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onvergent series of fun
tions whi
his somewhere 
onvergent after a typi
al 
hangeof signs �Abstra
tOn any un
ountable Polish spa
e we 
onstru
t a sequen
e of 
ontin-uous fun
tions (fn) su
h that P fn is divergent everywhere, but for atypi
al sign sequen
e ("n) 2 f�1;+1gN, the series P "nfn is 
onvergentin at least one point. This answers a question of S. Konyagin in negative.1 Introdu
tionLet X be a topologi
al spa
e, fn : X ! R, n 2 N be a sequen
e of
ontinuous fun
tions. One 
an ask for a 
ondition on the order of mag-nitude of the sequen
e (fn) whi
h guarantees that for a "typi
al" 
hoi
eof signs "n 2 f�1;+1g, the signed series P "nfn diverges everywhereon X.Su
h 
onditions are known for Fourier and Diri
hlet series if \typi
al"means for almost every 
hoi
e of signs in the produ
t probability spa
e
 = f�1;+1gN (see [2℄, [1℄). However, in this note we 
onsider 
 asa produ
t of dis
rete topologi
al spa
es and \typi
al" is understood in
ategori
al sense.In [1, Theorem 4.1℄ for X = R a 
ondition on the divergen
e of thepartial sums of P fn was given implying that P "nfn diverges every-where for a dense GÆ set of sign sequen
es ("n) 2 
. Motivated by thisresult, S. Konyagin asked whether, in 
ase of 
ompa
t metri
 spa
es X,the pure fa
t that P fn diverges everywhere 
ould imply that P "nfndiverges everywhere for dense GÆ , hen
e residual set of sign sequen
es.We give a negative answer by the following example, whi
h is the mainresult of this note.Mathemati
al Reviews subje
t 
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2 Theorem 1. Consider C = f�1; 0; 1gNas the topologi
al produ
t of thedis
rete spa
es (whi
h is 
learly homeomorphi
 to the Cantor set). Thereexists a sequen
e of 
ontinuous fun
tions fn : C ! [�1; 1℄ and a dense GÆset 
0 � 
 = f�1;+1gN su
h that the series P fn diverges everywhereon C, but for every ("n) 2 
0, the series P "nfn 
onverges in at leastone point of C.Then we 
an easily get examples on any un
ountable Polish spa
e(so in parti
ular on R) as well:Corollary 2. On any un
ountable Polish spa
e (X; d) there exist a se-quen
e of 
ontinuous fun
tions gn : X ! R su
h that P gn divergeseverywhere on X but the sign sequen
es ("n) 2 
 = f�1; 1gN for whi
hP "ngn diverges everywhere on X form a set of �rst 
ategory in 
.Proof. It is well known (see e.g. in [3, Corollary 6.5℄) that any un
ount-able Polish spa
e 
ontains a homeomorphi
 
opy C of a Cantor set. Letfn : C ! [�1; 1℄ be the sequen
e of fun
tions on C we get by Theorem 1,and for any n 2 N let ~fn : X ! [�1; 1℄ be a 
ontinuous extension of fnto X. Then the sequen
e of fun
tions gn(x) = ~fn(x) + n � d(x;C) on X(where d(x;C) denotes the distan
e of x from C) has all the requiredproperties.Notation. In this note GÆ stands for the 
lass of those sets that 
anbe obtained as 
ountable interse
tion of open sets; N and R+ standsfor the set of nonnegative integers and nonnegative reals, respe
tively.On �nite sets (e.g. f�1; 1g or f�1; 0; 1g) the topology we 
onsider isalways the dis
rete topology. By Polish spa
e we mean 
ompleteseparable metri
 spa
e.2 The exampleIn this se
tion we prove Theorem 1.For ea
h �xed a = (aj) 2 C = f�1; 0; 1gNwe de�ne the sequen
e(fn(a)) together with a sequen
e (mk(a)) by indu
tion:Let m0(a) = 0. Suppose that k 2 N and the numbersm0(a) < : : : < mk(a) and f0(a); : : : ; fmk(a)�1(a) are already de�ned.Then letfmk(a)(a) = fmk(a)+1(a) = : : : = fmk(a)+2k�1(a) = 12k ; (1)mk+1(a) = minfj � mk(a) + 2k : aj = 0g; (2)fn(a) = an2k for mk(a) + 2k � n < mk+1(a): (3)(If fj � mk(a) + 2k : aj = 0g is empty then mk+1(a) =1 and afterde�ning fn(a) = an2k for every n � mk(a) + 2k the pro
edureterminates.)



3Claim 1. Every fun
tion fn (n 2 N) is 
ontinuous on C.Proof. This is 
lear sin
e fn(a) depends only on a1; : : : ; an.Claim 2. The series P fn(a) diverges for every a 2 CProof. If mk+1(a) =1 for some k 2 N then jfn(a)j = 2�k for everyn � mk + 2k, so fn(a) does not even 
onverge to zero. Otherwise - by(1) - in�nitely many blo
ks of sum 1 appears in P fn(a), so it 
annotbe 
onvergent.Put 
0 = \k2N[m2Nm+k\j=mf("n) 2 f�1;+1gN: "j = (�1)jg: (4)Claim 3. The set 
0 is dense GÆ in the produ
t spa
e f�1;+1gN.Proof. This is 
lear sin
e f("n) 2 f�1;+1gN: "j = (�1)jg is open forany j and Sm2NTm+kj=mf("n) 2 f�1;+1gN: "j = (�1)jg is dense forany k.Claim 4. For every ("n) 2 
0 there exist an a 2 C su
h thatP "nfn(a) 
onverges.Proof. For a �xed ("n) 2 
0 letJ = fj 2 N : "j = (�1)jg: (5)Sin
e ("n) 2 
0, the set J 
ontains arbitrarily long �nite sequen
es of
onse
utive integers. Thus there exists a sequen
e 0 = m0 < m1 < : : :su
h that mk+1 � mk + 2k and (6)mk; mk + 1; : : : ;mk + 2k � 1 2 J (8k 2 N): (7)Let aj = � 0 if j = mk for some k 2 N(�1)j="j otherwise (8)We have mk(a) = mk (k 2 N) sin
e m0 = 0 and the sequen
e (mk)satis�es (2).For every k 2 N and mk � j < mk + 2k we have (by (1)) thatfj(a) = 1=2k and (by (7) and (5)) that "j = (�1)j , thus"jfj(a) = (�1)j=2k.For every k 2 N and mk + 2k � j < mk+1 we have (by (3)) thatfj(a) = aj=2k and (by (8)) that aj = (�1)j="j , thus again"jfj(a) = (�1)j=2k.Therefore P "nfn(a) is a Leibniz series, so it is 
onvergent.The four Claims above (together with the 
lear fa
t that, by de�nition,every fn maps into [�1; 1℄) 
omplete the proof of Theorem 1.
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