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Abstract

Two topological spaceX andY are said to bé-equivalent if there is a linear homeomorphism
betweenC,(X) and C,(Y), the spaces of continuous functions &nandY endowed with the
pointwise convergence topology. We prove a necessary condition on a topological space to be
equivalent to the:-dimensional cube. This, in particular, combined with a recent result of R. Gorak,
characterizes the topological spa¢exjuivalent to the compact interval.
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1. Introduction

Let X be a topological space. We denote 6y(X) the linear space of continuous
functions onX with the pointwise convergence topology. If for two topological spaces
andY there is a linear (uniform) homeomorphism betweégiX) andC,(Y), thenX and
Y are said to bé-equivalent ¢-equivalent).

It is natural to ask the question which topological properties are preservdd by
equivalence or-equivalence, that is for which topological propertiegs it true that if
the space¥X andY arel-equivalent -equivalent), therX has propertyP if and only if Y
has propertyP (see [1, Chapter 0] for a detailed study). Among others, it has been proven
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by Arkhangel'ski [2] that the class of compact metrizable spaces is preserved by linear
equivalence, while Pestov [9] obtained in a very general setting that dimension is preserved
by linear equivalence. The analogous results for uniform equivalence have been proven by
Uspenski[10] and Gul’ko [7], while a much finer classification in case of certain types of
zero-dimensional spaces has been carried out by Baars, de Groot, van Mill and Pelant (see
[3] and [4]).

Motivated by a question of Arkhangel'skin this paper we focus on the problem of
characterizing the topological spadesquivalent to/”, ther-dimensional cube fotr > 1
(see [8] for a comprehensive overview on this question and other related problems and
results). For uniform equivalence, this characterization was recently given by Gérak [6,
Main Theorem 1] as follows.

Theorem 1. For every positive integet, a spaceX is u-equivalent to/” if and only if

(1) X is n-dimensional compact metrizable
(2) every nonempty closed subsetfotontains a relatively open nonempty subset which
can be embedded intty .

He also obtained the following result on linear equivalence [6, Theorem 4.2]. For the
definition of then-dimensional embedding derivativé’"! see Definition 5.

Theorem 2. For a spaceX such thatx!""l = xli+1n] for somen > 0 andi € N the
following conditions are equivalent

(1) X isi-equivalenttal”; _
(2) X is n-dimensional compact metrizable aid-" = @.

This result inspired the conjecture [6, Hypothesis 4.3] tKats /-equivalent to/”
if and only if X is n-dimensional compact metrizable axd’") = ¢ for somei € N.
Among others, we prove this conjecture foe= 1 (Corollary 21), or equivalently, with the
formulation introduced above, we show the property of having ertptgne-dimensional
embedding derivative for some finitas preserved by-equivalence (Corollary 22).

2. Preliminaries

From this point, ind indicates always small inductive dimension XLée a topological
space. We denote bg,(X) and CI*,(X) the linear space of continuous and bounded
continuous functions o with the pointwise convergence topology, whi&X) stands
for the Banach space of bounded continuous function¥ evith the usual| - || norm.

Let X, Y be topological spaces, and consider a linear homeomorphism

H:Ch(X) = Ch(Y).
Then the graph off,
(H) CCh(X) x Ch(Y)
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is closed. Since the norm topology(X) is finer than the pointwise convergence topology
C,(X), this implies that

I'(H)CcC(X) xC(Y)
is also closed, so by the Closed Graph Theorem the operator
H:C(X)— C(Y)
is bounded. By symmetry, we have that its inverse is also bounded, which makes possible

the following definition.

Definition 3. For a given linear homeomorphish: CI*,(X) — C[*,(Y) we set

LH)y=max{|H|, |H7|}. (1)

Now let H:C,(X) — C,(Y) be a linear homeomorphism. Since for everg Y the
linear functional

v(y):Cp(X) — R,

v(y) f=(Hf)()
is continuous, it can be identified with an element of

Cp(X)* = {Zaxéx: D c X, cardD < oo, ay € ]R},
xeD

wheres, stands for the Dirac-measurexatThe coefficient oB, in v(y) will be denoted
by v, (y), thatis

V() =Y v (y)és.

xeX

Moreover, since for every continuous functigre C, (X) the image functio f € C,(Y)
is also continuous, we have thatY — C,(X)* is also continuous (wher€,(X)* is
always endowed with the weaikopology). The continuous mapping X — C,(Y)* and
coefficientsu., (x) are defined analogously. The support of a meagiix¢ will be denoted
by suppu(x).

We note that by (1), for the total variation ofy), . (x) we have

)] =] < L(H). Vyev.

xeX

| =Y |uy@)| <LH), VxeX.
yey

We introduce the two different notions of embedding derivatives.

Definition 4. We say that a topological spadeis n-dimensional everywherd for every
openselU C X, indU =n.
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Definition 5. Let X be a topological space. For are N, let

Lx=Ju,  noo=Uv,

seS teT

where{Us: s € S} is the family of all open subsets af which can be embedded int6 and
{V;: t € T} is the family of all open subsets &f which are at most: — 1)-dimensional.

With this notation, for an ordinat, theath n-dimensional embedding derivatixg® )
is defined on the following way:

xton — x;
X[a—l—l,n] — X[a,n] \ I, (X[ot,n]);
xtenl = () Xl if o is limit.,

B<a
Similarly, we define therth n-dimensional strong embedding derivativé*"11 by

XU = X\ g (X);
xlle+lall _ yllo.n]] \ (In (X[[a,n]]) uJ, (X[[a,n]] \ I, (X[[a,n]])));

xlleondl = (7 x [Py Jn< N x[[ﬂ»"ﬂ) if  is limit.

B<a B<a

That is, in the case of the-dimensional embedding derivative, one derivation step
throws away every open set which can be embedded inta-tfimensional cube, while
thern-dimensional strong embedding derivative throws away every lower dimensional open
subset as well. In particular, as we shall see later, ewatimensional strong embedding
derivative isn-dimensional everywhere or empty (Lemma 13).

We note that every embedding or strong embedding derivative of a compact metric space
is itself compact metric. We will show that far= 1, X" = ¢ for somei € N if and only
if X[/ = ¢ for somej € N (Lemma 15). On the other hand, fer> 2, any universal
(n — 1)-dimensional compact metric space shows that the analogous statement does not
hold. This is the reason why our result cannot be applied for the characterization of spaces
[-equivalent to two or higher dimensional cubes.

With these notions our main result can be stated as follows.

Theorem 6. Let X be a topological space. IX is /-equivalent to the:-dimensional cube,
thenx 71l — g for somemn € N.
For n = 1 and one-dimensional compact metrizalflethis condition is sufficient.

We shall prove the first part in Section 4 in a quantitative form (Theorem 18 and
Corollary 19), while one-dimensional case will be proven in Section 5 (Corollary 21).

From now on we consider onlgompacttopological spaces, for which the function
spacesCl*,(X) and C,(X) coincide. To avoid the use of multiple stars, we will use the
notationC,(X) even if we work with the notions introduced fOT;(X).
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3. Basic properties

We will use the following classical results of dimension theory. For the proofs, see, e.g.,
[5, Corollary 1.8.11, p. 76] [5, Theorem 1.11.7, p. 126] and [5, Theorem 1.5.3, p. 42].

Theorem 7. A compact subset @f is n-dimensional if and only if it has nonempty interior.
Theorem 8. Every zero-dimensional separable metric space can be embedded into

Theorem 9. Let X be a separable metric space Mfis a countable union of-dimensional
closed subspaces théhis n-dimensional.

In the following lemmas we prove some properties of continuous mappingintsd)*.
A detailed study of the techniques and the proof of our first lemma can be found in [3,
Lemmal.2.7, p. 21].

Lemma 10. Let X, Y be metric spaces and let
X — Cp(¥)*

be a continuous function. Then for every openBet Y and for every: € N, the set
{x € X: cardsuppu(x) N B) > n}

is open.

Lemmall. Let X, Y be metric spaces,e N and let

X — Cp(¥)*
be a continuous function wittard suppe(x) = s, Vx € X. Then for every € X there exist
an open neighborhoolf, ¢ X of x and continuous functions

K1y U2y -5 st Ny = Y,

o1, 02,...,05 . Ny > R

such that

N
1) =" i (x)8 -
i=1
The functiong:;, 1 <i < s will be called thesupport functionsf ..

Proof. Let x € X be arbitrary and let supp(x) = {y1, ..., ys}. We can choose pairwise
disjoint open setﬁ,}, ..., By suchthaty; € By, 1<i <s. By Lemma 10, there is an open
setx € N, C X such that carGuppu(z) N By) =1 for everyz e N,, 1 <i <s. Let

i (z) =suppu(z) N BL,  @i(2) = ;o) (@)

for z € Ny, 1<i <s. Again by Lemma 10, the functions are continuous ow,, and it
is easy to see that the continuity @fimplies the continuity of the coefficients, which
proves the lemma. O
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Lemma 12. Let X be a compact metric space and I}t be its compact subset. Let
wiX — Cp(I")", vil" — Cp(X)*

be continuous functions. Suppose that for an opelsetX, a numbel € N, a sequence
of numbersy, s2, ..., s; € N and sequence of pairwise disjointopen bdlls ..., B, C I"
we have that the set

Ur={xe X' NU: cardsupp(x) =1, cardsuppu(x) N B;) =1,
cardsuppv(suppu(x) N B;)) =si, 1<i <1}

is of second category i’. ThenU; has nonempty interior iX’.

Proof. From Lemma 10 we have that the sets
{xe X' NnU: cardsuppu(x) N B;) > 1}, 1<i<l,
are open inX’, that is the set
Uro={x € X'NU: cardsupp(x) =1, cardsuppu(x) N B;) =1, 1<i <1}

is the intersection of a finite number of relatively open and closed seXs.ikgain by
Lemma 10, the sets

{x € Uro: cardsuppu(suppu(x) N B;)) =5}, 1<i<l,

are open inJ1 g, soU is the intersection of a finite number of relatively open and closed
sets inUq,p, and thus inX’, as well. Hence, sinc&’ is compact metricl/; is of second
category inX’ if and only if it has nonempty interior iX’. This completes the proof.0

Finally we prove three lemmas on the embedding derivatives. The first is an obvious
corollary of Theorem 9.

Lemma 13. For any compact metric spack and ordinal «, X!l*"l is empty orn-
dimensional everywhere.

Lemma 14. Let X be a compact metric space such thgt™ ! £ ¢ for somem € N, and
every nonempty closed subsetotontains a nonempty relatively open subset which can
be embedded intd".

Then there is a sequendg, X», ..., X, of subsets ok with the following properties

(1) X; islocally compact an@-dimensional everywhere=1,...m;
(2) X; ccelX;,1<i<j<m

(3) XinclX; =9,1<i < j<m.

Proof. Let

X;=L,(xW=m) =1 m.
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Since x!i=1nll ¢ X is nonempty and closed, we have thgtis a dense open subset of
x[li=1n1l "so specially it is nonempty, locally compact and Lemma 13 implies that it is
n-dimensional everywhere. Moreover, whenevet l< j <m,

X;=1I, (X[[j_lsn]]) c xWU=1nll ~ xllinll _ ¢ X; 2)

which proves property (1) and (2). '
As (2) shows X711 a compact subset oflli=1711 containsX ; whenever 1< i <
Jj <m, sowe have

X;nelx; c Xy n xtml = g, (xW=delly o xM0nll — g1 <i < j <m.

This proves property (3) and completes the proaf

Lemma 15. For every compact metric spacéandm € N,

X[2m+1,l] c X[[m,l]] C X[m,l]'

Proof. Before starting the proof, we note thatif Y are arbitrary topological spaces, then
X cYimpliesX \ I1(X) C Y \ I1(Y), since if a seU C Y can be embedded intd then
U N X can be embedded intt', as well. From Theorem 8 we also know that for every
compact metric spack we haveJ;(X) C I1(X).

Itis obvious thatX (-1 = x1".1] for everym e N, so we prove only the first inclusion,
by induction orvn.

Letnowm = 0. Then

X=X\ 11(X) € X\ J1(X) = x104,

as stated.
If we already knowx [2"~11 ¢ x[lm=111l for somem € N, then

hence
X[2m+1,l] — X[Zm,l] \ Il(X[Zm,l])
c (X[[m—l,l]] \ I]_(X[[m_l’l]])) \ Il(X[[m_l’l]] \ Il(X[[m_l’l]])). ©)
Since
Jl(X[[m_l’]']] \ Il(X[[m_l’l]])) c Il(X[[m_l’l]] \ Il(X[[m_l’l]])),
from (3) we get

x[2m+1.1] c (X[[m—l,l]] \ I]_(X[[m_l’l]])) \ J]_(X[[m_l’l]] \ I]_(X[[m_l’l]]))
x [lm, 111

This proves the induction step and finishes the proaf.
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4. Spacesnot [-equivalent to the r-dimensional cube

In this section we prove Theorem 18, a quantitative version of the first part of
Theorem 6. The proof, in spirit, is very similar to the proof of Theorem 2.5 in [4].

First we prove a lemma which is essential for the recursive step in the proof of
the theorem, and which fails to work if we replace strong embedding derivative with
embedding derivative.

Lemma 16. Let X be a compact metric space and [t be its compact subset which is
n-dimensional everywhere. Let

wiX — Cp(I")", vil" — Cp(X)*

be continuous functions. Then for every 0, every open sdf C X with U N X’ # @ there
isan openseV c clV c U, integersO < k <1, a sequence of numbeyg sz, ...,s; € N
and a sequence of open s€is, Go, ..., G; C I" such that

Q) vnX' #£0;
(2) GiNG;=0,1<i<j<I;
(3) cardsupp(x) =1 foreveryx e VN X’;
(4) cardsuppu(x)NG;)=1foreveryx e VN X', 1<i <,
(5) cardsuppv(suppu(x) N G;))=s; foreveryx e VN X', 1<i <
(6) for everyx € VN X" andy € suppu(x), suppv(y) NV # @ implies thaty € G; for
somel <i <k andsuppv(y) NV = {x};
(7) foreveryl <i <k andy € G;, suppv(y) NV # ¢ implies
suppr(y) NV C X';

(8) foreveryl<i<k,uceVandu' evVNnx,
&
Z |My(”)| = |Msuppu(u’)ﬂci (u/)| - F

yesuppu(u)NG;

(9) for everyl <i < k and nonempty opensBt c VN X',
L suppe(x) NG;
xeW

is n-dimensional.

Proof. Let S c I" be a dense countable set and consider the following subs&tsot/.
For a given! € N, sequence of numbets, s», .. ., s; € N and sequence of pairwise disjoint
open ballsBy, ..., B C I" centered af having rational radius let

U‘fi’l‘;'z""’ffw ={x e X' NU: cardsuppu(x) =1, cardsuppu(x) N B;) =1,
cardsuppv (suppu(x) N B;)) =si, 1<i <I}.
Since{Ufi}s’;_’f’s,} is a countable cover of the locally compact metric sp&te U, some
Uy = BBy

51,52,...,8]
is of second category. By Lemma 12 we have ftiahas nonempty interior ix’.
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We show that by passing to open subset&/gfwe can find an open séb C X’ such
that

(1) for every fixed:, either
D; = U suppu(x) N B;
xeUsp
is at most(n — 1)-dimensional, or for every nonempty open 8étc U,
U suppu(x) N B;
xeWw

is n-dimensional;

(2) wonUz andv on the correspondind;, 1 <i <!/ are of the form as in the conclusion
of Lemma 11;

(3) for every fixed:, the function cartsuppv(y) N X’) is constant orD;;

(4) for every fixedi and support function!, 1< j <s; of v|p,, either

v{(suppu(x)mDi)mclezﬂ, VxeU; or

vl.j (suppu(x) N D;) NUz2={x}, Vx € Us.

Note that the set®; change a$/, decreases.
To have property (1), it is enough to reducgg whenever

LJ suppe(x) N B;

xeWw

is at most(n — 1)-dimensional for some nonempty open 8étc U, and 1<i < 1.
Itis clear that we can get property (2) by a successive Lemma 11.
Now we obtain property (3). Let

d; _yrgg}(cardsuppw(y) NnXx’).

By property (2), the set

{y € Di: cardsuppv(y) N X) = d;}
is nonempty and open iD; . So by passing, for every<d i <! successively, to a nonempty
open subset we have that cesdppv(y) N X') is constant orD;, 1<i < 1.

Finally we show how to get property (4). If

X0 # v} (Supp(x0) N D;) N Uz
for somexg € Uz, then by property (2),

Ny N U vl.j (supp(xo) N Dj) NclUz =0

xeNx0

holds for a sufficiently small open neighborhotg, C U, of xg. By passing to such a
neighborhood whenever it is possible, we obtain property (4).
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We can suppose thdly, ..., Dy are those sets which aredimensional.
We choose an open s&t C X with cl Vi c U suchthatvi N X' £ @, clvinN X' C Us.
Let

wi= |J suppux)nBi, 1<i<l
xe(cl V)X’

By the property (2), these sets are continuous images of a compact set, so they are compact.
For the same reason, forever 1, ..., [, the sets

zi= | suppo(»)
yeW;
are the union of; compact sets,
z/=J v, 1<j<si,
yeW;
respectively. As a weakening reformulation of property (4 /ef we have that for every
1<i <1, 1< j<s eitherZ! = (clVi) N X" or Z] NclUz = ¢. Since the setg; and
cl Uz are all compact, we can find, by separating all the noninterseZ;’imgets from clUs,

an openseVo C cl Vo C Vpin X such thatVo N X' # ¢ andele.j =VoNnzZ;=VonX
forevery 1<i <1,1< j <s;. Now let

Gj=int | J suppu(x)NB;
xe(clVo)nx’
for1<j<kandG; = Bj fork 4+ 1< j <I. We define the open s& C V, by
V={xeVasuppu(x)NG; #9, 1< j <k} 4)

if k £ 0, while fork =0 we setV = V5.
First we show that the sets; andV N X’ are nonempty. Itis clear fdr+ 1 < j </I.
For 1< j < k, we know from Theorem 7 that the set

( U supmnn Bj) \Gj,
xe(clVo)nXx’
as a compact subset #f with empty interior, is at most: — 1)-dimensional, so by and
property (1) and (2) ot/> we have thaG ; is dense in
U suppu(x) N B;.
xe(clVo)nx’

So again by property (1) and (2) b%, the sets
{x e Van X't suppu(x) NG, # 9}

are also dense open I N X', so we have that N X’ # @J. Fork = 0 the statements are
obvious, which proves conclusion (1).
By the continuity ofw, we can suppose in addition that conclusion (8) holddfor
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Conclusion (2), (3) and (5) hold since even the bdlis..., B; has been chosen to
satisfy them.

Uy was defined to satisfy conclusion (4) for the bdlls . . ., B;, so conclusion (4) holds
for k + 1 <i <!, while cardsuppu(x) N G;) < 1 holds whenever e V N X', 1<i <k.
Taking into consideration (4), the definition Bfguarantees that conclusion (4) holds.

To prove conclusion (6), lek € V N X', y € suppu(x) N G; and suppose that
suppv(y) NV #@. SinceV C Vo, we have

suppv(y) NV C suppv(y) N V2
=suppv(y) N V2N X' C suppu(y) N U2 # ¥,
so from property (4) ot/> we have supp(y) NV = {x}. Again by property (4) ola,
suppv(suppu(x) N G;) NV = {x}
holds for everyr € V N X', that is the function

fvnx'— |J suppu(x)nGi. f(x) =suppu(x) N G;

xevnx’
has a continuous inverse
gi J supp()NGi— VX, gy =supp(y)NV.

xeVnXx’

SinceV N X’ is n-dimensional and homeomorphism preserves dimension, we get from
the definition ofk thati < k, y € suppu(x) N G; and supp(y) NV = {x}. This proves
conclusion (6).

By the definition ofG;, for every 1< i < k andy € G; there exists ar € (cl Vo) N X’
for whichy = suppu(x) N G;. SinceV C Vo, suppv(y) NV # @ implies supp(y) NV C
X', which proves conclusions (7).

Conclusion (9) follows immediately from the definition &f so the proof is com-
plete. O

Corollary 17. Let X, X', U, V,k,l andGy, ... G, be as in Lemma6. Then for any open
setB C I" we can choos& andG;, 1< j <k such that for every fixeg eitherG; C B
orG;NB=4y.

Proof. Let Bo= B, By =I"\ ¢l B. For ac € {0, 1}¥, let

Co={xeVNX"suppu(x) NG € By(jy, 1< j <k}.

The setsC, are open inX’. Since by Theorem 7 the boundary Bfis at most(n — 1)-
dimensional, from conclusion (9) of Lemma 16 we have that

U ¢
oef0,1}k

is dense iV N X', in particularC, N X’ is nonempty for some < {0, 1}*. We apply again
Lemma 16 for an open sé& c V with U N X' £ @, U N X’ C C,. The resulting set¥
andG;, 1< j <k obviously can be chosen to fulfill the requirements:
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Theorem 18. Let X be ann-dimensional compact metric space, and let
H:Cp(X)— Cp(I")

be a linear homeomorphism. X1 -£ ¢ for somem € N, thenL(H) > /m.

Proof. Fix ann > 0. From Theorem 1 we know that every nonempty closed subskt of
contains a relatively open nonempty subset which can be embeddefl’into we can
apply Lemma 14 forX. Let X1, X2, ..., X,, be the resulting sequence. We will define
recursively a sequence of nonempty open sets

Vic---CVyC--CVuCX (5)
and a sequence of finite families of open sets

[GIcI1<i<gq;}, 1<j<m

such that
VinXpu—j+1#0, 1<j<m, (6)
GInGl =p (7
whenever, j) # (i’, j'), and for every K ¢t < j <m andx € V;,
Z Y lny@] > =~ 2 (8)
! L(H) 2

Once this done, using (7) and (8) we have

TISTES 3 3 SNTIEE, g

t=1 i=1 yer t=1

for everyx € V,,;, SO
m < < L(H
i "< Il <Lan,

which, by takingy — 0, impliesL(H) > \/m and completes the proof.

Let N1 C X,, be open with compact closure. Now we apply Lemma 16Xos= cl Ny,
U =U; =X ande = n/2. Let V1 denote the resulting open sét, /1 be the resulting
integers ands1, Go, . .., G, denote the resulting sequence of open sets. Weisetky,
G}:Gj,lgj < g1, and let

q1
1 1
¢t={Jat.
i=1

Then (5) and (7) holds far=1 andj = j' =1, 1<i,i’ <q1.
By conclusion (1) of Lemma 16 we havg N cl N1 # @, so (6) holds forj = 1 and we
can have an1 € V1 Ncl Nl We show that

Z |My(xl)| > m 9)

yeGl



T. Matrai / Topology and its Applications 138 (2004) 299-314 311

By the Urysohn lemma, there is a functighe C,(X) with

[flloo=fx1)=1
such that supg C V1. From conclusion (6) of Lemma 16 we have
1=f) =Y mGDHHO) = Y &) HH), (10)
yel" yeGl

so from||Hf || < L(H) we have (9).
Letx € V1 be arbitrary. Conclusion (8) of Lemma 16 foe= x, u’ = x1 implies that

Y 1] = | igsuppecenying 0| = ziql, 1<i<q. (11)
yeGi1

Thus from (9) we get that

q1 1 n
> @)= 2

i=1 yeG[l
that is (8) holds for = 1 whenevex € V. '
Suppose thaVy, .. ., V,_1 is already defined with the corresponding open &gts 1 <
i <gqj, 1< j <s—1satisfying (5), (6), (7) and (8). We defing andG?, .. ., Ggs with
the required properties.
SinceV;,_1 is open, from conclusion (2) of Lemma 14 and from (6) with- s — 1 we
have that

cl Xm—s+1 NVs_1 GA @,
thus also
Xm—s+1NVs_1# @.

So by conclusion (1) of Lemma 14 we can find an open sulisef the setV;,_1 N X, 511
with compact closure inV;_1 N X,,_s11. We apply Lemma 16 forX’ = clIN; and
U=Us;=Vs_1\clX;_5+2, e =n/2°. This can be done, since from conclusion (3) of
Lemma 14 withh =m — s+ 1, j = m — s + 2 we know that

CINy, C Vs_1n Xm—s+1 C Vs—1\ cl Xm—s+2="Us,

in particularU; N cl Ny is nonempty.
Let V,; denote the resulting open s&t, /; be the resulting integers,

G1,G2,...,G;

denote the resulting sequence of open sets. By applying Corollary 17BnithG! for
every 1<t <s — 1, 1 <i < g, separatelyV; andG;, 1< j < ks can be chosen such that
forevery 1<r <s—1, 1<i < ¢, and 1< j < kg eitherG; C G! or G; NG = 4.
Let Gi,...,th_ be the subsequence @iy, ..., G, consisting of the sets disjoint of
Glu...uG*1 andlet

qs
¢ =Ja.
i=1

s
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We have that (5), (6) and (7) hold.
Letx; € Vs N cl Ng. We prove that

1
Z |uy(xs)| > m (12)

yeG*

Consider a functionf € C,(X) satisfying| fllco = f(x;) =1 and supgf C V,. From
conclusion (6) of Lemma 16, we have

I=f) =Y mO)HHM = Y. wy&)HHO)

yeln yeGlU---UG*
<’ > uy(xs)(Hf)(y>‘+ Zuy(xs)(foy)’. (13)
yeGlu...uGs—1 yeG*

FromV, C Vy_1 C --- C V1 and conclusion (7) of Lemma 16 we know thavig G/ for
some 1< j <s — 1, then

suppv(y) N Vs Csuppu(y) N V; CClN; CCl X—jt1.
Since by Lemma 14(2) we haveX},_ ;11 C ¢l X,,—s42, and
Vs C Us =Vs_1 \ cl Xm—s—i—Za

we get supp(y) N V; = ¥ whenevery e G U --- U G*~L. Thus(Hf)(y) = 0 for every
yeGtU---UG* L This, || Hf |l < L(H) and (13) imply

1
Z |/’Ly(xs)| = m

yeG*
Just as in the case &%, conclusion (8) of Lemma 16 ang < k; imply that for every
X € VY!

n

—, 1<i<g,. 14
2q, X Ys (14)

Z |My (X)| P Hsuppu(x)ING3 (x5) —
yeGi

Thus from (12) we get that
qs
1 U
Yo @)= - o
i=1 yEG? L(H) z
SinceV; C V; whenever I< j < s — 1, we have that (8) holds for & r < s whenever
x € Vs. This proves the recursive step and completes the praof.

We immediately get the first part of Theorem 6 as a corollary.

Corollary 19. Suppose that the topological spakds [-equivalent to/”. Thenx .21l =
@ for somem € N.



T. Matrai / Topology and its Applications 138 (2004) 299-314 313

Proof. If
H:Cp(X)— Cp(I")

is a linear homeomorphism, then by Theorem 18, anyith m > L(H)? fulfills the
requirements. O

5. Conclusions

Combining the results stated in the introduction and proved here we obtain the following
corollaries. As usualy denotes the first infinite ordinal.

Corollary 20. Let X be a topological space. IX is [-equivalent to/”, then

(1) X is compact, metrizable angdimensional|

(2) every nonempty closed subsetfotontains a relatively open nonempty subset which
can be embedded init¥;

(3) xMmnll = g for somen < w.

Proof. The statement immediately follows from Theorem 1 and the first part of Theo-
rem6. O

The following corollary contains the second part of Theorem 6.
Corollary 21. A topological spacé is I-equivalent tol 1 if and only if

(1) X is one-dimensional, compact, metrizable
(2) xm11 = g for somemn < w.

Proof. Since the class of compact metrizable spaces and dimension are preserved under
[-equivalence, from Theorem 18 we get that the conditions are necessary, while Lemma 15
and Theorem 2 prove sufficiency

This corollary immediately implies that for compact metric spaces, the property of
having emptymth one-dimensional strong embedding derivative for some fimites
preserved by-equivalence.

Corollary 22. Let X andY bel-equivalent compact metric spaces . Thef" 1 = ¢ for
somen € N if and only if Y"1l = ¢ for somemn’ € N.

Theorem 6 also answers Problem 4.6. of [6].

Corollary 23. For an ordinal ¢, the spacd” x [1, «] is [-equivalent to/” if and only if
o< w®.
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As mentioned above, for > 2 there are compact metric spaces which have emfy
n-dimensional strong embedding derivative for some fimiteuch that they do not vanish
after taking a finite number of-dimensional embedding derivatives. For these spaces our
theorems do not work. As a typical representative of the problems this generates, we ask the
following question M}’ denotes th&-dimensional Menger sponge iti (for the definition
see [5, p. 121)).

Problem 24. Letn > 2 and consider the space
X=M;_1x[Lo”|UI" x {o”+1}.

Is X l-equivalent tol"?
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