
Tam�as M�atrai, Department of Mathemati
s, Central European University,Budapest, N�ador ut
a 9., H-1051 Hungary (e-mail: matrait�renyi.hu)Imre Z. Ruzsa, Mathemati
al Institute of the Hungarian A
ademy ofS
ien
es, Budapest, Pf. 127, H-1364 Hungary (e-mail: ruzsa�renyi.hu)A Chara
terization of Essentially Eje
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tWe give three equivalent properties 
hara
terizing the essentiallyeje
tive sets of a 
ompa
t 
ommutative topologi
al group.1 Introdu
tionLet G be a 
ompa
t 
ommutative topologi
al group with the normalizedHaar measure �. Our aim is to 
hara
terize those subsets H of G forwhi
h\no measurable subset of G 
an be periodi
 by every element of H,"that is, if for a measurable set A � G we have that � ((A+ h) n A)is \small" for every h 2 H, then � (A) or � (G nA) is also \small".In other words, every measurable set A � G 
an be \eje
ted out" ofitself by some element of H. This property is des
ribed in the followingde�nition.De�nition 1.1. Let H be an arbitrary subset of G. The fun
tion�H : [0; 1℄! [0; 1℄;�H (x) = inf�(A)=x suph2H � ((A+ h) nA) (1)is the measure of eje
tivity of the set H.If �H (x) > 0 for some x 2 [0; 1℄, then we say that H is eje
tive, whileif �H (x) > 0 for every x 2 (0; 1), then H is 
alled essentially eje
tive. If�H (x) = 0 holds for every x 2 [0; 1℄, then we say that H is noneje
tive.Key Words: eje
tive set, weak Diri
hlet set, di�eren
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2 Sin
e the fun
tion h 7! � ((A+ h) n A) is 
ontinuous, a set H is(essentially) eje
tive if and only if its 
losure, 
l H has the same property,so we 
an and will restri
t our attention to 
losed sets.A

ording to our best knowledge, the notion of eje
tivity has beenintrodu
ed in [2℄. Among other things, the authors dis
uss there somebasi
 arithmeti
al properties of the fun
tion �H , study the measure ofeje
tivity of the whole and give a 
riterion for the eje
tivity/essentialeje
tivity of general sets. In this paper we fo
us on essential eje
tivity.Later on, we will give more 
on
rete referen
es to [2℄ indi
ating thesimilarity of 
ertain ideas and te
hniques.It turns out that the notion of noneje
tivity is 
losely related to theweak Diri
hlet property. In the de�nition of this 
lass of sets, for aprobability measure � on G, �̂ stands for its Fourier-transform, that is�̂ (
) = ZG 
d�for every 
hara
ter 
. The prin
iple 
hara
ter is denoted by 
0.De�nition 1.2. A Borel set H � G is a weak Diri
hlet set if for everyprobability measure � supported by 
l H,sup
 6=
0 j�̂ (
) j = 1:We also de�ne a fun
tion to measure how far is H from being a weakDiri
hlet set.De�nition 1.3. Let H � G be a Borel set and let M (H) denote theset of probability measures supported on 
l H. Then let (H) = sup�2M(H) inf
 6=
0 ZG j
 � 1j2d�:It is easy to show that H is weak Diri
hlet if and only if  (H) = 0.For more information about weak Diri
hlet sets and their relation toother thin 
lasses of harmoni
 analysis see e.g. [5℄ or [6℄.It is not surprising that no fun
tion 
an be \periodi
" by every ele-ment of an essentially eje
tive set. We introdu
e a fun
tion to des
ribethis phenomenon. We will useF = �f : G! C ����f 2 L2(G); jjf jjL2(G) = 1; ZG fd� = 0� ;where �L2(G); jj:jjL2(G)� denotes the Hilbert-spa
e of square integrablefun
tions with the usual norm. For a fun
tion f and h 2 G,�hf (x) = f (x+ h)� f (x)denotes the di�eren
e fun
tion of f .



3De�nition 1.4. For an arbitrary subset H of G, let� (H) = inff2F suph2H jj�hf jj2L2(G):Our main result is the following equivalen
e.Theorem 1.5. Let H � G be a 
ompa
t set. Then the following pro-perties are equivalent:1. H essentially eje
tive;2. H is not weak Diri
hlet;3. � (H) > 0:This result will be proved through the following theorems. The �rstgives a quantitative form to the impli
ation 2:! 1:Theorem 1.6. Let H � G be a Borel set. Then�H (x) �  (H)2 �x� x2� ; (2)spe
ially every not weak Diri
hlet Borel set is essentially eje
tive.The se
ond theorem states 2:$ 3: in a quantitative way.Theorem 1.7. Let H � G be a 
ompa
t set. Then� (H) =  (H) ;that is inff2F suph2H jj�hf jj2L2(G) = sup�2M(H) inf
 6=
0 ZG j
 � 1j2d�:Moreover, for every Æ > 0 there is a real valued f 2 F withsuph2H jj�hf jj2L2(G) �  (H) + Æsu
h that the Fourier-transform of f , Ff has �nite support and real
oeÆ
ients.Finally, we would like to remark that a suitable analogue of Theorem1.5 holds in arbitrary 
ompa
t groups, without assuming 
ommutativity.This was pointed out to the authors by the referee; and together withother possible generalizations will be dis
ussed elsewhere.We will use G? to denote the 
hara
ter group of G and �? for theHaar measure onG? normed so that the 
onstant in Plan
herel's formulais 1. The Fourier-transform on G mapping L2(G) to L2(G?) will bedenoted by F.For a fun
tion f : G! R and a; b 2 R, let[a � f � b℄ = fx 2 G : a � f (x) � bg:The sets [f � u℄, et
. are de�ned analogously.For a set K � G, �K denotes the 
hara
teristi
 fun
tion of K.



4 2 Proof of Theorem 1.6The proof uses a re�ned version of an idea of de Bruijn [1℄ proving theweak di�eren
e property for the L2 
lass on the 
ir
le group R=Z. Asimilar proof 
an be found in [2℄, Theorem 4.1, [4℄, Theorem 3.1 and in[3℄, Theorem 3.2.Let H � G be a Borel set. To prove the inequality (2) we have toshow that for every Borel set A � G,suph2H � ((A+ h) nA) �  (H)2 �� (A)� � (A)2�holds.We have�A (t� h)� �A (t) = 8<: 1; if t 2 (A+ h) nA;�1; if t 2 A n (A+ h) ;0; otherwise :Consequently,ZG j�A (t� h)� �A (t) j2d� (t) = 2� ((A+ h) n A) : (3)Sin
e for the Fourier transform of the fun
tions �A and �A (Id� h)we have (F�A) (
) = ZG �A (t) 
 (t) d� (t)and(F�A (Id� h)) (
) = ZG �A (t� h)
 (t) d� (t) = (4)= ZG �A (t)
 (t+ h) d� (t) == 
 (h) ZG �A (t) 
 (t) d� (t) = 
 (h) (F�A) (
) ;by applying Plan
herel's identity to (3) we get2� ((A+ h) n A) = ZG? j (F�A) (
) j2j
 (h)� 1j2d�?(
): (5)By the de�nition of  (H), for every � > 0 there is a �� 2 M (H)su
h that inf
 6=
0 ZG j
(h)� 1j2d��(h) �  (H)� �:



5For an � > 0, by integrating (5) with respe
t to this �� we getZG 2� ((A+ h) nA) d�� (h) == ZG ZG? j (F�A) (
) j2j
 (h)� 1j2d�? (
) d�� (h) == ZG? j (F�A) (
) j2 ZG j
 (h)� 1j2d�� (h) d�? (
) �� ( (H)� �) ZG?n
0 j(F�A)(
)j2d�?(
):By Plan
herel's formula we also know thatZG? j(F�A)(
)j2d�?(
) = �(A);while (F�A)(
0) = �(A):Sin
e �� is a probability measure, the �� mean of 2�((A+h)nA) smallerthan its supremum, thussuph2H �((A+ h) nA) �  (H)� �2 (�(A)� �?(
0)�(A)2);so a

ording to our normalizationsuph2H �((A+ h) nA) �  (H)� �2 (�(A)� �(A)2);Letting � ! 0 we get the desired result.�3 Proof of Theorem 1.7First we show that  (H) � �(H). Let f 2 F . By Plan
herel's identitywe have ZG? jFf(
)j2d�?(
) = jjf jj2L2(G) = 1 (6)andZG? jFf(
)j2 j
(h)� 1j2d�?(
) = jjF�hf jj2L2(G?) == jj�hf jj2L2(G) � suph2H jj�hf jj2L2(G);



6 thus for every � 2 M(H) we haveZG? jFf(
)j2 ZG j
(h)� 1j2 d�(h)d�?(
) == ZG ZG? jFf(
)j2 j
(h)� 1j2 d�?(
)d�(h) � suph2H jj�hf jj2L2(G): (7)Sin
e Ff(
0) = 0 for our f 2 F , from (6) and (7) we getinf
 6=
0 ZG j
(h)� 1j2d�(h) � suph2H jj�hf jj2L2(G);whi
h provessup�2M(H) inf
 6=
0 ZG j
(h)� 1j2d�(h) � inff2F suph2H jj�hf jj2L2(G):For the other dire
tion, let Æ > 0 be �xed. From the de�nition of (H) we have inf
 6=
0 ZG j
(h)� 1j2d�(h) <  (H) + Æ (8)for every � 2 M(H). For every 
 2 G?, letM
 = �� 2M(H) : ZG j
(h)� 1j2d�(h) <  (H) + Æ� :Then (8) implies that [
2G?nf
0gM
 =M(H):Regard nowM(H) as a subset of the dual spa
e of 
ontinuous fun
-tions on H with the weak? topology. Sin
e the fun
tions h 7! j
(h)�1j2are 
ontinuous, fM
 : 
 2 G? n f
0ggis an open 
over of the 
ompa
t set M(H), thus there is a �nite set� = f
1; 
2; : : : ; 
ng � G? n f
0gsu
h that M(H) = [
2�M
 ;that is inf
2�ZG j
(h)� 1j2d�(h) <  (H) + "; 8� 2 M(H): (9)



7We assume that if � 
ontains a 
hara
ter 
, then 
 2 � as well.Consider the Bana
h-spa
e (Rn ; jj:jj1) and its 
onvex subsetK = ��� ZG j
1(t)� 1j2d�(t); � ZG j
2(t)� 1j2d�(t); : : :: : : ; � ZG j
n(t)� 1j2d�(t)� : � 2M(H); 0 � � � 1� :By (9), K is disjoint from the orthant L = ( (H) + ";1)n, so by theseparation theorem of Hahn and Bana
h there is a linear fun
tional� 2 (Rn ; jj:jj1)? = (Rn ; jj:jj1)with jj�jj1 = 1 (10)su
h that �(x) � �(y) (11)for every x 2 K; y 2 L. Lety0 = ( (H) + ";  (H) + "; : : : ;  (H) + ");yi = (0; : : : ; 0; 1�i ; 0; : : : ; 0); i = 1; : : : ; n:We 
an identify � with a sequen
e (
1; 
2; : : : ; 
n) 2 Rn . By applying(11) for x = 0 = (0; : : : ; 0) and y = y0+ ryi, i = 1; : : : ; n, 0 < r <1 weget0 = �(0) � �(y0 + ryi) = �(y0) + r
i; i = 1; 2; : : : ; n; 0 < r <1;that is 0 � 
i; i = 1; : : : n.Sin
e k�k1 = 1, nXi=1 
i = nXi=1 j
ij = k�k1 = 1; (12)while by applying (11) for x 2 K, y = y0, from (11) and (12) we getZG nXi=1 
ij
i(h)� 1j2d�(h) <  (H) + Æ (13)for every � 2 M(H).



8 If for a 
 2 � we have 
 = 
i, let 
(
) = 
i. With this 
onvention letf : G! R be de�ned asf(h) =X
2�r 
(
) + 
(
)2 
 + 
2 :This fun
tion f is obviously real valued, while from 
i 6= 
0 and (12) weget that ZG f(h)d�(h) = (Ff)(
0) = 0;jjf jj2L2(G) = jjFf jj2L2(G?) =X
2� 
(
) + 
(
)2 = nXi=1 
i = 1;while by applying (13) for the Dira
-measure � = Æh, h 2 H we havejj�hf jj2L2(G) = jjF�hf jj2L2(G?) ==X
2� j(Ff)(
)j2j
(h)� 1j2 =X
2� 
(
) + 
(
)2 j
(h)� 1j2 == nXi=1 
ij
i(h)� 1j2 = ZG nXi=1 
ij
i(t)� 1j2dÆh(t) <  (H) + "for every h 2 H. Thus f 2 F , it is real valued, Ff has �nite supportand real 
oeÆ
ients, andsuph2H jj�hf jj2L2(G) <  (H) + ":Letting Æ ! 0 we obtaininff2F suph2H jj�hf jj2L2(G) � sup�2M(H) inf
 6=
0 ZG j
(h)� 1j2d�(h);whi
h 
ompletes the proof.�4 Proof of Theorem 1.5In order to prove the remaining impli
ation 1: ! 3: we have to showthat no set H with �(H) = 0 
an be essentially eje
tive. We do this byproving that if �(H) = 0 then there is a 
onstant C0 > 0 su
h that forevery � > 0 one 
an �nd a Borel set A� � G withC0 � �(A�); �(G nA�) (14)and suph2H �((A� + h) n A�) � �: (15)



9This implies that H is not essentially eje
tive, sin
e then for an appro-priate sequen
e �j ! 0 and sequen
e (A�j ) of Borel sets we have that(14), (15) holds and �(A�j ) 
onverges to some x 2 [C0; 1�C0℄. For ev-ery j suÆ
iently large, by removing or adding a set to A�j with measurejx� �(A�j )j, we 
an obtain a sequen
e (Bj) of Borel sets su
h that�(Bj) = x;limj!1 suph2H �((Bj + h) n Bj) = 0;whi
h shows that H 
annot be essentially eje
tive.The sets A� will be sublevel sets of appropriate fun
tions. Before
onstru
ting them, we prove two te
hni
al lemmas.Lemma 4.1. Let H � G be so that �(H) = 0, and for a Æ > 0 let fsatisfy the 
on
lusions of Theorem 1.7. That is f is real valued,f(t) = nXj=1 
j
j(t); 
j 2 R; j = 1; : : : ; n; (16)satisfying ZG f(t)d�(t) = 0; (17)jjf jj2L2(G) = nXj=1 
2j = 1; (18)and jj�hf jj2L2(G) � Æ (19)for every h 2 H. Then there is a � 2 [�1=4; 1=4℄ for whi
hsuph2H �([f � �℄ + h) n [f � �℄) � 5Æ 13 : (20)Proof. For every u 2 R let Au = [f � u℄: Sin
e v � f(x+ h)� f(x)whenever x 2 Au n (Au+v � h), from (19) we get that�(Au + h nAu+v) = ZAun(Au+v�h) 1 d�(x) �� ZAun(Au+v�h) jf(x+ h)� f(x)j2v2 d�(x) � k�hfk2L2(G)v2 � Æv2 (21)for every u; v 2 R and h 2 H.Let l 2 N, its value will be 
hosen later. Sin
e�(A 14 nA� 14 ) � �(G) = 1;



10 we have that �(A� 14+ k+12l nA� 14+ k2l ) � 1l (22)for some k 2 f0; 1; : : : l� 1g. Let� = �14 + k2lwith this k. Then for every h 2 H, using(A� + h) nA� � �(A� + h) nA�+ 12l � [ �A�+ 12l nA�� ;from (21) with u = �, v = 12l and from (22) we have�((A� + h) nA�) � Æ4l2 + 1l : (23)For l = Æ� 13 , this shows (20) and proves the lemma.�Lemma 4.2. Let f 2 L2(G) be real valued of the form (16) satisfying(17) and (18). For every " = ("j) 2 f�1;+1gn, we de�nef"(t) = nXj=1 "j
j
j(t):Let E denote the set of those signings where f" is real valued, that iswhere a 
hara
ter and its 
onjugate get the same sign.1. For a 
ouple a; b 2 R with 0 < b < a, let�(x) = �(x� a+ b)(x� a� b)(x+ a)2 == �x4 + (b2 + 2a2)x2 + 2ab2x+ a2b2 � a4:Then for every " 2 E,b2 + 2a2 + a2b2 � a4 � ZG f4" (t)d�(t) �� � maxx2[a�b;a+b℄�(x)�min��([a� b � f" � a+ b℄);�([�a� b � f" � �a+ b℄)	:2. For an appropriate "0 2 E,ZG f4" (t)d�(t) � 12: (24)



11Proof. 1. We estimate the integralZG�(f"(t))d�(t)for every signing " 2 E .Sin
e �(x) > 0 if and only if x 2 (a� b; a+ b),ZG�(f"(t))d�(t) � � maxx2[a�b;a+b℄�(x)��([a� b � f" � a+ b℄):On the other hand,ZG�(f"(t))d�(t) = � ZG f4" (t)d�(t) ++ (b2 + 2a2) ZG f2" (t)d�(t) + 2ab2 ZG f"(t)d�(t) + a2b2 � a4:Sin
e by (17) and (18)ZG f"(t)d�(t) = 0; ZG f2" (t)d�(t) = 1;this meansb2 + 2a2 + a2b2 � a4 � ZG f4" (t)d�(t) �� � maxx2[a�b;a+b℄�(x)��([a� b � f" � a+ b℄):Repeating the same 
al
ulation for e�(x) = �(�x), we getb2 + 2a2 + a2b2 � a4 � ZG f4" (t)d�(t) �� � maxx2[�a�b;�a+b℄ e�(x)��([�a� b � f" � �a+ b℄) == � maxx2[a�b;a+b℄�(x)�� ([�a� b � f" � �a+ b℄)whi
h proves the statement.2. In the following, for two 
hara
ters 
 and 
0 we write 
 � 
0 if andonly if 
 = 
0 or 
 = 
0. We prove this part of the lemma by averagingon the signings in E . We haveZG f4" (t)d�(t) ==X "j1"j2"j3"j4
j1
j2 
j3
j4 ZG 
j1
j2
j3
j4d�(t) == X
j1
j2 
j3
j4=
0 "j1"j2"j3"j4
j1
j2
j3
j4 : (25)



12 If in a term of the right-hand side of (25) there is an index jk su
hthat 
jk 6� 
jl for k 6= l, then by symmetry the averaging on the signingsin E 
an
els this term. If this is not the 
ase, that is the indi
es 
an bemat
hed on a way that the 
hara
ters 
orresponding to the indi
es in apair are �-equivalent, then by the 
onstraint that 
onjugate 
hara
tersmust get the same sign the term appears with multipli
ity equal to jEj,the 
ardinality of E . Let J be the set of the index quartets (j1; j2; j3; j4)of the non-
an
eling terms satisfying 
j1
j2
j3
j4 = 
0, so we have1jEjX"2E ZG f4" (t)d�(t) = X(j1;j2;j3;j4)2J 
j1
j2 
j3
j4 : (26)We show that X(j1;j2;j3;j4)2J 
j1
j2 
j3
j4 � 12 nXj=1 
2j!2 : (27)This will 
omplete the proof sin
e 
ombining (26) with (27), from (18)we get 1jEjX"2E ZG f4" (t)d�(t) � 12 nXj=1 
2j!2 = 12;so for at least one "0 2 E we haveZG f4"0 (t)d�(t) � 12:To see (27), note that sin
e f is real valued, 
i = 
j if 
i � 
j .To simplify our 
ounting we 
hange on both sides of (27) the indi
es
orresponding to 
onjugate 
hara
ters to the smaller index, so we 
anwrite X(j1;j2;j3;j4)2J 
j1
j2
j3
j4 = X1�i<j�n ai;j
2i 
2j + X1�i�n ai
4iand  nXj=1 
2j!2 = X1�i<j�n bi;j
2i 
2j + X1�i�n bi
4i (28)with appropriate 
oeÆ
ients ai; bi and ai;j ; bi;j . That is, to prove (27) itis enough to show that ai � 12bi and ai;j � 12bi;j for every 1 � i; j � n.The 
omputation of ai, bi, ai;j and bi;j is simple but lengthy, so wewrite out the details only for the bi's. For the other 
oeÆ
ients, the
al
ulations being similar, we present only the results.By the 
hoi
e of the indexing, bi = 0 if and only if 
i has a 
onjugate
hara
ter of smaller index, that is 
i = 
j for some j < i. If 
i is



13selfadjoint, 
4i appears with multipli
ity one in (28), while if 
i = 
j forsome j > i, then using 
i = 
j we get that 
4i = 
4j = 
2i 
2j = 
2j 
2i , so 
4iappears with multipli
ity four in (28). To summarize the bi 6= 0 
ase,bi = � 1; if 
i = 
i;4; if 
i 6= 
i:Similarly, bi;j = 0 if and only if 
i or 
j has a 
onjugate 
hara
ter ofsmaller index, elsebi;j = 8>><>>: 2; if 
i = 
i; 
j = 
j ;4; if 
i 6= 
i; 
j = 
j ;4; if 
i = 
i; 
j 6= 
j ;8; if 
i 6= 
i; 
j 6= 
j :To estimate the ai's and the ai;j 's, 
onsider the following partitionof J : J1 = f(j1; j2; j3; j4) 2 J : 
j1 � 
j2 � 
j3 � 
j4gand J2 = J n J1:Take now ai for some 1 � i � n. These terms 
ome from J1. Again,ai = 0 if 
i has a 
onjugate 
hara
ter of smaller index, elseai � � 1; if 
i = 
i;16; if 
i 6= 
i:Note that we 
an give only an upper bound given the restri
tion(j1; j2; j3; j4) 2 J .Similarly, ai;j = 0 if 
i or 
j has 
onjugate 
hara
ter of smaller index,else ai;j � 8>><>>: 12; if 
i = 
i; 
j = 
j ;24; if 
i 6= 
i; 
j = 
j ;24; if 
i = 
i; 
j 6= 
j ;96; if 
i 6= 
i; 
j 6= 
j :So the inequalities ai � 12bi and ai;j � 12bi;j for every 1 � i; j � nhold. This �nishes the proof.�Now we turn to prove the existen
e of the set satisfying (14) and (15),so let � > 0 be �xed. By Theorem 1.7 there is a fun
tion f 2 L2(G)satisfying (16), (17), (18) and (19) for Æ = ( �5 )3. For every " 2 E , f"also satis�es these 
onditions. By Lemma 4.2 2., there is an "0 2 E su
hthat ZG f4"0 (t)d�(t) � 12:



14 This, by Lemma 4.2, 1. for a = 4 and b = 3:75 implies that3 � b2 + 2a2 + a2b2 � a4 � ZG f4"0 (t)d�(t) �� � maxx2[a�b;a+b℄�(x)�min����14 � f"0 � 7 + 14�� ;����7� 14 � f"0 � �14��� ;that is with C0 = 3maxx2[a�b;a+b℄�(x)we have C0 � ���f"0 � �14�� ; ��G n �f"0 � 14�� : (29)We 
an apply Lemma 4.1 for f"0 to obtain a � 2 [� 14 ; 14 ℄ for whi
hsuph2H � ���f"0 � ��+ h� n �f"0 � ��� � 5Æ 13 = �:For A� = [f"0 � �℄, this shows (15), while (14) follows from (29), sin
efor � 2 [� 14 ; 14 ℄ we have�f"0 � �14� � A� = �f"0 � �� � �f"0 � 14� :So the proof is 
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