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I. P artition Relations

Andr � as Ha jnal and Jean A. Larson

Researc h partially supp orted b y NSF gran ts DMS-0072560 (Ha jnal) and

DMS-9970536 (Larson)

1. In tro duction

The study of partition relations dates bac k to 1930, when F. P . Ramsey [50 ]

pro v ed his oft-cited theorem.

1.1 Theorem (Ramsey's Theorem). Assume 1 � r ; k < ! and f : [ ! ]

r

! k

is a p artition of the r element subsets of ! to k pie c es. Then ther e is an

in�nite subset X � ! homo gene ous with r esp e ct to this p artition. That is,

for some i < k ; f \ [ X ]

r

= f i g :

In 1941, B. Dushnik and E.W. Miller [9 ] lo ok ed at partitions of the set of

all pairs of elemen ts of an uncoun table set, in v olving P . Erd} os in solving one

of their more di�cult problems (see Theorem 7.4). In 1942, P . Erd} os [10 ]

pro v ed some basic generalizations of Ramsey's Theorem, including among

others the theorem generally called the Erd} os-Rado Theorem for pairs. In

the early �fties, P . Erd} os and R. Rado [17 ], [19 ] initiated a systematic

in v estigation of quan titativ e generalizations of this result. They called it

the partition calculus. There are cases in mathematical history when a

w ell-c hosen notation can enormously enhance the dev elopmen t of a branc h

of mathematics and a case in p oin t is the ordinary partition sym b ol (see

De�nition 1.3)

� ! ( �

�

)

r

� <


in v en ted b y Ric hard Rado [18 ], reducing Ramsey's Theorem to ! ! ( ! )

r




for 1 � r ; 
 < ! . It b ecame clear that a careful analysis of the problems

according to the size and nature of the parameters leads to an inexhaustable

arra y of problems, eac h seemingly simple and natural. These classical in-

v estigations w ere completed in the 1965 pap er [15 ] of Erd} os, Ha jnal and

Rado, and w ere extended in the b o ok [14 ] written join tly with A ttila M� at � e.
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6 I. P artition Relations

In 1967, after the �rst p ost Cohen set theory conference, held in Los

Angeles, Erd} os and Ha jnal wrote a list of unsolv ed problems for the ordinary

partition sym b ol and related topics. This pap er [12 ] app eared in prin t four

y ears later.

A great man y new results w ere pro v ed b y the then y oung researc hers.

Ho w ev er, unlik e man y other classical problems, these problems yielded some

but con tin ued to resist. The in tro duction of new metho ds and the disco v ery

of new ideas usually has giv en only incremen tal progress, and ob jectiv ely ,

w e are as far as ev er from complete answ ers. Ho w ev er, small steps requiring

new metho ds ha v e b een con tin uously made, quite a few of them during the

writing of this pap er, and w e will concen trate on them.

F or easy reference, in the ordinary partition relation � ! ( �

�

)

r




, w e call

� the r esour c e , �

�

the go als , and 
 the set of c olors . W e will b e fo cusing on

t w o main sub jects:

1. New ZF C theorems obtained via the elemen tary submo del

metho d b oth for ordinary partition relations and for p olarized

partition relations (see De�nition 1.5).

2. The new results obtained in the late nineties for partition

relations with a coun table resource.

Section 2 describ es the classical pro ofs of the (balanced) form of the

Erd} os-Rado Theorem and the P ositiv e Stepping Up Lemma. These are the

results where the resource is regular and the goals are equal and of the form

� , or � + 1 for some cardinal � . In subsection 2.3 w e state but do not pro v e

the Negativ e Stepping Up Lemma complemen ting these results.

In Section 3, w e describ e the elemen tary submo del metho d and in par-

ticular, the use of nonre
ecting ideals �rst in tro duced in [4]. W e giv e an

alternate pro of of the balanced Erd} os-Rado Theorem, and giv e a pro of of

the un balanced form of it using the new metho d.

In Section 4, esp ecially in subsection 4.2, w e fully dev elop the metho d of

elemen tary submo dels. W e giv e streamlined pro ofs of b oth the balanced and

un balanced forms of the Baumgartner-Ha jnal-T o dorcevic Theorems [4] in

subsections 4.3 and 4.4. These results generalize the Erd} os-Rado Theorem

to allo w goals whic h are ordinals more complex than cardinals � and their

ordinal successors, � + 1. W e state a result of F oreman and Ha jnal [20 ] for

the successors of measurable cardinals. Using the metho ds of the F oreman-

Ha jnal pro of, in subsection 4.5, w e giv e a direct pro of of a sp ecial case of

the Baumgartner-Ha jnal Theorem [2].

In Section 5, w e discuss the Milner-Rado P arado x and the new ordinal


( � ) < �

+

in tro duced in the F oreman-Ha jnal result [20 ], whic h is related

to a form of the Milner-Rado P arado x.

In Section 6, w e discuss a new dev elopmen t, the �rst in the t w en t y-�rst

cen tury . Solving a problem of F oreman and Ha jnal, Shelah [56 ] pro v ed that
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if there is a strongly compact cardinal, then there are cardinals � suc h that

�

+

! ( � + 2)

2

!

.

In Section 7, w e brie
y discuss the case of singular resources. W e state

but do not pro v e a compilation of theorems on this sub ject from the 1965

Erd} os, Ha jnal and Rado pap er [15 ] and the 1975 Shelah pap er [58 ].

In Section 8, w e describ e a new v arian t of the elemen tary submo del

metho d called double r ami�c ation , whic h w as in v en ted b y Baumgartner and

Ha jnal in 8.2.

In subsection 8.1, w e use it for the pro of of

( � )

�

�

+

�

�

!

�

�

�

�

1 ; 1




where � is w eakly compact and 
 < � . Result ( � ) w as previously kno wn

only if 
 < ! (see the discussion b efore Theorem 8.2). In subsection 8.2,

w e use the metho d for the pro of of Shelah's Theorem [60 ] stating that ( � )

holds for � a singular strong limit cardinal (of uncoun table co�nalit y) whic h

satis�es 2

�

> �

+

and for 
 < cf ( � ).

In Section 9, w e discuss the sp ectacular progress b y Carl Darb y [7], [8 ] and

Rene Sc hipp erus [54 ], [52 ] on the cases where the resource � is a coun table

ordinal, listing their negativ e partition results in Theorem 9.9, and giv e a

sample coun terexample, !

!

2

9 ( !

!

2

; 6)

2

. This example is not optimal, but

w as c hosen to illustrate the metho ds of Darb y without all the complicating

detail.

In Section 10, w e outline a pro of of a sp ecial case of the p ositiv e results

b y Sc hipp erus that !

!

�

! ( !

!

�

; 3)

2

for � � 2 the sum of one or t w o

indecomp osable ordinals (Darb y indep enden tly pro v ed the result for � = 2).

W e close this section with some bac kground de�nitions.

1.1. Basic De�nitions

1.2 De�nition. Let X b e a set, r < ! and � ; 
 b e ordinals.

1. A map f : [ X ]

r

! 
 is called an r -p artition of X with 
 c olors .

2. F or � < 
 , a subset Y � X is called homo gene ous for f in c olor � if

f \ [ Y ]

r

= f � g :

3. The set Y � X is homo gene ous for f if it is homogeneous for f in

some color � < 
 .

4. A linearly ordered set X has or der typ e � , in sym b ols, ot X = � , if it

is order isomorphic to � .
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1.3 De�nition. Let � , �

�

for � < 
 , and 
 b e ordinals and supp ose 1 �

r < ! . The or dinary p artition symb ol

� ! ( �

�

)

r




means that the follo wing statemen t is true.

F or ev ery r -partition of � with 
 colors, f : [ � ]

r

! 
 , there exist

� < 
 and X � � suc h that ot X = �

�

and X is homogeneous

for f in color � .

W e write

� 6! ( �

�

)

r




to indicate that the negation of this statemen t is true. If all �

�

equal � ,

then w e write

� ! ( � )

r




(or � 6! ( � )

r




) :

A further more or less self explanatory abbreviation is � ! ( �

0

; ( � )




)

2

in

case �

�

= � for 1 � � < 
 :

1.4 Remark. Note that the notation of De�nition 1.3 is so devised that

if w e start with a p ositiv e partition relation � ! ( �

�

)

r




, then the truth of

the assertion is preserv ed under increasing the r esour c e ordinal � on the

lefthand side of the arro w ( ! ) and decreasing the ordinal go als �

�

, or the

colors 
 on the righ thand side of the arro w. And this latter statemen t holds,

with some exceptions, for the exp onen t r as w ell (see [14 ]).

W e stated De�nition 1.3 in this generalit y , b ecause it will su�ce for most

of what w e will pro v e. It should b e clear that further generalizations can

b e made. F or example, a similar sym b ol � ! (�

�

)

�




can b e de�ned where

� ; �

�

; � are order t yp es, b y starting with an arbitrary ordered set h X ; �i

for whic h ot ( X ; � ) = �, partitioning its subsets of order t yp e � ,

[ X ]

�

= f Y � X : ot( Y ; � ) = � g ;

in to 
 color classes, and as ab o v e, lo oking for homogeneous subsets of the

prescrib ed color and order t yp e. As general Ramsey theory dev elop ed in

b oth �nite and in�nite com binatorics, problems w ere considered in whic h

the set partitioned w as a subset of [ X ]

�

rather than all of [ X ]

�

, and the

homogeneous sets consisted of p ossibly other kind of subsets of [ X ]

�

. P ar-

tition relations proliferated. F or a review of some of them w e refer to [14 ],

since w e can not try to co v er all of them in the limit space of this c hapter.

In [15], among other generalizations, p olarized partitions w ere in tro-

duced. In fact, this pap er is the only place in the published literature

where these relations are systematically discussed.
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1.5 De�nition. Let � , � b e ordinals and supp ose that �

0

; �

1

� � and

�

0

; �

1

� � . The p olarize d p artition r elation

�

�

�

�

!

�

�

0

�

1

�

0

�

1

�

means that the follo wing statemen t is true.

F or all ordered sets A and B of order t yp e � , � resp ectiv ely , and

all partitions f : A � B ! 2, there is an i < 2 and sets A

i

� A ,

B

i

� B suc h that ot A

i

= �

i

, ot B

i

= �

1

and f \ A

i

� B

i

= f i g .

2. Basic P artition Relations

2.1. Ramsey's theorem

2.1 De�nition. Assume h X ; �i is an ordered set and f : [ X ]

r

! 
 is an

r -partition of length 
 of X , 1 � r < ! .

1. F or V 2 [ X ]

r � 1

, de�ne f

V

: X r V ! 
 b y

f

V

( u ) = f ( V [ f u g )

2. f is endhomo gene ous on X if for ev ery V 2 [ X ]

r � 1

, the function f

V

is homogeneous on X j � V = f u 2 X : V � u g .

3. Let

X

�

=

(

X � f m g if X has a maximal elemen t m

X otherwise

4. Assume f is endhomogeneous on X . De�ne f

�

: [ X

�

]

r � 1

! 
 b y

f

�

( V ) = � i� 8 u 2 X j � V ( f

V

( u ) = � ) for V 2 [ X

�

]

r � 1

.

The next lemma follo ws immediately from the de�nitions.

2.2 Lemma. Using the ab ove notation, if f is endhomo gene ous on X ; Y �

X

�

and f

�

is homo gene ous on Y then f is homo gene ous on Y and on

Y [ f m g if m is the maximal element of X .

W e �rst giv e a direct pro of of the w ell-kno wn Ramsey's Theorem us-

ing non-principal ultra�lters and p ostp oning the more natural r ami�c ation

metho d to the next section for t w o reasons. First, Erd} os and Rado con-

sidered this approac h part of their \com binatorics", (Erd} os called the ul-

tra�lters \measures"). Second, ha ving giv en a pro of here, w e do not ha v e

to adapt the forum ulation of the rami�cation to co v er the case when the

resource is a regular limit cardinal.
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2.3 Theorem (Ramsey's Theorem).

! ! ( ! )

r

k

for 1 � r ; k < !

Pr o of. By induction on r . F or r = 1 the claim is ob vious. Assume r > 1

and f : [ ! ]

r

! k : Let U b e a non-principal ultra�lter on ! and V 2 [ ! ]

r � 1

:

De�ne

~

f ( V ) and A ( V ) as follo ws: let

~

f ( V ) = i for the unique i < k for

whic h the set A ( V ; i ) := f u 2 ! � V : f

V

( u ) = i g is in U , and set A ( V ) :=

A ( V ;

~

f ( V )).

W e can c ho ose b y induction on n an increasing sequence h x

n

: n < ! i

of in tegers satisfying x

n

2

T

f A ( V ) : V 2 [ f x

j

: j < n g ]

r

g for n < ! . Let

X = f x

n

: n < ! g : Then f

�

j [ X ]

r � 1

=

~

f j [ X ]

r � 1

and f is endhomogeneous

on X . By the induction h yp othesis, there is a Y � X with ot ( Y ) = ! so

that Y is homogeneous for f

�

. Finally , b y Lemma 2.2, Y is the desired set

homogeneous for f . a

2.2. Rami�cation Argumen ts

2.4 Remark (A brief history). The �rst trans�nite generalization of Ram-

sey's theorem app eared in the pap er [9 ] of Dushnik and Miller. They pro v ed

� ! ( �; ! )

2

for regular � and Erd} os pro v ed this for singular � as w ell. His

pro of w as included in [9]. This theorem, unique of its kind, logically b elongs

to Section 7 where w e will discuss it brie
y .

The basic theorems ab out partition relations with exp onen t r = 2 w ere

�rst stated and pro v ed in 1942 in an almost forgotten pap er of Erd} os [10 ].

There he pro v ed (2

�

)

+

! ( �

+

)

2

�

for � � ! ; he indicated the coun terexam-

ples 2

�

6! (3)

2

�

and 2

�

6! ( �

+

)

2

2

; and he pro v ed !

2

! ( !

2

; !

1

)

2

assuming

CH. The Erd} os-Rado Theorem for exp onen t larger than 2 w as pro v ed later

in [19 ]. (See Corollary 2.10.) Kurepa also w ork ed on related questions quite

early (see the discussion b y T o dorcevic in Section C of [38 ]).

F ew theorems had so man y simpli�ed pro ofs as (2

�

)

+

! ( �

+

)

2

�

, the

Erd} os-Rado Theorem. Erd} os and Rado used the so called \rami�cation

metho d". W e will presen t this metho d in the pro of of the next theorem.

After some \streamlining," it still seems to b e the simplest w a y for obtaining

b alanc e d partition relations for cardinals, ones in whic h all the goals are the

same cardinal. F or the unb alanc e d case, w e will presen t a metho d w ork ed

out in [4]. This metho d will b e used in the pro ofs of a n um b er of more

recen t results whic h will b e presen ted in later sections. Giv en limitations of

time and energy , and a desire for coherence, w e decided to fo cus on results

amenable to this metho d.

2.5 Theorem. Assume 2 � r < ! ; � � ! ; 
 < �; � = 2

<�

and

f : [ �

+

]

r

! 
 :
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Then ther e exists an X � �

+

with ot( X ) = � + 1 such that f is endhomo-

gene ous on X .

Pr o of. F or � < �

+

, de�ne an increasing sequence �

�

= h �

�

�

: � < '

�

i of

ordinals less then � and an ordinal '

�

b y trans�nite recursion on � . F or

� = 0, set '

0

= 0 and let �

0

b e the empt y sequence. F or p ositiv e � , to

start the recursion, let �

�

q

:= q for q < max f �; r � 1 g , and for � < r � 1,

let '

�

= � . T o con tin ue the recursion, assume r � 2 < � and �

�

�

is de�ned

for � < � . Let

^

�

�

�

= sup

n

�

�

�

+ 1 : � < �

o

, and de�ne sets

B

�

�

:=

n

�

�

�

: � < �

o

A

�

�

:=

n

� < � :

^

�

�

�

� � ^ ( 8 V 2 [ B

�

�

]

r � 1

)( f

V

( � ) = f

V

( � ))

o

:

Let �

�

�

:= minA

�

�

if A

�

�

6= ; : If A

�

�

= ; , put '

�

= � . Clearly for eac h

� < �

+

, the set B

�

'

�

[ f � g is an endhomogeneous set of order t yp e '

�

+ 1,

and w e ma y de�ne f

�

�

on [ B

�

'

�

]

r � 1

as in De�nition 2.1. If � 2 B

�

'

�

, then

it is easy to sho w b y induction on � < '

�

that �

�

�

= �

�

�

. Th us if � 2 B

�

'

�

,

then f

�

�

agrees with f

�

�

on [ B

�

'

�

]

r � 1

.

De�ne a relation � on �

+

b y � � � i� � 2 B

�

'

�

. It is easy to v erify

that T := h �

+

; �i is a tree on �

+

and rank

T

( � ) = '

�

for � < �

+

. T is

called the c anonic al p artition tr e e of f on �

+

, and T

'

, as usual, denotes the

f � < �

+

: rank

T

( � ) = ' g .

F or � < �

+

, let C

�

: [ '

�

]

r � 1

! 
 b e de�ned b y C

�

( U ) = f

�

�

( V ) where

V =

n

�

�

�

: � 2 U

o

. It follo ws b y trans�nite induction on ' that for �; � 2

T

'

, if C

�

= C

�

, then � = � . Hence j T

'

j � j 
 j

j ' j

� � for ' < � . Then

�

�

�

S

'<�

T

'

�

�

�

� � , T

�

6= ; and for all � 2 T

�

, B

�

�

[ f � g is a set of order t yp e

� + 1 whic h is endhomogeneous for f . a

2.6 Remark. Note that (2

<�

)

<�

= 2

<�

can hold for singular � . Indeed

it is easy to see that either (2

<�

)

<�

= 2

<�

or cf (2

<�

)

<�

= cf ( � ) and

2

<�

= sup f (2

�

)

+

: � < � g . The pro of describ ed ab o v e giv es Theorem 2.5

under the condition 
 � � pro vided �

<�

= � .

2.7 Theorem (The Stepping Up Lemma). Assume � � ! , 1 � r < ! ,


 < � and � ! ( �

�

)

r




. Then

�

2

<�

�

+

! ( �

�

+ 1)

r +1




:

This is an immediate consequence of Lemma 2.2 and Theorem 2.5.

2.8 De�nition. De�ne exp

i

( � ) b y recursion on i < ! :

exp

0

( � ) = �;

exp

i +1

( � ) = 2

exp

i

( � )

:
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2.9 Theorem (The Erd} os-Rado Theorem). Assume � � ! , 
 < cf ( � ) .

Then for al l 2 � r < ! ,

exp

r � 2

�

2

<�

�

+

! ( � + ( r � 1))

r




:

Pr o of. Starting from the trivial relation � ! ( � )

1




for 
 < cf � , w e get

(2

<�

)

+

! ( � + 1)

2




, b y Theorem 2.7. This is the case r = 2 of the theorem.

The result follo ws b y induction on r with rep eated applications of Theorem

2.7. a

A b etter kno wn but w eak er form of the theorem is the follo wing.

2.10 Corollary . Assume � � ! . Then for al l 1 � r < ! ,

exp

r � 1

( � )

+

!

�

�

+

+ ( r � 1)

�

r

�

:

Note that while Theorem 2.9 guaran tees for example that �

+

! ( � + 1)

2




holds for 
 < cf ( � ) for a singular strong limit cardinal � , Corollary 2.10

do es not sa y an ything ab out this case.

2.3. Negativ e Stepping Up Lemma

2.11 Theorem (The Negativ e Stepping Up Lemma). Assume � > 0 is a

c ar dinal, 2 � r < ! , 1 � 
 and � 9 ( �

�

)

r




, wher e e ach �

�

> 0 is a c ar dinal.

Then 2

�

9 (1 + �

�

)

r +1




, pr ovide d at le ast one of the fol lowing c onditions

hold:

1. 
 � 2 , �; �

0

; �

1

� ! and �

0

is a r e gular c ar dinal;

2. 
 � 2 , �; �

0

� ! , �

0

is a r e gular c ar dinal, and r � 4 ;

3. 
 � 2 , �; �

0

; �

1

� ! , and r � 4 ;

4. � � ! and �

�

< ! for al l � < 
 .

F or a pro of, w e refer the reader to the comp endium b y Erd} os, Ha jnal,

M� at � e and Rado [14 ], whic h includes additional negativ e stepping up results.

W e do quote one op en problem from that reference.

2.12 Question (Problem 25.8 in [14 ]). Assume GCH. Do es

@

!

! +1

+1

9

�

@

!

! +1

+1

; (4)

!

�

3

?

The follo wing theorem pro vides a con text for this question.

2.13 Theorem. Assume GCH. Then

1. @

! +1

9 ( @

! +1

; (3)

!

)

2

and

2. @

!

! +1

9

�

@

!

! +1

; (3)

!

�

2

.
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3. P artition relations and submo dels

F or the rest of this pap er w e will adopt the follo wing con v en tions. Whenev er

w e write \ H ( � )", � will b e a regular cardinal, and \ H ( � )" will stand for a

structure A with domain the collection of sets H ( � ) whic h are of hereditary

cardinalit y < � . The structure A will b e an expansion of h H ( � ) ; 2 ; 4i ,

where 4 is a �xed w ell ordering of H ( � ). The expansion will dep end on

con text, and will usually include all of the relev an t \data" for the pro of at

hand. Note that the w ell ordering 4 yields w ell de�ned Sk olem h ulls for all

sets X � H ( � ).

3.1 De�nition. Assume � � ! , 2

<�

= � . Let H := H ( �

++

). A set N is

said to b e suitable for � if it satis�es the follo wing conditions: h N ; 2i � H ,

j N j = � , [ N ]

< cf ( � )

� N , [ N ]

<�

� N if �

<�

= � , � + 1 � N , � := N \ �

+

2

�

+

, cf ( � ) = cf ( � ). The ordinal � ( N ) = � will b e called the critic al or dinal

of N . Note that � � N b y assumption.

W e assume that the reader is familiar with the theory of stationary sub-

sets of an ordinal. T o mak e our terminology de�nite, for a limit ordinal � ,

a subset B � � is a club if B is co�nal (un b ounded) and closed in the order

top ology of � . A set S � � is stationary if B \ S 6= ; for ev ery club subset

of � . The notation Stat( � ) will denote the set of stationary subsets of � .

W e will mak e use of the follo wing facts ab out elemen tary submo dels.

3.2 F acts. Let � = 2

<�

. F or ev ery set A with j A j � � and A 2 H ( �

++

),

there is an elemen tary c hain h N

0

; 2i � � � � � h N

�

; 2i � � � � � H , with

A � N

0

, indexed b y � < �

+

that is con tin uous, and in ternally approac hable

(i.e. N

�

2 N

� +1

for all � � � ), and the set

S

0

=

�

� < �

+

: � ( N

�

) = � and N

�

is suitable for �

	

the in tersection of a club in �

+

with S

cf ( � ) ;�

+
= f � < �

+

: cf ( � ) = cf ( � ) g .

3.3 De�nition. A subset S � H ( �

++

) is amenable for this sequence if

S \ � 2 N

� +1

for � 2 S

0

. A function g is amenable if g j � 2 N

� +1

for all

� 2 S

0

.

Note that S

0

itself ma y b e assumed to b e amenable.

In this section w e will only use the existence of one N suitable for � . The

ideals de�ned b elo w w ere in tro duced in [4] for regular � . In most of the

later applications w e will only consider the regular case.

3.4 De�nition. Let N b e suitable for � � ! , � = 2

<�

, � ( N ) = � . W e

de�ne a set I = I

�

= I ( N ) � P ( � ) as follo ws. F or X � � ,

X 2 I , ( 9 Y )( Y � �

+

^ Y 2 N ^ � =2 Y ^ j X � Y j < � ) :
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Note that for regular � , the last clause can b e replaced b y X � Y .

3.5 Lemma. L et N b e suitable for � � ! , � = 2

<�

, � ( N ) = � . We de�ne

a set F = F

�

as fol lows:

F

�

:=

�

Z 2 N : Z � �

+

^ � 2 Z

	

:

Then (i) X =2 I = I

�

if and only if j X \ Z j � � for al l Z 2 F

�

; and (ii) the

elements Z of F

�

ar e stationary subsets of �

+

.

Pr o of. P art (i) follo ws directly from De�nition 3.4. T o see that part (ii)

also holds, w e v erify that � 2 Z � �

+

, Z 2 N imply that Z is stationary .

Otherwise Z \ � = ; for some club B 2 N . Then B \ � is co�nal in � , b y

elemen tarit y and � 2 B since B is closed. a

3.6 Lemma. If N is suitable for � , then I = I ( N ) is a cf ( � ) -c omplete

pr op er ide al on � = � ( N ) . Mor e over, if �

<�

= � , then I is � -c omplete.

Pr o of. The completeness clearly follo ws from [ N ]

< cf ( � )

� N and [ N ]

<�

� N

resp ectiv ely . T o see that � =2 I , let Z 2 N b e a subset of �

+

with � 2 Z .

It is enough to sho w that j Z \ � j = � . Since Z 2 N , also sup( Z ) 2 N . As

� 2 Z and N \ �

+

= � , it follo ws that sup( Z ) = �

+

. Then a fortiori there

is a one-to-one function g : � ! Z : Hence there is a g 2 N lik e this. Using

� + 1 � N , w e get that ran ( g ) � N \ �

+

= � . a

In what follo ws w e will often suppress details lik e those giv en ab o v e.

3.7 De�nition. Assume N is suitable for � , � = 2

<�

and � = � ( N ). F or

X � � , w e sa y X r e
e cts the pr op erties of � if X \ Z 6= ; for all Z 2 F

�

.

3.8 Lemma. Assume N is suitable for � , � = 2

<�

and � = � ( N ) . If

X � � and X 2 I

+

, then X r e
e cts the pr op erties of � , so we c al l I = I

�

the non-re
ecting ideal on � (induced b y N ) .

Notation. Assume f : [ X ]

2

! 
 is a function, � < 
 and � 2 X . F or

simplicit y , w e often write f ( �; � ) for f ( f �; � g ), sp ecifying whic h of the

ordinals � , � is smaller, if necessary . Denote the set f � < � : f ( �; � ) = � g

b y f ( � ; � ).

3.9 Lemma (Connection Lemma). Assume � � ! and � = 2

<�

. F urther

supp ose that N is suitable for � with � ( N ) = � , f 2 N is a 2 -p artition of

�

+

with 
 < cf ( � ) c olors, and X � f ( � ; � ) \ � for some � < 
 is such that

X =2 I = I ( N ) . Then ther e is some Y � X with ot( Y ) = cf ( � ) so that

Y [ f � g is homo gene ous for f in c olor � .

Pr o of. Let Z b e a subset of X [ f � g maximal with resp ect to the follo wing

prop erties: � 2 Z and Z is homogeneous for f in color � . If j Z j � cf ( � ),

then w e are done. Assume b y w a y of con tradiction that j Z j < cf ( � ). Then
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sup( Z \ � ) < � and Z \ � 2 N . Let A =

T

f f ( u ; � ) : u 2 Z \ � g . Then

A 2 N and � 2 A . Hence, b y the re
ection prop ert y , A \ ( X � sup ( Z \ � )) 6=

; . If y 2 A \ ( X � sup( Z \ � )), then f y g [ Z is homogeneous for f in color

� , con tradicting the maximalit y of Z . a

3.10 Theorem (Erd} os-Rado Theorem (un balanced form)). L et � b e an

in�nite c ar dinal and 
 < cf ( � ) . Then

�

2

<�

�

+

!

�

�

2

<�

�

+

; (cf ( � ) + 1)




�

2

:

Pr o of. Let � = 2

<�

, and supp ose f : [ �

+

]

2

! 
 is a 2-partition of �

+

in to 
 colors. Use F acts 3.2 to c ho ose N suitable for � with f 2 N . F or

notational simplicit y , let � = � ( N ) and I = I ( N ). If f ( � ; � ) \ � =2 I for

some 1 � � < 
 , then w e are done b y Lemma 3.9. By Lemma 3.6, w e ma y

assume that � � f ( � ; 0) �

S

f f ( � ; � ) \ � : 1 � � < 
 g 2 I . By De�nition

3.4, there is a set Z 2 N with Z � �

+

and � 2 Z for whic h j Z � f ( � ; 0) j < � .

De�ne a set W in H ( �

++

) as follo ws:

W := f � 2 Z : j Z � f ( � ; 0) j < � g :

Then W 2 N and � 2 W . Then b y Lemma 3.5 w e infer that W 2 Stat( �

+

)

and for g ( � ) := f � < � : f ( � ; � ) 6= 0 g , w e ha v e j g ( � ) j < � for all � 2 W . By

F o dor's Set Mapping Theorem [14 ], there is a stationary subset S � W free

for g (i.e. 
 =2 g ( � ) for all � 6= 
 2 S ), and S is homogeneous for f in color

0. a

Note that with some abuse of notation w e ha v e pro v ed the follo wing

stronger result.

3.11 Theorem. L et � � ! , � = 2

<�

and supp ose 
 < cf ( � ) . Then

�

+

! (Stat ( �

+

) ; (cf ( � ) + 1)




)

2

:

This theorem should b e compared with the case r = 2 of Theorem 2.9

and it should b e observ ed that while for regular � , the ab o v e theorem is a

strengthening of Corollary 2.10, for singular � the results are incomparable.

It should also b e noted that using Theorem 2.7, the ab o v e result can b e

stepp ed up to the follo wing.

3.12 Corollary . Assume � � ! and 
 < cf ( � ) . Then for al l 1 � r < ! ,

exp

r � 2

�

2

<�

�

+

!

�

�

2

<�

�

+

; ( � + ( r � 1))




�

r

:

Finally it should b e remark ed that w e did not try to state the strongest

p ossible forms of the Erd} os-Rado theorems. Clearly the metho ds giv e simi-

lar results in cases where the resource cardinal � is a regular limit cardinal.

F or a detailed discussion w e refer to [14 ].
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4. Generalizations of the Erd} os-Rado Theorem

4.1. Ov erview

In this section w e fo cus on the problem of what p ositiv e relations of the

form

�

2

<�

�

+

! ( �

�

)

2




can b e pro v ed for regular � and 
 < � in ZF C. The case for singular � will

b e almost en tirely omitted b ecause of limitations of space. Man y problems

remain unsolv ed, and the simplest of these will b e stated at the end of this

subsection. W e start b y discussing limitations, the �rst of whic h comes from

the next theorem.

4.1 Theorem (Ha jnal[25 ], T o dorcevic). If 2

�

= �

+

, then

�

+

6! ( �

+

; � + 2)

2

:

Pr o of Outline. W e only sk etc h the pro of giv en in [25 ], omitting T o dorcevic's

pro of for singular � , whic h has b een circulated in unpublished notes. Let

f A

�

: � < �

+

g b e a w ell-ordering of [ � ]

�

. De�ne a sequence of sets B

�

2

[ �

+

]

�

for � < �

+

b y trans�nite recursion on � , in suc h a w a y that the

follo wing t w o conditions are satis�ed:

1. j B

�

\ B

�

j < � for all � < � ;

2. B

�

\ A

�

6= ; for all � < � for whic h j A

�

�

S

f B




: 
 2 F g j = � for

all F 2 [ � ]

<�

.

T o complete the pro of, for � < � < �

+

, set f ( � ; � ) = 1 if and only if

� 2 B

�

.

The constrain t that j B

�

\ B

�

j < � for all � < � < �

+

implies that f has

no homogeneous subsets of order t yp e � + 2 for color 1. The assertion that

it has no homogeneous subsets of order t yp e �

+

for color 0 follo ws from the

claim b elo w.

4.2 Claim. Assume A is a subset of size �

+

. Then ther e is a subset B of A

of size � which is not almost c ontaine d in the union of fewer than � many

B

�

's.

On the one hand, if few er than � man y B

�

's meet A in a set of size � , then

an y subset B � A of size � in the complemen t of the union of these B

�

's

pro v es the claim. Otherwise, c ho ose a sequence B

�

( � ) indexed b y � < � of

� man y sets whose in tersection with A has cardinalit y � , and let B b e the

union of the in tersections A \ B

�

( � ). a

Henceforth w e will assume that the goals, �

�

, are all ordinals, �

�

< �

+

for � < 
 .
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F or � = ! , the b est p ossible result, !

1

! ( � )

2

k

for all � < !

1

and

k �nite w as conjectured b y Erd} os and Rado [17] in 1952 and pro v ed b y

Baumgartner and Ha jnal [2] in 1971, already in a more general form. Using

a self-explanatory extension of the ordinary partition relation for linear

order t yp es, it sa ys

� ! ( ! )

1

!

implies � ! ( � )

2

k

for all � < !

1

, k < ! .

So on after it w as generalized (also in a self-explanatory w a y) b y T o dorcevic

to partial orders [64 ]. Sc hipp erus [53 ] pro v ed a top ological v ersion. The

Baumgartner-Ha jnal pro of used \Martin's Axiom + absoluteness". An el-

emen tary pro of not using this kind of argumen t w as giv en b y F red Galvin

[21 ] in 1975. W e will treat this theorem later in Section 4.5, where w e will

also giv e a brief history of earlier w ork on this conjecture, b ecause some of

these approac hes serv ed as starting p oin ts for other in v estigations.

W e will treat �rst the case � = cf ( � ) > ! . The reason for this strange

order is really tec hnical. The results to b e presen ted for the case � > !

w ere pro v ed later and m uc h of the metho d of using elemen tary substruc-

tures w as w ork ed out while pro ving them. W e will giv e a new pro of of the

Baumgartner-Ha jnal Theorem whic h can b e extended to successors of mea-

surable cardinals and uses the metho ds dev elop ed for the treatmen t of the

cases � > ! .

F or the cases � > ! , there are further limitations.

4.3 Theorem. Assume that � = �

+

� !

1

and GCH holds. Then ther e ar e

� -c omplete, �

+

-c c for cing c onditions showing the c onsistency of the fol low-

ing ne gative p artition r elations:

�

+

6! ( � : � )

2

2

and �

+

6! ( � : 2)

2

�

:

Here the relations mean that there are no homogeneous sets of the form

[ A; B ] := f f �; � g : � 2 A ^ � 2 B g where A < B , ot( A ) = � , and ot ( B ) =

� or ot( B ) = 2 resp ectiv ely . The forcing results are due to Ha jnal and stated

in [13 ]. The �rst result, �

+

6! ( � : � )

2

2

, w as sho wn b y Rebholz [51 ] to b e

true in L . It is in teresting to remark that while the pro ofs of Theorem 4.1

really giv e �

+

9 ( �

+

; ( � : 2))

2

in the relev an t cases, these t w o statemen ts

are really not equiv alen t. In [35 ], Komj� ath pro v es it consisten t with ZF C

that !

1

9 ( !

1

; ! + 2)

2

and !

1

! ( !

1

; ( ! : 2))

2

hold.

In view of the limitations ab o v e, the follo wing result of Baumgartner,

Ha jnal and T o dorcevic [4], whic h w e pro v e in Subsection 4.3 (see Theorem

4.12), is the b est p ossible balanced generalization of the Erd} os-Rado The-

orem for �nitely man y colors to ordinal goals: for all regular uncoun table

cardinals � and �nite 
 , if � < � is an ordinal with 2

j � j

< � , then

�

2

<�

�

+

! ( � + � )

2




:
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Note that for 
 = 2, this result w as pro v ed m uc h earlier b y Shelah in

section 6 of [57 ].

As a generalization of the un balanced form, w e pro v e in Subsection 4.4

(see Theorem 4.18) that for all regular uncoun table cardinals � and all �nite

m , 
 ,

�

2

<�

�

+

! ( �

! +2

+ 1 ; ( � + m )




)

2

:

In this discussion w e ha v e restricted ourselv es to 2-partitions, since the

situation is di�eren t for larger tuples. F or example, Jones [28 ], [31 ] has

sho wn that for all �nite m; n , !

1

! ( ! + m; n )

3

, complemen ting the result

of Erd} os and Rado [19 ] who sho w ed !

1

9 ( ! + 2 ; ! )

3

. Milner and Prikry

[44 ] pro v ed that !

1

! ( ! + ! + 1 ; 4)

3

.

W e conclude this subsection with some op en questions.

4.4 Question. F or whic h � < !

1

and whic h n < ! do es the partition

relation !

1

! ( �; n )

3

hold?

4.5 Question. Are the follo wing statemen ts pro v able in ZF C + GCH?

1. !

3

! ( !

2

+ ! ; !

2

+ !

1

)

2

?

2. !

3

! ( !

2

+ 2)

2

!

?

Though there are additional limitations for 
 � ! , whic h w e will discuss

in Section 5, b oth theorems ma y actually generalize for in�nite 
 with 2

j 
 j

<

� , but nothing lik e this is kno wn with the exception of the follo wing v ery

recen t result a pro of of whic h will b e giv en in Section 6.

4.6 Theorem (Shelah [56 ]). If 2

<�

= � , � < � � � , and � is str ongly

c omp act, then

�

+

! ( � + � )

2

�

:

4.2. More elemen tary submo dels

In this subsection w e pro v e a generalization of Connection Lemma 3.9 for

regular � . Let � = 2

<�

and assume that h h N

�

; 2i : � < �

+

i is a sequence

of submo dels of H := H ( �

++

) satisfying the requiremen ts outlined in 3.2,

with A = f f g where f : [ �

+

]

2

! 
 is a giv en 2-partition of �

+

with 
 colors.

F or notational con v enience, w e will let

S

0

:=

�

� < �

+

: � \ N

�

= � and N

�

is suitable for �

	

:

F or � 2 S

0

, w e will write I

�

for the ideal I ( N

�

) of De�nition 3.4.

4.7 Lemma (Set Mapping Lemma). Assume that S � S

0

is stationary and

g : S ! P ( �

+

) is a set mapping so that g ( � ) � � and g ( � ) \ S 2 I

�

for al l

� 2 S . Then ther e is a stationary set S

0

� S which is fr e e for g . That is,

g ( � ) \ S

0

= ; for al l � 2 S

0

. Mor e over, if S and g ar e amenable, then so is

S

0

.
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Pr o of. Since S is a set of limit ordinals, for eac h � 2 S , w e can c ho ose

�

�

< � and Y

�

� �

+

so that � =2 Y

�

2 N

�

�

and g ( � ) � Y

�

. By F o dor's

Theorem, �rst �

�

and then Y

�

stabilize on a stationary set. That is, for

some stationary S

0

� S and some Y � �

+

, w e ha v e � =2 Y and g ( � ) � Y

for all � 2 S

0

. a

4.8 Corollary . Supp ose S � S

0

. A n element � 2 S is a re
ection p oin t of

S if S \ � =2 I

�

. Then the set S �

~

S is non-stationary, wher e

~

S denotes the

set of r e
e ction p oints of S . Mor e over, if S is amenable, then so is S

0

.

Pr o of. Assume b y w a y of con tradiction that S

0

:= S �

~

S is stationary , and

de�ne g ( � ) := S

0

\ � for � 2 S

0

. By the Set Mapping Lemma 4.7, there is

a stationary subset S

00

� S

0

so that S

00

is free for g . On the other hand,

if � < � are b oth in S

00

� S

0

, then � 2 g ( � ) := S

0

\ � , con tradicting the

freeness of S

00

for g . a

4.9 De�nition. F or � < �

+

and � 2

<!


 , w e de�ne ideals I ( �; � ) b y

recursion on j � j . T o start the recursion, w e set

I ( �; ; ) :=

(

P ( � ) if � =2 S

0

, and

I

�

if � 2 S

0

.

If � = �

_

h i i and I ( �; � ) has b een de�ned, then for all X � � ,

X 2 I ( �; � ) , f � < � : X \ � \ f ( � ; i ) =2 I ( � ; � ) g 2 I ( �; ; ) :

4.10 Lemma. Supp ose � < �

+

and � 2

<!


 .

1. I ( �; � ) is a � -c omplete ide al;

2. if � =2 S

0

, then I ( �; � ) = P ( � ) ;

3. I ( �; ; ) � I ( �; � ) .

Pr o of. In the sp ecial case of � = ; , item (1) follo ws either from Lemma 3.6

or the trivialit y that P ( � ) is � -complete. Use recursion on j � j to complete

the pro of of (1), since at eac h successor stage, I ( �; �

_

h i i ) is gotten b y

a v eraging � -complete ideals according to a � -complete ideal.

Note that (2) follo ws immediately from the de�nition of I ( �; � ).

Item (3) is also pro v ed b y induction on j � j sim ultaneously for all � < �

+

.

F or � =2 S

0

, it follo ws from the second item, so assume � 2 S

0

. It is

trivial for � = ; , so assume it is true for I ( �; � ) where � = �

_

h i i , and

let X 2 I ( �; ; ) = I

�

= I ( N

�

) b e arbitrary . By de�nition of I ( N

�

), there

is some Y � �

+

so that � =2 Y 2 N

�

and X � Y . Since � is limit, there

is �

0

< � with Y 2 N

�

0

. Since the sequence of submo dels is con tin uous,

Y 2 N

�

for all � with �

0

< � < � , and for � =2 Y , w e either ha v e X \ � 2 I

�

if � 2 S

0

or ha v e X \ � 2 I ( � ; 0) otherwise. Hence b y the induction
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h yp othesis, X \ � 2 I ( � ; � ) for � =2 Y with �

0

< � < � . That is, if

� < � and X \ � =2 I ( � ; � ), then � 2 Y [ ( �

0

+ 1). So X 2 I ( �; � ), since

� =2 Y � ( �

0

+ 1) 2 N

�

. a

W e p ostp one the pro of that some of these ideals are prop er.

4.11 Lemma (Second Connection Lemma). Supp ose X � � , X =2 I ( �; � )

and supp ose i 2 ran ( � ) . Then ther e is a subset Y � X [ f � g with ot( Y ) =

� + 1 homo gene ous for f in c olor i .

Pr o of. The pro of is b y induction on j � j . If � = ; , then there is nothing

to pro v e. Next supp ose � = �

_

h j i for some j < 
 . By Lemma 4.10, w e

kno w that X \ � =2 I ( � ; � ) for some � < � with � 2 X . Th us the induction

h yp othesis giv es the statemen t for i 2 ran ( � ). Next assume i = j . Then b y

Lemma 4.10(3), w e kno w that X =2 I

�

and Connection Lemma 3.9 yields

the desired result. a

4.3. The Balanced Generalization

In this subsection w e will pro v e, as announced earlier, the follo wing balanced

generalization of the Erd} os-Rado Theorem.

4.12 Theorem (Baumgartner, Ha jnal, T o dorcevic [4 ]). Supp ose � is a

r e gular unc ountable c ar dinal, 
 is �nite and � < � is an or dinal with 2

j � j

<

� . Then

�

2

<�

�

+

! ( � + � )

2




:

F or notational simplicit y , w e are �xing � , � = 2

<�

, a 2-partition f :

[ �

+

]

2

! 
 , and � as in the statemen t of the theorem throughout this sub-

section, and w e con tin ue the notation in tro duced in subsections 4.1 and 4.2.

In what follo ws, it will b e con v enien t to lo ok at the least indecomp osable

ordinal � � � , rather than � directly . In preparation for the pro of, w e giv e

sev eral preliminary facts ab out ideals.

4.13 De�nition. F or ordinals � , sets x � �

+

and sequences � 2

<!


 , de�ne

x is ( � ; � ) -c anonic al for f b y recursion on j � j . T o b egin the recursion, w e

sa y x is ( � ; ; ) -c anonic al for f if x = f � g for some � < �

+

. F or � = �

_

h i i ,

w e sa y x is ( � ; � ) -c anonic al for f if x is the union of a < -increasing sequence

h x

�

: � < � i so that eac h x

�

is ( � ; � )-canonical for � < � and f ( u; v ) = i for

all u 2 x

�

and v 2 x

�

with � < � < � .

The follo wing lemma is left to the reader as an exercise.

4.14 Lemma. Assume that � is an inde c omp osable or dinal and � 2

n


 for

some n < ! . Then

1. ot( x ) = �

n

for al l x which ar e ( � ; � ) -c anonic al for f ;
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2. if x is ( � ; � ) -c anonic al for f , then every y � x with ot( y ) = �

n

, is also

( � ; � ) -c anonic al for f and J := f z � y : ot ( z ) < �

n

g is a pr op er ide al;

3. if x is ( � ; � ) -c anonic al for f , then for every i 2 ran ( � ) , ther e is some

y � x with ot( y ) = � which is homo gene ous for f in c olor i .

4.15 Lemma (Re
ection Lemma). Assume X 62 I ( �; � ) for some � < �

+

,

� 2

<!


 , and further supp ose that � < � is inde c omp osable. Then ther e is

a set x � X which is ( � ; � ) -c anonic al for f .

Pr o of. The pro of is b y induction on j � j . T o start, notice the lemma is

v acuously true for � = ; . Next supp ose � = �

_

h i i . Construct a se-

quence h x

�

: � < � i b y recursion on � < � . Assume that � < � and that

the sets x

�

� X \ f ( � ; i ) are ( � ; � )-canonical for f for � < � . Let Z =

f � < �

+

: ( 8 � < � )( 8 � 2 x

�

)( f ( � ; � ) = i ) g . Since h x

�

: � < � i 2 N

�

, w e

ha v e Z 2 N

�

and � 2 Z . Since f � < � : X \ � \ f ( � ; i ) =2 I ( � ; � ) g 62 I

�

,

w e can c ho ose � < � so that � 2 Z 2 N

�

, X \ � \ f ( � ; i ) =2 I ( � ; � ) and

sup(

S

f x

�

< � g ) < � . By the induction h yp othesis, w e can c ho ose a set

x

�

� X \ Z whic h is ( � ; � )-canonical for f with x

�

< x

�

for all � < � .

This recursion de�nes h x

�

: � < � i , and x =

S

f x

�

: � < � g is the re-

quired set ( � ; � )-canonical for f . a

W e need one more lemma whic h will b e used in the pro of of the un bal-

anced v ersion (Theorem 4.18) as w ell.

4.16 Lemma. Assume S � S

0

is stationary and � � 
 is non-empty. Then

ther e ar e S

0

� S stationary and � 2

<!

� with � one-to-one such that

1. S \ � \ f ( � ; j ) 2 I ( � ; � ) , for every � ; � 2 S

0

with � < � and every

j 2 � � ran ( � ) , but

2. S \ � =2 I ( �; � ) for � 2 S

0

.

Mor e over, if S is amenable, then so is S

0

.

Pr o of. Let � b e of maximal length so that ran ( � ) � �, � is one-to-one, and

S

00

:= f � 2 S : S \ � =2 I ( �; � ) g is stationary .

F or j 2 � � ran ( � ), let

g

j

( � ) := f � < � : S \ � \ f ( � ; j ) =2 I ( � ; � ) g :

By the maximalit y of � , it follo ws that g

j

( � ) \ S

00

2 I

�

for all but non-

stationarily man y � 2 S . By Lemma 4.7, there is a stationary subset

S

0

� S

00

whic h is free for g

j

. a
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Let S := f � 2

<!


 : � is one-to-one g .

F or � < �

+

and � 2 S , sa y ( X ; Y ) �ts ( �; � ) if X � � , X =2 I ( �; � ) and

f ( � ; j ) \ X 2 I ( �; � ) for all � 2 Y and j =2 ran ( � ).

F rom Lemma 4.16 w e get the follo wing corollary b y applying the lemma

with � = 
 .

4.17 Corollary . F or every stationary set S � S

0

, ther e ar e � 2 S , � 2 S

and a stationary subset S

0

� S so that ( S \ �; S

0

) �ts ( �; � ) .

With these lemmas in hand, w e turn to the pro of of the main theorem of

this subsection.

Pr o of of The or em 4.12. Using Corollary 4.17, w e de�ne �

m

2 S

0

, �

m

2 S ,

and stationary Z

m

� S

0

b y recursion on m so that the follo wing conditions

are satis�ed:

1. �

0

< � � � < �

m

< : : : ; Z

0

� � � � � Z

m

� : : : ; and

2. ( Z

m

\ �

m

; Z

m +1

) �ts ( �

m

; �

m

).

Since S is �nite, �

k

= �

n

for some k < n < ! . W e conclude that there are

a sequence � 2 S , ordinals �

0

< �

1

, and sets X

0

, X

1

suc h that the follo wing

statemen t is true:

(*) X

0

< X

1

, X

i

=2 I ( �

i

; � ) for i < 2, and f ( � ; j ) \ X

0

2 I ( �

0

; � )

for ev ery j =2 ran ( � ) and ev ery � 2 X

1

.

Let � b e the least indecomp osable ordinal with � � � . By the Re
ection

Lemma 4.15, there is a y � X

1

suc h that y is ( � ; � )-canonical for f .

W e shrink X

0

to X = X

0

�

S

f f ( � ; j ) : j =2 ran ( � ) and � 2 y g . Then

X =2 I ( �

0

; � ) since I ( �

0

; � ) is � -complete, j y j < � and f ( � ; j ) 2 I ( �

0

; � ) for

j =2 ran ( � ), � 2 y � X

1

.

Let J = f Z � y : Z is not ( � ; � )-canonical for f g . By Lemma 4.14, J is

a prop er ideal on y .

F or ev ery � 2 X , there is an i ( � ) 2 ran ( � ) so that f ( � ; i ) \ y =2 J . Th us

for ev ery � 2 X , b y Lemma 4.14(3), there is a y ( � ) � y of order t yp e � suc h

that f � g [ y ( � ) is homogeneous for f in color i ( � ).

Using the fact that !

j � j

= 2

j � j

� ! < � , w e no w obtain i

0

2 ran ( � ), y

0

� y

and X

0

� X with X

0

=2 I ( �; � ) so that i ( � ) = i

0

and y ( � ) = y

0

for all � 2 X

0

.

Th us f ( �

0

; �

1

) = i

0

for all �

0

2 X

0

and �

1

2 y

0

.

By the Second Connection Lemma 4.11, w e get an X

00

� X

0

of order

t yp e � homogeneous for f in color i

0

. Finally X

00

[ y

0

is the required set of

order t yp e � + � homogeneous for f in color i

0

. a
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4.4. The Un balanced Generalization

4.18 Theorem (Baumgartner, Ha jnal, T o dorcevic [4]). Supp ose � is a

r e gular unc ountable c ar dinal, and m , 
 ar e �nite. Then

�

2

<�

�

+

! ( �

! +2

+ 1 ; ( � + m )




)

2

:

This subsection is dev oted to the pro of of this theorem, and for notational

con v enience w e set � = 2

<�

throughout. Also, �x a partition f : [ �

+

]

2

!

1 + 
 . W e also con tin ue to use the notation in tro duced in subsections 4.1,

4.2 and 4.3.

The strategy of the pro of is to deriv e Theorem 4.18 from the follo wing

auxiliary assumption:

Q ( � ) : 2

<�

= � and 8




f

�

: � < �

+

�

�

�

� 9 g 2

�

� ( f

�

� g ) ;

where � is the relation of ev en tual domination on

�

� .

Then as in the original pro of of the Baumgartner-Ha jnal Theorem [2],

w e observ e that the assumption Q ( � ) is unnecessary , and therefore that

Theorem 4.18 holds in ZF C.

Let us justify this observ ation b efore going on to pro v e the theorem from

the assumption of Q ( � ).

Let P

0

b e the natural � -closed forcing for collapsing 2

<�

on to � . Then in

V

P

0

w e ha v e � = � . W orking in V

P

0

and using a standard iterated forcing

argumen t (as in [1]) w e can force ev ery sequence of functions in

�

� of length

� to b e ev en tually dominated via a partial ordering P

1

that is � -closed and

has the �

+

-c hain condition. Let P = P

0

� P

1

. Then P is � -closed and in

V

P

, b oth � = � and Q ( � ) hold. Note that in V

P

, w e will ha v e 2

�

> �

+

,

since this inequalit y is implied b y Q ( � ).

Assuming w e ha v e pro v ed Theorem 4.18 under the assumption of Q ( � ),

w e ma y assume it holds in V

P

. Supp ose that f : [ �

+

]

2

! 
 + 1 is a 2-

partition in V . Then in V

P

, there is some A � �

+

suc h that either (a) A is

homogeneous for f in color 0 and ot A = �

! +2

+ 1, or (b) A is homogeneous

for f in color i > 0 and ot A = � + m . Supp ose (a) holds. Note that �

! +2

+ 1

is the same whether computed in V or in V

P

. Let h : � ! �

! +2

+ 1 b e a

bijection with h 2 V . In V

P

, �x an order-isomorphism j : �

! +2

+ 1 ! A .

No w, w orking in V , �nd a decreasing sequence h p

�

: � < � i of elemen ts

of P and a sequence h �

�

: � < � i of elemen ts of �

+

suc h that for all � ,

p

�


 j ( h ( � )) = �

�

. This is easy to do b y recursion on � , using the fact that

P is � -closed. But no w it is clear that f �

�

: � < � g 2 V has order t yp e

�

! +2

+ 1 and is homogeneous for f in color 0. Case (b) ma y b e handled the

same w a y .

F or the rest of this subsection, assume Q ( � ) holds. W e ma y also assume

that � > ! since for � = ! w e ha v e the m uc h stronger result Theorem 4.30.

First w e pro v e a consequence of Q ( � ).
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4.19 Lemma. Assume Q ( � ) . F or al l p ositive ` < ! and every se quenc e




X

�

� �

`

: � < �

+

�

with ot X

�

< �

`

for � < �

+

, ther e is a se quenc e




Z

�

� �

`

: � < �

�

with ot Z

�

< �

`

for � < � such that every X

�

is a

subset of some Z

�

.

Pr o of. Use induction on ` . F or ` = 1, the sets X

�

� �

1

= � are b ounded

and w e ma y de�ne Z

�

:= � .

F or the induction step, assume




X

�

� �

k +1

: � < �

+

�

is a giv en sequence

with ot X

�

< �

k +1

. W rite �

k +1

=

S

� <�

U

�

as the union of an increasing

sequence U

0

< � � � < U

�

< : : : in whic h ot U

�

= �

k

. F or eac h � < �

+

and

� < � , de�ne

Y

�;�

:=

(

X

�

\ U

�

; if ot X

�

\ U

�

< �

k

; ; otherwise.

Since eac h U

�

is isomorphic to �

k

, w e ma y apply the induction h yp othesis

to eac h sequence h Y

�;�

� U

�

: � < �

+

i to get h W

�;�

� U

�

: � < � i , so that

ev ery Y

�;�

is a subset of some W

�;�

.

F or eac h � < �

+

, de�ne g

�

: � ! � b y g

�

( � ) is the least � so that

Y

�;�

� W

�;�

. Cho ose an increasing g : � ! � ev en tually dominating all the

g

�

for � < � . De�ne

Z

�

:=

[

�<�

[

[

f W

�;�

: � � � ^ � � g ( � ) g :

Then




Z

�

� �

k +1

: � < �

�

satis�es the requiremen ts of the lemma for ` =

k + 1.

Therefore b y induction, the lemma follo ws. a

F rom this p oin t forw ard in the subsection, w e assume that there is no

homogeneous set for color 0 of the order t yp e required. W e ma y also assume

that the result is true for 


0

< 
 .

4.20 Lemma. Assume S � S

0

is stationary. F or al l � � [1 ; 
 ] with � 6= ; ,

ther e ar e a stationary set S

0

� S and a one-to-one function � 2

<!

� such

that the fol lowing two pr op erties hold:

1. for every stationary S

00

� S

0

ther e is some � 2 S

00

with S

00

\ � =2

I ( �; � ) ;

2. for al l j 2 � � ran � and al l � ; � 2 S

0

, if � < � , then f ( � ; j ) \ � \ S

0

2

I ( � ; � ) .

Pr o of. By induction on j � j . F or the basis case of j � j = 1, supp ose � = f i g

for some p ostiv e i � 
 . Then either ran � = f i g , the �rst prop ert y holds

with S

0

= S and the second holds v acuously , or b y the Set Mapping Lemma

4.7, there is a stationary subset S

0

� S free for color i .
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F or the induction step, assume the lemma is true for some non-empt y

prop er subset T � [1 ; 
 ] and let i 2 [1 ; 
 ] � T . W e m ust sho w the statemen t

is also true for � = T [ f i g . Let S

T

� S and � witness that the lemma is

true for T . Consider t w o cases dep ending on whether or not the follo wing

statemen t is true, where Stat( S

T

) := Stat( �

+

) \ P ( S

T

):

( � ) 8 S

�

2 Stat( S

T

) 9 � 2 S

�

( f � < � : S

�

\ � \ f ( � ; i ) =2 I ( � ; � ) g =2 I

�

) :

F or the �rst case, assume that ( � ) holds. Then w e can c ho ose S

�

= S

T

and � = �

_

( i ), since the �rst item holds b y ( � ) and the second remains

true since no new j comes in to pla y .

F or the second case, assume that ( � ) fails and c ho ose a stationary S

�

� S

T

sho wing the failure. De�ne

g ( � ) := f � < � : S

�

\ � \ f ( � ; i ) =2 I ( � ; � ) g :

Applying the Set Mapping Lemma 4.7 to g and S

�

, w e get a stationary

S

�

� S

�

free for g whic h together with � = � satisfy the required t w o

conditions. a

Our next lemma uses the fact that b y Q ( � ), w e ha v e 2

<�

= � . F or

notational con v enience, for eac h � 2 S

0

, de�ne

F

�

:=

�

Z 2 N

�

: Z � �

+

^ � 2 Z

	

:

Also, for an y 0 < ` � 
 and an y one-to-one function � 2

` � 1

[1 ; 
 ], call a set

Y ( �; � ) -slim if Y � S

0

, ot Y = �

`

, Y =2 I ( �; � ), and for all W � Y , the

equiv alence W =2 I ( �; � ) if and only if ot W = �

`

holds.

4.21 Lemma. F or al l one-to-one functions � 2

<!

[ 1 ; 
 ] , for al l X � S

0

with X =2 I ( �; � ) , if ` � 1 is the length of � , then ther e exists Y � X such

that Y is ( �; � ) -slim.

Pr o of. T o start the induction, note that if X =2 I ( �; ; ) = I

�

for some � 2 S

0

,

then there is some Y � X with ot Y = � so that Y =2 I

�

. This implication

is true b ecause F

�

has cardinalit y at most � and can b e diagonalized in

X . Then Y is ( �; ; )-slim, b y the � -completeness of I

�

. The rest follo ws b y

induction on the length of � . a

The follo wing corollary is immediate from the previous t w o lemmas.

4.22 Corollary . Ther e ar e a stationary set S

1

� S

0

, a nonempty subset

� � [1 ; 
 ] and a one-to-one function � 2

` � 1

� such that the fol lowing two

c onditions hold:

1. for al l stationary S � S

1

, ther e ar e � 2 S and X � � of or der typ e

�

`

so that X =2 I ( �; � ) ;
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2. for al l � < � 2 S

1

and al l j 2 [1 ; 
 ] � � , one has f ( � ; j ) \ � 2 I ( � ; � ) .

F or notational con v enience, write X = �

� <�

X

�

to indicate that X

0

<

� � � < X

�

< : : : and X =

S

� <�

X

�

. F or the remainder of this section, let

S

1

� S

0

, � and ` as in the previous corollary b e �xed.

4.23 De�nition. F or � 2 S

0

, de�ne H ( �; n ) b y recursion on n < ! . T o

start the recursion, de�ne

H ( �; 0) := f X � S

1

: X is ( �; � )-slim g :

If H ( �; n ) has b een de�ned, then X 2 H ( �; n + 1) if and only if the follo wing

conditions are satis�ed:

1. X � S

1

and there exists h X

�

2 H ( �; n ) : � < � i with X = �

� <�

X

�

;

2. for all F 2 F

�

, there exists �

F

so that X

�

� F for all � > �

F

;

3. for all � < �

0

< � and x 2 X

�

, y 2 X

�

0

, one has f ( x; y ) = 0.

Note that ev ery X 2 H ( �; n ) has ot X = �

` + n

and X con tains a subset

of order �

n

homogeneous for f in color 0. F urthermore, ev ery Y � X of

order t yp e �

` + n

has a subset in H ( �; n ).

W e no w pro v e the lemma con taining the main idea of the pro of.

4.24 Lemma (Key Lemma). Supp ose � 2 S

1

, n < ! and X � S

1

with

X 2 H ( �; n ) . Then ther e ar e �

0

2 S

1

with �

0

> � and h T

�

� X : � < � i

with ot T

�

= �

` + n

so that for al l � 2 S

1

with � > �

0

, ther e is some � < �

such that ot( T

�

� f ( � ; 0)) < �

` + n

.

Pr o of. Let M b e a maximal subset of S

1

with the prop ert y that for all

V 2 [ M ]

<!

, ot

T

f X � f ( � ; 0) : � 2 V g = �

` + n

. W e claim that j M j � �

and then w e are done, b y the maximalit y of M .

Assume for the sak e of a con tradiction that j M j = �

+

, and let

� :=

8

<

:

\

� 2 V

X � f ( � ; 0) : V 2 [ M ]

<!

9

=

;

:

Extend � [

�

X � Y : Y � X ^ ot X < �

` + n

	

to an ultra�lter U on X .

Then for ev ery � 2 M , there is a j ( � ) 2 � so that X \ f ( � ; j ( � )) 2 U .

Hence there is some j 2 � so that the set M

j

:= f � 2 M : j ( � ) = j g has

cardinalit y �

+

. By �

+

! ( �

+

; n )

2

, there is a set H � M

j

of size n whic h

is homogeneous for f in color j . No w X \

T

f f ( � ; j ) : � 2 H g is in U , so

it m ust ha v e order t yp e �

` + n

. By Lemma 4.11 it con tains a set W of t yp e

� homogeneous for f in color j . This is the con tradiction that pro v es the

lemma. a
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4.25 Lemma. Assume S � S

1

is stationary. Then for al l n < ! , ther e ar e

� 2 S and X � S so that X 2 H ( �; n ) .

Pr o of. W ork b y induction on n . F or the basis case, n = 0, the statemen t

follo ws from Corollary 4.22 and Lemma 4.21.

F or the induction step, a standard rami�cation argumen t giv es the result.

Assume the claim is true for some n . Let � 2 S b e arbitrary . W e de�ne a

sequence

f X

�

: � < � g � H ( �

�

; n )

b y recursion on � < � . Assume that X

�

2 H ( �

�

; n ), X

�

� S \ f ( � ; 0) are

de�ned for � < � . Let S

�

= f � 2 S :

S

f X

�

: � < � g � f ( � ; 0) g . Then

� 2 S

�

and S

�

2 N

�

. Then S

�

is stationary , and so b y the induction

h yp othesis it con tains a subset X 2 H ( �

�

; n ) for some �

�

2 � \ S

�

. By

elemen tarit y , w e ma y assume X 2 N

�

. By the Key Lemma, there are

T

�

� X for � < � suc h that ot( T

�

) = �

` + n

and j S �

S

� <�

Z

�

j � � where

Z

�

=

�

� < � : ot( T

�

� f ( � ; 0)) < �

` + n

	

:

Then, b y elemen tarit y S �

S

� <�

Z

�

� � , hence � 2 Z

�

for some � < � and

X

�

= T

�

\ f ( � ; 0) satis�es the requiremen t.

S

� <�

X

�

2 H ( �; n + 1) and as

a b on us w e ha v e that

S

� <�

X

�

� f ( � ; 0). a

The same rami�cation argumen t giv es the next lemma as w ell.

4.26 Lemma. Assume S � S

1

is stationary. Then ther e exist an incr e asing

se quenc e h �

�

2 S : � < � i and a family h X

� ;n

� S : � < � ^ n < ! i with

e ach X

� ;n

2 H ( �

�

; n ) so that if either � < � or � = � and k < ` , then

X

� ;k

< X

� ;`

and f ( x; y ) = 0 for al l x 2 X

� ;k

, y 2 X

� ;`

.

The ab o v e lemma giv es the result for �

! +1

, since the set

X :=

[

f X

� ;n

: � < � ^ n < ! g

is homogeneous for f in color 0.

T o �nish the pro of, w e use y et another rami�cation argumen t.

4.27 Lemma. L et X b e a set of or der typ e �

! +1

as describ e d ab ove, and

let X

n

:=

S

f X

� ;n

: � < � g . Note that ot X

n

= �

` + n +1

. L et

J :=

�

Y � X : 9 n

0

< ! 8 n > n

0

(ot Y \ X

n

< �

` + n

)

	

:

Then J is an ide al and ther e ar e f T

�

2 J

+

: � < � g and �

0

2 S

1

such that

for al l � 2 S

1

with � > �

0

, the set T

�

� f ( � ; 0) is in J .

Let M b e a maximal subset of S

1

so that

T

� 2 V

X � f ( � ; 0) =2 J for �nite

V � M .
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T o see that j M j = � , w e pro ceed just lik e in the pro of of Lemma 4.24.

W e only need the fact that if Z � X and Z =2 J , then for all j 2 �, the set

Z con tains a subset of t yp e � homogeneous for f in color j .

Since j M j = � , the set � :=

n

T

� 2 V

X � f ( � ; 0) : V 2 [ M ]

<!

o

is a

family of size � suc h that for all � =2 M , there is some Z 2 � so that

Z � f ( � ; 0) � Y for some Y 2 �.

The next lemma is the �nal to ol w e need.

4.28 Lemma. Assume T 2 J

+

. Then ther e is a J � J with j J j � �

such that for al l � 2 S

1

with T � f ( � ; 0) 2 J , ther e is a Y 2 J so that

T � f ( � ; 0) � Y .

Pr o of. Cho ose J

n

� [ X

n

]

` + n +1

with j J

n

j � � so that for all � 2 S

1

with

ot( X

n

� f ( � ; 0)) < �

` + n +1

there is a Y

n

2 J

n

with T � f ( � ; 0) � Y

n

. Let

J

0

:=

(

[

n<!

Y

n

: 8 n < ! Y

n

2 J

n

)

:

Note that j J

0

j = �

!

= � . Finally , set

J :=

n

A [ B : A 2 J

0

and B =

[

f X

i

: i � n g for some n < !

o

:

Then J will do the job. a

4.5. The Baumgartner-Ha jnal Theorem

Here is a brief o v erview of the history of the Baumgartner-Ha jnal Theorem

and some of its generalizations. Erd} os and Rado conjectured that !

1

! ( � )

2

k

and �

0

! ( � )

2

k

, for �

0

the order t yp e of the reals, and for all k < ! , � < !

1

.

F red Galvin �gured out, for order t yp es �, that � ! ( ! )

1

!

w ould b e the

righ t necessary and su�cien t condition for � ! ( � )

2

k

to hold for all � < !

1

.

Ha jnal [25 ] pro v ed in 1960 that �

0

! ( �

0

; � _ �

�

)

2

where �

0

is the order

t yp e of the rationals. More signi�can tly , Galvin pro v ed �

0

! ( � )

2

2

, for � <

!

1

, but con trary to the �rst exp ectations, this pro of pro vided no clues for

the general case. F or the resource !

1

, Galvin could only pro v e !

1

! ( !

2

; � )

2

for � < !

1

.

Another result of Prikry [49 ] said !

1

! ( �; ( ! : !

1

))

2

. This result w as

later generalized b y T o dorcevic [65 ] to

!

1

! ( ( � )

k

; ( � : !

1

))

2

for all � < !

1

.

Finally w e men tion a v ery signi�can t consistency result of T o dorcevic [64 ]

that PF A (Prop er F orcing Axiom) implies

!

1

! ( !

1

; � )

2

for all � < !

1

.
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(F or con text, recall that PF A implies that c = !

2

.)

Before going bac k to the main line of discussion, w e mak e another de-

tour. It w as already ask ed in the Erd} os-Ha jnal problem lists [12], [13 ] if the

partition relations !

2

! ( � )

2

2

w ere consisten t for � < !

2

. Though there

is nothing to refute suc h consistency , the results going in this direction are

w eak and rare.

The �rst consistency result w as obtained b y R. La v er [41 ] in 1982, and

indep enden tly disco v ered b y A. Kanamori [33 ], using what is no w called a

L aver ide al I on � (a non-trivial, � -complete ideal with the strong saturation

prop ert y that giv en �

+

sets not in the ideal, there are �

+

of them so that

the in tersection of an y < � of these is also not in the ideal). He pro v ed that

if there is a La v er ideal on � , then

�

+

! ( � � 2 + 1 ; � )

2

holds for all � < �

+

.

La v er also pro v ed the consistency of the h yp othesis that there is a La v er

ideal on !

1

and deriv ed as a corollary the consistency (relativ e to a large

cardinal, of course) of

!

2

! ( !

1

� 2 + 1 ; � )

2

holds for all � < !

2

.

F oreman and Ha jnal [20 ] tried to get a stronger consistency result for

!

2

from the stronger assumption that !

1

carries a dense ideal, and indeed,

they pro v ed that in this case

!

2

! ( !

1

2

+ 1 ; � )

2

holds for all � < !

2

.

They ho w ev er disco v ered that their pro of giv es a m uc h stronger result for

successors.

4.29 Theorem (F oreman and Ha jnal [20 ]). Supp ose � > ! is me asur able

and m < ! . Then �

+

! ( � )

2

m

for al l � < 
( � ) .

Here � < 
( � ) < �

+

is a rather large ordinal. W e will commen t ab out

these results in detail in Section 5, but for lac k of space and energy w e will

not include pro ofs.

4.30 Theorem (Baumgartner and Ha jnal [2]). If an or der typ e � satis�es

� ! ( ! )

1

!

, then it also satis�es � ! ( � )

2

k

for al l � < !

1

and �nite k .

4.31 Corollary . F or al l � < !

1

and m < ! ,

!

1

! ( � )

2

m

:

So w e decided to giv e a pro of of Corollary 4.31 using the ideas of the

F oreman-Ha jnal pro of. This will serv e t w o purp oses. It will mak e the

text almost complete as far as the old results are concerned, and it will

comm unicate most of the ideas of the new F oreman-Ha jnal pro of.



30 I. P artition Relations

Notation. Let h h N

�

; 2i : � < !

1

i b e a sequence of elemen tary submo dels

of H ( !

2

) satisfying 3.2 with � = � = ! , A = f f g where f : [ !

1

]

2

! m , and

S

0

:= f � < !

1

: !

1

\ N

�

= � and N

�

is suitable for ! g :

Here S

0

is a club set in !

1

. W e ma y assume S

0

is amenable.

4.32 De�nition. W e de�ne S

�

b y trans�nite recursion on � < !

1

: S

0

has

already b een de�ned; S

� +1

:=

~

S

�

, the set of re
ection p oin ts of S

�

(see 4.8);

and S

�

:=

T

� <�

S

�

if � limit.

4.33 Lemma. F or al l � < !

1

, the set S

�

is amenable.

Pr o of. Use induction on � and 4.8 to pro v e that h S

�

: � < � i � N

� +1

for

� 2 S

�

. The details and the remainder of the pro of are left to the reader. a

Next w e are going to de�ne diagonal sets , cr oss sets , and cr oss systems .

4.34 De�nition. F or � 2 S

0

, for the sak e of brevit y , w e put

F

�

:= f Z 2 N

�

: Z � !

1

^ � 2 Z g :

(Note that for X � � , w e ha v e X =2 I

�

if and only if X \ Z 6= ; for all

Z 2 F

�

; see the discussion of notation after Lemma 3.6.)

Call D � � a diagonal set for � 2 S

0

if sup D = � and j D � Z j < ! for

all Z 2 F

�

.

Clearly ev ery diagonal set D for � has order t yp e ! , and ev ery co�nal

subset of it is also diagonal. Moreo v er, a diagonal set D for � is r e
e cting

for � in the sense describ ed after Lemma 3.6.

4.35 Lemma. F or al l � 2 S

0

and X � � with X =2 I

�

, ther e is a diagonal

set D � X for � . If X 2 N

� +1

, then D c an b e chosen in N

� +1

.

Pr o of. Since jF

�

j = ! , w e can diagonalize it. a

Notation. Assume that h D

n

: n < ! i is a sequence of sets of ordinals and

� 2 S

0

. Then the sequence c onver ges to � in N

�

, in sym b ols, D

n

= ) � ,

if and only if for ev ery Z 2 F

�

there is some n

0

so that for all n > n

0

,

D

n

� Z .

F or a set D � ON, w e denote b y D its closure in the ordinal top ology .

4.36 De�nition. By trans�nite recursion on � < !

1

, w e de�ne, for � 2 S

�

,

the concept D is a cr oss set of r ank � for � as follo ws:

1. F or � 2 S

0

, the set f � g is cross set of rank 0 for � .

2. F or � > 0, the set D is cross set of rank � for � if � 2 S

�

and there is a

witnessing sequence h D

n

: n < ! i satisfying the follo wing conditions:
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(a) eac h D

n

is a cross set of rank �

n

for �

n

for some �

n

< � and for

�

n

:= sup D

n

;

(b) D

0

[ f �

0

g < � � � < D

n

[ f �

n

g < : : : ;

(c) D

n

= ) � ;

(d) if � = � + 1, then �

n

= � for all n < ! ; if � is a limit, then

� = sup �

n

;

(e) D =

S

n<!

D

n

.

4.37 Remark. Note that a cross set D of rank 1 for � is a diagonal set for

� , and if f �

n

: n < ! g is the set of �

n

:= sup D

n

for a witnessing sequence

for D , then f �

n

: n < ! g is also a diagonal set for � .

The next lemma is pro v ed b y induction on � .

4.38 Lemma. If D is a cr oss set for � of r ank � , then ot D = !

�

.

W e no w de�ne the concept of a cross system of rank � for � . Informally ,

this is just the closure of a cross set of rank � for � , equipp ed with functions

that remem b er the sets app earing in the de�nition of the cross set of rank

� .

4.39 De�nition. By trans�nite recursion on � < !

1

, w e de�ne, for � 2 S

�

,

the concept D =




D ; <

D

; rank

D

; succ

D

�

is a cr oss system of r ank � for �

as follo ws:

1. F or � 2 S

0

, a quadruple D =




D ; <

D

rank

D

; succ

d

�

is a cr oss system

of r ank 0 for � if and only if D = f � g , <

D

= ; , rank ( � ) = 0, and

succ( � ) = ; .

2. F or � > 0, a quadruple D =




D ; <

D

; rank

D

; succ

D

�

is a cr oss system

of r ank � for � with underlying cross set D if there is a witnessing

sequence h D

n

: n < ! i of cross systems so that

(a) D

n

is a cross system of rank �

n

for �

n

for all n < ! ;

(b) D =

S

f D

n

: n < ! g is a cross set with witnessing sequence

h D

n

: n < ! i , where D

n

underlies D

n

;

(c) D =

S

�

D

n

: n < !

	

[ f � g ;

(d) <

D

is de�ned b y � <

D

� for all � 2 D � f � g , and <

D

j D

n

= <

D

n

for n < ! .

(e) under <

D

, D is a (ro oted) tree with ro ot � ;

(f ) rank

D

: D ! � + 1 is de�ned b y rank

D

( � ) = � , and rank

D

j D

n

=

rank

D

n

for n < ! .

Finally , succ

D

( � ) is just a redundan t notation for the set of immediate

successors of � in the tree under <

D

.
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Note that for � > 0 and n < ! , under the notation of De�nition 4.36,

succ

D

( � ) = f �

n

: n < ! g and rank

D

( �

n

) = �

n

.

Note that the underlying set of a cross system is de�nable as the set of

elemen ts in D of rank 0.

4.40 Lemma. Assume D =




D ; <

D

; rank

D

; succ

D

�

is a cr oss system of

r ank � for � . Then for al l � 2 D , rank

D

( � ) = ; if and only if � 2 D .

The next t w o lemmas are pro v ed b y induction on � .

4.41 Lemma (Re
ection Lemma). Assume D is a cr oss system of r ank �

for � . Then for 
 2 D � D , succ

D

( 
 ) is a diagonal set for 
 .

4.42 De�nition. Assume D is a cross system of rank � for � with under-

lying set D . W e sa y that C is a ful l subset of D if � 2 C and C \ succ

D

( � )

is in�nite for � 2 C with rank

D

( � ) > 0.

4.43 Lemma (Induction lemma for cross systems). Assume D is a cr oss

system of r ank � for � with underlying set D . F or every ful l subset C of D ,

ther e is a set B � C \ D so that B � C and B is the underlying set for a

cr oss system of r ank � for � .

4.44 De�nition. By recursion on � < !

1

de�ne, for � 2 S

�

, the concept

D is an f -c anonic al cr oss system of r ank � for � as follo ws.

1. F or � 2 S

0

, the unique cross system of rank 0 for � is an f -canonical

cross set of rank 0.

2. F or � > 0, D is an f -canonical cross system of rank � for � if it is a

cross system of rank � for � with a witnessing sequence h D

n

: n < ! i

for whic h the follo wing additional conditions hold:

(g) for n < ! , D

n

is an f -canonical cross system of rank �

n

for �

n

;

(h) there is some i so that f ( � ; 
 ) = i for all � 2 D

n

and 
 2 D

p

with n < p < ! .

This usage is sligh tly di�eren t from the use of the w ord \canonical" in

4.13. In this section w e do not use the term ( � ; � )-canonical.

The follo wing is one of the oldest ideas in the sub ject.

4.45 Lemma (Homogeneit y Lemma). F or al l � < !

1

ther e is some � < !

1

,

so that if D is an f -c anonic al cr oss system of r ank � , then ther e is a set

H � D of or der typ e !

�

which is homo gene ous for f .

The pro of is left to the reader. Detailed pro ofs can b e found in b oth [2 ]

and in [21 ] of F. Galvin, where the �rst elemen tary pro of of Theorem 4.30

w as giv en.

W e need one more tec hnical lemma, a strengthening of Lemma 4.43,

b efore launc hing in to the main pro of.
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4.46 Lemma (Induction lemma for canonical cross systems).

Assume D is an f -c anonic al cr oss system of r ank � for � . Supp ose C is a

ful l subset of D . Then ther e is a set B � C \ D so that B � C and B is

the underlying set of an f -c anonic al system of r ank � for � .

Pr o of. Use induction on � and the fact that ev ery co�nal subset of a diagonal

set for � is diagonal for � . a

By the Homogeneit y Lemma 4.45, the follo wing lemma will b e su�cien t

to pro v e Corollary 4.31.

4.47 Lemma (Main Lemma). F or al l � < !

1

, � 2 S

�

and F 2 F

�

, ther e is

an f -c anonic al system D of r ank � for � with D � S

0

\ F and D 2 N

� +1

.

Note that it w ould b e su�cien t to pro v e 4.47 without the last clause,

whic h is needed to supp ort induction.

The rest of this section is dev oted to the pro of of 4.47. W e need further

preliminaries. In what follo ws, U is a �xed non-principal ultra�lter on !

with U 2 N

0

.

4.48 De�nition. De�ne, b y recursion on � < !

1

, defer enc e functions i

D

where D is a cross system of rank � for � . F or � 2 S

0

and a cross system

D of rank 0 for � , de�ne i

D

( � ) for � with � < � < !

1

b y i

D

( � ) = i if and

only if f ( f �; � g ) = i . Assume � > 0 and deference functions ha v e b een

de�ned for cross systems of rank � < � . F or a cross system D of rank

� for � , de�ne i

D

( � ) for � with � < � < !

1

b y i

D

( � ) = i if and only if

f n < ! : i

D

n

( � ) = i g 2 U where h D

n

: n < ! i is the witnessing sequence

of cross systems for D .

Notice that if D 2 N

� +1

, then the deference function i

D

: !

1

� ( � + 1) ! m

is also in N

� +1

. Note also that i

D

( � ) can b e de�ned \inside D " for a �xed

� , as follo ws.

4.49 De�nition. Assume D is a cross system of rank � for � and � <

� < !

1

. De�ne j

D

( � ; � ) for � 2 D b y trans�nite recursion on rank

D

( � )

as follo ws. If rank

D

( � ) = 0, then j

D

( � ; � ) = f ( f � ; � g ). F or � > 0

and � with rank

D

( � ) = � , set j

D

( � ; � ) = j for that j < m so that

f n < ! : j

D

( �

n

; � ) = j g 2 U , where �

n

is the n th elemen t of succ

D

( � ).

The pro of that these t w o de�nitions coincide is left to the reader.

4.50 Lemma. Assume D is a cr oss system of r ank � for � . Then for al l �

with � < � < !

1

, j

D

( �; � ) = i

D

( � ) .

Note that j

D

is an elemen t of N

� +1

if D 2 N

� +1

.

Next w e use a �xed en umeration of pairs of natural n um b ers to de�ne a

standar d wel l-or dering for D where D is a cross system. F or the remainder

of this section, assume ' : ! � ! ! ! � f 0 g is a �xed bijection whic h is

monotonic in b oth v ariables, and whic h is in N

0

.
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4.51 De�nition. De�ne, b y recursion on p ositiv e � < !

1

, for cross systems

D of rank � , a standar d wel l-or dering of D .

1. F or � 2 S

1

, if D = f �

n

: n < ! g is the underlying set of a cross

system D of rank 1, then the standard w ell-ordering of D has least

elemen t d

0

= � , and for p ositiv e k , has k th elemen t d

k

= �

k � 1

.

2. F or � > 1, if D =

S

f D

n

: n < ! g is the underlying set of a cross

system D of rank � where D

n

is the underlying set of D

n

of the

witnessing sequence of D , then the standard w ell-ordering of D has

least elemen t d

0

= � , and for p ositiv e k = ' ( n; j ), has k th elemen t

d

k

= d

n;j

, where d

n;j

is the j th elemen t of D

n

.

By some abuse of notation, w e write d

n

for the n th elemen t of the stan-

dard w ell-ordering.

4.52 Lemma. F or al l p ositive � < !

1

and al l � 2 S

�

, if D is a cr oss system

of r ank � for � and h d

k

: k < ! i is the standar d wel l-or dering of D , then

for al l p ositive n < ! , ther e is some m < n so that d

n

2 succ

D

( d

m

) .

Pr o of. The pro of is b y induction on � o v er the recursiv e de�nition of stan-

dard w ell-orderings. a

Pr o of of the Main L emma 4.47. The pro of is b y induction on � . F or � = 0,

the lemma is trivial.

F or the induction step, assume � > 0 and the lemma is true for all � < � .

Let � 2 S

�

and F 2 F

�

b e arbitrary . If � = � + 1, then let �

n

= � for all

n < ! . If � is a limit, then let h �

n

: n < ! i 2 N

� +1

b e a strictly increasing

co�nal sequence with limit � , and assume �

0

� 1.

No w, for all n < ! , � 2 S

�

n

+1

, so � is a limit of ordinals in S

�

n

and

� 2

~

S

�

n

. T emp orarily �x an en umeration of F

�

as f G

n

: n < ! g . By

de�nition of

~

S

�

n

, ( S

�

n

\ F \ G

0

\ � � � \ G

n

) \ � =2 I

�

.

De�ne b y recursion sequences h �

n

: n < ! i and h D

n

: n < ! i . T o start,

c ho ose �

0

2 ( S

�

0

\ F \ G

0

) \ � large enough so that F ; G

0

2 N

�

0

. Then

F ; G

0

2 F

�

n

. Use the induction h yp othesis on �

0

, �

0

, F

0

0

= F \ G

0

to

�nd an f -canonical cross system D

0

2 N

�

0

+1

of rank �

0

for �

0

so that

D

0

� S

0

\ F

0

0

.

Con tin ue, taking care to mak e sure the sequence of �

n

's increases to

� . If �

n

has b een de�ned, then c ho ose �

n +1

2 ( S

�

n +1

\ F \ G

0

\ � � � \

G

n +1

� ( �

n

+ 1)) \ � large enough so that F ; G

0

; G

0

; : : : ; G

n +1

2 N

�

0

. Then

F ; G

0

; : : : ; G

n +1

2 F

�

n +1

. Use the induction h yp othesis on �

n +1

, �

n +1

,

F

0

n +1

= F

0

n

\ G

n +1

\ !

1

� ( �

n +1

+ 1) to �nd an f -canonical cross system

D

n +1

2 N

�

n +1

+1

of rank �

n +1

for �

n +1

so that D

n +1

� S

0

\ F

0

n +1

.

Also, since m is �nite, there is an in�nite subsequence of h �

n

: n < ! i 2

N

� +1

and an i < m so that i

D

n

( � ) = i for all n in the subsequence.

By shrinking if necessary , w e ma y assume, without loss of generalit y , that
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this subsequence is the en tire sequence. No w h D

n

: n < ! i is a witnessing

sequence for a cross set of rank � for � b y construction. Hence h D

n

: n < ! i

is a witnessing sequence for a cross system of rank � for � .

Finally , as N

�

; �; 2 N

� +1

, and since S

�

is amenable b y Lemma 4.33, w e

ma y assume that h D

n

: n < ! i is de�ned in N

� +1

.

Claim. Ther e is an in�nite set T � ! with T 2 N

� +1

and a family

f C

n

: n 2 T g so that C

n

is a ful l subset of D

n

for n 2 T and f ( � ; 
 ) = i

for al l � 2 C

n

and 
 2 C

p

with n; p 2 T and n < p .

The induction step of the Main Lemma follo ws from the claim b y Lemma

4.46, as eac h C

n

can b e replaced b y an f -canonical system C

n

2 N

�

n

+1

and

h C

n

: n 2 T i is the witnessing sequence of the desired f -canonical system

of rank � for � .

T o pro v e the claim, w e will pic k elemen ts of f � g [

S

�

D

n

: n 2 !

	

according to a certain b o okk eeping. W e pic k � �rst. In�nitely often w e

pic k a new elemen t n for T , larger than an y elemen t of T pic k ed earlier.

Our c hoice of n means w e ha v e pic k ed the top p oin t �

n

of D

n

. F or eac h

p oin t n of T , w e promise that in�nitely often w e will pic k an elemen t of D

n

according to the standard w ell-ordering of D

n

.

F or notational con v enience, let n ( � ) denote that v alue of n with � 2 D

n

.

Assume w e ha v e pic k ed a �nite non-empt y set A � f � g [

S

�

D

n

: n < !

	

whic h satis�es the follo wing condition:

� ( A ): F or an y n < p , � 2 D

n

\ A and � 2 D

p

\ A ,

j

D

n

( � ; � ) = j

D

n

( � ; � ) = i .

W e ha v e to pic k a new p oin t 
 for A so that the enlarged set still satis�es

the condition � ( A [ f 
 g ).

F or the �rst scenario, supp ose w e w an t to add a new �

p

to A . That is,

w e w an t to add a new v alue p to T . Let

Z

0

= Z

0

( A ) =

\

� �

� : j

D

n ( � )

( � ; � ) = i

	

: � 2 A

	

:

Note that Z

0

is in N

�

and � 2 Z

0

. As succ ( � ) is re
ecting, w e can c ho ose

the desired �

p

2 succ ( � ) as large as w e w an t.

F or the second scenario, assume w e w an t to pic k a � to add to A so

that � 2 D

p

for some p 2 T where �

p

2 A and so that � 2 succ( 
 )

for some 
 2 A \ D

p

. There are three cases, �

p

= min( A \ succ

D

( � )),

�

p

= max ( A \ succ

D

( � )), and min( A \ succ

D

( � )) < �

p

< max ( A \ succ

D

( � )).

W e sk etc h only the last, and lea v e the others to the reader. Let A

�

:=

A \

S

�

D

n

: n < p

	

, and A

+

:= A \

S

�

D

n

: n > p

	

, and de�ne

Z

+

= Z

+

( A ) :=

\

�

� 2 succ

D

p

( 
 ) : j

D

p

( � ; � ) = i ^ � 2 A

+

	

:
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No w Z

+

is a subset of succ

D

p

( 
 ) whic h is a re
ecting subset of 
 b y the

Re
ection Lemma 4.41. Since b y � ( A ), j

D

p

( 
 ; � ) = i for � 2 A , and A is

�nite, it follo ws that Z

+

is a re
ecting subset of 
 . Next de�ne

Z

�

= Z

�

( A ) :=

\

�

� < !

1

: j

D

n

( � )

( � ; � ) = i ^ � 2 A

�

	

:

By Lemma 4.50, Z

�

2 N

max A

�

+1

. Since max A

�

< 
 , it follo ws that

Z

�

2 N




. By � ( A ), 
 2 Z

�

. Hence Z

+

\ Z

�

is in�nite and an y elemen t of

Z

+

\ Z

�

is a suitable c hoice for � .

Use the tec hnique of \jumping around" and these t w o scenarios to in ter-

t wine the recursiv e de�nitions of T and of all the C

n

's for n 2 T . Sp eci�cally ,

use the standard w ell-ordering of � to de�ne a sequence h �

k

: k < ! i . A t

stage 0, pic k �

0

= � . Supp ose �

`

has b een de�ned for ` < k . Lo ok at

d

k

. If d

k

2 succ

D

( � ), then use the �rst scenario to c ho ose �

k

2 succ

D

( � ).

If d

k

2 succ

D

( �

`

) for some ` < k , then use the second scenario to c ho ose

�

k

2 succ

D

( �

`

). Otherwise, set �

k

= �

k � 1

. Finally , let E = f �

k

: k < ! g .

Let T = f p < ! : ( 9 k )( �

k

= �

p

) g . Since the standard order lists all the

successors of � , the set T is in�nite and in N

� +1

. F or p 2 T , let C

p

= E \ D

p

.

T emp orarily �x p 2 T . F or an y 
 2 C

p

, since �

p

= d

`

for some ` , and

succ

D

n

( 
 ) forms an in�nite monotonic subsequence of f d

k

: k < ! g , the

set C

p

has in�nitely man y successors of 
 . Th us C

p

is full. Therefore T and

the sets f C

p

: p 2 T g are the ones required to pro v e the claim.

As noted ab o v e, the claim su�ces to complete the induction step of the

Main Lemma, so it follo ws. a

5. The Milner-Rado P arado x and 
( � )

Erd} os and Rado considered Ramsey's Theorem to b e a generalization of the

pigeon-hole principle (for cardinals). In 1965, Milner and Rado [45 ] turned

around this view, noting that the pigeon-hole principle is a partition relation

with exp onen t 1, and that a partition relation with exp onen t 1 and ordinal

resource and goal w ould b e a pigeon-hole principle for ordinals.

A case in p oin t of this approac h is the easily c hec k ed family of partition

relations �

n

! ( �

n

)

1




for � � ! , n < ! , and 
 < cf ( � ). So on Milner and

Rado disco v ered that basically nothing stronger is true.

5.1 Theorem (Milner-Rado [45 ]). F or al l c ar dinals � � ! and al l � < �

+

,

� 9 ( �

n

)

1

n<!

:

Pr o of. It is su�cien t to pro v e

( � ) �

�

9 ( �

n

)

1

n<!

for � < �

+

:
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Clearly w e ma y assume � > ! . W e pro v e ( � ) b y trans�nite induction on

� . W e can write �

�

=

S

� <�

A

�

with A

0

< � � � < A

�

< : : : and eac h

ot A

�

= �

�

�

for some �

�

< � , where � = cf ( � ) if cf ( � ) > 1 and � =

� otherwise. By the induction h yp othesis, eac h A

�

=

S

n<!

A

�;n

where

ot A

�;n

< �

n

for � < � , n < ! . In the case of � = ! , de�ne a witnessing

partition �

�

=

S

j <!

B

j

where B

j

= A

�;n

for j = 2

�

(2 n + 1). In the case

of � > ! , let B

0

:= ; , B

n +1

:=

S

f A

�;n

: � < � g . Clearly �

�

=

S

n<!

B

n

;

and ot B

n +1

�

P

� <�

�

n

� �

n +1

< �

!

. a

W e state one consequence of the ab o v e theorem giving further limitations

on to p ositiv e relations (as discussed in Theorem 4.3).

5.2 Theorem. F or al l c ar dinals � � ! , �

+

9 ( �

n

)

2

n<!

.

Pr o of. F or � < �

+

, use Theorem 5.1 to c ho ose partitions � =

S

n<!

A

�

n

with ot A

�

n

< �

n

for eac h n < ! . De�ne f : [ �

+

]

2

! ! as follo ws: for

� < � < �

+

, set f ( �; � ) = n + 1 if and only if � 2 A

�

n

. a

The w ord p ar adox w as used in reference to Theorem 5.1 b ecause this

result w as so con trary to exp ectations. It turned out that the phenomena

describ ed in Theorem 5.1 is in v olv ed in man y problems concerning uncoun t-

able cardinals, and often it leads to unexp ected di�culties.

In this section w e are trying to turn this tide and use the parado x in our

fa v or. F or the remainder of this section, let � b e a �xed in�nite cardinal.

5.3 De�nition. F or � < �

+

, call a partition � =

S


 2 �

A




with � < � a

MR-de c omp osition of � if there is a sequence h n




: 
 < � i 2

�

! suc h that

ot A




= �

n




.

F rom Theorem 5.1 and the fact that an y � < �

n

is the �nite sum of

ordinals of the form �

m

� � where m < n and � < � , w e get the follo wing

corollary .

5.4 Corollary . Each � < �

+

has a MR-de c omp osition.

Another w a y to put De�nition 5.3 is that � has a MR-decomp osition if

there are sequences h n




: 
 < � i 2

�

! and functions 	




: [ � ]

n




! � for


 < � < � suc h that 	




is the canonical monotone map from [ � ]

n




ordered

lexicographically in to � .

The next de�nition from [20 ] is motiv ated b y this form ulation.

5.5 De�nition. Call � < �

+

c o de able if there are � < � and sequences

h n




: 
 < � i 2

�

! and h 	




: 
 < � i so that 	




: [ � ]

n




! � for 
 < � and

for ev ery A 2 [ � ]

�

,

ot

[


 < �

	




\ [ A ]

n




= �:



38 I. P artition Relations

5.6 De�nition. Let 
( � ) b e de�ned as the least ordinal 
 � �

+

so that

eac h � < 
 is co deable.

Note that this de�nition from [20 ] is only in teresting if � is a large car-

dinal, sa y at least a Jonsson cardinal.

The follo wing list of prop erties of 
( � ) pro v ed in [20 ] giv es some sense of

this ordinal for a measurable cardinal � > ! .

1. 
( � ) < �

+

;

2. 
( � ) is closed under the op erations of ordinal addition, m ultiplication,

exp onen tiation, and taking �xed p oin ts of these op erations;

3. 
( � ) cannot b e c hanged b y ( �; 1 )-distributiv e forcing;

4. if V � W and b oth V and W are mo dels of \ZF C + � is measurable",

then 
( � )

V

� 
( � )

W

;

5. b y using generic elemen tary em b eddings in the situation of 4., it is

p ossible to mak e 
( � )

V

< 
( � )

W

.

Moreo v er, 
( � ) is big, e.g. if U is a normal ultra�lter on � and � is the least

ordinal suc h that L

�

[ U ] \ �

<�

= L [ U ] \ �

<�

, then L [ U ] j = 
( � ) = � . Since

the statemen t � < 
( � ) is up w ards absolute, this implication sho ws that

the v alue of 
( � )

V

is at least as big as � . Moreo v er � is m uc h bigger than,

for example, the �rst � > � suc h that L

�

[ U ] is an admissible structure, but

m uc h to our regret, w e m ust omit the pro ofs.

Ho w ev er, w e ha v e to confess that w e kno w v ery little ab out the com bi-

natorial prop erties in v olv ed in the de�nitions of 
( � ). In fact, w e do not

kno w if 
( � ) w ould b ecome smaller if w e requested that the mappings 	




b e monotone.

6. Shelah's Theorem for in�nitely man y colors.

In this section w e pro v e Shelah's Theorem 4.6, that �

+

! ( � + � )

2

�

for

� < � = cf ( � ) and � = 2

<�

, under the assumption that � < � � � for some

strongly compact cardinal � . By Theorem 4.18 w e ma y assume � � ! .

First w e need a lemma that w as studied and pro v ed indep enden tly in [20 ].

W e sa y that B � �

+

has essential c olors for g , I , where g is a 2-partition

of �

+

and I is a normal ideal on �

+

, if B =2 I and ev ery C � B with C =2 I

satis�es g \ [ C ]

2

= g \ [ B ]

2

.

6.1 Lemma (Reduction to essen tial colors). Assume � < � = cf ( � ) , and

� := 2

<�

. F urther supp ose that g : [ �

+

]

2

! � is a 2-p artition of �

+

with �

c olors, I is a normal ide al c onc entr ating on S

�;�

+
, and A � �

+

is not in I .

Then ther e ar e a subset B � A and a normal ide al J � I , such that B

has essential c olors for g ; J .
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Pr o of. By the normalit y of I and F acts 3.2 w e can c ho ose N � H ( �

++

)

suitable for � suc h that g ; I ; A 2 N , N \ �

+

= � < �

+

, � 2 A , and N

satis�es the follo wing condition:

( � ) : for all C 2 N , if � 2 C � �

+

, then C =2 I .

T o see this situation ma y b e assumed, c ho ose an elemen tary c hain N

0

�

� � � � N

�

� H ( �

++

) as in Subsection 4.4 and use normalit y to see that

f � 2 S

0

: ( � ) fails for some C g 2 I :

T o pro v e the lemma, de�ne a decreasing sequence h A

�

: � < � i of subsets

of �

+

b y recursion on � < � . T o start the recursion, let A

0

:= A . Assume

0 < � < � and A

�

is de�ned for � < � in suc h a w a y that

(+) : A

�

2 N and � 2 A

�

� �

+

; for � < � :

Put A

�

=

T

� <�

A

�

in case � is a limit ordinal.

Supp ose A

�

has b een de�ned, and set �

�

= g \ [ A

�

]

2

. Let I

�

b e the normal

ideal generated on A

�

from

I \ P ( A

�

) [

�

x � A

�

: g \ [ x ]

2

$ �

�

	

:

If A

�

=2 I

�

, then set A

� +1

= A

�

. If A

�

2 I

�

, then it is a �nite or diagonal

union of elemen ts of the generating set. W e treat the case where there is a

sequence B

�

= h B

� ;�

: � < �

+

i suc h that A

�

=

S

� <�

+

B

� ;�

, and for � < �

+

,

B

� ;�

\ ( � + 1) = ; , and either B

� ;�

2 I or g \ [ B

� ;�

]

2

$ �

�

.

Then, b y elemen tarit y , there is a sequence B

�

2 N as describ ed ab o v e.

Moreo v er, � 2 B

� ;�

for some � < �

+

with � < � and � 2 N , and th us

B

� ;�

2 N for this � . W e set A

� +1

= B

� ;�

for this � . Note that in this

case, � 2 A

� +1

=2 I and g \ [ A

� +1

]

2

$ g \ [ A

�

]

2

. This de�nes the sequence

h A

�

: � < � i .

Since g maps pairs from �

+

in to � , there are at most � < � man y � with

A

�

$ A

� +1

. Let � b e the least ordinal with A

�

= A

� +1

, and set B := A

�

.

Then I

�

is a prop er ideal on B . The ideal J generated from I [ I

�

is normal,

and B =2 J . So b y de�nition of I

�

, B has essen tial colors for g ; J . a

Giv en a 2-partition g , w e sa y that y and z are c olor e quivalent over x

and write y �

g

x

z if x < y , x < z , ot( y ) = ot( z ), and the order isomorphism

� : x [ y ! x [ z has � j x = id and is color preserving: g ( � ; � ) = g ( � ( � ) ; � ( � )).

6.2 Corollary . F or any 2 -p artition g : [ �

+

]

2

! � , and any normal ide al

J , if B has has essential c olors for g and J , then ther e is a set C � B

with B � C 2 J such that for al l � 2 C , for al l x 2 [ � ]

<�

, and for al l


 2 � := g \ [ B ]

2

, the set D ( �; x; 
 ) is J -p ositive, wher e

D ( �; x; 
 ) := f � 2 C : � < � ^ f � g �

g

x

f � g ^ g ( �; � ) = 
 g :
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Pr o of. T o see that the set B has the desired prop ert y , assume to the con trary

that for all � in some J -p ositiv e set X � B , there are x ( � ) 2 [ � ]

<�

and


 ( � ) 2 g \ [ B ]

2

suc h that the set D ( �; x ( � ) ; 
 ( � )) 2 J . By normalit y and

cf ( � ) = � , there are Y � X with Y =2 J suc h that for some x; 
 one has

x ( � ) = x , 
 ( � ) = 
 for all � 2 Y . Then for some Z � Y with Z =2 J

the condition f � g �

g

x

f � g holds for all �; � 2 Z . If for eac h � 2 Z the

set f � 2 Z : g ( �; � ) = 
 g 2 J , then, b ecause of the normalit y , for the set

W := f � 2 Z : 8 � 2 � \ Z ( g ( � ; � ) 6= 
 ) g b oth W =2 J and 
 =2 g \ [ W ]

2

w ould hold, con tradicting the fact that B has essen tial colors for g ; J . a

The ab o v e lemma and corollary are to b e used with di�eren t 2-partitions,

and hence w ere stated in generalit y . No w �x a 2-partition f : [ �

+

]

2

! � for

whic h w e seek a homogeneous set of t yp e � + � .

6.3 Lemma (Pulldo wn Lemma). Ther e is a subset S

0

� S

�;�

+
close d in

S

�;�

+
such that for al l � 2 S

0

, for al l x 2 [ � ]

<�

, and for al l z 2 [ �

+

� ( � +

1)]

<�

, ther e is a y 2 [ � � sup x ]

<�

such that y �

f

x

z .

Pr o of. By the facts listed in 3.2, there is an elemen tary c hain h N

�

: � <

�

+

i � H ( �

++

) with h N

�

; 2i � h N

�

; 2i � H ( �

++

) for � < � < �

+

and

f 2 N

0

and S

0

= f � < �

+

: N

�

\ �

+

= � g .

Then Lemma 6.3 is true b y re
ection. a

The Pulldo wn Lemma 6.3 do es not sa y an ything ab out the colors of edges

that go b et w een the sets y and z , while Corollary 6.2 detailed a situation in

whic h an y essen tial color ma y b e pre-selected.

W e apply Lemma 6.1 to f and the smallest normal ideal on �

+

, the non-

stationary ideal, to get B

0

� S

0

and J

0

, so J

0

is a normal ideal extending

the non-stationary ideal, and B

0

has essen tial colors for f ; J

0

. W e apply

Corollary 6 : 2 to get A

0

� B

0

so that B

0

� A

0

2 J

0

and the other conditions

of the corollary hold for all � 2 A

0

. Then w e c ho ose �

0

2 A

0

, and put

T := A

0

� �

0

.

6.4 Lemma. Ther e exists a function h : T � T ! � such that for al l

x 2 [ �

0

]

<�

and z 2 [ T ]

<�

ther e is a y 2 [ �

0

� sup x ]

<�

such that

(a). y �

g

x

z via � : x [ y ! x [ z and

(b). g ( � ; �

0

) = h ( � ( � ) ; �

0

) for al l � 2 y , �

0

2 z .

Pr o of. As � is strongly compact is su�ces to sho w that for ev ery Z 2 [ T ]

<�

there exists a function H : Z � Z ! � as required.

Assume for the sak e of con tradiction that for ev ery H : Z � Z ! � there

is an x

H

2 [ � ]

<�

suc h that for all y � � � sup x

H

satisfying (a), the function

giv en b y (b) is not H .

Let x =

S

f x

H

: H : Z � Z ! � g . Then j x j < � as j x j � �

j Z j

< � , since

� is strongly inaccessible.
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By Lemma 6.3, there is a y satisfying (a). Then (b) de�nes a function

H : Z � Z ! � . By the de�nition of x , the set x

H

� x is a set on whic h

the function de�ned b y (b) for y is not H , and that is a con tradiction. a

No w w e de�ne k : [ �

+

]

2

! � � � for u; v 2 �

+

with u < v b y

k ( u; v ) = h f ( u; v ) ; h ( v ; u ) i :

Next apply Lemma 6.1 and Corollary 6.2 to k and the normal ideal J

0

and

the set T .

6.5 Corollary . We get a normal ide al J

1

� J

0

, a non-empty set � � � � � ,

and subsets S

1

� B

1

� T with B

1

=2 J

1

, B

1

� S

1

2 J

1

such that B

1

has

essential c olors for k ; J

1

, and for e ach � 2 S

1

and for e ach x 2 [ � ]

<�

and

h 
 ; � i 2 � the set E ( �; x; h 
 ; � i ) is J

1

-p ositive, wher e

E ( �; x; h 
 ; � i ) :=

�

� 2 S

1

: � < � ^ f � g �

k

x

f � g ^ k ( �; � ) = h 
 ; � i

	

:

6.6 Lemma. Ther e is a subset a 2 [ S

1

]

<�

such that for every p artition of

a , say a =

S

f a

�

: � < � g , ther e is a � < � such that for every 
 < � , ther e

is a subset b

� ;


of a

�

of typ e � homo gene ous for f in the c olor 
 .

Pr o of. Notice that since S

1

� B

0

� S

0

with B =2 J

1

� J

0

� I for the

non-stationary ideal I , w e ma y assume that for the N suitable for � in the

pro of of Lemma 6.1 and � = N \ �

+

, w e ha v e � 2 S

1

. Hence S

1

has the

prop ert y that an y partition of it in to � pieces has a part A (c hose the one

with � 2 A ) whic h con tains a homogeneous subset of t yp e � > � for ev ery


 2 f \ [ S

1

]

2

, else just lik e in the pro of of the Erd} os-Rado Theorem 3.10

(apply it to the function that is 1 on pairs f sends to 
 and 0 elsewhere),

there w ould b e a B � A with B =2 I and 
 =2 f \ [ B ]

2

.

By the strong compactness of � , there m ust b e a set a � S

1

of size < �

satisfying the same statemen t as S

1

ab out f , all partitions in to � parts and

the existence of homogeneous subsets of t yp e � for all colors 
 2 f \ [ S

1

]

2

. a

W e no w describ e the construction of the required homogeneous set.

Recall that immediately follo wing Lemma 6.3 w e c hose �

0

. Next c ho ose

a as in Lemma 6.1 Then c ho ose �

1

2 S

1

satisfying Corollary 6.5.

Then �

0

< a < �

1

.

De�ne a


 ;�

:= f u 2 � : g ( u; �

1

) = h 
 ; � i g .

By Lemma 6.6 there is a h 


0

; �

0

i 2 � suc h that a




0

;�

0

con tains a subset

of t yp e � homogeneous for color 
 for ev ery 
 , hence it con tains a subset

b � �




0

;�

0

of t yp e ot b = � homogeneous for f in color �

0

. This will b e \our

color" and b will b e the \ � -part" of our set. W e are going to construct the

\ � -part" of the set b y trans�nite recursion on � < � as follo ws. Assume

� < k and w e ha v e constructed X = X

�

of order t yp e � homogeneous for f

in color �

0

and so that all edges from x to b [ f �

1

g ha v e color �

0

.
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W e no w apply Corollary 6.2 to �

1

, and X [ b and w e obtain an �

2

2 S

1

,

with �

1

< �

2

suc h that �

1

�

k

X [ b

�

2

and k ( �

1

; �

2

) = h 


0

; �

0

i .

As a corollary of this w e ha v e �

0

= f ( u; �

1

) = f ( u; �

2

) for u 2 X and

h ( v ; �

1

) = h ( v ; �

2

) = �

0

for v 2 b .

Apply Lemma 6.4 for � to X , b [ f �

1

; �

2

g � T . W e get b

0

[ f �

0

1

; �

0

2

g .

W e claim that X

� +1

= X [ f �

0

2

g is homogeneous in color �

0

and sends all

edges to b [ f �

1

g of color �

0

.

Indeed f ( u; �

0

2

) = f ( u; �

2

) = �

0

for u 2 X b y the equiv alence o v er X .

F or v 2 b , w e ha v e f ( �

0

2

; v ) = h ( �

2

; v ) = h ( �

1

; v ) = �

0

. By c hoice of �

2

,

w e ha v e k ( �

1

; �

2

) = h g ( �

1

; �

2

) ; h ( �

2

; �

1

) i = h 


0

; �

0

i . Hence f ( �

0

2

; �

1

) = �

0

also.

7. Singular Cardinal Resources

It should b e clear to the atten tiv e reader that neither the rami�cation

metho d as describ ed in Remark 2.4 nor its re�nemen ts discussed up to

no w can yield an y sp eci�c partition results for a singular resource. T o get

suc h results the metho d of c anonization w as in v en ted in [15 ].

7.1 De�nition. Assume f : [ � ]

r

! 
 is an r -partition of length 
 of � ,

and h A

�

: � < � i is a sequence of disjoin t subsets of � . Then f is said to

b e c anonic al on h A

�

: � < � i if f ( x ) = f ( y ) for all x; y 2 A :=

S

� <�

A

�

whenev er x; y are p ositioned the same w a y in the sequence, i.e. if

j x \ A

�

j = j y \ A

�

j for all � < �:

The idea is that, for a singular cardinal � , w e w an t to �nd a sequence

h A

�

: � < cf ( � ) i with j A

�

j < � for � < cf ( � ), and A :=

S

f A

�

: � < cf ( � ) g

of p o w er � suc h that f is canonical on h A

�

: � < cf ( � ) i and use it to piece

together large homogeneous sets. The follo wing is the classical canonization

theorem.

7.2 Theorem (General Canonization Lemma [15 ]). Supp ose that � � 2 is

a c ar dinal, r � 1 is an inte ger, h �

�

: � < � i is a strictly incr e asing se quenc e

of in�nite c ar dinals with �

0

� �

j � j

and exp

(

r

2

)

( �

�

) < exp

(

r

2

)

( �

�

) for � <

� < � . F or any disjoint union A =

_

S

f A

�

: � < � g , and any c oloring

f : [ A ]

r

! � , if j A

�

j �

�

exp

(

r

2

)

( �

�

)

�

+

for al l � < � , then ther e ar e sets

B

�

� A

�

for � < � so that j B

�

j � �

�

+

and the se quenc e h B

�

: � < � i is

c anonic al with r esp e ct to f .

W e are omitting the pro of, since an y reader with some exp erience in com-

binatorics should b e able to reconstruct it, and since neither this pro of nor

the subsequen t pro ofs fall in to the line of the metho ds w e are describing. W e
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include canonization results b ecause w e think that no c hapter on partition

relations w ould b e complete without them.

Here is the v ery �rst application of Theorem 7.2.

7.3 Theorem (Reduction Theorem). Assume � > cf ( � ) is a str ong limit

c ar dinal. Then � ! ( �; �

�

)

2

1 � � <


if and only if cf ( � ) ! (cf ( � ) ; �

�

)

2

1 � � <


.

Indeed, the next theorem is the only one obtained for a singular resource

using a metho d di�eren t from canonization. The elemen tary pro of of the

theorem is left to the reader (see [14 ]).

7.4 Theorem (Erd} os; Dushnik and Miller [9 ]). F or every in�nite c ar dinal

� , � ! ( �; ! )

2

.

See also [14 ] for a pro of. Added in Pro of: The General Canonization

Lemma implies Theorem 7.4 for singular strong limit � and for cf � > !

it yields � ! ( �; ! + 1)

2

. It has b een a longstanding problem if this par-

tition relation holds if w e do not assume that � is strong limit. Recen tly

Saharon Shelah [55 ] pro v ed this partition relation holds under the m uc h

w eak er condition that 2

cf �

< � .

Erd} os, Ha jnal and Rado in [15 ] pursued the idea of �nding the righ t

generalization of the form � ! ( �; !

1

)

2

for singular � . The �rst p ossible case

is � = @

c

+ , where c = 2

!

, and the Reduction Theorem 7.3 giv es a p ositiv e

answ er in case � is a strong limit. The v ery �rst question of the Erd} os-Ha jnal

problem list [12 ] asks if this additional h yp othesis is necessary . Shelah and

Stanley in [61 ] and [62 ] pro v ed that the partition relation � ! ( �; !

1

)

2

can

b e b oth false and true if � is not a strong limit cardinal. A description of

this deep result is b ey ond the scop e of this section.

There is one more c anonization result that w e w an t to men tion. It w as

isolated during the discussion of the ordinary partition relation in the b o ok

[14 ] that the follo wing result should b e true, and Shelah later pro v ed it.

7.5 Theorem (Shelah [58 ]). Assume that � is a singular c ar dinal of we akly

c omp act c o�nality. If � < 2

<�

and 2

�

< 2

<�

for � < � , then

2

<�

! ( � )

2

2

:

T o pro v e this partition relation, Shelah w ork ed out a new group of can-

onization results in [58 ]. W e only state here one of the main results. Call

a sequence of cardinals h �

�

: � < � i exp onential ly incr e asing if � < � < �

implies 2

�

�

< 2

�

�

. A sequence of sets h B

�

: � < � i is we akly c anonic al if

f ( u ) = f ( v ) whenev er u; v 2 [ B ]

r

( B =

S

� <�

B

�

) and j u \ B

�

j = j v \ B

�

j � 1

for ev ery � < � . A set F � P ( A ) sustains A o v er � if for ev ery X � A with

j X j = (2

�

)

+

, there is Y 2 F so that Y � X and j Y j = �

+

.

7.6 Theorem (Shelah's Canonization Lemma [58 ]). Supp ose h �

�

: � < � i

is an exp onential ly incr e asing se quenc e of in�nite c ar dinals with �

0

� � ; �; ! ,
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for a c ar dinal � � 2 . Then for any disjoint union A =

_

S

f A

�

: � < � g ,

any se quenc e h F

�

� P ( A

�

) : � < � i , and any c oloring f : [ A ]

2

! � , if

j A

�

j > 2

�

�

and F

�

sustains A

�

for al l � < � , then ther e is a se quenc e

h B

�

: � < � i we akly c anonic al with r esp e ct to f with j B

�

j = �

�

+

for al l

� < � .

8. P olarized P artition Relations

P olarized partition relations w ere de�ned in the in tro duction. W e do not

ha v e the space to giv e an orderly discussion of the problems and results

on this partition relation. Rather, w e will only giv e a few examples, where

the metho d of elemen tary submo dels describ ed in the previous section can

b e resourcefully used. The �rst app earance in the literature of the use of

elemen tary submo dels for the pro ofs of p olarized partition relations is the

follo wing theorem of Albin Jones whic h generalizes a result of Erd} os, Ha jnal

and Rado [15 ] from 1965:

8.1 Theorem (A. Jones [30 ]). L et � b e an in�nite c ar dinal and � = 2

<�

.

Then the fol lowing p olarize d p artition r elation holds:

0

@

�

+

�

+

1

A

!

0

@

�

+


 � + 1

or ;


 �

+

� + 1

1

A

1 ; 1

:

In the remainder of this section, w e apply the metho d of elemen tary

submo dels using the \metho d of double rami�cation".

8.1. Successors of w eakly compact cardinals

The �rst example is c hosen with an ey e to a clean presen tation of the

metho d.

8.2 Theorem (Baumgartner and Ha jnal [3]). Supp ose that � is a we akly

c omp act c ar dinal. Then

�

�

+

�

�

!

�

�

�

�

1 ; 1




for 
 < � .

Before going in to the details of the pro of, w e giv e some historical remarks

and state an op en problem. In [26 ], Ha jnal pro v ed that for measurable � ,

the follo wing partition relations holds:

�

�

+

�

�

!

�

�

�

�

1 ;n

<�

for n < ! and � < �

+

.
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In an early pap er of Cho o dno vsky [6 ], it w as claimed that

�

�

+

�

�

!

�

�

�

�

1 ; 1

<�

for � < �

+

remains v alid for w eakly compact � , but no pro of w as giv en. Realizing that

this claim w as b y no means ob vious, b oth Kanamori [32 ] and W olfsdorf [67 ]

published pro ofs that the relation is true for t w o colors:

�

�

+

�

�

!

�

�

�

�

1 ; 1

2

for � < �

+

Theorem 8.2 w as generalized in the thesis of Albin Jones [27 ], [29 ], who

pro v ed, using elemen tary submo dels, that for w eakly compact cardinals � ,

�

�

+

�

�

!

�

�

�

�

�

m

;

�

�

n

�

�




�

1 ; 1

for m; n < � , 
 < � , � < �

+

.

T o the b est of our kno wledge, the follo wing problem remains unsolv ed.

8.3 Question. Do es the partition relation

�

�

+

�

�

!

�

�

�

�

1 ; 1

!

hold for all w eakly compact � � ! , � � �

!

?

The rest of this subsection is dev oted to the pro of of Theorem 8.2 for

� > ! . T o that end, let � > ! b e a w eakly compact cardinal, and let

f : �

+

� � ! 
 b e a �xed partition. W e outline bac kground assumptions

b elo w, using w ork from earlier sections.

8.4 De�nition. Let h h N

�

; 2i : � < �

+

i b e a sequence of elemen tary sub-

mo dels of H ( �

++

) satisfying 3.2 with � = �

<�

= � and A = f f g . Let

h I

�

: � < �

+

i b e the ideals de�ned in 3.4 and let

S

0

:=

�

� < �

+

: � ( N

�

) = � ^ cf ( � ) = � ^ N

�

is suitable

	

as de�ned in subsection 4.2. Note that for � 2 S

0

, I

�

is a � -complete prop er

ideal, b y 3.6.

8.5 De�nition. Call N = h N

�;�

: � < �

+

^ � < � i a double r ami�c ation

system for h N

�

: � < �

+

i as in De�nition 8.4 if for eac h � < �

+

, the se-

quence h N

�;�

: � < � i 2 N

� +1

is an increasing con tin uous sequence of ele-

men tary submo dels of N

�

with

S

f N

�;�

: � < � g = N

�

suc h that j N

�;�

j < �

for � < � .
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W e use the name double r ami�c ation system since, as w e explained in the

pro of of the Erd} os-Rado Theorem, the N

�

's pla y the role of the rami�cation

system of Erd} os and Rado.

Just lik e in 3.2, using general facts ab out elemen tary submo dels, and the

uncoun tabilit y and strong Mahloness of � , w e can see that there is a system

satisfying the next de�nition.

8.6 De�nition. Let N = h N

�;�

: � < �

+

^ � < � i b e a double rami�ca-

tion system suc h that for eac h � 2 S

0

there is a T

0

�

� � , with T

0

�

2 Stat( � )

satisfying the follo wing conditions for all � 2 T

0

�

:

1. N

�;�

\ � = � > 
 ;

2. � is a regular cardinal; and

3. [ N

�;�

]

<�

� N

�;�

.

Next w e relativize certain imp ortan t sets to the submo dels of the double

rami�cation system.

8.7 De�nition. F or eac h � 2 S

0

and � 2 T

0

�

, de�ne the follo wing sets:

1. X

�;�

:= N

�;�

\ �

+

;

2. I

�;�

:= f X � � : ( 9 Y )( Y � � ^ Y 2 N

�;�

^ � =2 Y ^ X � Y ) g ;

3.

^

I

�;�

:= f X � X

�;�

: ( 9 Y )( Y � �

+

^ Y 2 N

�;�

^ � =2 Y ^ X � Y ) g .

8.8 Lemma. F or � 2 S

0

and � 2 T

0

�

, b oth I

�;�

and

^

I

�;�

ar e � -c omplete

ide als, and I

�;�

is pr op er.

Pr o of. The �rst statemen t follo ws from the fact that [ N

�;�

]

<�

� N

�;�

. T o

see that I

�;�

is prop er, then just lik e in Lemma 3.6, assume Z � � , � 2 Z

and Z 2 N

�;�

. Then sup Z 2 N

�;�

, hence sup Z = � and sup Z \ � = � .

This implies � =2 I

�;�

. a

Note that

^

I

�;�

is prop er for man y � and � as w ell (see 8.11 b elo w).

Notation. F or all � < 
 , let

f

#

( � ; � ) := f � < � : f ( �; � ) = � g for � < �

+

, and

f

"

( � ; � ) := f � < �

+

: f ( �; � ) = � g for � < � .

8.9 De�nition. F or � 2 S

0

and � 2 T

0

�

, let

a

�;�

:=

�

� < 
 : f

#

( � ; � ) \ � =2 I

�;�

	

:

Note that a

�;�

6= ; b y Lemma 8.8 and the fact that 
 < � .
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8.10 Lemma (Main Lemma). Ther e ar e subsets a � 
 and S � S

0

with

S 2 Stat( �

+

) , and for e ach � 2 S , ther e is a subset T

�

� T

0

�

with T

�

2

Stat( � ) , so that f ( �; � ) 2 a = a

�;�

for al l � 2 S and � 2

S

f T

�

: � 2 S g .

Pr o of. First thin eac h T

0

�

for � 2 S

0

to a stationary subset T

1

�

so that for

some a

�

, one has a

�;�

= a

�

for all � 2 T

1

�

. Then thin S

0

to a stationary

subset S

1

so that for some a � 
 and for all � 2 S

1

, a

�

= a . W e ma y

assume without loss of generalit y that 
 < � for all � 2 T

1

�

.

Notice that for all � 2 S

1

and all � 2 T

1

�

, if � =2 a , then f

#

( � ; � ) \

� 2 I

�;�

. Hence, b y the de�nition of f

#

and the � -completeness of I

�;�

,

it follo ws that f � < � : f ( �; � ) =2 a g 2 I

�;�

. By De�nition 8.7, for � 2 S

1

and � 2 T

1

�

, w e can c ho ose sets Y

�;�

� � suc h that � =2 Y

�;�

2 N

�;�

and

f � < � : f ( �; � ) =2 a g � Y

�;�

. Using F o dor's Theorem t wice, w e get Y � � ,

S � S

1

with S 2 Stat( �

+

), and




T

�

� T

1

�

: � 2 S

�

suc h that T

�

2 Stat ( � )

for all � 2 S , and Y

�;�

= Y for � 2 S and � 2 T

�

.

Consequen tly , for all � 2

S

f T

�

: � 2 S g , w e ha v e � =2 Y , since � =2

Y

� ;�

= Y . Ho w ev er, if � 2 S and � < � are suc h that f ( �; � ) =2 a , then for

some � 2 T

�

, one has � 2 Y

�;�

= Y , so the theorem follo ws. a

8.11 Corollary . Ther e is an � < �

+

, so that for � -many � , the fol lowing

c ondition holds:

(+)( 9 � < 
 )( f

#

( � ; � ) \ � =2 I

�;�

^ f

"

( � ; � ) \ X

�;�

=2

^

I

�;�

) :

Pr o of. Let � b e suc h that S \ � =2 I

�

. Suc h an � m ust exist b y Corol-

lary 4.8. A standard argumen t sho ws that if S \ � =2 I

�

, then W =

n

� < � : S \ � \ X

�;�

2

^

I

�;�

o

is non-stationary in � . By Main Lemma

8.10, f ( � ; � ) 2 a for � 2 T

�

and � 2 S \ � \ X

�;�

. Hence f

"

( � ; � ) \ X

�;�

=2

^

I

�;�

for some � 2 a and for ev ery � 2 T

�

� W . On the other hand, f

#

( � ; � ) \ � =2

I

�;�

for all � 2 a and for ev ery � 2 T

�

. a

8.12 Lemma (Compactness Lemma). Assume that for some � < �

+

ther e

ar e � -many � so that for some A

�

� X

�;�

, B

�

� � with ot A

�

= ot B

�

= � ,

the set A

�

� B

�

is homo gene ous for f . Then ther e ar e A � �

+

, B � � with

ot A = � + 1 and ot B = � such that A � B is homo gene ous for f .

Pr o of. Use the w eak compactness of � via its �

1

1

-indescribabilit y . a

After all these preliminaries, Theorem 8.2 no w follo ws from Corollary

8.11, the Compactness Lemma 8.12 ab o v e, and the Re
ection Lemma b elo w.

8.13 Lemma. Assume that for � as in Cor ol lary 8.11 and for some � < 
 ,

the or dinal � satis�es the formula (+) of 8.11. Then ther e ar e A � X

�;�

,

B � � with ot A

�

= ot B

�

= � so that A � B is homo gene ous for f in c olor

� .
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Pr o of. Let A := f

"

( � ; � ) \ X

�;�

and let B = f

#

( � ; � ) \ � . Since (+) holds

for � and � , w e kno w that B =2 I

�;�

and A =2

^

I

�;�

. These last t w o statemen ts

imply the existence of the sets A , B as required. Indeed, w e can de�ne

sequences A = f a

�

: � < � g � A and B = f b

�

: � < � g � B b y trans�nite

recursion on � < � so that for all �

0

; �

00

< � ,

f ( a

�

0

; b

�

00

) = � ,

a

�

0

2 f

"

( � ; � ),

b

�

00

2 f

#

( � ; � ).

A t stage � < � , assume this has b een done for �

0

; �

00

< � . First c ho ose a

�

.

T o w ard that end, let

Z

�

�

:=

�

� < �

+

: f ( � ; b

�

00

) = � for all �

00

< �

	

:

Then � 2 Z

�

�

since b

�

00

2 f

#

( � ; � ) for all �

00

< � . Since f , f b

�

00

: �

00

< � g 2

N

�;�

, it follo ws that Z

�

�

2 N

�;�

. So Z

�

�

\ A � f a

�

0

: �

0

< � g is not in

^

I

�;�

,

so w e can c ho ose �

�

from it.

Then c ho ose b

�

similarly using f

"

( � ; � ) in the role of f

#

( � ; � ) and I

�;�

instead of

^

I

�;�

and taking care to mak e f ( a

�

0

; b

�

) = � for �

0

� � . a

8.2. Successors of singular cardinals

In this subsection w e in v estigate the follo wing question.

8.14 Question. Assume � is a singular strong limit cardinal and 
 < � .

Under what circumstances do es the follo wing partition relation hold?

( � )

�

�

+

�

�

!

�

�

�

�

1 ; 1




The problem w as isolated in Problem 11 of [15 ], where it w as ask ed if ( � )

holds for � = @

!

1

under GCH. In the same pap er, it w as pro v ed that ( � )

holds pro vided cf ( � ) = ! , but w e omit the pro of of this fact.

After ab out thirt y y ears, a sho c king partial result w as pro v ed b y Saharon

Shelah.

8.15 Theorem (Shelah [60 ]). Assume � is a singular str ong limit c ar dinal

of unc ountable c o�nality. Then ( � ) holds if 2

�

> �

+

.

F or another pro of of this result, see Ko jman [34 ]. A little extra informa-

tion is con tained in an unpublished result of M. F oreman, whic h w e pro v e

here using the result of Shelah.
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8.16 Theorem (F oreman unpublished). Supp ose that � is a singular str ong

limit c ar dinal in V and ( 2

�

)

V

> ( �

+

)

V

. Then ther e is a � -c omplete p artial

or der P which satis�es the (2

�

)

+

-chain c ondition so that

V

P

j = 2

�

= �

+

and

�

�

+

�

�

!

�

�

�

�

1 ; 1




for 
 < � .

Pr o of. W e can c ho ose for P the �

+

-complete Levy collapse of 2

<�

to �

+

.

F or ev ery p 2 P and ev ery name for a partition

_

f , w e can de�ne in V a

decreasing sequence h p

�

j � < �

+

i of conditions and a function g : �

+

� � !


 suc h that p

0

= p and

8 � < �

+

8 � � � 8 � < � p

�




_

f ( � ; � ) = g ( � ; � ) :

By Theorem 8.15, w e can c ho ose A , B suc h that A � B is homogeneous for

g and j A j = j B j = � . F or some � < � , w e ha v e A; B � � and then

p

�


 9 A 9 B ( j A j = j B j = � ^ A � B is homogeneous for

_

f )

Hence V

P

satis�es the claim. a

All other problems remain unsolv ed, ev en for 
 = 2. F or notational

con v enience, for the rest of this section let � = cf ( � ). W e ma y assume that

� > ! , and w e will em bark on a length y pro of of a mild strengthening of

the result of Shelah.

8.17 Theorem. Supp ose that � is a singular str ong limit c ar dinal of un-

c ountable c o�nality � . Then ( �� ) holds if 2

�

> �

+

:

( �� )

�

�

+

�

�

!

�

� + 1

�

�

1 ; 1




The pro of w e are going to describ e will b e a double rami�cation, quite

similar in structure to the pro of of Theorem 8.2 and di�eren t from the

simpli�ed pro of of Theorem 8.15 in Ko jman [34 ].

8.18 De�nition. Cho ose ~ � = h �

�

: � < � i to b e an increasing con tin uous

sequence of cardinals satisfying the follo wing prop erties:

1. sup f �

�

: � < � g = � ;

2. � < �

0

; and

3. 2

�

�

< �

� +1

= cf ( �

� +1

) for � < � .

W e use results of Shelah's p cf theory [59 ] to guaran tee the existence of

the sequence delineated in the next de�nition.
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8.19 De�nition. Cho ose

~

� = h �

�

: � < � i to b e an increasing sequence

of regular cardinals with �

�

< �

�

< � for � < � suc h that the pro duct

� :=

Q

� <�

�

�

satis�es

( 8

�

'

�

: � < �

+

	

� � ) ( 9 ' 2 � ) ( 8 � < �

+

) ( '

�

� ' )

where � is the relation of ev en tual domination on �.

W e no w c ho ose a sequence of mo dels to serv e as the sk eleton of a double

rami�cation.

8.20 De�nition. Let A := � [

n

�; f ; ~ �;

~

�

o

. Using 3.2, w e can c ho ose an

increasing c hain h h N

�

; 2i : � < �

+

i of elemen tary submo dels of H ( �

++

)

with A 2 N

0

suc h that

S

0

:=

�

� < �

+

: � ( N

�

) = � > � ^ cf ( � ) = � ^ N

�

is suitable for �

	

is a club in S

�;�

+
. As in De�nition 3.4, w e de�ne

I

�

:=

�

X � �

+

: 9 Y ( Y � �

+

^ Y 2 N

�

^ � =2 Y ^ j X � Y j < � )

	

;

and note that since � is singular, the last condition ma y no longer b e re-

placed b y X � Y .

8.21 F acts. The follo wing statemen ts hold.

1. I

�

is a � -complete prop er ideal for all � 2 S

0

;

2. for ev ery stationary S � S

0

, there is some � 2 S so that S \ � =2 I

�

;

3. for ev ery � 2 S

0

, ev ery X 2 P ( � ) � I

�

and ev ery � < � , there is some

W � X with j W j = � so that W 2 N

�

.

Pr o of. The �rst item follo ws from Lemma 3.6, and the second from Corol-

lary 4.8. T o see that the third item holds, �x � 2 S

0

, and assume X 2

P ( � ) � I

�

. By the de�nition of I

�

, w e ha v e j X j � � . Let � < � b e giv en.

Since cf ( � ) = � < � , there is a � < � with j X \ � j � � . Since N

�

� H ( �

++

)

and � 2 N

�

, there is some U in N

�

with j U j < � and j X \ U j � � . Then

an y W � X \ U with j W j = � satis�es the requiremen t of the item since

jP ( U ) j < � and therefore P ( U ) � N

�

. a

F or notational con v enience, w e use the same names for our double rami-

�cation system here as in the pro of of Theorem 8.2.

8.22 De�nition (Double rami�cation). F or eac h � 2 S

0

, w e c ho ose <

�

, a

w ell-ordering of t yp e � of N

�

. Cho ose N = h N

�;�

: � < �

+

^ � < � i for

the sk eleton c hosen ab o v e so that for � 2 S

0

, the sequence h N

�;�

: � < � i

is increasing, con tin uous and in ternally approac hable and satis�es the fol-

lo wing conditions:
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1. A 2 N

�; 0

;

2. �

�

� N

�;�

, j N

�;�

j = �

�

, and N

�;�

con tains the � th section of N

�;�

in

the w ell-ordering <

�

for eac h � < � .

Next w e relativize certain imp ortan t sets to the submo dels of the double

rami�cation system.

Notation. F or eac h � 2 S

0

, de�ne the set X

�;�

:= N

�;�

\ �

�

for � < � and

the function '

�

: � ! � so that '

�

( � ) := sup X

�;�

.

The follo wing facts follo w from De�nition 8.19 of � and

~

� .

8.23 Lemma. F or al l � 2 S

0

, the function '

�

is in � , and ther e is a

function ' 2 � which eventual ly dominates al l the '

�

for � 2 S

0

. That is,

for e ach � 2 S

0

, ther e is some �

�

< � , so that '

�

( � ) < ' ( � ) for al l � with

�

�

� � < � .

F or the remainder of this section, �x a function ' whic h ev en tually dom-

inates all the '

�

for � 2 S

0

, and let �

�

as ab o v e b e the p oin t at whic h

domination sets in.

8.24 De�nition. F or � 2 S

0

and � with �

�

� � < � , de�ne

I

�;�

:= f X � � : 9 Y ( Y � � ^ Y 2 N

�;�

^ ' ( � ) =2 Y ^ j X � Y j < �

�

) g :

8.25 Lemma. L et � 2 S

0

and � with �

�

� � < � b e given. Then

1. I

�;�

is a pr op er ide al;

2. for e ach X � X

�;�

with X 2 I

+

�;�

, ther e is a W � X with j W j = �

�

so that W 2 N

�;� +1

.

Pr o of. F or the �rst item, note that the set I

�;�

is an ideal b ecause N

�;�

is

closed with resp ect to �nite unions. T o see that X

�;�

=2 I

�;�

, let Z 2 N

�;�

b e a subset of �

�

with ' ( � ) 2 Z . It is enough to sho w j Z \ X

�;�

j � �

�

.

No w Z 2 N

�;�

and sup Z 2 N

�;�

. Hence sup Z = �

�

. Th us there is a

one-to-one function g : �

�

! Z . Using the fact that �

�

and �

�

are in N

�;�

,

b y elemen tarit y , there is a function g 2 N

�;�

lik e this. Using the fact that

�

�

+ 1 � N

�;�

, w e get that ran ( g ) � N

�;�

\ �

�

= X

�;�

.

F or the second item, there is a subset W � X with j W j = �

�

b y De�nition

8.24. Also, b y De�nition 8.22, w e kno w that X

�;�

2 N

�;� +1

, 2

�

�

< �

� +1

and P ( X

�;�

) � N

�;� +1

. Therefore W 2 N

�;� +1

as required. a

Recall the notation f

#

( � ; i ) in tro duced after Lemma 8.8:

f

#

( � ; i ) := f � < � : f ( �; � ) = i g for � < �

+

, i < 
 .
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Using the facts that 
 ; ! < � and 2

�

< � , w e can sho w directly that

�

�

+

�

�

!

�

Stat ( �

+

)

Stat( � )

�

1 ; 1




:

W e get the next lemma b y applying this partition relation to the coloring

f � ' of �

+

� � .

8.26 Lemma. Ther e ar e S � S

0

, T � � , � < � and i < 
 such that

S 2 Stat( �

+

) , T 2 Stat( � ) , � \ T = ; , ' \ T � f

#

( � ; i ) and �

�

= � for al l

� 2 S .

W e no w pro v e our main claim.

8.27 Lemma (Main Claim). Ther e is an � 2 S such that S \ � =2 I

�

and

�

� 2 T : f

#

( � ; i ) \ X

�;�

=2 I

�;�

	

2 Stat( � ) :

Pr o of. By Corollary 4.8, it is su�cien t to see that

�

� 2 S :

�

� 2 T : f

#

( � ; i ) \ X

�;�

=2 I

�;�

	

2 Stat ( � )

	

2 Stat( �

+

) :

Let T

�

:=

�

� 2 T : f

#

( �; i ) \ X

�;�

2 I

�;�

	

for � 2 S . Assume b y w a y of

con tradiction that for some S

0

2 Stat( �

+

) \ P ( S ), one has T

�

2 Stat( � ) for

all � 2 S

0

.

F or � 2 S

0

, � 2 T

�

, c ho ose Y

�;�

satisfying the follo wing conditions:

Y

�;�

� �

�

, Y

�;�

2 N

�;�

, ' ( � ) =2 Y

�;�

, and j f

#

( � ; i ) \ X

�;�

� Y

�;�

j < �

�

. F or

eac h � 2 S

0

, b y F o dor's Theorem, the sets Y

�;�

stabilize on a stationary

subset of T

�

. That is, for eac h � 2 S

0

, there are T

0

�

� T

�

with T

0

�

2 Stat( � ),

Y

�

and �

�

< � suc h that Y

�;�

= Y

�

and j f

#

( � ; i ) \ X

�;�

� Y

�;�

j � �

�

for

� 2 T

0

�

and

Y

�

\ f ' ( � ) : � 2 T

0

�

g = ; :

Note that

S

f X

�;�

: � 2 T

0

�

g = � , hence

j f

#

( � ; i ) � Y

�

j � �

�

:

No w, using F o dor's Theorem again, Y

�

stabilizes on a stationary subset of

S

0

. That is, there are T

0

2 Stat( � ), Y and � suc h that for some S

00

2

Stat( �

+

) \ P ( S

0

), one has T

0

�

= T

0

, Y

�

= Y and �

�

= � for all � 2 S

00

.

No w c ho ose t w o elemen ts �

0

; �

0

2 S

00

with �

0

< �

0

, and let �

0

2 T

0

b e suc h

that �

0

2 N

�

0

;�

0

and �

�

0

> � . Since �

0

2 S

00

� S and �

0

2 T

0

� T , it follo ws

that f ( �

0

; ' ( �

0

)) = i b y Lemma 8.26. In other w ords, ' ( �

0

) 2 f

#

( �

0

; i ).

Ho w ev er, f

#

( �

0

; i ) 2 N

�

0

;�

0

, hence

f

#

( �

0

; i ) \ X

�

0

;�

0

=2 I

�

0

;�

0

:

This last fact con tradicts the inequalit y j f

#

( �

0

; i ) � Y j < � and the lemma

follo ws. a
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T o �nish the pro of of Theorem 8.17 using the Main Claim 8.27, w e w an t to

de�ne sequences h A

�

: � < � i with A

�

� � and h B

�

: � < � i with B

�

� S

0

so that the sets are pairwise disjoin t, j A

�

j = j B

�

j = �

�

, A

�

; B

�

2 N

�;�

�

for some �

�

2 T

0

, where T

0

:=

�

� 2 T : f

#

( � ; i ) \ X

�;�

=2 I

�;�

	

is the set

de�ned in the Main Claim 8.27, and f is constan tly i on the set

[

� <�

B

�

[ f � g �

[

� <�

A

�

:

T o carry out an induction of length � to de�ne the desired sequences, w e

only need the follo wing lemma.

8.28 Lemma. Assume A; B 2 N

�;�

for some � 2 T

0

, B � S , � < � , and

f is homo gene ous of c olor i on ( B [ f � g ) � A . Then the fol lowing two

statements hold.

1. Ther e is C 2 [ � � ( A [ B )]

�

with C �

T

�

f

#

( � ; i ) : � 2 B [ f � g

	

so

that for some �

0

2 T

0

with �

�

0

> � , one has C 2 N

�;�

0

.

2. Ther e is D 2 [ S � ( A [ B )]

�

with A �

T

�

f

#

( � ; i ) : � 2 D

	

so that

for some �

0

2 T

0

with �

�

0

> � , one has D 2 N

�;�

0

.

Pr o of. F or the �rst item, c ho ose �

0

2 T

0

with �

0

> � and �

�

0

> � . By the

de�nition of S , w e kno w f ( � ; ' ( �

0

)) = i for � 2 B [ f � g . By the Main Claim

8.27, w e kno w that f

#

( � ; i ) \ X

�;�

0

=2 I

�;�

0

. Let Z =

T

�

f

#

( � ; i ) : � 2 B

	

.

Then Z 2 N

�;�

0

and ' ( �

0

) 2 Z . Hence j Z \ f

#

( � ; i ) \ X

�;�

0

j � � b y Lemma

8.25, and w e can c ho ose a subset of this in tersection for C .

F or the second item, the set Z :=

T

�

f

"

( � ; i ) : � 2 A

	

is in N

�;�

and

� 2 Z . Since S \ � =2 I

�

, w e can c ho ose a suitable D b y F acts 8.21. a

9. Coun table Ordinal Resources

9.1. Some history

In this section w e lo ok at ordinal partition relations of the form � ! ( � ; m )

2

for limit ordinals � and � of the same cardinalit y . The goal m will b e tak en

to b e �nite, since if � : � ! j � j is a one-to-one mapping, then the partition

de�ned on pairs x < y < � b y

f ( x; y ) =

(

0 ; if x < y and � ( x ) < � ( y )

1 ; if x < y and � ( x ) > � ( y )

sho ws that � 6! ( j � j + 1 ; ! )

2

.

This particular branc h of the partition calculus dates bac k to the 1950's,

in particular to to the seminal pap er of Erd} os and Rado [19 ] whic h in-

tro duced the partition calculus for linear order t yp es and to the pap er of

Sp ec k er [63 ], in whic h he pro v es the follo wing theorem.
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9.1 Theorem (Sp ec k er [63 ]). The fol lowing p artition r elations hold:

1. !

2

! ( !

2

; m )

2

for al l m < ! .

2. !

n

6! ( !

n

; 3)

2

for al l 3 � n < ! .

The �nite p o w ers of ! are all additively inde c omp osable (AI) , since they

cannot b e written as the sum of t w o strictly smaller ordinals. It is w ell-

kno wn that the additiv ely indecomp osable ordinals are exactly those of the

form !




(see Exercise 5 on page 43 of Kunen [36 ], [37 ]). W e will fo cus

on additiv ely indecomp osable � and � . There are additional com binatorial

complications for decomp osable ordinals.

F or notational con v enience in discussions of � ! ( � ; m )

2

, call � the

r esour c e , � the 0 -go al and m the 1 -go al .

F or a sp eci�ed coun table 0-goal � and �nite 1-goal m , it is p ossible to

determine an upp er b ound for the resource � needed to ensure that the

p ositiv e partition relation holds. In particular, Erd} os and Milner sho w ed

!

1+ �m

! ( !

1+ �

; 2

m

)

2

. This result dates bac k to 1959 and a pro of app eared

in Milner's thesis in 1962. See also pages 165-168 of [66 ] where the pro of is

giv en via the follo wing stepping-up result:

9.2 Theorem. Supp ose 
 , � ar e c ountable and k is �nite.

If !




! ( !

1+ �

; k )

2

, then !


 + �

! ( !

1+ �

; 2 k )

2

.

9.3 Corollary (Erd} os and Milner [16 ]). If m < ! and � < !

1

, then

!

1+ � � `

! ( !

1+ �

; 2

`

)

2

.

The partition calculus for �nite p o w ers of ! is largely understo o d via the

results b elo w of Nosal. Her w ork built on 9.3 and earlier w ork b y Galvin

(unpublished), Ha jnal, Haddad and Sabbagh [24], Milner [43 ].

9.4 Theorem (Nosal [47 ], [48 ]).

1. If 1 � ` < ! , then !

2+ `

! ( !

3

; 2

`

)

2

and !

2+ `

6! ( !

3

; 2

`

+ 1)

2

.

2. If 1 � ` < ! and 4 � r < ! , then !

1+ r � `

! ( !

1+ r

; 2

`

)

2

and

!

r + r � `

6! ( !

1+ r

; 2

`

+ 1)

2

:

Some progress has b een made for the case in whic h the goal is !

4

. Nosal

sho w ed in her thesis that !

6

6! ( !

4

; 3)

2

, whic h is sharp, since !

7

! ( !

4

; 4)

2

b y Corollary 9.3. Darb y (unpublished) has sho wn that !

9

6! ( !

4

; 5)

2

.

9.2. Small Coun terexamples

In this section w e lo ok at partition relations of the form � 6! ( �; m )

2

for

limit ordinals � and m < ! .

In the previous section, w e noted that E. Sp ec k er pro v ed that !

n

6!

( !

n

; 3)

2

. In the 1970's, Galvin used pinning , de�ned b elo w, to exploit the

coun terexample !

3

6! ( !

3

; 3)

2

to the full.
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9.5 De�nition. Supp ose � and � are ordinals. A mapping � : � ! � is a

pinning map of � to � if ot X = � implies ot � \ X = � for all X � � . W e

sa y � c an b e pinne d to � , in sym b ols, � ! � , if there is a pinning map of �

to � .

9.6 Theorem (Galvin [22 ]). F or al l c ountable or dinals � � 3 , if � is not

AI and � = !

�

, then � 6! ( �; 3)

2

.

The �rst coun table ordinal not co v ered b y the Sp ec k er and Galvin results

men tioned so far is !

!

. Chang sho w ed that !

!

! ( !

!

; 3)

2

and Milner

mo di�ed his pro of to w ork for all m < ! .

9.7 Theorem (Chang [5]; Milner; see also [39 ], [66]). F or al l m < ! ,

!

!

! ( !

!

; m )

2

:

Chang's original man uscript w as ab out 90 pages long, and he receiv ed

$250 from Erd} os for this pro of, one of the largest sums Erd} os had paid to

that time. P aul Erd} os con tin ued to fo cus atten tion on partition relations of

the form � ! ( �; m )

2

through o�ering money . In 1985, he [11 ] o�ered $1000

for a complete c haracterization of those coun table � for whic h � ! ( �; 3)

2

.

9.8 De�nition. An y ordinal � can b e uniquely written as the sum of AI

ordinals, � = �

0

+ � � � + �

k

with �

0

� � � � � �

k

. This sum is called the

additive normal form (ANF) of � , and in this case, w e sa y the ANF of �

has k + 1 summands . The summand �

k

is called the �nal summand . The

initial p art of the ANF of � is �

0

+ � � � + �

k � 1

if k > 0 and, for notational

con v enience, is 0 if � is AI.

An AI ordinal � is multiplic atively inde c omp osable (MI) if it is cannot b e

written as a pro duct 
 � � where 
 , � are AI and � > 
 � � . An y AI ordinal

� can b e written uniquely as a pro duct of MI ordinals � = �

0

� : : : � �

k

with �

0

� � � � � �

k

. This pro duct is called the multiplic ative normal form

(MNF) of � , and in this case, w e sa y the MNF of � has k + 1 factors . The

factor b� := �

k

is called the �nal factor . The initial p art of the MNF of � is

� := �

0

+ � � � + �

k � 1

if k > 0 and, for notational con v enience, is � := 1 if �

is MI.

Note that if � = !

�

, then � is MI exactly when � is AI. Th us Galvin's

result (Theorem 9.6) ma y b e rephrased to sa y that for all coun table ordinals

� > !

2

, if � is not M I , then � 6! ( �; 3)

2

. In the 1990's, Carl Darb y [7]

and Rene Sc hipp erus [54 ], [52 ] w orking indep enden tly , came up with new

families of coun terexamples for MI ordinals � . Larson [40 ] built on their

w ork to impro v e one of the results obtained b y b oth of them.

9.9 Theorem.

1. (Darby) If � = !

� +1

and m ! (4)

3

2

32

, then !

!

�

6! ( !

!

�

; m )

2

.



56 I. P artition Relations

2. (Darby; Schipp erus; L arson) If � � 
 � 1 , then !

!

� + 


6! ( !

!

� + 


; 5)

2

.

3. (Darby; Schipp erus) If � � 
 � � � 1 , then !

!

� + 
 + �

6! ( !

!

� + 
 + �

; 4)

2

.

4. (Schipp erus) If � � 
 � � � " � 1 , then !

!

� + 
 + � + "

6! ( !

!

� + 
 + � + "

; 3)

2

.

W e plan to sk etc h a pro of that there is some �nite k so that !

!

2

9

( !

!

2

; k )

2

, using the basic approac h dev elop ed b y Darb y and some of his

construction lemmas. Surprisingly , the partition coun terexamples dev el-

op ed b y Darb y and Sc hipp erus w ere the same, ev en if their approac hes to

uniformization w ere at least cosmetically di�eren t.

Rather than w orking directly with the ordinals, w e use collections of

�nite increasing sequences from ! under the lexicographic ordering. Since

our sequences are increasing, w e will iden tify them with the set of their

elemen ts.

W e write s

_

t for the concatenation of the t w o sequences under the as-

sumption that the last elemen t of s is smaller than the �rst elemen t of t , in

sym b ols s < t .

W e extend the notion of concatenation from individual sequences to sets

of sequences b y setting

S

_

T := f s

_

t j s 2 S ^ t 2 T ^ s < t g :

9.10 De�nition. De�ne sets G

�

for � = !

`

b y recursion on 1 � ` < ! .

G

!

:= f h m i

_

h k

1

; k

2

; : : : ; k

m

i j m < k

1

< k

2

< � � � < k

m

< ! g

G

!

k +1
:=

[

8

<

:

f h m i g

_

m copies

z }| {

G

!

k

_

� � �

_

G

!

k
j m < !

9

=

;

Giv en a collection of sequences S and a particular sequence t , write

S ( t ) := f s 2 S j t v s g for the set of extensions of t in S .

9.11 Lemma. F or 1 � `; m; p < ! , ot G

!

` ( h m i ) =

�

!

!

` � 1

�

m

, ot G

!

` =

!

!

`

, and

ot

0

@

p c opies

z }| {

G

!

`

_

� � �

_

G

!

`

1

A

=

�

!

!

`

�

p

:

Pr o of. First observ e that ot G

!

( h m i ) = !

m

for all 1 � m < ! and ot G

!

=

!

!

. Next notice that for subsets S and T � [ ! ]

<!

whic h ha v e indecom-

p osable order t yp es and whic h ha v e arbitrarily large �rst elemen ts, the

order t yp e of the concatenation S

_

T is the pro duct of the order t yp es

(ot T ) � (ot S ). Then use induction on ` , m , and p . a
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9.12 Remark. Darb y [7 , De�nition 2.8] de�nes G

�

for all � < !

1

so that

ot G

�

= !

�

using a nice ladder system to assign to eac h limit ordinal an

increasing co�nal sequence of t yp e ! . In particular, for � = � � ! where �

is an AI ordinal, the co�nal sequence is �

m

= � � m .

Our main in terest is in G

�

for � AI. W e de�ned G

!

k for k < ! in

De�nition 9.10. If � = � � ! where � is an AI ordinal, then

G

�

=

[

8

<

:

fh m ig

_

m copies

z }| {

G

�

_

� � �

_

G

�

j m < !

9

=

;

:

If � � !

!

is an AI ordinal not of the form � = � � ! , then the co�nal

sequence is a strictly increasing sequence h �

m

: m < ! i of AI ordinals and

G

�

is the union of f h m i g

_

G

�

m

.

Recall w e write s v t to indicate that s is an initial se gment of t , and

s @ t to indicate it is a pr op er initial se gment .

9.13 De�nition. F or an y collection of increasing sequences S � [ ! ]

<!

, let

S

�

denote the collection of initial segmen ts of elemen ts of S . F or an y s 2 S

�

,

let S ( s ) := f t 2 S j s v t g b e the set of all extensions of s that are in S .

9.14 De�nition (See De�nition 3.1 of [7]). Supp ose ! < � = � � b� < !

1

is AI but not MI with initial part � and �nal factor b� . Call a non-empt y

sequence p 2 G

�

�

a level pr e�x of G

�

if ot G

�

( p ) = !




where the �nal

summand in the ANF of 
 is � .

The next lemma is of particular in terest when s is a lev el pre�x.

9.15 Lemma (See Lemma 2.9 of [7 ]). Supp ose 
 � � < !

1

wher e the ANF

of 
 is 
 = 


0

+ 


1

+ � � � + 


k

for k > 0 . F urther supp ose that s 2 G

�

�

r f;g .

If ot G

�

( s ) = !




, then G

�

( s ) = f s g

_

G




k

_

: : :

_

G




0

.

Pr o of. W e only pro v e this in the sp ecial case where � = � � ! and 
 = � � n .

In this case, s has an extension in G

�

( h m i ) = f h m ig

_

G

�

: : :

_

G

�

for

m = min s b y De�nition 9.10 or Remark 9.12. Let t v s b e the longest

initial segmen t of s for whic h G

�

( t ) is the concatenation of f t g with some

�nite n um b er of copies of G

�

. There m ust b e suc h a t since h m i has this

prop ert y . If s = t , then w e are done. So assume b y w a y of con tradiction

that u = s r t 6= ; . By the maximalit y of t , it follo ws that u 2 G

�

�

r G

�

.

Since u 6= ; , G

�

( u ) has order t yp e � for some � < !

�

with � > 1. Let r

b e the n um b er of copies of G

�

in the decomp osition of G

�

( t ). If r = 1,

then G

�

( s ) = f t g

_

G

�

( u ) has order t yp e � < !

�

. If r > 1, then G

�

( s ) is

the concatenation of f t g

_

G

�

( u ) with r � 1 copies of G

�

, so has order t yp e

!

� � ( r � 1)

� � , b y the argumen t of Lemma 9.11. In b oth cases, since � 6= 1 and

� 6= !

�

, w e ha v e a con tradiction to the assumption that ot G

�

( s ) = !

� � n

. a
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9.16 De�nition (See De�nition 3.1 of [7 ]). Supp ose the MNF of � < !

1

has at least four factors. Call t 2 G

�

�

a sublevel pr e�x of G

�

if there are

a lev el pre�x p for G

�

and a lev el pre�x q for G

�

so that t = p

_

q . Call

u 2 G

�

�

a sub-sublevel pr e�x of G

�

if there are a sublev el pre�x t for G

�

and a lev el pre�x r for G

�

so that u = t

_

r .

If w e lo ok at a pair s �

lex

t from G

�

, if s and t are disjoin t as sets,

then they partition one another in to con v ex segmen ts. That is, s and t

can b e expressed as concatenations, s = s

0

_

s

1

_

: : :

_

s

n � 1

(

_

s

n

) and t =

t

0

_

t

1

_

: : :

_

t

n � 1

where s

0

< t

0

< s

1

< t

1

< � � � < s

n � 1

< t

n � 1

( < s

n

).

The next de�nition uses De�nition 9.16 to iden tify four t yp es of segmen ts

used in the pro ofs of the negativ e partition relations (2)-(4) of Theorem 9.9.

9.17 De�nition. Supp ose the MNF of � < !

1

has at least four factors.

F urther supp ose that s 2 G

�

has b een decomp osed in to a con v ex partition

s = s

0

_

s

1

_

: : :

_

s

n

where s

0

< s

1

< � � � < s

n

.

1. Call s

i

a � -se gment of s if i = 0 or i = n or there are a lev el pre�x t of

G

�

and a 2 G

�

so that s

0

_

: : :

_

s

i � 1

@ t @ s

0

_

: : :

_

s

i � 1

_

s

i

v t

_

a .

2. Call s

i

a 4 -se gment of s if it is not a � -segmen t of s and there are

a sublev el pre�x u of G

�

and b 2 G

�

so that s

0

_

: : :

_

s

i � 1

@ u @

s

0

_

: : :

_

s

i � 1

_

s

i

v u

_

b :

3. Call s

i

a -se gment of s if it is not a � or 4 -segmen t of s and there

are a sub-sublev el pre�x u of G

�

and c 2 G

�

so that s

0

_

: : :

_

s

i � 1

@

v @ s

0

_

: : :

_

s

i � 1

_

s

i

@ v

_

c .

4. Call s

i

a � -se gment of s there are a sub-sublev el pre�x u of G

�

and

c 2 G

�

so that v @ s

0

_

: : :

_

s

i � 1

and s

0

_

: : :

_

s

i � 1

_

s

i

v v

_

c .

F or simplicit y , w e include an example for whic h only � -segmen ts are

needed to illustrate the tec hnique. W e ha v e c hosen to giv e an example that

is easy to discuss rather than an optimal one.

9.18 Prop osition. The fol lowing p artition r elation holds: !

!

2

9 ( !

!

2

; 6)

2

.

The remainder of this section is dev oted to the pro of of Prop osition 9.18.

W e de�ne a graph � on G = G

!

2

b elo w. Then in Lemma 2, w e sho w it has

no 1-homogeneous set of size 6. After considerably more w ork, in Lemma

9.31, w e sho w it has no 0-homogeneous subset of order t yp e !

!

2

. These t w o

lemmas complete the pro of.

9.19 De�nition. Let G = G

!

2

. Call a co ordinate x of x 2 G a b ox

c o or dinate if it is either the minim um or the maxim um of x or if x =

min x � p for some lev el pre�x p v x . De�ne a graph � : [ G ]

2

! 2 b y

�( x ; y ) = 1 if and only if there are con v ex partitions

x = X

0

_

X

1

_

X

2

_

X

3

_

X

4

and y = Y

0

_

Y

1

_

Y

2

_

Y

3
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with X

0

<Y

0

<X

1

< Y

1

< X

2

<Y

2

<X

3

<Y

3

<X

4

so that all of X

0

, X

2

, X

4

are

� -segmen ts of x , Y

0

, Y

3

are � -segmen ts of y , and none of X

1

, X

3

, Y

1

, Y

2

ha v e b o x co ordinates of x , y , resp ectiv ely .

F or notational con v enience, let 


�

( x ; y ) = max Y

1

, 


+

( x ; y ) = min Y

2

,

�

�

( x ; y ) b e the largest b o x co ordinate of Y

0

, and �

+

( x ; y ) b e the smallest

b o x co ordinate of Y

3

. The graphical displa y b elo w sho ws ho w the t w o

sequences are in terlaced and whic h ha v e b o x co ordinates if �( x ; y ) = 1.

X

0

X

1

X

2

X

3

X

4

Y

0

Y

1

Y

2

Y

3

9.20 Lemma. The gr aph � has no 1 -homo gene ous set of size six.

Pr o of. The pro of starts with a series of claims whic h delineate basic prop-

erties of the partition.

Claim A. Supp ose x < y , �( x ; y ) = 1 .

1. Ther e is a b ox c o or dinate x 2 x with min y < x < max y .

2. F or any b ox c o or dinate x 2 x with min y < x < max y , the ine qualities




�

( x ; y ) < x < 


+

( x ; y ) hold.

3. Ther e is no se quenc e x < y < x

0

2 x wher e min y < x 2 x , x

0

< max y

and y is a b ox c o or dinate of y .

Pr o of. Use the diagram ab o v e to v erify these basic prop erties. a

Claim B. Supp ose f x ; y ; z g

<

� G is 1 -homo gene ous for � . If � x 2 x ,

� y 2 y , and � z 2 z ar e b ox c o or dinates and min z < � x; � y < max z , then

either � x; � y < � z or � z < � x; � y .

Pr o of. Supp ose the h yp othesis holds but the conclusion fails. Then either

(a) � x < � z < � y or (b) � y < � z < � x . Note that min y < min z < � x

and � x < max z < max y , since y < z . By Claim A(2), 


�

( x ; y ) <

� x < 


+

( x ; y ). Use the de�nition of � to �nd x

�

; x

+

2 x suc h that

�

�

( x ; y ) < x

�

< 


�

( x ; y ) and 


+

( x ; y ) < x

+

< �

+

( x ; y ). If (a) holds,

then either � x < � z < x

+

or 


+

( x ; y ) < � z < � y is a sequence that

con tradicts Claim A(3). If (b) holds, then either � y < � z < 


�

( x ; y ) or

x

�

< � z < � x is a sequence that con tradicts Claim A(3). Th us the ab o v e

claim follo ws. a

Claim C. Supp ose f x ; y ; z g

<

� G is 1 -homo gene ous for � . If � x 2 x ,

� y 2 y ar e b ox c o or dinates with min z < � x; � y < max z , then some

c o or dinate z of z lies b etwe en � x and � y .
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Pr o of. F or the �rst case, supp ose � x < � y . In this case, let z = 


+

( x ; z ).

Then z 2 z and b y Claim A, � x < z . By de�nition of �, there is some

x

0

2 x with z < x

0

< max z . Since y < z , it follo ws that x

0

< max y , so

x

0

< �

+

( x ; y ) � � y . By transitivit y , � x < z < � y . The second case for

� y < � x is left to the reader with the hin t that z = 


�

( x ; z ) w orks. a

No w pro v e the lemma from the claims. Assume b y w a y of con tradiction

that U = f a ; b ; c ; d ; e ; f g

<

� G is 1-homogeneous for �. Use Claim A to

c ho ose b o x co ordinates "

0

2 a , "

1

2 b , "

2

2 c , "

3

2 d , "

4

2 e , so that

min f < "

i

< max f . Let ij k ` b e a p erm utation of 0123 so that "

i

< "

j

<

"

k

< "

`

. Use Claim C to c ho ose co ordinates e

0

; e

00

2 e and f

0

2 f with

"

i

< e

0

< "

j

< f

0

< "

k

< e

00

< "

`

. By Claim B, either (a) "

4

< "

i

or (b)

"

`

< "

4

. Cho ose co ordinate f

00

2 f b et w een "

4

and the appropriate one of

"

i

and "

`

.

Let x ; y 2 U b e suc h that "

i

2 x and "

`

2 y . By Claim A, �

�

( x ; f ) <




�

( x ; f ) < "

i

and "

`

< 


+

( y ; f ) < �

+

( y ; f ).

Let e = E

0

_

E

1

_

E

2

_

E

3

_

E

4

, f = F

0

_

F

1

_

F

2

_

F

3

b e the partition that

witnesses �( e ; f ) = 1. Note that "

4

2 E

2

.

If (a) holds, then �

+

( y ; f ) 2 F

3

, and

"

4

< f

00

< e

0

< f

0

< e

00

< �

+

( y ; f ) :

Ho w ev er, this inequalit y con tradicts the de�nition of g , since there are only

t w o blo c ks b et w een E

2

and F

3

. If (b) holds, then �

�

( x ; f ) 2 F

0

, and

�

�

( x ; f ) < e

0

< f

0

< e

00

< f

00

< "

4

:

This inequalit y also con tradicts the de�nition of g , since there are only t w o

blo c ks b et w een F

0

and E

2

. In either case w e ha v e reac hed the con tradiction

required to pro v e the lemma. a

No w w e turn to the task of sho wing that ev ery subset X � G of order t yp e

!

!

2

includes a pair f x ; y g

<

� X so that �( x ; y ) = 1. The �rst c hallenge

is to guaran tee that when w e build a segmen t of one of x and y , w e will

b e able to extend it starting ab o v e the segmen t of the other that w e will

ha v e constructed in the mean while. T o that end, w e in tro duce � -pr e�xes

and maximal � -pr e�xes .

9.21 De�nition. Supp ose � < !

1

. Call a sequence s 2 G

�

�

a � -pr e�x of

W � G

�

if ot W ( s ) = � , and a maximal � -pr e�x if no prop er extension is a

� -pre�x.

9.22 Lemma (Galvin; see Lemma 4.5 in [7 ]). Supp ose s 2 G

�

�

and � is AI.

If W � G

�

has ot W ( s ) � � , then ther e is an extension t w s so that t is a

maximal � -pr e�x for W .



9. Coun table Ordinal Resources 61

The pro of of the ab o v e lemma dep ends on the fact that the sequences in

G

�

are w ell-founded under extension. W e use the next lemma for sequences

r whic h are either maximal !

2

-pre�xes or maximal !

3

-pre�xes.

9.23 Lemma. Supp ose � < � � !

�

for AI � and � . F urther supp ose

W � G

�

and r is a maximal � -pr e�x for W . Then r has in�nitely many

one p oint extensions r

_

h p i 2 W

�

with ot W ( r

_

h p i ) � � . A lso, for any

se quenc e s , ther e is a se quenc e t so that s < t , r

_

t 2 W

�

, and r

_

t is a

maximal � -pr e�x for W .

Pr o of. Since r is a maximal � -pre�x for W , ot W ( r

_

h p i ) < � for all p < ! .

Consequen tly , since � is AI, it follo ws that

P

q <p<!

ot W ( r

_

h p i ) = �

for all q < ! . Since

P

q <p<!




p

� � if eac h 


p

< � , it follo ws that for

in�nitely man y p < ! , W ( r

_

h p i ) has order t yp e � � . Th us giv en s , there

is p > max s with ot W ( r

_

h p i ) � � . In particular, W ( r

_

h p i ) 6= ; . T o

complete the pro of, apply Lemma 9.22 to get t w h p i so that r

_

t is a

maximal � -pre�x. a

In our construction of x , y , w e m ust b e able to iterate the pro cess of

extending to a lev el pre�x. T o that end, w e in tro duce the notion of levels .

9.24 De�nition (See Def. 5.2 of [7]). Supp ose � is AI but not MI and q

is a lev el pre�x of G

�

. The level of W pr e�xe d by q is the set

L ( W ; q ) := f a 2 G

�

j W ( q

_

a ) 6= ; g :

A non-empt y sequence s 2 G

�

�

r G

�

ends in the level of W pr e�xe d by q if

there is some a 2 L ( W ; q ) so that q v s @ q

_

a .

Next w e state without pro of a series of lemmas from Darb y [7] that lead

up to Lemma 9.29. The in terested reader can �ll in the pro ofs for the case

where � = !

`

< !

!

.

9.25 Lemma (See Def. 4.6 and Lemma 4.7 of [7 ]). Supp ose � � 
 � � <

!

1

, wher e � , 
 ar e AI and 
 � � � � . If s 2 G

�

�

is a maximal 
 � � -pr e�x for

W � G

�

, then the fol lowing set has or der typ e � :

W ( � ; s ) := f p 2 G

�

�

j s v p and p is a maximal 
 -pr e�x for W g :

9.26 Lemma (See Lemma 5.5 of [7]). Supp ose � < !

1

is AI but not MI,

q is a level pr e�x of G

�

and W � G

�

. If s ends in level L ( W ; q ) and

ot W ( s ) � !

� � n

, then for any 
 < � , ther e is an a 2 L ( W ; q ) so that

s @ q

_

a and ot W ( q

_

a ) � !

� ( n � 1)+ 


.

9.27 Lemma (See Lemma 5.6 of [7]). Supp ose � < !

1

is AI but not MI,

W � G

�

and every level of W has or der typ e � !

�

. If s 2 G

�

�

and

ot G

�

( s ) = !

� � �

, then ot W ( s ) � !

� � �

.
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9.28 Lemma (See Lemma 5.7 of [7 ]). Supp ose � < !

1

is AI but not MI,

W � G

�

( h m i ) and ot W > !




. Then for any � so that � � m < 
 , ther e is

a level of W of or der typ e > !

�

.

The follo wing lemma of Darb y , mildly rephrased since the general def-

inition of G

�

has b een omitted, is the k ey to constructing pairs 1-colored

b y an y generalization of the graph � to a �

�

de�ned for � = � � ! , since

it allo ws one to plan ahead: one tak es a su�cien tly large set, thins it to

something tractable, div es in to a large lev el to w ork within, kno wing that

on exit from the lev el, one will ha v e a large enough set of extensions to

con tin ue according to plan.

9.29 Lemma (See Lemma 5.9 of [7 ]). Supp ose � is AI but not MI, 0 <

m < ! and ot G

�

( h m i ) = !

� � �

. F urther supp ose W � G

�

( h m i ) and

ot W � !

� � n + "

wher e " � � and 0 < n < ! , and assume � is such that

� � � < " . Then ther e is a set U � W and a level pr e�x q so that U = U ( q ) ,

ot L ( U; q ) > !

�

and ot U ( q

_

a ) � !

� � ( n � 1)+ "

for al l a 2 L ( U; q ) .

Here our fo cus is on !

!

k

for �nite k , that is, on � = !

k

. In this case,

G

�

( h m i ) has order t yp e !

!

k � 1

� m

, so the � of the previous lemma is sim-

ply m . The follo wing w eak er v ersion of the ab o v e lemma su�ces for our

purp oses.

9.30 Lemma. Supp ose � = � � ! is AI but not MI, 0 < n � m < ! ,

and W � G

�

( h m i ) has or der typ e � !

� � n

. F urther assume � is such that

� � m < � . Then ther e is a set U � W and a level pr e�x q so that U = U ( q ) ,

ot L ( U; q ) > !

�

and ot U ( q

_

a ) � !

� � ( n � 1)

for al l a 2 L ( U; q ) .

9.31 Lemma. Supp ose W � G

!

2
has or der typ e !

!

2

. Then ther e is a p air

x , y fr om W so that �( x ; y ) = 1 .

Pr o of. W e revisit the set G

!

2

to b etter understand ho w it is constructed b y

unra v eling the recursiv e construction. A t ypical elemen t � is

h m i

_

h b

1

i

_




a

1

1

; : : : ; a

1

b

1

�

_

h b

2

i

_




a

2

1

; : : : ; a

2

b

2

�

: : :

_

h b

m

i

_




a

m

1

; : : : ; a

m

b

m

�

:

Notice that the initial elemen t, m , tells ho w man y lev els there will b e, and

eac h lev el starts with a b o x co ordinate, b

i

, whic h determines the order t yp e

of the lev el, !

b

i

. T o mak e the iden ti�cation of the v arious t yp es of elemen ts

visually immediate, w e fold the sequence � in to a tree, with the initial

elemen t at the top, the b o x co ordinates as immediate successors, and the

remaining co ordinates as terminal no des. T o rebuild the sequence from the

tree, one w alks through the tree in depth �rst, left-to-righ t order.

,

,

,

�

�

L

L

@

@

�

�

@

@

@

@

�

�

X

X

X

X

X

X

X

X

X

m

a

1 ; 1

a

1 ;b

1

b

1

a

2 ; 1

a

2 ;b

2

b

2

� � � � � �

b

m

� � �

a

m; 1

a

m;b

m

� � �
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Use Lemmas 9.22, 9.23, and 9.30 to build x = X

0

_

X

1

_

X

2

_

X

3

_

X

4

and

y = Y

0

_

Y

1

_

Y

2

_

Y

3

one con v ex segmen t at a time so that

X

0

< Y

0

< X

1

<Y

1

<X

2

< Y

2

< X

3

<Y

3

<X

4

F or notational con v enience, w e plan to let i < j < k < ` b e suc h that

max X

0

= x

i

, max X

1

= x

j

, max X

2

= x

k

, max X

3

= x

`

. Similarly , w e plan

to let s < t < u b e suc h that max Y

0

= y

s

, max Y

1

= y

t

, max Y

2

= y

u

. In

addition it will b e con v enien t to write b for the largest b o x co ordinate of X

0

,

b

0

for the largest b o x co ordinate of X

2

, and c = �

�

( x ; y ) for the largest b o x

co ordinate of Y

0

. Here is a pair of subtrees of the trees w e get b y folding the

sequences w e build for x and y , that include only the critical co ordinates

named ab o v e, together with max x , max y . These subtrees highligh t the

relationships b et w een the critical co ordinates, and allo w one to see at a

glance whic h of the segmen ts are � -segmen ts.

,

,

,

�

�

L

L

@

@

�

�

@

@

#

#

l

l

l

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

m

b b

0

max x

n

c

y

s

y

t

y

u

x

i

x

j

x

k

x

`

max y

Observ e that since G is the union of G ( h 0 i ) ; G ( h 1 i ) ; G ( h 2 i ) ; : : : , it

follo ws that for � < !

2

, there are in�nitely man y m

�

< ! with ot W \

G ( h m

�

i ) � !

�

. W e start our construction b y c ho osing m so that U

0

:=

W \ G ( h m i ) has order t yp e at least !

! � 4

.

Next w e apply Lemma 9.30 to �nd a set U

1

� U

0

and a lev el pre�x

p so that U

1

= U

1

( p ), ot L ( U

1

; p ) > !

5

, and ot U

1

( p

_

a ) � !

! � 3

for all

a 2 L ( U

1

; p ). Apply Lemma 9.22 to get u , a maximal !

4

pre�x in L ( U

1

; p ).

Then b = min u is the b o x co ordinate of our diagram. W e set X

0

= p

_

u

and note that max u = x

i

on our diagram.

Cho ose n > x

i

so that V

0

:= W \ G ( h n i ) has order t yp e at least !

! � 4

.

Con tin ue as in the previous step. Use Lemma 9.30 to �nd a set V

1

� V

0

and

a lev el pre�x q so that V

1

= V

1

( q ), ot L ( V

1

; q ) > !

7

, and ot V ( q

_

a ) � !

! � 3

for all a 2 L ( V

1

; q ). Let v b e a maximal !

6

pre�x in L ( V

1

; q ). Then

c = min v is the b o x co ordinate of our diagram. W e set Y

0

= q

_

v and note

that max v = y

s

on our diagram.

By Lemma 9.23, there is a sequence X

1

with Y

0

< X

1

so that u

_

X

1

is a

maximal !

3

pre�x in L ( U

1

; p ). Note that X

0

_

X

1

is not a lev el pre�x nor

is an y one p oin t extension.

By Lemma 9.23, there is a sequence Y

1

with X

1

< Y

1

so that v

_

Y

1

is a

maximal !

5

pre�x in L ( V

1

; q ).

By Lemma 9.23, the sequence u

_

X

1

has in�nitely man y one p oin t ex-

tensions in L ( U

1

; p )

�

. By c ho osing a suitable one p oin t extension and then

extending it in to L ( U

1

; p ), w e �nd w so that Y

1

< w and u

_

X

1

_

w 2
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L ( U

1

; p ). By c hoice of U

1

and p , w e kno w ot U

1

( p

_

( u

_

X

1

_

w )) � !

! � 3

.

Use Lemma 9.30 to �nd U

2

� U

1

( p

_

( u

_

X

1

_

w )) and a lev el pre�x p

0

so that U

2

= U

2

( p

0

), ot L ( U

2

; p

0

) > !

5

, and ot U

2

( p

0 _

a ) � !

! � 3

for all

a 2 L ( U

2

; p

0

). Then p

_

( u

_

X

1

_

w ) v p

0

. Apply Lemma 9.22 to get u

0

, a

maximal !

4

pre�x in L ( U

2

; p

0

). Then b

0

= min u

0

is another b o x co ordinate

in our diagram. Then p

0 _

u

0

is not a lev el pre�x of U

2

, nor is an y one p oin t

extension of it a lev el pre�x. W e set X

2

= p

0

r ( X

0

_

X

1

), and note that

max X

2

= max u

0

= x

k

on our diagram.

By Lemma 9.23, there is a sequence Y

2

with X

2

< Y

2

so that v

_

Y

1

_

Y

2

is a maximal !

4

pre�x in L ( V

1

; q ).

By Lemma 9.23, there is a sequence X

3

with Y

2

< X

3

so that u

0 _

X

3

is

a maximal !

3

pre�x in L ( U

2

; p

0

).

By Lemma 9.23, the sequence v

_

Y

1

_

Y

2

has in�nitely man y one p oin t

extensions in L ( V

1

; q )

�

. Hence b y �rst c ho osing a suitable one p oin t exten-

sion and then extending it in to L ( V

1

; q ), and �nally extending it in to V

1

,

w e can �nd Y

3

so that X

3

< Y

3

and y = Y

0

_

Y

1

_

Y

2

_

Y

3

2 V

1

� W .

By Lemma 9.23, the sequence u

0 _

X

3

has in�nitely man y one p oin t exten-

sions in L ( U

2

; p

0

)

�

. Hence b y �rst c ho osing a suitable one p oin t extension

and then extending it in to L ( U

2

; p

0

), and �nally extending it in to U

2

, w e

can �nd X

4

so that Y

3

< X

4

and x = X

0

_

X

1

_

X

2

_

X

3

_

X

4

2 U

2

� W .

By construction, X

0

; X

2

; X

4

and Y

0

; Y

3

are all � -segmen ts, while X

1

; X

3

and Y

1

; Y

2

ha v e no b o x co ordinates. Th us x ; y witnesses the fact that W is

not a 0-homogeneous set for �. a

Lemmas 9.20 and 9.31 sho w that � is a witness to !

!

2

9 ( !

!

2

; 6)

2

.

The coloring can easily b e generalized to !

!

�

where � is decomp osable,

since it w as describ ed using only b o x segmen ts and segmen ts without b o x

co ordinates. Hence the pro of of Lemma 9.20 carries through for these gen-

eralizations. In the pro of of Lemma 9.31, w e ha v e tak en adv an tage of the

fact that � = 2 is a successor ordinal, but use of lemmas from Darb y's pap er

allo w one to mo dify the giv en construction suitably .

The pro of of the previous lemma giv es some evidence for the follo wing

remark.

9.32 Remark. W e ha v e the follo wing heuristic for building pairs. Supp ose

� is a list of sp eci�cations of con v ex segmen ts detailing whic h ha v e b o x,

triangle, bar (or dot) co ordinates and whic h do not. If the �rst t w o and last

t w o segmen ts are to b e b o x segmen ts, then for an y ordinal � of su�cien t

decomp osabilit y for the description to mak e sense, there is a disjoin t pair

x ; y 2 G

!

�

so that the sequence of con v ex segmen ts they create �ts the

description.

F or the actual construction, one needs to iterate the pro cess of taking

lev els and lo ok at the approac h tak en carefully .
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10. A p ositiv e coun table partition relation

The previous section fo cused on coun table coun terexamples. Here w e surv ey

p ositiv e ordinal partition relations of the form � ! ( �; m )

2

for coun table

limit ordinals � and sk etc h the pro of of one of them.

Carl Darb y [7 ] and Rene Sc hipp erus [54 ], [52] w orking indep enden tly ,

extended Chang's p ositiv e result for !

!

and m = 3 to larger coun table limit

ordinals.

10.1 Theorem. (Chang for � = 1 (see Theorem 9.7); Darb y for � = 2 [7];

Sc hipp erus for � � 2 [54 ]) If the additive normal form of � < !

1

has one

or two summands, then !

!

�

! ( !

!

�

; 3)

2

.

Recall that Erd} os [11 ] o�ered $1000 for a complete c haracterization of

the coun table ordinals � for whic h � ! ( �; 3)

2

. It is not di�cult to sho w

that additiv ely decomp osable ordinals fail to satisfy this partition relation.

Recall that additiv ely indecomp osable ordinals are p o w ers of ! . Sp ec k er

sho w ed that �nite p o w ers of ! greater than !

2

fail to satisfy it. Galvin

sho w ed (see Theorem 9.6) that additiv ely decomp osable p o w ers of ! greater

than !

2

fail to satisfy it. Th us atten tion has b een on indecomp osable p o w ers

of ! , � = !

!

�

, that is, the coun table ordinals that are m ultiplicativ ely

indecomp osable. Sc hipp erus (see Theorem 9.9) sho w ed that if the additiv e

normal form of � has at least four summands, then � 6! ( �; 3)

2

. Th us

to complete the c haracterization of whic h coun table ordinals � satisfy this

partition relation it su�ces to c haracterize it for ordinals of the form � =

!

!

�

where the additiv e normal form of � has exactly three summands. W e

list b elo w the �rst op en case.

10.2 Question. Do es !

!

3

! ( !

!

3

; 3)

2

?

In ligh t of Theorem 9.9, Darb y and Larson ha v e completed the c harac-

terization of the set of m < ! for whic h !

!

2

! ( !

!

2

; m )

2

with the follo wing

result.

10.3 Theorem (Darb y and Larson [8]). !

!

2

! ( !

!

2

; 4)

2

.

W e complete this subsection with a sk etc h of the Sc hipp erus pro of that

!

!

!

! ( !

!

!

; 3)

2

, using somewhat di�eren t notation than he used originally .

The sk etc h will b e divided in to sev en subsections:

1. represen tation of !

!

!

as a collection T ( ! ) of �nite trees;

2. analysis of no de lab ele d trees;

3. description of a t w o-pla y er game G ( h; N ) for h a 2-partition of T ( ! )

in to 2 colors and N � ! in�nite;
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4. uniformization of pla y of the game G ( h; N ) via constrain t on the sec-

ond pla y er to a c onservative style of pla y determined b y an in�nite

set H � N and a b ounding function b ;

5. construction of a three elemen t 1-homogeneous set when the the �rst

pla y er has a winning strategy for all games in G ( h; N ) in whic h the

second pla y er mak es conserv ativ e mo v es;

6. construction of an almost 0-homogeneous set of order t yp e !

!

!

when

the �rst pla y er has no suc h strategy;

7. completion of the pro of.

10.1. Represen tation

Recall that, b y con v en tion, w e are iden tifying a �nite set of natural n um b ers

with the increasing sequence of its mem b ers. The trees w e ha v e in mind

for our represen tation are subsets of [ ! ]

<!

whic h are trees under the subset

relation, and the subset relation is the same as the end-extension relation

when the subsets are regarded as increasing sequences.

In the pro of that the coloring � had no indep enden t subset of order t yp e

!

!

2

, w e found it con v enien t to fold an elemen t

x =




m; n

1

; a

1

1

; : : : ; a

1

n

1

; n

2

; a

2

1

; : : : ; a

2

n

2

; : : : ; n

m

; a

m

1

; : : : ; a

m

n

m

�

of G

!

2
in to a tree with ro ot h m i , immediate successors h m; n

i

i and terminal

no des




m; n

i

; a

i

j

�

. Then w e could w alk through the tree, no de b y no de, so

that the maxim um elemen t of eac h no de con tin ually increased along the

w alk, just as the elemen ts of x increase.

W e already ha v e represen tations of !

!

�

from the previous section as sets

of increasing sequences under the lexicographic ordering. The de�nition

of those sets is recursiv e, so w e fold these sets up in to trees recursiv ely .

Sp eci�cally , the next de�nition uses the represen tations of G

!

� detailed in

De�nition 9.10 and Remark 9.12.

10.4 De�nition. De�ne b y recursion on � � ! a sequence of folding maps ,

F

�

: G

!

� ! T :

1. F or � = h k i 2 G

!

0

= G

1

, set F

0

( � ) := fh k ig .

2. F or � = h m i

_

�

1

_

�

2

_

: : :

_

�

m

2 G

!

n +1
, set

F

n +1

( � ) := f h m ig [

[

ffh m ig

_

F

n

( �

i

) : 1 � i � m g :

3. F or � = h m i

_

� 2 G

!

!

, set F

!

( � ) := f h m ig [ fh m ig

_

F

m

( � ).

Let T ( � ) b e the range of F

�

.
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Pro v e the follo wing lemmas b y induction on � .

10.5 Lemma. F or e ach � � ! , the mapping F

�

is one-to-one and � =

S

F

�

( � ) . Thus, <

lex

on G

!

� induc es an or der < on T ( � ) .

10.6 Lemma. F or al l � � ! and al l in�nite H � ! , the c ol le ction of se-

quenc es in G

!

� \ [ H ]

<!

has or der typ e !

!

�

, and henc e so do es the c ol le ction

of tr e es in T ( � ; H ) := T ( � ) \ P ([ H ]

<!

) .

Let T b e the collection of all �nite trees ( T ; v ) of increasing sequences

with the prop ert y that if s; t 2 T and as sets, s � t , then as sequences,

s v t . Iden tify eac h t 2 T 2 T with the set of its elemen ts. Then v and

� coincide, so this iden ti�cation p ermits one to use set op erations on the

no des of T .

10.7 Lemma. F or al l � < !

1

, for al l T 2 T ( � ) , the fol lowing c onditions

ar e satis�e d:

1. (tr ansitivity) s @ t 2 T implies s 2 T ;

2. (closur e under interse ction) for al l s; t 2 T , s \ t is an initial se gment

of b oth s and t ;

3. (r o ote d) ( T ; v ) is a r o ote d tr e e with ; =2 T .

4. (no de or dering) for al l s 6= t in T , exactly one of the fol lowing holds:

(a) s @ t ,

(b) t @ s ,

(c) s �

lex

t and s < t � ( s \ t ) ,

(d) t �

lex

s and t < s � ( s \ t ) ;

10.8 De�nition. F or all � < !

1

, for all T 2 T ( � ), order the no des of T b y

u < v if and only if u @ v or u <

lex

v .

10.9 Lemma. F or al l � < !

1

, for al l non-empty initial se gments S; T of

tr e es in T ( � ) ,

S

S @

S

T if and only if S @ T .

Pr o of. By Lemma 10.7, if ; 6= S @ T v T

0

2 T ( � ), then

S

S @

S

T . F or

� = 0, the rev erse implication is trivially true, and for � > 0, it is true b y

de�nition of the fold map and the induction h yp othesis. a

10.10 De�nition. F or all � � ! , de�ne e

�

: [ ! ]

<!

! f� 1 g [ ( � + 2) b y

recursion:

e

�

( ; ) = � + 1;

e

�

( �

_

h m i ) =

8

>

<

>

:

� 1 if e

�

( � ) � 0,

e

�

( � ) � 1 if e

�

( � ) > 0 successor,

max( � ) if e

�

( � ) = ! limit.
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W e refer to e

�

( x ) as the or dinal of x .

Use induction on � , the de�nition of F

�

, and the previous lemma to pro v e

the next lemma.

10.11 Lemma. F or al l � � ! , for al l T 2 T ( � ) , for al l t 2 T , e

�

( t ) � 0 ,

and if e

�

( t ) > 0 , then t has a pr op er extension u 2 T .

The follo wing consequence of the recursiv e nature of De�nition 10.10 is

useful in induction pro ofs.

10.12 Lemma. F or al l � � ! , for al l h m i

_

� 2 [ ! ]

<!

, e

�

( h m i ) = � and

if � 6= ; and 
 = e

�

( h m; max � i ) � 0 , then e

�

( h m i

_

� ) = e




( � ) .

10.13 De�nition. Supp ose T 2 T . F or all t 2 T , let ] ( t; T ) b e the n um b er

of successors of t in T .

10.14 Lemma. F or al l � � ! , for al l T 2 T ( � ) , for al l t 2 T ,

] ( t; T ) =

8

>

<

>

:

0 ; if e

�

( t ) = 0 ,

1 ; if e

�

( t ) = ! is a limit,

max t; if e

�

( t ) is a suc c essor,

10.15 Lemma. F or al l � � ! , for al l T � [ ! ]

<!

, T 2 T ( � ) if and only if

T satis�es the four c onclusions of L emma 10.7, and for al l t 2 T , e

�

( t ) � 0

and ] ( t; T ) has the value sp e ci�e d in L emma 10.14.

Pr o of. By Lemmas 10.7, 10.11, and 10.14, if ( T ; v ) 2 T ( � ), then it satis�es

the giv en list of conditions.

T o pro v e the other direction, w ork b y induction on � to sho w that if

T � [ ! ]

<!

satis�es the giv en conditions for � , then

S

T 2 G

!

� and T =

F

�

(

S

T ) 2 T ( � ). a

10.16 De�nition. F or 0 < � � ! and ; 6= S @ T 2 T ( � ), the critic al no de

of S , in sym b ols crit ( S ), is the largest s 2 S with ] ( s; S ) smaller than the

v alue predicted in Lemma 10.14. F or notational con v enience, let crit( ; ) = ; ,

and set crit( T ) = ; for T 2 T ( � ).

The next lemma sho ws wh y the name w as c hosen.

10.17 Lemma. F or 0 � � � ! and S v T 2 T ( � ) , if t := min ( T � S ) ,

then t = crit( S )

_

h max t i .

Pr o of. Let m < ! b e suc h that h m i 2 T . Then h m i is the least elemen t

of T . If S = ; , then t = h m i = crit( S )

_

h max t i and the lemma follo ws.

Otherwise, h m i m ust b e in S , and b ecause it is the ro ot of T , h m i @ t :=

min( T � S ). Let r = t � f max t g . Then h m i v r @ t , ] ( r ; S ) < ] ( r ; T ), so
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r is an elemen t of S with ] ( r ; S ) smaller than the v alue sp eci�ed in Lemma

10.14.

If p 2 T and p <

lex

t , then p 2 S , since S @ T and T = min ( T �

S ). Moreo v er, if p <

lex

t and p @ q 2 T , then q <

lex

t . Hence if

p <

lex

t , then ] ( p; S ) = ] ( p; T ) tak es on the v alue sp eci�ed in Lemma

10.14. Th us crit( S ) @ t , so crit( S ) v r . It follo ws that r = crit ( S ) and

t = crit( S )

_

h max t i as required. a

10.18 Lemma. F or al l � � ! , the set of initial se gments of tr e es in T ( � )

is wel l-founde d under @ .

Pr o of. The pro of is b y induction on � . F or � = 0, the lemma is clearly true,

since the longest p ossible sequences are those of the form ; ; h m i for some

m < ! .

Next supp ose the lemma is true for k < ! and � = k + 1. Let S

0

, S

1

,

: : : b e an arbitrary @ -increasing sequence, and without loss of generalit y ,

assume it has at least t w o trees in it. Then there is some m < ! so that

h m i 2 S

1

. By the de�nition of the fold map F

k

, it follo ws that for i > 1,

the tree S

i

satis�es

S

S

i

= h m i

_

�

i; 1

_

: : :

_

�

i;n

i

for some n

i

� m , where

F

k

( �

i;j

) 2 T ( k ) for j < n

i

, and for some �

0

w �

i;n

i

, F

k

( �

0

) 2 T ( k ), so

�

i;n

i

=

S

T

i

for T

i

an initial segmen t of a tree in T ( k ). If i < ` and T

i

; T

`

are suc h that n

i

= n

`

, then for j < n

i

, �

i;j

= �

`;j

. Th us b y the induction

h yp othesis, for eac h n with 1 � n � m , there can b e at most �nitely man y

trees in the sequence with n

i

= n . Hence the sequence m ust b e �nite, and

the lemma is true for � = k + 1.

The pro of for � = ! is similar, since for all initial segmen ts S of trees in

T ( ! ), either S = ; , S = f h m i g , or S = f h m i g

_

S

0

for some m < ! and

some S

0

whic h is an initial segmen t of a tree in T ( m ). The details are left

to the reader.

Therefore, b y induction, the lemma holds for all � � ! . a

10.2. No de lab eled trees

A t ypical pro of of a p ositiv e partition relation for a coun table ordinal for

pairs includes a uniformization of an arbitrary 2-partition in to 2 colors, but

only for those pairs for whic h some easily de�nable additional information

is also uniformized. W e will in tro duce no de lab elings to pro vide that extra

information, but b efore w e do so, w e examine con v ex partitions of disjoin t

trees and the partition no des that determine them.

10.19 De�nition. F or trees S

0

, S

1

from T ( � ) with

S

S

0

\

S

S

1

= ; , call

t 2 S

"

a p artition no de if t < max S

"

and there is some u 2 S

1 � "

with

max t < max u < min (

S

S

"

� (1 + max t )) .

F or notational con v enience, write T ( ; ; t ] for the initial segmen t of T

consisting of all no des s � t 2 T , and, for t < u in T , write T ( t; u ] for
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f s 2 T : t < s � u g . With this notation in hand, w e can state the lemma

b elo w justifying the lab el p artition no des . This lemma follo ws from Lemmas

10.7 and 10.9.

10.20 Lemma. Supp ose S

0

, S

1

ar e in T ( � ) and

S

S

0

\

S

S

1

= ; . F urther

supp ose t

0

0

; t

0

1

; : : : ; t

0

k � 1

2 S

0

and t

1

0

; t

1

1

; : : : ; t

1

` � 1

2 S

1

ar e the p artition no des

of these tr e es if any exist. Set t

0

� 1

= t

1

� 1

= ; , t

0

k

= max S

0

, t

0

`

= max S

1

.

Then every no de of S

"

is in one and only one S

"

( t

"

i � 1

; t

"

i

] , and the sets

�

"

i

=

S

S

"

( t

"

i � 1

; t

"

i

] � t

"

i � 1

satisfy

�

0

0

< �

1

0

< �

0

1

< �

1

1

< : : : �

0

` � 1

< �

1

` � 1

( < �

0

k � 1

) :

No w w e in tro duce no de lab elings. F or simplicit y , this concept is giv en a

general form.

10.21 De�nition. Supp ose � � ! and N � ! is in�nite. F or an y initial

segmen t S v T 2 T ( � ), a function C is a no de lab eling of S into N if

C : S ! [ N ]

<!

satis�es max C ( s ) < max s for all s 2 S with C ( s ) 6= ; .

W e carry o v er from T ( � ) the notions of extension, complete tree and

trivial tree. In particular, call ( T ; D ) a (pr op er) extension of ( S; C ), in

sym b ols, ( S; C ) @ ( T ; D ), if S @ T and D j S = C . Call ( T ; D ) c omplete (for

� ) if T 2 T ( � ); call it trivial if ( T ; D ) = ( ; ; ; ).

Call a pair S; T from T ( � ) lo c al if S and T ha v e a common ro ot; otherwise

it is global. Similarly , call ( S; C ), ( T ; D ) lo c al if S; T is lo cal and otherwise

call it global.

10.22 De�nition. A pair (( S

0

; C

0

) ; ( S

1

; C

1

)) is str ongly disjoint if (a)

either S

0

= ; = S

1

or

�

S

S

0

[ ran C

0

�

\

�

S

S

1

[ ran C

1

�

= ; and (b)

for all s; t 2 S

0

[ S

1

, whenev er max s < max t and C

"

( t ) 6= ; , then also

max s < min C

"

( t ).

10.23 De�nition. Call a pair (( S

0

; C

0

) ; ( S

1

; C

1

)) of no de lab eled trees

cle ar if S

0

< S

1

, (( S

0

; C

0

) ; ( S

1

; C

1

)) is strongly disjoin t, all partition no des

t 2 S

0

[ S

1

are leaf no des ( e

�

( t ) = 0), and if for all " < 2 and all s 2 S

"

,

� C

"

( s ) = ; if e

�

( s ) = 0;

� C

"

( s ) = f ] ( s; S

"

( ; ; t ]) : s @ t 2 S

"

is a partition no de g if e

�

( s ) is a

successor ordinal;

� C

"

( s ) = f e

�

( t ) : s @ t 2 S

"

& j C

"

( t ) j > 1 g if e

�

( s ) = ! is a limit or-

dinal.

Call a pair S

0

; S

1

of trees from T ( � ) cle ar if it is lo cal or if it is global and

there are no de lab elings C

0

; C

1

with (( S

0

; C

0

) ; ( S

1

; C

1

)) clear.
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F or � > ! , the v alue of the no de lab eling for s with e

�

( s ) limit is more

complicated to describ e.

Notice that for 2 � � � ! , if ( S

0

; C

0

) ; ( S

1

; C

1

) is a global clear pair and

neither C

0

nor C

1

is constan tly the empt yset, then all initial segmen ts of

partition no des are iden ti�able: they are the ro ot of the tree, successor no des

whose no de lab el is non-empt y , and no des of ordinal 0 whose immediate

predecessor has non-empt y no de lab el that iden ti�es it as a successor whic h

is a partition no de.

F rom the de�nition of cle ar , if u is a partition no de of one of a pair of

trees, sa y ( S; C ) then for eac h initial segmen t s whose ordinal e

!

( s ) is a

successor, the no de lab el C ( s ) m ust ha v e as a mem b er the n um b er of imme-

diate successors of s whic h are less than or equal to u in the lexicographic

order. If w e index the immediate successors of s in S in increasing lexico-

graphic order starting with 1, then this v alue is the index of the immediate

successor of s whic h is an initial segmen t of u . This analysis motiv ates the

next de�nition.

10.24 De�nition. Consider a no de lab eled tree ( S; C ) with ro ot h m i . A

non-ro ot no de t of ( S; C ) is a pr ep artition no de if for all s @ t with e

�

( s )

a successor ordinal, ] ( s; S ( ; ; t ]) 2 C ( s ), and if e

!

( s ) 2 C ( h m i ) whenev er

� = ! and j C ( s ) j > 1 The ro ot is a prepartition no de if S 2 T (0) or

C ( h m i ) 6= ; or ( S; C ) has a non-ro ot prepartition no de. Call ( S; C ) r elaxe d

if S =2 T (0) and max S is a prepartition no de of ordinal 0.

No de lab eled trees, clear pairs, prepartition no des and relaxed initial

segmen ts are used in the game in tro duced in the next section.

10.3. Game

In this section w e dev elop the game G ( h; N ) in whic h t w o pla y ers collab orate

to build a pair of no de lab eled trees.

Here is a brief description of the game. Pla y er I, the arc hitect, pla ys

sp eci�cations for Pla y er I I, the builder, telling him (a) whic h tree to extend,

(b) whether to complete the tree or to build it to the next decision p oin t,

and (c) what the size of the no de lab el of the next no de to b e constructed is,

if it is not already determined. In turn, the builder extends the designated

tree b y a series of steps, adding a no de and no de lab el at eac h step using

elemen ts of N , un til he reac hes the next decision p oin t on the giv en tree, if

he has b een so directed, or un til he completes the tree. The arc hitect wins

if the pair (( S; C ) ; ( T ; D )) created at the end of the pla y of the game is a

global clear pair with h ( S; T ) = 1; otherwise the builder wins.

Before giving a detailed description of the general game, as a w arm up

exercise, consider a 2-partition h in to 2 colors, an in�nite set N , and the

game G

0

( h; N ) in whic h the arc hitect pla ys the strategy �

0

directing the

builder to complete the �rst tree and then complete the second tree. The
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builder can use a fold map to fold an initial segmen t of N in to a tree S and

assign the constan tly ; no de lab eling C to create his �rst resp onse, ( S; C ).

Then he can fold a segmen t of N starting ab o v e

S

S in to a tree T and assign

the constan tly ; no de lab eling D to create his second resp onse, ( T ; D ). By

construction, the pair (( S; C ) ; ( T ; D )) is clear, since there are no partition

no des, so f S; T g is a clear global pair. If all pairs f X ; Y g of trees created

using no des from N in this game ha v e h ( X ; Y ) = 1, then pla ying another

game, starting with ( T ; D ) as the initial mo v e of the builder and ending with

( U; E ), one builds a triple f S; T ; U g eac h pair of whic h h tak es to color 1.

Th us if �

0

is a winning strategy for the arc hitect, then the arc hitect can

arrange for a triangle to b e constructed.

As a second w arm up exercise, consider a 2-partition h in to 2 colors, an

in�nite set N with 0 =2 N , and the game G

1

( h; N ) in whic h the arc hitect

pla ys the strategy �

1

directing the builder to build the �rst tree to the next

decision p oin t starting from a ro ot no de whose no de lab el has 0 elemen ts,

to start and complete the second tree, and then to complete the �rst tree.

In resp onse to the arc hitect's �rst set of sp eci�cations, the builder uses

the least elemen t n

0

of N to build the ro ot, h n

0

i and giv es it the empt y set

as no de lab el. He then uses the next t w o elemen ts of N , namely n

1

and n

2

b y setting h n

0

; n

2

i as the immediate successor of the ro ot with no de lab el

C

0

( h n

0

; n

2

i ) = f n

1

g . He con tin ues with successiv e elemen ts of N , extending

the critical no de of the tree create to that p oin t, giving the new no de an

empt y lab el unless the no de to b e created is the successor of a prepartition

no de whose index is the sole elemen t of the no de lab el of the prepartition

no de, in whic h case he extends and lab els it as he did the successor of the

ro ot. He con tin ues un til he has created and lab eled a prepartition no de u

whose ordinal is e

!

( u ) = 0, and the pair ( S

0

; C

0

) he has built is his resp onse.

In resp onse to the arc hitect's second set of sp eci�cations, the builder

uses elemen ts of N larger than an y used so far to build a tree T in T ( ! )

and giv es it the constan tly ; lab eling. Then he resp onds to the �nal set of

sp eci�cations of the arc hitect b y completing S

0

to S in T ( ! ) and extending

C

0

to C with all new no des receiving empt y no de lab els.

In the brief description of the game, the arc hitect w as allo w ed to direct

the builder to stop at the next decision p oin t. The decision p oin t is either

when a partition no de has b een created and it is time to switc h to the other

tree or when the next no de to b e created is p ermitted to ha v e a no de lab el

whose size is greater than 2. Notice that if the arc hitect switc hes trees after

the builder has created a prepartition no de with ordinal 0, then that no de

b ecomes a partition no de.

10.25 De�nition. A de cision no de of ( S; C ) is a prepartition no de t with

ordinal e

!

( t ) suc h that either e

!

( t ) = 0 or e

!

= ` + 1 is a successor ordinal

with ` 2 C ( t j 1), t is the critical no de of S and 1 + ] ( t; S ) is an elemen t of

C ( t ).
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In the game G

0

( h; N ), the �nal pair of trees S; T had the prop ert y that

min

S

S < min

S

T and max

S

S < max

S

T . Call suc h a pair an outside

pair. In the game G

1

( h; N ), the �nal pair of trees S; T had the prop ert y that

min

S

S < min

S

T and max

S

S > max

S

T . Call suc h a pair an inside

pair.

10.26 De�nition. Supp ose N � ! is in�nite and h is a 2-partition of

T ( ! ) in to 2 colors. Then G ( h; N ) is a t w o pla y er game pla y ed in rounds.

Pla y er I is the arc hitect who issues sp eci�cations, and Pla y er I I is the

builder whose creates or extends one of a giv en pair of trees in round `

to (( S

`

; C

`

) ; ( T

`

; D

`

)). Note that if the second tree has not b een started in

round ` , then T

`

= D

`

= ; .

The ar chite ct's moves: In the initial round, the arc hitect declares the t yp e

of pair to b e pro duced, either inside or outside. In round ` , the arc hi-

tect sp eci�es the tree to b e created or extended (�rst or second), sp eci�es

whether the extension is to completion with all new no des receiving empt y

lab els or to the p oin t at whic h a decision no de is created and lab eled (com-

pletion or decision), and sp eci�es the size of the lab el for the next no de to

b e created. In her initial mo v e, the arc hitect m ust sp ecify the �rst tree b e

created. She ma y not direct the builder to extend a tree whic h is complete.

The builder's moves: In round ` , the builder creates or extends the sp eci�ed

tree through a series of steps in whic h he adds one no de and its lab el using

elemen ts of N larger than an y used to that p oin t. If he has b een directed

to con tin ue to completion, he do es so while assigning the empt y set no de

lab el to all new no des. Otherwise he adds no des one at a time, un til he

creates the �rst decision no de. He adds a no de after determining the size

of the no de lab el, and c ho osing the no de lab el, since all elemen ts of the

no de lab el m ust b e smaller than the single p oin t used to extend the critical

no de. The size of the lab el of the �rst no de to b e created is sp eci�ed b y

the arc hitect's mo v e. Otherwise, the builder determines if the no de will

b e a prepartition no de with non-zero ordinal. If so, its no de lab el has one

elemen t and otherwise its no de lab el is empt y .

Stopping c ondition: Pla y stops at in round ` if b oth trees are complete.

Payo� set: The arc hitect wins if b oth S

`

and T

`

are complete, the pair is

inside or outside as sp eci�ed at the onset, the pair (( S

`

; C

`

) ; ( T

`

; D

`

)) is a

global clear pair and h ( S

`

; T

`

) = 1; otherwise, the builder wins.

W e are particularly in terested in this game when w e ha v e a �xed 2-

partition, h : [ T ( � )]

2

! 2, but the game ma y b e mo di�ed to w ork with

2-partitions in to more colors. This game ma y also b e mo di�ed to require

the builder to use an initial segmen t of an in�nite sequence from N sp eci�ed

b y the arc hitect in her mo v e or b e mo di�ed to start with a sp eci�ed pair of

no de lab eled trees.
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10.27 Lemma. Supp ose N � ! is in�nite and h is a 2 -p artition of T ( ! )

with 2 c olors. Then every run of G ( h; N ) stops after �nitely many steps.

Pr o of. Use Lemma 10.18. a

10.4. Uniformization

In this subsection, w e pro v e the k ey dic hotom y in whic h one or the other

pla y er has a winning strategy , at least up to some constrain ts on the pla y .

Basically , w e build a tree out of the pla ys of the game, sho w it is w ell-

founded, and use recursion on the tree to de�ne an in�nite subset H � !

so that pla ys where the builder uses su�cien tly large elemen ts of H are

uniform enough to allo w us to pro v e the dic hotom y .

10.28 De�nition. Supp ose N � ! is in�nite, and h is a 2-partition of

T ( ! ) with 2 colors. Let S ( N ) b e the set of sequences of consecutiv e mo v es

in the game G ( h; N ), including the empt y sequence.

10.29 Lemma. F or in�nite N � ! , ( S ( N ) ; @ ) is a r o ote d, wel l-founde d

tr e e.

Pr o of. The ro ot is the empt y sequence. End-extension clearly is a tree order

on S ( N ), and @ is w ell-founded since ev ery game is �nite. a

The basic idea for the builder is to use elemen ts from a sp eci�ed set and

to alw a ys start high enough.

10.30 De�nition. Supp ose N is an in�nite set with 1 < min N and no

t w o consecutiv e in tegers in N . Then a function b : S ( N ) ! ! is a b ounding

function if b ( ; ) = 0, and if s v t , then b ( s ) � b ( t ).

Use a b ounding function and an in�nite set to delineate c onservative

mo v es for the builder.

10.31 De�nition. Supp ose H � N � ! is in�nite with 1 < min N that b

is a b ounding function. If

~

R is a p osition in the game G ( h; N ) ending with

a mo v e b y the arc hitect, then a mo v e (( S

`

; C

`

) ; ( T

`

; D

`

)) for the builder is

c onservative for b and H if all new no des and no de lab els are created using

elemen ts of H greater than b (

~

R ).

10.32 Lemma (Ramsey Dic hotom y). Supp ose N � ! is in�nite, and h is

a 2 -p artition of T ( ! ) with 2 c olors. Then ther e is an in�nite subset H � N

and a b ounding function b so that 1 < min H , no two c onse cutive inte gers

ar e in H , and the fol lowing statements hold:

1. for every p osition

~

R 2 S ( N ) ending in a play for the ar chite ct, ther e

is a c onservative (for b and H ) move for the builder; and
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2. either the ar chite ct has a str ate gy � by which she wins G ( h; N ) if the

builder plays c onservatively, or the builder wins every run of G ( h; N )

by playing c onservatively (for b and H ).

Before w e tac kle the pro of of the dic hotom y , w e in tro duce some prelimi-

nary de�nitions and lemmas.

10.33 De�nition. Call a set B � [ ! ]

<!

thin if no u from B is a prop er

initial segmen t of an y other v from B . Call B a blo ck for N � ! if for ev ery

in�nite set H � N , there is exactly one u 2 B whic h is an initial segmen t

of H . Call it a blo ck if it is a blo c k for ! .

Note that if B is a blo c k, then it is thin. A ma jor to ol of the pro of of the

dic hotom y is the follo wing theorem.

10.34 Theorem (Nash-Williams P artition Theorem). L et N � ! b e in�-

nite. F or any �nite p artition of a thin set c : W ! n , ther e is an in�nite

set M � N so that c is c onstant on W j M .

F or a pro of see [46] or [23 ]. The terminology thin comes from [23 ].

Here are some easy examples of blo c ks.

10.35 Lemma. The families f;g , and [ ! ]

k

for k < ! ar e blo cks.

10.36 Lemma. Supp ose w � ! is an incr e asing se quenc e, and B � [ ! ]

<!

is thin. Then ther e is at most one initial se gment u of w with u 2 B . If B

is a blo ck, then ther e is exactly one such initial se gment.

10.37 Lemma. Supp ose H � N � ! is in�nite, h is a 2 -p artition of T ( ! )

with 2 c olors, and b is b ounding function. F or every p osition

~

R 2 S ( N )

ending in a move by the ar chite ct, ther e is some k � b (

~

R ) and a blo ck B (

~

R )

for H � k such that for al l B 2 B (

~

R ) , the builder c an build his r esp onding

move using al l elements of B .

Pr o of. Recall the arc hitect ma y not direct the builder to extend a complete

tree, so if the arc hitect has just mo v ed, the tree she directs the builder to

extend is not complete. Th us the builder's individual steps are sp eci�ed up

to the c hoice of elemen ts of N , and his stopping p oin t is determined b y his

individual steps. Hence the set of sequences of new elemen ts used is thin.

Moreo v er, for an y in�nite increasing sequence w from H ab o v e b (

~

R ) and

ab o v e the largest elemen t of N used in prior mo v es, the builder can create

a mo v e using an initial segmen t of w . Therefore the set of p ossible mo v es

is a blo c k. a

A t this p oin t w e are prepared to pro v e the main result of this section.
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Pr o of of R amsey Dichotomy 10.32. Without loss of generalit y , assume 1 <

min N and N has no t w o consecutiv e elemen ts, since otherwise one can

shrink N to an in�nite set for whic h these conditions hold. These conditions

assure that no decision no de is an immediate successor of another decision

no de.

Let �

�

b e the rank of S ( N ). Use recursion on � � �

�

to de�ne a sequence

h M

�

� N : � < �

�

i and a v aluation v : S ( N ) ! 2.

F or � = 0, the sequences

~

R of rank 0 are ones in whic h the last mo v e

completes the pla y of the game. Let M

0

= N , and de�ne v (

~

R ) = 0 on

a sequence of rank 0 if the game ends with a win for the arc hitect and

v (

~

R ) = 1 otherwise.

Next supp ose that 0 < � < �

�

, and v has b een de�ned on all no des of

rank less than � . En umerate all the no des of rank � as

~

R

0

�

;

~

R

1

�

; : : : and

let M

� 1

�

b e M

� � 1

if � is a successor ordinal and let M

� 1

�

b e a diagonal

in tersection of a sequence M

�

for a set of � co�nal in � otherwise.

Extend v to the no des of rank � and de�ne sets M

i

�

b y recursion. F or the

�rst case, supp ose

~

R

i

�

ends with a mo v e for the builder, and set M

i

�

= M

i � 1

�

.

If there is some mo v e a

i

�

with

~

R

i

�

_




a

i

�

�

2 S ( N ) and v (

~

R

i

�

_




a

i

�

�

) = 1,

then set v (

~

R

i

�

) = 1, and otherwise set v (

~

R

i

�

) = 0.

F or the second case, assume

~

R

i

�

ends with an mo v e for the arc hitect. Let

B (

~

R

i

�

) b e the blo c k of Lemma 10.37 for the set M

i � 1

�

and the p osition

~

R

i

�

.

De�ne c : B (

~

R

i

�

) ! 2 b y c ( d ) = v (

~

R

i

�

_

h P ( d ) i ) where P ( d ) is the unique

appro v ed mo v e for the builder whose new elemen ts are created using exactly

the elemen ts of d . Apply the Nash-Williams P artition Theorem 10.34 to c

to get an in�nite set M

i

�

� M

i � 1

�

and let v ( R

i

�

) b e the constan t v alue of c

on B (

~

R

i

�

) restricted to M

i

�

.

Con tin ue b y recursion as long as p ossible, extending v to all no des of

rank � . If there are only �nitely man y of them, let M

�

b e M

i

�

where

~

R

i

�

is

the last one. If there are in�nitely man y , let M

�

b e a diagonal in tersection

of the sets M

i

�

.

Since ev ery non-empt y sequence of mo v es in the game G ( N ) extends the

empt y sequence, this ro ot of S ( N ) has the largest rank of an y elemen t of

S ( N ), namely rank �

�

� 1. Let H = M

�

�

� 1

. Let v ( ; ) b e 1 if there is some

mo v e a b y the arc hitect so that v ( h a i ) = 1, and set v ( ; ) = 0 otherwise.

De�ne b on S ( N ) b y recursion. Let b (

~

R ) = 2 for all

~

R 2 S ( N ) with

j

~

R j � 1. Con tin ue b y recursion on j

~

R j . F or notational con v enience, let

~

R

�

b e obtained from

~

R 2 S ( N ) � f ;g b y omission of the last en try . If b (

~

R

�

)

has b een de�ned and the last mo v e in

~

R is B

`

= (( S

`

; C

`

) ; ( T

`

; D

`

)) for the

builder, then let b (

~

R ) b e the least b greater than b (

~

R

�

) and an y elemen t of

S

( S

`

[ ran C

`

[ T

`

[ ran D

`

). If b (

~

R

�

) has b een de�ned, the last mo v e in

~

R is a

`

for the arc hitect, and

~

R =

~

R

i

�

, then let b (

~

R ) b e the least b greater
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than b (

~

R

�

) so that for all d in the restriction of B (

~

R

i

�

) to subsets of H with

min d > b , there is a conserv ativ e mo v e for the builder for p osition

~

R with

new elemen ts d . The existence of a v alue for b (

~

R ) in this latter case follo ws

from the fact that H �

�

M

i

�

b y construction, and b y Lemma 10.37.

Since all

~

R in S ( N ) are �nite, this recursion extends b to all of S ( N ).

This de�nition of H and b guaran tees that the builder can alw a ys resp ond

with conserv ativ e mo v es to pla ys of the arc hitect.

If v ( ; ) = 1, then the strategy for the arc hitect is to k eep v (

~

R ) = 1. Giv en

the de�nition of v , the arc hitect will alw a ys succeed, as long as the builder

mo v es conserv ativ ely with H and b . If v ( ; ) = 0, and the builder alw a ys

mo v es conserv ativ ely with H and b , then he will win, again b y the recursiv e

de�nition of v and the de�nition of winning the game. a

10.5. T riangles

F or this section w e assume that h : [ T ( ! )]

2

! 0 is �xed and that an

in�nite set H � ! and a b ounding function b are giv en so that the arc hitect

has a winning strategy � for games of G ( h; H ) in whic h the builder pla ys

conserv ativ ely for b and H . The goal is to outline ho w one uses the strategy

of the arc hitect to construct a triangle.

10.38 Lemma. Supp ose � is a str ate gy for the ar chite ct with which she

wins G ( h; N ) if the builder moves c onservatively for H , b . Then ther e is a

thr e e element 1 -homo gene ous set for h .

Pr o of. Consider the p ossibilities for � ( ; ). The arc hitect m ust declare the

pair to b e built will b e inside or outside, the initial mo v e is to complete the

�rst tree or construct it to a decision p oin t and m ust declare the size d of

the no de lab el of the initial no de constructed. W e construct our triangles

b y pla ying m ultiple in terconnected games in whic h the arc hitect uses � , the

builder pla ys conserv ativ ely for H and b , and pla ys su�cien tly large that

his pla ys w ork in all the relev an t games. While tec hnically w e should rep ort

a pair of no de lab eled trees for eac h pla y of the builder, for simplicit y , w e

frequen tly only men tioned the one just created or mo di�ed.

Case 1: Using � , the arc hitect sp eci�es the builder constructs a complete

tree in her initial mo v e.

Then the arc hitect m ust call for an outside pair and m ust set d = 0,

since otherwise the pair constructed will not b e clear. The builder resp onds

via conserv ativ e pla y with a complete tree ( S; C ) whose no de lab eling is

constan tly the empt yset. The strategy � m ust then sp ecify that the builder

constructs a second complete tree whose initial no de has a no de lab el of

size 0. The builder resp onds via conserv ativ e pla y with a complete tree

( T ; D ) whose no de lab eling is constan tly ; . Since � is a winning strategy ,

h ( S; T ) = 1.
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Next the arc hitect shifts to the game where the builder has resp onded to

the op ening mo v e with ( T ; D ), applies the strategy � , to whic h the builder

resp onds with ( U; E ), a (third) complete tree whose no de lab eling is con-

stan tly ; starting su�cien tly large for this resp onse to b e appropriate for

the game where the builder has resp onded to the op ening mo v e with ( S; C ).

Since � is a winning strategy , h ( T ; U ) = 1 = h ( S; U ). Th us f S; T ; U g is the

required triangle.

Case 2: Using � , the arc hitect declares the pair will b e an inside pair, and

sp eci�es the initial no de lab el size d = 0 and that the builder constructs to

a decision no de.

The pro of in this case is similar to the last, with the arc hitect starting

one game to whic h the builder resp onds with a �rst tree ( S

0

; C

0

) where

the decision no de is a prepartition no de of ordinal zero, since no lev els w ere

co ded for in tro ducing decision no des with successor ordinals. Th us the next

pla y for the arc hitect is to direct the builder to create a complete tree all of

whose no des are lab eled b y ; .

The arc hitect stops mo ving on the �rst game and, using � , starts a new

game, directing the builder to start high enough that the tree constructed

could b e the b eginning of his resp onse in the �rst game. The builder re-

sp onds with a tree ( T

0

; D

0

) where the decision no de is a prepartition no de

of ordinal zero The arc hitect con tin ues this game using � and the builder

resp onds with a complete tree ( U; E ) all of whose no des are lab eled with

; . After the arc hitect and builder eac h mo v e a �nal time on this game, the

builder has created a complete tree ( T ; D ) extending ( T

0

; D

0

). Since � is a

winning strategy , h ( T ; U ) = 1.

No w return to the �rst game: the builder pla ys ( T ; D

0

) where D

0

is

the constan tly empt yset no de lab eling; The arc hitect uses � to resp ond

and requires the builder to construct high enough that his resp onse w orks

in the game where the builder pla ys ( U; E ) as w ell as the one where the

builder pla ys ( T ; D

0

). Since � is a winning strategy , h ( S; T ) = h ( S; U ),

Th us f S; T ; U g is the required triangle.

Case 3: Using � , the arc hitect declares the pair will b e an outside pair,

and sp eci�es the initial no de lab el size d = 0 and that the builder constructs

to a decision no de.

The pro of in this case is similar to the last, so only the list of substrees to

b e constructed is giv en. Start with ( S

0

; C

0

) and ( T

0

; D

0

) as resp onses to the

�rst t w o mo v es of the arc hitect in the �rst game. Next build ( U

0

; E

0

) and

( S; C ) as second and third mo v es in a game where ( S

0

; C

0

) is the �rst mo v e,

and ( U

0

; E

0

) is started high enough to b e a rep onse in the game starting

with ( T

0

; D

0

). Finally build ( T ; D ) and ( U; E ) in the game starting with

resp onses ( T

0

; D

0

) and ( U

0

; E

0

) and con tin uing high enough that pla y using

( S; C ) in the appropriate games is conserv ativ e.
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In the remaining t w o cases, w e use � and conserv ativ e pla y for the builder

to create trees S; T ; U with no de lab elings ( S; C

1

) , ( S; C

2

), ( T ; D

0

), ( T ; D

1

),

( U; E

0

) and ( U; E

1

) through pla ys G

0 ; 1

, G

0 ; 2

, G

1 ; 2

of the game G ( h; H ). W e

pa y sp ecial atten tion to the creation of the initial segmen ts up to the �rst

partition no des for eac h pair and to the terminal segmen ts, after the last

partition no des. W e refer to the remainder of the run as \the mid-game".

Case 4: Using � , the arc hitect declares the pair will b e an inside pair, and

sp eci�es the initial no de lab el size d > 0 and directs the builder to construct

the �rst tree to a decision no de.

W e start b y displa ying a sc hematic o v erview of the construction:

S T U T U S U U S T T S

Next w e outline the steps to b e tak en.

1. Cho ose from H co des for d lev els for S and U ; c ho ose d larger lev els for

S and T ; start the initial segmen t of S with resp ect to T ; con tin ue it to

get the initial segmen t of S with resp ect to U (the di�erence is in the

no de lab elings only), and apply � to the results to determine the sizes

d

0

; d

00

of no de lab els for the ro ots of T ; U in G

0 ; 1

, G

0 ; 2

, resp ectiv ely .

2. Cho ose d

0

lev els for T 's in teraction with U ; c ho ose d larger lev els for

T 's in teraction with S ; start the initial segmen t of T with resp ect to

S ; con tin ue it to get the initial segmen t of T with resp ect to U ; and

apply � to determine the size d

000

of the no de lab el of the ro ot of U

for G

1 ; 2

.

3. Cho ose d

000

lev els for U 's in teraction with T ; c ho ose d

00

larger lev els

for U 's in teraction with S ; start the initial segmen t of U with resp ect

to S ; con tin ue it to get the initial segmen t of U with resp ect to T .

4. Pla y the mid-game of G

1 ; 2

to the call for the completion of U .

5. The initial segmen ts of T and U with resp ect to S are complete, so

up date the no de lab elings C

0

and C

1

.

6. Pla y the mid-game of G

0 ; 2

un til the arc hitect calls for the completion

of S . In particular, pla y un til U is complete.

7. Up date the no de lab eling E

1

for U b y lab eling all the new no des b y

the empt y set.

8. Complete the pla y of the game G

0 ; 1

, starting b y extending the part of

S created in the pla y of the mid-game G

0 ; 2

. Suc h a start is p ossible,

since the lev els of S for in teraction with T are larger than those for

in teraction with U .
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9. Up date the no de lab elings C

2

for S and D

2

for T b y lab eling all the

new no des b y the empt y set.

Care m ust b e tak en to direct the builder to start high enough that all

mo v es in the tree pla ys of G ( h; H ) are conserv ativ e. Since the construction

of the initial segmen ts calls for in tro ducing lev els, w e describ e the �rst suc h

step in greater detail.

W e kno w that w e will need to c ho ose levels for splitting of S with resp ect

to T and U , and for splitting T with resp ect to U . Dep ending on the

strategy � , w e ma y need to c ho ose lev els for the splitting of T with resp ect

to S and for the splitting of U with resp ect to S and T . Here is a picture

of the approac h w e plan to tak e on these splitting lev els, in the general case

where w e need lev els for all pairs.

�

�

�

�

�

�

�

��
A

A

A

A

A

A

A

AA

�

� A

A �

�

�

�

�\

\

\

\

\

for T

for U

for S

for U

for T

for S

S T U

T o start the construction, c ho ose 2 d + 1 elemen ts from H ab o v e b ( h � ( ; ) i )

ending in m

0

, and use them to de�ne C

1

(




m

0

�

) and C

2

(




m

0

�

) with

C

2

(




m

0

�

) < C

1

(




m

0

�

).

Start pla ying a game G

0 ; 1

where the arc hitect starts with R

0 ; 1

0

= � ( ; )

and the builder m ust use the elemen ts of C

1

(




m

0

�

) and m

0

to start his

initial mo v e, R

0 ; 1

1

. Con tin ue to pla y un til the arc hitect's last mo v e R

0 ; 1

p

b efore directing the builder to switc h to the second tree. One can iden tify

this p oin t in the run of the game, since it is the �rst time the arc hitect has

stopp ed on a no de, call it v

0

, whose lev el is one more than min( C

1

( h m

0

i )).

Let ( S

1

p � 1

; C

1

p � 1

) b e the tree paired with ( ; ; ; ) b y the builder in his last

mo v e.

Let C

2

b e the no de lab eling of S

1

p � 1

with the v alue of C

2

( h m

0

i ) sp eci�ed

ab o v e, with the empt y set assigned for no des whic h are not initial segmen ts

of v

0

, and for initial segmen ts of v

0

longer than the ro ot, are the singletons

needed to guaran tee that v

0

is a prepartition no de. Then the arc hitect

directs the builder to extend this no de lab eled tree to a resp onse R

0 ; 2

1

to

� ( ; ) in the second game G

0 ; 2

. The t w o pla y ers con tin ue the game un til the

arc hitect, in R

0 ; 2

q

, directs the builder to switc h to the second tree to start

with a no de lab el of size d

00

and to go to a decision no de. Suc h a mo v e is the

only one that will lead to a clear pair. Let ( S

2

q � 1

; C

2

q � 1

) b e the tree pla y ed

b y the builder in his previous mo v e.

Return to game G

0 ; 1

and require the builder to resp ond to R

0 ; 1

p

with

( S

1

p +1

; C

1

p +1

) for S

1

p +1

= S

2

q � 1

and C

1

p +1

the no de lab eling where all new
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no des that are not initial segmen ts of the largest no de are lab eled with the

empt y set and initial segmen ts of the largest no de are lab eled minimally so

that it is a prepartition no de. Let d

0

b e the size of the no de lab el for the

ro ot of the second tree determined b y the arc hitect's use of � in resp onse

to this mo v e of the builder.

The remaining details are left to the reader. The careful reader will note

that there is one p ossibilit y in whic h the arc hitect initially calls for d = 1,

sp eci�es a no de lab el of size 2 at the �rst decision no de, and after the

completion of the �rst full segmen t, calls for an empt y no de lab el for the

ro ot of the second tree. The construction pro ceeds as ab o v e but is simpler,

so these details are also left to the reader.

As in the previous cases, since � is a winning strategy for the arc hitect,

the set f S; T ; U g w e ha v e constructed is the required triangle.

Case 5: Using � , the arc hitect declares the pair will b e an outside pair,

and sp eci�es the initial no de lab el size d > 0 and directs the builder to

construct the �rst tree to a decision no de.

This case is substan tially lik e the previous one, so w e giv e the sc hematic

b elo w to guide the reader and a few commen ts on ho w to mo v e from one

section to the next.

S T S T U S U S T U T U

W e start b y building initial segmen ts of S and T . W e b egin b y c ho osing

d small lev els for the in teraction of S with T and d larger lev els for the

in teraction of S with U . W e start to build the initial segmen t of S with

resp ect to its con v ex partition b y U , then extend that start to build the

initial segmen t of S with resp ect to its con v ex partition b y T . W e obtain

the size d

0

of the ro ot no de lab el of the second tree in G

0 ; 1

b y applying � ,

c ho ose d

0

small lev els for the in teraction of T with S , and d larger lev els for

the in teraction of T with U . W e start building the initial segmen t of T with

resp ect to U , then extend it to the initial segmen t of T with resp ect to S .

W e pla y the mid-game of G

0 ; 1

un til the arc hitect calls for the completion

of S . In the pro cess w e ha v e completed the initial segmen ts of S and T with

resp ect to U , so w e up date C

2

and D

2

, and apply � to the curren t state of

pla y of G

0 ; 2

to �nd d

00

and to the curren t state of pla y of G

1 ; 2

to �nd d

000

.

W e c ho ose d

00

smaller lev els for the in teraction of U with resp ect to S

and d

000

larger lev els for the in teraction of U with resp ect to T . W e start

building the initial segmen t of U with resp ect to T , then extend it to the

initial segmen t of U with resp ect to S .

W e pla y the mid-game of G

0 ; 2

un til the builder has completed the con-

struction of S and the arc hitect has called for the completion of U . In the

pro cess w e ha v e completed the initial segmen t of U with resp ect to T , and

the �nal segmen t of S with resp ect to T so w e up date E

1

and and C

1

.
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Then w e pla y the mid-game of G

1 ; 2

and complete the pla y of that game

with the �nal segmen ts of T and U . Finally , w e up date D

0

and E

0

on the

new elemen ts of T and U whic h complete the games G

0 ; 1

and G

0 ; 2

.

As in the previous cases, since � is a winning strategy for the arc hitect,

the set f S; T ; U g w e ha v e constructed is the required triangle. a

10.6. F ree Sets

Our next goal is the construction of a subset of T ( ! ) of order t yp e !

!

!

whic h is 0-homogeneous for global pairs.

Recall the c haracterization of subsets of G

!

of order t yp e at least !

s

that

dates bac k to the late 1960's or early 1970's. (see [43 ], [42 ], [66 ]).

10.39 De�nition. A non-empt y set S � f � 2 G

!

: min � = n g is fr e e

ab ove c o or dinate k if for ev ery x = h x

0

; x

1

; : : : ; x

n

i 2 S , there is an

in�nite set N � ! so that for eac h x

0

2 N , the set of extensions of

h x

0

; x

1

; : : : ; x

k

; x

0

i in S is non-empt y . The set S is fr e e in s c o or dinates

if there are s co ordinates ab o v e whic h it is free.

10.40 Lemma (see Lemma 7.2.2 of [66 ]). A set S � f � 2 G

!

: min � = n g

has ot ( S ) � !

s

if and only if ther e is a subset V � S so that V is fr e e in s

c o or dinates.

W e w ould lik e to adapt this idea to sets of no de lab eled trees from T ( � ).

By an abuse of notation, write t 2 ( T ; D ) 2 X to mean that t 2 T for some

( T ; D ) 2 X . The next de�nition facilitates our discussion. Recall that e

�

( s )

is the ordinal of s .

10.41 De�nition. F or � � ! and an y s 2 ( S; C ) 2 T

�

( � ), call s a signal

no de if either j C ( s ) j > 1 or e

�

( s ) limit and j C ( s ) j = 1.

Recall De�nition 10.24 of relaxed initial segmen ts of trees in T ( � ). The

�rst three parts of the next de�nition guaran tee that lo cally �-free sets ha v e

nice regularit y prop erties, and the last three guaran tee (1) signal no des

are in tro duced whenev er there is no constrain t, (2) signal no des are giv en

large no de lab els, and (3) there are arbitrarily large starts for extensions of

relaxed initial segmen ts of trees in the collection. The de�nition of �-free

from lo cally �-free guaran tees that there are arbitrarily large new starts for

trees as w ell.

10.42 De�nition. Supp ose � � ! and 0 =2 � 2 [ � + 1]

<!

. A non-empt y

set X of no de lab eled trees from T ( � ) is lo c al ly � -fr e e for � if the follo wing

conditions are satis�ed:

1. (commonalit y) if � > 0, then ev ery tree in X has a prop er relaxed

initial segmen t and ev ery lo cal pair from X has a common prop er

relaxed initial segmen t and otherwise is disjoin t;
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2. (conformit y) if r 2 ( S; C ) 2 X and k 2 C ( r ) 6= ; , then there is some

relaxed ( T ; D ) v ( S; C ) so that r @ max T and if the ordinal of r is a

successor, then ] ( r ; T ) = k .

3. (�-signalit y) for an y signal no de r 2 ( S; C ) 2 X , either e

�

( r ) 2 � or

for some p @ r with e

�

( p ) = ! , there is k 2 C ( p ) so that e

�

( r ) = k .

4. (�-forecasting) for an y relaxed ( S; C ) v ( T ; D ) 2 X , if 


i

2 �, then

there is some signal no de r @ max S with e

�

( r ) = 


i

; and if p @ max S

is a signal no de, k 2 C ( p ), and e

�

( p ) = ! is a limit ordinal, then there

is some signal no de r @ max S with e

�

( r ) = k ;

5. (signal size) for an y signal no de r 2 ( S; C ) 2 X , the inequalit y

j C ( r ) j < max r holds, and max t < max r implies max t < j C ( r ) j

for all t 2 ( T ; D ) 2 X .

6. (push-up) for ev ery k < ! and ev ery relaxed initial segmen t ( T ; D ) @

( U; E ) 2 X , there is some complete extension ( V ; F ) A ( T ; D ) in X

whose new elemen ts start ab o v e k , i.e. k < min(

S

V [ ran F �

S

T [

ran D ).

W e sa y X is � -fr e e for � if it is lo cally �-free for � , and for all k < ! , there

is some h m i 2 ( S; C ) 2 X suc h that k < j C ( h m i ) j if � 2 � and k < m

otherwise.

By an abuse of notation, for a collection X of no de lab eled trees from

T ( � ), w e let ot X = ot f S : 9 C ( S; C ) 2 X g .

10.43 Lemma. F or al l � � ! , for al l 0 =2 � 2 [ � + 1]

<!

, if X is � -fr e e for

� , then ot X � � ( � ; �) wher e

� ( � ; �) :=

8

>

>

>

<

>

>

>

:

! if � = 0 ,

!

2

if � > 0 and � = ; ,

!

!

j � j

if � > 0 and ! =2 � 6= ; , and

!

!

!

otherwise.

Pr o of. Relaxed trees, esp ecially with a sp eci�ed no de as an initial segmen t

of the max, pla y an imp ortan t role in the de�nition of free and lo cally free.

Here is some notation to facilitate the discussion. F or an y set X of no de

labled trees, de�ne X ( t ) := f ( T ; D ) 2 X : t 2 ( T ; D ) g .

10.44 Claim. If X is � -fr e e for � = 0 and 0 =2 � � 1 , then ot X � ! .

Pr o of. Since 0 =2 � � 1, it follo ws that � = ; . Since an y �-free for � = 0

set X has arbitrarily large ro ots, it m ust ha v e order t yp e at least ! . a
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F or 1 � � � ! , � � � + 1, Y a set of no de lab eled trees from T ( � ) and

m < ! , de�ne � ( � ; � ; Y ; m ) := 0 unless Y ( h m i ) 6= ; is lo cally �-free for �

and there is some ( S; C ) 2 Y with h m i 2 ( S; C ), and in the latter case, set

� ( � ; � ; Y ; m ) :=

8

>

<

>

:

1 ; if � = ;

!

!

`

; if � 6= ; and � = max � limit,

!

!

�

� `

; otherwise

where, for non-empt y �, ` := j C ( s ) j � 1 for s the least signal no de of ( S; C ),

� := j � j � 1. This function is w ell-de�ned, since if Y ( h m i ) 6= ; is lo cally

�-free for � with � non-empt y , then all elemen ts of Y ( h m i ) ha v e a prop er

relaxed initial segmen t in common with ( S; C ) whic h m ust include the least

signal no de of ( S; C ).

Let � ( � ; �) b e the follo wing statemen t.

� ( � ; �): F or all lo cally �-free for � sets Y , if h m i 2 ( S; C ) 2 Y ,

then ot Y ( h m i ) � � ( � ; � ; Y ; m ).

10.45 Claim. F or al l � � 1 and 0 =2 � � � + 1 , if X is � -fr e e for � and

� ( � ; �) holds, then ot X � � ( � ; �) .

Pr o of. Use induction on n to pro v e the claim for subsets � � ! of size n .

T o start the induction, consider subsets of size 0. If X is ; -free for � � 1,

then b y de�nition, X ( h m i ) is non-empt y for in�nitely man y m , and b y

commonalit y and push-up, ot X ( h m i ) � ! , so ot X � !

2

= � ( � ; ; ).

Next assume the claim is true for subsets of size k and that n = k + 1.

If X is �-free for � � 1 and 0 =2 � � � + 1 satis�es ! =2 � and j � j = k + 1,

then there are arbitrarily large ` for whic h there are m 2 ( S; C ) 2 X with

` < j C ( h m i ) j if � 2 � and with ` < m otherwise. In the latter case, b y

�-forecasting and b y signal size, there are arbitrarily large ` for whic h the

�rst signal no de s 2 ( S; C ) 2 X has ` < j C ( s ) j . Since � ( � ; �) holds, it

follo ws that there are arbitrarily large ` < m with ot X ( h m i ) � !

!

k

`

for

k = j � j � 1, hence ot X � !

!

k +1

= � ( � ; �) as desired.

Therefore b y induction, the claim holds for all �nite subsets � � ! .

T o complete the pro of, consider � with ! 2 �. Then � = ! . Supp ose X

is �-free for ! and ! 2 �. Then the ro ot no de of ev ery tree in X is a signal

no de. Also X has arbitrarily large v alues for j C ( h m i ) j b y the de�nition of

�-free for � = ! 2 �. Hence from � ( ! ; �) it follo ws that ot X ( h m i ) � !

!

`

for ` = j C ( h m i ) j � 1, so ot X = !

!

!

= � ( ! ; �) as required. a

10.46 Claim. F or al l � � 1 and 0 =2 � � � + 1 , the statement � ( � ; �) holds.

Pr o of. Supp ose Y is lo cally ; -free for � � 1 and h m i 2 ( S; C ) 2 Y . Then

b y commonalit y and push-up, ot Y ( h m i ) � ! , so � ( � ; ; ) holds.
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Use induction on � to sho w that for all non-empt y 0 =2 � � � + 1, the

statemen t � ( � ; �) holds. F or the basis case, � = 1, the only case to b e

considered is � = f 1 g . Supp ose Y is lo cally f 1 g -free and h m i 2 ( S; C ) 2 Y .

Then h m i is a signal no de, and Z := f

S

T : ( T ; D ) 2 Y ( h m i ) g is free

in j C ( h m i ) j co ordinates in the sense of De�nition 10.39 b y conformit y and

push-up. Th us Z has order t yp e !

j C ( h m i ) j

b y Lemma 10.40. Hence Y ( h m i )

has this order t yp e as w ell, so � (1 ; f 1 g ) holds.

F or the induction step, assume � ( �

0

) is true for all �

0

with 1 � �

0

< � .

Supp ose � is non-empt y with 0 =2 � � � + 1, Y is lo cally �-free for � and

h m i 2 ( S; C ) 2 Y . It follo ws that Y ( h m i ) is also lo cally �-free for � . Let

( S

�

; C

�

) b e the minimal prop er relaxed initial segmen t of ( S; C ), required

b y commonalit y . Then ( S

�

; C

�

) is a common initial segmen t of all trees in

Y . Let h m; m

�

i b e the unique initial segmen t of max S

�

of length 2.

Case 1: max � < � or max � = � = ! .

F or eac h ( T ; D ) 2 Y , the derive d tr e e (

^

T ;

^

D ) is de�ned b y

^

t 2

^

T if and

only if h m; m

�

i v h m i

_

^

t 2 T , and

^

D (

^

t ) = D ( h m i

_

^

t ).

Let Z b e the collection of deriv ed trees. Note that h m

�

i is an elemen t

of ev ery tree in Z . Let �

0

= � � 1 and �

0

= � if � is �nite, and let �

0

= m

and �

0

= (� � f ! g ) [ C ( h m i ) otherwise. Then Z = Z ( h m

�

i ) is lo cally

�

0

-free for �

0

. Also, ot Y ( h m i ) � ot Z ( h m

�

i ), so in this case, the desired

inequalit y follo ws b y the induction h yp othesis.

Case 2: � = f � + 1 g .

Consider the set E � T (1) of h m; k

1

; k

2

; : : : ; k

m

i suc h that there is

( T ; D ) 2 Y suc h that for all 1 � i � m , h m; k

i

i 2 T . By conformit y and

push-up, the set E is free in ` = j C ( h m i ) j � 1 man y co ordinates, so it has or-

der t yp e !

`

, b y Lemma 10.40. Th us ot( Y ( h m i )) � ot E = !

`

= � ( � ; 
 ; Y ; m )

as required.

Case 3: � + 1 2 � 6= f � + 1 g .

Notice that ev ery tree ( T ; D ) in Y ( h m i ) ma y b e though t of as a collection

of m no de lab eled trees from T ( � ) extending from the ro ot h m i .

Call an initial segmen t ( T ; D ) of a tree in Y ( h m i ) lar ge if max T is a

prepartition no de with ordinal 0 suc h that ] ( s; T ) = max C ( s ) for all prop er

s @ t with j s j > 1. Ev ery elemen t of Y ( h m i ) has exactly j C ( h m i ) j man y

large initial segmen ts.

Let �

0

= � � f � + 1 g and set � = j �

0

j . Fix atten tion on a large ( T ; D ) for

whic h ] ( h m i ; T ) < max C ( h m i ), and let k b e the least elemen t of C ( h m i )

greater than ] ( h m i ; T ). Let E ( T ; D ) b e the set of initial segmen ts ( T

0

; D

0

)

of elemen ts of Y extending ( T ; D ) to a tree with ro ot h m i extended b y

exactly k subtrees from T ( � ). Then E ( T ; D ) has order t yp e !

!

�

, since the

collection of trees that o ccur for the k th slot are �

0

-free for � . In fact the

set of maximal large initial segmen ts of these trees also has order t yp e !

!

�

,

since eac h has exactly ! extensions in E ( T ; D ) and !

!

�

is m ultiplicativ ely
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indecomp osable. F rom this analysis, it follo ws that ot Y ( h m i ) � !

!

�

� `

,

where ` = j C ( h m i ) j � 1, so � ( � ; �) holds in this �nal case.

Therefore b y induction on � , the claim follo ws. a

No w the lemma follo ws from Claims 10.44, 10.45 and 10.46. a

10.47 Lemma. Supp ose h is a 2 -p artition of T ( ! ) with 2 c olors and N � !

is in�nite with 1 < min N and no two c onse cutive inte gers ar e in N . F urther

supp ose a b ounding function b and H � N in�nite ar e such that the builder

wins every run of G ( h; N ) by playing c onservatively for b and H . Then ther e

is a set Y � T ( ! ) of or der typ e !

!

!

so that h ( S; T ) = 0 for al l glob al p airs

fr om Y .

Pr o of. W e will use recursion to build a f ! g -free for ! set X with the

prop ert y that ev ery global pair (( S; C ) ; ( T ; D )) from X has a coarsening

(( S; C

0

) ; ( T ; D

0

)) whic h is a �nal pla y in a run of G ( h; N ) in whic h the

builder pla ys conserv ativ ely for b and H . (By a c o arsening , w e mean that

C

0

( s ) � C ( s ) and D

0

( t ) � D ( t ) for all s 2 S , t 2 T .) Since the builder wins

the game, h ( S; T ) = 0 for suc h pairs. Th us Y = f S : ( 9 C )(( S; C ) 2 X ) g is

the desired set, since, b y Lemma 10.43, Y has order t yp e !

!

!

.

T o start the recursion, let X

0

b e the set with only ( ; ; ; ) in it. F or

p ositiv e j < ! , w e en umerate the no de lab eled trees in

S

i<j

X

i

whic h are

prop er initial segmen ts, starting with ( ; ; ; ) = ( S

0

j; 0

; C

0

j; 0

) and ending with

( S

0

j;n

j

; C

0

j;n

j

). Sp eaking generally , in stage j , for eac h k � n

j

, w e consider

the k th initial segmen t, ( S

0

j;k

; C

0

j;k

), use mo v es of the arc hitect and builder

in G ( h; H ) to create a relaxed or complete extension, ( S

j;k

; C

j;k

), using

elemen ts of H larger than an ything men tioned up to that p oin t. Then w e

let X

k

b e the set of all ( S

j;k

; C

j;k

) for k � n

j

.

A simple induction sho ws that that there are only �nitely man y prop er

initial segmen ts to b e considered in eac h stage and they fall in to at most

three t yp es: trivial (i.e. ( ; ; ; )), r e ady for c ompletion (i.e. a relaxed initial

segmen t ( T ; D ) suc h that for all s � max T whose ordinal is a successor,

] ( s; T ) = max D ( s )), or relaxed but not ready for completion.

In stage j , for the trivial initial segmen t, one starts G ( h; H ) at the b egin-

ning. Otherwise, for the k th initial segmen t, one con tin ues a game in whic h

the �rst tree is ( S

0

j;k

; C

0

j;k

) and the second tree is the relaxed initial segmen t

constructed to extend ( ; ; ; ) in this stage, namely ( S

j; 0

; C

j; 0

).

In the games pla y ed, the arc hitect uses the follo wing strategy . She alw a ys

directs the builder to create or extend the �rst tree. If the arc hitect is

making her �rst mo v e on the k th initial segmen t and it is relaxed, then

she declares the next no de lab el size to b e 0 and calls for completion if

( S

0

j;k

; C

0

j;k

) is ready for completion, and for decision otherwise. Recall that

if the arc hitect calls for completion, then the no de lab el of new elemen ts is

the empt y set. Otherwise, the arc hitect uses the least elemen t of H larger
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than an y used to that p oin t as the size of the next no de lab el, and calls for

construction to the next decision no de.

The builder alw a ys resp onds conserv ativ ely for H , b , and alw a ys pla ys

large enough to ha v e the pla y remain conserv ativ e for an y p ossible game

that could b e constructed using coarsenings of the giv en trees.

Pla y stops at the end of the �rst mo v e b y the builder in whic h he creates

a tree ( S

j;k

; C

j;k

) whic h is relaxed or complete.

In an y stage, with an y starting initial segmen t, after �nitely man y steps

of the game, the builder has constructed the required relaxed or complete

extension. Since there are only �nitely man y trees to extend in a giv en

round, ev en tually eac h round is �nished. Therefore, the construction stops

after ! rounds with a set X =

S

X

j

of trees. Let X b e the set of complete

trees in X . By construction, X is f ! g -free, so b y Lemma 10.43, the set

Y := f S : ( 9 C )(( S; C ) 2 X ) g has order t yp e !

!

!

.

T o c hec k that Y is the required set, supp ose that (( S

0

; C

0

) ; ( S

1

; C

1

)) is a

global pair from the set X with ( S

0

; C

0

) < ( S

1

; C

1

). By the construction,

ev ery partition no de of ( S

"

; C

"

) is the maxim um of some relaxed segmen t of

( S

"

; C

"

), and ev ery splitting no de r has e

�

( r ) in C ( h m

"

i ), where a splitting

no de r 2 S

"

is one of the form s \ t for distinct partition no des s; t 2 S

"

.

Hence there are coarsenings ( S

0

; D

0

) and ( S

1

; D

1

) so that for all r 2 S

"

,

D

"

( r ) =

8

>

<

>

:

f ] ( r ; S

"

( ; ; s ]) : r @ s partition no de g e

!

( r ) successor ;

f e

!

( t ) : r @ t splitting no de g e

!

( r ) limit ;

; otherwise

Th us (( S

0

; D

0

) ; ( S

1

; D

1

)) satis�es De�nition 10.23 and is a global clear pair.

If max

S

S

0

> max

S

S

1

, then the pair is inside, and otherwise it is outside.

Use this kno wledge in the arc hitect's initial mo v e; use the v alues of j D

"

( r ) j

for the sizes of the no de lab els in the arc hitect's mo v es; and orc hestrate her

mo v es to create the pair of no de lab eled trees when the builder is required

to use the elemen ts of

S

S

0

[ ran D

0

[

S

S

1

[ ran D

1

. Since the arc hitect

has no winning strategy , and the builder's pla ys w ere large enough for an y

coarsening, it follo ws that this run of the game is a win for the builder.

Th us h ( S

0

; S

1

) = 0 as desired. a

10.7. Completion of the pro of

In this subsection, w e complete the pro of that !

!

!

! ( !

!

!

; 3)

2

b y assem-

bling the appropriate lemmas. W e start with h : [ T ( ! )]

2

! 2. W e apply

the Ramsey Dic hotom y 10.32 to h and N = ! to get H � ! in�nite, a

b ounding function b and a fa v ored pla y er.

If the arc hitect has a winning strategy b y whic h she wins G ( h; N ) when

the builder pla ys conserv ativ ely , then there is a 1-homogeneous triangle b y

Lemma 10.38.
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Otherwise, the builder wins ev ery run of G ( h; N ) b y pla ying conserv a-

tiv ely , so b y Lemma 10.47, there is a set Y of order t yp e !

!

!

so that all

global pairs get color 0. P artition Y in to sets Y

n

so that Y

0

< Y

1

< : : : ,

all pairs from Y

n

are lo cal, and ot Y

n

� !

!

1+2 n

. Apply Corollary 9.3 to

eac h Y

n

. If for some n , the result is a 1-homogeneous triangle, w e are done.

Otherwise, w e get 0-homogeneous sets Z

n

� Y

n

of order t yp e !

!

1+ n

, and

Z =

S

Z

n

is the 0-homogeneous set required for completion of the pro of of

the theorem.
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