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Abstract

Let X be a Polish space, Y be a separable metric space. For a
fixed ¢ < wq, consider a family f, : X — Y (a < w;) of Baire-¢
functions. Answering a question of Tomasz Natkaniec, we show that
if for a function f : X — Y, the set {a < wy: fo(x) # f(x)} is finite
for every z € X, then f itself is necessarily Baire-£. The proof is
based on a characterization of Z?] sets which can be interesting on its
own.

1 Introduction

It is a fact of life that the class of continuous real functions is not
closed under pointwise convergence: instead, we obtain a realization
of the Baire-1 functions. On the other hand, it is an easy exercise
that the pointwise limit of a sequence of continuous functions with
length w; is necessarily continuous.

This problem and other properties of the pointwise convergence
of transfinite sequences of real functions has been first considered by
W. Sierpinski [7]. In particular, he studied which class of functions
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will be closed under such convergences. Since most of the classes, for
example the class of Baire-¢ functions for £ > 2, are not, T. Natkaniec
[6] introduced a stronger notion of pointwise convergence. We recall
the precise setting in the following definition.

Definition 1. Let A be a cardinal, (X, 7) be a Polish space, (Y, d)
be a separable metric space and consider an ideal Z on A. We say
that a sequence of functions f,: X — Y (a < A) Z-converges to the
function f: X — Y, in notation f, —7 f, if

{a<A:folz) # flz)} €T

for every z € X.
Similarly, we write f, —d f if for every € > 0 and = € X we have

{a < A d(f(x), fa(z)) > e} € T.

In case of the ordinary w; convergence, as used in [3] and [7], we
have A = w; and T = [w;]=¥, that is the ideal of countable subsets of
wi. However, our motivating theorem, answering Problem 1 in [6] on
page 490, is related to the particular case, when the ideal contains
the finite subsets of wy, that is 7. = [w;]|<¥.

Theorem 2. Let (X, 1) be a Polish space, (Y,d) be a separable met-

ric space, and for a fired & < wy consider a family fo: X — Y

(v < wr) of Baire-{ functions. If f: X — Y is such that f, —>a f,
<

then f is Baire-£.

We note here that the original question asked by T. Natkaniec
refered to Z.-convergence. However, it is easy to see that Z.-conver-
gence implies %<—convergence, so the result above is formally stronger
than the required. The sufficiency of %<—c0nvergence was pointed out
to the author by Petr Holicky.

As W. Sierpiniski showed ([7], Theorem 1 on page 133 and Theo-
rem 2 on page 137), for the class of continuous and Baire-1 functions
Theorem 2 holds also for Z = [w1]S¥ instead of Z.. On the other
hand, it is independent for every 2 < ¢ < w; whether there is a
Jwr]=

is Borel but not Baire-{ (observe that the %<—Convergence implies

“-convergent sequence of Baire-¢ functions whose limit function

the [w1]=¥-convergence). The first part of the following theorem has
already been proved by W. Sierpinski ([7], Section 6, pages 139 and
140) and further discussed by P. Komjath ([3], Theorem 3, page 499).



Its second part, related to Problem 3 in [6] on page 490, is a simple
analogue of Theorem 2.

Theorem 3. Let (X, 1) be a Polish space, (Y,d) be a separable met-
TiC Space.

1. (W. Sierpinski, P. Komjath) Assuming the continuum hypoth-
esis, there exists an [w1]<*¥-convergent sequence of real Baire-2
functions whose limit function is not Borel.

2. Let A\ < 2% be an infinite cardinal with c¢f(\) > w and set
J = (NS For a fized ¢ < wy, consider a family fo: X =Y
(a < A) of Baire-¢ functions and a Borel function f: X — Y.
If fa —d f and in our model the union of A meager sets is

meager in Polish spaces, then f is necessarily Baire-£.

The assumption on the additivity of meager sets holds under
MA(N) (see e.g. [1], Theorem 1.2 on page 505 or [5], Theorem on page
170). The convergence of transfinite sequences of Baire-2 functions of
length wy has also been investigated by P. Komjath (see [3], Theorem
4 and Theorem 5 on page 500). It is consistent (with 2% = w, and
M A(w1)) that every real fuction can be obtained as such a limit. It is
also consistent, under more complicated assumptions, that the limit
function is necessarily Baire-2.

It is not surprising, and we will follow this direction, that the
proof of Theorem 2 and Theorem 3.2 goes through the analogous
statements for characteristic functions, i.e. for sets of given Borel
classes. As usual, Hg(T) (22(7) resp.) stands for the ¢ multiplica-
tive (additive resp.) Borel class in (X, 7), starting with T19(7) =
closed sets, X¥(7) = open sets. With this notation our key lemma,
which might be considered as the main result of this paper, can be
stated as follows.

Theorem 4. Let 7¢, denote the product topology on 2¥; let (X, 1)
be a Polish space. For every 2 < & < wy, there exist a Hg(Tcl) set
P: C 2% and a Polish topology T¢ on 2% which is finer than ¢, such
that P¢ is nowhere dense and closed in the topology 7¢, and if a Borel
set AC X 1is

1. in 22(7), then whenever for a continuous one-to-one mapping
©: (29, 7¢,) = (X,7) we have that ¢ '(A) N P¢ is of second
category in P in the relative topology T¢|p,, then o 1(A) C2¥
is of second category in the topology T¢;
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2. not in 22(7), then there is a continuous one-to-one mapping
p: (29, 7¢,) = (X,7) such that p(P¢) C A and ¢ '(A) C 2 is
of first category in the topology T¢.

Moreover, if X\ < 280 is a cardinal and in our model the union of a
A number of meager sets is meager in Polish spaces, then the first
statement holds for every (not necessarily Borel) set A which can be
obtained as a union of a A number of 22(7) sets.

Informally, this theorem says that a fixed proper Hg(T) set is so
far from being a 22(7) set that even Baire category can distinguish
between them in a suitable topology. This approach explains the ap-
pearance of the condition on the additivity of meager sets in Theorem
3.2. The last statement is necessary to prove Theorem 3.2, and in
other words it states that our assumption on the additivity of meager
sets implies that if the union of a A number of 22(7(;1) sets is Borel,
then it is 33¢(7c, ).

Theorem 4 can also be regarded as a qualitative analogue of the
following result (see e.g. [4], page 433 for the £ > 3 case and [2],
Theorem 21.22 on page 161 for the £ = 2 case), that we will use in
the proof.

Theorem 5. (A. Louveau, J. Saint Raymond) Let 3 < & < wy and
(X, 7) be a Polish space. If Pe C 2% is Hg(T(j1) but not 22(7(;1) and
Ay, A1 C X is any pair of disjoint Borel sets, then either Ay can be
separated from Ay by a 22(7) set or there is a continuous one-to-one
map ¢: (2,7¢,) = X with o(P¢) C Ag and p(2¥\ P¢) C A;.

The same conclusion holds for &€ = 2 if Py C 2% is the complement
of a dense countable set.

Our reference for the basic notions in descriptive set theory is [2].
In the next section we prove Theorem 2 and Theorem 3.2, while the
proof of Theorem 4 will be presented in the last section of the paper.

2 7-convergent functions

In order to establish the connection between function classes and
sublevel sets we will use the following classical result (see e.g. [2],
Chapter I, Theorem 24.3 on page 190).

Theorem 6. Let (X, 7) be a Polish space, (Y,d) be a separable met-
ric space. Then for every 1 < & < wy, a function f: X — Y is



Baire-¢ if and only if f~Y(U) C X s Zg+1(7) for every open set
UCY.

In the metric space (Y, d), the open ball centered at x € Y with
radius p is denoted by Bgy(z,p). After these preparations, Theorem
2 and Theorem 3.2 are simple corollaries of Theorem 4.

Proof of Theorem 2. By Theorem 1 on page 133 and Theorem

2 on page 137 of [7], the statement holds for £ < 1. Solet 2 < ¢ < wy

be fixed and suppose that f, —a f forafamily fo: X =Y (o < w)
<

of Baire-¢ functions.

Suppose that f is not Baire-{. As the pointwise limit of the
functions {f,: a < w}, f is clearly Borel, so by Theorem 6, there is
an open ball By(z,p) C Y such that f~'(Bgy(z,p)) is Borel but not
22+](7). Set

H(e) = f'(Ba(z,p —¢€)), Hale) = fo ' (Balz,p —¢))

for every @ < w7 and 0 < € < p. Note that by Theorem 6, H,(¢) is
in 22+1 (1) for every @ < wy and 0 < € < p.

Since H(0) is not Eg+1(7), by Theorem 4.2 there is a continuous
one-to-one map ¢: (2¥,7¢,) — (X, 7) such that

(1) @(Pey1) € H(0), and
(i) ¢ '(H(0)) C 2¥ is of first category in the topology ¢ 1.

By (i), there is an 9 > 0 such that ¢~ ' (H (g9)) N Pey1 is of second
category in the topology 7¢11/p.,,. Let Ji(g) denote that set of those
indices @ < wy for which ¢ !'(H,(g)) is of second category in the
topology T¢1.

We prove that w; \ Ji(e) is finite for every € < 3. Suppose that
this is not true and take a countably infinite set J'(¢) C wq \ J1(e).
By the definition of %< — convergence, € < g implies that

H(eg) CH'(e):= |J Hale),
acl'(g)

so we have that o' (H'(g)) N Peyq is of second category in Peyg in
the topology 7¢11|p,,,; that is, since H'(e) is Zg+1(7), by Theorem
4.1 ¢ '(H'(¢)) is of second category in the topology T¢iq. This is
a contradiction, since by the definition of Ji(¢), ¢ ' (H'(€)) is Te41-
meager.



So Ji(¢) is of cardinality wy for every € < eg. In particular, given
that (2, 7¢41) has countable base, there is a 7¢,i-open set U C 2
such that for a countably infinite set of indices J" C Ji(eq/2) we
have that ¢~ !(H,(g0/2)) is residual in U the topology 7¢;1 whenever
a € J". Hence for

H" = () Hal(e/2),

aeJ”

¢ '(H") is also T¢iq-residual in U, so by (i4) we can find a point
xo € H" \ H(0). Thus f, (@ < wq) is not %<—convergent since

J" C {0 <wi: d(f(20), fa(®0)) > %0}

is infinite; a contradiction. The proof is complete.l

Proof of Theorem 3.2. Again, for £ <1 the statement follows
from the proofs of Theorem 1 on page 133 and Theorem 2 on page
137 of [7] ; so let & > 2. Now f is Borel by assumption; and the
proof is the same as for Theorem 2, until the definition of J;. Now
we show that card (A \ Ji(g)) < A for every € < €.

Suppose that this is not true and take a set J'(¢) C A\ Ji(g) of
cardinality A. By the definition of djf convergence, € < gy implies
that

H(eg) CH'(e):= |J Halo),
acl'(g)

so we have that ¢ '(H'(€)) N Py is of second category in Py
in the topology T£+1\p§+1; that is, by the extension of Theorem 4.1,
since H'(e) is the union of the A number of 22+1(7) sets Hy(e) (a €
J'(€)), ¢ 1 (H'()) is of second category in the topology 7¢y1. Now
this contradicts the assumption that the union of a A number of
meager sets is meager in (2“,7¢41), since by the definition of Ji (),
o Y(Ha(e)) (o € J'(€)) is T¢q1-meager.

We continue as above; Ji(e) is of cardinality A for every £ < ¢.
In particular, given that cf(A) > w and (2, 7¢11) has countable base,
there is a 7¢41-open set U C 2% such that for a set of indices J" C
Ji(g0/2) of cardinality A we have that ¢! (H,(g9/2)) is 7¢41-residual
in U whenever a € J”. Since in our model the intersection of a A
number of 7., -residual sets is again residual, for

H"= () Hal(e/2),

aeJ"



¢ '(H") is also T¢qq-residual in U, so by (i4) we can find a point
zg € H"\ H(0). Again, this contradicts the %-convergence. The
proof is complete.l

3 Distinguishing Borel classes

We will define recursively a sequence of compact Polish spaces home-
omorphic to (2¥, 7¢, ), Borel sets of increasing complexity and addi-
tional Polish topologies which will serve as test sets and topologies.
During this construction we will successively refine Polish topologies
by turning countably many pairwise disjoint closed sets into open
sets. We do this as described in [2], that is the open sets of the
ancient topology together with their portion on the members of our
collection of closed sets serve as a base of the new, finer topology.
We will use that the topology obtained on this way is also Polish.
We will also need a precise notion of basic open sets in our result-
ing spaces. In the sequel, if a basis G; is fixed in the spaces (X;, ;)
for every 7 € I, which are meant to be the basic open sets in Xj;, then
the basic open sets of ([ [;.; Xi, [I;c; oi) are the open sets of the form

HGZ' X H XZ',

icJ i€I\J
where J C I is finite and G; € G; for every ¢ € J. Similarly, if the
basic open sets G are fixed in (X, o) and F is a countable collection
of pairwise disjoint closed subsets of X, then the basic open sets of
the finer topology obtained as described above are of the form GNF
or G with G € G, F € F. Observe that the basic open sets defined
on this way form a basis.

We will have to return to the topologies on the coordinates in
product spaces. If (X, o), (Y, 1) are arbitrary topological spaces and
(X,S) = (X xY,0 x 1), then we define Prx(S) = 0. The projection
of product sets in product spaces is defined analogously,

Now we can start the construction. We set C; = 2%,

P={zeCi:VYmew (x(m)=1)}.

We denote by 7¢, the product topology on C; so (C1, 7¢,) is a Polish
space. Set 71 = 7¢, on (.
For every ordinal £ < wy we fix once and for all a sequence

(1) 1 <EH < <G <<€ (< w)



of ordinals: if £ is limit, let £ = lim &;, while for £ successor € = §;+1
71— 00

for every ¢ < w. To avoid complicated notations, we do not indicate
the dependence of the sequence on &, it will be always clear which
pair of ordinal and sequence is considered.

Suppose that the sets (), and P, and their topologies are defined
for every n < £. Then let

[e.e]
Ce = H C;,
i=0
(2) Pe={reCe:Vmew (x(m,.) € C¢,, \ Pg,,)}
oC oC
(3) ree = [ [ 7eq 76 = 1] 7.
i=0 i=0
and let 7¢ be the coarsest topology extending 7'5< such that
N-1 00
(4) Uf,N:H(Cﬁi\Pﬁi)xpﬁNx H Ce, C
i=0 i=N+1
N—-1 00
C I Ce xCex x ] Ce =0
i=0 i=N+1

is open for every N < w. It is important that the sets Us y (N < w)
are pairwise disjoint. Note also that this construction fits into the
framework presented in the introduction of this section since after
having turned Ug; into an open set for 1 < N,

N—1 00 N—1
Uen = <H Cei X Pey % H C&) \ <U Uf,i)
=0 i=N+1 =0

is indeed closed in this intermediate refinement of T§<.
In the following six claims we prove some relations between P
and the topologies 7¢,, 7¢ and TE<.

Claim 7. For every 1 <{ <uwy, P € Hg(Tcg).

Proof. We prove the statement by induction on &. For £ = 1 we
have that P; is a single point, which is clearly 7¢,-closed.



Let now ¢ > 2 and suppose that P, € H%(T(;n) for every n < &.

(5) Py = ﬂ {r€Ce:x(m,.) €Cg, \ Py, }-

m<w

Since 7¢, is the product of the topologies 7¢, —and P, is Hgm (T(;Em)
by the induction hypothesis, P is the intersection of sets of additive
class lower than &, so the statement follows.l

Claim 8.

1. For every 1 <& < wy, Pe C C¢ is a nowhere dense closed, hence
meager set in the topology T¢.

2. For £ > 2, P C C¢ is a dense G5, hence residual set in the
topology TE<.

Proof. We prove the two statements together, by induction on &.
For £ = 1, P, is a single point, which is clearly closed and nowhere
dense.

Let now £ > 2 and suppose that the first statement holds for
every 1 < £&. We prove the second for &.

By (4) and (5), we have

(6) Pe=C¢\ < U Uw) :
m<w

By the induction hypothesis, P, is nowhere 7¢ -dense and closed
for every m < w, so, since T£< is the product of the topologies ¢,
Ue,m is nowhere 7'§<m—dense for every m < w. Also, Ugp, is a finite
intersection of T?—open and T?—Closed sets, thus it is an F}, set in the
topology T£< for every m < w. Hence (6) shows that P is T?—dense
and G{;.

Consider now the first statement for £&. To obtain 7¢, we made
open every set on the right hand side of (6), so Pt is closed. Again
using that P is nowhere 7¢ -dense,

U Uem

m<w

meets every 7'£< open set, hence it is also 7¢-dense, so P is nowhere
T¢-dense. This finishes the proof.l

Claim 9. For every 1 < ¢ < wi, 7¢|Pe = E<|P5'
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Proof. By definition, Ug y N Py = () (N < w), so the statement
follows.H

Claim 10. For 2 < ¢ < wy, every basic T?—open [basic Te-open,
resp.| subset G of C¢ is in E?(Tcg) U Hg(Tcg) [Hg(Tcg), resp.] for
some n < & depending on G.

Proof. We prove the statements by induction on £. For € = 2,
Ty = Tc,, S0 the basic 75°-open sets are %9(7¢,), as stated. Every
new basic open set of 75 compared to 7° is the finite intersection of
Tc,-open and 7¢,-closed sets, so the basic m9-open sets are indeed in
M (rc,)

2\1C )+

Take now ¢ > 3 and suppose that the statements are true for every

n < £. Using (3) and the induction hypothesis, the T?—open sets can

be obtained as the finite intersection of sets in Z?(Tcg) U Hgi(Tcg)
with & < £, which clearly results sets in H%(T(;é) forn<€
Consider now the 7¢ topology; again it is enough to determine
the Borel class of the Ug n’s. By Claim 7, (4) shows that Ug n is
the finite intersection of Zgi(T(;é) and HgN (Tc, ) sets, which results a

Hg(Tcg) set, as required.ll

Claim 11. If G is basic 7¢-open and G N Pe # () then G is also basic
Tf—open.

Proof. Since Ugn (N < w) is disjoint from P, the statement
follows from the definition of 7.l

Claim 12. For every 1 < ¢ <w; and N < w,
TE‘UG,N = PrHiN:B] Cﬁi (TE<|Hiz\7:61 Cﬁi\Pﬁi) XTEN|P5N XPrH?iN+1 Cﬁi (7’?) .
Proof. The sets U y (N < w) are pairwise disjoint, so

Telveny = T Uen -

By (3). Pre,,, (Tg) = 7y while by (4), Pre, (Ugn) = Pey,
N—-1
Pryva g, (Uen) = [] Ce\ P,
=0

and

oo
PrnfiNH Ce; (Ug’N) - H Cﬁi’
i=N+1

10



so we get
< _ < <
Te ‘U.g,N = PerV:BlC{i (7’5 |U§,N) X PI‘C§N (7’5 |U§,N>
< —
X PrH?iNM Ce, (Tf |U§,N) o

_ < <
a Prnfvz?)l Ce; (TE ‘HZI\’:BI CEi\PEi) % 7-&V|P‘5N X PI‘H?;]\H_I Ce; (TE ) ’
as required. This finishes the proof.H

We will prove Theorem 4 through the following lemma, which
states the same result in a more technical way, which fits better to
an inductive argument.

Lemma 13. Fiz 1 <& < wy. Let (Z,0) be an arbitrary Polish space,
G C 7 x C¢ be a basic o X T¢-open set with

GN(Zx P) #0.

1. If¢ >2and Q C ZxCg is Hg(UXT(jE) for a9 <& QN(Z x P)
is o X (Tg\pg)—residual relatively in GN(Z x P¢), then Q is 0 X 7¢-
residual in a o X T¢-open set G' satisfying

(7) Gﬂ(ZXPﬁ):GIﬂ(ZXPO.

2. If for a set W € Eg(a X 1), WN(Z xP) is 0 X (T£|P§)—
residual relatively in GN(Z x Pe), then W is o X T¢-residual in
a 0 X T¢g-open set H C Z x C¢ satisfying that G N (Z x Py) is
contained in the o X T¢-closure of H.

Proof. If we have proved the statement concerning ITj (o x 7¢; )

sets for given ¢ < £ < wy, then the statement for Eg(a X Tc,) sets
automatically follows. To see this, write

[e.e]
W = U Qom

a=0
where @, is in Hga (0 x 7¢,) with ¥, < £ for every @ < w, and
suppose that W NG N (Z x P) is 0 x (7¢|p, )-residual relatively in
G N (Z x Pg). For every a < w, let H, denote the maximal o x 7¢-
open set in which @), is 0 X 7¢-residual. Then by the first statement
of the lemma, the o x 7¢-open set

oo
H=|]JH,
a=0

11



meets every open set intersecting G N (Z x P¢), which proves the
statement.

So we need only to prove the first statement. We do this by
induction on £, namely we prove the first statement for a fixed £ < w;
by assuming that the second holds for every n < £. For € = 1, by the
Baire Category Theorem H = W can be chosen.

Let now £ > 2 and suppose that the second statement holds for
every n < ¢'. Consider a IIY(o x 7o) set Q@ C Z x C¢ for a § < ¢
and suppose that QN (Z x P) is 0 x (T§|p§)—residual in GN(Z x P)
for the basic o x 7¢-open set G with G N (Z x P¢) # 0. By Claim 11,
G is in fact a basic o x T£<—0pen set.

By Claim 9, the restriction of the topologies 7¢ and 7'§< to P
coincide, so Q NG N (Z x P) is also o x T?—residual relatively in

G N (Z x P¢). But by Claim 8.2, P is a T?—résidual subset of C¢, so

(8) Q NG is necessarily o X 7'§< —residual in G.

Let 0 < I < w be minimal so that 9 < £;. We show that

-1 00
(9) G,:GH<ZXH(C&\P&)XC&X H CEi)
i=0 i=I+1
fulfills the requirements. G’ is clearly o x 7¢-open and (7) holds by
I—1 o]
ZXP&QZXH(C&\P&)XC&X H C&
i=0 i=T+1

Suppose that Q N G’ is not o x 7¢-residual in G', that is Q@ N G
is 0 X Te-meager for some basic o X T¢-open set G C G'; by passing
to a proper basic 0 X 7¢,-open subset we can assume that G is not
o X Tf—open. Let Gy be the basic o x Tg—open set such that

J—1 0
é_égﬂ(ZXUgv,])_égﬂ(ZXHC&XPng H C&)
=0 1=J+1

for some J < w. This decomposition exists since Uz y (N < w) are
pairwise disjoint. Note that I < J by (9), and we have Gy C G. To

!To be precise, we assume that the statements hold for every n < ¢ and Polish space
(Z,0), no matter how we have fixed in (1) the sequence of ordinals 7; (i < w) for every

n<§.
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summarize, we obtained that
(10) QNGoN(Z x Ugy) is 0 x 1¢ —meager in Go N (Z x U 1) .

Set

J—1 o
z2=2x][Cex [[ Ce.
i=0 i=J+1
g=o0 X PrH;_;;()] C, (T;) X Prl—[;ﬁl]+1 Ce, (T;)
Q=(Zx0C)\QC ZxC,
G=GyCZxC,.
The space (Z, o) is clearly Polish, G is a basic g x 7¢,-open subset
of Zx Cg,. From 9 <& <&, <, Qisa EgJ(g X T(jéJ) set.

According to (10) and Claim 12, @ is o x (TEJ\pEJ)—residual in

G N (Z x Py,), so by the induction hypothesis, ) is ¢ x 7¢,-residual
in some o x 7¢,-open set H C Z x C¢, such that the a x 1¢,-closure
of H contains G N (Z x Pg,); so in particular, H N G # (. Let
H =H C Z x C¢. Since 7¢, = Pr¢, (1) by definition, we have that

HNGy#0and QN HNGy iso><7'§<—meager in HN Gy C G. This
contradicts (8). The proof is complete.ll

This lemma proves in particular that P is a proper Hg(T(jE) set.
Corollary 14. For every 1 < §{ < wy, P is in Hg(T(jE) \ Zg(T(;é).

Proof. Clearly, Py C C¢ is 7¢|p.-residual, but by Claim 8.1, P is
T¢-meager. So by Lemma 13, Py cannot be Zg(T(;é).l

Proof of Theorem 4. First we prove 1 and 2 in the £ = 2 case
since this is exceptional in Theorem 5. Then we show 1. and 2. for
3 <& < wp and finally we treat the extension for every 2 < £ < w;.

So let £ = 2. We set

Uyn ={r€2°:¥n>N (z(n) =0)} (N <w),

P2:2“’\<U UQ,N).

N<w

We define the topology 72 as the refinement of 7o, by turning each
point of the finite sets U} y (N < w) into an open set. Clearly,

13



P, is the complement of a dense countable subset in (2“, 7¢, ), so in
particular P is 119(7¢,) and 7¢,-residual. As a complement of the
dense T9-open set UN<w Ué,N’ we also have that P is 79-meager.

Let A C X be ¥9(7) and take a continuous one-to-one mapping
©: (2¥,7¢,) — (X,7) such that ¢ '(A) N P, is of second category
in P, in the relative topology 72|p,. Then ¢ '(4) C (2¢,7¢,) is
Y9 (1¢,) and ¢ '(A) N Py is of second category in the 75|p, topology;
thus ¢ !(A) is of second category in the ¢, topology as well. Since
a %9(7¢,) set in (29, 7¢,) is of second category only if its interior is
nonempty, ¢ '(A) contains a nonempty 7¢,-open set so ¢ !(A) N
Uj n # 0 for some N < w. Then ¢ '(A), having nonempty interior,
is of second category in the 79 topology, as required.

If A is not $9(7), we apply Theorem 5 for Ag = A, A = X \
A. These sets cannot be separated by a Zg(r)—set, so since Py is
the complement of a countable dense subset of (2¥,7¢,), there is a
continuous one-to-one mapping ¢: 2¥ — X with p(P,) C A, ¢(2¥\
P)) C X\ A. So as we have seen above, p '(A) = P, is indeed
To-meager.

We turn to the £ > 3 case. Polish space (C¢,7¢,) is obviously
homeomorphic to (Cy,7¢,) (see e.g. [2], Theorem 7.4 on page 35).
We show that (P, 7¢) fulfills the requirements for every 3 < ¢ < w;.

Let A C X be 22(7) for some ¢ < w; and take a continuous
one-to-one mapping ¢: C¢ — X such that ¢ !(A4) N P is of second
category in P in the relative topology 7¢|p,. Then ¢ '(A) C C is
22(7'()&) and ¢ 1(A) N P is T¢| p-residual in G N P for some basic
Te-open set G. So according to Lemma 13.1, ¢ !(4) is of second
category in the 7¢ topology, as required.

Suppose now that A is not 22(7'). We apply Theorem 5 for Ay =
A, Ay = X \ A. These sets cannot be separated by a 22(7)—Set, SO
since P is Hg(T(;E) but not 22(7(;6), there is a continuous one-to-
one mapping ¢: C¢ = X with ¢(P:) C A, p(2¥\ P:) C X \ A. So
according to Claim 8.1, ¢~ '(A) = P is indeed 7¢-meager.

Finally suppose that for some cardinal A < 2% in our model the
the union of a A number of meager sets is meager in Polish spaces.
Let A; (i < A) be 22(7) for some 2 < ¢ < w; and set A = |J;_, 4.
Since ¢~ ' (A) N P is of second category in P in the relative topology
T¢|pe, by our assumption ¢ '(A;) N P is also of second category in
(P, 7¢|p,) for some i < X. So by the first statement, ¢~ '(4;) C

¢ '(A) is of second category in the 7¢ topology. This finishes the

14
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