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Abstract
We develop the theory of topological Hurewicz test pairs: a concept which allows us
to distinguish the classes of the Borel hierarchy by Baire category in a suitable topology.
As an application we show that for every Hg and not Eg subset P of a Polish space X
there is a o-ideal Z C 2% such that P ¢ T but for every 22 set B C P there is a 1'[2J
set B’ C P satisfying B C B’ € Z. We also discuss several other results and problems
related to ideal generation and Hurewicz test pairs.
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1 Introduction

Let (X, 7) be an uncountable Polish space. For every 0 < £ < w; and P C X let Sg(P) and
P2(P) denote the collections of 3¢(7) and II¢(7) subsets of P. In this paper we prove in
particular the following result.

Theorem 1 Let £ be a successor ordinal such that 1 < &€ < wy. Let (X, 7) be an uncountable
Polish space and P C X be a Hg(T) and not 22(7) set. Then there is a mapping ®: Sg(P) —

P2(P) such that for every B, B € S)(P) (i < w),

BC®(B) and P\ | J®(B") #0 .
i<w

At first sight this result may seem not to be informative so we discuss why the effort is
made for it. Our first motivation is the effort itself: the proof is based on the concept of
topological Hurewicz test pairs. The main innovation in this method is that for every (nice)
Hg(T) set P C X we are able to construct a Polish topology 7p on X such that it is true in
particular that every 22(7) subset of P is meager in the relative topology 7p|p (compare
to a result of S. Solecki [8, Theorem 2.2 pp. 526]). Thus Theorem 1 is plausible in the sense
that every Eg(r) subset of P, i.e. the kind of subsets B of P that we intend to cover with
®(B), are small in Baire category relatively to P. In this paper we develop the theory of
topological Hurewicz test pairs; Theorem 1 will be a nontrivial application of this technique.

The second motivation for Theorem 1 is that we think that it is the best result one
can obtain in ZFC: we conjecture that it is independent whether Theorem 1 fails for limit
ordinals or not and that it is also independent whether ®(B) can be chosen to be IT)(7) for
¥ < & or not. We will discuss the problem of limit ordinals at the end of the paper after the
proof of Theorem 1. Here we only argue for the independence of the problem arising from
the quest for the optimal Borel class for ®(B). First we give a definition and two results.



Definition 2 Let Z be a o-ideal and F C Z. We say that Z is generated by F if for every
G € T there exist I; € F (i < w) such that G C |J,_, Fi. We say that F is cofinal in T if
for every G € T there is an F' € F such that G C F.

S. Solecki proved the following result (see [7, Theorem 1 pp. 1023]).

Theorem 3 (S. Solecki) In the Polish space (X, 7) let T C 2% be a o-ideal generated by its
I19(7) members. Let A C X be a $1(r) set. Then either A € T or there is a II3(7) set
G C A such that G ¢ T, moreover F NG is relatively T|g-meager in G for every F € T.

It is natural to ask whether the same result holds for higher Borel classes (see [6, Question
1.9]).

Question 4 (A. Miller) Let (X, 7) be a Polish space and fix an ordinal £ satisfying 2 < £ <
wi. Let T C 2% be a o-ideal which is generated by its Hg members. Is it true that for every
analytic set A C X, either A € T or there is a H2+1 set B C A such that B ¢ T¢

Before all further comments it is important to point out that this question is already
refuted by the following unpublished result of A. Kechris and M. Zeleny.

Theorem 5 (A. Kechris-M. Zeleny) Assume V = L. Then there is an analytic set A C 2%
and a o-ideal T C 2%° such that A ¢ T but T contains every Borel subset of A and the
19 (79w ) members of T are cofinal in Z.

That is the answer to Question 4 is consistently negative. Moreover, in Theorem 5
instead of the condition V' = L it is enough to assume the Continuum Hypothesis, which is
a consequence of V = L (see e.g. [1]), and for a consistent counterexample we do not need
one special analytic set (see [5, Theorem 6]).

Theorem 6 Let (X,7) be a Polish space and P C X be a Borel and not ¥9(7) set. By
assuming the Continuum Hypothesis there is a o-ideal T such that

1. the TI(7) members of T are cofinal in Z;
2. SY(P) C T;
3. P¢1T.

Observe that by Theorem 1 for £ = 3 we have in particular that for every II3(7) and not
39(7) set P C X the o-ideal

7= {A C X:3B; € SY(P) (i < w) (A - U (I)(Bi)>}

1<w

satisfies P ¢ Z but for every B € SY(P) there is a B’ € P{(P) NZ satisfying B C B'.
So Theorem 6 strengthens this by providing a o-ideal with cofinal TI§ members instead of
a II3-generated one. We think that it is consistently true for every 1 < £ < w; that in
Theorem 1, ®(B) can be taken in II9(7) (B € S¢(P)) . Moreover, for this only Theorem 6
should be established for 3 < £ < wy; that is for every Borel and not 22 (1) set P C X we
need to construct a o-ideal Z with cofinal IT members such that Sg (P)CZbut P¢7Z. On
the other hand, a consistently positive answer to Question 4 could give that ®(B) cannot
be taken in II)(7) for ¥ < &, that is ®(B) € P2(P) is optimal (B € S¢(P)). However, up
to our knowledge these problems are open.

The paper is structured as follows. In the Section 2 we recall and introduce some key
notions related to the refinement of topologies in Polish spaces. Next, in Section 3, we prove



Theorem 1 for £ = 2; this case is treated separately because no Hurewicz tests appear in the
proof, moreover the argument which covers the 3 < £ < w; case is not applicable for £ = 2.
We define our topological Hurewicz test pairs and discuss their basic properties in Section
3. In Section 4 we obtain sufficient criteria for sets to be in a topological Hurewicz test
pair and we prove Proposition 34, which is the main lemma toward Theorem 1 but might
be interesting on its own right. In Section 5 we construct Hurewicz test pairs, we prove
Theorem 1 for 3 < £ < w; and we close the paper with a short analysis of the proof.

2 Preliminaries

Our terminology and notation follow [2]. As usual, Hg(T) and 22(7) (0 < &€ < wy) stand
for the £** multiplicative and additive Borel class in the Polish space (X,7), starting with
IT9(7) = closed sets, 39(7) = open sets. A set is called proper ITY(7) if it is ITY(7) and not
22(7) (0 <€ <wy).

Let (C,7¢) denote the Polish space 2¢ with its usual product topology. For two finite
sequences s,t € w<¥, we write s C ¢ and s C t if ¢ is an extension of s and if ¢ is a proper
extension of s. The length of s is denoted by |s|. If s = (5081 ...8,—1) and i < w, then s
stands for the sequence (sg$1 ... Sn—11%).

If T C w<¥ is a subtree and s € w<* we set T; = {t € w<¥: s7t € T'}. The terminal
nodes of T' are denoted by ¥(T).

Let &,9; (i < w) be ordinals. We write 9; — & if £ is successor and ¥; +1 =€ (i < w) or
if € is limit, ¥; <9, (i < j <w) and sup;_, ¥; = &.

For every ordinal £ < w; we fix once and for all a sequence (9;);<,, such that ¥; — £. To
avoid complicated notations, we do not indicate the dependence of the sequence (¥;);<., on
&, it will be always clear which pair of ordinal and sequence is considered.

In this note we will notoriously refine Polish topologies by turning countably many
closed sets into open sets. We do this as described in [2], that is the open sets of the ancient
topology together with their portions on the members of our collection of closed sets serve
as a subbase of the new, finer topology. We will use that the topology obtained in this way
is also Polish.

Definition 7 Let (X, 7) be a Polish space, P = {P;: i < w} be a countable collection of
I19(7) sets. Then 7[P] denotes that Polish topology refining 7 where each P; (i < w) is
turned successively into an open set. For the precise procedure we refer to [2, (13.2) Lemma
and (13.3) Lemma pp. 82]

It is easy to see that the resulting finer topology 7[P] is independent from the enumeration
of P. This will be clear shortly when we fix a base of 7[P]. We also use the notation 7[P]
when the countable collection of not necessarily ITI{(7) sets P can be enumerated on such a
way that P, is TI{(7[{P;: i < n}]).

Definition 8 If 7, (n < w) is a Polish topology on some base set X then \/, __ 7, denotes

the coarsest topology on X which refines each 7, (n < w).

n<w

The resulting topology is also Polish and we will shortly fix a countable base for it.
Before doing this we need a precise notion of basic open sets in our spaces.

Definition 9 Let (X;,7;) (¢ € I) be Polish spaces; if a basis G; is fixed in the spaces (X;, 7;)
(¢ € I), which are meant to be the basic open sets in (X;, 7;), then the basic open sets of
(ILicr Xi:I1;es ™) are the open sets of the form

HGiX H Xi»

i€J i€INJ



where J C [ is finite and G; € G; for every ¢ € J.

If the family G basic open sets is fixed in the Polish space (X, 7) and 7[P] makes sense
for a countable collection P of subsets of X, then the basic open sets of 7[P] are of the form
GNnFEyN---NFE,_; or Gwith G e g, F; € P (i <n); a basic 7[P]-open set is said to be
proper if it is not 7-open.

If the basic open sets G, are fixed for the Polish topologies 7, (n < w) then the basic
open sets for \/ __ 7, are the sets of the form [,_, G,, where G, € G,, (m < w, n; <
w (i <m)).

n<w <m

Observe that the basic open sets defined on this way form a basis of [[,.; 7i, 7[P] and
V n<w T, respectively. From now on whenever a Polish space (X, 7) appears we assume that
a countable basis comprised of basic T-open sets is fixed; and this is done with respect to the
convention of Definition 9 if it is applicable. We take X to be basic 7-open. Basic open sets
are assumed to be regular open. In zero dimensional spaces we assume that our basic 7-open
sets are IT{(7); note that our procedure of refinement results a zero dimensional space from
a zero dimensional one with II{(7[P]) basic 7[P]-open sets. If two Polish topologies 7 and
7/ are given on the same base set and 7/ is finer than 7 we assume that the basic 7-open and
the basic 7/-open sets are fixed such that the every basic 7-open set is also basic 7/-open.

The closure of a set A C (X, 7) is denoted by cl.(A). We will never have to fix a special
compatible metric on our Polish spaces but we will condition on the diameter of sets. In
this case diam, denotes the diameter in an arbitrary fixed metric generating 7. We assume
that diam,(X) < 1.

We recall that a TI3(7) subset G' of the Polish space (X, 7) is itself a Polish space with
the restricted topology 7|g (see e.g. [2, (3.11) Theorem]). In particular, the notions related
to category in the topology 7 make sense relative to G.

We will have to return to the topologies on the coordinates in product spaces. If (X, o),
(Y, 7) are arbitrary topological spaces and (X,S) = (X xY, 0 x 1), then we define Prx(S) =
0. The projection of product sets in product spaces is defined analogously. If Gx C X and
Gy C Y, we say that the set of product form G = Gx x Gy C X is nontrivial on the X
coordinate if Gx # X.

Finally we recall a result which was the strongest motivation for the topologization of
Hurewicz tests and will be used in the proof of Theorem 1 (see [3]).

Theorem 10 (A. Louveau, J. Saint Raymond) Let 3 < £ < wy and (X,7) be a Polish
space. If P C C is proper Hg(Tc) and Ag, A1 C X is any pair of disjoint analytic sets,
then either Ay can be separated from Ay by a 22(7') set or there is a continuous one-to-one
map ¢: (C,7¢) — X with p(Pe) C Ay and (2 \ Pr) C A;.

The same conclusion holds for & = 2 if Po C C' is the complement of a dense countable
set.

3 The £ =2 case

From now on (X, 7) denotes a Polish space. In this section we prove Theorem 1 for & = 2.
The proof does not use topological Hurewicz test pairs; instead, it is based on a compactness
argument which was pointed out to the author by Zoltan Szentmikléssy. The fact that
this argument, which brakes down for £ > 2, can be substituted by a reasoning based on
topological Hurewicz test pairs may motivate other applications of the topological Hurewicz
test pairs.

In this section (N, 7xr) stands for w* with its usual product topology. For f,g € N we
write f < g if the set {n < w: f(n) > g(n)} is finite. We will use the following well-known
results (see e.g. [2, (7.7) Theorem pp. 37], [2, (4.11) Excercise pp. 20] and [1, Lemma 29.6.

pp. 575]).



Proposition 11 Let N C C be the complement of a dense countable set. Then (N,7c|n)
is homeomorphic to (N, Tx).

Proposition 12 Let K C N be a II{(7x) set. Then K is compact if and only if K is
dominated, i.e. there exists f:w — w such that for every g € K we have g(n) < f(n)
(n <w).

Proposition 13 Let (fi)i<w C N be arbitrary. Then there exists an f € N satisfying
fi<f (E<w).

Proof of Theorem 1 for £ = 2. Take N C C to be the complement of a dense
countable set. Then by Proposition 11, (N, 7¢|n) is homeomorphic to (N, 7xr) so in the
sequel, with a little abuse of notation we identify (N, 7¢|n) with (N, 7ar).

We apply Theorem 10 for £ = 2 with P, = N C C in (X, 7) for the II3(7) and not £3(7)
set P. We get a continuous one-to-one map ¢: (C,7¢) — (X, 7) such that p=1(P) = N.

We define ®: S(P) — PI(P) as follows. For every B € SY(P) fix a decomposition
B = U;., Bj where B; is ITY(7) (j < w). Then ¢~ *(B;) C C is II%(7¢) hence compact
(j <w). Since B; C P and ¢~ !(P) = N, we obtained that ¢~ (B;) C N is a compact set
(j < w). By Proposition 13 , for every j < w there is a function f;: w — w such that for
every g € ¢ '(B;) we have g(n) < fj(n) (n < w). Let fg: w — w be such that f; < fg
(j < w) and set

F(B)={geN:VYN <wIn>N (g9(n) < fa(n))}.

We define ®(B) = (P \ ¢(N)) U p(F(B)).

Clearly, P\ p(N) = P\p(C) is a TI(7) set. Since F(B) is II9(7xr) and homeomorphisms
keep the Borel class of sets we have that ®(B) € PJ(P). We show that B C ®(B); take
geB. Ifz € B\ p(N) then z € P\ p(N) C ®(B). If 2 € BNp(N), say z € B; Np(N)
then [~ (z)] (n) < fj(n) (n < w) hence ¢~ !(z) € F(B) so again z € ®(B).

Finally, for i < w let B® € SY(P) with its decomposition B! = Uj<w B,
dominator fp: and covering set F'(B?). Take g: w — w such that fpi < ¢g (i < w). Then
g ¢ F(B) (i < w) hence p(g) € p(N) \ Uy, ¢(F(BY), that is ¢(g) € P\ U, ®(B'),
This completes the proof.l

eventual

4 Topological Hurewicz test pairs

In this section we construct our Hurewicz test pairs. In order to produce a sufficiently big
family of test pairs we need a machinery which allows us to condition on the construction of a
given Borel set from simpler sets. For this, we handle a Hg(T) set by coding its construction
from closed sets in a tree. The following inductive definition makes this concrete.

Definition 14 Let 0 < £ < wy and ¥; — &. For € = 1, [P, (Py)] is called a II{(7) set with
presentation if P = Py is a TI{(7) set.

Suppose that the I19(7) sets with presentation are defined for ¥ < &. Then [P, (P;)ier]
is a TIY(7) set with presentation if T C w<* is a subtree such that {(i): i < w} C T,
P =X\U,., Pu and [P, (Pi~t)ter,] is a IT) (7) set with presentation (i < w).

It is important to note that a Hg(r) set with presentation is not necessarily a proper
Hg(’i’) set. For example such a set can easily be empty.
Next we define the test sets and the corresponding topologies.

Definition 15 Let 0 < ¢ < w; and P C X. We call the pair {P,7p} a Hg(T) topological
Hurewicz test pair in (X, 1) if



—_

. Pisa 1'[2(7) set;

[\

. Tp is a Polish topology on X refining 7;

3. Pis a Tp-nowhere dense I1{(7p) set;

e

(a) € = 1: if for a T-open set A C X and a basic Tp-open set G with GNP # ()
we have AN P is 7p|p-residual in G N P then A is 7p-residual in a 7p-open set
G’ C G such that GNP C cl..(G' N P).

(b) 1 < £ is a successor ordinal: if for a ¥ < &, a II9(7) set A C X and a basic
Tp-open set G with GN P # () we have AN P is 7p|p-residual in G N P then A
is 7p-residual in G.

(c¢) 1 < & isalimit ordinal: for every ¥ < £ there is a 7p-open set Hx_p(1) such that
P CHxp(W) CHxp) (<9 <€) andif for ad < & aTI)(r) set A C X
and a basic 7p-open set G with GNP # () we have AN P is 7p|p-residual in
G N P then A is 7p-residual in G N Hx, p(¥).

Notice the paradox behavior of a test pair {P,7p}. Even if P is a 7p-nowhere dense
ITY(7p) set, that is it is negligible in the sense of Baire category, from the information that a
set A has a Borel class lower than the Borel class of P and AN P is big in category relative
to P we conclude that A is big in the whole space X, that is A is of Tp-second category.

Observe also the following fact.

Lemma 16 Let (X,7') be a Polish space and T be a Polish refinement of v'. Let {P,Tp}
be a Hg(T) topological Hurewicz test pair in (X, 7). If P is also a Hg(T,) set then {P,7p}
is a TI(7") topological Hurewicz test pair in (X, 7’).

Proof. Since every X9(7') set is X9(7) and every I19(7/) set is II{(7) (¥ < £) the statement
follows.H
We associate topologies 755 and 7p to Hg (1) sets with presentation [P, (P;)er].

Definition 17 Consider a 1'[2(7) set with presentation [P, (P;)ier]. For £ = 1 we define
5 =7p=7. If 1 <& < wp and 7¢ is defined for IT)(7) sets Q with presentation for ¥ < &,
set
P = {P(n) N () (X\ Py): n<w}.
<n

We define 75 =/, 7p,, and 7p = 75 [P].

Note that the topologies 755 and 7p depend on the presentation of P. However, we do
not indicate this in the notation, the presentation will always be fixed in advance. Observe
also that P is disjoint to the members of P and that the sets in P are pairwise disjoint.

Next we prove an auxiliary claim on how P is related to the topologies 75, 7p. For
its proof we will need the Kuratowski-Ulam Theorem in the following form (see [2, (8.41)
Theorem)).

Theorem 18 (Kuratowski-Ulam) Let (X, 7) and (Y, o) be Polish spaces, let G = Gx x Gy
be a basic T X g-open set in X XY and consider a Borel set A C X xY. Set AY = {z €
X: (x,y) € A}. Then A is T x o-residual in G if and only if

{y € Gy : AY is T-residual in Gx}

is o-residual in Gy .



Proposition 19 With the notation of Definition 17 we have the following.
1. PisII3(75) and I1(7p).
2. If G is basic Tp-open and G N P # 0 then G is in fact basic 75 -open.
3. The topologies Tp|p and T5|p coincide.

4. The topologies
TP|P(7L)\Ui<n Py and TI§|P<7L)\Ui<n Py (n <w)

coincide.

5. If (Y,0) is any nonempty Polish space and {P,7p} is a Hg(T) topological Hurewicz
test pair in (X, 1) then {P XY, 7p X 0} is a Hg(T x o) topological Hurewicz test pair
in (X XY, 7x0); and if £ is a limit ordinal then Hxxy,pxy (V) = Hx p(9) x Y fulfills
the requirements.

Proof. We prove the first statement by induction on £. For £ = 1 the statement is obvious.
Let now 1 < £ < w; and suppose that the statement holds for ¥ < £&. We have

p=x\{JPny=x\1 (P(n)ﬂﬂ(X\P(i))>, (1)

n<w n<w <n

where P, is II{(75) (n < w) by the inductive hypothesis and P, N
Tp-open (n < w) by definition, so 1 follows.

By Definition 17 proper basic 7p-open sets do not intersect P, which shows 2. This
immediately implies 3.

Since the sets in P are pairwise disjoint, if G is a proper basic 7p-open set which intersects
Py \ (Uicn Priy) then G =G N Py \ (U;<,, Piy) where G' is basic 755-open, so 4 holds.

For 5, let G be a basic 7p X g-open set, say G = Gx X Gy where Gx is basic Tp-open in
X and Gy is basic g-open in Y. If £ = 1, let A be a 7 X g-open set such that AN (P xY)
is (1p X 0) |pxy-residual in GN (P xY) = (Gx N P) x Gy. Let

i<n(

G' = U{H C G': H is basic 7p x g-open, A is 7p x o-residual in H}.
Then G’ C G and A is 7p X o-residual in G’ so it remains show that
GN(PXY)Cclpxo(G'N(PxY)).

Suppose that K = Kx x Ky C @ is a nonempty basic 7p X o-open set such that

KN(PxY)CGN(PxY)\clx(GN(PxY)).
Then AN(P xY)is (7p X 0) |pxy-residual in (Kx N P) X Ky, so by Theorem 18,

W ={y e Ky: AYN P is 7p|p-residual in Kx N P}
is o-residual in Ky . Since {P,7p} is a II{(7)-topological Hurewicz test pair, by Definition
15.4a, for every y € W there is a 7p-open set K% (y) C Kx such that AY is 7p-residual in
K% (y) and Kx NP C cl (K% (y) N P). Since (X, 7p) has countable base there is a basic
Tp-open set K5 C Kx such that {y € Ky: K% C K% (y)} is oc-nonmeager, hence residual

in a basic o-open set Kj, C Ky. Thus we obtained that

{y € Ky : AY is 7p-residual in K’}



is o-residual in Ki{,. Then by Theorem 18, A is 7p X o-residual in K’ = K% x K3 , that is
K’ C G’, a contradiction.

Let now 1 < £ < w; be a successor ordinal, ¥ < £ and A be a ITI%(7 x o) set such that
AN(P xY)is (tp X 0) |pxy-residual in (Gx N P) x Gy. We show that A is 7p X o-residual
in G. By Theorem 18,

W ={y € Gy: AYN P is 7p|p-residual in Gx N P}

is o-residual in Gy . Since {P,7p} is a Hg(T)—tOpological Hurewicz test pair, by Definition
15.4b, AY (y € W) is 7p-residual in Gx. Then again by Theorem 18, A is 7p X o-residual
in G, as stated.

Let now 1 < £ < w; be a limit ordinal. We show that

Hxxy.pxy () =Hx p() xY (¥ <§)

fulfills the requirements. Let ¥ < ¢ and A be a IT)(7 x o) set such that AN (P xY) is
(tp X 0) |pxy-residual in (Gx N P) x Gy. By Theorem 18,

W ={y e Gy: AYNP is 7p|p-residual in Gx N P}

is o-residual in Gy. Since {P,7p} is a IT{(7)-topological Hurewicz test pair, by Definition
15.4c, AY (y € W) is 7p-residual in Gx N Hx p(?¥). Then again by Theorem 18, A is
7p X o-residual in

Gn HXXY,PXY(ﬁ) = (GX ﬂnyp(ﬁ)) x Gy,

as stated. This completes the proof.l
The following claim describes the behavior of a topological test pair with respect to
32(r) sets. Compare it to Definition 15.4a.

Proposition 20 Let 0 < & < wy and let {P,7p} be a HE(T) topological Hurewicz test pair.

If for a 22(7) set W and Tp-open set G with GNP # () we have W N P is Tp|p-residual in
GNP, then W is Tp-residual in a Tp-open set H satisfying that GNP C cl,,(H N P).

Proof. For £ =1 the statement follows from the definition. Let now 1 < £ < w; and write
W = U<, Qi, where Q; is H?%, (1) and ¥; - & f WNGNP is 7p|p-residual in G N P then
let H; denote the maximal Tp-open set in which @; is 7p-residual (i < w). By Definition
15.4, the 7p-open set H = |J,__, H; meets every 7p|p-open set intersecting G N P, which
proves the statement. B

In the following theorem we give a method allowing to build up inductively a topological
Hurewicz test pair from simpler test sets.

<w

Theorem 21 Let 0 < & < wi, ¥; — & and let [P, (P;)ier]| be a nonempty TIY(1) set with
presentation. If € =1 and P is T-nowhere dense then {P,Tp} is a topological Hurewicz test
pair.

For 1 < & < wy suppose that J;_, Py is 75 -dense in X and {Py), 75} is a TI§ (1)
topological Hurewicz test pair in (X,7) (i <w). Then

1. P is 75 -residual;

2. {P,7p}isa Hg(T) topological Hurewicz test pair.

Proof. If ¢ =1, G’ = AN G does the job. Let now 1 < § < wy. Since {P,,), 75} (n < w)
is a Iy (7) topological Hurewicz test pair, P(,) (n < w) is 7;5-nowhere dense so statement
1 follows from equation (1).



For 2 we have to check the conditions of Definition 15; 1 holds by the choice of P, 2
follows from Definition 17.

For 3, by Proposition 19.1 it remains to show that P does not contain any nonempty basic
Tp-open set. Suppose that G C P and G is nonempty basic 7p-open. Then by Proposition
19.2, G is basic 75-open, we have J,, P(;) is 75-dense hence P,y NG # () for some n < w,
a contradiction.

Let now 9 < £, A C X be II)(7), G be a basic Tp-open set with G N P # ) and suppose
that AN P is 7p|p-residual in G N P. By Proposition 19.2, G is actually 75-open while by
1 and Proposition 19.3, A is 75-residual in G.

Set G’ = G if £ is a successor. If £ is limit let 7 < w be minimal such that ¢ < 9, set
HX,p(ﬁ) = mi<1X \ P(i) and G’ =GnN HX7P(19) = G\ Ui<I P(i)~ ‘We have

i<w

PCHxp(¥)CHxp) (9<9 <)

by Definition 14. It remains to show that A is 7p-residual in G’. Note that G’ is 75-open
and that A is 75-residual in G'.

Suppose that A is not Tp-residual in G’; that is we have a nonempty basic Tp-open set
G C G’ such that ANG is Tp-meager in G. By passing to a nonempty basic 7p-open subset
we can assume that

G =GoN PN [ (X\Pay)) =GP\ | Po

<n <n

where Gy is basic 75-open and n < w. Note that if £ is limit then I < n by the choice of
G'. So we can assume Go N (), (X \ P(i)) C G'.

We obtained that the X9(7) set X \ A4 is TP|P\U,., Py-tesidual in the 7p-open set
Py NGoN (., X \ Py). Thus by Proposition 19.4, X \ A is T§|p(n)\ui<n p,-residual in
the Tl§|p(n)—open set Py NGoN(;c,, X \ Pyy. Since ¥ < 19, we can apply Proposition 20
for the 3§ (7) set W = X \ A, the ITj (1) topological Hurewicz test pair {P,), 75} and
the 75-open set G = Go N[, X \ Py satisfying GNP,y # 0. We get X\ A is 75-residual
in a 75-open set H such that G N P, C cl.<(H N P)), in particular H' = HNG # (
and H' C G’. Thus both A and X \ A are 75-residual in the nonempty 75-open set H, a
contradiction. This completes the proof. B

Remark 22 It is very important to note that for the topological Hurewicz test sets P
satisfying the conditions of Theorem 21, Hx p(¥) (¥ < &) does not depend on the topology
7, it is a function of the presentation of P and ¥. Moreover, Hx p(9) (¢ < £) is a 75-dense
T5-open set.

The conditions of Theorem 21 concern the presentation of the Hg(7’) set P instead of P
itself. This handicap seems to be inevitable. First, because up to our knowledge there are
no results providing some method to build up Eg(r) sets from simpler sets on a canonical
way, there is not even a canonical decomposition of X9(7) sets into IIJ(7) sets. It is easy
to see that by taking a wrong presentation the topology 7p becomes wrong either, that is
we cannot just condition our test set to be proper Hg(T), a suitably chosen, not necessarily
natural presentation must be involved. Second, because the only way to build up a proper
Hg(’f) set for &€ > 4 is to use induction, so in view of our first reason one could hardly imagine
Theorem 21 without some inductive condition on the presentation. Even if well explained,
this handicap remains painful and this is responsible for most of the complication we have
to face later. We close this section with some corollaries of Theorem 21, and in fact the first
four statements can be considered as its reformulation. The fifth statement points out an
obvious fact for every set P of a topological Hurewicz test pair {P, 7p}.



Corollary 23 For a 0 < £ < wy, let {P,7p} be a Hg(T) topological Hurewicz test pair as
in Theorem 21. Let G be a nonempty 75 -open set. Then the following hold.

1IfY <& ACX is IY(7) and 75 -residual in G then A is Tp-residual in G if £ is a
successor, while A is Tp-residual in GNHx p(¥) if € is a limit ordinal.

2. IfAC X is 22(7’) and of T5 -second category in G then A is of Tp-second category in
G.

3. If9 < & AC X is £9(7) and of Tp-second category in G then A is of 755 -second
category in G if € is a successor, while A is of 755 -second category in G N Hx, p(9) if
& 1s a limit ordinal .

4. If AC X is HE(T) and Tp-residual in G then A is 75 -residual in G.
5. P is a proper Hg(T) set.

Proof. Let A be II{(7) and 75-residual in G. By Theorem 21.1 and Proposition 19.1, P
is a 75-residual II9(75) set so AN P is 75|p-residual in G N P. By Proposition 19.3 the
topologies 755 |p and 7p|p coincide so AN P is 7p|p-residual in GN P. Thus Definition 15.4b
or Definition 15.4c applies and we conclude that A is 7p-residual in G if £ is a successor
while A is 7p-residual in G N Hx p(9) if £ is a limit ordinal, which proves 1.

For 2, if £ = 1 the statement follows from 7p = T}§ =7. fl<é<w let A= Ui<w A;
with T (7) set A; (i < w) where ¥; — £. By Theorem 21.1 and Proposition 19.1, P is a
75-residual TI9(75) set. If A is of 75-second category in G then for an i < w, 4; N P is
75 | p-residual in G’ N P for some basic T5-open set G’ C G. Since by Proposition 19.3 the
topologies 75 |p and 7p|p coincide, we have A; N P is 7p|p-residual in the basic 7p-open
set G’ with G’ N P # ) so by Definition 15.4b or Definition 15.4c, A; is 7p-residual in some
nonempty Tp-open set G C G’ thus A is of 7p-second category in G, as required.

Statements 3 and 4 follow from 1 and 2 by taking complements and using that Hx p(9)
(¥ < &) is a T5-dense Tj5-open set, as pointed out in Remark 22.

For 5, suppose that P is 22(7’). From Proposition 20 for W = P we get P is of 7p-
second category in X. But by Definition 15.3, P is Tp-nowhere dense, a contradiction. This
completes the proof.ll

There is an asymmetry in our approach to topological Hurewicz test sets: the test set
is of some multiplicative class and the sets tested are of the dual additive class. The reason
for this is that 22 is closed under taking countable union while Hg is not. However, there
is a testing theorem like Theorem 21 for special 22 sets but the statement of this theorem
cannot go beyond Corollary 23. So we do not work for that.

5 Intersection criteria

Toward the proof of Theorem 1 we need to find many topological Hurewicz test pairs. For
this we analyze the conditions of Theorem 21. It turns out that the conditions of Theorem
21 are combinatorial, they are the same as requiring that countably many intersections are
nonempty. We write up these intersections in Definition 24. Our purpose is to show in
particular that if Theorem 21 proves that a set P is a topological Hurewicz test set then P
remains a test set and satisfies the conditions of Theorem 21 if the initial topology 7 of the
Polish space is changed.

Definition 24 Let 0 < & < w; and [P, (P;)ser] be a ITY(7) set with presentation. If § = 1,
set C1(X,7,P) = {(X\P,G): Ger\{0}}. If Cy(X’', 7', P') is defined for every ¥ < ¢,
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Polish space (X', 7') and I19(7) set with presentation P’ then let ¥; — ¢ and set

CE(XaTaP):{(X\PvG):GGT;\{Q}}UUCI% Xa \/ TP(j)7P(i)

i<w j<w, j£i
We say that [P, (P;)ier| satisfies C¢ in (X, 1) if
V(C,G) € Ce(X,1,P) (CNG #0).

Proposition 25 Fiz an ordinal £ satisfying 0 < £ < wy. If a Hg(T) set with presentation
[P, (P,)ier] satisfies C¢ in (X, 7) then {P,7p} satisfies the conditions of Theorem 21, so in
particular {P,Tp} is a Hg(T) topological Hurewicz test pair.

Proof. We prove the statement by induction on &. For ¢ = 1, 0; means that P is 7-
nowhere dense in X, that is {P,7p} is a ITY(7) topological Hurewicz test pair by Theorem
21. Suppose now that the statement holds for ¥ < £ and let ¥; — £. By Cg, X\P =U,;.., Py
is 75-dense in X and [Py, (Pi~¢)ier,,] satisfies Gy, in the Polish space (X, Vicw, j2iTPG))-
By Definition 17 we have

< __ _
P = \/ TPy = \/ TP ;

j <w j<w, jF#i
J J Jj# P

so by the induction hypothesis { P;), 75} is a II§ (7) topological Hurewicz test pair (i < w).
Thus the conditions of Theorem 21 are satisfied, Theorem 21.2 can be applied and we
conclude that {P,7p} is a II{(7) topological Hurewicz test pair.l

We need that if P lives in a product space but it is nontrivial only on one coordinate
then Eé puts conditions also only on one coordinate.

Proposition 26 Let 0 < £ < wy and let [P, (P)ier] be a Hg(T) set with presentation in
the Polish space (X, 7). Let (Y,0) be a Polish space and set Q = P XY, Q; = P, xY
(t € T). Then [Q,(Qi)ier] is a TIY(T x o) set with presentation and for every (C,G) €
Ce(X xY,7x0,Q), C is of product form and it is nontrivial only on the X coordinate, i.e.
C = PTX (C) xY.

Proof. The statement easily follows by induction on £&.H
The next claim gives that Bg remains true if the initial topology gets coarser. Compare
this with Lemma 16.

Proposition 27 Let 7 be a Polish topology on X refining 7. If for some 0 < £ < w1 a
Hg(T) set with presentation [P, (P;)ier] satisfies C¢ in (X,7') then it satisfies C¢ in (X,7)
as well.

Proof. We prove by induction on & that C¢(X, 7, P) C Ce(X,7',P) (0 < £ < wy). From
this the statement follows.

For ¢ = 1 we have 7 C 7/ and so Cy(X,7,P) C C1(X,7’, P). Suppose now that the
statement holds for ¥ < £ and let ¥; — £. Since 7 C 7/ we also have 75 C 7'5, TP, C Tl’p(i)
(1 <w) so

{(X\P,G):Gerp} C{(X\PG):GeT's

and by the induction hypothesis,

Co, | X, \/ TP,y Py | € Co, | X, \/ va(j>,P(i)
J<w, j#i J<w, j#i
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This proves C¢(X, 7, P) C Ce(X, 7/, P) and completes the proof.l

From now on in this section we work to prove the main lemma of Theorem 1. The
technique of the proof is to exploit the low Borel class Hurewicz test sets appearing in the
construction of a Hg(T) test set. For this we need some more topologies.

Definition 28 Let 0 < £ < wy and let [P, (P;)er] be a Hg (1) set with presentation which
satisfies C¢ in (X, 7). We define the topologies

)=\, Vv \ 75, (n<w) (2)

i<n n<i<w

and

Tp(n) = \/ TP V \/ Tlf(i) (n <w). (3)

i<n n<i<w

Lemma 29 Let 0 < § < wi, ¥; — & and let [P,(P;)er] be a TIY(7) set with presenta-
tion satisfying Eg in (X,7). Then for every n < w, with the notation of Definition 28,
{P), 7p(n)} satisfies the conditions of Theorem 21 in the Polish space (X,7(n)). Also for
every n < w, {Pn),7p(n)} is a II§ (1) topological Hurewicz test pair in (X, 7). Moreover

we have
p(0)< = \/ 5,
<w

and Tp(n+ 1)< =7p(n) (n < w).

Proof. Since [P, (P,)er] satisfies C¢, [Py, (Pn~t)ier,,,] satisfies by, in the Polish space

X, \/ TP

i<w, 1#n

Then by Proposition 27, [P, (Pn~t)tet,,,] satisfies Cy, in the Polish space (X, 7(n)). By
(2) and (3) we have

Tp(n) = TPy V \/ TPy, V \/ T;m = T(n)p(n)
<n n<i<w

so by Proposition 25, { Py, 7p(n)} satisfies the conditions of Theorem 21 in the Polish space
(X,7(n)). Soit is a IT§ (7) topological Hurewicz test pair in (X, 7(n)) hence by Lemma 16
in (X, 7), as well. Similarly,

p(n+1)< = T;(er) Y \/ TPy V \/ T;(i) =7p(n) (n <w)
i<n+1 n+l<i<w

and
< < < <
Tp(0)S = \% \/ TS = \/ T
P(0) Po) P Py

0<i<w i<w

which completes the proof.l
The next lemma is an application of our newly found Hurewicz test sets.

Lemma 30 Let 2 < £ <wy and ¥; — £. Let [P, (Py)ier] be a Hg(T) set with presentation

which satisfies C¢. Fiz ann < w. If A is a £%(7) set where ¥ < V41 and A is 7p(n)-meager
in a Tp(n)-open set G then

1. Ais Tp(n + 1)-meager in G VHx p,.,, (9) if § =& + 1 for a limit ordinal §';
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2. Ais tp(n+ 1)-meager in G if £ =& + 1 for no limit ordinal &'.

Proof. By Lemma 29 we have {P(,11),7p(n + 1)} is a H%n+l(7) topological Hurewicz
test pair in (X,7) and 7p(n + 1)< = 7p(n). So by Corollary 23.3 our A cannot be of
7p(n + 1)-second category in G N Hx p, ., (¥) in case 1 or in G in case 2. This completes
the proof.l

In order to avoid ITI9(7) sets when 3 < ¢ < w; we have to reduce complicated sets to
I19(7) sets. This is the motivation of the following concept.

Definition 31 Let T C w<% be a tree. We say that a subtree T" C T is even if

teT’, |t|odd = {t|y_1"ii<w}nT ={t} &
{tTiri<winNT#Q&{tTi:i<w}NT CT. (4)

We say that T/ C T is even-complete if it is a maximal even subtree of T
If T/ C T is an even subtree, t € T\ T(T") with |t| even then t*T € T’ denotes the
unique extension of ¢ with [t+7] = [¢| + 1.

Our first observation immediately follows from the definition.

Lemma 32 With the notation of Definition 31, if T C T is even-complete, t € T' and |t|
is even T} is an even-complete subtree of Ty.

Lemma 33 For some 0 < £ < wy let [P,(Pi)ier] be a Hg(T) set with presentation. If
T C T is an even-complete subtree and x ¢ P, (t € T(T")) then x ¢ P.

Proof. We prove the statement by induction on &. For £ = 1 and & = 2 the only even-
complete subtree of T is T/ = {0} that is z ¢ Py = P, as stated. Suppose now that
3 < ¢ and the statement holds for ¥ < . By maximality we have T’ # (), hence there is a
unique i < w such that (i) € 7. By Lemma 32, T}, is an even-complete subtree of T}~ ;
(j <w, i"j € T) so by the induction hypothesis z ¢ P;~; (j <w). That is x € P(;) and so
x ¢ P, which completes the proof.ll

Now we can prove the main result of the section.

Proposition 34 Let € be a successor ordinal such that 2 < £ < wy , say & =& + 1. Let
[P, (P)ier] be a 1_[2(7') set with presentation which satisfies C¢ in (X, 7). For everyn < w
let A™ be a TIY, (1) set such that A" N Py =0 (n <w). Then P\ U, ., A" # 0.

n<w

Proof. Let &, < & be such that we have a presentation [A", (A})ern] of A™ as a Hgn (1)
set (n < w). Let ¥; — &'. Take maps 1: w — w and 72: w — w<* such that

n=(mm):w— J{n}x1"

n<w
is a bijection satisfying
Lt eT™, tCt = nt(n,t) <n tn,t) (n<w) (5)
and
mn) <n (n <w). (6)
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We construct inductively a basic 7p(n)-open set G, (n < w) and an even-complete
subtree I CT" (n < w) such that

clrp(n)(Gny1) € G (n <w); (7)
GnN Py =0 (n<w); (8)
Gn, N A" is T7p(n)-meager (n < w); (9)
if 7y(n) € FM\ T(F™M) and |ny(n)| is even, then

Gn N AZ;EZ;”"I(")W is 7p(n)-meager (n,i < w); (10)
if 112(n) € T(F™™) then Gy, € X \ AR (n < w), (11)

Since the topology 75 is finer than (or equals) 7p(n) (n < w), cly.(n)(Gny1) € Gy implies
by n

that cl < (Gn1) € Gn (0 <w), so we have (), _, Gn # 0 by (7) and N, Gn C P by (8).

By Lemma 33, (11) gives
(NG.cP\ | A

n<w n<w

To start with, set F™ = {(}} (n < w). In the following construction we will successively
grow the trees F™, so a node can be terminal after some intermediate step but not in the
final tree. To be concrete, the m!* step of the construction will have two parts: in the first
part we grow F™ at () if and only if 2 < &,,; while in the second part, with n(m) = (n, s),
we grow F" at s if and only if s # ) and [AZ, (A7~ )ierr] is a IL)(7) set with presentation
where 2 < 9. We will declare when a tree does not grow any more from a node, so that this
node remains terminal.

For every 0 < n < w after completing the n —
ordinal

1*" step of the construction we define the

pn =sup{d <wi:Im<nIse F™\ {0}

([A7", (AT-)erm] is a TIG(T) set with presenatation)}

if the sup is taken on a nonempty set, else we set p,, = 0. Observe that if [A7", (A7~ )ierm] is
a IT9(7) set with presentation for some m < n and s € F™\ {0} then ¢ < Vsl oy = Jorrm <
&m. Since after the n — 1** step of the construction F™ # {()} holds only for finitely many
m < w and [A™, (A]")term] is a Hgm (1) set with presentation where &, < ¢ (m < w) we
get pr, <& (0 <n<w).
If ¢ is a limit ordinal we will choose G,, (0 < n < w) such that in addition to (7) it will
satisfy
G,CGH_1 N HXJD(n) (pn) (0 <n< w). (12)

We prove first that for every 0 < N < w,

if k,m < N, s € F™\ {0} after the k' step of the construction
and AL is 7p(k)-meager in Gy, then AT is 7p(N)-meager in Gn. (13)

First we show that A7 is 7p(k + 1)-meager in Gy11. We apply Lemma 30 for n = k,
A= A7, G =Gy If [A7, (AT ))terr] is a IIY(7) set with presentation then ¥ < pi1.
Thus if £ is limit we have Hx p.,, (Pk+1) € Hx Py, (9) so by (7) if £ is a successor and
by (12) if &’ is a limit we get A™ is 7p(k + 1)-meager in Ggy1. By repeating the argument
N — k — 1 times the statement follows.

We turn to the construction. For n = 0, by (5) and (6) we have (0) = (0,0). To find
our Gy observe that X \ A° is a Eg, (7) set containing P. By Lemma 29, {P(y),7p(0)}
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satisfies the conditions of Theorem 21 in (X, 7(0)), in particular it is a Hg,(T) topological
Hurewicz test pair in (X, 7). By Theorem 21.1, Pg) and hence X \ A% is 7p(0)<-residual,
by Corollary 23.2, X \ A° is of 7p(0)-second category, that is A° is 7p(0)-meager in some
nonempty basic 7p(0)-open set G.

If A° is TI9(7) with 3 < ¥ < w; we have A% = (,_ X\ A(()l.), so for some ky < w
and nonempty basic 7p(0)-open set G’ C G we have X \ A((]ko) is 7p(0)-meager in G'. Put
kyi € FO (i < w). So if we take Go C G’ then (10) holds for n = 0 and (11) does not apply.
Since P(gy is 7p(0)-nowhere dense we can pass to some basic 7p(0)-open subset Gy C G
such that Gy N Pg) = 0); so (8-11) are satisfied for n = 0.

Else we have A” is TI9(7) or II3(7). Since 7p(0) is finer than 7, the set A°, which is 7p(0)-
meager in G, is actually 7p(0)-nowhere dense in G. In this case choose the basic 7p(0)-open
set Gy so that Gy C G \ (Pg) U A®) and F° does not grow at all, that is 72(0) = 0 € T(FV).
Now (10) does not apply and (11) holds; so we again have (8-11) for n = 0. This finishes
the first part of the construction for n = 0 and there is no second part.

Suppose that G,, (n < N) is already defined such that (8-13) hold for n < N and (7) holds
for n < N —1; we find our G . If £’ is a limit ordinal by Proposition 19.2 and Theorem 21.1,
Pvy € Hx, Py, (pn) implies that Hx, Py, (pn) is a 7p(N)<-residual 7p(N)<-open set. By
Lemma 29, 7p(N)< = 7p(N — 1) so Gy_1 is 7p(N)<-open hence Gy _; NHx, Py (pn) # 0.
Thus by passing to a basic 7p(N)<-open subset we can assume that Gy_; C Hx Py (pN)-
Then (12) will hold for n = N if Gy € Gy _1.

Again, X \ AV is a Eg, (7) set containing P(yy. By Lemma 29, { Py, 7p(N)} satisfies
the conditions of Theorem 21 in (X, 7(N)), it is a TIZ, (1) topological Hurewicz test pair,
7p(N)< = 7p(N — 1) so Gn_1 is 7p(N)<-open. By Theorem 21.1, Py, and hence X \ AN
is 7p(IN)<-residual in Gx_1, so by Corollary 23.2, X \ A% is of 7p(N)-second category in
Gn_1, that is AV is 7p(N)-meager in some nonempty basic 7p(NN)-open set G C Gy _1.

If [AN, (AN)sern~] is not a TI9(7) or a TI9(7) set with presentation then we have AN =
Nicw X\ A%. So for some kny < w and nonempty basic 7p(N)-open set G’ C G we have
X\Aé\{w)is 7p(N)-meager in G'. We put kyi € FV, (i <w). If [AN, (AN)epn] is a TIY(7)
or a ITJ(7) set with presentation then we set G’ = G, and FV does not grow at all so
0eg(FN).

Since Py is 7p(IN)-nowhere dense, we can pass to some basic 7p(IN)-open subset G C
G’ such that G” N Py =0 and cl,,(n)(G"”) € Gn_1. So (7-9) hold for every basic 7p(NV)-
open set Gy € G”. The first part on the N*” step of the construction is complete. We turn
to the second part.

If no(N) ¢ T(F1 V) then set G = G”. If |n2(N)]| is odd neither (10) nor (11) apply
so the inductive step is complete. If |72(N)| is even then (11) does not apply so it remains
to show (10). If 7o(N) = ) then after the first part of the 1, ()" step of the construction

we had that [A"(N) (A?I(N))teTnl(N)] is neither a IT9(7) nor a IT3(7) set with presentation
and
X\Am(N) X\Am(N)

(kny(vy) = p+F1 )

n1(N)

(Z)+F"I1(N) —~

By (6) we have 51 (N) < N so (13) for k = m = m(N) and s = 07F" "~ gives that
(N)
giFWl(N)ﬂi

If no(N) ¢ T(FMWN)) no(N)] is even but no(N) # () we show that 7o(N) will never be
a node of F(N)| Let u be the terminal node of F'(N) on the branch of 7y (N) in 77 (N),
By (5) there is an m < N such that 7;(m) = n;(N) and n2(m) = u. After the m!" step
of the construction u remained a terminal node of F (V) that is according to our growing
convention F (V) never grows from u so 1z(N) will never be a node of F"(), So again
neither (10) nor (11) apply and the inductive step is complete.

is 7p (11 (IV))-meager in G, (n); hence G, vy N A is 7p(n1 (IV))-meager (i < w).

is 7p(NN)-meager in G, (n) hence also in Gy (i < w), as required.
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If ne(N) € T(EmW)) and 72(N) = @ then by (6) and by our growing convention
[Am (N (A?l(N))teTm(m] is a TI9(7) or a TI3(7) set with presentation, in the 1, (N)™" step
of the construction by (11) we obtained G,,(xy € X \ A" so G” C X \ A" as well.
So (10) does not apply and (11) holds, thus Gy = G” completes the inductive step.

If no(N) € I(FM)) no(N) # 0 then we do the following. Let k < w be such that
m(k) = m(N) and n2(k) = n2(N)|jp,(n)—2- By (5) we have & < N. Since n2(N) # 0,
[Am (V)] (AZI(N))tGT”l(N)] is neither a II(7) nor a II9(7) set with presentation. We had
(10) in the k' step of the construction so by (13) for k, m = n,(N) and s = ny(N),

o N) . . N N
G" C Gy_; implies that AZ;ENg is 7p(N)-meager in G”. 1If [AZ;ENg’ (AZ;EN;”t)tET:;((fVV;}
m(N) .

is a IIY(7) or a IIY(7) set with presentation then since 7p(N) is finer than 7, ANy 18
actually 7p(N)-nowhere dense in G”. So we can find a nonempty basic 7p(N)-open set
Gy CG"\ AZ;%; We do not grow F"(N) from the node 75(N), so (10) does not apply
and (11) holds.

If [Am(N) (Am(N)

. 0 . . !
(N m(N)At)teng((]zvv))] is a ITy(7) set with presentation for some 3 < ¢ < ¢

since AZ;%; = Micw X\ AZ;E%;“W for some Iy < w and nonempty basic 7p(N)-open set
Gy C G we have X\ AZ:%;AIN is 7p(N)-meager in G. We put no(N) " lyi € FnN),

(1 < w), then (10) holds and (11) does not apply. This completes the second part of the
inductive step and finishes the proof.ll

6 Constructing coverings

In order to proceed we need to construct at least one concrete 1_[2(7') topological Hurewicz
test pair for every £ < wy. We do this in the Polish space (C, 7¢).

Definition 35 We set (C1,7¢,) = (C,7¢),
P={zxeCi:Vmecw (x(m)=1)},

T, = {0} and P@1 = P;. Suppose that the spaces (Cy,7c,) and the ITY(7c,) sets with
presentation [Py, (P)er,] are defined for every 9 < &. Then with J; — & let

Ce = H Cosy Toe = H 70y

i<w i<w
Pg = {IC € CEI Vi < w (iL’(Z, ) S Cﬁi \Pﬂl)}, (14)
Te={n"t:teTy,,6 n<w}, (15)
Piy=[[Co. <P’ x [] Co (teTy, n<w). (16)
i<n n<i<w

Proposition 36 Let 0 < § < wy and 9; — £. The Polish space (C¢,Tc,) is homeomorphic
to (C,7c). The TIY(7) set with presentation [P, (Pf)teTE] satisfies C¢ in (Ce,7c,), so it is
a Hg(’TCg) topological Hurewicz test pair in (Cg,7c.). We have ’7';& =[lico 7Py, and

TP = 7-;5 HUemn:n <w}] (1 <&<w)

where

Ugyn = H (Cﬁi \Pgl) X Pgn X H Cﬂi -

<n n<i<w
C [ Co xCe,x J[ Co.=Cc(1<&<w, n<w). (17)
<n n<i<w
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Proof. It is obvious that (C¢, 7¢,) is homeomorphic to (C,7¢). We prove the other state-
ments by induction on £. For £ = 1, P is a single point so it is 7-nowhere dense in C, as
stated. Remember that by Definition 17, 7p = 75 = 7.

Let now 1 < £ < wy and suppose that the statements are true for ¥ < £. Then by

definition,
T1§£ - \/ TPE T HTP%’
i<w ) i<w
as stated.
Let now (D,G) € Ce(Ce,7¢,, Pe). f D = X \ P and G € ’7';6 is nonempty then G is

PS. . If for some

nontrivial only on finitely many coordinates so it intersects X \ Pe = |J, ., )

1 < w,

(D.G)eCy, [ Ce, \/ Tpé)7p§

Q)
J<w,j#i

then by Proposition 26 for P = PEZ. , (X,7) = (Cy,,7¢,,) and

@

(Y7 U) = H 019]’ ) H TP,;J. )

j<wijFi  j<wiji
D is nontrivial only on the Cy, coordinate and G = []._,, G; where G; = Cy, except for
finitely many j < w, G, is basic Tp,,-Open (j € w\ {i}) while G; is basic 7¢, -open. Since
[Py, , (Ptﬁi)te:pﬂi] satisfies Cy, in (Cy,,7c,,) by the induction hypothesis, we have Prc, (D)N
Prc, (G) # 0, which implies D NG # 0. So [P, (Pf)teTé] indeed satisfies C¢ in (C¢,7¢, ).
Finally we have P(En) NNicn(Ce \Pfi)) = Ug n, so by Definition 17,

TP, = 7'P<,5 {Uen:n < w}].

This completes the proof.l

Now we have everything to give the proof of Theorem 1.

Proof of Theorem 1 for £ > 2. Fix our &, say { =& + 1. First we construct ® = ;¢
for (X,7) = (C¢,7¢,) and P = P¢; note that this is a valid setting since by Proposition 36,
[P, (Pf)teTE] satisfies C¢ in (C¢,7¢,) so by Proposition 25, Corollary 23.5 holds and gives
that P¢ is a proper ITY(7) set. For every B € S¢(P) fix a decomposition B = J;_,, B;
where Bj is TI{, (7, ) (j < w). Since the class II¢, (¢, ) has the separation property (see e.g.
[2, (22.16) Theorem]) we can take a sequence (A, (B))n<w C AL (1c,) such that

U B canB) CCe\ | F) (n<w). (18)

i<n i<n

Set

o= U AuB). (19)

m<w m<n<w
It is clear that ®¢(B) is Hg(TCE) and (18) implies B C ®¢(B) C P¢. It remains to show
that if B € S¢(P) with its fixed decomposition B' = ;. B} (i <w) then we can find a
point in Pe \ U, ., ®c(B*). .
We apply Proposition 34 for A™ = J,,, An(B*) (n < w). We obtain P¢ \ |, ., A" # 0.
Since
() | auBYC A" (i <w),

iI<n<w n<w
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we have P: \ ., Pe(B*) # 0, which completes the proof of the special case.
Let now (X,7) and P be arbitrary. By Proposition 36, (C¢, 7c,) is homeomorphic to
(C,7¢) so by Theorem 10 we can take a continuous one-to-one map ¢: (Cg¢,7¢,) — (X, 7)

such that ¢~ (P) = P¢. For B € S(P) let

O(B) = (P \ ¢(P)) U (D¢~ (B)))-

Since P\ ¢(P:) = PN (X \ ¢(C)) is a Hg (1) set and homeomorphisms preserve the Borel
class of sets this definition makes sense and fulfills the requirements.ll

As we mentioned in the introduction we think that it is independent whether Theorem 1
holds for limit ordinals or not. For limit & the argument of the proof above brakes down in
(19) since the ®¢(B) defined there is merely H2+1 (1c¢). To have a Hg (7c ) cover instead, the
sets A, (B) should be of lower Borel class than what we get from the separation property.
So we get back to the problem whether Theorem 6 can be extended to the entire Borel
hierarchy or the answer to Question 4 can be consistently positive. As we mentioned above
these problems seem to be open.

Finally we would like to draw the attention of the reader to one more aspect of Theorem
1. One could say that Theorem 1 is trivial if the Eg(TCE) subsets of P (which are all
Tp, | p.-meager by Corollary 23.2, Proposition 19.3 and Definition 15.3) could be covered by
a Tp, | p.-meager 1_[2 (7c,) subset of P:. Then a category argument would give that

Pg\U d(B') #£0 (B € SA(Pe) (i <w)).

However, this is not the case even for £ = 3 and (X, 7) = (C,7¢) as illustrated by the
following result (see [4, Proposition 19]).

Proposition 37 There is a II3(7¢) topological Hurewicz test pair {Pr,7p, } and a X3(7¢)
set A C Pr, such that if B is I13(7¢) and A C B then BN Py, is Tp, | p, -residual in Py,
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