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Difference functions of periodic L, functions

Abstract

We examine for which sets H of the circle group R/Z can the differ-
ence functions f(z + h) — f(z) of a measurable or L, function f belong
to an L, class for every h € H without being f itself in L,. Tamds
Keleti conjectured in [2] that these sets are the N-sets, that is the sets
of absolute convergence of Fourier-series. We prove this conjecture for
q < 2. For ¢ = 2, as a quantitative analogue of this statement, we prove
a minimax theorem.

1 Introduction

Let T = R/Z denote the circle group and let Ly be the class of measur-
able complex valued functions on T. Let G C F C Lo be two classes
of functions on T. Following the notations in [2] we denote by H(F,G)
those subsets H of T for which there exists a function f € F \ G with
difference functions Ay, f(z) = f(x + h) — f(z) belonging to G for every
h € H. That is,

H(F,G)={HCT:(3fe F\G) (Vhe H) Arf €g}.

For the general properties of $(F, G) see [1].
Let L, (0 < p < c0) denote the class of those measurable functions

1
on T for which ||f|[r, = ([;[f|?)? < co. It is clear that ¢ < p implies

L, C Ly. Let
Ly<= () L
0<g<p
Then clearly L, C L,<.

Tamds Keleti observed in [2] that for these function classes the classes
H(F,G) are related to some classes of thin sets in harmonic analysis.
He proved that $(Lp,Lg) is a proper F, subgroup of T, that every
pseudo-Dirichlet set is contained in $(L,, Ly) and he also realized the
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importance of the non-ejectivity property of the sets in $(L,, L,) (for
the precise definitions see [5] and below). Since the class of sets of
absolute convergence of Fourier-series is exactly the closure of the class
of compact non-ejective sets under taking generated subgroup, Tamds
Keleti conjectured that $(L,, L,) is exactly the class of N-sets, that
is the sets of absolute convergence of Fourier-series. We prove this for
qg<2.

Tamés Keleti also observed ([1], Theorem 4.10) that if H C T is not
an N-set, f : T — C is a measurable function with Ay f € Lo, for every
h € H, then f € L<. We prove the analoguous statement for every
L, class.

Now we collect here those classes which arise in our proofs and re-
sults. For a detailed study on these classes of thin sets see [5].

Definition 1.1. A set H C T is an N-set if there exists a trigonometric
series on T which is absolute convergent on H but not absolute conver-
gent everywhere. The class of N-sets on T will be denoted by M.

Definition 1.2. A Borel set H C T is a weak-Dirichlet set if for every
probability measure p supported by H,
lim sup [ja(n)| = 1,

[n|— o0

where
mm=/amwww
JT

stands for the Fourier-transform of u. The class of weak-Dirichlet sets on
T will be denoted by w®, while ctv® will stand for the class of compact
weak-Dirichlet sets.

Remark 1.3. An easy computation shows that we get an equivalent
definition of weak-Dirichlet sets by requiring

. —2mint 2
inf ‘e - 1‘ du(t) =0
n#0 T
for every probability measure p supported by H.

With these notations our results can be summarized as follows.

Theorem 1.4. 1. For every 0 <p<q<2,
H(Ly, Ly) =MN.

2. For every 0 < p < q < o0,
A(Ly, L,<) =N

Corollary 1.5. Let 0 < p < oo and H C T be not an N-set. If f :
T — C is a measurable function with Apf € L, for every h € H, then
fE€Ly<.



2 Preliminaries

For proving that the classes in question are contained in 91 we use Fourier
transform. For 0 < p < oo let [, denote the Banach-space of the two-way
infinite sequences ¢ = (¢ )p=_ o Of complex numbers for which

1
llell, = (Z \cn|p> ¥ < oc.

For an f: T — C integrable function let

3f(n) = / F(t)em it at

denote the Fourier transform of f. The Plancherel Theorem says that
f € Lo if and only if Ff € [l2, moreover every sequence of l» can be
obtained as the Fourier transform of a function belonging to the Lo
class. According to the Parseval formula

1Flles = 118 f1lo -

The following two theorems show the close relation of N-sets and
weak-Dirichlet sets (see [5], page 190, Theorem 1.5. and Corollary 1.6.
or [4], page 49).

Theorem 2.1. Any increasing union of compact weak-Dirichlet sets is
an N -set.

Theorem 2.2. Any N-set can be obtained as an increasing countable
union of compact weak-Dirichlet sets.

Finally we state a result, which will be crucial for proving that 9
is contained in the classes we examine. For an h € T and A C T we
introduce the notation

ApbA=((A+h)\A)U A\ (A+h)).
The following notion was introduced by M. Laczkovich and I. Ruzsa
in [3].

Definition 2.3. Let A denote the normalized Lebesque measure on T.
A compact set H C T is non-ejective if for every 0 <z <1,
inf  sup AM(ARA) =0.
heH
ACT
AA)=a

M. Laczkovich and I. Ruzsa stated the following result (see [3], page
162. Theorem 4.2 and Remark 4.3).

Theorem 2.4. Let H C T be a compact set. Then H is weak-Dirichlet
if and only if H is non-ejective



Unfortunately, the proof of this theorem has not been published yet,
Theorem 4.2 and Remark 4.3 in [3] prove only that non-ejectivity implies
weak-Dirichlet property.

In the sequel we will use the implication weak-Dirichlet — non-
ejective. The (easy) direction non-ejective — weak-Dirichlet will follow
from our results, too. We also present the idea of Imre Ruzsa for the
proof of the other implication.

In the proofs N and Z will stand for the set of nonnegative integers
and integers respectively.

The translation on T by h € T will be denoted by 4.

For a function f : T — C and a,b € RU {%oo} let

[a<f<b={zeT:a<f(z)<b}

For a set K C T, xx denotes the characteristic function of K.

3 H(Ly,Ly) =N

Our main goal in this section is to show that $(Li,L2) = 9. The
extension of this result for other classes requires mainly computation
and will be discussed in the next section.

3.1 Upper bound

The proof of the upper bound uses an idea of de Bruijn proving the weak
difference property for the Lo class (see [6]). The trick is to average the
Fourier coefficients of the functions Ay f for different h’s.

Theorem 3.1. For every 1 <p < 2,
H(Lp, Lz) C N

Proof. Let H C T be not an N-set and suppose that for a function
f € Ly, we have Ay f € L, for every h € H. We show that f € L,.
For 0 < M let

AM:{heH:HAthiz gM}.

It is easy to see that Aas is compact and for M < N we have Ay C Aw.
Since according to our assumption the increasing union

H= U A
MeN

is not an N-set, we have from Theorem 2.1 that for an M € N the set
A is not weak-Dirichlet.



Let Ay ¢ w®. This means that there exists a probability measure
u supported by Axs for which

limsup |(n)| < 1.

[n|— o0

Thus for an n > 0 sufficiently small and an no we have

n < |i(n) —1f (1)

for every |n| > ng.
For every h € Ay we have

N(h) = [|Awfl7, = [IBARFIL = D 18(f o ym)(n) — Ff(n)|* =

=Y |EHw (e 1)

N(h), as a function of h, is measurable and bounded by M on the
support of p. So by the Holder inequality and the Fubini Theorem,

I@£) (= DI, = DB (W) 1a— 11 (n) =

= I )| [ (e 1) i)
<l [
= [ |@nm (e )

From this and (1) we have

2

2
<

L 2
e*Z-rrznh o 1‘ du(h) —

Su(n) = [ Nwau(h < b1

nQo

AL < S B2 G) + nﬁ

j=—ng

Thus §f € lo, which implies f € Lo by the Plancherel Theorem. This
proves the statement.Hl

3.2 Lower bounds

Definition 3.2. For a measurable function f: T — C,

L(f)=sup{0<p:fe€Lly}

denotes the class of f.

The lower bounds are based on the non-ejectivity property of weak-
Dirichlet sets, namely we prove first that every non-ejective set is con-
tained in our classes.



Lemma 3.3. For every compact non-ejective set H C T and 0 < p < 0o
fized, there is a function f : T — R such that L(f) = p and L(Arf) = co
with
AR flle, < M(q)

for every h € H and 1 < q, where M(q) is a constant depending only on
4 (for fined p).

Proof. By the non-ejectivity of H, for every fixed n € N and for
every 0 < ¢ there exists a set K, (¢) such that

1
MEn(e) = 5 (2)
and
A(ALKR(g)) <e, Vh € H. (3)
Let .
fn= 27’)(;("(221,1 )
and

F=>f

as a point-wise limit of measurable functions. We show that f < oo

almost everywhere, £(f) = p and L(Af) = oo with ||Ag f||z, < M(q)

for every h € H with an appropriate constant M(q) for every 1 < q.
By (2) we have

2 (o (3)) - L <

so the first statement follows from the Borel-Cantelli Lemma.
Since f, < f for every n € N and for every p < a we have

—_

)

R~

fall,, = =27 =2"077) 5 oo

n
a

2
if n — oo, we can conclude L(f) <p
If a t € T satisfies t ¢ K, (Lm) or every m > n then

n+1 1
i 2» n
£(t) SZ 2r =22 22 <003
= 29 — 1
with a constant ,
27
Cp=—
27 — 1

depending only on p. Since

=1 1
( U Km (22” )) = Z gm = on
m=n-+1 m=n++1



we have

So if

for some n € N, then

1
e < f) < 5
which implies that
208
A < f) < =2,

Thus for an a < p,

iz, = [ £ /OOOA([ys ] dy <

SCp+/OO/\([ySf“])dy:

Cp

= Cp+/ooaxa71/\([x <fhdz <

Op

<Cp+ / QCgax”*]x*pdx =
o Cp

=C,+ / 2070z "Pdr < oo
Jc,

if @ < p. This proves p < L (f).
Let now 1 < ¢ be fixed. From f < oo almost everywhere we have
that the series of the difference functions

> Anf
n=1

converges almost everywhere to Ay f. For every N, M € N with N < M

we have
M M
S Al < S AL, <
n=N Lq n=N
M 1 M
ng 1 a 21,& 0
<3 (k) =St
n=N n=N

for N — oo. Hence the series



is Cauchy in L4, so it is convergent point-wise and in L, too, so the
point-wise limit Ay f belongs to L, with

S Mufal| < lAfll,, < D25
n=1 n=1

Lq n=1
which completes the proof.l

AR fllL, =

Corollary 3.4. For every H € ¢w® and 0 < p < oo fized, there is a
function f: T — R such that L (f) = p and L (Anf) = oo with

lARfllz, < M(a)

for every h € H and 1 < q with a constant M(q) depending only on q (
for fized p).

Proof. Since by Theorem 2.4 every compact weak-Dirichlet set is
non-ejective, the statement follows from the previous lemma.Hl

Now we consider general N-sets. On the account of Theorem 2.2,
the remaining task is to examine the behavior of (L1, L2) for compact
increasing union.

Lemma 3.5. Let 1 <p < q <r < oo and suppose we have an increas-

ing sequence of sets (H;) such that for every i € N there is a function
fi € Ly \ Lq such that for every h € H; we have ||Apfi||, < Ki. Then

for
H=|JH,
i=1

there is a function f € L\ Ly such that ||Apf|[;, < oo for everyh € H.

Proof. By taking absolute value we can suppose that 0 < f; for
every i € N. For every M € R and ¢ € N, with the notation f; A M =
min(f;, M), we have

£ A ML, < 11l

and
HAR(fi AM)||, < ||Anfillp, < Ki

for any h € H;. On the other hand, |[fi A MHLq — oo for M — o0, so
we can find an M; € R such that

2" max(K, ||fill,)) < [1fi AM|,,,

Let

[o%e}

f ;2imaX(Ki7‘|fiHLp)7 “

as a point-wise limit of measurable functions.



It is obvious that f € L, \ Lg, specially f < co almost everywhere.
Thus the series (4) is absolute convergent almost everywhere, so for
every h € H the series

[o%e}

I
2Zmax i Hfz“L,,)

converges point-wise to A f almost everywhere. If h € H; for a j € N,
then for every N, M € N with j < N < M we have

M
fi/\Mi
A .
Z h <2lmax(Ki,|fi|Lp))

i=N
< An | 5

2 2Zmax(Ki,Hfi||L,,)

i 1A fz/\M)HLr <§: P
2 max(K,, 1fll,,) S 22 ST

so the series
o0

fi N M;
ZAh i
2 S tmax(K 1711,
is Cauchy, hence convergent in L,. So we have that Ay f itself is in L,
for every h € H, which completes the proof.ll

Theorem 3.6. For every 1 <p < q < o0,
1.

N C H(Ly, Ly<).

N C H(Ly, L)

Proof. We prove the two statements paralelly. Let H € 9. By
Theorem 2.2 there is an increasing sequence of sets (H;) C cro® with

H = G H;.
i=1

Let 1 < p < g < o be fixed. By Corollary 3.4, for any ¢ = 1,2,... we
have a function f; fulfilling £(f;) = 2% and L(Afi) = oo with

2

|Aw fillr, < M(q)

for some M(q) € R fixed, for every h € H;. Thus by Lemma 3.5 there
is a function f € Ly \ Lyiss< C Ly \ Ly< for which A,f € L, for
a

every h € H. This shows H € $(Ly, L,<) N H(Lp, Ly) so the proof is
complete.ll

Theorem 3.1 and Theorem 3.6 together prove $(Li, L2) = N.
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4 Inclusions of classes

The arguments in the previous section used the Banach-space structure
of L, for 1 < p hence for p < 1 the proofs could not work.

In this section we prove the following two inclusion theorems between
the classes $(Lyp, Ly) and H(L., L,<).

Theorem 4.1. For every 0 <p<g<oo, 0 <r<s<oo with g <s,
9(Lp, Lq) C H(Ly, L).
Theorem 4.2. For every 0 < p < g < oo the classes
9(Ly, Ly<)

coincide.

We also finish the proof of our main theorem.

The proof of these theorems uses some properties of powers of func-
tions. These properties are described in Lemma 4.3, Lemma 4.5 and
Lemma 4.7.

4.1 Powers less than 1

The following lemma describes the effect of taking power f* for a < 1.

Lemma 4.3. Let 0 < p<r<ocoand h e T. If f € L,, 0 < f and

Apf € L, then for every 0 < a <1 we have f* € Lp and Apf* € L=

with ° ’
1A e <TIARFIIZ,-

We also have

oy _ £(f)
L(fY)=——=.
(f7) = =3
Proof. The first and third statement being obvious we prove only
the second one. It is easy to see that for 0 < @ <1 and a,b € C,

[la] = [b]%[ < |a —b|".

From this with
a= f(z+h), b= f(z)

we have

[ @+ h) = f7 @)= <|f(e+h) — f@)"> = |f(z+h) - f@)]",

SO
Ahfa € L,

and
1A e < llArf]l7,.1



4.2 Powers greater than 1

Now we examine f for 1 < a. As we shall see, this power does not
behave as well as it did for @ < 1, there are more technical difficulties
for less result.

Lemma 4.4. Let 0 < § < 1,1 < b < b+ b < a be reals. Then for
every 1 <~ we have

1—6 —1
MRt

(@ —b")<2" (a—b)

Proof. We show that the value of the fraction

a’ — b

(a—b)"

is maximal when a = b + b°. This is true since

(E=) == = <0

for b <z and 1 <+, so the fraction

7’ —b

(@—b)

is a decreasing function of z for b < z.
For every 1 <y and 0 <t <1 we have

(1487 <1427, (5)

since the left-hand side of the expression is convex while the right-hand
side is linear in ¢, and the inequality holds for ¢ = 0 and ¢ = 1.
Applying (5) with t = % we have

Lty —y <27y
and with y = b' % we get

al — b7 b+0°) —b
(a—b)" = (b+b° —b)"

= (14070) " —p =7 <

A=8)(v=1)
5

< 2’76(1*5)(7*1) < 2’7((1 _ b)

1

as stated.Hl

Lemma 4.5. Let 0 < g < r < oo, HC T and f : T — C such that
L(f) =q and Anf € L, for every h € H. Then there is a continuous
function p : (0,q) = R such that p < p(p) and for every 0 < p < q there
erists a function f, such that L(fp) = p and p(p) < L(Anfp) for every
heH.

11
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Proof. Let f, = |f|7. Again, it is obvious that £(f,) = p

Fix an h € H and let 0 < § < 1, p < s be arbitrary. The value of §
will be chosen later. Let

a(z) = max(|f(z + h)|, [f(2)]),
ba) = min(|f(z + B)], | £(x)),
A= {T €T :b(z)+b(z) < a(m)},

A'={zeT:1<b()}.
Then

HAhfp

s dx:

o= i@ nE =i
:/T(a,%(,q:)fb%(m))s dz =
[ e )

+./("]]'\A)|"‘|A, ((1,%(,7;) - b%(m))s dz + '/H.\A, ((1/%(.’1:) B b%(m))s d.

We estimate the integrals separately.
For the first term, by applying Lemma 4.4 with v = £ we get

/A (a%(x) — b%(x)> dz <

(1-8)(L-1)

<2 /T(a(f) —b(@) T (6)

Since Ay f € L, means

/T f@+h) - f(@)] dz = / (a(z) — b(x))" dz < oo,

(6) is finite if

1-6)(2—1
2,067
P 1)

that is if p
S — s (7)
q+ 1 5)6(11 p)

For the second term, again from Lemma 4.4 with v = 1,

/<T\Am' (aF @)~ b () ae < /T ((b+b‘;)% ,b%)s <

g6<i+(1—6)(%—1)>
<ot [T ot [0 o [,
T T T

we get



which is finite if
s (5—!—@71) <q,
p

p
s<717(175)§- (8)

To estimate the third term we use that if 0 < b <1, b < a then

that is if

a® < 2% (a—b)* + 2%,

for 0 < a < 2 by the second term, for 2 < a by the first term. Applying
this with a = s%, for the third term we have

'/T\AI (a%(x) - b%(ﬁ))s o< .[E\A’ a’? < ./1r\Af 27 ((a - b)S% + 1) )

which is finite whenever

sd<r,
p
that is if ,
s< (9)

q

With the unique 0 < 6§ < 1 fulfilling
1-9 r—q
Ll m =150

the right-hand side of (7) and (8) is bigger than p. Fixing this § let

. rp p pr
p = min s ,— -
{q—i— (176){;(q7p) 17(175)% q }

Then p < p, and (7), (8) and (9) are satisfied for s < p. This proves the
statement.ll

4.3 A small power

To put a function f with £(f) = 0 in a L, class for 0 < p it must be
composed by a function which increases more slowly than z® for any
0 < a. This is done in the following lemmas. They will help to deal
with the p = 0 case.

Lemma 4.6. If ® : [0,00) — [0,00) is a concave function with
3(1) <1,

f:T = R is a function and Apf € Ly for some 0 <p < oo and h € T,
then
An®(|f]) € Ly

with || AL ®(|f])||r, bounded by a function of ||Anfl||L,-

13
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Proof. Since 0 < @, the concavity of ® and ®(1) < 1 imply ®(z) <
z + 1. Using the concavity and ®(z) <z + 1 we get

1®(f(x+ h)]) — @(|f(2)])] < @(|[f(x+ h)| = [f(@)]]) — 2(0) <

<f@+h)|—[f@I+1<|f(x+h) - f(z) +1,
which clearly implies the statement.

Lemma 4.7. Let (X\;)$2, be a given sequence of nonnegative reals with

i)\i =1, (10)
S ik = oc (an)

<
Il
-

Then there is a ® : [0, 00) — [0, 00) concave function with ®(1) <1 such
that

NE

®(i)\; < oo, (12)

0

.
Il

B3 ()i = oo. (13)

>

s
Il
=]

Proof. From (10) we have an increasing sequence (i )3—, of integers

with 1
Z Ai < ok (14)

ip<i
We define recursively a strictly increasing sequence (ax)i>, of integers
fulfilling

max{k,ir} < ag, (15)
akr —ak—1 < Qg1 — Ak (16)
and
1 i — ag
=< — % N 1
5 < Z (’Hak—ak,l)’\ (17)
ap<i<apqq

for every k =1,2,...

Let ap = 0, a1 = 41. If ay is already defined we define ax41 simply
by taking its value large enough. Conditions (15) and (16) can easily
be satisfied, while (11) shows that (17) also holds for a large ax41, since
the coefficients in (17) grow linearly in i.

If there is a given strictly increasing sequence (ax)j—q of integers
with ap = 0 and a sequence (bi)zZ, of reals, we denote by ®(4, ). (5,)
the function for which ®(ax) = by and linear on the intervals [ax, ag+1].
With this notation let ® = &, (), a concave function by (16) and
®(1) < 1 by (15).



Since - -
de@h=> > @i\ <
i=0 k=0ap<i<apy1
<SRN SY Y+ <
k=0ap<i<ap41 k=0aj<i
giZ(kH)Ai si (k;l) < oo,
=01 <i k=0

k=0
we have property (12). If we knew
1 .
= < > @i (18)
ap<i

for infinitely many k’s, then, since k < ®(7) for a; < i, we would have

1<) @)

ap<i

for infinitely many k’s, which would show that the series of (13) cannot
converge. So if (18) holds only for a finite set of k’s then we modify ®
to have it for infinitely many k’s.

1f )
PIK JGRYRS =
ap<i
then there is a 0 < d such that with the sequence b, = [, if ] < k and
bp=14d,if k <, we have

, 1
D Bap) b (DX = = (19)

ap<i

and the function ®,, ) (s, ) is still concave. This follows from (17), which
says that if ® would increase on [ak,ar+1] as is does on [ar_1,ax] then

%g > e

ap<i<apii

Moreover, if this modification is done for a k bigger than 2, then also
®(1) < 1 remains true.

We repeat this modification step finitely or infinitely many times to
get, as a monotone increasing point-wise limit of concave functions, a
concave function @ for which (18) holds for infinitely many k’s, so we
certainly have property (13). We show that we did not loose property
(12).

15
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Either there were finitely or infinitely many modification steps, in
the jth step, say at ag;, the value of the sum

Z@(i),\i

could increase by at most kig Since
i

%)

=1 =1
ZES;F<OO’

j=1

Z@(i),\i

must converge, so the proof is complete.ll
As an application, we can prove the last lemma of this section.

Lemma 4.8. Let 0 < s < oo, H C T and f : T — R be such that
L(f) =0 and Apf € Ls for every h € H. Then there is a function
0 < f« such that f. € L1\ L3 and Anf. € La for every h € H with
l|An fillL, bounded by some function of ||Anfl|L, -

Proof. If s < 4 then let
F=[171%],
else we set ~
=11

where [] denotes the integer part. In the first case, by Lemma 4.3, we
have Ay f € L4 with

AL FlLa < [|ALF

r, +2 (20)

for every h € H. In the second case (20) holds obviously for every

h € H. Since L(f) =0, we have L(f) = 0 in both cases.
By applying Lemma 4.7 with

w=a((f=1).

we get the concave function & for which f, = ®of € L, \ L3. According
to Lemma 4.6 , Ay f. € L4 with ||Ap fi]|z, bounded by some function
of ||Anf||z, for every h € H. This proves the statement.ll

Corollary 4.9. Let 0 < s < oo, HC T and f : T — R be such that
L(f)=0 and Anf € Ly for every h € H. Then

H e H(Ly,Ly) N H(Ly, Ly<)

for every 0 < u < v < co.



Proof. Let f. be as in the previous Lemma.
If L(f.) < # or 4 < v, we apply Lemma 4.3 for f, with r =4 and

a:min{é,w}.

voou+vw

From a < % we get that the function ff satisfies u < L(f7) < v,
while from a < % we have Ay f € L, for every h € H.

If “3% < £(f.) and v < 4, we can apply Lemma 4.5 for f, with
q = L(f+), r = 4. Since the function p is continuous and p < p(p) for
every p € (0,q), there is a p with u < p < v for which v < p(p). For
this p from L(fp) = p, v < p(p) < L(Anfp) we have u < L(fp) < v and
Apfp € L, for every h € H.R

4.4 The inclusion theorems
Now we can prove the two inclusion theorems and Theorem 1.4.

Proof of Theorem 4.1. Suppose that for a set H C T we have
H € 9(Ly, L,), that is there is a function f € L, \ Ly with A, f € L,
for every h € H. Then by Lemma 4.3 with o = 2 we have f=1f% €
L% \ L, and Ahf € L for every h € H. So

H e $(L,, L)
if r < L(f).

Suppose now that E(f) <r < s If0 < L(f), then by applying
Lemma 4.3 with o = 255’:) we have a function f € L, \ L with Ay f €
L, +4+s CLs for every h € H. Thus H € $(L,, Ls).

L)

If £L(f) = 0 then the statement follows from Corollary 4.9.1

Proof of Theorem 4.2. It is enough to prove that
ﬁ(Lm Lq<) C ﬁ(LTu Ls<)

for every 0 <p < g<o00,0<r<s<oo Let He H(Ly,L,<). We
distinguish two cases.

Case 1. (¢ < s) We proceed as in the proof of Theorem 4.1. By
Lemma 4.3 with a = % we have f = |f|* € Ls \ Ly< and Ayf € L,<
a

for every h € H, and we are done if r < L(f).

Now if 0 < £(f) < 7 < s then again by Lemma 4.3 with a = 2::—@
we have the function f € L, \ L,< with AL € L< i )< C L; for
S22

every h € H which shows H € (L., L,<).

If L(f) = 0 then the statement follows from Corollary 4.9.

17
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Case 2. (s < q) Let us consider first 0 < £(f). By Lemma 4.5 we
have a pair u, v satisfying 0 < . < v < s and a function f with £(f) = u
and A,f € L,< for every h € H. This f shows that H € $(L,, L,<).
Now we are in the situation of Case 1., so we have H € $(L,, L,<).

Now if £(f) = 0 then again the statement follows from Corollary
4.9.1

Proof of Theorem 1.4. Let 0 < p < g < co. From Theorem 3.6,
Theorem 4.1 and Theorem 3.1 we have

NCH(L1,Ly<) C | J H(Li. L) CH(L1, L) C N,

1<r<2

so from Theorem 4.2,
ﬁ(LP:Lq<) ::ﬁ(L11L2<) =N

This proves 9(Lp, L,;<) = N.
If ¢ < 2, then from the preceding and from Theorem 4.1 and Theorem
3.1 we have

NCH(Lp, Ly<) C | 9(Lp, Lr) C H(Ly, Ly) C H(L1, Lz) CN.

p<r<qg

This finishes the proof.l

5 Ejectivity

As a corollary of Lemma 3.3 and Theorem 3.1 we get that every non-
ejective set is an N-set, in particular every compact non-ejective set
is a compact N-set, hence a compact weak-Dirichlet set (for the last
implication see [5]). This proves Theorem 2.4 in one direction. However,
as Imre Ruzsa showed, the averaging technique of Theorem 3.1 can be
applied directly to the ejective set, which gives a direct proof [7]. In
this section we prove a minimax theorem and we discuss how it can be
applied for proving Theorem 2.4.

5.1 A minimax theorem

In Corollary 3.4 we have proved in particular that for a compact weak-
Dirichlet set H there is a function f € L, \ L3 such that every h € H
the difference functions Ay f are so small that they may belong to any
fixed higher class. The following theorem shows a quantitative analogue
of this result in the class Ls.

For a set H C T, M(H) denotes the set of probability measures
supported by H. For local use let

F:{ftT—HC:feLz,HfHLz:1,/Tf:0},



while gl, C [, stands for the real Banach-space of two-way infinite p-
summable sequences.

Theorem 5.1. Let H C T be a compact set. Then

inf sup ||Anf||2, = sup inf/eiQWi"hfIQd h).
int s [AflE, = sup ot [ | 0

Proof. If for an f € F we have
sup [[Anf[7, <€
heH

then by the Parseval formula

Do) =11fll7, =1

and

) 2
o~ 2minh _ 1‘ _ HSAth’Qz =||Anfll1, < €2,

A DIR

thus for every u € M(H) we have by the Fubini Theorem

S tsrl” [ e <1 apun) =

[ S isrwr

Since Ff(0) = 0 for our f € F, we get

oi 2 .
e*Zrznh, o 1‘ du(h) S 52.

inf [ le” ™" —1)2du(h) < &,
inf [ [Pdu(h) <

which proves

. —27minh 2 . 2
sup inf / e —1|°dpu(h) < inf sup ||Anfl|z,-
ueM(H)n#}.T‘ “dp(h) fEFhEHH Iz,

For the other direction let

2 . 2
e" = inf s A .
}?rhEEH wflT,

We denote by (co,||.]|) the real Banach space of two-way infinite
null-convergent sequences, that is (cn)>. € co if and only if

lim |en| + |e—n] = 0.
n— 00

For every positive n € N let

en=0(..,0,1,...,1,1,0,1,1,...,1,0,...) € loo,
—— N—_—_——

n n

19
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that is, for a j € 7Z, the j** coordinate of e,, is 1if 1 < |j| < n, otherwise
it is 0. For an h € T, let

a(h) = (@) = (e =1)"
and for every ) € N consider the following subsets of co:
Wo = {Pn ((jan(m)]")) Im € N.Q <m,h € H},
where Pp, : loc — co,
P, ((Cn)zo:,m) =(.,0,CmyComtiyeeyCOy ey Cme1,Cm,0,...)

is the projection on the central 2m + 1 coordinates. Let Ko denote the
closure of the convex hull of Wg in the ||.||cc norm. We show that for
every 0 < d < e and n,Q € N,

(e? — 8)en € Ko.

Suppose that this is not true for a () and n and consider the Min-
kowski sum K of K¢ and the segment [0, $]e,,. Let

y=sup{0 <7< 1:7e, € K}.

Wehaveggfygeefg.

Since K is a convex subset of the locally convex Banach space ¢y and
~ver is one point on its boundary, by the Theorem of Banach and Hahn
there is a functional ¢ € ¢ with norm 1 such that

#(c) <7, Vee K (21)
and ¢(en) = 1. Since ¢y = rl1, the functional ¢ can be represented as a
(zn)zo:,m € Rl1

sequence, for which we have

Sl =l =1=de) = > %,
j=—o00 4
j=-n
J#0

that is 0 < z; and 2z, = 0 for n < |m| and for m = 0. Let
(dn)2 o € rl2

n=-—oo

be the sequence for which 0 < d,, = \/z». Then, from (21),

Il (an(R)dn) |7y = & (P ((lan(R)?))) <
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for every h € H.
Consider now f = §((dn)S2__). By the Parseval formula and
do = \/zo = 0 we have that [|f||7, = 1 and [, f = 0, so f € F.

On the other hand, for every h € H,
0
2 2 2 2
ARFIIZ, =18 (Anf)lli, = [l (@n(R)da) [li; <7< e” =5
which is a contradiction.

So we have that for every 0 < § < & the point (g — d)e, is in
Kgq, that is it can be obtained as the limit of a sequence of convex
combinations of elements of Wg.

This means that for every 0 < § < &2 and @ € N there is a convex
combination (wf?)ff}oo of certain elements of Wg such that

(e —6) < w]Q

for every 0 # |j| < Q. By reformulation, for every @ € N there is
a convex combination pg of Dirac measures on T such that for every

71 £Q, j #0,
i< ([ PallamPiana)) () = Po ( [ a0 ana®) G

that is

o 2
e ™" 1] dpug(h)

& —6< /T la; | (h)dpag (h) = /T

for every |j] < @, j # 0. Moreover, ug is a probability measure.

The Banach space of measures on T being the dual space of the
continuous functions on T, we can take a subsequence pg; weakly con-
verging to a p probability measure, and since suppug C H for every
@ € N and H is compact we have suppu C H also.

By the definition of weak limit we get

2 —2mint 2
dua, (1) = [ e <1 dutn)
JT

e — 6 < lim SEminh g

j—oo T

e

for every n # 0. Taking § — 0 we obtain
inf sup ||Apf||7, < sup inf / le 2™ " — 1) du(h),
f€F hen pEM(H)#0 JT
so the proof is complete.ll
The argument of Imre Ruzsa for proving that every compact weak-

Dirichlet set is non-ejective goes on the following way. If the set H C T
is a compact weak-Dirichlet set, then by Remark 1.3,

sup inf / le” 2 12 du(h) = 0.
peMn#0 J
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So by Theorem 5.1, for every 0 < £ there is a function f*) € L, with
N, = 1 and [, f®) = 0 such that |[A,f ||, < e for every
h € H. (Imre Ruzsa proved this corollary of Theorem 5.1 on a different
way, independently of our work.)

For a sequence (e,) € {—1,+1}” let

femy =8 (e (FF) (),

that is the function obtained from f by signing its Fourier coefficients
with (¢,). By averaging on the signing, Imre Ruzsa showed that there
is a sequence (¢,) € {—1,+1}” and a u € R such that for the sub-level
set A= [,f(g) < u] we get

sup A(ARA) < eA(A),

heH
from which the non-ejectivity of H follows easily.

There is no reason to think that the conjecture of Tamas Keleti fails
for the class 9H(L,, Ly) if 2 < gq. Our proof brakes down for 2 < g only
because the Fourier transform happens to be isometric isomorphism just
on the Ly class. We give here a project to prove the upper bound for
2 <q.

For 2 < g we have no Theorem 5.1 like statement for the L, class.
But from a function f ¢ L, with A, € Ly for every h € H one could
construct a function for which a sub-level set works on the same way. A
difficulty can be that not every function has appropriate sub-level sets
even in the Ly case, and for 2 < ¢ we cannot average on the Fourier
coeflicients.

A cknowledgment

I would like to thank Tamas Keleti for his help and for the suggested
corrections.

I would also thank the Department of Applied Analysis for the tech-
nical support.

References
[1] T. KELETI, Difference functions of periodic measurable functions,
Fund. Math., 15, (1998), 15-32.

[2] T. KEeLETI, Periodic L, functions with L, difference functions, Real
Analysis Ezchange, 23, No. 2, (1997- 98), 431-440.

[3] M. LAczKOVICH, I. Z. Ruzsa, Measure of Sumsets and Ejective Sets
1, Real Analysis Ezchange, 22, No. 1, (1996-97), 153-167.



[4] B. HosT, J-F. M&rA, F. PARREAU, Non Singular Transformations
and Spectral Analysis of Measures, Bull. Soc. math. France, 119,
(1991), 33-90.

[6] S. KAHANE, Antistable Classes of Thin Sets in Harmonic Analysis,
Illinois J. of Math., 37, (1993), 186-223.

[6] N. G. DE BRuULIN, Functions whose differences belong to a given
class, Nieuw Arch. Wisk., 23, (1951), 194-218.

[7] 1. Z. RuzsA, private communication.

23



