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tLet X be a Polish spa
e, Y be a separable metri
 spa
e. For a�xed � < !1, 
onsider a family f� : X ! Y (� < !1) of Baire-�fun
tions. Answering a question of Tomasz Natkanie
, we show thatif for a fun
tion f : X ! Y , the set f� < !1 : f�(x) 6= f(x)g is �nitefor every x 2 X, then f itself is ne
essarily Baire-�. The proof isbased on a 
hara
terization of �0� sets whi
h 
an be interesting on itsown.1 Introdu
tionIt is a fa
t of life that the 
lass of 
ontinuous real fun
tions is not
losed under pointwise 
onvergen
e: instead, we obtain a realizationof the Baire-1 fun
tions. On the other hand, it is an easy exer
isethat the pointwise limit of a sequen
e of 
ontinuous fun
tions withlength !1 is ne
essarily 
ontinuous.This problem and other properties of the pointwise 
onvergen
eof trans�nite sequen
es of real fun
tions has been �rst 
onsidered byW. Sierpi�nski [7℄. In parti
ular, he studied whi
h 
lass of fun
tions�This resear
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will be 
losed under su
h 
onvergen
es. Sin
e most of the 
lasses, forexample the 
lass of Baire-� fun
tions for � � 2, are not, T. Natkanie
[6℄ introdu
ed a stronger notion of pointwise 
onvergen
e. We re
allthe pre
ise setting in the following de�nition.De�nition 1. Let � be a 
ardinal, (X; �) be a Polish spa
e, (Y; d)be a separable metri
 spa
e and 
onsider an ideal I on �. We saythat a sequen
e of fun
tions f� : X ! Y (� < �) I-
onverges to thefun
tion f : X ! Y , in notation f� !I f , iff� < � : f�(x) 6= f(x)g 2 Ifor every x 2 X.Similarly, we write f� !dI f if for every " > 0 and x 2 X we havef� < � : d(f(x); f�(x)) > "g 2 I:In 
ase of the ordinary !1 
onvergen
e, as used in [3℄ and [7℄, wehave � = !1 and I = [!1℄�!, that is the ideal of 
ountable subsets of!1. However, our motivating theorem, answering Problem 1 in [6℄ onpage 490, is related to the parti
ular 
ase, when the ideal 
ontainsthe �nite subsets of !1, that is I< = [!1℄<!.Theorem 2. Let (X; �) be a Polish spa
e, (Y; d) be a separable met-ri
 spa
e, and for a �xed � < !1 
onsider a family f� : X ! Y(� < !1) of Baire-� fun
tions. If f : X ! Y is su
h that f� !dI< f ,then f is Baire-�.We note here that the original question asked by T. Natkanie
refered to I<-
onvergen
e. However, it is easy to see that I<-
onver-gen
e implies dI<-
onvergen
e, so the result above is formally strongerthan the required. The suÆ
ien
y of dI<-
onvergen
e was pointed outto the author by Petr Holi
k�y.As W. Sierpi�nski showed ([7℄, Theorem 1 on page 133 and Theo-rem 2 on page 137), for the 
lass of 
ontinuous and Baire-1 fun
tionsTheorem 2 holds also for I = [!1℄�! instead of I<. On the otherhand, it is independent for every 2 � � < !1 whether there is a[!1℄�!-
onvergent sequen
e of Baire-� fun
tions whose limit fun
tionis Borel but not Baire-� (observe that the dI<-
onvergen
e impliesthe [!1℄�!-
onvergen
e). The �rst part of the following theorem hasalready been proved by W. Sierpi�nski ([7℄, Se
tion 6, pages 139 and140) and further dis
ussed by P. Komj�ath ([3℄, Theorem 3, page 499).2



Its se
ond part, related to Problem 3 in [6℄ on page 490, is a simpleanalogue of Theorem 2.Theorem 3. Let (X; �) be a Polish spa
e, (Y; d) be a separable met-ri
 spa
e.1. (W. Sierpi�nski, P. Komj�ath) Assuming the 
ontinuum hypoth-esis, there exists an [!1℄�!-
onvergent sequen
e of real Baire-2fun
tions whose limit fun
tion is not Borel.2. Let � < 2�0 be an in�nite 
ardinal with 
f(�) > ! and setJ = [�℄<�. For a �xed � < !1, 
onsider a family f� : X ! Y(� < �) of Baire-� fun
tions and a Borel fun
tion f : X ! Y .If f� !dJ f and in our model the union of � meager sets ismeager in Polish spa
es, then f is ne
essarily Baire-�.The assumption on the additivity of meager sets holds underMA(�) (see e.g. [1℄, Theorem 1.2 on page 505 or [5℄, Theorem on page170). The 
onvergen
e of trans�nite sequen
es of Baire-2 fun
tions oflength !2 has also been investigated by P. Komj�ath (see [3℄, Theorem4 and Theorem 5 on page 500). It is 
onsistent (with 2�0 = !2 andMA(!1)) that every real fu
tion 
an be obtained as su
h a limit. It isalso 
onsistent, under more 
ompli
ated assumptions, that the limitfun
tion is ne
essarily Baire-2.It is not surprising, and we will follow this dire
tion, that theproof of Theorem 2 and Theorem 3.2 goes through the analogousstatements for 
hara
teristi
 fun
tions, i.e. for sets of given Borel
lasses. As usual, �0�(�) (�0�(�) resp.) stands for the �th multipli
a-tive (additive resp.) Borel 
lass in (X; �), starting with �01(�) =
losed sets, �01(�) = open sets. With this notation our key lemma,whi
h might be 
onsidered as the main result of this paper, 
an bestated as follows.Theorem 4. Let �C1 denote the produ
t topology on 2!; let (X; �)be a Polish spa
e. For every 2 � � < !1, there exist a �0�(�C1) setP� � 2! and a Polish topology �� on 2! whi
h is �ner than �C1 su
hthat P� is nowhere dense and 
losed in the topology ��, and if a Borelset A � X is1. in �0�(�), then whenever for a 
ontinuous one-to-one mapping' : (2!; �C1) ! (X; �) we have that '�1(A) \ P� is of se
ond
ategory in P� in the relative topology ��jP� , then '�1(A) � 2!is of se
ond 
ategory in the topology ��;3



2. not in �0�(�), then there is a 
ontinuous one-to-one mapping' : (2! ; �C1)! (X; �) su
h that '(P�) � A and '�1(A) � 2! isof �rst 
ategory in the topology ��.Moreover, if � < 2�0 is a 
ardinal and in our model the union of a� number of meager sets is meager in Polish spa
es, then the �rststatement holds for every (not ne
essarily Borel) set A whi
h 
an beobtained as a union of a � number of �0�(�) sets.Informally, this theorem says that a �xed proper �0�(�) set is sofar from being a �0�(�) set that even Baire 
ategory 
an distinguishbetween them in a suitable topology. This approa
h explains the ap-pearan
e of the 
ondition on the additivity of meager sets in Theorem3.2. The last statement is ne
essary to prove Theorem 3.2, and inother words it states that our assumption on the additivity of meagersets implies that if the union of a � number of �0�(�C1) sets is Borel,then it is �0�(�C1).Theorem 4 
an also be regarded as a qualitative analogue of thefollowing result (see e.g. [4℄, page 433 for the � � 3 
ase and [2℄,Theorem 21.22 on page 161 for the � = 2 
ase), that we will use inthe proof.Theorem 5. (A. Louveau, J. Saint Raymond) Let 3 � � < !1 and(X; �) be a Polish spa
e. If P� � 2! is �0�(�C1) but not �0�(�C1) andA0; A1 � X is any pair of disjoint Borel sets, then either A0 
an beseparated from A1 by a �0�(�) set or there is a 
ontinuous one-to-onemap ' : (2!; �C1)! X with '(P�) � A0 and '(2! n P�) � A1.The same 
on
lusion holds for � = 2 if P2 � 2! is the 
omplementof a dense 
ountable set.Our referen
e for the basi
 notions in des
riptive set theory is [2℄.In the next se
tion we prove Theorem 2 and Theorem 3.2, while theproof of Theorem 4 will be presented in the last se
tion of the paper.2 I-
onvergent fun
tionsIn order to establish the 
onne
tion between fun
tion 
lasses andsublevel sets we will use the following 
lassi
al result (see e.g. [2℄,Chapter II, Theorem 24.3 on page 190).Theorem 6. Let (X; �) be a Polish spa
e, (Y; d) be a separable met-ri
 spa
e. Then for every 1 � � < !1, a fun
tion f : X ! Y is4



Baire-� if and only if f�1(U) � X is �0�+1(�) for every open setU � Y .In the metri
 spa
e (Y; d), the open ball 
entered at x 2 Y withradius � is denoted by Bd(x; �). After these preparations, Theorem2 and Theorem 3.2 are simple 
orollaries of Theorem 4.Proof of Theorem 2. By Theorem 1 on page 133 and Theorem2 on page 137 of [7℄, the statement holds for � � 1. So let 2 � � < !1be �xed and suppose that f� !dI< f for a family f� : X ! Y (� < !1)of Baire-� fun
tions.Suppose that f is not Baire-�. As the pointwise limit of thefun
tions ff� : � < !g, f is 
learly Borel, so by Theorem 6, there isan open ball Bd(x; �) � Y su
h that f�1(Bd(x; �)) is Borel but not�0�+1(�). SetH(") = f�1(Bd(x; �� ")); H�(") = f�1� (Bd(x; �� "))for every � < !1 and 0 < " < �. Note that by Theorem 6, H�(") isin �0�+1(�) for every � < !1 and 0 < " < �.Sin
e H(0) is not �0�+1(�), by Theorem 4.2 there is a 
ontinuousone-to-one map ' : (2!; �C1)! (X; �) su
h that(i) '(P�+1) � H(0), and(ii) '�1(H(0)) � 2! is of �rst 
ategory in the topology ��+1.By (i), there is an "0 > 0 su
h that '�1(H("0))\P�+1 is of se
ond
ategory in the topology ��+1jP�+1 . Let J1(") denote that set of thoseindi
es � < !1 for whi
h '�1(H�(")) is of se
ond 
ategory in thetopology ��+1.We prove that !1 n J1(") is �nite for every " < "0. Suppose thatthis is not true and take a 
ountably in�nite set J 0(") � !1 n J1(").By the de�nition of dI<� 
onvergen
e, " < "0 implies thatH("0) � H 0(") := [�2J 0(")H�(");so we have that '�1(H 0(")) \ P�+1 is of se
ond 
ategory in P�+1 inthe topology ��+1jP�+1 ; that is, sin
e H 0(") is �0�+1(�), by Theorem4.1 '�1(H 0(")) is of se
ond 
ategory in the topology ��+1. This isa 
ontradi
tion, sin
e by the de�nition of J1("), '�1(H 0(")) is ��+1-meager. 5



So J1(") is of 
ardinality !1 for every " < "0. In parti
ular, giventhat (2!; ��+1) has 
ountable base, there is a ��+1-open set U � 2!su
h that for a 
ountably in�nite set of indi
es J 00 � J1("0=2) wehave that '�1(H�("0=2)) is residual in U the topology ��+1 whenever� 2 J 00. Hen
e for H 00 = \�2J 00H�("0=2);'�1(H 00) is also ��+1-residual in U , so by (ii) we 
an �nd a pointx0 2 H 00 nH(0). Thus f� (� < !1) is not dI<-
onvergent sin
eJ 00 � n� < !1 : d(f(x0); f�(x0)) > "02 ois in�nite; a 
ontradi
tion. The proof is 
omplete.�Proof of Theorem 3.2. Again, for � � 1 the statement followsfrom the proofs of Theorem 1 on page 133 and Theorem 2 on page137 of [7℄ ; so let � � 2. Now f is Borel by assumption; and theproof is the same as for Theorem 2, until the de�nition of J1. Nowwe show that 
ard (� n J1(")) < � for every " < "0.Suppose that this is not true and take a set J 0(") � � n J1(") of
ardinality �. By the de�nition of dJ� 
onvergen
e, " < "0 impliesthat H("0) � H 0(") := [�2J 0(")H�(");so we have that '�1(H 0(")) \ P�+1 is of se
ond 
ategory in P�+1in the topology ��+1jP�+1 ; that is, by the extension of Theorem 4.1,sin
e H 0(") is the union of the � number of �0�+1(�) sets H�(") (� 2J 0(")), '�1(H 0(")) is of se
ond 
ategory in the topology ��+1. Nowthis 
ontradi
ts the assumption that the union of a � number ofmeager sets is meager in (2!; ��+1), sin
e by the de�nition of J1("),'�1(H�(")) (� 2 J 0(")) is ��+1-meager.We 
ontinue as above; J1(") is of 
ardinality � for every " < "0.In parti
ular, given that 
f(�) > ! and (2!; ��+1) has 
ountable base,there is a ��+1-open set U � 2! su
h that for a set of indi
es J 00 �J1("0=2) of 
ardinality � we have that '�1(H�("0=2)) is ��+1-residualin U whenever � 2 J 00. Sin
e in our model the interse
tion of a �number of ��+1-residual sets is again residual, forH 00 = \�2J 00H�("0=2);6



'�1(H 00) is also ��+1-residual in U , so by (ii) we 
an �nd a pointx0 2 H 00 n H(0). Again, this 
ontradi
ts the dJ -
onvergen
e. Theproof is 
omplete.�3 Distinguishing Borel 
lassesWe will de�ne re
ursively a sequen
e of 
ompa
t Polish spa
es home-omorphi
 to (2! ; �C1), Borel sets of in
reasing 
omplexity and addi-tional Polish topologies whi
h will serve as test sets and topologies.During this 
onstru
tion we will su

essively re�ne Polish topologiesby turning 
ountably many pairwise disjoint 
losed sets into opensets. We do this as des
ribed in [2℄, that is the open sets of thean
ient topology together with their portion on the members of our
olle
tion of 
losed sets serve as a base of the new, �ner topology.We will use that the topology obtained on this way is also Polish.We will also need a pre
ise notion of basi
 open sets in our result-ing spa
es. In the sequel, if a basis Gi is �xed in the spa
es (Xi; �i)for every i 2 I, whi
h are meant to be the basi
 open sets in Xi, thenthe basi
 open sets of (Qi2I Xi;Qi2I �i) are the open sets of the formYi2JGi � Yi2InJXi;where J � I is �nite and Gi 2 Gi for every i 2 J . Similarly, if thebasi
 open sets G are �xed in (X;�) and F is a 
ountable 
olle
tionof pairwise disjoint 
losed subsets of X, then the basi
 open sets ofthe �ner topology obtained as des
ribed above are of the form G\For G with G 2 G, F 2 F . Observe that the basi
 open sets de�nedon this way form a basis.We will have to return to the topologies on the 
oordinates inprodu
t spa
es. If (X;�), (Y; �) are arbitrary topologi
al spa
es and(X ;S) = (X �Y; �� �), then we de�ne PrX(S) = �. The proje
tionof produ
t sets in produ
t spa
es is de�ned analogously,Now we 
an start the 
onstru
tion. We set C1 = 2!,P1 = fx 2 C1 : 8m 2 ! (x(m) = 1)g:We denote by �C1 the produ
t topology on C1; so (C1; �C1) is a Polishspa
e. Set �1 = �C1 on C1.For every ordinal � < !1 we �x on
e and for all a sequen
e�1 � �2 � � � � � �i � � � � < � (i < !)(1) 7



of ordinals: if � is limit, let � = limi!1 �i, while for � su

essor � = �i+1for every i < !. To avoid 
ompli
ated notations, we do not indi
atethe dependen
e of the sequen
e on �, it will be always 
lear whi
hpair of ordinal and sequen
e is 
onsidered.Suppose that the sets C� and P� and their topologies are de�nedfor every � < �. Then let C� = 1Yi=0C�i ;P� = fx 2 C� : 8m 2 ! (x(m; :) 2 C�m n P�m)g;(2) �C� = 1Yi=0 �C�i ; �<� = 1Yi=0 ��i ;(3)and let �� be the 
oarsest topology extending �<� su
h thatU�;N = N�1Yi=0 (C�i n P�i)� P�N � 1Yi=N+1C�i �(4) � N�1Yi=0 C�i � C�N � 1Yi=N+1C�i = C�is open for every N < !. It is important that the sets U�;N (N < !)are pairwise disjoint. Note also that this 
onstru
tion �ts into theframework presented in the introdu
tion of this se
tion sin
e afterhaving turned U�;i into an open set for i < N ,U�;N =  N�1Yi=0 C�i � P�N � 1Yi=N+1C�i! n N�1[i=0 U�;i!is indeed 
losed in this intermediate re�nement of �<� .In the following six 
laims we prove some relations between P�and the topologies �C� , �� and �<� .Claim 7. For every 1 � � < !1, P� 2 �0�(�C� ).Proof. We prove the statement by indu
tion on �. For � = 1 wehave that P1 is a single point, whi
h is 
learly �C1 -
losed.8



Let now � � 2 and suppose that P� 2 �0�(�C� ) for every � < �.P� = \m<! fx 2 C� : x(m; :) 2 C�m n P�mg :(5)Sin
e �C� is the produ
t of the topologies �C�m and P�m is �0�m(�C�m )by the indu
tion hypothesis, P� is the interse
tion of sets of additive
lass lower than �, so the statement follows.�Claim 8.1. For every 1 � � < !1, P� � C� is a nowhere dense 
losed, hen
emeager set in the topology ��.2. For � � 2, P� � C� is a dense GÆ, hen
e residual set in thetopology �<� .Proof. We prove the two statements together, by indu
tion on �.For � = 1, P1 is a single point, whi
h is 
learly 
losed and nowheredense.Let now � � 2 and suppose that the �rst statement holds forevery � < �. We prove the se
ond for �.By (4) and (5), we haveP� = C� n [m<!U�;m! :(6)By the indu
tion hypothesis, P�m is nowhere ��m-dense and 
losedfor every m < !, so, sin
e �<� is the produ
t of the topologies ��m ,U�;m is nowhere �<�m -dense for every m < !. Also, U�;m is a �niteinterse
tion of �<� -open and �<� -
losed sets, thus it is an F� set in thetopology �<� for every m < !. Hen
e (6) shows that P� is �<� -denseand GÆ.Consider now the �rst statement for �. To obtain ��, we madeopen every set on the right hand side of (6), so P� is 
losed. Againusing that P�m is nowhere ��m-dense,[m<!U�;mmeets every �<� open set, hen
e it is also ��-dense, so P� is nowhere��-dense. This �nishes the proof.�Claim 9. For every 1 � � < !1, ��jP� = �<� jP�.9



Proof. By de�nition, U�;N \ P� = ; (N < !), so the statementfollows.�Claim 10. For 2 � � < !1, every basi
 �<� -open [basi
 ��-open;resp.℄ subset G of C� is in �01(�C�) [ �0�(�C�) [�0�(�C� ), resp.℄ forsome � < � depending on G.Proof. We prove the statements by indu
tion on �. For � = 2,�<2 = �C2 , so the basi
 �<2 -open sets are �01(�C2), as stated. Everynew basi
 open set of �2 
ompared to �<2 is the �nite interse
tion of�C2-open and �C2 -
losed sets, so the basi
 �2-open sets are indeed in�02(�C2).Take now � � 3 and suppose that the statements are true for every� < �. Using (3) and the indu
tion hypothesis, the �<� -open sets 
anbe obtained as the �nite interse
tion of sets in �01(�C� ) [ �0�i(�C� )with �i < �, whi
h 
learly results sets in �0�(�C� ) for � < �.Consider now the �� topology; again it is enough to determinethe Borel 
lass of the U�;N 's. By Claim 7, (4) shows that U�;N isthe �nite interse
tion of �0�i(�C�) and �0�N (�C� ) sets, whi
h results a�0�(�C� ) set, as required.�Claim 11. If G is basi
 ��-open and G\P� 6= ; then G is also basi
�<� -open.Proof. Sin
e U�;N (N < !) is disjoint from P�, the statementfollows from the de�nition of ��.�Claim 12. For every 1 � � < !1 and N < !,��jU�;N = PrQN�1i=0 C�i (�<� jQN�1i=0 C�inP�i )���N jP�N �PrQ1i=N+1 C�i ��<� � :Proof. The sets U�;N (N < !) are pairwise disjoint, so��jU�;N = �<� jU�;N :By (3), PrC�N ��<� � = ��N while by (4), PrC�N (U�;N ) = P�N ,PrQN�1i=0 C�i (U�;N) = N�1Yi=0 C�i n P�iand PrQ1i=N+1 C�i (U�;N ) = 1Yi=N+1C�i ;10



so we get�<� jU�;N = PrQN�1i=0 C�i ��<� jU�;N�� PrC�N ��<� jU�;N�� PrQ1i=N+1 C�i ��<� jU�;N� == PrQN�1i=0 C�i ��<� jQN�1i=0 C�inP�i�� ��N jP�N � PrQ1i=N+1 C�i ��<� � ;as required. This �nishes the proof.�We will prove Theorem 4 through the following lemma, whi
hstates the same result in a more te
hni
al way, whi
h �ts better toan indu
tive argument.Lemma 13. Fix 1 � � < !1. Let (Z; �) be an arbitrary Polish spa
e,G � Z � C� be a basi
 � � ��-open set withG \ (Z � P�) 6= ;:1. If � � 2 and Q � Z�C� is �0#(���C�) for a # < �, Q\(Z � P�)is �����jP��-residual relatively in G\(Z � P�), then Q is ����-residual in a � � ��-open set G0 satisfyingG \ (Z � P�) = G0 \ (Z � P�) :(7)2. If for a set W 2 �0�(� � �C� ), W \ (Z � P�) is � � ���jP��-residual relatively in G\ (Z � P�), then W is �� ��-residual ina � � ��-open set H � Z � C� satisfying that G \ (Z � P�) is
ontained in the � � ��-
losure of H.Proof. If we have proved the statement 
on
erning �0#(� � �C� )sets for given # < � < !1, then the statement for �0�(� � �C� ) setsautomati
ally follows. To see this, writeW = 1[�=0Q�;where Q� is in �0#�(� � �C� ) with #� < � for every � < !, andsuppose that W \ G \ (Z � P�) is � � ���jP��-residual relatively inG \ (Z � P�). For every � < !, let H� denote the maximal � � ��-open set in whi
h Q� is � � ��-residual. Then by the �rst statementof the lemma, the � � ��-open setH = 1[�=0H�11



meets every open set interse
ting G \ (Z � P�), whi
h proves thestatement.So we need only to prove the �rst statement. We do this byindu
tion on �, namely we prove the �rst statement for a �xed � < !1by assuming that the se
ond holds for every � < �. For � = 1, by theBaire Category Theorem H =W 
an be 
hosen.Let now � � 2 and suppose that the se
ond statement holds forevery � < �1. Consider a �0#(� � �C�) set Q � Z � C� for a # < �and suppose that Q\ (Z � P�) is �����jP��-residual in G\ (Z � P�)for the basi
 �� ��-open set G with G\ (Z �P�) 6= ;. By Claim 11,G is in fa
t a basi
 � � �<� -open set.By Claim 9, the restri
tion of the topologies �� and �<� to P�
oin
ide, so Q \ G \ (Z � P�) is also � � �<� -residual relatively inG\ (Z � P�). But by Claim 8.2, P� is a �<� -residual subset of C�, soQ \G is ne
essarily � � �<� � residual in G:(8)Let 0 < I < ! be minimal so that # � �I . We show thatG0 = G \ Z � I�1Yi=0 (C�i n P�i)� C�I � 1Yi=I+1C�i!(9)ful�lls the requirements. G0 is 
learly � � ��-open and (7) holds byZ � P� � Z � I�1Yi=0 (C�i n P�i)� C�I � 1Yi=I+1C�i :Suppose that Q \ G0 is not � � ��-residual in G0, that is Q \ ~Gis � � ��-meager for some basi
 � � ��-open set ~G � G0; by passingto a proper basi
 � � ��-open subset we 
an assume that ~G is not� � �<� -open. Let ~G0 be the basi
 � � �<� -open set su
h that~G = ~G0 \ (Z � U�;J) = ~G0 \ Z � J�1Yi=0 C�i � P�J � 1Yi=J+1C�i!for some J < !. This de
omposition exists sin
e U�;N (N < !) arepairwise disjoint. Note that I � J by (9), and we have ~G0 � G. To1To be pre
ise, we assume that the statements hold for every � < � and Polish spa
e(Z; �), no matter how we have �xed in (1) the sequen
e of ordinals �i (i < !) for every� < �. 12



summarize, we obtained thatQ \ ~G0 \ (Z � U�;J) is � � �� �meager in ~G0 \ (Z � U�;J) :(10)Set Z = Z � J�1Yi=0 C�i � 1Yi=J+1C�i ;� = � � PrQJ�1i=0 C�i ��<� �� PrQ1i=J+1 C�i ��<� �Q = (Z � C�) nQ � Z � C�J ;G = ~G0 � Z � C�J :The spa
e (Z; �) is 
learly Polish, G is a basi
 ����J -open subsetof Z � C�J . From # � �I � �J < �, Q is a �0�J (� � �C�J ) set.A

ording to (10) and Claim 12, Q is � � ���J jP�J �-residual inG \ (Z � P�J ), so by the indu
tion hypothesis, Q is � � ��J -residualin some � � ��J -open set H � Z �C�J su
h that the � � ��J -
losureof H 
ontains G \ (Z � P�J ); so in parti
ular, H \ G 6= ;. LetH = H � Z �C�. Sin
e ��J = PrC�J (�<� ) by de�nition, we have thatH \ ~G0 6= ; and Q \H \ ~G0 is � � �<� -meager in H \ ~G0 � G. This
ontradi
ts (8). The proof is 
omplete.�This lemma proves in parti
ular that P� is a proper �0�(�C� ) set.Corollary 14. For every 1 � � < !1, P� is in �0�(�C�) n �0�(�C� ).Proof. Clearly, P� � C� is ��jP� -residual, but by Claim 8.1, P� is��-meager. So by Lemma 13, P� 
annot be �0�(�C�).�Proof of Theorem 4. First we prove 1 and 2 in the � = 2 
asesin
e this is ex
eptional in Theorem 5. Then we show 1. and 2. for3 � � < !1 and �nally we treat the extension for every 2 � � < !1.So let � = 2. We setU 02;N = fx 2 2! : 8n � N (x(n) = 0)g (N < !);P2 = 2! n [N<!U 02;N! :We de�ne the topology �2 as the re�nement of �C1 by turning ea
hpoint of the �nite sets U 02;N (N < !) into an open set. Clearly,13



P2 is the 
omplement of a dense 
ountable subset in (2!; �C1), so inparti
ular P2 is �02(�C1) and �C1-residual. As a 
omplement of thedense �2-open set SN<! U 02;N , we also have that P2 is �2-meager.Let A � X be �02(�) and take a 
ontinuous one-to-one mapping' : (2! ; �C1) ! (X; �) su
h that '�1(A) \ P2 is of se
ond 
ategoryin P2 in the relative topology �2jP2 . Then '�1(A) � (2!; �C1) is�02(�C1) and '�1(A)\P2 is of se
ond 
ategory in the �2jP2 topology;thus '�1(A) is of se
ond 
ategory in the �C1 topology as well. Sin
ea �02(�C1) set in (2!; �C1) is of se
ond 
ategory only if its interior isnonempty, '�1(A) 
ontains a nonempty �C1 -open set so '�1(A) \U 02;N 6= ; for some N < !. Then '�1(A), having nonempty interior,is of se
ond 
ategory in the �2 topology, as required.If A is not �02(�), we apply Theorem 5 for A0 = A, A1 = X nA. These sets 
annot be separated by a �0�(�)-set, so sin
e P2 isthe 
omplement of a 
ountable dense subset of (2!; �C1), there is a
ontinuous one-to-one mapping ' : 2! ! X with '(P2) � A, '(2! nP2) � X n A. So as we have seen above, '�1(A) = P2 is indeed�2-meager.We turn to the � � 3 
ase. Polish spa
e (C�; �C�) is obviouslyhomeomorphi
 to (C1; �C1) (see e.g. [2℄, Theorem 7.4 on page 35).We show that (P� ; ��) ful�lls the requirements for every 3 � � < !1.Let A � X be �0�(�) for some � < !1 and take a 
ontinuousone-to-one mapping ' : C� ! X su
h that '�1(A) \ P� is of se
ond
ategory in P� in the relative topology ��jP� . Then '�1(A) � C� is�0�(�C�) and '�1(A) \ P� is ��jP� -residual in G \ P� for some basi
��-open set G. So a

ording to Lemma 13.1, '�1(A) is of se
ond
ategory in the �� topology, as required.Suppose now that A is not �0�(�). We apply Theorem 5 for A0 =A, A1 = X n A. These sets 
annot be separated by a �0�(�)-set, sosin
e P� is �0�(�C�) but not �0�(�C� ), there is a 
ontinuous one-to-one mapping ' : C� ! X with '(P�) � A, '(2! n P�) � X n A. Soa

ording to Claim 8.1, '�1(A) = P� is indeed ��-meager.Finally suppose that for some 
ardinal � < 2�0 , in our model thethe union of a � number of meager sets is meager in Polish spa
es.Let Ai (i < �) be �0�(�) for some 2 � � < !1 and set A = Si<�Ai.Sin
e '�1(A)\P� is of se
ond 
ategory in P� in the relative topology��jP� , by our assumption '�1(Ai) \ P� is also of se
ond 
ategory in(P�; ��jP�) for some i < �. So by the �rst statement, '�1(Ai) �'�1(A) is of se
ond 
ategory in the �� topology. This �nishes the14
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