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Abstract. We show by a direct construction that there are at least
exp{cV@=D/(@+DY convex lattice polytopes in R? of volume V that are differ-
ent in the sense that none of them can be carried to an other one by a lattice
preserving affine transformation. This is achieved by considering the family P%(r)
(to be defined in the text) of convex lattice polytopes whose volumes are between 0
and r?/d!. Namely we prove that for P € P%(r), d!vol P takes all possible integer
values between cr®™! and r? where ¢ > 0 is a constant depending only on d.

1. Introduction and main result

Let eq,...,eq be the standard basis of R?, d > 2 and for r € N define
A(r) = conv{rey,...,req} and S(r) = conv{A(r)U{0}}.

We will write A%(r) and S%(r) in case of need. We further define a family
P(r) = P4(r) as the collection of all convex lattice polytopes P with A(r)
C P C S(r). Asis well known, v(P) = d!vol P is an integer for P € P(r),
and 0 < v(P) £ r¢ since A(r) and S(r) belong to the family P(r). It is also
clear that if v(P) # 0, then it is at least 9! since P € P(r) with v(P) > 0
contains d-dimensional simplex whose base is A(r).
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120 I. BARANY and L. YUAN

The question addressed in this paper concerns the set of values of { v(P):

P € P4r)}. It has emerged in connection with a problem of V. I. Arnold [1]
(see also [2]) as we will explain soon. Our main result is

THEOREM 1.1. Given d = 2 there is a number ¢ = ¢4 > 0 such that for
all integers v € [cr®™ 1] there is a polytope P € P(r) with v(P) = v.

We will prove this result in a more precise form in Section 3. The
case d =2 is simple: it is easy to see that {v(P): P € P*(r)} ={0,r,
r+1,... ,7“2}. We will show in Section 6 that there are other gaps besides
(0,7%71) in the set {v(P): P € P%(r)} when d = 3.

2. Arnold’s question

Two convex lattice polytopes are equivalent if one can be carried to the
other by a lattice preserving affine transformation. This is an equivalence
relation and equivalent polytopes have the same volume. Let Ny (V') de-
note the number of equivalence classes of convex lattice polytopes in R¢ of
volume V. (Of course, d!V is a positive integer.) Arnold [1] showed that

V3 < log No(V) < V3 10g V.

After earlier results by Konyagin and Sevastyanov [6], the upper bound was
improved and extended to higher dimensions to

log Ng(V) < Vd=/(d+D)

by Barany and Pach [4] (for d = 2) and by Bérdny and Vershik [5] (for d = 2).
The lower bound log Ny(V) > V(@=D/(d+1) for all d > 2 has recently been
proved in [2]. More information about Arnold’s question can be found in
Arnold [1], Bérany [2], Zong [8] and Liu, Zong [7].

We obtain the same lower bound as a direct and fairly simple application
of Theorem 1.1:

COROLLARY 2.1. VU=D/+D) « Jog Ny (V).

Some remarks are in place here about notation and terminology. A con-
vex polytope P C R? is a lattice polytope if its vertex set, vert P is a subset
of Z¢, the integer lattice. The number of vertices of a polytope P is denoted
by fo(P). Throughout the paper we use, together with the usual “little oh”
and “big Oh” notation, the convenient < symbol, which means, for func-
tions f,¢g: Ry — R, that f(V) < g(V) if there are constants Vj > 0 and
¢ > 0 such that f(V) < ¢g(V) for all V' > Vj. These constants, to be denoted
by ¢,c1,...,0,b1,..., may only depend on dimension. The Euclidean norm
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VOLUMES OF CONVEX LATTICE POLYTOPES 121

of the vector z = (z1,...,24) € R%is ||z = y /23 + -+ + 2. B? denotes the

Euclidean unit ball of R?, and vol By = wg. We write [n] = {1,2,...,n}.

The paper is organized as follows. The main result is proved in the next
section. The integer convex hull and some of its properties are given in
Section 4. The proof of Corollary 2.1 is the content of Section 5. Then we
describe further gaps in {v(P): P € P4(r)} when d = 3. We finish with
concluding remarks.

3. Proof of Theorem 1.1

As we have mentioned, {v(P): P € P*(r)} ={0,r,r+1,...,7*}. We
assume from now on that d = 3. Here comes the more precise version of
Theorem 1.1.

THEOREM 3.1. Assume d = 3 and r > ro = 2¢d!. Then for every non-
negative integer m < (r - Qdd!) © there is a P € P(r) with v(P) = r? — m.

This result implies Theorem 1.1 for r > r¢ with ¢ = 2¢d! for instance.
For r < rg the theorem holds by choosing the constant ¢ large enough.
It will be more convenient to work with

m(P) = d!vol (Sd(r) \ P)

which we call the missed volume of P € P4(r). (It would be more appropriate
to call it missed volume times d! though.) With this notation Theorem 3.1
says that the set {m(P): P € P%(r)}, that is, the set of missed volumes,
contains all integers between 0 and (7“ — 2dd!) d provided r > rg.

The proof is based on the following

LEMMA 3.1. Assume d > 2 and let g(z) = (22)* and m € N. Then there
are integers o = 11 = ... 2 x4-1 = 0 and an integer my € {0, 1,.. .,2dd!}
such that

m = g(xo) + ¢'(x1) + ¢"(22) + ... + g9 V(@a_1) + ma.

PROOF. We give an algorithm that outputs the numbers xg,...,zq_1
and mg = m,mq,...,my.

Start with mg = m and let xg be the unique non-negative integer with
g(xo) Emo < g(xzo+1). If m;—; and z;_1 have been defined then set
m; = Mi_1 —g(i_l)(mi,l) and let x; be the unique non-negative integer
with ¢ (z;) < m; < g (x; + 1). We stop with mg_; and z4_; and define
mq = mqg—1 — g(dfl)(flfd—l)-
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122 I. BARANY and L. YUAN

We claim that x; < z; 1. Note first that by construction and by the
intermediate value theorem

mi =mi_1 — g V(@) < gV (@i + 1) — gt Y (@)

=gD(€) £ gD (i1 + 1),

where & € [z;_1,2;_1 + 1], and we also used that ¢()(zx) is increasing for
x 2 0. So if, contrary to the claim, we had z; > x; 1, then z; 1 +1 < ;.
As g (z) is increasing we have

m; < g9 (zio1 +1) £ g9 (z) < my,

a contradiction.
The same method gives that mg < 2¢d!:

ma=ma1 — gV (@a1) < g V(a1 +1) — ¢4V (24 )

=g (¢) = 2%a,

for all z. The proof is finished by adding the defining equalities m; = m;_1 —
g (xiq) fori=1,2,...,d. O

REMARK. The same method works for every polynomial g of degree d
such that ¢ (x) > 0 for all i = 0,1,...,d and z > 0.

We return now to the proof of Theorem 3.1. So given r > rg and m €
{O, L...,(r—2%) d} we are going to construct P € P(r) with m(P) = m.
This is easy if m < r: the simplex A with vertices mep,es,...,eq has
v(A) = m so the missed volume of the closure of S(r) \ A, which is a lattice
polytope, is m. So assume m > r.

Apply Lemma 3.1 with m which is at most (7" — 2dd!) d, to get numbers
zo,...,x4—1 and mg. Note that 2z9 < r — 29! and also zg =2 as m > r
> ro = 2%d!. Next we are going to define simplices Ao, ..., Ay that are lattice
polytopes contained in S¢(r), are pairwise internally disjoint, and v(A;) =
g (x;) for i =0,1,...,d — 1 and v(Ay) = my.

We set ef = 2zpe; and define Ag = conv { el .. ,e(’;} , a non-degenerate
simplex because zg = 2. Clearly, v(Ag) = 2¢2¢ = g(z¢) and Ay C S(r).

Next, for i € [d], we let A; be the convex hull of vectors

efef +2%d(d—1)...(d—i+1)e; and
e

i+ (ej—e) (j<i) and e +zi(ej —e;) (5> 1),
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this is a simplex whose vertices are lattice points in S(r), as one can check

easily. Its edges starting from vertex e; are the vectors e; —e; for j <1,

24d(d —1)...(d — i+ 1)e;, and zi(e; —e;) for j > i. As the vectors e; — e;,
€1 — €i,€i,€i11 — €i,...,eq — ¢; form a basis of the lattice Z,

v(A) =2%d(d—1)...(d—i+1)z!" = gD(ay).

Note that A; may be degenerate (exactly when x; = 0) but only for i > 0.

These simplices are internally disjoint. Indeed, Ay lies on one side of
the hyperplane aff { el .. ,e(’;} and all other simplices are on the other side.
Further, as 229 < r — 2%d! and x; < zg, every A; with ¢ > 0 is contained in
the simplex whose vertices are €, e} + 29dle; and 3 (e} + e;f) for j # i, and
these larger simplices are internally disjoint.

We check next that the closure of S(r) \ Ug A, is a lattice polytope P
in P(r). Write X for the set of vertices of Ay except 0, and X; for the set of
vertices of A; except e}. Let Y be the set of vertices of A(r). P is obtained
from S(r) by deleting Ag, Aq,...,Aq in this order. Deleting Ay results in
Py =conv(Y U Xy) € P(r). Deleting Ay from Py gives P, = conv(Y U X
U X1) € P(r). Similarly, deleting A; from P;_; results in a convex lattice
polytope P; € P(r) whose vertices are (Y U U Xi). This works even if A;
is degenerate; then P, = P, 1.

Finally we have P = P; € P(r) and the missed volume of P is

d—1

d
:Zv( Zg i— 1) +mg=m
0 0

This finishes the construction and gives a polytope P € P(r) with
m(P)=mifr 2ry. O

REMARK. rghe same construction with minor modification works for all
m < (r—2%)% and r = rg = 2%d.

4. The integer convex hull

Suppose K C R? is a bounded convex set. Its integer convex hull, I(K),
is defined as
I(K) = conv(K NZ%),

which is a convex lattice polytope if nonempty.
To avoid some trivial complications we assume that r is large enough,
r 2 rq say. One important ingredient of our construction is

Qr = I(rBd) = conv (Zd N rBd) .
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Trivially vol Q, < wgr?. It is proved in Bardny and Larman in [3] that

vol(rBy \ Q) < r4T . The last exponent will appear so often that we write

D= d%. The number of vertices of @, is estimated in [3] as

rP < fo(Q,) < rP.

The vertices of Q,. are very close to the boundary of rB%. More precisely,
we have the following estimate which is also used in [3].

LEMMA 4.1. If x is a vertex of Q,, then r — ||z|| < r—(@=D/(d+1),

PROOF. The set 7B N (23: —rBd) is convex and centrally symmet-

ric with center z € Z%. It does not contain any lattice point z # x: if
it does, then both z and 2z — z are lattice points in rB¢ and z = %(z +

(22 — z)) is not a vertex of @),. By Minkowksi’s classical theorem, vol (rBd
N (2x — rBd)) < 29, The estimate in the lemma follows from this by a simple
computation. [

We let ]Ri denote the set of z = (x1,...,24) € R? with z; > 0 for every
i € [d]. In the proof of Corollary 2.1 we will consider Q" = Q, NR%. Tt is
clear that Q" = I(rBd N Ri) and further, that

vol ((T‘Bd N Rff_) \ QT) < rP.
Let X be the set of those vertices z = (x1,...,xq) of Q" for which z; > 0
for all ¢ € [d]. We claim that
P <« |X| < rP.

Only the lower bound needs some explanation. The number of vertices of
@, with z; = 0 for some i € [d] is less than d times the number of vertices

of Q41 which is of order r(@-1(d=2)/d — o(rP). Then |X| = 2_d(f0(Q7,) -
o(rP)), so indeed 1P < |X]|.

Lemma 4.1 says that ||z| = r —byr~(@=D/(@+1) where by > 0 depends only
on d. Define rg = r — byr—@=D/d+1) g5 X lies in the annulus rB? \ roB%.
Consequently all lattice points in roB¢N Ri are contained in Q" \ X and
so I(rgBNRY) C I(Q"\ X). The result from [3] cited above applies to
I(roBd N Ri) and gives that

vol ((roB*NRY) \ I(roBNRY) ) < rg < rP
as ro < r. This implies that with a suitable constant b > 0
2 war® — br? < vol I(Q"\X) = 2~ ar.
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After these preparations we are ready for the proof of Corollary 2.1.

5. Proof of Corollary 2.1

Given a (large enough) number V' with d!V € N we are going to construct
many non-equivalent convex lattice polytopes whose volume equals V. As a
first step, we define r via the equation

V =27 — brP.

Consider Q" from the previous section. For Z C X we define Q(Z) =
I(Q"\ Z), Q(Z) is a convex lattice polytope, it contains Q(X). So V =
vol Q(X) £ vol Q(Z) £ 27%wyr?. Set m(Z) =volQ(Z) — V. Then

m(Z) =volQ(Z) =V £ 2 %wyr? =V = brP.

Since P < |X|, the number of polytopes Q(Z) is 21X > exp{bgrD}
= exp {bgV(d_l)/ (d“)} with suitable positive constants bo, b3. This is what
we need in Corollary 2.1. But the volumes of the Q(Z) are larger than V.
So we are going to cut off volume volQ(Z) —V =m(Z)/d! from Q(Z) so
that what is left is a lattice polytope of volume exactly V. We will do so
using Theorem 1.1 or rather Theorem 3.1 the following way.

Set p = [r/10] € N and assume r, is so large that p > ry = 2%d!. Con-
sider A(p), S(p) and P(p) from Section 1. Theorem 3.1 says that given if m =
dim(Z) < (p —2%d!) ¢ there is a polytope P = P(Z) € P with m(P) = m.
Then

P (Z) = [Q(Z)\ 8(r)] UP(Z) =Q(2) \ [S(r)\ P(Z)]

is a convex lattice polytope, and its volume is exactly V.

Now we have exp {bV(d_l)/(d+1)} convex lattice polytopes P*(Z), each
of volume V. We claim that any one of them is equivalent to at most d!
other P*(W). This will clearly finish the proof of log Ng(V') > V(d=1D/(d+1),

To prove this note first that P*(Z) has a long edge on the segment [0, re;]
for all i € [d]. This edge is of the form E; = E;(Z) = [aje;, [r]e;] and o < p
< r/10. Tt is quite easy to check (we omit the details) that P*(Z) has exactly
these d edges whose length is larger than 0.9r. So if P*(Z) and P*(W) are
equivalent, then the lattice preserving affine transformation 7" that carries
P*(Z) to P*(W), has to map each E;(Z) to a uniquely determined E;(WW).
As the lines containing F;(Z) all pass through the origin, 7°(0) = 0 and so T’
is a linear map. Thus T permutes the axes and is lattice preserving. Then
it has to permute the vectors eq,...,eq. There are d! such transformations.
Consequently, P*(Z) is equivalent with at most d! other polytopes of the
form P*(W). O
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REMARK. The above construction can be modified so that all P*(Z) are
non-equivalent. Namely, set ¢ = [r] and replace Z C X by

d
ZO:ZUU{tei,(t—1)62‘,...,(75—1'4-1)62‘}.
1

Set Q(2°) =1(Q"\ 2°) and P*(Z2°) =[Q(Z°) \ S(r)]UP(Z°) where
P(ZO) € P(p) is again chosen so that vol P*(ZO) = V. The long edges
of P*(ZO) are almost the same F;(Z) except that this time each carries
a ‘marker’, namely the last i lattice points are missing from FE;(Z). So if
P*(ZO) and P*(Wo) are equivalent, then the corresponding lattice pre-
serving affine transformation has to be the identity.

6. Gaps in v(P)

Let Ay = {(ml,mg,...,xd): x1+xo+ - F+axg=4k x;€{0,1,2,... k},
i€[d}, where k=0,1,...,7. For any P € P(r), if PN A._y#0, then
clearly v(P) = 2r?~!. Now suppose that PN A, o =0 but PN A,_1 # 0.
Assume that P = conv{A(r) UB}, where B C A,—1, B={b1,ba,... b},
bi = (b3, 05, ...,b%), b; €{0,1,2,...,7 =1} foralli € [t] and j € [d]. For any
bi, b, € B, let g;, = max{|b§ - bﬂ D j € [d}} and ¢ = max{q;; : b;, b € B}.

THEOREM 6.1. For any d =2 3 and P € P(r), v(P) & [r? 1+ 1,791 +
d—2
réTe — 1] .

ProOF. If |B| =1, then P is actually a d-dimensional simplex with base
A(r), which means that v(P) = 41

If |B| =2, then suppose that B = {bj,be}. In this case ¢ = g2 =
max{|bj1 - b?‘ D j€ [d]} and ¢ = 1 as by # be. Thus we may assume with-
out loss of generality, that b} — b2 =¢ = 1. Let P; = conv { A(r) U{b1}},
P, = conv{rey,res,...,req_1,b1,ba}. Since bl # b2, P, is a d-dimensional
simplex. It is easy to check that P, and P, are internally disjoint which
implies v(P) = v(P;) + v(Ps). Clearly, v(P;) = r¢~!. Furthermore, we have

1. 1 1 1\| 1 242
det <T‘€1 ... Treqg— b1 b2>‘_‘bd_bd|r ’

which means that v(P) = r?=! 4 qrd=2 > pd=1 4 pd=2_ Clearly v(P) = rd-!
+ 7972 still holds for any P € P(r) satisfying | B| = 3. The proof is complete.
U

v(P,) =
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Now we consider the special case when d =3. Define a graph G =
(V(G), E(G)) such that V(G) = A1, E(G) = {biby, : |b} — bf| + |bh — b5
+ ’bé — bk ’ = 2}. Clearly G is a triangular grid graph with boundary

conv { (r — 1)ey, (r — 1)ea} Uconv { (r — 1)ey, (r — 1)es}

Uconv { (r — 1)ea, (r — 1)es}.

Furthermore, it is not difficult to see that for b;, b € A,_1, bib € E(G) if
and only if ¢; = 1.

For any b;,b, € V(G), let Iy, denote the line determined by b;, by.
In the hyperplane determined by A,_1, let H:rk denote the open half-
plane bounded by [y, such that |HJc N{(r—1es, (r—1)ez, (r—1)es} | =2
and H; the open halfplane bounded by I, satisfying ‘HJC N{(r—1e,
(r—1)ea, (r — 1)63}‘ = 1. Furthermore, let dg(b;,br) denote the graphic
distance between b; and by, i.e., the length of the shortest paths between
b; and by. Clearly, dg(bi,b;) = ¢ix. For any b; € A,_1, let Dy, (s) = {bk :
bk € Arfla dG(b’ia bk) é S} .

THEOREM 6.2. If d =3, then for any P € P(r), v(P) & [r* + 1+ 2,
r? 4+ 2r — 1] .

PrOOF. If |B| =1, clearly v(P) =r2. If |B| =2, then by the proof
of Theorem 6.1 we know that v(P) € {r2 +kr:k=12,...,7r— 1}. Now
suppose that |B| = t(t =2 3) and B = {b1,bo,...,b;}, where b; = ( 4 é,bé),
b, €{0,1,2,...,7 —1} for all 4 € [t] and j € [3].

If ¢ = 2, assume without loss of generality that g0 = ¢ = 2, then we have
v(P) 2 v(conv { A(r) U{b1,ba}}) = 1% +qr = 1% +2r.

Now suppose that ¢ = 1. Then any two points in B are adjacent in G,
which forces ¢ = 3 and conv B is a 2-dimensional simplex homothetic to A(r).
Furthermore, conv B = 0p + )‘TBA(T), where A\gp = +1. Suppose without loss
of generality that Iy, || lre, re, and the vectors biby and m have the
same direction. If b3 € H,, then Ag =1 and

v(P) = v(conv { A(r) U {b1,bs}}) + v(conv{res, b, by, bs}) =r>+r+1.
If b3 € Hyf, then A\g = —1 and
v(P) = v(conv { A(r) U {b1,ba}} ) + v(conv{re, rez, b1, bs})
+v(conv{res, by,ba,b3}) = (r*+7) +r+1=r*+2r+1.
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Combining the above discussions we see that there is no v(P) of P € P(r)
lying in the interval [r2 +r+2,r24+2r — 1] , and the proof is complete. [J

THEOREM 6.3. If d =3 and r = 6, then for any P € P(r), v(P) & [r*+
2r + 5,72 +3r — 1]

PRrROOF. Now still suppose that |B| =t and B = {by,bs,...,b}, where
b; = (b’i,b;,bé), b; €1{0,1,2,...,r— 1} for all i € [t] and j € [3].

If ¢=3, say, q12=¢q =3, then v(P) = v(conv{A(r) U {bl,bg}}) =
r? +qr 2> r? 4 3r.

If ¢ < 2, then combining the proof of Theorem 6.2, we only need to con-
sider the cases when B satisfies t = 3 and ¢ = 2.

OVAVAY
,,,,,,,,,,,,,,,,, JAVAVAVAN N
TAVIVE VI VAN
\VATAVATAVAN
\VAVAVAV

Fig. 1: t 23, ¢g=2.

Case 1: 3 b;, by, € B such that ¢, =2, lp,, is parallel to one side of
A(r—1).
Assume without loss of generality that by, by € B such that q12 = 2, lp,p,

| {r—1)er,(r—1)es || lres re, and the vectors I;l—b—; and 7e7,7e5 have the same di-
rection. Since ¢ =2, B C Dy, (2) N Dy, (2) = {b1, b2, co, c1, C2,C3, ¢4, C5,C6}, as
shown in Fig. 1(a), where co € ly,p,, {c1,c2,c3} C Hiy and {cy,c5,c6} C Hpp.
Clearly,

v(conv {A(r) U {bs, bQ,Cl}}) = v(conv{A(T) U {b1, bg}})
—f—v(conv{bl,cl,rel,reg}) +v(conv{b1,cl,b2,reg})
=(r?+2r) +r+2=r+3r+2.
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Similarly, v(conv {A(r)u{b1,bs,c2}} ) =12+ 3r+2. Asaresult, if BN H;,
# 0, then v(P) = 72+ 3r + 2. If BN H}, = (), then all the possible values of
v(P) are:
v(conv{A(r) U {b1, ba, co}}) =7+ 2r;
v(conv{A(r) U {b1, bg,04}}) =72+ 2r + 2
v(conv{A(r) U {b1, 62,05}}) =72 4 2r +2;
’U(COHV {A(r) U {b1,ba, ca,c5} ) =72 4 2r + 3;
v(conv{A(r) U {b1, bg,c(;}}) =72 4+ 2r + 4.

Case 2: by,by € B such that lp,p, L l(r_1)e, (r—1)e,- Then we have B
C {b1,ba,c1,c2,c3,c4} and B contains at most two adjacent points among
{c1,¢2,¢3,c4}, as shown in Fig. 1(b). Clearly,

v(conv { A(r) U {b1, b, c2}})
= v(conv { A(r) U{b1,bo}} ) + v(conv{by, by, ca,rer}) =r?+2r + 1.
Similarly, v(conv { A(r) U {by,ba,c3}} ) = r? 4+ 2r + 1. Furthermore,
v(conv { A(r) U {b1, by, 1} } ) = v(conv { A(r) U {by, ba, 1, 2} } )
= v(conv { A(r) U {bs,c1}}) + v(conv{by, by, res, res})

+v(conv{b1,b2,cl,r63}) = (7“2 +27“) +r+3=r2+3r+3.

Similarly,
v(conv {A(r) U {b1,ba, ca}} ) = v(conv {A(r) U {by, ba, c3, C4}})

=7+ 3r+3.

Finally,
v(conv {A(r) U {by, s, c2, 03}}) = v(conv{A(r) U {b1, bg}})
+ v(conv{bl, ba, ca, rel}) + v(conv{bl, ba, c3, 7’62}) =749 +2.
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Combining all the discussions above, we have the following facts:

if |B| =1, then v(P) = r?;

if [B| =2, then v(P) € {r*+kr: k=1,2,....,r —1};

if [B| 23 and ¢ =1, then v(P) € {r* +r+ 1,7 +2r + 1};

if [B| 23 and ¢ = 2, then either v(P) € [r? + 2r,7% 4 2r + 4] or v(P)
> r? + 3r;

if |[B| = 3 and ¢ = 3, then v(P) = 72 + 3r.

If r = 6, then (r? +3r — 1) — (r> +2r +5) = r — 6 = 0, which means that
[72+2r+5,r?+3r — 1] is nonempty. Clearly there is no P € P(r) satisfying
v(P) € [r?+2r+5,72 + 3r — 1] . The proof is complete. [

COROLLARY 6.1. For every v € [7’2 +2r, 7% 4 2r + 4] , there exists a
P € P(r) such that v(P) = v.

7. Concluding remarks

We mention further that, as Arnold [1] suggests, the paraboloid
Dy={zeRl:ai+ - +aj Sag=r%}

can be used to give the lower bound in Corollary 2.1 as the following proof,

or rather sketch of a proof, shows. Given V > 0 with dlv € N we are going

to construct many non-equivalent convex lattice polytopes of volume V.
The integer convex hull I(D,) of D, has a vertex corresponding to each

lattice point 2 = (z1,...,24-1,0) € rBYNRZ, namely the point z + 2] %eq-
Denoting this set of vertices by X we have r¢~! < |X| < r¢~!.  Also,
vol I(D,) is of order r®*1, and

volI(D,) —vol I(D, \ X) < rd~1

as one can check easily.

Define r by V = vol (D, \ X) and note that V > 74! > ]X\(dﬂ)/(d_l).
For Z C X consider the polytopes D(Z) = I(D,\ Z). These are 21X >
exp {c1v<d—1>/ (d+1)} convex lattice polytopes, each having volume between
V and V + cor®! (where ¢, ¢ > 0 are constants depending only on d).

At the vertex (0,...,0,[r?]) of D(Z) one can place a congruent copy
of S(p); here one chooses p € N to be of order r(@1/4 We denote this copy
by S(p) as well. Given Z C X set m =m(Z) =d!(volD(Z)—V), Theo-
rem 3.1 implies the existence of P(Z) € P(p) with m(P(Z)) =m(Z). We
define

D*(z) = [D(Z)\ 8(p)] U P(2),
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which is a convex lattice polytope and vol D*(Z) = V. One shows again that
the number of D*(WW)’s equivalent to a fixed D*(Z) is at most d!. We leave
the details to the interested reader.
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