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e fun
tions of periodi
 Lp fun
tionsAbstra
tWe examine for whi
h sets H of the 
ir
le group R=Z 
an the di�er-en
e fun
tions f(x+ h)� f(x) of a measurable or Lp fun
tion f belongto an Lq 
lass for every h 2 H without being f itself in Lq . Tam�asKeleti 
onje
tured in [2℄ that these sets are the N -sets, that is the setsof absolute 
onvergen
e of Fourier-series. We prove this 
onje
ture forq � 2. For q = 2, as a quantitative analogue of this statement, we provea minimax theorem.1 Introdu
tionLet T= R=Z denote the 
ir
le group and let L0 be the 
lass of measur-able 
omplex valued fun
tions on T. Let G � F � L0 be two 
lassesof fun
tions on T. Following the notations in [2℄ we denote by H(F ;G)those subsets H of T for whi
h there exists a fun
tion f 2 F n G withdi�eren
e fun
tions �hf(x) = f(x+ h)� f(x) belonging to G for everyh 2 H. That is,H(F ;G) = fH � T : (9f 2 F n G) (8h 2 H) �hf 2 Gg :For the general properties of H(F ;G) see [1℄.Let Lp (0 < p <1) denote the 
lass of those measurable fun
tionson T for whi
h jjf jjLp = �RTjf jp� 1p < 1: It is 
lear that q � p impliesLp � Lq. Let Lp< = \0<q<pLq:Then 
learly Lp � Lp< .Tam�as Keleti observed in [2℄ that for these fun
tion 
lasses the 
lassesH(F ; G) are related to some 
lasses of thin sets in harmoni
 analysis.He proved that H(Lp; Lq) is a proper F� subgroup of T, that everypseudo-Diri
hlet set is 
ontained in H(Lp; Lq) and he also realized theMathemati
al Reviews subje
t 
lassi�
ation: 28A99, 42A201



2 importan
e of the non-eje
tivity property of the sets in H(Lp; Lq) (forthe pre
ise de�nitions see [5℄ and below). Sin
e the 
lass of sets ofabsolute 
onvergen
e of Fourier-series is exa
tly the 
losure of the 
lassof 
ompa
t non-eje
tive sets under taking generated subgroup, Tam�asKeleti 
onje
tured that H(Lp; Lq) is exa
tly the 
lass of N -sets, thatis the sets of absolute 
onvergen
e of Fourier-series. We prove this forq � 2.Tam�as Keleti also observed ([1℄, Theorem 4.10) that if H � T is notan N-set, f : T! C is a measurable fun
tion with �hf 2 L1 for everyh 2 H, then f 2 L1< . We prove the analoguous statement for everyLp 
lass.Now we 
olle
t here those 
lasses whi
h arise in our proofs and re-sults. For a detailed study on these 
lasses of thin sets see [5℄.De�nition 1.1. A set H � T is an N-set if there exists a trigonometri
series on T whi
h is absolute 
onvergent on H but not absolute 
onver-gent everywhere. The 
lass of N -sets on T will be denoted by N.De�nition 1.2. A Borel set H � T is a weak-Diri
hlet set if for everyprobability measure � supported by H,lim supjnj!1 j�̂(n)j = 1;where �̂(n) = ZTe�2�intd�(t)stands for the Fourier-transform of �. The 
lass of weak-Diri
hlet sets onT will be denoted by wD, while 
wD will stand for the 
lass of 
ompa
tweak-Diri
hlet sets.Remark 1.3. An easy 
omputation shows that we get an equivalentde�nition of weak-Diri
hlet sets by requiringinfn6=0 ZT���e�2�int � 1���2 d�(t) = 0for every probability measure � supported by H.With these notations our results 
an be summarized as follows.Theorem 1.4. 1. For every 0 � p < q � 2,H(Lp; Lq) = N:2. For every 0 � p < q <1,H(Lp; Lq<) = N:Corollary 1.5. Let 0 � p < 1 and H � T be not an N-set. If f :T! C is a measurable fun
tion with �hf 2 Lp for every h 2 H, thenf 2 Lp< .



32 PreliminariesFor proving that the 
lasses in question are 
ontained inN we use Fouriertransform. For 0 < p <1 let lp denote the Bana
h-spa
e of the two-wayin�nite sequen
es 
 = (
n)1n=�1 of 
omplex numbers for whi
hjj
jjlp = �X j
njp� 1p <1:For an f : T! C integrable fun
tion letFf(n) = ZTf(t)e2�intdtdenote the Fourier transform of f . The Plan
herel Theorem says thatf 2 L2 if and only if Ff 2 l2, moreover every sequen
e of l2 
an beobtained as the Fourier transform of a fun
tion belonging to the L2
lass. A

ording to the Parseval formulajjf jjL2 = jjFf jjl2 :The following two theorems show the 
lose relation of N -sets andweak-Diri
hlet sets (see [5℄, page 190, Theorem 1.5. and Corollary 1.6.or [4℄, page 49).Theorem 2.1. Any in
reasing union of 
ompa
t weak-Diri
hlet sets isan N-set.Theorem 2.2. Any N-set 
an be obtained as an in
reasing 
ountableunion of 
ompa
t weak-Diri
hlet sets.Finally we state a result, whi
h will be 
ru
ial for proving that Nis 
ontained in the 
lasses we examine. For an h 2 T and A � T weintrodu
e the notation�hA = ((A+ h) n A) [ (A n (A+ h)) :The following notion was introdu
ed by M. La
zkovi
h and I. Ruzsain [3℄.De�nition 2.3. Let � denote the normalized Lebesgue measure on T.A 
ompa
t set H � T is non-eje
tive if for every 0 � x � 1,infA�T�(A)=x suph2H �(�hA) = 0:M. La
zkovi
h and I. Ruzsa stated the following result (see [3℄, page162. Theorem 4.2 and Remark 4.3).Theorem 2.4. Let H � T be a 
ompa
t set. Then H is weak-Diri
hletif and only if H is non-eje
tive



4 Unfortunately, the proof of this theorem has not been published yet,Theorem 4.2 and Remark 4.3 in [3℄ prove only that non-eje
tivity impliesweak-Diri
hlet property.In the sequel we will use the impli
ation weak-Diri
hlet ! non-eje
tive. The (easy) dire
tion non-eje
tive ! weak-Diri
hlet will followfrom our results, too. We also present the idea of Imre Ruzsa for theproof of the other impli
ation.In the proofs N and Z will stand for the set of nonnegative integersand integers respe
tively.The translation on T by h 2 T will be denoted by 
h.For a fun
tion f : T! C and a; b 2 R [ f�1g let[a � f < b℄ = fx 2 T : a � f(x) < bg:For a set K � T, �K denotes the 
hara
teristi
 fun
tion of K.3 H(L1; L2) = NOur main goal in this se
tion is to show that H(L1; L2) = N. Theextension of this result for other 
lasses requires mainly 
omputationand will be dis
ussed in the next se
tion.3.1 Upper boundThe proof of the upper bound uses an idea of de Bruijn proving the weakdi�eren
e property for the L2 
lass (see [6℄). The tri
k is to average theFourier 
oeÆ
ients of the fun
tions �hf for di�erent h's.Theorem 3.1. For every 1 � p < 2,H(Lp; L2) � N:Proof. Let H � T be not an N -set and suppose that for a fun
tionf 2 Lp we have �hf 2 L2 for every h 2 H. We show that f 2 L2.For 0 < M let AM = nh 2 H : jj�hf jj2L2 �Mo :It is easy to see that AM is 
ompa
t and for M < N we have AM � AN .Sin
e a

ording to our assumption the in
reasing unionH = [M2NAMis not an N -set, we have from Theorem 2.1 that for an M 2 N the setAM is not weak-Diri
hlet.



5Let AM =2 wD. This means that there exists a probability measure� supported by AM for whi
hlim supjnj!1 j�̂(n)j < 1:Thus for an � > 0 suÆ
iently small and an n0 we have� < j�̂(n)� 1j (1)for every jnj > n0.For every h 2 AM we haveN(h) = jj�hf jj2L2 = jjF�hf jj2l2 =X jF(f Æ 
h)(n)� Ff(n)j2 ==X���(Ff)(n)�e�2�inh � 1����2 :N(h), as a fun
tion of h, is measurable and bounded by M on thesupport of �. So by the H�older inequality and the Fubini Theorem,jj(Ff) (�̂� 1)jj2l2 =X jFf j2 (n) j�̂� 1j2 (n) ==X jFf j2 (n) ����ZT�e�2�inh � 1� d�(h)����2 ��X jFf j2 (n) ZT���e�2�inh � 1���2 d�(h) == ZTX���(Ff) (n)�e�2�inh � 1����2 d�(h) = ZTN(h)d�(h) �M:From this and (1) we havejjFf jj2l2 � n0Xj=�n0 jFf j2 (j) + M�2 :Thus Ff 2 l2, whi
h implies f 2 L2 by the Plan
herel Theorem. Thisproves the statement.�3.2 Lower boundsDe�nition 3.2. For a measurable fun
tion f : T! C ,L(f) = sup f0 � p : f 2 Lpgdenotes the 
lass of f .The lower bounds are based on the non-eje
tivity property of weak-Diri
hlet sets, namely we prove �rst that every non-eje
tive set is 
on-tained in our 
lasses.



6 Lemma 3.3. For every 
ompa
t non-eje
tive set H � T and 0 � p <1�xed, there is a fun
tion f : T! R su
h that L(f) = p and L(�hf) =1with jj�hf jjLq �M(q)for every h 2 H and 1 � q, where M(q) is a 
onstant depending only onq (for �xed p).Proof. By the non-eje
tivity of H, for every �xed n 2 N and forevery 0 < " there exists a set Kn(") su
h that� (Kn(")) = 12n (2)and � (�hKn(")) � "; 8h 2 H: (3)Let fn = 2np �Kn( 122n )and f = 1Xn=1 fn;as a point-wise limit of measurable fun
tions. We show that f < 1almost everywhere, L(f) = p and L(�hf) =1 with jj�hf jjLq �M(q)for every h 2 H with an appropriate 
onstant M(q) for every 1 � q.By (2) we have1Xn=1��Kn � 122n �� = 1Xn=1 12n <1;so the �rst statement follows from the Borel-Cantelli Lemma.Sin
e fn � f for every n 2 N and for every p < � we havejjfnjjL� = 12n� 2np = 2n( 1p� 1� ) !1if n!1, we 
an 
on
lude L(f) � p.If a t 2 T satis�es t =2 Km( 122m ) for every m > n thenf(t) � nXj=1 2 jp = 2n+1p � 2 1p2 1p � 1 � Cp2npwith a 
onstant Cp = 2 1p2 1p � 1depending only on p. Sin
e� 1[m=n+1Km � 122m �! � 1Xm=n+1 12m = 12n ;



7we have ��hCp2np � fi� � 12n :So if Cp2np � x < Cp2n+1pfor some n 2 N, then � ([x � f ℄) � 12nwhi
h implies that � ([x � f ℄) < 2Cppxp :Thus for an � � p,jjf jj�L� = ZTf� = Z 10 � ([y � f�℄) dy �� Cp + Z 1Cp � ([y � f�℄) dy == Cp + Z 1Cp �x��1� ([x � f ℄) dx �� Cp + Z 1Cp 2Cpp�x��1x�pdx == Cp + Z 1Cp 2Cpp�x��1�pdx <1if � < p. This proves p � L (f).Let now 1 � q be �xed. From f < 1 almost everywhere we havethat the series of the di�eren
e fun
tions1Xn=1�hfn
onverges almost everywhere to �hf . For every N;M 2 N with N < Mwe have ���������� MXn=N�hfn����������Lq � MXn=N jj�hfnjjLq �� MXn=N �2np q 122n � 1q = MXn=N 2np� 2nq ! 0for N !1. Hen
e the series 1Xn=1�hfn



8 is Cau
hy in Lq , so it is 
onvergent point-wise and in Lq too, so thepoint-wise limit �hf belongs to Lq withjj�hf jjLq = ���������� 1Xn=1�hfn����������Lq � 1Xn=1 jj�hfnjjLq � 1Xn=1 2np� 2nq ;whi
h 
ompletes the proof.�Corollary 3.4. For every H 2 
wD and 0 � p < 1 �xed, there is afun
tion f : T! R su
h that L (f) = p and L (�hf) =1 withjj�hf jjLq �M(q)for every h 2 H and 1 � q with a 
onstant M(q) depending only on q (for �xed p).Proof. Sin
e by Theorem 2.4 every 
ompa
t weak-Diri
hlet set isnon-eje
tive, the statement follows from the previous lemma.�Now we 
onsider general N -sets. On the a

ount of Theorem 2.2,the remaining task is to examine the behavior of H(L1; L2) for 
ompa
tin
reasing union.Lemma 3.5. Let 1 � p < q � r <1 and suppose we have an in
reas-ing sequen
e of sets (Hi) su
h that for every i 2 N there is a fun
tionfi 2 Lp n Lq su
h that for every h 2 Hi we have jj�hfijjLr � Ki. Thenfor H = 1[i=1Hithere is a fun
tion f 2 LpnLq su
h that jj�hf jjLr <1 for every h 2 H.Proof. By taking absolute value we 
an suppose that 0 � fi forevery i 2 N. For every M 2 R and i 2 N, with the notation fi ^M =min(fi;M), we have jjfi ^M jjLp � jjfijjLpand jj�h(fi ^M)jjLr � jj�hfijjLr � Kifor any h 2 Hi. On the other hand, jjfi ^M jjLq ! 1 for M ! 1, sowe 
an �nd an Mi 2 R su
h that2imax(Ki; jjfijjLp) � jjfi ^MijjLq :Let f = 1Xi=1 fi ^Mi2imax(Ki; jjfijjLp) ; (4)as a point-wise limit of measurable fun
tions.



9It is obvious that f 2 Lp n Lq, spe
ially f < 1 almost everywhere.Thus the series (4) is absolute 
onvergent almost everywhere, so forevery h 2 H the series 1Xi=1 �h fi ^Mi2imax(Ki; jjfijjLp)
onverges point-wise to �hf almost everywhere. If h 2 Hj for a j 2 N,then for every N;M 2 N with j < N < M we have���������� MXi=N�h fi ^Mi2imax(Ki; jjfijjLp)!����������Lr �� MXi=N �����������h fi ^Mi2imax(Ki; jjfijjLp)!����������Lr == MXi=N jj�h(fi ^Mi)jjLr2imax(Ki; jjfijjLp) � MXi=N 12i � 12N�1 ;so the series 1Xi=1 �h fi ^Mi2imax(Ki; jjfijjLp)is Cau
hy, hen
e 
onvergent in Lr. So we have that �hf itself is in Lrfor every h 2 H, whi
h 
ompletes the proof.�Theorem 3.6. For every 1 � p < q <1,1. N � H(Lp; Lq<):2. N � H(Lp; Lq):Proof. We prove the two statements paralelly. Let H 2 N. ByTheorem 2.2 there is an in
reasing sequen
e of sets (Hi) � 
wD withH = 1[i=1Hi:Let 1 � p < q < 1 be �xed. By Corollary 3.4, for any i = 1; 2; : : : wehave a fun
tion fi ful�lling L(fi) = p+q2 and L(�hfi) =1 withjj�hfijjLq �M(q)for some M(q) 2 R �xed, for every h 2 Hi. Thus by Lemma 3.5 thereis a fun
tion f 2 Lp n L p+3q4 < � Lp n Lq< for whi
h �hf 2 Lq forevery h 2 H. This shows H 2 H(Lp; Lq<) \ H(Lp; Lq) so the proof is
omplete.�Theorem 3.1 and Theorem 3.6 together prove H(L1; L2) = N:



10 4 In
lusions of 
lassesThe arguments in the previous se
tion used the Bana
h-spa
e stru
tureof Lp for 1 � p hen
e for p < 1 the proofs 
ould not work.In this se
tion we prove the following two in
lusion theorems betweenthe 
lasses H(Lp; Lq) and H(Lr; Ls<).Theorem 4.1. For every 0 � p < q <1, 0 � r < s <1 with q � s,H(Lp; Lq) � H(Lr; Ls):Theorem 4.2. For every 0 � p < q <1 the 
lassesH(Lp; Lq<)
oin
ide.We also �nish the proof of our main theorem.The proof of these theorems uses some properties of powers of fun
-tions. These properties are des
ribed in Lemma 4.3, Lemma 4.5 andLemma 4.7.4.1 Powers less than 1The following lemma des
ribes the e�e
t of taking power f� for � � 1.Lemma 4.3. Let 0 � p � r < 1 and h 2 T. If f 2 Lp, 0 � f and�hf 2 Lr then for every 0 < � � 1 we have f� 2 L p� and �hf� 2 L r�with jj�hf�jjL r� � jj�hf jj�Lr :We also have L(f�) = L(f)� :Proof. The �rst and third statement being obvious we prove onlythe se
ond one. It is easy to see that for 0 < � � 1 and a; b 2 C ,jjaj� � jbj�j � ja� bj� :From this with a = f(x+ h); b = f(x)we havejf�(x+ h)� f�(x)j r� � jf(x+ h)� f(x)j� r� = jf(x+ h)� f(x)jr ;so �hf� 2 Lrand jj�hf�jjL r� � jj�hf jj�Lr :�



114.2 Powers greater than 1Now we examine f� for 1 < �: As we shall see, this power does notbehave as well as it did for � � 1, there are more te
hni
al diÆ
ultiesfor less result.Lemma 4.4. Let 0 < Æ < 1, 1 � b � b + bÆ � a be reals. Then forevery 1 � 
 we have(a
 � b
) � 2
 (a� b)
+ (1�Æ)(
�1)Æ :Proof. We show that the value of the fra
tiona
 � b
(a� b)
is maximal when a = b+ bÆ. This is true sin
e� x
 � b
(x� b)
 �0 = (x� b)�1�

b �b
�1 � x
�1� � 0for b � x and 1 � 
, so the fra
tionx
 � b
(x� b)
is a de
reasing fun
tion of x for b � x.For every 1 � 
 and 0 � t � 1 we have(1 + t)
 � 1 + 2
 t; (5)sin
e the left-hand side of the expression is 
onvex while the right-handside is linear in t, and the inequality holds for t = 0 and t = 1.Applying (5) with t = 1y we have(1 + y)
 � y
 � 2
y
�1;and with y = b1�Æ we geta
 � b
(a� b)
 � �b+ bÆ�
 � b
(b+ bÆ � b)
 = �1 + b1�Æ�
 � b(1�Æ)
 �� 2
b(1�Æ)(
�1) � 2
(a� b) (1�Æ)(
�1)Æ ;as stated.�Lemma 4.5. Let 0 < q < r < 1, H � T and f : T ! C su
h thatL(f) = q and �hf 2 Lr for every h 2 H. Then there is a 
ontinuousfun
tion � : (0; q)! R su
h that p < �(p) and for every 0 < p < q thereexists a fun
tion fp su
h that L(fp) = p and �(p) � L(�hfp) for everyh 2 H.



12 Proof. Let fp = jf j qp . Again, it is obvious that L(fp) = p.Fix an h 2 H and let 0 < Æ < 1, p < s be arbitrary. The value of Æwill be 
hosen later. Leta(x) = max(jf(x+ h)j; jf(x)j);b(x) = min(jf(x+ h)j; jf(x)j);A = nx 2 T : b(x) + bÆ(x) � a(x)o ;A0 = fx 2 T : 1 � b(x)g :Then �������h ~fp������sLs = ZT���jf(x+ h)j qp � jf(x)j qp ���s dx == ZT�a qp (x)� b qp (x)�s dx == ZA\A0 �a qp (x)� b qp (x)�s dx++Z(TnA)\A0 �a qp (x)� b qp (x)�s dx+ ZTnA0 �a qp (x)� b qp (x)�s dx:We estimate the integrals separately.For the �rst term, by applying Lemma 4.4 with 
 = qp , we getZA �a qp (x)� b qp (x)�s dx �� 2 qp ZT(a(x)� b(x))s qp+s (1�Æ)( qp�1)Æ : (6)Sin
e �hf 2 Lr meansZTjf(x+ h)� f(x)jr dx = ZT(a(x)� b(x))r dx <1;(6) is �nite if s qp + s (1� Æ)( qp � 1)Æ � r;that is if s � rpq + (1�Æ)(q�p)Æ : (7)For the se
ond term, again from Lemma 4.4 with 
 = qp , we getZ(TnA)\A0 �a qp (x)� b qp (x)�s dx � ZT��b+ bÆ� qp � b qp�s �� 2s qp ZTbsÆ qp+ (1�Æ)( qp�1)Æ ! � 2s qp ZTbs�Æ+ qp�1� � 2s qp ZTjf js�Æ+ qp�1�;



13whi
h is �nite if s�Æ + qp � 1� < q;that is if s < p1� (1� Æ) pq : (8)To estimate the third term we use that if 0 � b � 1, b � a thena� � 2� (a� b)� + 2�;for 0 � a � 2 by the se
ond term, for 2 � a by the �rst term. Applyingthis with � = s qp , for the third term we haveZTnA0 �a qp (x)� b qp (x)�s dx � ZTnA0 as qp � ZTnA0 2s qp �(a� b)s qp + 1� ;whi
h is �nite whenever s qp � r;that is if s � prq : (9)With the unique 0 < Æ < 1 ful�lling1� ÆÆ (q � p) = r � q2 ;the right-hand side of (7) and (8) is bigger than p. Fixing this Æ let� = min( rpq + (1�Æ)(q�p)Æ ; p1� (1� Æ) qp ; prq ) :Then p < �, and (7), (8) and (9) are satis�ed for s < �. This proves thestatement.�4.3 A small powerTo put a fun
tion f with L(f) = 0 in a Lp 
lass for 0 < p it must be
omposed by a fun
tion whi
h in
reases more slowly than x� for any0 < �. This is done in the following lemmas. They will help to dealwith the p = 0 
ase.Lemma 4.6. If � : [0;1)! [0;1) is a 
on
ave fun
tion with�(1) � 1;f : T! R is a fun
tion and �hf 2 Lp for some 0 � p <1 and h 2 T,then �h�(jf j) 2 Lpwith jj�h�(jf j)jjLp bounded by a fun
tion of jj�hf jjLp .



14 Proof. Sin
e 0 � �, the 
on
avity of � and �(1) � 1 imply �(x) �x+ 1. Using the 
on
avity and �(x) � x+ 1 we getj�(jf(x+ h)j)��(jf(x)j)j � �(jjf(x+ h)j � jf(x)jj)� �(0) �� jjf(x+ h)j � jf(x)jj+ 1 � jf(x+ h)� f(x)j+ 1;whi
h 
learly implies the statement.Lemma 4.7. Let (�i)1i=0 be a given sequen
e of nonnegative reals with1Xi=0 �i = 1; (10)1Xi=1 i�i =1: (11)Then there is a � : [0;1)! [0;1) 
on
ave fun
tion with �(1) � 1 su
hthat 1Xi=0 �(i)�i <1; (12)1Xi=0 �3(i)�i =1: (13)Proof. From (10) we have an in
reasing sequen
e (ik)1k=0 of integerswith Xik�i�i � 12k : (14)We de�ne re
ursively a stri
tly in
reasing sequen
e (ak)1k=0 of integersful�lling maxfk; ikg � ak; (15)ak � ak�1 � ak+1 � ak (16)and 1k2 � Xak�i<ak+1�k + i� akak � ak�1��i (17)for every k = 1; 2; : : :Let a0 = 0, a1 = i1. If ak is already de�ned we de�ne ak+1 simplyby taking its value large enough. Conditions (15) and (16) 
an easilybe satis�ed, while (11) shows that (17) also holds for a large ak+1, sin
ethe 
oeÆ
ients in (17) grow linearly in i.If there is a given stri
tly in
reasing sequen
e (ak)1k=0 of integerswith a0 = 0 and a sequen
e (bk)1k=0 of reals, we denote by �(ak);(bk)the fun
tion for whi
h �(ak) = bk and linear on the intervals [ak; ak+1℄.With this notation let � = �(ak);(k), a 
on
ave fun
tion by (16) and�(1) � 1 by (15).



15Sin
e 1Xi=0 �(i)�i = 1Xk=0 Xak�i<ak+1�(i)�i �� 1Xk=0 Xak�i<ak+1(k + 1)�i � 1Xk=0 Xak�i(k + 1)�i �� 1Xk=0Xik�i(k + 1)�i � 1Xk=0 (k + 1)2k <1;we have property (12). If we knew1k2 � Xak�i�(i)�i (18)for in�nitely many k's, then, sin
e k � �(i) for ak � i, we would have1 � Xak�i�3(i)�ifor in�nitely many k's, whi
h would show that the series of (13) 
annot
onverge. So if (18) holds only for a �nite set of k's then we modify �to have it for in�nitely many k's.If Xak�i�(i)�i < 1k2 ;then there is a 0 < d su
h that with the sequen
e bl = l, if l � k andbl = l+ d, if k < l, we haveXak�i�(ak);(bk)(i)�i = 1k2 (19)and the fun
tion �(ak);(bk) is still 
on
ave. This follows from (17), whi
hsays that if � would in
rease on [ak; ak+1℄ as is does on [ak�1; ak℄ then1k2 � Xak�i<ak+1�(i)�i:Moreover, if this modi�
ation is done for a k bigger than 2, then also�(1) � 1 remains true.We repeat this modi�
ation step �nitely or in�nitely many times toget, as a monotone in
reasing point-wise limit of 
on
ave fun
tions, a
on
ave fun
tion � for whi
h (18) holds for in�nitely many k's, so we
ertainly have property (13). We show that we did not loose property(12).



16 Either there were �nitely or in�nitely many modi�
ation steps, inthe jth step, say at akj , the value of the sum1Xi=1 �(i)�i
ould in
rease by at most 1k2j . Sin
e1Xj=1 1k2j � 1Xj=1 1j2 <1;1Xi=0 �(i)�imust 
onverge, so the proof is 
omplete.�As an appli
ation, we 
an prove the last lemma of this se
tion.Lemma 4.8. Let 0 < s < 1, H � T and f : T ! R be su
h thatL(f) = 0 and �hf 2 Ls for every h 2 H. Then there is a fun
tion0 � f? su
h that f? 2 L1 n L3 and �hf? 2 L4 for every h 2 H withjj�hf?jjL4 bounded by some fun
tion of jj�hf jjLs .Proof. If s < 4 then let ~f = hjf j s4 i ;else we set ~f = [jf j℄ ;where [:℄ denotes the integer part. In the �rst 
ase, by Lemma 4.3, wehave �h ~f 2 L4 with jj�h ~f jjL4 � jj�hf jjLs + 2 (20)for every h 2 H. In the se
ond 
ase (20) holds obviously for everyh 2 H. Sin
e L(f) = 0, we have L( ~f) = 0 in both 
ases.By applying Lemma 4.7 with�i = ��h ~f = ii� ;we get the 
on
ave fun
tion � for whi
h f? = �Æ ~f 2 L1 nL3. A

ordingto Lemma 4.6 , �hf? 2 L4 with jj�hf?jjL4 bounded by some fun
tionof jj�hf jjLs for every h 2 H. This proves the statement.�Corollary 4.9. Let 0 < s < 1, H � T and f : T ! R be su
h thatL(f) = 0 and �hf 2 Ls for every h 2 H. ThenH 2 H(Lu; Lv) \ H(Lu; Lv<)for every 0 � u < v <1.



17Proof. Let f? be as in the previous Lemma.If L(f?) � u+v2 or 4 � v, we apply Lemma 4.3 for f? with r = 4 and� = min�4v ; 2L(f?)u+ v � :From � � 2L(f?)u+v we get that the fun
tion f�? satis�es u < L(f�? ) < v,while from � � 4v we have �hf�? 2 Lv for every h 2 H.If u+v2 < L(f?) and v < 4, we 
an apply Lemma 4.5 for f? withq = L(f?), r = 4. Sin
e the fun
tion � is 
ontinuous and p < �(p) forevery p 2 (0; q), there is a p with u < p < v for whi
h v < �(p). Forthis p from L(fp) = p, v < �(p) � L(�hfp) we have u < L(fp) < v and�hfp 2 Lv for every h 2 H.�4.4 The in
lusion theoremsNow we 
an prove the two in
lusion theorems and Theorem 1.4.Proof of Theorem 4.1. Suppose that for a set H � T we haveH 2 H(Lp; Lq), that is there is a fun
tion f 2 Lp n Lq with �hf 2 Lqfor every h 2 H. Then by Lemma 4.3 with � = qs we have ~f = jf j qs 2L psq n Ls and �h ~f 2 Ls for every h 2 H. SoH 2 H(Lr; Ls)if r < L( ~f).Suppose now that L( ~f) � r < s. If 0 < L( ~f), then by applyingLemma 4.3 with � = 2L( ~f)r+s we have a fun
tion f 2 Lr n Ls with �hf 2Ls r+s2L( ~f) � Ls for every h 2 H. Thus H 2 H(Lr; Ls).If L( ~f) = 0 then the statement follows from Corollary 4.9.�Proof of Theorem 4.2. It is enough to prove thatH(Lp; Lq<) � H(Lr; Ls<)for every 0 � p < q < 1, 0 � r < s < 1. Let H 2 H(Lp; Lq<). Wedistinguish two 
ases.Case 1. (q � s) We pro
eed as in the proof of Theorem 4.1. ByLemma 4.3 with � = qs we have ~f = jf j qs 2 L sq n Ls< and �h ~f 2 Ls<for every h 2 H, and we are done if r < L( ~f).Now if 0 < L( ~f) � r < s then again by Lemma 4.3 with � = 2L( ~f)r+swe have the fun
tion f 2 Lr n Ls< with �hf 2 L�s r+s2L( ~f)�< � Ls forevery h 2 H whi
h shows H 2 H(Lr; Ls<).If L( ~f) = 0 then the statement follows from Corollary 4.9.



18 Case 2. (s < q) Let us 
onsider �rst 0 < L(f). By Lemma 4.5 wehave a pair u; v satisfying 0 < u < v < s and a fun
tion ~f with L( ~f) = uand �h ~f 2 Lv< for every h 2 H. This ~f shows that H 2 H(Lu; Lv<).Now we are in the situation of Case 1., so we have H 2 H(Lr; Ls<).Now if L(f) = 0 then again the statement follows from Corollary4.9.�Proof of Theorem 1.4. Let 0 � p < q < 1. From Theorem 3.6,Theorem 4.1 and Theorem 3.1 we haveN � H(L1; L2<) � [1<r<2H(L1; Lr) � H(L1; L2) � N;so from Theorem 4.2,H(Lp; Lq<) = H(L1; L2<) = N:This proves H(Lp; Lq<) = N:If q � 2, then from the pre
eding and from Theorem 4.1 and Theorem3.1 we haveN � H(Lp; Lq<) � [p<r<qH(Lp; Lr) � H(Lp; Lq) � H(L1; L2) � N:This �nishes the proof.�5 Eje
tivityAs a 
orollary of Lemma 3.3 and Theorem 3.1 we get that every non-eje
tive set is an N -set, in parti
ular every 
ompa
t non-eje
tive setis a 
ompa
t N -set, hen
e a 
ompa
t weak-Diri
hlet set (for the lastimpli
ation see [5℄). This proves Theorem 2.4 in one dire
tion. However,as Imre Ruzsa showed, the averaging te
hnique of Theorem 3.1 
an beapplied dire
tly to the eje
tive set, whi
h gives a dire
t proof [7℄. Inthis se
tion we prove a minimax theorem and we dis
uss how it 
an beapplied for proving Theorem 2.4.5.1 A minimax theoremIn Corollary 3.4 we have proved in parti
ular that for a 
ompa
t weak-Diri
hlet set H there is a fun
tion f 2 L2 n L3 su
h that every h 2 Hthe di�eren
e fun
tions �hf are so small that they may belong to any�xed higher 
lass. The following theorem shows a quantitative analogueof this result in the 
lass L2.For a set H � T, M(H) denotes the set of probability measuressupported by H. For lo
al use letF = �f : T! C : f 2 L2; jjf jjL2 = 1; ZTf = 0� ;



19while Rlp � lp stands for the real Bana
h-spa
e of two-way in�nite p-summable sequen
es.Theorem 5.1. Let H � T be a 
ompa
t set. Theninff2F suph2H jj�hf jj2L2 = sup�2M(H) infn6=0 ZTje�2�inh � 1j2d�(h):Proof. If for an f 2 F we havesuph2H jj�hf jj2L2 � "2;then by the Parseval formulaX jFf(n)j2 = jjf jj2L2 = 1and X jFf(n)j2 ���e�2�inh � 1���2 = jjF�hf jj2l2 = jj�hf jjL2 � "2;thus for every � 2 M(H) we have by the Fubini TheoremX jFf(n)j2 ZT���e�2�inh � 1���2 d�(h) =ZTX jFf(n)j2 ���e�2�inh � 1���2 d�(h) � "2:Sin
e Ff(0) = 0 for our f 2 F , we getinfn6=0 ZTje�2�inh � 1j2d�(h) � "2;whi
h provessup�2M(H) infn6=0 ZTje�2�inh � 1j2d�(h) � inff2F suph2H jj�hf jj2L2 :For the other dire
tion let"2 = inff2F suph2H jj�hf jj2L2 :We denote by (
0; jj:jj1) the real Bana
h spa
e of two-way in�nitenull-
onvergent sequen
es, that is (
n)1n=�1 2 
0 if and only iflimn!1 j
nj+ j
�nj = 0:For every positive n 2 N leten = (: : : ; 0; 1; : : : ; 1; 1| {z }n ; 0; 1; 1; : : : ; 1| {z }n ; 0; : : :) 2 l1;



20 that is, for a j 2 Z, the jth 
oordinate of en is 1 if 1 � jjj � n, otherwiseit is 0. For an h 2 T, leta(h) = (an(h))1n=�1 = �e�2�inh � 1�1n=�1 ;and for every Q 2 N 
onsider the following subsets of 
0:WQ = �Pm �(jan(h)j2)� jm 2 N; Q � m;h 2 H	 ;where Pm : l1 ! 
0,Pm �(
n)1n=�1� = (: : : ; 0; 
�m; 
�m+1; : : : ; 
0; : : : ; 
m�1; 
m; 0; : : :)is the proje
tion on the 
entral 2m+ 1 
oordinates. Let KQ denote the
losure of the 
onvex hull of WQ in the jj:jj1 norm. We show that forevery 0 < Æ � "2 and n;Q 2 N,("2 � Æ)en 2 KQ:Suppose that this is not true for a Q and n and 
onsider the Min-kowski sum K of KQ and the segment [0; Æ2 ℄en. Let
 = supf0 < � < 1 : �en 2 Kg:We have Æ2 � 
 � "2 � Æ2 .Sin
e K is a 
onvex subset of the lo
ally 
onvex Bana
h spa
e 
0 and
en is one point on its boundary, by the Theorem of Bana
h and Hahnthere is a fun
tional � 2 
?0 with norm 1 su
h that�(
) � 
; 8
 2 K (21)and �(en) = 1. Sin
e 
?0 = Rl1, the fun
tional � 
an be represented as a(zn)1n=�1 2 Rl1sequen
e, for whi
h we have1Xj=�1 jzj j = jj(zn)jjL1 = 1 = �(en) = nXj=�nj 6=0 zj ;that is 0 � zj and zm = 0 for n < jmj and for m = 0. Let(dn)1n=�1 2 Rl2be the sequen
e for whi
h 0 � dn = pzn. Then, from (21),jj (an(h)dn) jj2l2 = � �Pn ��jan(h)j2��� � 




21for every h 2 H.Consider now f = F �(dn)1n=�1�. By the Parseval formula andd0 = pz0 = 0 we have that jjf jj2L2 = 1 and RTf = 0, so f 2 F .On the other hand, for every h 2 H,jj�hf jj2L2 = jjF (�hf) jj2l2 = jj (an(h)dn) jj2l2 � 
 � "2 � Æ2 ;whi
h is a 
ontradi
tion.So we have that for every 0 < Æ � "2 the point ("2 � Æ)en is inKQ, that is it 
an be obtained as the limit of a sequen
e of 
onvex
ombinations of elements of WQ.This means that for every 0 < Æ � "2 and Q 2 N there is a 
onvex
ombination �wQn �1n=�1 of 
ertain elements of WQ su
h that("2 � Æ) � wQjfor every 0 6= jjj � Q. By reformulation, for every Q 2 N there isa 
onvex 
ombination �Q of Dira
 measures on T su
h that for everyjjj � Q, j 6= 0,"2 � Æ � �ZTPQ(ja(h)j2)d�Q(h)� (j) = PQ�ZTja(h)j2d�Q(h)� (j);that is "2 � Æ � ZTjaj j2(h)d�Q(h) = ZT���e�2�ijh � 1���2 d�Q(h)for every jjj � Q, j 6= 0. Moreover, �Q is a probability measure.The Bana
h spa
e of measures on T being the dual spa
e of the
ontinuous fun
tions on T, we 
an take a subsequen
e �Qj weakly 
on-verging to a � probability measure, and sin
e supp�Q � H for everyQ 2 N and H is 
ompa
t we have supp� � H also.By the de�nition of weak limit we get"2 � Æ � limj!1 ZT���e�2�inh � 1���2 d�Qj (h) = ZT���e�2�int � 1���2 d�(h)for every n 6= 0. Taking Æ ! 0 we obtaininff2F suph2H jj�hf jj2L2 � sup�2M(H) infn6=0 ZTje�2�inh � 1j2d�(h);so the proof is 
omplete.�The argument of Imre Ruzsa for proving that every 
ompa
t weak-Diri
hlet set is non-eje
tive goes on the following way. If the set H � Tis a 
ompa
t weak-Diri
hlet set, then by Remark 1.3,sup�2M infn6=0 ZTje�2�inh � 1j2d�(h) = 0:



22 So by Theorem 5.1, for every 0 < " there is a fun
tion f (") 2 L2 withjjf (")jjL2 = 1 and RTf (") = 0 su
h that jj�hf (")jjL2 � " for everyh 2 H. (Imre Ruzsa proved this 
orollary of Theorem 5.1 on a di�erentway, independently of our work.)For a sequen
e ("n) 2 f�1;+1gZletf("n) = F�1(("n(Ff)(n)));that is the fun
tion obtained from f by signing its Fourier 
oeÆ
ientswith ("n). By averaging on the signing, Imre Ruzsa showed that thereis a sequen
e ("n) 2 f�1;+1gZand a u 2 R su
h that for the sub-levelset A = [f (")("n) < u℄ we getsuph2H �(�hA) � "�(A);from whi
h the non-eje
tivity of H follows easily.There is no reason to think that the 
onje
ture of Tam�as Keleti failsfor the 
lass H(Lp; Lq) if 2 < q. Our proof brakes down for 2 < q onlybe
ause the Fourier transform happens to be isometri
 isomorphism juston the L2 
lass. We give here a proje
t to prove the upper bound for2 < q.For 2 < q we have no Theorem 5.1 like statement for the Lq 
lass.But from a fun
tion f =2 Lq with �h 2 Lq for every h 2 H one 
ould
onstru
t a fun
tion for whi
h a sub-level set works on the same way. AdiÆ
ulty 
an be that not every fun
tion has appropriate sub-level setseven in the L2 
ase, and for 2 < q we 
annot average on the Fourier
oeÆ
ients.A
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