
h that Gn+1\Psn 6=;; then we have (10). By (4) we 
an �nd an sn � sn+1 2 !<!,jsn+1j = n + 1 with Psn+1 \ Gn+1 6= ;, thus (8), (9) and (11) hold.This 
hoi
e 
ompletes the indu
tive step and the proof of the spe
ial
ase.If (X; �) and P are arbitrary, by Theorem 12 we 
an take a 
on-tinuous one-to-one map ' : (C; �C)! (X; �) su
h that '�1(P ) = PL.For A 2 S03 (P ) let�(A) = (P n '(PL)) [ '(�L('�1(A))):Sin
e homeomorphism preserves the Borel 
lass of sets, this de�nitionmakes sense and ful�lls the requirements.�One 
ould say that Theorem 7 is trivial if the �03(�C) subsets of PL(whi
h are all �PL jPL-meager by Corollary 16.2, Claim 14.4 and Claim14.7) 
ould be 
overed by a �PL jPL-meager �03(�C) subset of PL. Thena 
ategory argument would give thatPL n [i<!�(Ai) 6= ; (A;Ai 2 S03 (P ) (i < !)):However, this is not the 
ase. The 
onstru
tion in the following 
laimhas already been used by S. Sole
ki in [9℄ to prove Theorem 1.16



Claim 19. There is a �03(�C) set A � PL su
h that if B is �03(�C)and A � B then B \ PL is �PL jPL-residual in PL.Proof. In this proof B(x; ") denotes the �C -open ball 
entered atx 2 C with radius " > 0. Fix a v 2 !<! n f;g and a basi
 �C -openset V satisfying V \Pv 6= ;. We de�ne an inje
tion ' : !<! ! !<!, amap j : !<! ! ! and basi
 �C -open sets (Ut)t2!<! with the followingproperties.U; = V; '(;) = v; (12)s � t =) '(s) � '(t); (13)Us � 
l�C (Us) � Ut n P'(t)_j(t) (s; t 2 !<!; t � s); (14)Us \ Ut = ; (s; t 2 !<!; jtj = jsj); (15)diam�C (Us) � 2�jsj (s 2 !<!); (16)Us \ P'(s)_j(s) 6= ; (s 2 !<!); (17)8x 2 Us \ P'(s)_j(s) 8" > 09i < ! (Us_i � B(x; ")) (s 2 !<!): (18)Suppose that the 
onstru
tion is done. LetAv;V = \n<! [s2!<! ; jsj=nUs:This set is �02(�C), we show that Av;V � PL. By (15) we haveAv;V = [�2!! \n<!U�jn :By (16), (17) and (3) we have\n<!U�jn = \n<! �U�jn \ P'(�jn)� 2 PL (� 2 !!)17



so indeed Av;V � PL.Next we show that Us\P'(s)_j(s) � 
l�C (Us\Av;V ) (s 2 !<!). Letx 2 Us \ P'(s)_j(s). By (18) there is a sequen
e (il)l<! � ! su
h thatUs_il � B(x; 1=l). By (14) and (16) we have Av;V \Us 6= ; (s 2 !<!),in parti
ular Av;V \ Us_il 6= ; (l < !) so indeed x 2 
l�C (Us \Av;V ).Finally we show that every �02(�C) set H � C for whi
h Av;V � His of �<PL-se
ond 
ategory in V \ Pv. Let H = Si<!Hi where Hi is�01(�C) (i < !). By the Baire Category Theorem in Av;V , there isan i < ! su
h that Hi \ Av;V is of �C jAv;V -se
ond 
ategory in Av;V ,say Hi 
ontains a basi
 �C jAv;V -open set G \ Av;V where G is basi
�C -open. By (16) there is an s 2 !<! su
h that Us � G. By (17) wehave Us \ P'(s)_j(s) 6= ;. As we have seen above,Us \ P'(s)_j(s) � 
l�C (Us \Av;V ) � 
l�C (G \Av;V ) � Hi:Sin
e P'(s)_j(s) � Pv by (12) and (13), Hi and thus H is indeed of�<PL-se
ond 
ategory in V \ Pv.To have A, �x an enumeration f(vi; Vi) : i < !g of the pairs (v; V )where v 2 !<! n f;g, V is basi
 �C -open and V \ Pv 6= ;. Set A =Si<! Avi;Vi . If B is a �03(�C) set 
ontaining A, say B = Ti<! Bi withBi �02(�C) then as we have shown above, Bi (i < !) is of �<PL-se
ond
ategory in every nonempty �<PL-open set. So Bi (i < !) and hen
e Bis �<PL-residual. Then by Claim 14.8, B \ PL is �<PL jPL residual in PL,by Claim 14.4 the topologies �<PL jPL and �PL jPL 
oin
ide, so B \PL is�PL jPL-residual in PL, as stated.So it remains to make the 
onstru
tion; we do this re
ursively. SetU; = V , '(;) = v and let j(;) < ! be su
h that V \Pv_j(;) 6= ;; su
h18



a j(;) exists by (4). So we have (12-17) for s = ;. Suppose that wealready have Us, '(s) and j(s) for s 2 !<!, jsj � n su
h that (13-17)hold for jsj; jtj � n and (18) holds for jsj < n. For every s 2 !<! withjsj = n, using (3), we 
an �x a 
ountable setDs = fds(i) : i < !g � Us \ P'(s) n P'(s)_j(s)with the property that 
l�C (D) = D [ 
l�C (Us \ P'(s)_j(s)). Then we
an �nd a basi
 �C -open neighborhood Us_i of ds(i) su
h thatUs_i \ P'(s) 6= ;; 
l�C (Us_i) � Us n P'(s)_j(s);Us_i \ Us_j = ; (i; j < !; i 6= j)and diam�C (Us_i) � 2n+1+i (i < !). Then (14-16) hold for jsj �n + 1 and (18) holds for jsj � n. De�ne '(s) � '(s_i) to haveP'(s_i) \ Us_i 6= ; (i < !); this is possible by (4). Then (13) holdsfor jsj; jtj � n + 1. Again by (4), we 
an have j(s_i) < ! su
h thatP'(s_i)_j(s_i)\Us_i 6= ; (i < !). Then also (17) holds for jsj � n+1.This 
ompletes the re
ursive step and the proof.�To 
lose this se
tion we prove Theorem 8.Proof of Theorem 8. Suppose that A =2 I. Let S � A be a� jA-dense 
ountable set. Then S � X is �02(�) and A � 
l� (S) shows
l� (S) =2 I. Sin
e I is strongly generated by its �01(�) members thisimplies S =2 I and the proof is 
omplete.�
19



3.2 An unwitnessable idealBy assuming the Continuum Hypothesis we 
an 
over the �03(�C) sub-sets of PL in C by �02(�C) sets su
h that PL is not in the �-ideal gen-erated by the 
overing sets. Combining Theorem 15 with the previousexample we see that in this 
ase the 
overing �02(�C) sets 
annot bethe subsets of PL: a �02(�C) subset of PL should be �PL jPL-meagerin PL while we have 
onstru
ted a �03(�C) subset of PL whi
h 
an be
overed only by �PL jPL-residual �03(�C) subsets of PL. For this 
ov-ering by �02(�) sets, Theorem 12 is too \impre
ise" in the sense thatit does not 
are about the presentation of �0�(�) sets. We prove analternative for � = 3.Lemma 20. Let (X; �) be a Polish spa
e, (Ps)s2!<! be a family of�01(�) subsets of X satisfying (1-4). Let Pn, P n (n < !) and PL be asin (5). Let A be a �xed �PL-meager �02(�) set. If x? 2 X n ZX;PL(A)and U � X is basi
 � -open with x? 2 U then there is a � -
ompa
t setF � X su
h that x? 2 F � U nA and (F \Ps)s2!<! satis�es (1-4) inthe Polish spa
e (F; � jF ).Proof. Let G = fGn : n < !g be an enumeration of the sets ofthe form G \ Ps (s 2 !<!; G basi
 � -open). Let r 2 !<! be su
hthat x? 2 Pr n P jrj+1. We de�ne re
ursively a tree T � !<! and T =f(Vs;Xs) : s 2 Tg su
h that T \!n (n < !) is �nite, Vs � X (s 2 T ) isa basi
 � -open set, Xs = fxs_i : i < !; s_i 2 Tg � X n PL (s 2 T ) isa �nite set, and with V n = Ss2T;jsj=n Vs, Xn = Ss2T;jsj=nXs (n < !)
20



the following hold:x? 2 Xn � Xn+1 (n < !); (19)
l� (Vs_i) � Vs � U (i < !; s; s_i 2 T ); (20)Vs \ Vt = ; (s; t 2 T; jsj = jtj); (21)diam� (Vs) < 2�jsj (s 2 T ); (22)Vs_i \Xs = fxs_ig (i < !; s_i 2 T ); (23)
l� (Gn) \Xn = ; implies Gn \ V n+1 = ; (n < !); (24)if i � jrj is maximal su
h that xs 2 Prji thenVs \ 
l� �Prji \A� = ; (s 2 T ); (25)if xs 2 Pt for some s 2 T; t 2 !<! thenXs \ Vs \ (Ptjm n Pm+1) 6= ; (m < jtj); (26)if xs 2 Pt for some s 2 T; t 2 !<! thenXs \ Vs \ [i<!Pt_i 6= ;: (27)Suppose that the 
onstru
tion is done, we show thatF = \n<! V n = 
l�  [n<!Xn!ful�lls the requirements; here equality follows from (20), (22) and(23). By (20), (21) and (22), F is 
ompa
t, (19) and (20) imply thatx? 2 F � U .We show that F \A = ;: If x 2 F then by (21) and (22) there isa unique � 2 !! su
h that x = Tn<! V�jn . Let i � jrj be maximalfor whi
h x�jn 2 Prji for in�nitely many n < !. By (23) we havelimn!1 x�jn = x so x 2 Prji . Fix an n < ! su
h that i is maximal for21



whi
h x�jn 2 Prji . Then by (25), V�jn \ 
l� (Prji \A) = ;, in parti
ularx 2 Prji n A, as stated.Now we prove that (1-4) holds for (F \Ps)s2!<! in the Polish spa
e(F; � jF ). Sin
e (1) and (2) are automati
 we only have to 
he
k (3)and (4).First we show that F \ Ps = 
l� (Sn<!Xn \ Ps). It is 
lear thatF \Ps � 
l� (Sn<!Xn\Ps). For the reverse 
ontainment it is enoughto show that whenever G \ F \ Ps 6= ; for some basi
 � -open set Gthen G \ Xn \ Ps 6= ; for some n < !; so let G \ F \ Ps 6= ;. Byregularity we 
an �nd another basi
 � -open set G0 � 
l� (G0) � G su
hthat G0 \ F \ Ps 6= ;. Let Gn = G0 \ Ps. Sin
e Gn \ V n+1 6= ;, by(24) we have 
l� (Gn) \Xn 6= ; hen
e G \Xn \ Ps 6= ;, whi
h provesthe statement.For (3), let s � t and suppose that G \ F \ Pt 6= ; for some basi
� -open set G. We have to show that G \ F \ Ps n Pt 6= ;. By thepre
eding, xu 2 G\Pt for some u 2 T , so by (19), (20), (22) and (23),xu = xv 2 Vv � G for some u � v 2 T . Then by (26) for m = jsj < jtjwe get Xv \ Vv \ (Ptjm n Pm+1) 6= ;. Sin
e Pt � Pm+1, Xv � F andVv � G, we have G \ F \ (Ps n Pt) 6= ;, as required.For (4), suppose that G\F\Pt 6= ; for some basi
 � -open set G andt 2 !<!. We have to �nd some i < ! su
h that G\F \Pt_i 6= ;. Letxu 2 G \ Pt; as above, we have a u � v 2 T with xu = xv 2 Vv � G.Then by (27), Xv \ Vv \Si<! Pt_i 6= ;, so from Vv � G and Xv � Fwe have G \ F \Si<! Pt_i 6= ; and we are done.We do the 
onstru
tion re
ursively su
h that after the N th step22



of the re
ursion (19-25) hold for n � N while (26) and (27) hold forxs 2 XN�1. Put ; 2 T , set x; = x? and let x? 2 V; � U be a basi
� -open set su
h that V; \ 
l� (Pr \A) = ;; this 
hoi
e is possible sin
ex? =2 ZX;PL(A), whi
h means that x? =2 
l� (Pr \ A). So x;; V; meetthe requirements.Suppose that T \!N is de�ned, we have XN�1 and V N su
h that(19-25) hold for n � N , (26) and (27) hold for xs 2 XN�1. We extendT up to level N + 1 and de�ne XN , V N+1 su
h that (19-25) hold forn � N + 1, (26) and (27) hold for xs 2 XN as follows. Let s 2 T ,jsj = N be arbitrary; sin
e xs =2 PL, to satisfy (26) and (27) for xswe have to take only �nitely many points. We show that we 
an pi
kea
h of these points x in Vs su
h thatif i � jrj is maximal for whi
h x 2 Prji then x =2 
l� (Prji \A). (28)Let xs 2 Pt for some t 2 !<!. For (26) let m < jtj, and leti � jrj be maximal su
h that Ptjm � Prji . We distinguish two 
ases. IfPtjm = Prji then by Lemma 18.1, 
l� (Ptjm \A) is � jPtjm -nowhere densein Ptjm so by (3) we 
an pi
k a point in Vs\Ptjmn(Pm+1[
l� (Ptjm\A)).If Ptjm � Prji then by (2) for every y 2 Ptjm , i is the maximal for whi
hy 2 Prji . Sin
e xs 2 Ptjm , we have Vs\
l� (Prji\A) = ; by (25). By (3)we 
an pi
k a point x in Vs \Ptjm n Pm+1, su
h that x =2 
l� (Prji \A)follows from x 2 Vs.For (27), if xs 2 P jtj+1 then xs 2 Xs shows (27). So suppose thatxs =2 P jtj+1. By (4) we have a j < ! su
h that Vs \ Pt_j 6= ;. ByLemma 18.1, 
l� (Pt_j \A) is � jPt_j -nowhere dense in Pt_j so we 
anpi
k a point x in Vs \Pt_j n 
l� (Pt_j \A). Let i � jrj be maximal for23



whi
h x 2 Prji . If rji = t_j then we have x =2 
l� (Prji\A). If rji 6= t_jthen Pt � Prji . We show that for xs, as well, i is the maximal su
hthat xs 2 Prji . If Pt = Prji then this follows from x =2 P jtj+1 whileif Pt � Prji then we are done by the maximality of i for x. Thus by(25), Vs \ 
l� (Prji \A) = ; so x 2 Vs gives x =2 
l� (Prji \A).Index xs and the new points with s_i (i < ns) for some ns < !,put s_i 2 T (i < ns) and take pairwise disjoint basi
 � -open setsxs_i 2 Vs_i � 
l� (Vs_i) � Vs su
h that (21), (22), (24) and (25) hold;observe that (25) 
an be satis�ed by (28). Sin
e (19), (20), (23), (26)and (27) hold, this 
ompletes the re
ursive step and the proof.�Instead of 
overing �03(�) sets by �02(�) sets we de�ne �02(�) setsavoiding them. The sequen
e of �02(�) sets 
onstru
ted for this mustbe spe
ially nested.De�nition 21. Let (X; �) be a Polish spa
e and 
onsider PL in X.Let 0 < � < !1. Set B0 = fXg while for 0 < � < �, let B� =fB�i : i < !g be a 
olle
tion of pairwise disjoint �01(�) subsets of X.Set B� = Si<! B�i (� < �), B� = T�<� B�. Let � [�℄ = � [S#<� B#℄,�<PL [�℄ = �<PL [S#<� B#℄ and �PL [�℄ = �PL [S#<� B#℄ (� � �). We saythat (B�)�<� is PL-nested if1. B� � B� (� � � < �);2. B� is �<PL [�℄-dense in X (� < �);3. B�i is � [�℄-
ompa
t (� < �; i < !);4. (Ps \ B�)s2!<! satis�es (1-4) in the Polish spa
e (B�; � [�℄jB�)for every � � � if � is su

essor and for � < � if � is limit.24



Sin
e a 
ompa
t Polish topology on a base set has no nontrivial
ompa
t Polish re�nement, De�nition 21.3 says in parti
ular that onB�i the topologies � [�℄ (� � �) 
oin
ide. In the sequel we use thisproperty without further referen
e. Next we show that De�nition21.4 holds for limit � = �, as well.Lemma 22. Let (B�)�<� be a PL-nested sequen
e for some � < !1and suppose that A � B� is �02(� [�℄jB� ) and �PL [�℄jB� -meager. Then1. B� is �<PL [�℄-residual in X;2. if � is a limit ordinal then (Ps \ B�)s2!<! satis�es (1-4) in thePolish spa
e (B� ; � [�℄jB� );3. B� n ZB� ;PL\B� (A) is �<PL [�℄jB� -dense in B� ;4. PL \B� 6= ;.Proof. By De�nition 21.1 and 2, B� (� < �) is �<PL [�℄-dense and�<PL [�℄-open (� < �). Sin
e a �<PL [�℄-open but not �<PL [�℄-open set is
ontained in B� (� < �), B� (� < �) is also �<PL [�℄-dense. Hen
e B�(� < �) and so B� is �<PL [�℄-residual in X, whi
h is 1.For 2, we have (1) and (2) automati
ally. To have (3), let t � sand suppose that G\Ps 6= ; for some basi
 � [�℄jB� -open set. That is,G = G0 \ B�n \ B� for some basi
 � -open set G0, � < � and n < !.But (3) holds in B�n , in parti
ular U = B�n \G0 \ Pt n Ps 6= ;. Now Uis a �<PL [�℄-open set, so given that B� is �<PL [�℄-residual by 1, we haveU \B� 6= ;, as required.To see (4) �x an s 2 !<! and a basi
 � [�℄jB� -open set G withG \ Ps 6= ;. As before, we have that G = G0 \ B�n \ B� for some25



basi
 � -open set G0, � < � and n < !. Now (4) holds in B�n hen
eB�n \G0 \Si<! Ps_i 6= ;, say U = B�n \G0 \Ps_i 6= ; for some i < !.Again, U is a �<PL [�℄-open set, so given that B� is �<PL [�℄-residual by 1,we have U \B� 6= ;, whi
h proves the statement.We have 3 sin
e for � limit by 2, for � su

essor by De�nition 21.4,Lemma 18.2 holds in the Polish spa
e (B� ; � [�℄jB� ).Finally by 2 for � limit and by De�nition 21.4 for � su

essor,Theorem 15.8 applies and we get that PL \ B� is �<PL [�℄jB� -residualin B� ; in parti
ular, PL \ B� 6= ;. This shows 4 and 
ompletes theproof.�Now we have everything to 
onstru
t our unwitnessable ideal.Proof of Theorem 6. If CH is assumed set A = S03 (PL). Firstwe prove the spe
ial 
ase (X; �) = (C; �C), P = PL. For every A 2 A�x a presentation A = Si<! A(i) where A(i) � PL is �02(�C). LetfA� : � < !1g be an enumeration of fA(i) : A 2 A; i < !g � P02 (PL)su
h that A0 = ;. We shall 
onstru
t a PL-nested sequen
e (B�)�<!1su
h that A� \B� = ; (� < !1) : (29)On
e this done setIPL = fG � C : 9� < !1 (B� \G = ;)g;or, sin
e B�+1 � B� � B� (� < !1) by De�nition 21.1, equivalentlyIPL = fG � C : 9� < !1 (B� \G = ;)g:26



By De�nition 21, IPL is a �-ideal. Also by De�nition 21.1, IPL isstrongly generated by its �02 (�C) members. By (29) it 
ontains A.Finally Lemma 22.4 implies that PL =2 I, as required.It remains to make the 
onstru
tion. We pro
eed by indu
tion; tostart with, set B0 = fB00g with B00 = C. Suppose that B� is de�nedfor � < � su
h that the sequen
e (B�)�<� is PL-nested and (29) hold.By De�nition 21.4 if � is a su

essor and by Lemma 22.2 if � is limit,fPL \B� ; �PL [�℄jB�g is a topologi
al Hurewi
z test pair; in parti
ular,PL \B� is �PL [�℄jB� meager in B� . Sin
e A� \B� � PL \B� , A� \B�is a �PL [�℄jB� -meager �02(� [�℄jB� ) set. So by Lemma 22.3 we 
an �x a
ountable setY = fxn : n < !g � B� n ZB� ;PL\B� (A� \B�)su
h that Y is �<PL [�℄jB� -dense in the Polish spa
e (B� ; �<PL [�℄jB� ). Wede�ne re
ursively B�n (n < !) su
h that Si<nB�i 6= B� (n < !),(B�)�<�+1 is PL-nested and (29) hold.Suppose that we already have B�i � B� for i < n. Let m < ! beminimal with xm =2 Si<nB�i and take a basi
 �C [�℄jB� -open set U � B�su
h that x? = xm 2 U � B� nSi<nB�i and U [Si<nB�i 6= B� . ByDe�nition 21.4 if � is su

essor and by Lemma 22.2 if � is limit, we
an apply Lemma 20 in the polish spa
e (X; �) = (B� ; �C [�℄jB� ) forx?, U , (Ps \ B�)s2!<! and A� \ B� . Let B�n � B� be the resulting�C [�℄jB� -
ompa
t set. This de�nes re
ursively B� .We have B� \A� = ; so we have to 
he
k the 
onditions of De�ni-tion 21; 1 and 3 are obvious while 2 follows from Y � B� using Lemma22.1. If � is limit, 4 follows for � = � from Lemma 22.2. If � is a su
-27




essor then we have 4 for � = � by the indu
tion hypothesis. Nowwe 
he
k 4 for � = � + 1; (1) and (2) are automati
. To have (3), lett � s and suppose that G\Ps 6= ; for some basi
 �C [� +1℄jB�+1 -openset G. Sin
e B� is �<PL [� + 1℄jB�+1 -open and �<PL [� + 1℄jB�+1 -dense, we
an assume that G is of the form G0 \B�n for some basi
 �C -open setG and n < !. But (3) holds in B�n, in parti
ular B�n\G0\Pt nPs 6= ;,as required.To see (4) �x an s 2 !<! and a basi
 �C [� + 1℄jB�+1 -open set Gwith G \ Ps 6= ;; as before, we 
an assume that G = G0 \ B�n forsome basi
 �C -open set G0 and n < !. Now (4) holds in B�n hen
eB�n \G0 \Si<! Ps_i 6= ; whi
h proves the statement. This 
ompletesthe re
ursive step and the proof of the spe
ial 
ase.For an arbitrary un
ountable Polish spa
e (X; �) and Borel not�03(�) set P take a 
ontinuous one-to-one map ' : (C; �C) ! (X; �)su
h that '�1(P ) = PL. Constru
t IPL for the familyA�1 = f'�1(A) : A 2 Ag � S03 (PL):Let I = �G � X : 9G0 2 IPL(G \ '(C) � '(G0))	 :Sin
e homeomorphism preserves the Borel 
lass of sets and X n'(C) is � -open hen
e �02(�), this �-ideal is strongly generated by its�02(�) members. If A � P is in A then '�1(A) � PL is in A�1 so'�1(A) 2 IPL and hen
e A 2 I. This shows A � I. Sin
e PL =2 IPLwe have P =2 I, whi
h 
ompletes the proof.�28
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