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INTRINSIC VOLUMES OF RANDOM POLYTOPES WITH VERTICES ON THE BOUNDARY
OF A CONVEX BODY

KAROLY J. BOROCZKY, FERENC FODOR, AND DANIEL HUG

ABSTRACT. Let K be a convex body in R?, let j € {1,...,d — 1}, and let p be a positive and continuous
probability density function with respect to the (d — 1)-dimensional Hausdorff measure on the boundary O K of
K. Denote by Ky, the convex hull of n points chosen randomly and independently from K according to the
probability distribution determined by o. For the case when OK is a C2 submanifold of R® with everywhere
positive Gauss curvature, M. Reitzner proved an asymptotic formula for the expectation of the difference of the
jth intrinsic volumes of K and K, as n — co. In this article, we extend this result to the case when the only
condition on K is that a ball rolls freely in K.

1. INTRODUCTION

Random polytopes in Euclidean space R? can be defined in various ways. If x1, ..., z, are n random
points sampled from a given convex body K C R?, then the convex hull of these random points yields
a random polytope which has been studied extensively in the literature. The present focus is on a related
though different model of a random polytope which has not been explored to the same extent. Instead
of choosing the points from all of K, we sample random points from the boundary of K. The convex
hull of these points then provides a model of a random polytope which will be considered here. Our
main focus is on the convergence of the expectation of geometric functionals (intrinsic volumes) of such a
random polytope. The main result, stated in Theorem 1.2, extends previous work by relaxing the regularity
assumptions on K. This is a nontrivial task, since the speed of convergence depends in a crucial way on
the boundary structure, in particular on the (generalized) curvatures, of K. The present approach refines
arguments that have recently been developed in [4] to establish first order results for the aforementioned
model of a random polytope, and it combines geometric and probabilistic ideas.

Before stating our results explicitly, we provide the required background and notation. Our basic setting
is the d-dimensional Euclidean space R?, d > 2, with scalar product (-,-) and norm | - ||. By H/ we
denote the j-dimensional Hausdorff measure, where H¢ is simply called the volume V. Let B’ be the
unit ball of R’ with center at the origin, and let S7~! be its boundary. Then we write a; = H7(B7)
for the j-dimensional volume of B7, and hence H’~!(S7~!) = ja; is the surface content of B7. The
relative boundary of a compact convex set C' C R? is denoted by C. Finally, the convex hull of subsets
X1,...,X, and points 21, ...,z is denoted by [X1,..., X}, 21, ..., 25)-

Throughout the following, K is a convex body (compact convex set) with interior points in R%; for
notions of convexity we follow the monographs by Schneider [18] or Gruber [8]. The boundary of K is
denoted by 0K . We say that 0K is twice differentiable in the generalized sense at a boundary point z € 0K
if there exists a positive semi-definite quadratic form @ on R%-1 the so called second fundamental form,
with the following property: If K is positioned in such a way that z = o0 and R~ is a support hyperplane
of K, then in a neighborhood of the origin o, K is the graph of a convex function f defined on a (d — 1)-
dimensional ball around o in R¢~! satisfying

(1.1) f(2) = 3Q(2) +o(||z]1?),
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as z — o. According to a classical result of Alexandrov (see P.M. Gruber [8] or R. Schneider [18]), 0K is
twice differentiable in the generalized sense at H%~! almost all points 2 € K. Such boundary points are
also called normal boundary points. We write k1 (), . . ., kq—1 () for the (generalized) principal curvatures
of OK at x € 0K, which are just the eigenvalues of ). Furthermore, H,(x) denotes the normalized jth
elementary symmetric function of the principal curvatures of JK at the normal boundary point x. Here the
dependence of this function on K is not made explicit. Thus, for j € {1,...,d — 1}, we have

Hj<x>=(d‘.1)_1 S k) kG2,

J 1<ih < <i;<d—1

and this definition is supplemented by Hy(x) := 1. In particular, H;_1(x) is the Gaussian curvature and
H, () is the mean curvature of 9K at . We say that 0K is C _’f_, for some k > 2, if 0K is a C* submanifold
of R and its Gaussian curvature is positive everywhere.

The intrinsic volumes V;(K'), j =0, ..., d, of a convex body K C R? can be introduced as coefficients

of the Steiner formula
d

Va(K + ABY) = > " X" ay_;V;(K),
Jj=0
where K + AB< is the Minkowski sum of K and the ball AB¢ of radius A > 0. In particular, Vy is
the volume functional, V5(K) = 1, V; is proportional to the mean width and V;_; is a multiple of the
surface area. Alternately, intrinsic volumes can be obtained as mean projection volumes. Specifically, for
7 =1,...d—1,itis well-known that

() aa

V() = L=t
J )

[ vz ),

where E? is the Grassmannian of all j-dimensional linear subspaces of R% equipped with the (unique)
Haar probability measure v; and, for L € E?, K|L denotes the orthogonal projection of K onto L. Here,
V;(K|L) is just the j-dimensional volume (Lebesgue measure) of K |L.

We say that a ball rolls freely in a convex body K C R if there exists some > 0 such that any x € OK
lies on the boundary of some Euclidean ball B of radius  with B C K. The existence of a rolling ball is
equivalent to saying that the exterior unit normal is a Lipschitz map on K (see D. Hug [14]). In particular,
W. Blaschke observed that if K is C2, then K has a rolling ball (see D. Hug [14] or K. Leichtweiss [15]).
In turn, we say that K rolls freely in a ball of radius R > 0 if any z € 0K lies on the boundary of some
Euclidean ball B of radius R with K C B.

In this paper, we shall consider the following probability model. Let K be a convex body with a rolling
ball of radius r. Let o be a continuous, positive probability density function defined on 0K ; throughout
this paper this density is always considered with respect to the boundary measure on 0K. Select the points
Z1, ..., T, randomly and independently from 0K according to the probability distribution determined by
0. The convex hull K, := [z1,...,x,] then is a random polytope inscribed in K. We are going to study
the expectation of intrinsic volumes of K,,. In order to indicate the dependence on the probability density
o0, we write P, to denote the probability of an event in this probability space and [, to denote the expected
value. For a convex body K, the expected value E,(V;(K,)) of the j-th intrinsic volume of K, tends to
V;(K) as n tends to infinity. It is clear that the asymptotic behavior of V;(K) —E,(V;(K,,)) is determined
by the shape of the boundary of K. In the case when the boundary of K is a Ci submanifold of R<, this
asymptotic behavior was described by M. Reitzner [16].

Theorem 1.1 (Reitzner, 2002). Let K be a convex body in R with C’_Qi_ boundary, and let o be a continuous,
positive probability density function on OK. Denote by E,(V;(K,)),j = 1,...,d, the expected j-th
intrinsic volume of the convex hull of n random points on K chosen independently and according to the
density function o. Then

(12)  Vi(K) = Eo(V;(Ky)) ~ U /6 ol@)” T Hyot () 77 Hy_ (2) H*™ (da) - m~ 71
K

as n — oo, where the constant ¢9® only depends on j and the dimension d.
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For j = d, that is in the case of the volume functional, C. Schiitt and E. Werner [21] extended (1.2) to
any convex body K such that a ball of radius 7 rolls freely in K and, in addition, K rolls freely in a ball of
radius R, for some R > r > 0. The latter assumption of K rolling freely inside a ball implies a uniform
lower bound for the principle curvatures of 0K whenever they exist. They also calculated the constant
(&) explicitly, that is

(d—1)TIT(d+ 1+ 725)
2(d+ 1)![(d — Vag_) 77

Moreover, C. Schiitt and E. Werner [21] showed that for fixed K, the minimum of the integral expression
in (1.2) is attained for the probability density function

((dd) _

Hd, 1 (LC) %Jrl
oo(x) = SR .
Jor Ha—1(x) 1 HA=1(dx)
Our main goal is to extend Theorem 1.1 to the case where K is only assumed to have a rolling ball,

forall j = 1,...,d. In particular, the Gauss curvature is allowed to be zero on a set of positive boundary
measure. More explicitly, we shall prove

Theorem 1.2. The asymptotic formula (1.2) holds if K is a convex body in R® in which a ball rolls freely.

The present method of proof for Theorem 1.2 is different from the one used by Reitzner [16] or Schiitt
and Werner [21]. It is inspired by the arguments from our previous paper [4] concerning random points
chosen from a convex body, however, the case of random points chosen from the boundary is more delicate.

Examples show that in general the condition that a ball rolls freely inside K cannot be dropped in
Theorem 1.2. For the mean width, general bounds are provided in the following theorem.

Theorem 1.3. Let K be a convex body in R?, and let o be a continuous, positive probability density function
on OK. Then there exist positive constants ¢y, co, depending on K and o, such that for any n > d + 1,

an~TT <EB,(Vi(K) — Vi(K,)) < can™ 71,

The lower bound is of optimal order if K has a rolling ball, and the upper bound is of optimal order, if K
is a polytope.

For comparison, let us review the main known results about the convex hull K (n) of n points chosen
randomly, independently and uniformly from K. In the case where a ball rolls freely inside K, the analogue
of Theorem 1.2 is established in K. Boéroczky Jr., L. M. Hoffmann and D. Hug [3]. For the case of the
volume functional and an arbitrary convex body K, C. Schiitt [19] proved (see K.J. Boroczky, F. Fodor, D.
Hug [4] for some corrections and an extension) that

lim ne1 (Vy(K) — E(Vy(K(n)) = caVy(K)@1 [ Hy_1(z)7 H(dx),

where the constant ¢4 > 0 only depends on the dimension d and is explicitly known. Concerning the order
of approximation, we have

(1.3) yn D <V (K) = EVA(K (n)) < yan” 14,
(1.4) yan ' I < Viy(K) — EVy(K (n)) < yan=2/(4FD)]
where 71, ...,7v4 > 0 are constants which may depend on K. The inequalities (1.3) are due to R. Schneider

[17], and (1.4) is due to I. Bardny and D. Larman [2]. The orders are best possible, being attained in
(1.3)(left) and (1.4)(right) by sufficiently smooth bodies, and in (1.3)(right) and (1.4)(left) by polytopes.
The proof of Theorem 1.2 is given in the following three sections. In Section 2, we rewrite the difference
V;(K) — E,(V;(K,,)) in an integral geometric way. The inner integral involved in this integral geometric
description is extended over the projection K|L of K to L, where L is a j-dimensional linear subspace.
Then we show that up to an error term of lower order the main contribution comes from a neighborhood of
the boundary d(K|L), where this neighborhood is shrinking at a well-defined speed t(n) := n~/(@=1) as
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n — oo. Further application of an integral geometric decomposition then shows that the proof boils down

to determining the limit
tn)
lim nT1 (y, u(y))Po (ye ¢ KnlL) dt

n—oo 0

where y € J(K|L) is a point for which there exists a normal boundary point x of K such that the orthogonal
projection of x onto L is y, that is y = x| L. Moreover, u(y) € L denotes the unique exterior unit normal
to (K |L) aty € O(K|L) with respect to L as ambient space and y; := (1 — t)y.

In order to determine the limit, we distinguish two cases. The case where the Gauss curvature of K
at x is zero is treated directly. In Section 3, we deal with the case of positive Gauss curvature. In a first
step, we choose a reparametrization of the integral which relates the parameter ¢ to the probability content
s of that part of the boundary of K near z that is cut off by a cap determined by the parameter ¢. This
reparametrization has the effect of extracting the relevant geometric information from /. What remains to
be shown is that the transformed integrals are essentially independent of K and yield the same value for the
unit ball with the uniform probability density on its boundary. This latter step is divided into two lemmas in
Section 3. Whereas both lemmas have analogues in our previous work [4], the present arguments are more
delicate and the second lemma has to be established by a reasoning different from the one in [4]. The proof
is then completed in Section 4, where, in addition to the previous steps, a very special case of Theorem 1.1
is employed (K being the unit ball) as well as an integral geometric lemma from [3]. The final section is
devoted to a proof of Theorem 1.3.

2. GENERAL ESTIMATES

In order to prove Theorem 1.2, we start by rewriting V;(K) — E,(V;(XK,)) in an integral geometric
form. For this, we use Kubota’s formula and Fubini’s theorem to obtain

Vi(K) = Eo(Vi(Kn))

n

= i X d=1 xT1)... d=1 T
—/BK /aK V() T o) M (i) . 1 ()

i=1

a]ad ; /aK /ax/m 3 (K[L) = Vi(Kn|L))

X H o(x;) vi(dL) H¥ ™ (dxy) . .. HO ™ (dy,)

- /// o e KILady ¢ K1)
Oéjad jJed oK oK

X H o(x)) H¥ (dxy) . .. HO (dan ) HI (dy) vj(dL)

2.1 - K,|L) H? (dy) v;(dL
e a]am/,:d/m & Kl L) W (dy) vy (dL).

Now we introduce some geometric tools. If K has a rolling ball of radius r, then so does K |L for any
Le E?. Furthermore, K has a unique outer unit normal vector u(z) at each boundary point z € K. If
LeL},yecd(K|L)and z € K are such that y = z|L, then z € K and the outer unit normal of d(K|L)
at y is equal to u(x). Here z|L denotes the orthogonal projection of = onto L.

Since the statement of the theorem is translation invariant, we may assume that

2.2) rB* c K c RB*
for some R > 0. Fort € (0,1), let K; := (1 — t)K, and for x € 90K, let z; := (1 — t)z. Similarly,
(K|L); := (1 —t)(K|L)and y; := (1 — t)y fory € (K |L).
Forz € 0K and t € (0, 1), let
xy =z — (tz,u(z))u(z).
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Ift € (0, %), then (2.2) implies that

(2.3) tr < {x —z},u(z)) = (x — z,u(z)) <.
The existence of a rolling ball at z yields that if ¢ € (0, ), then

(2.4) z; +rvt(u(x)t NBY) C K.

On the other hand, we have

(2.5) lzf — x|l < Rt.

For real functions f and g defined on the same space, we write f < g or f = O(g) if there exists a
positive constant +y, depending only on K and g, such that | f| < - g.

We shall use the notion of a “coordinate corner”. Given an orthonormal basis in a linear ¢-dimensional
subspace L, the corresponding (i — 1)-dimensional coordinate planes cut L into 2¢ convex cones, which
we call coordinate corners (with respect to L and the given basis). In the following, we write 1, s, . . . for
positive constants which merely depend on K and p.

Let us estimate the probability that o ¢ K,,. There exists a constant 7; > 0 such that the probability
content of each of the parts of 9K contained in one of the 27 coordinate corners of R? is at least ;. Now if
o € K,, then o can be strictly separated from K, by a hyperplane. It follows that {z1, ..., x,} is disjoint
from one of these coordinate corners, and hence

(2.6) Plo ¢ Ky) < 2%(1—~)"

This fact will be used, for instance, in the proof of the subsequent lemma. In the following, for z € R? we
use the shorthand notation Ry z := {Az : A > 0}.

Lemma 2.1. There exist constants 5,7y, € (0, 1), depending on K and o, such that if L € L%, y € O(K|L)
andt € (0,9), then

d—1\"
Py (o & KnlL) < (1= 73t ) .
Proof. Lety € O(K|L) and x € OK be such that y = z|L. Let ©1,...,0),_, be the coordinate corners
with respect to some basis vectors in u(x)*. In addition, fori = 1,...,2¢ L and ¢t € (0, 1), let
@i,t =0KnN (l’t + [6;, R+.’I]D .

Since p is positive and continuous, we have
[ o)t de) 2 2t @4,
(ST

Ify; ¢ K, |Land o € K,, then there exists a (j—1)-dimensional affine plane H, in L through ¥, bounding
the halfspaces H; and H; in L, for which K,,|L C H; . Now, if L is the orthogonal complement of L in
RY, then H := Hy,+ L* is a hyperplane in R? with the property thatz; € H and K,, C H~ := H; +L*.
Furthermore, ©;; C H* := H; + L+ forsome i € {1,...,2971}, because o € K,, C H~. Therefore

2&*1

Po(ys & KnlLo€ K,) < (1= sHH(0,4))" .

i=1
Combining (2.4) and (2.5), we deduce the existence of a constant 4 > 0 such that if ¢ < ~y, then the
orthogonal projection of ©; ; into u(z)* contains a translate of ©’ N (r/2)+/tB%, and therefore

HI(O40) > 75t T
fori=1,...,29"1 In turn, we obtain
2.7 P, (y: & Kn|L,0 € K,) < (1 _ %at%) .

On the other hand, if o ¢ K, |L, then (2.6) holds. Combining this with (2.7), we conclude the proof of the
lemma. O
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Subsequently, the estimate of Lemma 2.1 will be used, for instance, to restrict the domain of integration
(cf. Lemma 2.3) and to justify an application of Lebesgue’s dominated convergence theorem (see (2.12)).
For these applications, we also need that if z € 0K and ¢ > 0 satisfies w := ¢d 5 < 1, then

s @
—1\ " - 2 _ _
(2.8) / (1 — ctd21) dt = ¢T=1 / sdzl_l(l —s)"ds < cToT -nd—21,
0 d—1Jo

where we use that (1 — s)™ < e ™ fors € [0,1] and n € N.

The next lemma will allow us to decompose integrals in a suitable way. We write u(y) € L to denote
the unique exterior unit normal to (K |L) at y € J(K|L) with respect to L as ambient space. It will
always be clear from the context whether we mean the exterior unit normal at a point x € K or at a point
y € O(K|L). In the next lemma, ¢ is chosen as in Lemma 2.1.

Lemma 2.2. If 0 <ty <t <dandh: K|L — [0, 00| is a measurable function, then

/ P, (o ¢ KulL) h(x) ) (d)
(K|L)¢o \(K|L)t,

=/ /h—Wﬂm@¢mm@w@wwﬁw4m»
a(K|L) Jto

Proof. The set 3(K|L) is a (j — 1)-dimensional submanifold of L of class C, and the map
T :9(K|L) x (to,t1) = int(K|L)¢, \ (K|L)ty, (y,t) — yt,

is a C! diffeomorphism with Jacobian JT'(y,t) = (1 — t)7~Y(y,u(y)) > 0. Thus the assertion follows
from Federer’s area/coarea theorem (see [7]). O

—1

In the following, we use the abbreviation ¢(n) := na-1.

Lemma 2.3. Let 1 < j < d— 1. Then we have
j =2
/ / PQ (ngn‘L) H](dy) I/j(dL) :()(nd—l) .
L4 J(K|L)4(n)

Proof. Let 6,72 € (0,1) be chosen as in Lemma 2.1. We may assume that n is large enough to satisfy
t(n) < 6 and n > (2)2. First, we treat that part of the integral which extends over the subset (K |L)s of
(K|L)t(n)-

Let w := §r. Then (2.3) yields

(2.9) (x — zs5,u(x)) >w for z € K.

There exists a constant 7 > 0 such that the probability measure of (z + % B?) N 0K is at least 7 for all
x € OK. We choose a maximal set {21, ..., 2, } C OK such that ||z; — z|| > § fori # [.

For L € /.:?, lety € (K|L)s. Ify € K,|L, then there exist a hyperplane H in R¢ and a half space
H~ bounded by H such that y € H, H is orthogonal to L, and K,, C int(H~). Choose z € 0K such
that u(z) is an exterior unit normal to H~. Since H intersects K;, we have (z — y, u(x)) > w by (2.9).

Now there exists some i € {1,...,n} with || — z;|| < %, and hence {z1,...,x,} C int(H ) yields that
{1,...,z,} is disjoint from z; + & B. In particular, we have
(2.10) Py (y & Kn|L) <m(l—~7)".

Nextlety € (K |L). If t € (t(n),d), then Lemma 2.1 yields

1\ " 1 _
@.11) P, (y: & Kn|L) < (1 —'ygn_f) Y
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In particular, writing I to denote the integral in Lemma 2.3, we obtain from Lemma 2.2, (2.10) and (2.11)
that

I < /Ld /KlL)5 y & K,|L) H?(dy) v;(dL) +

" / / / B, (g & KolL) M0~ (dy) dt v;(dL)
cd Jem) Jo(k|L)

< m(l—77)" +/ / W W (dy) vy(dL) = o (nTT ) |
cd Jo(k|L)

which is the required estimate. (]
It follows by applying (2.1), Lemma 2.3 and Lemma 2.2, in this order, that
lim T (V;(K) = Eg(V;(Ky)))

n— o0
d
:M lim na= 1/ / y¢Kn‘L)’H](dy)I/](dL)
ajadfj n—oo L‘,d KlL
() aa
= 777 Jim AT Py(y & Ku|L) ’HJ(dy) v;(dL)
Qjlg—j n—ro0 L3 J(K|L\(KIL)1(n)
(5)aa

t(n) R ) .
S VA T, / / / nT TP, (ye & Kl L)(1 — £y, uly)) dt H~ (dy) v; (dL).
ca oy Jo

ajad—j n—oo

We deduce from Lemma 2.1 and (2.8) thatif n > ng, L € £§1 andy € O(K|L), then

O _
| R # Kl )y < €
0

where ny and C' depend on K and p. Therefore, we may apply Lebesgue’s dominated convergence theorem,
and thus we conclude

(2.12) lim nT T (V;(K) — E,(V;(K,))) = // L)y H’ = (dy) v;(dL),
roo agad —j Jre K\L)

where, for L € L’? andy € O(K|L), we have

t(n) R
(2.13) Jo(y, L) == lim nT=T (y,u(y))Py (yr ¢ Kn|L) dt

n—oo 0

Subsequently, we shall inspect this limit more closely. In a first step, we shall consider those points y €
O(K|L) for which there is a normal boundary point x € 0K with y = x|L and Hy_1(z) = 0.

Lemma 2.4. Let L € E}i, and let y € O(K|L). If ¢ € OK is a normal boundary point of K with y = x|L
and Hy_1(z) = 0, then J,(y, L) = 0.

Proof. Let x € OK be a normal boundary point with y = z|L and Hy_1(z) = 0. First, we show the
existence of a decreasing function ¢ on (0, %) with lim,_,o+ ¢(t) = oo satisfying

(2.14) P, (e & KalL) <2771 (1- go(t)t%)" .

In the following, we always assume that ¢ > 0 is sufficiently small, that is n is sufficiently large, so that all

expressions that arise are well defined. Let vq,...,v4—1 be an orthonormal basis in u(x)l- such that these

vectors are principal directions of curvature of K at x and such that the curvature is zero in the direction

of v1. In addition, let ©, ..., @;d,l be the coordinate corners in u(x)L, and, fori = 1,...,29"1 and
€(0,1),let ©; ; = 0K N (x, + [©], R x]) as before. The continuity of ¢ yields that

/ o(x) MO (dz) > H1(O4,).
Ot
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Since the curvature is zero in the direction of vy, there exists a function ¢ on (0, ) with lim,_,o+ ¢(t) =
oo satisfying

zf —P(t)Vitv, € K and z} +¢(t)Viv, € K.

Combining (2.4) and (2.5), we deduce the existence of a decreasing function ¢ on (0, %) with
lim;_,g+ §(t) = oo satisfying

| ety mt ) = g0

Ot

fori=1,...,2¢°1

First, we assume that y; ¢ K,|L and o € K,,. In particular, then we also have z; ¢ K,,, and hence

there exists a hyperplane H through z; such that K, lies on one side of H. Since o € K,,, it follows that
H separates K, from some ©; ;, and therefore

(2.15) P, (y: & Kn|L,0 € K,,) < 29 (1 - @(t)t%)

On the other hand, if o & K| L, then (2.6) holds. Combining this with (2.15), we conclude (2.14). In turn,
we deduce from (2.8) that

t(n) .
Jo(y, L) < lim nd%l/ (1- go(t(n))th)" dt < lim ¢(t(n))a1 =0.
0 n—oo

n—oo

O

In the next section, we study the more difficult case of boundary points with positive Gauss curvature.

3. NORMAL BOUNDARY POINTS AND CAPS

LetL € E?, and lety € (K |L) be such that y = x| L for some (uniquely determined) normal boundary
point x € OK with Hy_1(x) > 0. We keep z and y fixed throughout this section. First, we reparametrize
2 and y; in terms of the probability measure of the corresponding cap of 0 K. Using this reparametrization,
we show that J,(y, L) essentially depends only on the random points near z (see Lemma 3.1), and then in
a second step we pass from the case of a general convex body K to the case of a Euclidean ball.

For t € (0,1), we consider the hyperplane H(z,t) := {z € R? : (u(x),2) = (u(x),x;)}, the half-
space Ht(z,t) := {z € R? : (u(x),2) > (u(x),z;)}, and the cap C(x,t) := K N H*(z,t) whose
bounding hyperplane is H (x,t). Next we reparametrize x; in terms of the induced probability measure of
the cap C(z, t); namely,

Tg:=xy and Yy =y,

where, for a given sufficiently small s > 0, the parameter ¢ > 0 is uniquely determined by the equation

3. 5= / o(w) H (dw).
C(z,t)NOK

Note that s is a strictly increasing and continuous function of t. We further define

(3.2) C(z,s) = C(x,t) and H(z,s) = H(z,t),

where again, for given s, the parameter ¢ is determined by (3.1). Observe that 0K N Ht(z,t) = K N
C(z,t). Subsequently, we explore the relation between s and t. Let f : u(x)~ — [0,00] be a convex
function such that the restriction of the map
F:u(z)t - RY, z— x4z — f(2)u(x),

to a neighborhood of o parametrizes 0K in a neighborhood of x. Moreover, we consider the transforma-
tions

I:RY = u(x)t, y—=y—x— (y—zulx))ulx),
and

T: U(I’)J‘ xR — u(x)J‘ x R, (z1, -y zd—1, ) = (Vkiz1, .. sV kd—12d4—1, @),
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where u(z)1 is considered to be a subset of u(z)* x {0} and k; = k;(x),i = 1,...,d—1, are the principle
curvatures of 0K at z. Then we obtain

/ o(w) HO L (dw)
OKNH* (z,t)

-/ AVIF VTP R (d2)
(OKNH* (x,t))

-/ o(F o T )V VAT Haoa o) 210 d2).
T(ILOKNH* (2,t)))

Let K := T(K — ) + x, and hence T(II(OK N H*(x,t))) = H(OK N H* (x,t)). If f is defined for K
as f is defined for K, and

o(w) = o(FoT ' oTl(w)),  g(w):= V1+ ||Vf(71‘1(H(w)))||27
1+ V)|

forw € 0K N H*(z,t), then we obtain

/ olw) W dw) = Hoa) > [ glawglu) i dw).
OKNH (x,t) OKNH™ (x,t)

Next we put H(r) := x — ru(z) +u(x)* and denote by n=(w) the exterior unit normal of K at w € 9K.
Since (cf. the notes for Section 1.5 (2) in [18])

T = gl ol IVFEI = Il +ollel).  maglu) = ~L DU
Lt [VF)?

with @ := II(w) and 2 € u(x)*, we get

\/1 — (nge(w), u(z))? ! — V1+ (o] + O(Hwn))Q

@] + o([l@])
Thus a simple application of the coarea formula yields that, for ¢ > 0 sufficiently small and d > 2,

/ o(w) H (dw)
OKNH*(z,t)

=Hg 1( 1/2/ e /c’)KﬂH )g(w)\/l — (nge(w), u(x))? 1 HE2(dw) dr.

Since also K has a rolling ball, the map w nz(w) is continuous, and therefore also

r fn u(x 1d*2w
oo 9(w) /1~ (ng(w), u(@)?  H2(dw)

is continuous. This implies that

ﬁ w) H N dw

Ot JorknH* (2,) olw) KT {dw)

_ <$7u(x)> _ n wlr 2 ! d—2 w
(o, u(z)) / ¢1+ 2t{z, u(@)) + o(V1))2 12 (dw)
T Hy_ ()Y Joknm (4o, u(L))) 2t(x, u( )>+0(\[) .

Clearly, we have g(w) — o(z) = o(z) and g(w) — 1, as t — 07, uniformly with respect to w €
OK N H(t{zx,u(x))). Moreover, since

Fim {o+e— HllPute) 2 € )}
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is the osculating paraboloid of K and T has rotational symmetry, we obtain for s = s(t) that

tLH51+t 8t(t)  Hyq(z)1/? tL(ﬁ (t (d = Dag-y 2t (z, u(x)) )

= (d—1)ag-1Ha1(z) % o(z) 2z, u(z))) 7 (z,u(z))
= (d—Dag_102)2°T (z,u(z)) T Hy_y(z)" 2.

Thus we have shown that

(3.3) lim =7 25 () = (d—1) - 0(2)2°7 (z, u(z)) T Ha1(2) Fora_1.
t—0+ at
In the same way, we also obtain
(3.4) lim ¢~ 2" -s(t) = g(x)2%<x,u(x)>%Hd_1(:c)*%ad_1.
t—0+

Observe that (3.3) and (3.4) are valid also for d = 2. In particular, (3.3) and (3.4) imply that .J,(y, L) can
be rewritten as (cf. (2.13))

(3.5) J,(y, L) = (d—1)"'G(x)? lim “ )nﬁpg (Gs & Kn|L) s~ 71 ds,
n—oo 0
where . » )
G(x) = (ag-1)T 7T o(x) =T Hgy (2)@D
and

Tim_ n2((y,n) = ag_io(z)(2(u(z), z)) T Ho_y(z)"2.

Now we show that in the domain of integration {(y, n) can be replaced by n~1/2, that is
n—1/2

(3.6) J,(y,L) = (d—1)"'G(2)? lim nTTP, (§s & Kn|L) s~ 71 ds.

n—oo 0

It follows from Lemma 2.1 and (3.4) that there exist constants ¢y > 0 and c; > ¢; > 0 depending on y, K,
L, p such that if s > 0 is small enough, then

HDQ (gs ¢ Kn|L) < (1 - cos)”,

and if n is large and s is between ((n, y) and n='/2, then c;n~'/? < 5 < cyn /2. In particular,

—1/2

ca2n
. 2 - _d=3
lim / na1P, (§s € Kp|L)s™ 41 ds
n—oo cln_1/2
—1/2
. 2 [T eoms  —d=3
< lim na-1 e~ O gT a1 (s
n—oo cln_1/2
2 1 1 _d=3 d—3
< lim n@ 1 2 0 ¢ Tip2an =),
T n—oo

and hence (3.5) yields (3.6).
Let 7 : R? — u(x)* denote the orthogonal projection to u(x)*. Using (2.5), (2.3) and (3.4), we obtain

(3.7) lim s71|r(z — )| = O,
s—0+t
—92 1
lim si=t — i) = =G(z).
Jim 7 (o), — 7)) = 5G()

Let @ denote the second fundamental form of 0K at = (cf. (1.1)), considered as a function on u(au')L Then

there are an orthonormal basis vy, ..., vq_1 of u(x)L and positive numbers k1, ..., kg—1 > 0 such that
d—1 d—1
i=1 i=1

Further, let 7 be the orthogonal projection to u(x)*, and define
E:={zculx): Qz) <1},



INTRINSIC VOLUMES OF RANDOM POLYTOPES 1
which is the Dupin indicatrix of K at x, whose half axes are ki(x)’l/ 2= 1,...,d — 1. In addition, let
T" be the convex hull of the osculating paraboloid of K at x € 0K, that is

F={z+z—tu(z): z€u@)",t>1Q(2)}
Hence, we have

N H(xz,t) =x; ++/2t{x,u(z)) E,

and there exists an increasing function fi(s) with lim,_,q+ fi(s) = 1 such that
(3.8) 4+ (s) T G(x) - STTE C KN H(z,s) C &5 + fi(s)G(x) - STIE,

where #* := 17 € (¢ —Ryu(z))NH(z,s), and s and ¢ are related by equation (3.1). From (3.7) it follows
that also
(3.9) Gs+ i(s)*G(z) - sTTE C KN H(z,s) C &5 + ju(s)G(z) - sTT1E,

The rest of the proof is devoted to identifying the asymptotic behavior of the integral (3.6). First,
we adjust the domain of integration and the integrand in a suitable way. In a second step, the resulting
expression is compared to the case where K is the unit ball. We recall that x4, ..., x, are random points
in 0K, and we put Z,, := {z1,...,2,}, hence K,, = [Z,]. For a finite set X C R?, let #X denote the
cardinality of X.

Lemma 3.1. Fore € (0, 1), there exist o, B > 1 and an integer k > d, depending only on ¢ and d, with the
following property. If L € L4, y € O(K|L), v € OK is a normal boundary point of K such that y = x|L
and Hy_1(xz) > 0, and if n > ng, where ng depends on ¢, x, K, o, L, then

J

o(K, Ly, 0¢,5) =P, ((y ¢ (IC(x, Bs) N En]|L)) and (#(6’(;1:, Bs)NE,) < k)) .

Proof. Lete € (0,1) be given. Then o > 1 is chosen such that

P, (js & Kn|L) s~ 5 ds = /

(d—1)/2

n—1/2

P(K, Ly, 0,¢,8)s 1 ds+0( ° )

nd-1

where

o0
2d 2
(3.10) 2d-1+3=% e TraTi gy < e
2—dy

Further, we choose 3 > (16%(d — 1))4~! such that

d—1

(3.11) 2112 VBT g
and then we fix an integer k£ > d such that
k
(3.12) (af) <
k! am

Lemma 3.1 follows from the following three statements, which we will prove assuming that n is sufficiently
large.

nol2 . o _
(1) Pg(?js gKn|L)57%dS:/ IP.Q (ge ¢Kn|L)S“dS+O( 62 > .
0 (d—1)/2 na-1

(i) Ifel@=1/2/n < s < a/n, then

P, (# (5(1‘,68) N En) > k) < <

_2
a—1

(i) If e(4=1/2/n < s < a/n, then

P, (s ¢ Ka|L) =B, (y ¢ [(é(x,ﬁs) mEn)|LD 410 ( 5) .

d—1
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Before proving (i), (ii) and (iii), we note that they imply

n-1/2

/ PQ@S&ZKML)S?%LZS - /” ‘P(K,L,y,g,&s)s*%ds—s—
O E

(d—1)/2
n

o

o= B = ¥ Aoy
JR— —1

* qiz ) Jeanse ® ot nt )’
which in turn yields Lemma 3.1.

First, we introduce some notation. As before, let ) be the second fundamental form at x € 9K, and
let v1,...,v4_1 be an orthonormal basis of u(x)* representing the principal directions. In addition, let
l...., O, , be the corresponding coordinate corners, and fori = 1,...,2% > and s € (0,n~1/2), let

Q;s = C(z,s) N (T + [0, Ryx]).

3

Subsequently, we show that

(3.13) lim 5_1/ o(2) H Y dz) = 9—(d=1)

s—0+ éiysﬂaK

In fact, since a ball rolls freely inside K, p is continuous and positive at x, and by (3.7) we deduce that
lim s™* / o(z) H 1 (d2)
s—0F éi,s NOK

= o(z) lim s 'H4! (é” N 3K)

s—0t

= o(x) lim s 1HI1 (6[( NC(x,s)N(F + [®§,R+u(x)])) :

s—0t

Let ¢ : oI' N C(x,r/R) — OK N C(x,r/R) be the diffeomorphism which assigns to a point z €
OT' N H(x, s) the unique point ¥(z) € 9K N (Z* + Ry (z — &¥)). It follows from (3.8) that there exists an
increasing function g : Ry — Ry with lim,_,q+ p(s) = 1 such that

u(s)™! < Lip(|(T N C(x, 5))) < pls).

Thus we get

lim s~13{4! (aK N C(z,s)N (& + [0, R+u(:17)]))

s—0t

I I —1q/d—1 ~ ~ % /

= lim s~'H (\I/ (ar NC(z,s)N (@ + [®i7R+u(x)])>)

= lim s~ '#9! (ar NC(z,s)N (@ + [@;,R+u(x)]))
s—0t

_ o—(d-1) }: —19,d—1 ~
2 Slg(r)hs H (8FﬂC’(cv,s)) .

Now we can repeat the preceding argument in reverse order and finally use (3.1) to arrive at the assertion
(3.13).
To prove (i), we observe that
c(d—1)/2 L(d—1)/2

~ _d=38 _d=3 €
Py (9s & Kn|L)s™ 41 ds < sTalds K —5—.
0 0 nd-1

n

Let a/n < s < n~'/2, and let n be sufficiently large. First, (2.6) yields that
]PQ (0 g Kn7 gs g Kn|L) S Eniﬁ.

On the other hand, if 0 € K,,, then §s ¢ K,,|L implies that éi,s N K, = 0 forsomei € {1,...,2471},
and hence (3.13) yields

(3.14) P, (0 € Ky, §s & Kyp|L) < 24-1(1 —27d5)" < 9d—1,-2"ns
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Therefore, by (3.10) we get

n*1/2 ) s gt [e'e] Cod, 2 c
Pg(yngML)s a-1ds < 2 e gd-1 ds + .
a/n a/n nda-1
14 -2d
2d +3=5 oo o2 €
= T = e "rT 1T dr + —
nd-1 2-dq na—1
2e
< 2
nd-1

which verifies (i).
Next (ii) simply follows from (3.1) and (3.12). In fact, if 0 < s < «/n, then

B, (# (G nz) 28) < () oo < (1) () < @0 <

2
(rd—1

Finally, we prove (iii). To this end, if e(“~1/2/n < s < a/nandi € {1,...,2%71}, then we define

1

&= & G(z)
(3.15) w; = Bs w2 U,
(V) 7;14 =1k (2)

where 7, =1}, € {—1,1} form =1,...,2771. Now let
Qs = 0K N iy + 0,1 5, +w + O]

We claim that for large n, if s € K, |L but s & [(é(x, Bs)N En)|L} , then there exists i € {1,...,2971}
such that

(3.16) E,NQ s =0.

Moreover, for all i = 1,...,2971, we have

(3.17) /N o(z) H Y (dz) > 2734+2, /Bs.
Qs

To justify (3.17), leti € {1,..., 2d’1} be fixed. It follows from the definition of w; that

w; € (\/Bs)dlf1 Gix) -0F.

Recall that 7 : R — u(z)* denotes the orthogonal projection to u(x)-. If n is large enough, and hence
0 < s < a/n is sufficiently small, then (3.7), (3.9) and (3.15) yield that w; € 7(£2; ;), since by assumption

\/Bl/(d_l)/él > 2, and therefore

(w; +©7) N (wi + (\/Bs) i Gglac) E> C ().

In particular, (3.17) now follows from

\

/~ o(z) H M dz) > %‘”)wd—l(ﬁi,s)

Q'i,s

A @)

>
zZ 5 ,
T 1 G(x)41 _
Z ‘9(2 ) . a1 \/BS Eld)—l Oéd—lHd—l(x) 1/2

= 274414, /s,
Next we verify (3.16). We assume that §; € K, |L but g, ¢ {(é(x, Bs) N Ey)|L|. Then there exist a €
{(é(x, Bs)N En)|L] and b € (Kn \ C(z, Bs)) |L such that §; € (a,b). Thus there exists a hyperplane
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H in R? containing §, + L and bounding the halfspaces H+ and H~ such that C(z, 8s)NZ,, C int(HT)
and b € int(H ~). In addition, there exists i € {1,...,2971} such that
(3.18) Fo+ O, C H.

Now we define points ¢ and ¢’ by

{a} = [¥s,b \/>8 {ql} = [7s,0] N ﬁ(x,ﬁs)
Relation (3.8) implies that
H(z,fs)N K C &, +2G(z)(Bs)TTE
if s > 0 is sufficiently small. Arguing as in [4], we obtain that
_ ~ Bl/(d 1) ~ R
(u(x), Js — Gps) < W< (%), 955 = Ups)

and

lg— Gzl (u(z), s yfs>

lg" = gpsll (), 5s — ps)

which yields (cf. [4])
q € f/gs +25TTG(2)E
Since 3 > [8%(d — 1)]9~1, we thus arrive at

1 .
(3.19) q€ iz, + 7_(\/BS)HG(:E)E

Now (3.18) implies that ¢ + ©} C H~. Hence it follows from (3.19) that § UyBs +w; Cqg+0O,C H ,and
therefore also ¢, /5, +w; + ©; C H~. Thus QZ s C H~, which yields =,, N QZ s =0.
Assertion (iii) follows from (3.16) and (3.17). In fact, if e(?~1/2 /n < 5 < a/n, then

P, (gs ¢ |(Cly. Bs) NZWIL] ) ~ Py (5 & (KalL)

< Z <1—/ (2) 1 1(dz)>

< 2d—le—2 3d+2. /B.sn
< 601_‘%*'1,
by the choice of 3. O

To actually compare the situation near the normal boundary point 2 of K with Hg_1 () > 0 to the case
of the unit ball, let o = (dag) ! be the constant density of the corresponding probability distribution on
S9-1 Let w € S9! be the d-th coordinate vector in R?, and hence R%~1 = wL. We write B,, to denote
the convex hull of n random points distributed uniformly and independently on S¢~! according to o. For
s € (0, %), we fix a linear subspace Ly € L? with w € Ly, and let @, be of the form Aw for A € (0,1)
such that

(dag) ™' -HIT {2 € 8710 (2, w) > (s, w)}) = s.

In particular, ws|Ly = Ws.

Lemma 3.2. If L € £¢, y € O(K|L) and x € OK is a normal boundary point such that y = x|L and
Hy 1(x) > 0, then
n—1/2 n—1/2
lim nﬁP (Js € Kn|L) s~ 1 ds = lim na=ip, (ws € Bp|Lo) s~ @1 g,
n—oo 0 n—oo 0
Proof. First, we assume d > 3. It is sufficient to prove that for any ¢ € (0,1) there exists ng > 0,
depending on ¢, z, K, o, L, such that if n > ng, then

n-1/2

(3.20) / P, (js & Kn|L) s~ % ds = /n
0 0

—1/2

P, (s & Bn|Lo) s~ 5=t ds + O ( 6) .
nd—l



INTRINSIC VOLUMES OF RANDOM POLYTOPES 15

Let o, 5 and k be the quantities associated with €, z, K, o, L in Lemma 3.1, let 6'(x, s) denote the cap of
K defined in (3.2), and let C(w, s) denote the corresponding cap of B at w. We define the densities o, on
0C(x, fs) and o5 on IC (w, Bs) of probability distributions by

{ 0(2)/(Bs), if z € 9K N C(x, Bs),
0

0s(2) . ifz€0C(x, Bs)\OK,

o) = {O(Z)/(BS), if 2 € 5% 1 Clw, Bs),
’ 0, ifzedC(w,Bs)\S4 .

Fori: = 0,...,k, we write 5’(9&, Bs); and é(w7 Bs); to denote the convex hulls of 4 random points dis-

tributed uniformly and independently on OC'(z, 8s) and OC(w, Bs) according to s and o, respectively.
If n is large, then Lemma 3.1 yields that the left-hand and the right-hand side of (3.20) are

<nd ) +Z ( ) /<d N (Bs)' (1 — Bs)" ™" x Py, (275 ¢ é(x,ﬁs)i|L> s ds,
( > * Z ( ) /<d v/2 (Bs)' (1 —Bs)" " x Py, (@s ¢ 5(UJ,55)¢|L0) s™ 1 ds.

For each ¢ < k, the representatlon of the beta function by the gamma function and the Stirling formula (see
E. Artin [1]) imply

: v o BT (i
G20 fim e (?) / (Bs)'(1 = )"~ 41 ds = <, ) <1
0

n— o0 7!

Therefore to prove (3.20), it is sufficient to verify that for each i = 0,. .., k, if s > 0 is small, then
. ~ . ~ €
(3.22) [P,. (5. # Cla, B)IL) — Po, (10, & Clw, Bs)ilLo )| < T

If ¢+ < 7, then (3.22) readily holds as its left-hand side is zero.

To prove (3.22)if i € {j + 1,...,k}, we transform both K and B%in such a way that their osculat-
ing paraboloid is Q = {z — ||z||?w : z € R?!}, and the images of the caps C(z, 3s) and C(w, 35s)
are very close. Using these caps, we construct equivalent representations of PP, (ys ¢ C ,88); |L) and

P,, (u?s ¢ C (w, Bs); \L0>, based on the same space =4 and on comparable probability measures and ran-
dom variables.

We may assume that u(x) = w. Let v1,...,v4_; be an orthonormal basis of w= in the principal
directions of the fundamental form Q of K at x € OK. We define the linear transform A, of R¢ by
=2 -
As(w) = 2(Bs)TrG(x ) “w

Ag(vy) = ﬂsdlx/ 2)G(x) o, i=1,...,d—1,

and choose an orthonormal linear transform P, such that Psw = w, and P, o AS(LL) = L(}. Based on
these linear transforms, let O be the affine transformation

D, (z) = Pyo Ag(z — ).

In addition, we define the linear transform R, of R? by

_ =2 [ Qd-1 ot
Rw) = 2097 (%),
. T
Rs(vi) = (ﬁs)ﬁ (O:;adl> Vi 7;:17"'7d_1u

and let ¥, be the affine transformation
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Subsequently, we also write @z for O, (z) or ®z| Ly for P4(z)| Lo, and similarly for ¥s. We observe that
() is the osculating paraboloid of both ®,K and W,B? at o, and

lim ®,7, = lim Uab, = —BTTw=: w"

s—0F s—0+
lim q)sé(x,ﬁs) = lim \I/sé(mﬁs) = {z—7w:zeB land ||z <7 <1}
s—0t s—0t

Forp € é(x,ﬁs) NOK and z = 7 o ®4(p), let D(p) be the Jacobian of 7 o O at p as a map w o Py :
C(z,Bs)NOK — R41 and let

0s(2) = 0s(p) - D(p) ™"
In addition, for p € Cv'(w7 Bs)N S tand z = 7o W,(p), let l~)(p) be the Jacobian of o W, at p as a map
moW, : C(w,Bs) NS~ — RIL and let

68(2) = O'S(p) : 5(1))_1-
We define
He = [7r o @sé(m,ﬁs)] U [71’ o \Ilsa(w,ﬂs)] ,

and extend g5 and 7, to = by
0s(z) = 0, if z € [71' o ‘lfsé(w,ﬁs)} \ |:7T o Qsé(x,ﬁs)} ,
Gs(z) = 0, if [7r o <I>Sé(x7ﬁs)] \ [ﬂ o \IISCN'(w,Bs)} .

Therefore g, and & are densities of probability distributions on 5. For z € Eg, let p4(z) € ®;0K and
¥s(2) € ¥,5971 be the points near z whose orthogonal projection into R?~! is z. For random variables

21,...,2; € Zg either with respect to g5 or 7, the quantities above were defined so as to satisfy
(3.23) Py, (7s # Cla, BNIL) = Pa, (@uislLo & [ps(21), - 0s ()] 1L0)
(3.24) P, ('Lbs 4 6(%58%@) = Ps, (Vss & [Ys(21), -, ¥s(23)]| Lo) -

Now there exists an increasing function s — p*(s) with lim,_,q+ p*(s) = 1 such that
W (s)" 1Bt ¢ [7r ° @Sé(:p,ﬁs)} N [w o U,C(w, Bs)| € 2y € u*(s)B4,
we have 11 (s) Ly (2) < 1 (2) < g
(o) gty <8(x) < pis)agl,.  ifzemod,Cle,Bs),
(

() tayt, <as(2) < pr(s)ayl,, ifzemwo U,C(w, Bs).

*(s)ps(z) forall z € E, and

Therefore

(3.25) lim 0(2) — G4(2)| HP(d2) = 0.

s—0+ =,
From (3.25) we deduce that if s > 0 is small, then
(3.26) |P§5 (@sTs|Lo & [ps(21), - -+ ps(2i)]| Lo and Wb & [1hs(21), - - -, s (2:)]| Lo) —

Pz, (@sZs|Lo & [ps(21)s - -+ ps(2i)]| Lo and Wsibg & [s(21), - - -, ¥s(2i)]|Lo)| <

Next, if s > 0 is small, then

E )

lw* — &2 and  ||lw* — U W,

|< —— I<——,
kit+1 ki+1

and in addition

E —
ps(2) — s (2)|| < Li+1 forall z € =;.

Let us assume that ®,Z4|Lo & [ps(21),-..,0s(2i)]|Lo but ¥, € [1s(21),...,%s(2i)]| Lo for some
Z1,...,2; € Zs. In this case, the point a of [ps(21),...,vs(2:)]|Lo closest to ®Zs|Lg is contained in
some (j — 1)-simplex [©s(2m,), .- -, Ps(2m, )| Lo, i.e. there are Ay,..., A; > 0, Ay + ...+ Aj = 1,
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such that a = Zi:l Ar@(2m,.)
Wy =Y 1y prths(zr)|Lo. Then we have

Ly. Moreover, there are py,...,0; > 0, u1 + ...+ p; = 1, so that

[®s3s|Lo —al| <

(I)Si'S|L0 - Z :U/TQPS(ZTHLO

r=1

i

< [@sd| Lo — w4 lw* — Weis|| + ||D pr(vs(z0) — pa(z0))| Lo

r=1

< € € e 3

- kit + ki+1 + i+l T fg41?
and hence

N de

Choose a maximal set vy, ...,v; € S%1 N Ly such that the distance between any two points is at least

ek~U+) in particular
| < g_(j_l)k(j—l)(j‘i‘l).

Since a, s(2m, )| Lo, - .., Ps(2m; )| Lo lie in a (j — 1)-dimensional affine subspace of Lo, there is a unit
vector v € S N Ly such that |(ps(2m, ) — w*,v)| < 4ek~U+D forr = 1,..., j, and thus

N 6e

[(ps(2m,) — w* vm)| < JRESY
forr = 1,...,j and a suitably chosen m € {1,...,1}. In fact, for the given vector v € S?~1 N L, there
is some m € {1,...,1} such that ||v — v,,|| < ek~U*Y_ Since ®,C(x, Bs) C w* + 2B%, we deduce that

[(ps(2m,) —w" vm)| < [ps(zm,) —w", 0)] + [[0s(zm,) — 0[] - [vm = v]|

< 4e 9 €  be

S A T gH T e
Therefore, if we define, form =1,...,1,

I, :== {p € 00,C(x,Bs) : |(p—w*,vm)| < 65k_(j+1)},
we get the following: if ®,Zs|Lo & [ps(21),.-.,0s(2:)]|Lo but Ues € [s(21),...,%s(2;)]| Lo for
some z1,...,%; € Eg, then there exists m € {1,...,l} such that II,, contains some j of the points

©s(21), ..., ps(2i). Since HO1(I1,,,) < ek~ U+, we have

P, (®s4|Lo & [903(21)7 cees @s(zi)HLO and ¥ w, € W(S(Zl)v e 7¢s(zi)”L0)

< <]) mi:lx%s (@olz1)s s 0u(25) € )

(3.27) < (;) e (ekUHY « %
Similarly, we have

_ - €
(328) P&S (lllsws g [’(/}S<Z1)7 e aws(zl)]‘LO and (I)S‘TSlLO E [()05<Z1)7 ctt SDS(ZJHLO) << E

Combining (3.23), (3.24) as well as (3.26), (3.27) and (3.28) yields (3.22), and in turn Lemma 3.2 if d > 3.
If d = 2, then a similar argument works, only some of the constrains should be modified as follows. In

(3.21), we only have ﬁ%F (z + %) /i! < k + 1, and hence in (3.22), we should verify an upper bound
of order ;7, not of order . Therefore the upper bound in (3.26) should be . O
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4. COMPLETING THE PROOF OF THEOREM 1.2

In order to transfer an integral over an average of projections of a convex body to a boundary integral,
we are going to use the following lemma from K. Boroéczky Jr., L. M. Hoffmann, D. Hug [3].

For L € /33-1 and y € O(K|L), we choose a point z(y) € K such that y = z(y)|L. In general, z(y) is
not uniquely determined, but we can fix a measurable choice (cf. [3, p. 152]). Recall, however, that z(y) is
uniquely determined for v; a.e. L € C? and H' "l ae.y € O(K|L).

Lemmad.1. Let K C RY be a convex body in which a ball rolls freely, let f : 0K — [0, 00) be nonnegative
and measurable, and let j € {1,...,d — 1}. Then

() H N (dx) = T i-1 v .
() Haj () HO Y (d) /,; ?_ /8 oy ) R ) v )

Joy

dad oK f

By the very special case K = B? of (1.2), due to M. Reitzner [16], we have
d+1

lim n‘fj [V](Bd) - ]EJVj(Bn)] = C(j’d) (dad)ﬁ'

n—oo

Therefore the rotational symmetry of B? (2.12) and (3.6) yield

d . 2
G (da) T = (Haa  joj(dag)™ _2
V" (daq) a7 i_1 ag-1)
n=1/2
@1 x lim NT TP, (@5 & BalLo) s~ 11 ds.
n o0 0

We can now transform the asymptotic formulas to K. Let L € E? and let y € 9(K|L) be such that
y = z|L for some normal boundary point z = z(y) € 0K. If Hy_1(x) = 0, then J,(y,L) = 0 by
Lemma 2.4. If Hy_1(x) > 0, then it follows from (3.6), Lemma 3.2 and (4.1) that

__2 =2 _1
Jo(y, L) = (d—1)"Yoag-1) TTo(x)TT Hyy (z) 77
n71/2 ) o
x lim na1P, (ws € Bn|Lo)s 71 ds
n—oo 0

(Doa ja;\
= C(j’d)Q(I)‘;led—l(x)‘h< o M) )

ag—jo;  dog
where x = x(y). Finally, we apply first (2.12), and afterwards Lemma 4.1, to deduce

lim n@T [Vi(K) — Eo(V;(K4))]

n—oo

= o 2 2(y)TT Hyy (2(y)) T 1~ (dy) v;
- /Lg/@m 0(a(y)) = Ha- (2(y)) = #™" (dy) v;(dL)

Jja
= U / o(2) T Hy_y ()7 Hy_j(z)H*Y(dx),
oK

which concludes the proof of Theorem 1.2.

5. PROOF OF THEOREM 1.3

Using the Stirling formula I'(n + 1) ~ (2)"v/27n, as n — oo (see E. Artin [1]), for any a > 0 and
v € (0, 1], we deduce

y 1

lim n“/ s 11 —s)"ds = lim na/ Y711 —s)"ds
. F(@)'(n+1)

lim n® =2 T2 p(q),

A 1 a) L@

5.1)
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In the following argument, 71,72, ... again denote positive constants that may depend on K and p. We
can assume that o € int(K). Further, let (OK)? denote the set of all z1,...,x, € 0K such that o €
[21,...,2p]). Foru € S%1and t > 0, let

C(u,t) :={x € K: (x,u) > hx(u) —t},

where hx denotes the support function of K. To deduce the upper bound, we start with the estimates

(V1 Ky))

= / / (hx(u L(u))Hd_l(du)Q(wl)"'Q(-rn)Hd_1<d$1)...Hd_l(dxn)
Qd—1 J (oK) Jgd—1

d—1 ooz d—1 1) ... d—1 v

= Qq— 1/6[()17 /Sd 1 (P (u i, () H(du)o(xy) - - - o(wn) H* ™ (dar) ... H*(dy,)
+2d (1—m)"
hi (u)

< ag—1 /Sd—l/o /(BK)n Hxy,...,2, € 0K\ C(u,8)}o(z1) - 0(zn)

HI Y (dxy) .. HIT (dy) ds HA Y (du) 4 24(1 — )"

hK(u) n
(52) < ! / / (1—/ Q(x)Hd_l(dx)> dtHI (du) + 241 — 7)™
Qd—1 Jga-1 Jo AKNC (u,t)

For suitable positive constants vz, 73,74 we get, for u € S? ! and t € (0, 2),

> t=1ift € (0,7),
(5.3) / o(z) HO L (dx) { s ift € (0,7)
OKNC (unt) > V4, itt > o.

In particular, 74, 73(72)?"! € (0,1). We deduce from (5.2), (5.3) and (5.1) that, for suitable 7s, ..., 7o
with Y7,79 € (07 1)’

E,(Vi(K) — Vi(Ky))

IN

Y2
Vs / (1 — 3t )™ dt + a2
0

Yo 1 _
= 78/ ST (1= 5)" ds + 7678 < 10T
0
To prove the lower bound for E, (V1 (K) — V1(K,,)), we need the following observation.

Lemma 5.1. Let K C R? be a convex body, and let hy be twice differentiable at uy € S~1. Then there
is some R > 0 such that K C o — Ruy + RB?, where o = Vhi(ug) € OK. In particular, there exist
a measurable set ¥ C S with H¥~Y(X) > 0 and some R > 0, all depending on K, such that for any
u € X there is some v € OK such that K C x — Ru + RB.

Proof. For the proof of the first assertion, we may assume that o = o, hence also hx (ug) = 0. We put
h := hg. By assumption, there is a function R : Ry — [0, 00) with lim; .o+ R(¢) = 0 and

1
h(u) — 3 d2h(u —ug,u—up)| < R(||u— uo||)|lu— u0||2.

Thus there is a constant Ry > 0 and § > 0 such that h(u) < Ry|ju — ug||? for all u € S9! with
(u,up) > 1 — 6. But then for Ry := max{2R;, max{h(u) : v € S¥71}/(26)} and all u € S?~!, we
obtain
h(u) S R2 (1 - <’LL07U>) = h(*RQUO + RgBd, U),
that is K C —Roug + RoB.
The second assertion follows immediately from the first assertion. O

Let t( be the inradius of K. Now Lemma 5.1 yields, for v € ¥ and ¢ € (0, ¢y), that

/ o(z) Hd_l(dx) < 11 - 5
OKNC (u,t)
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. e d— . . .
Choosing a constant 12 € (0, %) satisfying vy11(712) < 1, it follows as in the derivation of (5.2) that,
with a suitable constant y;3 € (0, 1), we have

E,(Vi(K) = Vi(K,)) > ! /2/0712 (1 - ’Y11t%>n dt Hd_l(dx)

Qg—1
Y13 1 o
= / sTT70 (1 —8)"ds > 14 - nTT.
0

Theorem 1.2 shows that the lower bound of Lemma 1.3 is of optimal order if K has a rolling ball. In
fact, the assumption of a rolling ball ensures that the integral on the right side of (1.2) is positive. This
follows, for instance, from the absolute continuity of the Gauss curvature measure of a convex body which
has a rolling ball (cf. [12]).

On the other hand, the upper bound for E,(V; (K) — V1 (K,,)) is of optimal order if K is a polytope. To
explain this, let X9 C S "1 be contained in the interior of the exterior normal cone of one of the vertices
of K and such that H4~1(2g) > 0. In this case

/ o(x) ’Hdil(dx) < g -t
OKNC (u,t)

foru € g and ¢ € (0,71), and hence B, (Vi (K) — Vi(K,,)) > y17 - ni 1.
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