HOMOTOPY TYPES OF BOX COMPLEXES OF CHORDAL GRAPHS

PÉTER CSORBA

Abstract. We show that the box complex of a chordal graph is homotopy equivalent to a wedge of spheres. This complements the result that in general the box complex of a graph can be any free Z_2-complex up to homotopy. The tools used to study the homotopy types of box complexes of chordal graphs might be of independent interest.

1. Introduction

Box complexes were introduced in [15], where Matoušek and Ziegler compared various topological lower bounds for the chromatic number. Lovász’s original lower bound for the chromatic number [13] can be reformulated as χ(G) ≥ ind(B(G)) ≥ ω(G). After that many interesting properties of box complexes were found. Kahle [9] studied the homology of box complexes of random graphs. Simonyi and Tardos [16] obtained a topological lower bound for the local chromatic number of a graph using box complexes. It was shown that box complexes are universal [4], for any simplicial complex with a free Z_2-action there is a graph such that its box complex is (simple [6]) Z_2-homotopy equivalent to the complex. This motivated Kamibeppu and Kawamura [10] to study a special graph class. They showed that the homology groups of box complexes of chordal graphs (every cycle of length at least 4 has a chord) are torsion free. Here we explain their discovery on the homotopy level. We show that box complexes of chordal graphs are homotopy equivalent to wedges of spheres. In Section 2 we review some definitions and collect the necessary tools for the proofs. In Section 3 we introduce a variation of the Fold Lemma; and show that the box complex of a graph is homotopy equivalent to the union of the box complexes of induced subgraphs. In Section 4 we prove the main theorem using the structure theorem of chordal graphs and the previous tools.

2. Preliminaries

In this section we recall some basic facts of graphs, simplicial complexes, and posets to fix notation. The interested reader is referred to [14, 2, 12] for more details.

Any graph G considered will be assumed to be finite, simple, connected, and undirected, i.e. G is given by a finite set V (G) of vertices and a set of edges E(G) ⊆

(_{V (G)} 2 ) . We will denote by ω(G) the size of the largest clique (complete subgraph) of G. In a graph G, the common neighborhood of A ⊆ V (G), N_G(A) is the set of vertices which are adjacent to every vertex of A. If it is clear which G is meant, we just write N(A). For two disjoint sets of vertices A, B ⊆ V (G) we define G[A, B] as the (not necessarily induced) bipartite subgraph of G with V (G[A, B]) = A ∪ B and E(G[A, B]) = {{a, b} ∈ E(G): a ∈ A, b ∈ B}.

A Z_2-space is a pair (X, ν) where X is a topological space and ν : X → X, called the Z_2-action, is a homeomorphism such that ν^2 = ν ∘ ν = id_X . If (X_1, ν_1) and (X_2, ν_2) are Z_2-spaces, a Z_2-map between them is a continuous mapping f : X_1 → X_2 such that

2000 Mathematics Subject Classification. 05C10, 55P10.

Key words and phrases. box complex, neighborhood complex, chordal graph, fold. This research has been supported by DIAMANT (an NWO mathematics cluster). 1

f ∘ ν_1 = ν_2 ∘ f. The sphere S^n is understood as a Z_2-space with respect to the antipodal homeomorphism x → −x. A Z_2-complex is free if the Z_2-action ν has no fixed point. The Z_2-index of a Z_2-space (X, ν) is defined by ind(X) := min{n: there is a Z_2-map X → S^n}.

A simplicial complex K is a finite hereditary set system.

The neighborhood complex (introduced in [13]) is N (G) = {S ⊆ V (G): N(S) ≠ ∅}. For sets A, B define A ⊎ B := {(a, 1): a ∈ A} ∪ {(b, 2): b ∈ B}. The box complex B(G) of a graph G (the one introduced by Matoušek and Ziegler [15]) is defined by

B(G) := { A ⊎ B : A, B ⊆ V (G), A ∩ B = ∅, G[A, B] is complete bipartite, N(A) ≠ ∅ ≠ N(B) } . The vertices of the box complex are V_1 := {v ⊎ ∅: v ∈ V (G)} and V_2 := {∅ ⊎ v : v ∈ V (G)}. The subcomplexes of B(G) induced by V_1 and V_2 are disjoint subcomplexes of B(G) that are both isomorphic to the neighborhood complex N (G). It is known that the neighborhood complex N (G) and the box complex B(G) are (simple [6]) homotopy equivalent [4].

A different box_0 complex B_0(G) [15] is defined by:

B_0(G) = {A ⊎ B : A, B ⊆ V (G), A ∩ B = ∅, G[A, B] is complete bipartite} .

Clearly B(G) is the subcomplex of B_0(G). It is known [4] that B_0(G) is homotopy equivalent to the suspension of B(G).

Examples. For the complete graph K_n its neighborhood complex N (K_n) is the boundary complex of the (n − 1)-dimensional simplex. Its box_0 complex B_0(K_n) is the boundary complex of the n-dimensional cross polytope; while B(K_n) is the boundary complex of the n-dimensional cross polytope, with two opposite facets removed.

We recall that a partially ordered set, or poset for short, is a pair (P, ⪯), where P is a set and ⪯ is a binary relation on P that is reflexive (x ⪯ x), transitive (x ⪯ y and y ⪯ z imply that x ⪯ z), and weakly antisymmetric (x ⪯ y and y ⪯ x imply x = y). When the order relation ⪯ is understood, we say only “a poset P .” If x ⪯ y and x ≠ y then we write x ≺ y. The face poset of a simplicial complex K is a set containing the simplices of K and the binary relation corresponds to containment.

We introduce the basics of Discrete Morse Theory, which was invented by Forman [7]. It provides a convenient language for describing homotopy equivalences.

Definition 1. Let P be a poset with the order relation ⪰.

• We define a partial matching on P to be a set Σ ⊆ P , and an injective map μ : Σ → P \ Σ, such that μ(x) ≻ x, for all x ∈ Σ, and there is no c such that μ(x) ≻ c ≻ x.

• The elements of P \ (Σ ∪ μ(Σ)) are called critical.

• Additionally, such a partial matching μ is called acyclic if there exists no sequence of distinct elements x_1, . . . , x_t ∈ Σ, where t ≥ 2, satisfying μ(x_1) ≻ x_2, μ(x_2) ≻ x_3, . . . , μ(x_t) ≻ x_1.

In many cases it is more convenient to define μ such that μ(x) ≻ x or μ(x) ≺ x, and change the definition of the cycle accordingly. Since μ is injective we can assume that μ(μ(x)) = x. We will use the main theorem of Discrete Morse Theory.

Theorem 2 ( [12, Theorem 11.13] ). Let K be a simplicial complex, and let M be an acyclic matching on the face poset of K. If the critical cells form a subcomplex K_c of K, then K_c and K are homotopy equivalent.

3. Homotopy tools

The following lemma will be useful to understand the homotopy type of box complexes.

Lemma 3. Let G be the union of two induced subgraphs G_1 and G_2. Then B(G) is homotopy equivalent to B(G_1) ∪ B(G_2).

Proof. Clearly B(G_1) ∪ B(G_2) ⊆ B(G). Let S := B(G) \ (B(G_1) ∪ B(G_2)) be the collection of simplices of B(G) which are not simplices of B(G_1) ∪ B(G_2). Let L := G_1 ∩ G_2 be the intersection graph of G_1 and G_2. (L is the induced subgraph on V (G_1) ∩ V (G_2).) Let A_1 ⊎ A_2 be a simplex of S. Because of the definition of S, A_1 ∪ A_2 must contain a vertex x ∈ V (G_1) \ V (L) and also a y ∈ V (G_2) \ V (L). x ∈ A_i and y ∈ A_{3−i} (i = 1 or 2) cannot happen, since xy ∉ E(G). If x, y ∈ A_i then A_{3−i} must be a subset of V (L) since G[A_1, A_2] is complete bipartite. So we obtained that if A_1 ⊎ A_2 ∈ S then either

(1) A_1 ⊆ V (L), A_2 ∩ (V (G_1) \ V (L)) ≠ ∅ and A_2 ∩ (V (G_2) \ V (L)) ≠ ∅, or (2) A_2 ⊆ V (L), A_1 ∩ (V (G_1) \ V (L)) ≠ ∅ and A_1 ∩ (V (G_2) \ V (L)) ≠ ∅.

Assume that V (L) = {1, 2, . . . , l}. Let A ⊂ V (G) be such that N_G(A) ∩ V (L) ≠ ∅. For such an A we define a vertex of V (L) as f(A) = min{N_G(A) ∩ V (L)}. We are now ready to define a matching on the simplices of B(G). If A_1 ⊎ A_2 ∈ S fulfills (1), then let

μ(A_1 ⊎ A_2) := { (A_1 \ f(A_2)) ⊎ A_2 if f(A_2) ∈ A_1, (A_1 ∪ f(A_2)) ⊎ A_2 if f(A_2) ∉ A_1.

If A_1 ⊎ A_2 ∈ S fulfills (2), then symmetrically let

μ(A_1 ⊎ A_2) := { A_1 ⊎ (A_2 \ f(A_1)) if f(A_1) ∈ A_2, A_1 ⊎ (A_2 ∪ f(A_1)) if f(A_1) ∉ A_2.

This matching is well defined. f(A_i) is defined in the above cases, since N_G(A_i) ⊇ A_{3−i}. We show that the obtained matching μ is acyclic. If we try to create a cycle, then we can assume that the first two simplices are A_1 ⊎ A_2 and μ(A_1 ⊎ A_2) = (A_1 ∪ f(A_2)) ⊎ A_2. In this case A_1 ⊆ V (L). When we go up by the matching we can only add a vertex of V (L), so this cycle must be among simplices fulfilling (1). Now if we go down we have to delete something. If we delete a vertex from A_2 then since later we can not add by a matching anything to the second set we can not have a cycle. If we delete a vertex from A_1 then the resulting simplex of S is matched down by deleting f(A_2).

The critical simplices of this matching are the simplices of B(G_1) ∪ B(G_2) so Theorem 2 completes the proof. □

The homology version for a special case was proved in [10]. In [10] the intersection of G_1 and G_2 was a complete graph K_l, and it was assumed that N_{G1} (K_l) ≠ ∅ and N_{G2} (K_l) ≠ ∅.

Clearly B(G_1 ∩ G_2) ⊆ B(G_1) ∩ B(G_2) ⊆ B_0(G_1 ∩ G_2). If N_{G1} (G_1 ∩ G_2) ≠ ∅ and N_{G2} (G_1 ∩ G_2) ≠ ∅, then B(G_1) ∩ B(G_2) = B_0(G_1 ∩ G_2).

We remark that the above lemma is not true if we just replace the box complex with the neighborhood complex, though they are homotopy equivalent.

Definition 4 (fold). G − w is called a fold of a graph G if there exist v ∈ V (G), v ≠ w such that N(v) ⊇ N(w) ≠ ∅.

It is known [3, 5, 11] that fold does not change the homotopy type of the box complex of graphs.

Lemma 5 (Fold Lemma). Let G be a graph and v, w ∈ V (G). If N(v) ⊇ N(w) then B(G) is homotopy equivalent to B(G − w). (And N (G) is homotopy equivalent to N (G − w).)

Let G be a graph, v, w ∈ V (G). We define G_{v=w} to be the graph obtained from G by deleting v and connecting w to the vertices of N_G(v). Clearly G_{v=w} and G_{w=v} are isomorphic graphs. In the situation of the Fold Lemma G_{w=v} = G − w. We will need the following variation of the Fold Lemma. (We remark that it is not true that N (G) and N (G_{w=v}) are always homotopy equivalent.)

Theorem 6. Let G be the union of two induced subgraphs G_1 and G_2. Let L := G_1 ∩ G_2 be a complete graph and w ∈ N_{G1} (L), v ∈ N_{G2} (L) such that v is an isolated vertex in the induced subgraph of N_{G2} (L). Then B(G) and B(G_{w=v}) are homotopy equivalent.

Proof. Since the box complex is homotopy equivalent to the neighborhood complex it is enough to show that N (G) and N (G_{w=v}) are homotopy equivalent. Let Γ(w) := N_G(w) \ V (L) and Γ(v) := N_G(v) \ V (L). Let G̃ be the graph obtained from G by connecting v to the vertices of Γ(w). G̃ − w = G_{w=v} is a fold of G̃. So it is enough to show that N (G) and

PSfrag replacements

Figure 1. The graph G̃.

N (G̃) are homotopy equivalent. Since G is a subgraph of G̃ we have that N (G) ⊆ N (G̃). Because of the construction of G̃ N~_G(v) = N_G(v) ∪ Γ(w) = Γ(v) ∪ V (L) ∪ Γ(w). If x ∈ Γ(w) then N~_G(x) = N_G(x) ∪ v. For every other vertex u of G we have N~_G(u) = N_G(u). First we will look at the simplices of S := N (G̃)\N (G) coming from N~_G(v). Such a simplex can be written in the form A ∪ B ∪ C, where A ⊆ Γ(w), B ⊆ V (L) and C ⊆ Γ(v). If A = ∅ then the simplex A ∪ B ∪ C would be a simplex of N_G(v), so could not be in S. If C = ∅ then symmetrically the simplex A ∪ B ∪ C would be a simplex of N_G(w). So if we want to get a simplex in S, then A ≠ ∅ and C ≠ ∅. If B = V (L) then such an A ∪ B ∪ C will be in S. If B ≠ V (L) then for every i ∈ V (L) \ B we must have that N_G(i) ⊉ A or N_G(i) ⊉ C for A ∪ B ∪ C ∈ S. This motivates the following. Assume that V (L) = {1, 2, . . . , l}. For C ⊆ Γ(v) let f(C) := min{i ∈ V (L) | N_G(i) ⊉ C}. This is well defined if C ≠ ∅. If for every i ∈ V (L) we get that N_G(i) ⊇ C then v would not be an isolated vertex in the induced subgraph of N_{G2} (L). We are now ready to define a matching. Let A ∪ B ∪ C ∈ S.

μ(A ∪ B ∪ C) := { A ∪ (B ∪ f(C)) ∪ C if f(C) ∉ B, A ∪ (B \ f(C)) ∪ C if f(C) ∈ B.

This is well defined. If A ∪ B ∪ C ∈ S then A ∪ (B \ f(C)) ∪ C ∈ S because N_G(f(C)) ⊉ C. This matching is acyclic. We can assume that A∪B∪C and μ(A∪B∪C) = A∪(B∪f(C))∪C are the first two simplices of a cycle. Now if we delete a vertex from A or C we can not get that back by going up with the matching. So we have to delete a vertex v ∈ B, but then the next simplex of a cycle is A ∪ (B ∪ f(C) \ v) ∪ C which is matched down to A ∪ (B \ v) ∪ C. The critical simplices of this matching are the simplices of X := N (G) ∪_{x∈Γ(w)} (N_G(x) ∪ v) so Theorem 2 shows that N (G̃) and X are homotopy equivalent.

Secondly we will look at the simplices of T := X \ N (G), they are simplices of N~_G(x) = N_G(x) ∪ v for some x ∈ Γ(w). Observe that each simplex of T contains the vertex v. This motivates to define the matching on the simplices of X as follows. Let σ ∈ T .

μ(σ) := { σ ∪ w if w ∉ σ, σ \ w if w ∈ σ.

If σ ∈ T then σ ∪ w ∈ T , since x ∈ Γ(w). We show that if w ∈ σ ∈ T then σ \ w ∈ T . For contradiction assume that σ \ w ∉ T . This means that there is a vertex y ∈ V (G) such that σ \ w ⊆ N_G(y). Since v ∈ σ we have that y ∈ V (G_2). If y ∈ V (L), then w ∈ N_G(y), so σ ⊆ N_G(y) would contradict to σ ∈ T . So y ∉ V (L). Since for each τ ∈ T we have that τ ∩ (V (G_2) \ V (L)) = v we will look at σ ∩ V (L). Let z ∈ V (L) \ (σ ∩ V (L)). If such a z exist then σ ⊆ N_G(z). This contradict to σ ∈ T . If such a z does not exist then (V (L) ∪ v) ⊆ N_G(y). This contradict to the assumption that v is an isolated vertex in the induced subgraph of N_{G2} (L). So the critical simplices of this matching are the simplices of N (G). This matching is acyclic since matched simplices differ always by w. By Theorem 2 we get that X and N (G) are homotopy equivalent which completes the proof. □

4. Chordal graphs

A graph G is chordal if every cycle of length at least 4 has a chord. We will use the following characterization from [1].

Theorem 7 ( [1, Theorem 9.20] ). Let G be a connected chordal graph, and let V_1 be a maximal clique of G. Then the maximal cliques of G can be arranged in a sequence (V_1, V_2, . . . , V_k) such that V_j ∩ (∪^{j−1}_{i=1} V_i) is a clique of G, 2 ≤ j ≤ k.

Such a sequence of maximal cliques is called the simplicial decomposition of a chordal graph. It is easy to see [1] that if a graph has a simplicial decomposition, then it is chordal.

Theorem 8. The box complex of a chordal graph is homotopy equivalent to a wedge of spheres.

Proof. We will prove it by induction on the number of vertices of a graph. For small graphs, e.g. for K_2 it is easy to check. Assume that we have a chordal graph G with n vertices. Let V_1, V_2, . . . , V_k be its simplicial decomposition as in Theorem 7. If k = 1 then G = K_n and then its box complex is homotopy equivalent to S^{n−2}. If k > 1 then we look at X_k := V_k ∩ (∪^{k−1}_{i=1} V_i). If V_k \ X_k contains only one vertex v, then since X_k is a proper subset of a maximal clique V_i (for some i < k) we get that G−v is a fold of G. By Lemma 5 we get that the box complex of G − v and G are homotopy equivalent. On the other hand G − v is chordal, V_1, V_2, . . . , V_{k−1} is its simplicial decomposition. By the inductive assumption we get that the box complex of G is homotopy equivalent to a wedge of spheres.

So we can assume that V_k \X_k contains at least two vertices. We define a set S := {i: 1 ≤ i ≤ k−1, X_k ⊂ V_i}. Because V_i is a maximal clique |X_k| < |V_i| for each i ∈ S. Assume that there is an s ∈ S such that |X_k| + 2 ≤ |V_s|. Let G_1 be the subgraph of G induced by the vertices of V_1 ∪ V_2 ∪ · · · ∪ V_{k−1}, and G_2 be the clique V_k. X_k = G_1 ∩ G_2. By Lemma 3 we get that B(G) is homotopy equivalent to B(G_1) ∪ B(G_2). Now B(G_1) ∩ B(G_2) = B_0(X_k) is homotopy equivalent to a sphere S^{|Xk|−1}. Since the cliques V_s and V_k have at least 2 more vertices then X_k we get that B_0(X_k) ⊂ B(V_s) ⊆ B(G_1) and B_0(X_k) ⊂ B(V_k) = B(G_2). Since B(V_s) and B(V_k) are higher dimensional spheres than B_0(X_k) we get that B_0(X_k) is null-homotopic in both B(G_1) and B(G_2). This gives that B(G_1) ∪ B(G_2) is homotopy equivalent to the wedge B(G_1) ∨ B(G_2) ∨ S^{|Xk |} (see example 0.14 in [8]). Now B(G_2) = B(V_k) is homotopy equivalent to S^{|Vk|−2}. G_1 is chordal, V_1, V_2, . . . , V_{k−1} is its simplicial decomposition. By the inductive assumption we get that the box complex of G_1 is a wedge of spheres. This completes this case.

The last case is when for every s ∈ S we have |X_k| + 1 = |V_s|. Let w ∈ V_k \ X_k be a vertex. We fix s ∈ S and let v ∈ V_s \ X_k. We can choose G_1 and G_2 as before and by Theorem 6 we get that B(G) is homotopy equivalent to B(G_{w=v}). It is easy to see that B(G_{v=w}) is chordal, V_1, V_2, . . . , V_{k−1} is its simplicial decomposition, where we have to replace V_s by a clique of size |V_k|. The induction completes the last case of the proof. □

Remark. There are several things to note after the above proof:

Since there is a free Z_2-action on the box complex we get that the number of spheres in the wedge must be odd. This can be seen from the inductive proof as well.

We can choose V_1 to be the largest clique in G. The inductive proof gives that S^{ω(G)−2} will be the largest dimensional sphere in the wedge. From this we get that for a chordal graph G the ith dimensional homology vanishes, H_i(B(G)) = 0 if i ≥ ω(G) − 1. This was observed in [10].

It is easy to see that the neighborhood complex is connected if the graph contains a clique with at least 3 vertices. So if we have S^0 in the wedge then the maximal cliques are the edges of the graph. Since G is chordal, it must be a tree. A tree always folds to K_2 so in this case the neighborhood complex is homotopy equivalent to S^0.

On the other hand look at the wedge ∨^{2r+1}_{i=1} S^{ai} , a_i ≥ 1, a_i ≥ a_{i+1}. There is a chordal graph such that its box complex is this wedge of spheres. The simplicial decomposition of such a graph V_1, V_2, . . . , V_{r+1} can be obtained as follows. V_i is a clique with a_{2i−1} + 2 vertices. We choose those cliques so that |V_1 ∩ V_i| = a_{2i−2} if i > 1. The vertices of V_i \ V_1 are disjoint for different i. From the above proof one can easily see that the box complex of this chordal graph is the wedge ∨^{2r+1}_{i=1} S^{ai} .

Finally, the dimensions of the spheres in the wedge can be obtained from the simplicial decomposition V_1, V_2, . . . , V_k of the chordal graph G. Let a_j denote the number of vertices of V_j. We define X_j := V_j ∩ (∪^{j−1}_{i=1} V_i) for j = 2, 3, . . . , k. Let b_j denote the number of vertices of X_j . Now the spheres of the wedge are amongst the spheres S^{a1−2}, S^{a2−2}, S^{a3−2}, . . . , S^{ak−2} and S^{b2} , S^{b3} , . . . , S^{bk} . From the above inductive proof it can be seen recursively which spheres are in the wedge.

Remark 9. After Theorem 8 one might suspect that something like that might be true for a bigger graph class, for perfect graphs as well. (A graph G is called perfect if for each induced subgraph H we have that χ(H) = ω(H).) Unfortunately that is not true. Let K be the disjoint union of two homeomorphic projective planes. The free Z_2-action interchanges the two copies. In [4, 6] a graph G is constructed such that B(G) is homotopy equivalent to K. From that construction it is easy to see that G is bipartite, which means that G is perfect as well. But B(G) is not even torsion free. If one glues a triangle to G such that the intersection is a vertex then one can get a non-bipartite example, too.

Acknowledgments

I would like to thank Paul Goerss for bringing [10] into my attention.

References

[1] J. A. Bondy and U. S. R. Murty, Graph theory, Graduate Texts in Mathematics, 244, Springer, New York, 2008.

[2] A. Björner, Topological methods, In R. Graham, M. Grötschel, and L. Lovász, editors, Handbook of Combinatorics Vol. II, Chapter 34, pages 1819-1872, North-Holland, Amsterdam, 1995.

[3] S. Čukić and D. N. Kozlov, The homotopy type of the complexes of graph homomorphisms between cycles, Discrete Comput. Geom. 36 (2006), no. 2, 313-329.

[4] P. Csorba, Homotopy types of box complexes, Combinatorica, 27 (2007), no. 6, 669-682. [5] P. Csorba, Fold and Mycielskian on homomorphism complexes, Contributions to Discrete Mathematics, 3 (2008), no. 2, 1-8.

[6] P. Csorba, On the simple Z_2-homotopy types of graph complexes and their simple Z_2-universality, Canadian Mathematical Bulletin, 51 (2008), no. 4, 535-544.

[7] R. Forman, Morse theory for cell complexes, Advances in Mathematics, 134, no. 1, (1998), 90-145. [8] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002. [9] M. Kahle, The neighborhood complex of a random graph, J. Combinatorial Theory, Ser. A, 114 (2007), no. 2, 380–387.

[10] A. Kamibeppu and K. Kawamura, Homology groups of box complexes of chordal graphs, manuscript. [11] D. N. Kozlov, A simple proof for folds on both sides in complexes of graph homomorphisms, Proc. Amer. Math. Soc. 134 (2006), no. 5, 1265-1270 (electronic).

[12] D. N. Kozlov, Combinatorial algebraic topology, Algorithms and Computation in Mathematics, 21.

Springer, Berlin, 2008.

[13] L. Lovász, Kneser’s conjecture, chromatic number and homotopy, J. Combinatorial Theory, Ser. A, 25 (1978), no. 3, 319-324.

[14] J. Matoušek, Using the Borsuk–Ulam Theorem; Lectures on Topological Methods in Combinatorics and Geometry, Universitext, Springer-Verlag, Berlin, Corr. 2nd printing, 2008.

[15] J. Matoušek and G. M. Ziegler, Topological lower bounds for the chromatic number: A hierarchy, Jahresbericht der DMV 106 (2004), 71-90.

[16] G. Simonyi and G. Tardos, Local chromatic number, Ky Fan’s theorem and circular colorings, Combinatorica, 26 (2006), no. 5, 587–626.

Department of Mathematics and Computer Science, Eindhoven University of Technology, P.O.Box 513, 5600 MB, Eindhoven, The Netherlands

E-mail address: pcsorba@win.tue.nl