Periodica Mathematica Hungarica Vol. 57 (2), 2008, pp. 143-164
DOI: 10.1007/s10998-008-8143-4

EXPECTATION OF INTRINSIC VOLUMES
OF RANDOM POLYTOPES

KAroLy J. BOROCZKY, JR.!, LARS MICHAEL HOFFMANN? and DANIEL HUG?
L Alfréd Rényi Institute of Mathematics, H-1364 Budapest, P. O. Box: 127, Hungary; and
Department of Geometry, Eotvos Lordnd University, Pdzmdny Péter sétany 1/C
H-1117 Budapest, Hungary; E-mail: carlos@renyi.hu
2Institut fiir Diskrete Mathematik und Geometrie, Technische Universitiat Wien
Wiedner Hauptstr. 8-10, A-1040 Wien, Austria
E-mail: larsmichaelhoffmann@gmx.de
3Institut fiir Algebra und Geometrie, Universitat Karlsruhe (TH), KIT,
D-76133 Karlsruhe, Germany
E-mail: daniel.hug@kit.edu

(Received April 14, 2008; Accepted October 7, 2008)

Abstract

Let K be a convex body in RY, let j€{l,...,d—1}, and let K(n) be the
convex hull of n points chosen randomly, independently and uniformly from
K. If 0K is C_zi_, then an asymptotic formula is known due to M. Reitzner
(and due to I. Bérdny if 0K is Ci) for the difference of the jth intrinsic
volume of K and the expectation of the jth intrinsic volume of K(n). We
extend this formula to the case when the only condition on K is that a ball
rolls freely inside K.

1. Introduction

Throughout the paper, let K be a convex body (a compact convex set with
non-empty interior) in Euclidean space R?, d > 2. Let B? be the unit ball of R?
centered at the origin o, V the volume functional (d-dimensional Lebesgue measure),
and kg := V(B%). The intrinsic volumes V;(K), j = 0,...,d, of a convex body K
can be introduced as coefficients of the Steiner formula

d
V(K +ABY) = 3 Xk Vi(K),
§=0
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where K + AB? is the Minkowski sum of K and the ball AB¢ of radius A > 0; see
P.M. Gruber [9] or R. Schneider [18]. In particular, Vg is the volume functional,
Vo(K) = 1, V; is proportional to the mean width and V51 is a multiple of the
surface area. Alternatively, intrinsic volumes can be interpreted as mean projection
volumes. Specifically, for j =1,...,d — 1, it is well known that

(5) #a

Vi(K) =
i) KjRd—j Jrd

Vi(K|L) v(dL), (1)

where /J?— is the Grassmannian of all j-dimensional linear subspaces of R? equipped
with the (unique) Haar probability measure v; and, for L € £f, K|L denotes the
orthogonal projection of K onto L. Here, V;(K|L) is just the j-dimensional volume
(Lebesgue measure) of K|L.

We call 0K twice differentiable in the generalized sense at a boundary point
x € OK if there exists a quadratic form @ on R?~! with the following property: If
K is positioned in such a way that z = o and R~! is a support hyperplane of K,
then in a neighbourhood of o, K is the graph of a convex function f defined on a
(d — 1)-dimensional ball around o in R4~! satisfying

f(z) = 5Q(2) +o(|l2]*), (2)

as z — o, where o(-) denotes the usual Landau symbol. Thus f admits a convenient
second order Taylor expansion at o. In this case, we write o;(x) to denote the jth
normalized elementary symmetric function of the eigenvalues of @ (the “generalized
principal curvatures”). In particular, the generalized Gaussian curvature of K at z
is 04-1(x) = det Q. According to a classical result of Alexandrov (see P.M. Gruber
[9] or R. Schneider [18]), the boundary 0K is twice differentiable in the generalized
sense at almost every boundary point with respect to the boundary measure of K.
We say that 0K is Cﬁ, for some k > 2, if 9K is a C* manifold and its Gaussian
curvature is positive everywhere.

In this paper, we study the expectation of intrinsic volumes of random poly-
topes given as the convex hull of random points chosen from a given convex body.
We will consider random points in a given convex body K which follow the uniform
probability distribution on K, hence their density with respect to Lebesgue measure
on K is the function with the constant value V(K)™". Let [21,...,2,] denote the
convex hull of xq,...,2, € R% For n > 2 and uniformly and independently dis-
tributed random points z1,...,z, € K, the random polytope K(n) = [z1,...,Z,]
is our basic model. An up-to-date account of classical and recent results on random
polytopes is provided in the book by Schneider and Weil [19].

If K is a polytope, an asymptotic formula is known for V(K) — EV (K (n)).
This goes back to work by F. Affentranger and J.A. Wieacker [1] for simple poly-
topes, and by I. Bardny and Ch. Buchta [5] in the general case. For an arbitrary
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convex body, the asymptotic behaviour of V(K) — EV (K (n)) is described by

2

lim <”) T WVE) - V(K ()] = e / o 1(2) T 1 (dz)  (3)
n—oo \ V(K) K
with a constant ¢y > 0 depending only on d. Here and in the following, we write
H? for the i-dimensional Hausdorff measure in R?. The integral on the right-hand
side of (3) is positive if and only if the generalized Gauss curvature of K is positive
on a set of positive boundary measure. Relation (3) is due to J.A. Wieacker [24] if
K is a ball, due to I. Bardny [3] if K has C? boundary, and due to C. Schiitt [20]
if K is arbitrary. The explicit value of the constant ¢, is provided in [24].

Now we turn to the intrinsic volumes V;(K), j = 1,...,d — 1. It is known
that if the boundary K of K is C%, then we have

Jim (V(K)) Vi (K) — EV;(K(n)] = ca, /a a0 (@) Hd*(dx(z)

with a constant ¢4 ; > 0 depending only on d and j. The formula is due to I. Bardny
[3] if K has C? boundary, and due to M. Reitzner [16] if K has C% boundary. The
goal of this paper is to extend (4) to a certain class of convex bodies for which the
generalized Gauss curvature is allowed to be zero. We say that a ball rolls freely
inside a convex body K in R? if there exists some r > 0 such that any = € K lies
on the boundary of some ball B of radius r with B C K. The existence of a rolling
ball is equivalent to saying that the exterior unit normal is a Lipschitz map on 0K
(see D. Hug [11]). In particular, already W. Blaschke observed that if 0K is C?,
then K has a rolling ball (see [11] or K. Leichtwei} [13]).

THEOREM 1.1. Let K C R? be a convex body in which a ball rolls freely, and
let j €{l,...,d—1}. Then (4) holds for K.

Unlike in the case of the volume (j = d), we do need a condition similar to
the existence of a rolling ball if j < d/2 in Theorem 1.1. If j < d/2 and P is a
polytope, then
Vi(P) = EVj(P(n)) > n =71 >0~

according to I. Barany [2]. There even exists a convex body K in R? with V(K) = 1
such that K is C' and, with the exception of one boundary point, is O, and still

lim 77 [V;(K) — EV;(K(n))] = occ.
For j = 1, such an example is described in K. J. Boréczky, F. Fodor, M. Reitzner,
V. Vigh [7]. Actually, in [7] Theorem 1.1 is obtained for j = 1, in which case the
proof is easier.
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The proof of Theorem 1.1 is based on arguments similar to those used in the
proof of (3) in C. Schiitt [20]. In Section 2, for a convex body K in R¢, we introduce
and discuss basic properties of a relative of the so-called convolution body that is
adjusted to taking projections. In particular, we show that if n is large then K (n)|L
fills up most of K|L with high probability, for all L € C?. We start to use the rolling
ball property for K in Section 3, and establish (see (12))

()
VJ(K)_EVJ(K(TL)) = m

/ / (1, K, L, z) H9~ 1 (dz) v;(dL) + o(n 7%
cd Jor|L)

for a suitable quantity ¢(n, K, L,z) (as n — o0). Let us assume that L € E?,
z € O(K|L), OK is twice differentiable in the generalized sense at x = z(z) € JK,
and z is the orthogonal projection of x onto L. We prove in Section 4 that if
od—1(x(z)) = 0, then lim, na o(n,K,L,z) =0, and if o4_1(z(z)) > 0, then
the limit limy_,o n 71 oq_1(x(2))"tp(n, K, L, z) is the same as it would be when K
is a suitable ball. In particular, the known asymptotic formula (4) for balls leads to
Theorem 1.1. This is shown in Section 5 and the argument is based on an integral
geometric formula.

2. Macbeath regions and convolution bodies

In this section, we consider properties of convex compact sets where the prop-
erty of having a rolling ball is not relevant. We work in a Euclidean space R? with
scalar product (-,-) and norm || - ||.

For a compact convex set C' in R?, we write relint C' for the relative interior
(the interior with respect to the affine hull aff C' of C), int C' for the interior, and
0C for the relative boundary of C. Moreover, for x € C, the Macbeath region of C'
with respect to x is

Me(x) :=CnN 2z - C),

which is symmetric through x and has the same affine hull as C' if « € relint C.

This classical notion will now be extended. Let L' denote the orthogonal
complement of a linear subspace L in R%, and let K be a convex body in R%. For
L e E? and z € K|L, we consider the Macbeath type region

Clearly, we have ME(z) = My(z) if j = d. We note that if 2 = z|L and = € K,
then
ME(z)=Kn 2z - K+ LY). (5)

The Macbeath region of a convex set and the above extensions are related as follows.
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LEMMA 2.1. Let K be a convez body in R?, and let L € E;l, jed{l,...,d}.
If z € relint(K|L) and x is the centre of mass of (z + L+) N K, then

My (z) € ME(2) C o+ (2d — 25 + 1) (Mg (x) — 2).

PROOF. The first relation immediately follows from (5). For the proof of the
second inclusion, we may assume that x = z = 0. Choose any point y € M{g(z) =
ME(0). Then there exists w € K such that (y +w)/2 € LY N K. Since = = o is the
centre of mass of L+ N K, we have

ytw

vi=——" " cL'NK
2(d - j)

(see [18, Lemma 2.3.3]), and hence

—y 1 2d — 25

= € K.
2d—2j+1 2d—2j+1" T 2a—2j 41"

In turn, we deduce réjﬂy € Mg(0), therefore ME(o) C Mk(o).

1
2d—2;+1 0
Let K be a convex body in R?. For L € E?, je{l,...,d}, Fubini’s theorem

implies that

V(Mg(2)) H (dz)
K|L

. / / Wy + 1o € K}/ 1z e %yl + %K\L}Hj(dz)Hd’j(dyg)Hj(dyl)
LJLt L
=279V (K)V;(K|L).

Therefore there exists a point z € K|L with V(ME(2)) > V(K)/27 (see S. Stein
[22] if j = d). For t € [0,279], we define the convolution body of K with respect to
L as

Kl :={2 € K|L: V(M&(2)) > tV(K)}.

If L = R4, K[ is the classical convolution body K;. Let 21,2, € K|L and A € [0, 1].
Using (5) it is easy to check that (1 —A)ME (1) + AME(29) € ME((1—X)21 + Aza).
Hence, the Brunn-Minkowski inequality yields that K} is convex. We also remark
the scaling behaviour of Macbeath regions and convolution bodies. For any A > 0
and z € K|L, we have

MEe(\2)=X-ME(z)  and  (AK)F =X KF

as an immediate consequence of our definitions.
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In addition to the convolution body, for t > 0 we use the floating body Kt]
of K, which is the set of all points z € K such that each closed halfspace H™
with z € HT satisfies V(K N H') > tV(K) (the volume of each cap of K which
contains x is at least tV(K)). It is well known that the floating body K[t] and the
convolution body K; are closely related. For positive t < (4d)~?, we have (see also
I. Bardny [6], [2], [4])

K[(2d)%] ¢ K, C K[t/2]. (6)

Here the second inclusion is trivial. The first inclusion follows from Lemma 2.1 by
taking j = 1 and using the fact that if H is a hyperplane through x € int K such
that V(K N H*) is minimal, then x is the centre of mass of K N H.

I. Bardny and D. G. Larman [6] showed that EV (K (n)) can be closely ap-
proximated in terms of the floating body K[1/n]. To describe the connection, we
write [ < g or f = O(g) for two functions f,g: I — R with I C R if there exists a
constant ¢(K) > 0 depending only on K such that |f|(t) < ¢(K)g(t) for all ¢ € I,
and we write f ~ ¢ if f < ¢g and g < f. Then, according to [6], for any convex
body K we have

V(K) —EV(K(n)) = V(K) — V(K[1/n]). (7)
The convolution body is more useful in random approximation than the floating
body because C := Mg (x) is symmetric with respect to x. As a consequence,
for k > 2, the probability P(x ¢ C(k)) can be explicitly expressed in terms of k

according to J.G. Wendel [23]. In this paper, we do not use this formula directly,
but rather its following consequence proved in I. Bardny and D.G. Larman [6].

LEMMA 2.2. Let K be a convex body in RY. If x € int K, t € [0,279] and
V(Mk(z)) =tV (K), then

P(z ¢ K(n)) < 2: C‘) (;) (1 - ;)n

In turn we deduce the following.

LEMMA 2.3. Let K be a convez body in R?, and let L € E‘]’-l, jedl,...,d-1}.
If z € relint (K |L), t € [0,279] and V(ML (2)) = tV(K), then

P(z ¢ K(n)|L) < 22 (T;) (;) <1 B (2d;—dt)n_i.
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PROOF. Let x be the centre of mass of K N (z+ Lt). Since x € K(n) implies
z € K(n)|L,
P(z ¢ K(n)|L) <P(x & K(n)).

Hence Lemmas 2.1 and 2.2 yield the required estimate.
O

Our next goal is to show that with high probability, K(n) is very close to K.
LEMMA 2.4. Let K be a conver body in R?, and let t € (0,2%). Then

P (K: ¢ K(n)) < 12dt—1e—m6dv(‘ff((>§t)

PROOF. For the proof we assume that V/(K) = 1. The general assertion then
follows from the scaling behaviour of the convolution bodies.
For any z € K and A > 0, a blown-up version of the Macbeath region is
defined by
Mg (z,A) =2+ AN Mg (x) — x).

For any y € 0Ky, let H be a tangent hyperplane to K; at y. Let C(y) be the cap of
K cut off by H which does not contain K;. Fix a point z = z(y) € 0K N C(y) such
that z — y + H is a tangent plane of K. Then we define w(y) = z + %(y —z). It
follows that

V(Mg (w(y)) = V(Mg (y))/67 =t/67  and Mk (w(y),5) N K C C(y).

Next let y1,...,ym € OK; be a maximal set of points such that the convex bodies
Mg (w(y;), %), i =1,...,m, are pairwise disjoint. In particular,

m

mt = SV (Mic() < 6° S V(Mic(w(y:) = 1203 V(Mo (w(ys), 1/2)),

i=1 i=1 i=1

and hence
m < 1247 'W(K\ Ky).

Now let z1,...,7, € K and assume that K, \ [z1,...,2,] # 0. Then we can
find a point y € 0K, such that there is a support plane H of K; with y € H and
[€1,...,2,] Cint H~, where H~ denotes one of the two halfspaces bounded by H.

By maximality, Mg (w(y),1/2) intersects Mg (w(y;),1/2), for some i €
{1,...,m}, and hence Mg (w(y;)) C Mgk (w(y),5) by the basic observation of cap
covering (see, e.g., (4.4) in I. Bardny and D.G. Larman [6] or [18, Lemma 2.3.4]).
In particular, Mg (w(y;)) C C(y) is disjoint from [x1, ..., z,]. We deduce

m

P(K: ¢ K(n)) < Z (1= V(Mg (w(y))" <1247 V(K \ K) (1 - 6’;) ,
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The lemma follows by an application of the estimate (1 — )" < e "™ z € [0, 1].
O

If K is a convex body, then V(K \ K;) < c(K)tﬁ by (6) and the corre-
sponding estimate of C. Schiitt and E. Werner [21] for floating bodies. Combining
Lemmas 2.1 and 2.4 we deduce the following result.

LEMMA 2.5. Let K be a convex body in R®. Let L € E;l, jef{l,...,d}, and
t€(0,279). Then
P(KE ¢ K(n)|L) < e~0207 =451
PROOF. Assume that K(54-a; C K(n), and let z € K. Then z € K|L and
V(ME(2)) > t. Lemma 2.1 shows that there is some z € K with z = z|L and
V(Mg (z)) > (2d)~%, i.c. & € K4)-a;. Therefore 2 € K(n) and thus z € K(n)|L.
Hence K ¢ K(n)|L implies that K2qy-a; ¢ K(n). Now the proof can be completed

by applying Lemma 2.4.
O

3. Rolling ball property and random polytopes

Throughout this section, we consider a convex body K in R? in which a ball
of radius r > 0 rolls freely. Hence, K is smooth (i.e. K has a unique exterior unit
normal vector at each boundary point) and the exterior unit normal Ny (z) of K
at x € 0K is a Lipschitz map on K. More generally, for a compact convex set
C C R4, we write N¢(z) to denote an exterior unit normal vector of C' at x with
respect to aff C. The orthogonal complement of 2 € R?\ {0} is denoted by x*.

The following result is a version of Lemma 2 in C. Schiitt [20]. The paper [20]
refers to a similar statement in the unpublished notes by Schmuckenschlager [17]
for a proof of Lemma 2 (a factor 1/2 is missing in [20, Lemma 2]). Therefore we
provide a short proof of Lemma 3.1.

Let K be a smooth convex body in R?. We choose 7(K) € (0,27%) so that
the following property is satisfied: If L € £, V(Mf(z)) < 7(K) for some z €
relint(K|L), and u, v are exterior unit normals to M&(2) at x,y € OME(2)Nint K,
then (u,v) > 0. In particular, we thus ensure that K and 2z — K + L' have a
common interior point and intersect transversally (i.e. exterior unit normal vectors
at common boundary points of K and 2z — K + L are linearly independent; cf. §2 in
[12]). Hence the intersection 0K N(2z — K + L*) is a compact (d — 2)-dimensional
submanifold (cf. [12, Proposition 2.2]), and thus

HIYWOKNO2z— K+ LY) =0 (8)
is satisfied. Note that for the following lemma smoothness (of class C1) is a sufficient

condition. However, the disintegration stated in the lemma may fail to be true in
the given form, even for arbitrarily small ¢, if K is a simplex (for instance).
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LEMMA 3.1. Let K be a smooth convexr body in R?. Let L € E?, j €
{1,...,d}, and let f: K|L — R be a nonnegative measurable function. Then, for
t € (0,7(K)), OKL is smooth and

i - [ V(E)f(2)

PrOOF. For z € K|L, we put d(z) := V(ME(2))/V(K), which defines a
Lipschitz map. We determine the variation of V(ME(2))/V(K) if V(ME(2)) =s €
(0,2=%). For this, we write u(y) to denote the exterior unit normal to 2z — K + L*
at y € 9(2z — K + L*). Let 2z € K|L with d(z) < 7(K). Then (5) implies that, as
h € L tends to o,

HI N (dz) ds.

V(Mg (2 + h)) =V (Mg(2))

- / (uly). ) HO (dy) +
0(2z—K+L+L)Nint K

+ 2/ min{0, (u(y), h)} H Y (dy) + o(||R]]);
8(2z—K+L+)NOK

cf. also [15, Lemma 2.1]. Now (8) implies that the map z — d(z) is continuously
differentiable at z and the differential is given by

Dd(z) = 2V(K)™ u(y) 1 (dy).
OM§ (z)Nint K

Since Ngr(z) = —[Dd(z)|| =" Dd(2), for the Jacobian Jd(z) of d(-) at z we obtain

Jdz) = -2y | (uly), N (2)) 1 (dy)
OML (z)nint K )
— (~Nye(2). Dd(2) > 0,
and hence
Jd(z) =2V (K)™"Va_1 ((0Mf(2) Nint K)| Ny (2)*) .
Thus, by the coarea formula [8]

z)H (dz) = t M j—1 B
/<K|L>\Kf e /0 /dl({S}) Jd(y) C () s

Finally, 0K} = d='({t}) and the implicit function theorem shows that OK} is
t t

smooth.
O
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Since a ball of radius r > 0 rolls freely inside the convex body K, the same is
true for any projection of K onto a subspace L. Hence, for L € E?, jed{l,....d},
z € O(K|L)andt € (0,7%q4/(2V(K))), we define 2z, = 2—sN 1(z), where s € (0,7)
is chosen such that V(ME%(z,)) = tV(K). Clearly, 2, depends on K and L. We
therefore also write th Loor 2K to indicate this dependence. For instance, for A > 0
we have (Az)M00 = X 100,

IfLe ﬁ? and z € K|L, then we define x(z) to be the (unique) centre of the
smallest ball containing (2 + L) N K. Since x(2) = lim;_qz(2;) for z € d(K|L),
x(z) is a measurable function of z € 9(K|L). Next we estimate the denominator in
Lemma 3.1.

LEMMA 3.2. Let K be a convex body in R? in which a ball of radius r > 0
rolls freely. Let j € {1,...,d}.
(i) For any ¢ > 0, there ewists t. € (0,7%4/(2V(K))) such that, for L € E?,
t e (0,t.) and z € O(K|L),
Va1 ((OM (z) Nint K )| Nz (2)F)
Va1 (ME(z)| Nk (2)4)

(ii) For L € LY, t € (0,7%k4(2V(K))) and z € d(K|L),

1-— <l+e.

d—

Va1 (MIL((Zt)|NK|L(Z)J‘) >c-tar,

[

where ¢ = 7 (g /d) TV () 7

PROOF. For any L € E;-l, z € (K|L) and t € (0,7%4/(2V(K))), let z4(z) =

2(2) + 2zt — 2, and hence 24(2)|L = 2. The existence of the rolling ball at z:(z) yields

that
wi(2) + (Nie () 0 Vi Tz = =]BY) € M (=), ©)

since ||z — z| < r, which is due to t € (0,7%4/(2V(K))), and since

V2= (r =z = z[)? 2 Vrllz = zl|.

From (9) we now deduce that

1 d—1
tV(K)=V(M;L<(zt))>gllz—ztllﬁdq rllz =zl

hence .
12 — z|| < (d/kqr)TTr™ T (tV (K)7T. (10)

Since ME(z;) is contained in a strip ¥(z,t) bounded by two hyperplanes orthogonal
to Ng|z(2) and having distance 2|z — 2|, Fubini’s theorem yields

tV(K) = V(Mg (20) < 2l|z — 2] Va1 (Mg (20) | Ny (2) ), (11)
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and thus (ii) follows from (10) and (11).
Let 7(K) be defined as before Lemma 3.1. Since K is smooth, there exists
some tg € (0,7(K)) depending on K such that if L € Ed z € O(K|L) and t € (0,19),
then
(OME(20) Mint )| Nigs (20)" = ME (20)| Ngcr ()
As t tends to zero, Ng (2¢) tends uniformly to Nk () for L € E? and z € O(K|L).

Therefore combining (9), (10) and ME(z;) C ¥(z,t), we obtain (i).
O

In what follows, K is a convex body in R? in which a ball of radius r > 0 rolls
freely. Moreover, we fix j € {1,...,d — 1}.

Observe that if z ¢ K(n)|L, for some z € Kl and t € (0,27%), then K} ¢
K(n)|L. This remark will be applied with ¢t = n='/2 and n > 4¢. Hence Lemma 2.5
yields

/ / (2 ¢ K(n)|L) dzv;(dL) < cl(K)e_ﬁ(12d)7dn%% < o(n7F)
Ld

for all k£ € N. Thus7 for all k € N, we get
V;(K) —EV;(K(n))
(9 s |
— [ g Kl W) v(an)
¢ JK|L

H:j Rd—j

- (= I(dz) v, o(n=*
- "51 Rd—j /Ld /KL)\K # K(n)IL) H7(dz) v (dL) + o(n "),

—1/2

and therefore by Lemma 3.1
Vj (K )—EV‘( (n))

/ / V(K)P (z ¢ K(n)|L) "
%WW7N o Va1 (OME(2) int )| Nyce (2)1)
x HI7(dz) dt v;(dL) + o(n™F).
Since K has a rolling ball, for any € > 0 there exists § > 0 such that if L € E ,
€ (0,6) and z,w € 9(K|L) with ||z — w]|| < &, then
(I =eg)llz —wl| < [lze — wel| < (L + )]z — w.
Therefore, applying the transformation z +— z;, Lemma 3.2 (i) and Fubini’s theorem,

we arrive at
V;(K) —EV;(K(n))
_ (ra " V(E)P (2 ¢ K(n)|D)
2w k4 /c_? /8(K|L) /0 Varr(ME ()N (2)5) ™ "

)

x dt HI~(dz) v;(dL) + o (nTFT




154 K. J. BOROCZKY, JR., L. M. HOFFMANN and D. HUG

We have to estimate the order of magnitude of the integral above. For this,
let t € (0,n~1/2) for large n, let L € L9, je{l,...,d}, and z € d(K|L) (and thus
2 € OKL). Then, if n > 2d and a > 0, we deduce from Lemma 2.3 and Lemma 3.2

P P Km)|L)

/u/n Va1 (M (2) [Nk (2)*4)

n—1/2

d—1
n _d—1 Cdn—i
clz(z')/a £ (1 - (4d) =) dt
1=0

/n

dt

IN

d—1 n—1/2 (13)
caS w1 etz g
=0 Ja/n
d-1 .00
<con T Z/ sitar—le=s gs,

i=0 Jo/c
where ¢ = 2(4d)? and c;,cy are constants depending only on K and d. Observe
that the factor % from % is absorbed in the constants. The parameter a has been
introduced in view of an application in Section 4. Putting o« = 0, we see that there
is a constant n(K') depending only on K such that if n > n(K), then, for L € E‘j

and z € I(K|L),

1/2

. P (s ¢ K(n)|L) -

This estimate will allow us to apply the dominated convergence theorem in the final
step of the proof in Section 5.

4. Comparing to balls

In this section, for given L € E? and z € 9(K|L), we describe the asymptotic
behaviour of the integral

/"”2 Pz g Km)L)
0 Vi1

(Mg (2)INgL(2)4)

(cf. (12)) as n — oo by comparing it with the case where K is a suitable ball. If
K is the ball B(p) of radius p > 0 with o € 9B(p) and exterior normal vector N
at o, a comparison of the asymptotic formula (4) proved by I. Bardny [3] and M.
Reitzner [16] and of relation (12) implies that

T VBEP (27 ¢ Bp)wIL) V(B(p))7 =it

|

nh—>H;o L B(p) 1
0 Vd_l(MB(p)(z75 )| NL)
(15)
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where
and—j

~(d

](j)
Equation (15) will be applied with p = od,l(as(z))fﬁ in the case where
Ud,l(x(z)) > 0.

Cd.j = Cd,j *

LEMMA 4.1. Let K be a convex body in R? in which a ball rolls freely. Let

Le E?, je{l,...,d—1}, and let z € O(K|L) be such that OK is twice differentiable
at x(z) in the generalized sense. Then

n—1/2

nT1V(K)P (2 ¢ K(n)|L) dt = Gaj - V(K)o 1 (2(2)) 77

lim
n—oo Jq Va1 (ME(2)|Ngin(2)*)
PROOF. As before, we will use the more explicit notation 2" or zX whenever
this is appropriate. We write [ X7, ..., X,,] for the convex hull of sets X1, ..., X,, C
R? (here we identify = € R? with {z}).
First, we consider the case where o4_1(2(2)) = 0. Then

d

Va1 (Mg (20)|[Nkin(2)h) = f(#) - 7,

-

where f:(0,00) — (0,00) is a decreasing function with lim; .o f(t) = co. From
Lemma 2.3 and proceeding as in the derivation of (13) we deduce

n—1/2

P(z
0 Vi1 (M

¢ K(n)|L)
(Zt)|NK\L(2)J')

—1/2

7

-

dt

=~

IS8
—

IN
N

Q.
_= O

n—1/2

2 (Ti’)f(n—l/?)—l/o T (1 — (4d) %)™ dt

=0

IN

n T
f(n=1/2)’

which yields the assertion in the present case.

Now we assume that o4_1(x(2)) > 0. For the subsequent investigation, we
can assume that z(z) = 0 = z, and we put o := o4_1(x(2)). Further, we put
N := Ngjz(0), eq := —N and we identify R4 with Nt. Let e;,...,eq—1 be
an orthonormal basis of eigenvectors of the quadratic form @ associated with K
at o with corresponding eigenvalues k1, ..., kqs—1 (generalized principal curvatures).
Then, in particular, ey, ..., eq is an orthonormal basis of R?. We denote by B, the
ball with radius ¢~ 77T and center at a‘ﬁed. Let ¥ be the osculating paraboloid

<
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of B, at o, which is the graph of %aﬁ |z||?, € R, The linear transformation
© which is defined by ¢(eq) = eq and @(e;) := (kiofﬁ)%ei, ie{l,...,d—1},
is volume preserving. Then K = ©(K) has the same volume as K and ¥ is the
osculating paraboloid of K at 0. We define L := ¢(L*)%. Then

P(z"" ¢ K(n)|L) = P(z("" ¢ K(n)|L)

and

P(ME(=FT) = ME(D),

From the special form of the map ¢ we therefore conclude that

" T (K KR! ¢ KmIL)

lim
60 Jo Va1 (ME(2°")INY) (16)
n=1/2 Tﬂ K IA{J?Z K L
o nTTV(K)P(z " ¢ K(n)|L) .
n—oo Jo Va- 1(ML( )INL)

In the following, we write again K, L for [~(, L.

Next we introduce for ¢t > 0 the linear map A; of R? which is defined by
Ai(eq) = ™7 ey and Ai(z) = =7 g for x € R, Let 0* := —sN for some s > 0
satisfy

V(M*)=1 for M*:=[¥]N (2" —[¥]+LH).

Since det(A;) = t~! and V(ME(z t/V(K))) = t, we have V(A ME(z t/V(K))) = 1.

Moreover, Ay ME (2 t/V(K))
also in the symmetric difference metric, to M*. Using the special form of the linear
map A;, we obtain

converges in the Hausdorff metric, as t — 0, and therefore

R

71

V(M*)Z%i . V(AM (2 t/V(K)))
Vd—l(M*|Nl) t—>0 Va- l(At ( t/V(K )l )

d—1

~ lim tiﬁV(MK( t/V(K))) s — im V(ME(E)
=0 TV, V(MR ]y o) IN+) 0 Vaea (MR ()INE)

)d;}

Since B, has the same osculating paraboloid as K at o, we deduce

H)—l

e VEDE (B

=0 Vg 1 (Mg (2f)INL) =0V (M (250” L)’

and therefore

a

L V(M (:P7)|NY) (V(J}%))di
t—0 Vi1 (ME(zF)INL) — \V(K) '
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Now we can continue with

n=1/2 2
. TV (K)P(K ¢ K (n)|L)

WSy TV MEGRIND
(VN L a h VB)RGE ¢ K)ID)
~(vimy) ) G s

In the remaining part of the proof we will show that on the right-hand side P(z ¢
K(n)|L) can be replaced by P(z°7 & B,(n)|L). Once this is accomplished, we can
conclude the proof by applying (15) with p = o T,

In the following, we can assume that V (K) = 1, since P((\2)M ¢ (AK)(n)|L)
is independent of A > 0. Constants involved in O(-) or in < depend on K and z.
Let € € (0,1). We choose o = a(e,d) > 1 sufficiently large such that the sum in
(13) is smaller than e. Moreover, we always assume that n is large enough for our
purposes. For instance, we require n to satisfy a(e,d)n=" < n=1/2 < rlk,/2 (recall
that V(K) = 1), further conditions will be mentioned in the course of the proof.

First, we show that for estimating the integral

dt

1

/n‘ " nTmP (2K ¢ K(n)|L) dt
0 Va1 (ME (27°)|N+)

up to an error of order O(g), we can restrict the integration to ¢ € [5% /n, e, d)/n]
(see (17) and (18)).
In fact, since B, is a ball, we can apply Lemma 3.2 for ¢t € (0,1/2). Hence,
forn > 2,
d+1

d+1 da+1
0 Var(ME (zP7)INY) = Jo Var (Mg (277)IN*)

In the range t > «/n, we use Lemma 2.3 to estimate the numerator and we
treat the denominator as before. Thus, for n > 2, as in the derivation of (13) we
get

—1/2
R gL I
/a/n Va1 (ME (2P7)IN+) dt<22( >/a/n — (dd)=Te) dt (18)

<<e€~nﬁrl

by the choice of . Thus we have shown that, as n — oo,

1/2

/" nT TPz ¢ K(n)|L) dt:/a/n nT 1Pz ¢ K(n)|L) gt + 0(e).
0o Vaa (Mg, (z7)INY) < yn Var (M, (27) [N )
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It remains to show that up to a term of order O(g)

a/m pTEP(z n
o= | PEL g REMIL)

5 n Va1 (Mg (277)IN4)

remains asymptotically (as n — oo) unchanged if in the numerator K is replaced
by B,.

For this, up to an error of order O(g) we approximate the remaining integral
expression by an analogous expression involving [¥] instead of K. Here we assume
that n > ng, where ng depends on K, z and . For that purpose, we first define
B =pB(e,d) > (4(d —1))%*! and then an integer k = k(e,d) > 1 so as to satisfy

d—1 —(zd)*“*ﬁﬁad%l = k =
29 <egfa®T and  (af)"/k! <e/aTT.

The reason for prescribing &/ a7 instead of just € on the right-hand sides is that
2

the derivations of (27) and (28) involve a factor a7 coming from an estimate of

the form

a/n d—1 2

2
/a/n T d : d
t < nTHET T dt < o
<5 n Vaor (Mg (277)|NL) e n

o

For t € (0,7%4/(283)), we define C(e,t) = HT N K where H* is the halfspace with
exterior unit normal —N and

V(Clet) = B-t.

As before, we write x1,...,2, to denote n random points chosen uniformly and
independently from K. For i € N, C(e,t)(i) denotes the convex hull of ¢ random
points chosen uniformly and independently from C(e, t).

Next we show that C(e,t) contains at most k(e,d) points out of z1,...,z,
(see (19)) with probability at least 1 — QT ¢, and it remains to be checked whether
z¢ is contained in the projection to L of the convex hull of these at most k(e,d)
points (see (21)). Here the cardinality of a finite set F' is denoted by #F. In fact,
if t < af(e,d)/n, then

P(#({x1,...,2,} NC(e, 1)) > k) < (Z)V(C’(a,t))’“

n af k €
W) <o

Let C* = [¥] N H*, where H* is a halfspace whose exterior unit normal is —N and
such that

(19)

V(C*) =p.
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We write A for the symmetric difference of two sets. Since W is the osculating
paraboloid of K at o, A;C(e,t) — C* in the Hausdorff metric as ¢t — 0, and hence

lim V(C* A 4,0 (e, 1)) = 0. (20)

Subsequently, we prove that if ¢t € [6%/71, a/n], then
0<P(z & [{21,...,2a} NC(e,)]|L) =P (2 & K(n)|L) < e/aTri. (21

To verify (21) for all ¢ in the given range, we construct sets Zq,...,50-1 C K,
depending on ¢, such that

V(E:) > (2d)"242g7¢,  i=1,...,2% ", (22)

and such that if z, € K(n)|L but z, ¢ [{z1,...,z,} N C(e,)]|L, then Z; N
Z1,...,xn} = 0 for some i € {1,...,2971}. Once this has been accomplished
{ } plished,
we will conclude (21), since
241 1 d+1
= \\n d—1_—(2d)"2¢728a+T ¢~ 2=
Y a-vE) <2t e < eg/aTH
i=1

by the choice of (.

We put B4~1 := R¥=1N B9, The coordinate hyperplanes in R?~! divide R?~!
into 297! congruent cones, which we denote by O1,...,054s-1. Each ©; contains a
unit vector w; whose first d — 1 coordinates have absolute value (d — 1)%1. For any
y € R?, let H* (y) be the halfspace whose exterior unit normal is —N and whose
bounding hyperplane H (y) contains y. In particular, if n is sufficiently large (and
therefore ¢ > 0 is small enough), then

(2d)"4 < V(H" (2) N K) < 0.9¢. (23)

In fact, since ¥ is the osculating paraboloid of K at o, A¢(z;) — o* and
L 1 . )
V(HT (0") 0 []) = SV([W] N (207 = [9])) = SV (M) (07)),

we get
VHY () NK) o V(AH ()N K) 1

V(Mg(z)) =0 V(A(Mk(2))) 2

Using Lemma 2.1 we conclude (for n sufficiently large) that

V(H (z) N K) < 0.9V (Mg (z)) < 0.9V (ME(z)) = 0.9t
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and

(2d — 1)4 1

V(H (z) N K) > WV(MK(zt)) > s

V(Mg () = (2d)""7 ',

which yields the asserted estimates.
Let w > 0 be chosen such that wz; € 9C(e,t). Then w satisfies (for n suffi-
ciently large)

w > BT and H(wz) N K Cwz + 2y ow|z|B . (24)

The inclusion follows, since V¥ is the osculating paraboloid of K and since 2% |z||* =
w||z¢|| for some x € R~ implies that

2]l = v20wl|ze]l < 24/ 0wt
To justify the inequality, we deduce from V(H¥(z) N K) < 0.9¢ that
V(H (8757 2) N Ag1 K) = V(Ag1 (HT () N K)) < 8- 0.9¢. (25)
Since Ag-1 K and K both have ¥ as their osculating paraboloid, we also have

VH(FTz)NK) 10 (26)
V(H+(BTT2)NAgK) 9

Hence, from (25) and (26) it follows that
V(H® (57 2) N K) < ft,

which yields that w > ﬁd%rl (all this for n sufficiently large).

Next we define
= (1 + 71> -z
p = \/» t-

We put A := /ov/wl||z]|. Then p+ \w; € K, for i = 1,...,2971 since ¥ is the
osculating paraboloid of K and

A2 w -
== < 0.
Il " Vwtw-1

We now define

B = [p4 Mwi, K0 (2 + 65)], i=1,...,29°%
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Then (22) is satisfied, since

V(Ei)= % Azl - HTHE N (2 + ©0)) > F@ lzell - HEH K NV H (2))
B - B

For the first estimate we use that (w — 1)/y/w > \/w/2 which follows from w >
2

Ba+1 > 2. Moreover, we also use that the osculating paraboloid of K at o is

symmetric with respect to rotations around its axis and therefore

HEYE N (2 +0;)) > 279H Y (K N H(z))

if ¢ is small enough (n is sufficiently large). The second estimate is based on (24)
and a simple geometric estimate. The final estimate follows from (23).

We still have to prove that if z; € K(n)|L but z; & [{x1,...,2,} NC(e, t)]|L,
then =; N {z1,...,z,} = 0 for some i € {1,...,297 1}, Clearly, z; € [a,b] for some
a € [{z1,...,2,} NC(e,t)]|L and b € (K\int C(g,t))|L. Therefore there exists a
hyperplane H containing z; + L+ determining the closed halfspaces H* and H~
such that [{x1,...,2,}NC(e,t)] Cint HT and b € H~. The halfspace H ~ intersects
p + 21/0]z]| B4t in some point ¢q. In fact, in H~ N (p + R?71) there is a point
having distance at most

el ==l
wl[zell =l

from the line {s- 2 : s € R}, where d < 2y/pw||z| by (24). This shows that
u < 2v/0z]-

There exists some i € {1,...,297!} such that z; +©; C H~, and hence also
¢+0©; C H~. This in turn yields p+ Aw; € H™, since 2¢/¢||z]| < \/%. The latter
condition is equivalent to w > 4%(d—1)?2, which follows from w > BT > (4(d—1))2.

Therefore =; N {x1,...,2,} = 0, concluding the proof of (21).
Combining (19) and (21), we get

d

a/m paE (M) (B (L — Bt P(z & Cle, t)(i)|L)
< Va1 (ME (2P7)IN1L)

I(n) = dt +0(e). (27)

Finally, it follows from (20) and lim;_o A;2¢; = o* that

— a/n i Zf:o (%)(Bt)'(1 — Bt)"~"P(o* & C*(i)|L)
1= fu Va (M, (P)IN ) o

This last formula holds not only for K at z(z), but for B, at o, as well. Thus we

conclude Lemma 4.1.
O
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5. The proof of Theorem 1.1

We start with a lemma which will help us to transfer an integral over an
average of projections of a convex body to a boundary integral. For an introduction
to curvature measures C;(K,-), j € {0,. — 1}, of convex bodies K, we refer to
[18].

LEMMA 5.1. Let K C R? be a convex body in which a ball rolls freely, let
f:0K — [0,00) be nonnegative and measurable, and let j € {1,...,d —1}. Then

@ d—1 j—1 v
Py 8Kf( x)oq—j(x) H* " (dx) /Ld/K|L ) H' 7 (dz) vi(dL).

PROOF. Let 8 C 0K be measurable. Then (4.2.23) and (4.5.27) in [18] yield
that

mc (KL = /E /Wml () HI~ 1 (d2) vy (dL). (29)

By a result of Zalgaller [25] (see [18, p. 93, Note 1]), for almost all L € L:?, {z(2)} =
(2 + LY)N K for all 2 € 9(K|L). In this case, z € B|L if and only if z(2) € 3.
Therefore, we get

@/ 15(z) Cj_1 (K, dz) / / ) HI~Y(dz) v (dL). (30)
dka Jox cd 6(K\L>

Monotone convergence implies that (30) holds for any nonnegative measurable func-
tion. So far the argument works for any convex body K. Since a ball rolls freely
inside K, the curvature measure C;_; (K, -) is absolutely continuous with respect to
HI! with density oq—;(z); see [10, Corollary 3.4]. This yields the assertion of the

lemma.
O

To complete the argument leading to Theorem 1.1, let K be a convex body
with a rolling ball. The set of points © € 0K where K is differentiable in the
generalized sense is denoted by =, and we put Z¢ := JK \ Z. By Aleksandrov’s
theorem, we have H4"1(2¢) = 0. Since C;_1(K,-) is absolutely continuous with
respect to H?1, (29) implies that

LD N o) vy (an) = o (31)

Starting from (12), first we apply (31), then we use the Lebesgue dominated
convergence theorem to interchange the limit and [ cd /. O(K|L) based on (14), and
i
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finally we apply Lemma 4.1. This gives

nngW K) —EV;(K(n))]

n—00
1

) nt/2 v< )P (2 & K(n)|L)
_nhlrolo 2/{; Kd—j /Ld/( |L)NO(K|L) / Vd 1(Mg(20)| Nk (2)*) -

x M7~ (dz) v;(dL)

— / / lim nTV( L)P(Zt §?K(ﬂ)\f) dt x
2’% Ka—j Jed JE|nna L) " Va1 (M (2)| Nk (2)1)

xHI = (dz) v;(dL)

d/id

= K V()T / / 041 (2(2)) 7 HIN(dz) vy (dL).
et JEinnax|L)

Jkj

Now we apply again (31) and then Lemma 5.1 to get

2

Jim ()™ W) — BV (K ()]
=c % o 7T HI N (dz2) v;
/L oy, @D )
=c Od—1 a+1g, =1 (dx
—d,]/aKdm () MO (do),

which completes the proof of Theorem 1.1.
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