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1 Introduction

1.1 Abstract.

This master thesis is about a common generalization of several mathematical
languages, like Propositional Calculus, Modal Logic, or First Order Logics,
but we also pick examples from the geometry of abstract planes, and from
a so called diagrammatic language of Category Theory. The basic idea was
to work only within the category of models, defining formulas by finite trees
or cones (=trees of depth 1) built up of morphisms from a specified subcat-
egory. In papers [1, 2, 6] general theorems are introduced concerning this,
among others, analogous to the theorem of Birkhoff which states “a class of
algebraic structures is axiomatizable by equalities iff it is closed under homo-
morphic images, subalgebras and direct products”. Here we present a more
general situation, starting with two arbitrary categories: one for “abstract
situations”, one for the models, and with arrows from the first to the second
one, as “representations of situations in models”. This is the configuration
what I distinguished from having simply an embedding functor between the
categories, at the study of first order languages, and I named it “branch”.
Besides the main purpose, we show how to formulate adjoint situations and
category equivalences in terms of these “branches”.

I am grateful for their helps and inspirations to my supervisors (Mar-
cel van de Vel [Vrije Universiteit, Amsterdam] and Ildiké Sain [Rényi Intézet, Bu-
dapest|), and to professors Endre Makai [RI, Bp.], Yde Venema [UvA, A’dam],
and Aart Blokhuis [VU, A’dam)].



1.2 About the language of the paper

Mostly we use the “algebraic” notation in which the function symbol is placed
to the right side of its argument so that if x is an element and f is a function
then 2/ or = f will denote the image of x under f. Hence the composition fg
of mappings f and g is applied from left to right.

However, we don’t insist on this: in order to have perhaps more perspicuous
formulas, some further functions will appear, too, acting from the left. [If one
wants to indicate the composition of a function f : A — B acting from the
left with g : B — A acting from the right, use brackets: (f)g :=a — (fa)g
and f(g) :=b— f(bg).]

If not indicated otherwise, all the diagrams are assumed to commute
throughout the paper. (So, a diagram drawn is a statement of its commuta-
tivity.)

If r is a relation between sets [or classes] A and B [ie. 7 C A x B, or in
alternative notations r : A — B, or ST or AZB], then arb will denote the

proposition that “elements a and b are in the relation r” [that is, (a,b) € r].

The opposite relation of an e will be denoted by % [so that r? : B — A|.

We say that r : A — B is full if Va € A 9b € B : arb, and cofull if 7P is full.
We use the notation PS for the power set of S, ie. PS:={A|A C S}.

1.3 Category Theory

In this section we introduce the category theoretical notion of “branch” to
link up categories with morphisms in between, as a generalization of functors,
moreover, of all categorical relations.

A category will be considered as the class of its morphisms (denoted by
doubled letters A B...) identifying the objects with their identities [so that
ObC C C := MorC|]. We use latin letters a, b, c... for objects, and, in gen-
eral, greek letters o, (... for morphisms composing them by - or by simply
concatenating, and so, instead of 1,, we will write a again, for an identity
morphism.

The domain/codomain of a morphism ¥ will be also called begin/end, de-

noted by 9% /9F. Then ¥ : a — b or a - b written would be equivalent to
the equalities 92 =a 9% =b.
Denote the set of morphisms from a to b in a category C by [a|b] := [a|b]c,



ie. [alb]c := {a € C|a = b}, and the hom-functor (with first variable fixed)
by [a|l] := v — (9 +— ¥ ), where Set is the category of sets.

C—Set Ty [a|z]—[aly]
We will often consider a partially ordered set (poset) as a category having
exactly one arrow a — b iff a < b.

Consider the relation =  of “being isomorphic to” on the class of
ObC—0bC

objects. Then, by a skeleton of C we mean a full subcategory Cy; < C which
contains exactly one object from each equivalence class of =.

If B < C is a subcategory, and ¢ € ObC, then ¢ ~ B will denote the
comma category, the morphisms of which are the commutative triangles
(a, B,7) with af = ¢, 8 € B,af8 = v, and composition {(a, 3,7) - {7, 8,0) :=
(a, BB, 0)

(€B)

Then the identities are just of the form (o, o, ) and hence their corre-

sponding objects are considered as arrows («) from ¢ to B, and then (4, 3, ;).
a—ry

We call an O € ObC an initial object, if for all x € ObC, there is exactly
one arrow O — z (ie. #[O|z] = 1). If exists, it is unique up to isomorphism.
An initial object of the comma category ¢ ~» B is called universal arrow from
c to B, and, if such a universal arrow vy exists, we say that c is reflected in B
by 7. B is a reflective subcategory of C if every ¢ € ObC is reflected in B.
(Note that a b € ObB is always reflected by itself.)

____________ 3 (€ B)

Dual notions are terminal object, couniversal arrow, coreflective subcategory.

Definition 1.1. Let us call a category H a branch (or directed branch) be-

tween categories A and B (in notation H : A = B or A = B)if AB <H
are disjoint subcategories and 9 ¢ AUB = 98 € A, 9F € B. 9’s of this kind
will be called diagonal or crossing arrows.
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Sometimes we refer to A as the “upper” category of H, because in dia-
grams we direct these diagonal arrows downwards.

For example we have a branch H : Set = Gr from the category of sets
to that of groups, with crossing morphisms just the set-theoretical functions
(from a set to an underlying set of a group). This is a particular case of the
following construction, inspired by the forgetful functor Gr — Set.

Note that a branch A = B is determined if the class of diagonal arrows
{..,9,..} are given, together with all compositions of the form ad (o € A, § €
B).

Definition 1.2. A relation A™B between (the morphisms of ) categories is
said to be categorical, if for all aRB,o'RB' ; one has aPRBE A o RBE, and
whenever both ao’ and BB’ exist, acd’ RB'.

/BIB BE \ B8 g )

s Bs'
In particular, a functor is always categorical, and, by symmetry, so is an
opposite relation of a functor what we will call an opfunctor. In addition,
any relation R : ObA—ObB (defined only between objects) is also categorical.

Once a categorical relation U : A — B is given, a branch U : A = B can
be obtained in a natural way: we add a “basic” crossing morphism a “% b
to the disjoint union A LU B whenever aUb and then identify o - ,rvge with
oBVgB - 3 for aUf pairs.
Formally, U := AU{(a, ) € AxBla"UB"}U ]B/@, with compositions
a-{d,B) = (ad, ) and (o, B) - 5" = (o, B5'); where © is the smallest
categorical congruence on U for which

(o, B1Y0(d, B) <= T, fo : [a = dag, apUp, B’ = B

a=a'ag
s (€ A
U
>8>  (€B)
Bop'=p
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In diagrams, a typical crossing morphism is pictured as U SO
B
that U U commutes iff alU 3, where the vertical dotted U-lines stand al-
B

ways for the 414 := (a, by arrows (with aUb), read downwards, if not indicated
otherwise.

Branches obtained this way from a functor will be called functorial, and
opfunctorial those from an opfunctor. In these cases, one could omit the sign
of b [resp. a] from ,u,, since it is determined.

Proposition 1.1. For a given branch U : A = B the following assertions
are equivalent:

i) U is functorial

ii) There is a map Uy : ObA — ObB such that for all a € ObA, [a|bly ~
[aUy|bl naturally in b.

iii) B is a reflective subcategory of U [ie. Ya € ObA there is a universal arrow
a~B./

Proof. i)=-ii) Let U be obtained from a functor U : A — B. Then U, :=
Ulopa satisfies ii), since in this case every crossing arrow {(a, 3) : a — b can
be written uniquely in the form (a, ), namely ¥ = (aU)pg, for

<aaﬁ>:a'zlj'ﬁ:alj'aU'ﬁ

where, as before, ,v := (x,zU) : £ — zU for any z € ObA and z = .
Thus the desired bijection is («, 5) — (aU)p.

G—J;»Z (€4
:T:Tb (E ]B)

ii)=ii) If a € ObA is an arbitrary object, name 7 : [a|]-] — [aUp|-] the nat-
ural isomorphism, and put v := (alUp)"" the correspondent of the identity
morphism aly € [aUylaly]. We claim that ,v is a universal arrow a ~ B:



for a diagonal x : @ — b, X" is the only B-arrow which satisfies ,v - X7 = x
(apply naturality to x” : aUy — b, and that 7 is invertible):

(@U0)[qUy | aUp) <— [a|aU,)")
|

a
n a|V X
/ \L n l.x”l \|V.X17

Uy ——
v, oS b oo alolb] <——— [albly

CLU()

iii)=-1) Fix an initial object ,v of a ~ B for each a € ObA. Construct
then a functor U as follows: on objects aU := (,v)¥ € ObB, and for an arrow
a € A by hypothesis, there is exactly one 8 € B such that - ,v = ,v - 3.

a—T

— = (e A)

This gives the mapping U : a — [ which is indeed a functor:
v (0 )U =ad - (geyw=a v (o' )U=qv-aU-(a)U
O

In other words, a branch A = B is functorial iff the diagonal arrows can
be reflected in B (just as in the first picture above).
Using this terminology, a branch includes an adjoint-functor situation iff it
is both functorial and opfunctorial, ie. the diagonal arrows can be reflected
in B and coreflected in A.

Theorem 1.2 (Adjoint Branch theorem). A functor L : A — B has a
right adjoint iff its branch, L is opfunctorial fie. A is coreflective in LJ.
And dually, a functor R : B — A (written on the left) has a left adjoint iff
the branch of its opposite, R°F is functorial.

Proof. Similar arguments as above prove that any branch L is opfunctorial
iff 3R : B — A Vb € ObB [-|Rb]y ~ [-|b].. But then using that L is
constructed from L, for all a € ObA,

[aL|blg ~ [a|b]y, ~ [a|Rb]a



naturally in both a and b.

For the other direction, if L is the left adjoint of R, then the natural isomor-
phisms [aL|bls — [a|Rb]s for a € ObA, b € ObB induce natural bijections
[a|b], — [a|b]gor mapping ,v- B — B"-v,, which constitute together a category
isomorphism . — R°* (what is identical in both A and B). O

A nice characterization of category equivalence may be given, as well, in
terms of (bi-)branches as follows:
Let us call a category H a bibranch (or nondirected branch) between A and
B, if ALUB < H and every outer morphism is from an object of A to one of B,
or from B to A [ie. crossing morphisms may go also in the other direction].

Theorem 1.3. Categories A and B are equivalent if and only if there exists
a bibranch H between them such that every a € ObA is isomorphic to a
b€ ObB in H, and conversely, every b is isomorphic to an a in H.

Note that, in this case, A ~ H ~ B.

Proof. For the harder part of the proof, take skeletons Ag < A and By < B,
of the equivalent categories A and B, and fix an isomorphism J : Ay — By,
which is, at the same time, a categorical relation A—B, and J°? = J!. Now

let H:= J U J° with new compositions, such as
ASB  B=A

(a “aoVbo ﬁ)(é “doVeo - 7) =o (ﬁé)‘]_l -y

—%aq BT g1 (€ A)
~ J A -
V\ ~ N P e jOP
bo ﬂ—§ —5=do (€ B)



1.4 The language induced by a branch

Definition 1.3. an abstract categorical language is a triple (M|, =, F') where
M is the “category of models”, = is an ObM — F' relation of “validity”, while
F is a set, elements of which are considered “formulas”.

Definition 1.4. For languages L = (M, =p, F) and Ls = (M, =g, S) with

the same model category one can define the relation p=g, as follows:

frs &l (Vm e OM : mEpr f < m g s).

Ly and Lg then are regarded equivalent (w.r.t. M) if this = is both full and
cofull. (in notation: Lr ﬁ Ls or Lr=Lg)

This condition expresses the existence of translator functions 7: F — S
and 7 : S — F such that, as relations, 7 U7 C p=g, ie. both preserve the
meaning of formulas.

In the following, we will construct a language for an arbitrary branch, and,
in section 3 show for some well-known languages that they are equivalent to
one of that kind.

So let us fix a branch U : D = M, and consider the objects of D as some
kind of “situations” that can occur in the models, and the diagonal arrows
as “presentations” of these situations in the target models; then a finite tree
of D, as a sentence, would mean something like “each situation given by the
root can be continued in a situation given on the first level such that every
continuation of it to the next level of the current subtree leads to one of the
following situations such that...”

To formulate this in a mathematical language, we define the finite D-trees,
and the semantics on them.

Definition 1.5. A D-tree of length 0 is just an object of D, its root is itself,

and if trees 1 ..., are given with roots ry ...r, then for any r € ObD and

any n-tuples of arrows { «; )1y, the n-tuple of pairs (< oy, @; >); is also said

T—T;
to be a tree, with root r.



o
)
\\Q

N.B.: one could have defined a D-tree as a functor to ID from a minimal
elemented finite poset, which has upper bounds only for comparable pairs.

Denote the set of these D-trees Fpp or briefly F'.

The set of subtrees of a tree may be defined inductively:

for d € ObD, Sb(d) := {d}; for ¢ = (< a4, ; >), Sb(p) := {p} U [LiJSb(cpZ)]
We use the word vertex (or node) for a root of a subtree, (that is, for images
of objects under the corresponding functor); so, in particular, they are also
objects of .

The ALL-EXIST game

There are two fictive players, we call them ALL and EXIST, and they are
given a model m € ObM and a tree ¢ € Fy with root r.

The game sounds quite simple:
The players move by turns: a first move of a match is to give an r — m
diagonal morphism (choosing ¢ to be the “current subtree” for the next
move).
A next move after a given 7y is to continue ”climbing up the tree” choosing
an arrow £ to m from the first level of the current subtree (< «;, @; >);, and
a branch < a4, ¢; >, such that the triangle of v, a;, £ should commute. Then
the match continues in the subtree ¢;. The player who cannot make a next
move, loses (and then the other one wins).

7} Vi
E——



Definition 1.6 (=). a tree ¢ is said to be valid in the model m (ie. m = ¢)
if EXIST can win the game on ¢ however ALL plays. [The game is started
by ALL.]

Set L(U) := (M, =, Fp).

Definition 1.7. an arrow from the root of the tree ¢ to the model m s called
an evaluation of ¢ in m.

Definition 1.8. a tree ¢ is said to be wvalid with evaluation v : r — m
(m = p[v]), if EXIST can win the corresponding game with v as the first
move by ALL.

Note that m = ¢ <= V evaluation v : m = ¢[v].

The notion of evaluation enables us to deal with formulas with free vari-
ables. (See section 3.3.)

Examples:
If ¢ = (r) is a tree of depth 0, called also a root, then m = (r) if and only if
there is no evaluation, ie. [r|m] = .
If ¢ = {(a;); is a cone (tree of length 1), then m | ¢ is equivalent to the
statement

T—m
//4’ o1 a  a
7’ al : 7’ 1 2 3
\\ N _ | _
\ > h a
\ VANEL § v: =
NV o &1 §|2 EShe
§ Ny
N\ ¥ WYy
m m

If o= (r 33 ... 2) is a linear tree, then m = ¢ iff

V & i (a1& =& AV (€ =& = 36;...))

T—m

where the last statement is an “3¢, (&, = &,-1)” if nis odd, and “V&, (o, &, #
&n—1)” if even.
If o = (o, {B;)) as in the third picture, m = ¢ means

V & dIn(an = E AVIVG[BiG # 1))

T—m
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Proposition 1.4 (Determinacy).
i) If O is an initial object of U, then for every tree ¢ and every model m,
one has m¥E ¢ <= mE (O — ).

i) If v is the root of ¢, and v is an evaluation, then
T—m

mE o] <= mE (r 5 o).

Proof. 1) The first move on the tree O — ¢ is unique now, so ALL has no
choice, and leaves the subtree ¢ for EXIST, that is, nothing else happened
but the roles of the players exchanged, so EXIST can win on O — ¢, if and
only if ALL can win on . The same argument holds for ii). O

Similarly, a unique possible move (pass) occurs if the subtree begins with
one arrow what is invertible. Two successive passes extinguish each other.

2 Logics

2.1 Los lemma
Keep U : D = M fixed.

Definition 2.1. An object d € ObD is called strongly small in U if the hom-
functor [d|-]lu preserves every directed colimit in M, ie. for each directed

— —
oL T = |d|lim(57T)].
poset J, and each functor JIM jlg}l[db ] [d\j1611}(j )]

The object m is strongly small with respect to a single category M if it
is so in the branch M = M induced by the identity functor.
Being strongly small usually coincides with some kind of finiteness, for ex-
ample, at the first order models, with the property of being finitely presented.
(cf. 9, 1,2, 4)

Definition 2.2. Let a filter F C PS be given on the set S, and a collection
of models: (my)ses € (OM)S such that VH € F : the category theoretical

product [[ ms =: my exists. Now, the projections myg — my (for H D K)
seEH
give a functor P : (F,D) — M. Then, the F-reduced product of ms’s is

defined by Hms/}_ = li_I>nP, iof it exists. If F happens to be an ultrafilter,

the limit is called ultraproduct.

11



Remark. There is another, more general definition of reduced product
in categories, which avoids direct products (hence their existence is not re-
quired). (cf. [3, 5])

For a property P, denote ‘[’P holds for m.]

:={s € S|P holds for m,}.

‘o)

If U is a fixed ultrafilter, we will write “P holds for enough m,’s” to mean
‘[73 holds for m.] ceu.

Theorem 2.1 (Los lemma). Let ¢ be a D-tree whose objects are all strongly

small, and let U C PSS be an ultrafilter on the set S, and m := Hms/ the
sES

ultraproduct of models my € ObM. Then m = ¢ < |[m. = QON eu.

Proof. First of all, a morphism o from a s.small object a to the ultraproduct
m is presented by a family ( op, )pen for some H € U, and vice versa, since

[alm] = hm lalmu) = [[lalmul, = T (]]lalma),

where (ah>heH ~ <Blc>kEK iff 3L C HN K, Lel:Vle L(oq = /Bl)

Now assume that a player T (€ {ALL,EXIST}) can win any p-game in
enough my's. Then we have to provide him with a winning strategy in

€ U. We will construct a finite chain

m. Let Hy := |[T can win in m.}

Hy, D> H, D ... of H, € U for each match, such that the n'" move of T in m
is determined by his n*® moves in my’s (h € H,,).

So suppose, at last, T’s opponent chose the arrow o , which is presented
a—m

by ( on )nem- Then, for every h € HnN H, ;, T has a good respond

a—>rMmMp,
op : b, — my, from the next level of the a-rooted subtree of . Since the tree is

finite, for enough h’s the chosen vertex by, is the same (using here the property
of ultrafilters, that for any finite union, 4; U Ay.. UA, €U = Fi: A; € U).
This way chosen the new, smaller H,, (so for which H, C H N H,_; and
h,k € H, = b, = by =: b), arespond in m (p : b — m) is generated by
(On)hem,- U

Remark. All the finiteness conditions are well-used in the previous proof.
Note that an infinite branching number at a node would mean infinite con-
junction or disjunction of the (negated) next subtrees, depending on which
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player “owns” that node [ie. on the parity of the level of the node]. If a
vertex was not strongly small, it would mean something like allowing infinite
number of “variables” satisfying an infinite number of “atomic predicates”.
And finally, if the length of a tree was infinite [ie. if it contained an infinite
path of its arrows], we would have troubles (or rather, a variety of possibili-
ties) how to define validity, since then a match could be infinite. A simplest
solution is to say that, for instance, EXIST wins every infinite match; but
then we may lose “negation”. Read more about infinite games in [10].

2.2 Geometrical examples

Definition 2.3. An abstract (or Beukenhout-) plane is simply a binary re-
lation 1+ where P is said to be the set of “points”, L the set of “lines”, and

v stands for “incidence”. (cf. [11])

A morphism between such planes will be an incidence-preserving pair of
functions mapping points to points and lines to lines. Now we form some
axiom formulas in the language of trees given by the identity branch of this
category.

* “Every pair of distinct points lies on a unique line.”

7
\

Adding V and 4 before the pictures one by one, it would read as: “For each
pair of points: either they coincide or there exists a line through them such
that all other line also containing both, is in reality not different”.

Here the pictures stand for some simple abstract planes. For example the
one named u has two points and two lines, each incident to each (#P, =
#L, = 2,1, = P, X L), while v has only one line (and two points, both
on the line; #P, =2, #L, =1, 1, = P, X L,). The morphism arriving to u
maps the line into the solid one, and the one from u to v maps both lines to
the single line of v.

13



*proj “Every pair of lines intersects in a point.”

| >~

Note that this sentence also includes that every line has at least one point
(applying it for the pair of equal lines). But, adding a model with a single
line (and no points) below the second picture, one would get “Every pair of
distinct lines intersect”.

The next examples can be interpretted similarly:
*xFucl “For a line and a non-incident point there is a unique line on the
point not intersecting the line.”

/
/ \ [
T

xhyp “For a line and a non-incident point there are at least two lines on
the point not intersecting the line.”

. >< [
- > -
e
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3 Tree-translations

In this section we recall the ordinary formulas and models for the current
logics, define suitable branches, and show that they induce the original
languages by constructing translator functions 7 : Formulas — Trees and
7 : Trees — Formulas. For the “upper” category will be a poset in each case,
such a tree is uniquely determined by its vertices, and therefore we may and
will use the notation (d; 1, @, .. .) for

3.1 Propositional Calculus (PC)

Let us fix an alphabet (a set of elements called proposition letters) ¥ =
{p,q,7,s...}. A model of PC(X) then consists of a nonvoid set W of “states”
equipped with the “truth” what is a function 7" : ¥ — PW of ¥ to the power
set of W, so that p” is considered to be the set of those states which satisfy
the proposition p. This is the same as to have a fixed IF: W — X relation
(where w IF p holds exactly when p is true in w, that is, w € pT in the above
sense).

If m = (W,lIF) and n = (V,IF) are models, then a function f: W — V is
a morphism m — niff forallp € ¥: wllF p = wf IFp.

Let MPC denote this category, and FFC the set of ordinary formulas
(ie. those built up by the connectives A,V,—,—, T, L and the proposition
letters). This leads to the familiar language £F¢.

We will use AP :=pi A...Ap, for P = {p;...p,}, and AD := T, the
“definitely true” formula. We similarly define \/ P, with \/©@ := L, the
“falsum”.

Define a branch U := UP over MFC as follows: the upper category (of
“situations”) would be the partial order (C) of finite subsets of proposition
letters, while certain elements of models would serve as diagonal morphisms:

D := D¢ := ({A C Z|#A4 < w},C ), then let (4,w,m) (written

also as L ) be a crossing morphism A — m = (W,lIF), if w € W and
—m
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Vg € A: wllF g. The composition comes naturally:

f
w! W IIFy —— (V. I+
 WIR—VlF)
Note that D is equivalent to the full subcategory of one-stated finitary models
(ie. those having #W =1, #(llF) < w), and U is to the branch given by this
inclusion functor.
In trees we draw [J for the empty set ), because a move from it is just

picking a state; and | P1P2Ps--. | for the D-object {p1,p2, ps,-- -}
Theorem 3.1. L(UPC) = £PC¢

Proof. i) First we translate the formulas into trees: each formula has an
equivalent in which negation appears only before the propositional letters.
Forpe X, p" := [ ﬂ and (—p)” := @

The conjunction and disjunction can be realized always in a way like this:
branching the tree at ALL’s or EXIST’s vertex.

For DFC-trees ¢ and 1), define

eVY = [

Then simply take (¢ A 0)" := ¢” NG, etc.

Note that if the condition of an implication ¢ = “x — 6” is a conjunction of

proposition letters (x = Ap;i) (ie. its negated is equivalent to a root), then
i

¢ could be translated also as | --Pi-- |—={ --Pi-- |U (=6)" [where the union is

16



meant nodewise].

ii) For the other way around, observe that, in any match, ALL will select a
state in the given model for the first move, what is never going to change.
(That is, evaluation here would mean to choose a state with perhaps some
initial assumptions given in the root.)

Signify ¢\ X the tree where every vertex A of ¢ is replaced with A\ X.

For a root, := =(p1 Apa A..p,) (because ALL cannot make a move
iff there is no state where all proposition letters p; are true).

For a tree ¢ = (X; ¢1..¢0,), take
=A\X - \/ (0 \ X))

The first step of ALL is to choose a state w satisfying A X, if he succeeds,
Exi1sT selects one of the subtrees, say ¢;, whose root is valid at w and they
continue playing. EXIST can win now iff ALL can win on ¢;\ X starting at
w, ie. when m # (p;\ X)[w] (<= wlF =(p;\X)"). O

Remark. 1. It is important that ALL should start. To see this, take the
a b

one vertexed tree @ and the model m = (ie. where we have two

states, a and b, and p is true in b [and not in a]). If EXIST starts, he can pick

b, so the tree should be valid, though neither p, nor —p cannot be so in m.
2. As it is seen in part i) of the proof, it would be enough to restrict D

to subsets of X with at most one element, ie. D would be isomorphic to the

partial order on the set {0} LI ¥ given by <:= {0} x X.

If D was just the discrete category of ¥ (ie. D = ObD = X), then one would

have Fp & {—|p|p eX}U{T} c Fre.

Examples.

D }_)IE| ~ ch_> qn ~ cc_|pvq” ~

*x O [Pq — pgst |~ “DAgA—(sAt)’
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x O—{P0 = “pAgAT = O O 0—¢]

0 —{7]

x “pAqg—= " & (PP P9 | = [ POT = “S(pAgAT)

| par |1 P47 |

pqrsz |

x  Set @ :=|Pq |—={ PgrSs |—={ Pqrs

bgz

Here the first subtree [after subtracting {p,¢}| translates as “r — s”, the
last one as “—2”, and the middle one as “(r A's) — —(t V 2)”: since its next
subtree [also, after subtracting the convenient {p,q,r, s}] means (¢t V z). So
the next formula is obtained:

" =@Aq) = [-(r—=s)V[(rAs) = otV 2)]Va(-z)] ~

~ (pAg) = [(rA=s) VI rAsA(EV2)] V7]

3.2 Modal Logic

Keep X fixed as the set of proposition letters. A modal formula is constructed
then with elements of X, with the ordinary logical operations A,V,—, —
, T,1, and, in addition, with two unary ones, namely O, <, read as “box”
and “diamond”, or, “necessarily” and “maybe”. It would be enough picking
only one of them, say <, and introducing the other one as O := =,
This leads us to the set of modal formulas FML,

A model (also called a Kripke-structure) is a triple (W, Wﬁw’ VV”:Z> with

W nonvoid. Elements of W are still called “states” or “worlds”, and tRs
reads “t sees (or reaches) s”. A function between the sets of worlds will be a
morphism in MM’ if preserves these relations R and IF.

The classical validity is defined extending I+ from ¥ to FML by formula

18



induction, just as in propositional calculus: s |- =g, [s |- ¢ V 6 etc.] should
hold iff s ¥ ¢, [sIF ¢ V sIF @ etc.], while

slFo¢ &L 3t sRtIF ¢

(and hence s IF O¢p <= Vit(sRt = t IF ¢)). Then, a model validates a

formula iff every state of it does. This presents the modal language £ML.
Now, a “situation” is going to be a cham of conditions:

D := DL := ({(Py, P,... P,) [n€w, P, e 5} <)

defining (Py...P,) < {(Qo...Qn) iff n <m; i<n=P, = Q;; P, C Qn.

Let U := UM be the branch D = M with certain R-chains of states as cross-

ing arrows: (wy...wy) : (Py...P,) = (W, R,IF) whenever W > w; IF A P;

and w;Rwy ... Rw,. For brevity, use simply P for A P in modal formulas,

since they will occur always in this context.

For (Py,...P) = P<Q =: (Py,...Pas_1,Qn,Qns1-..Qm) pairs one intro-

duces a subtraction G\ P := (Qn\ Pa, Qni1 - - - Qm).

Note that D is a partially ordered semigroup with operation

<P0 . > <Q0, . Qm) = <P0 ,P U Qo, . Qm) and that

P<R «— EIQ P %@ = R, and in that case, R\P is one of such Q’s [ie.

Px (R\P) = E]. (Remark that the notation P\R would be more convenient

instead of R\ P here.)

In trees we draw ‘ Py~Pj~...~P, ‘ for (Py, Py, ... P,), omitting the oc-

curent unnecessary { } brackets, (ie. instead of {p, ¢, ..s} use simply p, ¢, ..s),
and [ for (). (A dot denotes that there is no condition there.) So again,
as in PC, a move from [] is just to pick a state; and, from is to pick a
pair of states [such that the first sees the second one], etc.

Theorem 3.2. L(UML) = LML

Proof. i) By induction construct a translator 7 from formulas to trees: first,
as before, without loss of generality, we can assume that negation occurs only
before proposition letters. It is possible to get all the translated trees with
root [, so that, an evaluation in a model could be always just pointing a
state w, and therefore, m = ¢"[w] <= w I, ¢.

For a letter p € X, as in PC, p” := [ %
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For its negated, (-p)” =[P |~ O —0—{P]

For conjunction and disjunction, also the same as above.
Denote C¢ the tree that we obtain by adding an extra, empty initial pomt
to each node of ¢ (in other words, for a node P, =P := (@, D) x P), o

E’PQNPlf'V... ‘:‘ 'NP()NPlN... D

By that, depending on who is to choose the successor state, 7 should be
extended this way:

(O¢)" :==C¢" ~ O—[E—C¢’

(©9)" := O ——~ —C9"
ii) For a P=[Py~...~P, |€ ObD and a tree 1 with root > 13, define w\ﬁ

again nodewise (exchange each node S to S\ P).
Now, for a tree ¢ = (P;..p;..), assume inductively that (¢;\ P)™ =: ¢; are
already defined, and set

o™ = —(Py A O[PL A O(.O(P, /\/\¢z

Note that even for a root (where the conjunction of ¢;’s is empty, hence
meant to be true), it results the modal formula —(Py A O[P; A O(..OF,..)]),
giving the first step of the induction.

To prove ¢™ = ¢, or rather ~¢p™ = —, change the role of the players,
and imagine EXIST starts a match on ¢. Then he is to choose a chain
woRw; ... Rw, so that it should satisfy wqg IF Py, w; IF Py ..., w, IF P,; and,
that he could win on all of the following subtrees ¢;, which means not else
that w, IF A¢; , since the previous states and assumptions on them (ie. w;

7
and P; for j <n) would never change any more, and the continuation on ¢;
is started by ALL.
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Py~Py.. . ~Py s
SwoRioy...Rwn Vi 7
L
(W, R, IF)

O

Remark. Again, it would be enough to deal only with chains of the form

‘~e~...~(p) | (with at most one proposition letter at the end). In this case

D would be isomorphic to a partial order on (wUw x X).

Examples.

* | *~S i~ —|[TA<>(SA—|t)] ~ D(S —)t)
. = ~ 08(s > 1

* ¢:=<[0(pAg)VOPA—g)] translate the contents this way:

pAgr O—{P]] O(p A q) = [~ ~Pg

Patd

T

and then, linking these at EX1sT’s branch (for V) and adding an extra initial
-~ (for <), finally we get:

PA—q = [—{]

==
¢ ~ 0 ~~g
W - S e~ e
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| p~qp |——{ p~qp~1 |

*x @ =[P~q —{P~q~p]

| P~qp |—— p~qp~ |—{ P~qp~P |

Follow the procedure given in ii): after subtraction, the first subtree becomes
E}—>@| which translates as =(pA—=Or) & p — Or; the second as =Op;

and the third one goes like

[P~ {77 ~ -~ (o7 [=—~2]) ~

~ - (pA OT —=p]) ~ ~(pAOp) = p— Op.

So, all in all, ™ ~ — (p/\<>[q/\(p—><>r)/\—|<>p/\(p—><>—|p)]).

*  The modal formula of Gidel’s second incompleteness theorem (read-
ing O as “provable”) translates like:

]

[~ i~ ]

3.3 First order Logics

Let us fix a type ¢ : Q U R — w (the arity function itself, cf. [12]), where
elements of () will be referred as function symbols of ¢, while those of R as re-
lation symbols. (r! > 1 is assumed for all r € R.) M := Mt := Mod, will
be the category of the ordinary first order models (ie. sets equipped with ¢'-
ary operations and r'-ary relations) with the homomorphisms between them
(ie. functions which preserve all of these operations and relations).

For simplicity, one may suppose to have the added 2-ary relation symbol (=)
with its usual meaning in models. Denote At(X) the set of atomic formulas
with variables of X. Formulas (of FF9Lt = F) are obtained by the atomic
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formulas, combined with the previously rehearsed logical connectives (A, V,
etc.), and quantifiers V, 3 for variables.

Definition 3.1 (U7%%). D := ({{X,T)| Xfnite set, | ' At(X)} < ),

where (X,T) < (V,A) &L X cY,T C A.
A mapping 0 : X — m will be a diagonal morphism (X,T') — m if each
atomic predicate of I' is true in m after substituting the variables x to x°.

Note that this U = U"?%* just defined is the branch given by the free
functor Fr: (X,I') = FX /p, which produces exactly the finitely presented

models, and that D is “almost” equivalent to this subcategory of MFOLt in
the sense of

Lemma 3.3. For a given finite presentation (X|T') of a model m, a finitely

presented n, and a homomorphism © , there exists a D-arrow §:
m—n

<Xa F)L - <Y7 A)

m n

9

Proof. Take any finite presentation (Y;|Ag) of n, put ¥ := X UY,, pick a
term 7, with variables from Y; for each z € X such that 2’ = 7, holds in n,
and then set

A=TU{z =7z e X}UA,

O

In papers [1, 2, 6] instead of U, the embedding functor (from the full
subcategory of strongly small objects) was used. Proposition 3.4 asserts that
it is essentially the same.

Proposition 3.4. The language given by the inclusion functor of the full
subcategory of strongly small [ie. finitely presented] models J : Sm — M, is
equivalent to the one induced by our U:

L(J) = L(U"OH)
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Proof. One translator comes from Fr : D — Sm, translating the trees arrow
by arrow, and the other one can be obtained by the lemma, building an
equivalent tree starting from the root. 0

Theorem 3.5. L(UFOLt) & pFOLy

Proof. 1) For a given formula ¢, one can assume again that negations appear
only at atomic levels, and that each variable is bound at most once, moreover,
a bound variable may occur only within the quantified subformula. (Here
it is supposed to have inifinitely many variables.) Denote S := Free(¢) the
set of free variables of ¢. We could put (S, @) in the root of ¢, so that an
evaluation into a model m in the above sense (a mapping S — m) coincides
with that in the original sense. For an object d = (X,T') € ObD, define
SUd := (SUX,T) and similarly d\S := (X\S, '), and d\(S, A) := (X\S,\A).
Then for a D-tree ¢, SU g and ¢\S are defined nodewise (replace each node
d of ¢ to SUd [resp. d\S, or d\ (S, A)]).

For getting nicer pictures, draw | S|,,. ., |instead of (S, {71..7,}) in trees. We

translate formulas recursively:

For an atomic ¢, S := Free(¢) and ¢" := Slg |
(=¢)":=|Sls | =~ Sl |

For conjunction and disjunction S := Free(¢ A 0) = Free(¢) U Free(0),

(BAO) =

(Vo) =

For quantifiers, S := Free(Vz : ¢) = Free(¢)\{z}

(Vz: )" = {a}U¢" ~ [§ {5 — 7
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{z}ueT

(Fz:9)" =[S — x5 |

Where S stands for {z} U S.

Here, after the first move (to arbitrarily assign values to the elements of S
in the given model), ALL [respectively, EXIST] in turn evaluates also the
new variable z. Now it is easy to see that these trees are valid with a given
evaluation, iff the corresponding formulas (Vz : ¢, 3z : ¢) are so.

ii) For the other direction, the most convenient is to allow also trees on
vertices of the form (X, I") where the elements of I' are still atomic formulas,
but with variables not necessarily in X. These variables could be understood
free in subformulas, quantified later. However, starting with a D-tree, the
process below will finally result in a closed formula, beginning with a universal
quantification on the set of variables of the root. So, for the corresponding
not necessarily free formula, we could simply erase those quantifiers.
Signify VX :=Vz,..Vz, for X = {z,..z,}.

For a one noded tree, | X|p | = VX : =2 ATI".

@1
Then let ¢ =| X|r : and ¢; := (¢ \(X,I))".
“on
Now ¢™ := VX : AT — \/—¢;” is a translation. O

Corollary 3.6. L£(J) = LFOLt,

Examples.

Fix a type with binary relation symbols <, = and operation symbols 0, 1, -, +
(with arities 0, 0, 2, 2).
*  “< (as a partial order) is total” as “VuVv:u < v Vv < u”

UV |y <o

UV |y<u
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*  “< is a partial order”

a a a<a
D > E > uv u<v;v<u > uv U=V
TYz T<Y;y<z TYz T2

{such asVa,u,v,z,y,z : ([uv<u]Alz<y<z]) = ([a<a]Alu = v]A[x<z])}
(The three dots stand for repetition of the previous conditions, and the [1’s
at the root are just to sign that the corresponding formula is closed.)

* Yrx:Jylr-y=2)V@e=0)Ve<(z+1) - (z+1)) =~

xz‘wg(z—kl)-(:c—i—l) ‘

x  Consider the tree

-Tyz|zgz xyz‘zcgz;ygz

p:=[z] JfE—y/af:

Ylo=y

ES

$y|msy xys|xsy;mss,ssy 33?/5|---;w=s

Follow the process given in ii):
Now the linear subtrees after subtraction get the forms| z|,<, }—> 2| p<zy<z

|z=y , and |z5y }—> 5|x5y;zss,85y }—> 5|---;w=8
™
Ye(r<z—oy<z),‘c#y’; ‘e<y— _‘[ 3|wss,55y }—> 5|wss,8§y;w:s } “r

‘“r<y—-Vsz<s<y—oz=s)“m wc<y—-[Es(z<s<y A x#s9)|.

o

| translate as

Hence, altogether:
pr~ lVzrz<zoy< )Nz #yAz<y—3Is(z<s<y A z#53))]".
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See more examples in [1, 2, 4, 6].

3.4 Diagrammatic language for category theory

B
Definition 3.2. A pair of set-functions G : V<<E:A 15 called a directed

graph, V- =: Vg 1s the set of vertices, A =: Ag of arrows or edges, and B, F
determine the begin [resp. end] of the arrows.

A path is a finite sequence of well-connected edges (a;...q,) =: 9
ie. where af = af . The begin/end of paths defined straightforward:
9P = aB 9F := . Paths of length 0 shall be the vertices themselves.

We call a pair of paths (£, n) with the same begin and same end a commutativity
condition (that is, if £# = nP  &F = nP).

Definition 3.3. A C-graph is a graph equipped with a set of commutativity
conditions.

Note that the paths of a graph G as morphisms form a so called free category
FG (the objects being the paths of 0 length, ie. the vertices), and, this free
functor extends also to C-graphs: Fr: (G,C) — FG /.

Definition 3.4. (G, C) is a sub-C-graph of (H, D) (in symbols: {G,C) <
(H,D)) if C C D and G is a subgraph of H [ie. Vo C Vy, Ag C Ap, Bg =
Bulag, Ec = Enlag]

Denote the category of this partial order CGr<, and U := U* : CGr< =
Cat the branch induced by Fr. Then, consider a C-graph as an abstract
diagram, and a crossing morphism as its realization in a category (this is the
notion called “diagram” usually in the literature).

An elementary property of categories is a first order formula of a 2 sorted
language (sorts of Objects and Morphisms), in which the atomic predicates
are compositions, equality, and source and target (ie. begin/end) assertions

(ie. we have o , B, E operation symbols beside the relation symbol
Mor2—Mor  Mor—Ob

of equality (=)).

Theorem 3.7. An elementary property is invariant on category equivalence
if and only if it can be translated to a CGr<-tree.
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A sketch of the proof can be found in [8].

Examples.

In the following diagrams, in order to use less symbols (to make them easier
to overview), instead of indicating the commutativity conditions, we mark
by [?] those pairs of paths which are not supposed to commute, (either in the
circle they surround or simply written below). Since in the trees these graphs
are always included in the next ones, if one wishes to name the edges, it is suf-
ficient to name only those that appear for the first time in the current picture.

* “Binary products do exist”

. a s ® oY o o——>e
////7 N ﬁ?/:>(/1
— « — e — 1 N —
° e —, T,
O——>@ O——>e
19-"?"-)/ >/
— \\’\g/ N — \ N

For instance, the C-graph denoted by d has conditions (97, a1); (9ma, an);
(U1, a1); (D, a), since these triangles are not marked, and d’ in addition
(9, 9).

So, one could phrase this linear tree as: “For every pair of objects there exist
an obj.(x) with m; and 7o, such that for every situation of oy, ay there is a
unique ¥ satisfying (9m; = a;)i=1,2.”

Note that replacing the root with an arbitrary abstract diagram ¢ (and, of
course, carrying it through the whole tree) changes the corresponding sen-
tence to “Every g-diagram has limit”.

* “C € Cis a constant morphism”

/;& ¢o . Qo ¢
B N N e
Bo

ap¢o?Boo

(With fixed evaluation (; — ¢ in C.) Now one would get the sentence:
“Whenever o? = 82 and of = B¥ = (B, o = ¢ holds.”
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[o

* “Coequalizers do exist”

* *
o] [0 e k] oI | e
O = O
//.*. /.*.
— (o7l 2| — &7 el
NN 4 NN 4
o] (o]
Problems
1. What algebraic structure does (may) the class of (bi-)branches carry?
(How to compose branches?)
2. Formulate the results of [1, 2, 6] in the present terminology.
3. Find necessery and sufficient conditions for an abstract language to be
equivalent to one induced by a branch.
4. Which formulas can be represented by
a) linear trees?
b) trees of depth < n?
5. How to handle infinite matches?
6. What if we replace homomorphisms with other morphisms such as par-
tial homomorphisms or structure preserving relations, etc. in M?
7. Give concrete languages induced by a branch over geometrical cate-
gories (cat. of topological spaces, differentiable manifolds, etc.).
8. Continue with second or higher order logics, intuitionistic logics, etc.
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Index of notations

w
Set, Gr, Mod,;, CGr

#S

PS

AS

Al s
[Ims, axb
[[ms, alib

A<B

P

AL B

L(U)

EK

[P holds for m. |
a=b

L=rL

A~B

F~@G

o0
0,0,A,V, T, L
al

c~ B

fla

(XI)

Free(o)

FX

FG

Fr

the set of natural numbers

the categories of sets, groups, first order models of type t,
C-graphs

the cardinality of S

the power set of S, ie. PS:={A|A C S}

the set of S-sequences in A

A is a finite subset of S

categorical product of objects mg [resp. of a and b]
coproduct (disjoint union)

A is a substructure of B (subcategory, sub-C-graph, etc.)
(Py, Py, ..Py,)

branch from A to B

the language induced by the branch U
the language of the logic K (K € {PC, ML, FOL})

the set of indices s which make P hold for m,

a is isomorphic to b

languages £ and L' are equivalent

cat. A is equivalent to B

functors F' and G are naturally isomorphic

© is equivalent to # in meaning

necessary, maybe, and, or, true, false

basic crossing arrow a — b

comma category

mapping f restricted to H

a presentation of a first order model (generated by X)
the set of free variables of ¢

the universal algebra generated by variables of the set X
free category on the graph G

the free functor ((Q, T) — FQ/T)
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Index

adjoint functors, 6

ALL-EXIST game, 9
pass, 11

alphabet, 15

branch, 3
bibranch, 7
crossing morphism, diagonal ar-
row, 3
functorial, opfunctorial, 5
identity, 11
upper category, 4

C-graph, 27

sub-C-graph, 27
coequalizer, 29
comma category, 3
commutativity condition, 27
constant morphism, 29
coreflective subcategory, 3

directed colimit, 11

elementary property, 27
enough, 12
evaluation, 10

free category, 27
free functor, 23, 27

graph, 27
edge, 27
vertex, 27

hom-functor, 3
hom-set, 3

initial object, 3

31

Kripke-structure, 18

language, 8
diagrammatic, 27
First Order Logics, 22
Modal Logic, 18
Propositional Calculus, 15

opfunctor, 4

path, 27

plane, 13

poset, 3

proposition letters, 15

reduced product, 11
reflective subcategory, 3
relation, 2

categorical, 4

full, cofull, 2

opposite, 2

skeleton, 3
strongly small, 11

translator functions, 8, 15, 16, 19,

24
tree, 8
evaluation, 10
root, 8, 10
subtree, 9
valid, 9
vertex, node, 9
type, 22

ultraproduct, 11
universal arrow, 3
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