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The flow and the network

G = (V, E) graph, s space parameter, t time parameter

∂

∂t
uj (s, t) = cj(s)

∂

∂s
uj (s, t) + qj(s) · uj(s, t), s ∈ (0, 1), t ≥ 0,

uj (s, 0) = fj (s) , s ∈ (0, 1),

φ−ijuj (1, t) = ωij

m∑
k=1

φ+
ikuk (0, t) , t ≥ 0,

Locally:
el ωil •vi

ej ωijeo
ωioeperGlobally: strongly connected directed graph
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The semigroup

∂

∂t
uj (s, t) = cj(s)

∂

∂s
uj (s, t) + qj(s) · u(s, t), s ∈ (0, 1), t ≥ 0,

uj (s, 0) = fj (s) , s ∈ (0, 1),

φ−ijuj (1, t) = ωij

m∑
k=1

φ+
ikuk (0, t) , t ≥ 0,

A =


c1(s)

∂

∂s
0

. . .

0 cm(s)
∂

∂s

+

 Mq1 0
. . .

0 Mqm

 = Ac+Aq

u′(t) = Au(t)
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)m
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(
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What we get for ‘free’...

A real flow...
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spectral bound = growth bound contained in σ(A), i.e.
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The spectrum

λ ∈ σ (A) ⇐⇒ 1 ∈ σ (Aλ) where

(Aλ)ip =


ωpj exp( ξj(0, 1) − λ τj(0, 1) ), if ej = −−→vpvi,

0, else.
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Asymptotic behavior on L

A (T (t)t≥0) strongly continuous, positive, irreducible

q̃ = sup {Reλ : λ ∈ σ(A)}

Ã := A− q̃I  T̃ (t)t≥0 bounded

dim ker Ã = 1 with positive eigenvector

L = L1 ⊕ L2

L1 = lin
{

x ∈ D(Ã)| ∃α ∈ R : Ãx = iαx
}

? α ?
T̃ (t)x → 0 ⇐⇒ x ∈ L2
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x ∈ D(Ã)| ∃α ∈ R : Ãx = iαx
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Only the average speeds matter

τj(0, 1) =

∫ s2

s1

ds

cj(s)
travel time on ej

{τj1(0, 1) + · · ·+ τjk(0, 1) : ej1 , . . . , ejk form a cycle in G}
dependent =⇒ (LDQ)

linearly over Q
independent =⇒ (LIQ)

If (LDQ):
c
(
τj1(0, 1) + · · ·+ τjk(0, 1)

)
∈ N

l (c) = gcd
{
c
(
τj1(0, 1) + · · ·+ τjk(0, 1)

)
; ej1 , . . . , ejk cycle in G

}
γ =

l (c)

c
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Complete description of asymptotics

L M

(LDQ)

Γ · etσ(Ã) = Γ · σ(T̃ (t)) \ {0} (t ≥ 0)

S(t) = T̃ (t) |L1
, ‖T̃ (t)− S(t)‖L ≤ Me−εt

σ
“
Ã

”
∩ iR = 2πi 1

γ
Z

periods = γ/Z
T̃ (t)µ → in norm

to periodic orbit

(LIQ)

L0 = L1

σ(Ã) ∩ iR = {0}
η ∈ σ(Ã)

Rε,K = {z ∈ C : Re η − ε ≤ Re z ≤ Re η + ε,

⇓ Im η + K ≤ Im z}
σ(Ã) ∩Rε,K 6= ∅
T̃ (t) → PrL0 strongly

no nontrivial

periodic orbit

T̃ (t) → PrL0

w?-uniformly
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Ã

)
∩ iR = 2πi 1

γ Z

periods = γ/Z
T̃ (t)µ → in norm

to periodic orbit

(LIQ)

L0 = L1
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Rε,K = {z ∈ C : Re η − ε ≤ Re z ≤ Re η + ε,

⇓ Im η + K ≤ Im z}
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∀ε > 0 ∀ϕ ∈ C[0, 1]m ∃t > 0: ∀µ ∈ M ∀τ > t
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negative coupling

speed of convergence to periodic orbit

– p. 11/13



What had to be left out...

negative coupling

speed of convergence to periodic orbit

– p. 11/13



What had to be left out...

negative coupling

speed of convergence to periodic orbit

orbits on large periodic structures

flows/diffusions on fractals

END

– p. 12/13



What had to be left out...

negative coupling

speed of convergence to periodic orbit

orbits on large periodic structures

flows/diffusions on fractals

END

– p. 12/13



What had to be left out...

negative coupling

speed of convergence to periodic orbit

orbits on large periodic structures

flows/diffusions on fractals

END

– p. 12/13



6iR

-�
2ε

Imη + KRε,K

`

η

``
`

`
`

`

– p. 13/13


