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Abstract

Connections between Algebraic Logic and (ordinary) Logic.Algebraic co-
unterpart of model theoretic semantics, algebraic countepart of proof theory,
and their connections. The classAlg (L) of algebras associated to any logidt. .
Equivalence theorems stating thatL has a certain logical property i®Alg (L)
has a certain algebraic property. (E.g.L admits a strongly complete Hilbert-
style inference system i®Alg (L) is a nitely axiomatizable quasi-variety. Si-
milarly, L is compact i®Alg (L) is closed under taking ultraproducts; L has
the Craig interpolation property i® Alg (L) has the amalgamation property,
etc.)
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1 Introduction

The idea of solving problems in logic by rst translating them to &ebra, then
using the powerful methodology of algebra for solving them, drthen translating
the solution back to logic, goes back to Leibnitz and Pascal. Pars on the history
of Logic (e.g. Anellis{Houser [10], Maddux [33]) point out that his method was
fruitfully applied in the 19" century not only to propositional logics but also to
quanti er logics (De Morgan, Peirce, etc. applied it to quariter logics too). The
number of applications grew ever since. (Though some of thesenaned unnoticed,
e.g. the celebrated Kripke{Lemmon completeness theorem famodal logic w.r.t.
Kripke models was rst proved by Jfnsson and Tarski in 1948 usinggalbraic logic.)

For brevity, we will refer to the above method or procedure aspplying Algeb-
raic Logic (AL) to Logic". This expression might be somewhat misking since AL
itself happens to be a part of logic, and we do not intend to denthis. We will
use the expression all the same, and hope, the reader will not mislenstand our
intention.

In items (i) and (ii) below we describe two of the main motivatns for applying
AL to Logic.

(i) This is the more obvious one: When working with a relatively ew kind
of problem, it is often proved to be useful to \transform" the poblem into a well
understood and streamlined area of mathematics, solve the preht there and trans-
late the result back. Examples include the method of Laplacerdnsform in solving
di®erential equations (a central tool in Electrical Engineéng).

At this point we should dispell a misunderstanding: In certain ccles of logicians
there seems to be a belief that AL applies only to syntactical pbbems of logic and
that semantical and model-theoretic problems are not treateby AL or at least not
in their original model theoretic form. Nothing can be as farrbm the truth as this
belief, as e.g. looking into the present work should reveal. Aanant of this belief is
that the main bulk of AL is about o®ering a cheap pseudo semantics Logics as a
substitute for intuitive, model theoretic semantics. Again, ths is very far from being
true. (This is a particularly harmful piece of misinformatian, because, this \slander"
is easy to believe if one looks only super cially into a few AL pap) To illustrate
how far this belief is from truth, the semantical-model theagtic parts of the present
work emphasize that they start out from a logical systenL whose semantics is
as intuitive and as non-algebraic as it wants to be, and thenevtransform L into
algebra, paying special attention to not distorting its semarts in the process; and
anyway, nally we translate the solutions back to the very origial non-algebraic
framework (including model theoretical semantics).

In the present paper we de ne the algebraic counterpalg(L) of a logic L
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together with the algebraic counterpartAlg,, (L) of the semantical-model theoretical
ingredients of L. Then we prove equivalence theorems, which to essential lodica
properties of L associate natural and well investigated properties oklg(L) such
that if we want to decide whetherL has a certain property, we will know what to
ask from our algebraician colleague aboulg(L). The same devices are suitable for
“nding out what one has to change inL if we want to have a variant of L having
a desirable property (whichL lacks). To illustrate these applications we include
several exercises (which deal with various concrete Logics)orFall this, rst we
have to de ne what we understand by a logit. in general (because otherwise it is
impossible to de ne e.g. the functionAlg associating a clas®\g(L) of algebras to
each logicL.

(i) With the rapidly growing variety of applications of logic (in diverse areas
like computer science, linguistics, Al, law, etc.) there is a gnang number of new
logics to be investigated. In this situation AL o®ers us a tool foeconomy and a
tool for uni cation in various ways. One of these is thatAlg(L) is always a class of
algebras, therefore we can apply the same machinery namely Usrisal Algebra to
study all the new logics. In other words we bring all the variouogics to a kind of
\normal form" where they can be studied by uniform methods. Magover, for most
choices ofL, Alg(L) tends to appear in the same \area" of Universal Algebra, hence
specialized powerful methods lend themselves to studyihg There is a fairly well
understood \map" available for the landscape of Universal Algebr By using our
algebraization process and equivalence theorems we can pobjthis \map" back to
the (far less understood) landscape of possible logics.

goog

The approach reported here is strongly related to works of Btoand Pigozzi cf.
e.g. [14], [16], [15], [41], Czelakowski [21], Font{Jansan22]. A more ambitious
version of the present approach is in Andrgka{Ngmeti{Sain{rucz [9] (cf. also
Henkin{Monk{Tarski [27] x5.6). However, the paper [9] is harder to read than
the present work, therefore it is advisable to read the presenne before seriously
studying [9]. On the other hand, the investigation of Hilbert-sgle inference systems
done herein are not yet pushed through in that (more ambitious3etting. Anyway,
it is advisable to consider [9] as a kind of second part of this wor But after
having read a reasonably large part of the present work, it miglbe a good idea to
experiment with looking into [9] in a parallel manner.

The present paper grew out of course materials used mainly (bubnhsolely) at
the Logic Graduate School, Budapest. Therefore the style istefh that of a lecturer
writing to her/his students. E.g. there is a large number of exeises written in an
informal imperative style, and there are explanations whiclwvould be omitted from
any research paper or research monograph. We hope, this styldl wot o®end the
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reader.

In the paper we follow the notation of Sain [49]. A summary of grequisites
from universal algebra, Boolean and cylindric algebras, lagand naive set theory
can also be found therein.
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ported approach and the Blok{Pigozzi approach. Thanks areug® to Johan van
Benthem, Agoston Eiben and Yde Venema for careful reading and helpful remks.
Also thanks are due to the following students (listed in alphabetal order) of Lo-
gic Graduate School Budapest for helpful remarks, suggestions)veng exercises:
Viktor Gyuris, Ben Hansen, Maarten Marx, Szabolcs Mikuls and Adr@is Simon.
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2 General framework for studying logics

2.1 De ning the framework

Those readers who are interested only in the technical parts dis paper, and
who do not care for intuitive motivation, mathematical motivation, applicability,
connections with the various more traditional concepts of dogic, may skip the
beginning of this section and start reading with De nition 2.13.

De ning a logic is an experience similar to de ning a language.TKis is no co-
incidence if you think about the applications of logic in e.gtheoretical linguistics.)
So how do we de ne a language, say a programming language like P&&. First
one de nes thesyntax of PASCAL. This amounts to de ning the set of all PASCAL
programs. This de nition tells us which strings of symbols counas PASCAL pro-
grams and which do not. But this information in itself is not vey useful, because
having only this information enables the user to write progmas but the user will
have no idea what his programs will do. (This is more sensibleirfstead of PAS-
CAL we take a more esoteric language like ALGOL 68.) Indeed, thecsmd, and
more important step in de ning PASCAL amounts to describing what he various
PASCAL programs will do when executed. In other words, we have te ne the
meaning, orsemanticsof the language, e.g. of PASCAL. De ning semantics can be
done in two steps, (i) we de ne the clas#! of possible machineghat understand
PASCAL, and then (ii) to each machineM and each string’ of symbols that counts
as a PASCAL program we tell whatM will do if we \ask" it to execute ' . In other
words we de ne themeaning mng'; M) of program' in machineM .

The procedure remains basically the same if the language in gtien is not a
programming language but something like a natural language a simple declarative
language like rst-order logic. When teaching a foreign lan@ge, e.g. German, one
has to explain which strings of symbols are German sentences antbich are not
(e.g. \Der Tisch ist rot" is a German sentence while \Das Tisch istot" is not). This
is called explaining the syntax of German. Besides this, one htsexplain what the
German sentences mean. This amounts to de ning the semantics@érman. If we
want to formalize the de nition of semantics (for, say, a fragma of German) then
one again de nes a clasM of possible situations or with other words, \possible
worlds" in which our German sentences are interpreted, and theto each situation
M and each sentenceé we de ne the meaning or denotation mng'; M) of ' in
situation (or possible world)M .

At this point we could discuss the di®erence between a languagela logic, but
we do not do that. For our present purposes it is enough to say théte two things
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are very-very similar?

Soon (in De nition 2.1.3 below) we will de ne what we mean by a fgic. (A more
carefully chosen word would be \logical system”.) Roughly speadg, alogic L is a
“ve-tuple

L=hr o LsMusmng s F i
where

2 F| is a set, called the set of alformulas of L;

2 * | is a binary relation between sets of formulas and individuabfmulas, that
is, LMP (F.)£ F_ (for any set X, P(X) denotes the powerset oK ); " is
called the provability relation of L;

N

M_ is a class, called the class of athodels(or possible worldyof L ;
2 mng, is a function with domain F_ £ M, called the meaning functionof L;
2 j=_ is a binary relation, = pu M_ £ F_, called thevalidity relation of L;

2 there is some connection betwegn, and mng, , namely for all';A 2 F_ and
M 2 M_ we have

(?) [mng, (; M) = mng (A;M)andM F.']=) M F_A:

Intuitively, F_ is the collection of \texts" or \sentences" or \formulas" that can
be \said" in the languageL. For j p F_. and' 2 F_, the intuitive meaning of
i L ' isthat' is provable (or derivable) from j with the syntactic inferene
system (or deductive mechanism) of. In all important cases, | is subject to
certain (well-known) conditions like j * ' and j [f 'g L Aimply j . A for
any j 4 F_ and;A 2 F_. The meaning function tells us what the texts belonging
to F. mean in the possible worlds fromM.?> The validity relation tells us which
texts are \true" in which possible worlds (or models) under whatconditions. In
all the interesting cases frommng, the relation = is de nable. A typical possible
de nition of | from mng, is the following.

- £ N ol
MEL" i® BA2F.) mng (A;M)u mng (; M) ;

1The philosophical minded reader might enjoy looking into the book [42], cf. e.g. BPartee's
paper therein. More elementary ones are: Sain?] and [?].

2For xed ' 2 FL. and M 2 M, mng, (; M) is called meaning or denotation or intension of
expression' in model (or \possible environment" or \possible interpretation”) M. The literature
makes subtle distinctions between these words. We deliberately ignore these distirions, because
on the present level of abstraction they are not relevant yet.
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forall' 2 F_; M 2 M_. However, in general, de nability ofi=| from mng_ is not
required (condition (?) above isnot a de nition).

When no confusion is likely, we omit the subscriptk from F_, " | etc.

Usually F. and " | are de ned by what is called a grammar in mathematical lin-
guistics. hF_ ;" i together with the grammar de ning them is called thesyntactical
part of L, while iM ;mng, ;1 is the semantical partof L.

When de ning a logic, a typical de nition of F has the following recursive form.
Two sets,P and Cn(L) are given;P is called the set of primitive oratomic formulas
and Cn(L) is called the set oflogical connectivesof L (these are operation symbols
with “nite or in nite ranks). Then we require F to be the smallest seH satisfying

(1) Ppu H,and

For example, in propositional logic, ifp is some propositional variable (atomic for-
mula according to our terminology), then ( p) is de ned to be a formula (where:
is a logical connective of rank 1).

For formulas' 2 F and modelsM 2 M, mng('; M)and M F ' are de ned in
uniform ways (by some nite \schemas").

Given a logicL, for' 2 F_ we say that' is valid (in L), in symbolsE_ ',
i® 8M 2 M )M E '. For' as above and ju F_ we say that' is a semantical
consequenceof j, in symbols | F. ', i® 8M 2 M)[(BA 2 )M E. A =)
M EL. ']. (We hope that the traditional double use of symbol does not cause
real ambiguity.) One of the important topics of Logic is the sidy of the connection
between semantic consequencefs, ' and the syntactic consequence | ' . If
the two coincide then™ | is said to be strongly complete and sound (fdr).

Figure 2.1.1 below illustrates the general pattern of a logic

Exercises 2.1.1 below are designed to illuminate the intuigvcontent of the
concept of a logic as outlined above, and to show how familiamdics are special
cases of our general concept.

Exercises 2.1.1.

(1) Create an illustration for the above outlined concept of dogic, that is, for
L = hF; (;My;mng,;F i, by formalizing classical sentential logicn this
spirit; and do this in the following way. LetP be a set, called the set citomic
formulas of Ls. Let f* ;:g = Cn(Ls) be a set disjoint fromP, called the set
of logical connectivesof Ls (usually called Boolean connectives De ne the
set Fs (of formulas) to be the smallest seH satisfying the two conditions:
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M
(huge) collection
of possible worlds

(or models)
meaning
function
z z
syntac%cal part} | seman{tical part }
Figure 2.1.1

PpuHand[;A 2 H =) ( ~A)::' 2 H]. Further, de'ne the class

Ms (of models) asMs L fhwivi © Wis a non-empty set, andv : P |

P(W)g. Now, you want to recast sentential logid_s in the form L2 = hFg; ™ 2
:Ms;mngd; F2i such that it could be a concrete example of our general ideas
outlined above. For this,Fs and Ms are already de ned. We leave ¢ to the
end. Let Sets denote the class of all sets. De nenng2 : Fs £ Ms ! Setsin

the following way. LetM = hW;vi 2 Mg be arbitrary but xed. Forany p2 P

dene mngd(p;M) E' v(p). For any ;A 2 Fs dene mnggl(' ARGM S

mngd(; M)\ mng2(A;M) and mng2(: ; M) E'Wr mngd(; M). For any
M= HV,vi2 Ms,' 2 FsletM 2" i® mng2(’; M) = W. Check that
you indeed de ned (the set of formulas together with) the \semdital part"
hFs; Ms;mngd; =2i of a logic in the sense outlined above these exercises.

Let us turn to de ning a possible choice of 2.

Throughout, we use ( ! A) as an abbreviation for: (" ~: A)and ( $ A)
asthatfor (" ' A)~ (A! "). List a set Ax of valid formulas ofL s and call
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theselogical axioms® Possible elements of this listare' (! ' )forall' 2 Fg,
C AA)L AN, (CCAMAT LAY (AN AL (AL ), for
all ;A 2 Fs. Having de ned your setAx of logical axioms, add the inference
rule f; (* ! A)g " A (for all ;A 2 Fs) which is called Modus Ponens. If
you wish, you may add similar rules likef;A g~ (* ~ A) (but they are not
really needed). Forju Fs,denej 2" toholdi®' 2 H for the smallest set
H u Fs suchthatj[ Ax p H andH is closed under your inference rules, e.g.
wheneverA; (A! % 2 H then also%2 H. With this, you de ned your choice
of " 2for L2 If(j 2" =) | g% )forallj;' then ¢ is calledsound If
the other direction \( =" holds, then " 2 is calledstrongly complete Spend a
little time with trying to guess whether your * 2 has one of these properties.
Now, check that you indeed de ned a logic

0 — .~ 0. . 0.:_0;
Ls = hFs; §;Ms;mngg; Fsi
in the sense outlined above the present exercises.

(2) Compare the just de ned versionL2 of sentential logic with the ideas outlined
above.

(3) Compare L with your own previous concept of sentential logic, and try to
prove that they are the same thing (perhaps in di®erent forms).

(4) Change the logicL2 obtaining L{ in the following way. LeaveFs and 2
unchanged. De ne the newM ¢ by postulating that its elements are functions

M :P !f 0;1g. (Identify O with Falseand 1 with True.) De ne mng : Fs £

M2 1f 0;1gand % in the natural way. (Hint: If p2 P then mngi(p;M) ol

M (p), and mngi(: ; M) €1y mngi('; M), etc.) Check that what you
obtained, LY = hFs;" $;Md;mngd;Fii, is again an example of our general

concept of a logic.

(5) Try to compare logicsL2 and L. Try to 'nd ways in which they could
be called equivalent. (Hint: Prove e.g. that they have the samsemantic
consequence relation, i.e8( [f 'gu Fs)i F2', i FL'.)

3If the instructions below would be too vague for the non-logician reader then s/he ha three
options: (i) Consult De nitions 3.1.12{3.1.15 together with the 11 lines preceding De nition 3.1.12
in Section 3 herein. There we de ne and discuss inference systems in detail, so that should
suzce. (ii) Recall any of the known inference systems for propositional logicrom the literature.
(iii) Ignore this \ " -part" of this exercise, since we will not rely on it later.
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(6) Let ' 2 Fs be arbitrary. Prove that ' is valid in every model ofL i® it is
valid in every model ofL}. That is, the validities of L2 and L coincide. Try
to nd further similar \equivalence properties".

Instead of the general concept of a logic outlined above, in macases we will
consider only four of its ve components¥_, M, mng, and .. Namely, we found
that we can simplify the theory without loss of generalityby not dragging " | along
with us for the following reasortt The validity relation =, (or the function mng,
if you like) induces the semantical consequence relatiop. 1 P (F.) £ F_, given
above Exercises 2.1.1. There is a natural temptation to try toeplace™ | with
in the theory, though at several places (e.g. at completenessebrems) this would
be a grave oversimpli cation. Surprisingly enough, we found #t all the theorems
we prove forj= carry over to "~ |, whenever the theorems are not about connections
betweenjF=, and " | (see explanation below). Therefore we decided to drop for
the time being and introduce it only where we must say somethingbaut | which
cannot be said about= in itself.

The reader interested in logics in the purely syntactical sen$g, ;" | i is invited
to read our paper in the way described as follows.

Let Lsyn = hF; i be a logic in the syntactical sense. To simplify the arguments
below, we assume that s,, has a derived logical connectived " just as classical
logics do, see Ex. 2.1.1 (1) above. Of course, we assume the usugperties of \$ ",
e.q.f; (" $ A)g  Aetc. (cf. the 2 part of Ex. 2.1.1 (1)). Intuitively, (' $ A)
expresses that and A are equivalent. In Remark 2.1.2 below the present discussion,
we discuss how to eliminate the assumption of the expressibility o$ ". (However,
the reader may safely skip Remark 2.1.2, since we will not rely @anlater.)

Assume we want to study the \syntactical logic"Lsy, = hF; i . To be able to
apply the theorems of the present paper, we will associate a cldds of pseudo-
models, amng. etc. to Lsy,. The class ofpseudo-modelss

M. LT M F : Tis closed under'g:

For any pseudo-modell 2 M- and formula’ 2 F,
mng (;T)EFA2F:T (' $ Ag:
Further, validity in pseudo-modelsT 2 M- is de ned as

TE ™ 2T

4The following considerations, together with Remark 2.1.2, grew out from disussions with Wim
Blok, Joseph M. Font, Ramon Jansana and Don Pigozzi. In particular, Remak 2.1.2 is due to
Font and Jansana.
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Now, if we want to investigate the \syntactic logic" hF; i , we apply our theorems
to the logic

L £ M- ;mMNg- ;-0
Then condition (?) above holds forL- and the semantical consequence relation
induced by - coincides with the original syntactical one’ . (These are easy to
check.) Hence, applying the theorems to the logic- yields results abouthF; i
as was desired. In other wordd., - is an equivalent reformulation of the \syntactic
logic" hF; i , hence studyingL - is the same as studyind¥F; i .

Remark 2.1.2 (Eliminating the assumption of expressibilit yof\ $ "). Here
we show that in the above argument showing that our results can kepplied to a
wider class of syntactical logicd syn = HF; i , the assumption of expressibility of
\$ "in Ly, is not needed. It will turn out in De nition 3.1.1 in Section 3 that for

any logicL, the setF of formulas has an algebraic structure, that i§ is the universe
of an algebraF. (The operations ofF are the logical connectives of collected in
Cn(L).) Let

M. & fhT;hi : T u F; Tis closed under” ; his a homomorphism from into Fg:

Forany' 2 F; hTr;hi2 M-, let

def

mng- (; hT;hi) = h(')

RT:hij=-" (™ h()2T:
Then L &' hF;M-;mng ;F-i is a logic such that for all j[f "gu F, (i F-'
i® i © ') holds. Moreover, if* satis es some natural conditions therL- is a

\structural" logic (cf. Def. 3.1.1), therefore all the theoems of this paper can be
applied to it. For more information in this line see [23].

Summing up, for a while we will concentrate our attention onhie simpli ed form
L = b ;Mo ;mng, i

of a logic. For the reasons outlined above, this temporary regttion of attention
will not result in any loss of generality.

To conclude this section, we turn to nailing down our de nitios formally in the
form we will use them.

For any setX, we let X ® denote the set of all nite sequences (\words") oveX .

Thatis, X = €'~ _, ("X) (cf. [49]).



2.1. DEFINING THE FRAMEWORK 13

De nition 2.1.3 (logic). By a logic L we mean an ordered quadruple

Ld=8frF|_;M|_;mng|_;j:Li;

where (){(v) below hold.

(i) F_ (called the set offormulas) is a set of nite sequences (calledords) over
some setX (called the alphabetof L) that is, F, p X°*.

(i) M, is a class (called the class ahodels.
(i) mng, is a function with domain F_. £ M (called the meaning function).

(iv) FL (called the validity relation) is a relation betweenM | and F_ that is,
FLu M £ F_. (According to the tradition, instead of \M ;" i 2 j=_ " we
write \M E. ' ")

(v) Forall "A 2 F_andM 2 M_ we have
(?)  [mng (; M)=mng (A;M)andM E_']=) MFE_A: J

Remark 2.1.4. In the above de nition, we nailed down the expression \model of
L" instead of the more suggestive one \possible world bf' only for purely technical
reasons, namely, to avoid a danger of potential ambiguity witkhe literature.

De nition 2.1.5 (semantical consequence, valid formulas). LetL = hF ;ML ;mng, ;FL
i be a logic. For everyM 2 M and 8§ u F,

ME. & 0™ (8 28 ME,"
Mod, (8) £'fM 2 M, : M E, §¢:

Mod, (8) is called the class of models of 8.
A formula ' is said to bevalid, in symbolsF, ', i® Mod,_ (f' g) = M_.
Forany 8§ [f "g M F,

§FEL 0™ Mod.(8) u Mod. (f' g);

def

Csq(8) =f 2F :8F. "0

If * 2 Csq (8) then we say that ' is a semantical consequencef § (in logic L).
Csq abbreviates \consgence”.
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De nition 2.1.6 (theory, set of validities). Let L = hF ;ML ;mng, ;FLi be
any logic. For anyK p M let the theory of K in L be de ned as

The(K)E'f 2F : M 2K)M E, '@

If K = fMgfor someM 2 M, then instead of Th (f M g) we write Th_(M).
The setTh (M) is called the set of validitiesof L.

For any setX “° of \strings of symbols", the notion of adecidablesubsetH p X “is
introduced in almost any introductory book on logic or on thelheory of computation
(see e.g. [37]). The same applies t& 1 X “ being recursively enumerabldr.e.).

De nition 2.1.7 (decidability of logics). We say that a logicL = hF_; M ;mng,;
FLi is decidablei® the setTh, (M) of validities of L is a decidable subset of the
set F_ of formulas.
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2.2 Distinguished logics

Now we de ne some basic logics. Some of them are well-known, but vezall
their de nitions for illustrating that they are special cases othe concept de ned in
De nition 2.1.3 above, and also for xing our notation.

De nition 2.2.1 (Propositional or sentential logic Ls). Let P be a set, called
the set ofatomic formulasof Ls. Let f* ;:g be a set disjoint fromP, called the set
of logical connectivesof L s (usually called Boolean connectivek
Propositional (or sentential) logic (corresponding toP) is de ned to be a quad-
ruple
def . . i
Ls = hFs;Ms;mngs; Fsi;

for which conditions (i){(iii) below hold.

(i) The set Fs of formulas is the smallest seH satisfying
2 PpH
2 "A2H=) (~"A)2Hand("')2H.
(That is, the alphabet of this logic isf* ;:g[ P.)

(i) The classMs of modelsof Ls is de ned by

Ms gef fAW;vi : W is a non-empty setandv: P ' P (W)g:

If M = HW;vi 2 Mg then W is called the set ofpossible stategor worlds® or
situations) of M.

(iii) Let W;vi2 Mg, w2 W, and' 2 Fs. We de ne the binary relationw ° '
by recursion on the complexity of the formulas:

. | def ¢
2 ifp2Pthen w°,p | w 2 v(p)
2 if Al;Az 2 Fs, then
we,: A 0™ we, A

wey, (B M A 0 we,A andw e, Ay

51t is important to keep the two senses in which \possible world" can be used separate. The
elementshW;vi of Mg can be called possible worlds since we inherit this usage from the general
concept of a logic. At the same time, the elementsv 2 W can be called \possible states or worlds"
as a technical expression of modal logic. So there is a potential confusion here, whihas to be
kept in mind.
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If we,"' then we say that' istrue in w, or w forces' .
Now mngg('; hwW;wvi) Efw2 W we v' O
hW;vij=s' (' isvalid in hW;vi), i® for everyw 2 W, w °, " .

It is important to note that the set P of atomic formulas is a parameter in the
de nition of Ls. Namely, in the de nition above, P is a xed but arbitrary set. So
in a sensel s is a function of P, and we could writeLs(P) to make this explicit.
However, the choice oP has only limited in°uence on the behaviour ok s, therefore,
following the literature we write simply Ls instead ofLs(P). From time to time,
however, we will have to remember thaP is a freely chosen parameter because in
certain investigations the choice oP does in°uence the behaviour of s = Ls(P).

Exercises 2.2.2.

() Think of P = ;, of P = fpg a singleton, or of in nite P. Write up explicitly
what Ls is like in each of these three cases. What is the cardinalif¥sj of
the formulas in each case? What is the cardinalityf Mod, . (8) : § p Fsgj of
axiomatizable model classes in each case?

~\  ~def ~ ~y  Adef | ~ ~ ¢
2 Let(" ' A) (0 """~ Aand( $ A | ! AMNATD ).
Prove that
2f_'gj:5A 0j =s(! 5\)
2 't gFsAandfAgEs' 0j =s( $ A).
Exercises 2.2.3.

(1) Prove that Ls is a decidable logic (cf. Def. 2.2.1).

(2) (Important!) Let Ax p Fs be an arbitrary but nite set of formulas. Prove
that the set Csq . (Ax) of consequences dix (cf. Def. 2.1.7) is decidable.

(3) (This might be too hard. Then ignore it.) Show that (2) beomes false if we
generalize it to all decidable seté&\x. (Hint: Use an in nite set P.)

(4) Assume that P is nite. Prove that then (2) becomes true for any setAx.
(Might be too hard; then come back to this after doing the nexgx.(5).)

(5) (Important!) Assume P is nite. Let M 2 Mg be arbitrary. Prove that
Th. (M) is decidable. (Hint: Let' =~ Ai®M Es (' $ A). Prove that
Fs= is nite (use that P is nite). But then Fs= together with the logical
connectives is a nite algebra. Show that in such a nite algebrae can always
compute the \meaning" of any formula.)
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As Ex's. 2.2.3 show, logid_s has a lot of \nice" properties. On the other hand,
Ls is a very \weak" logic. It is well-known that e.g. rst-order logic Lro. (cf.
Def. 2.2.23 below) is much stronger thah s. However, to build upLgo. from Ls
we have to modify the notion of a model, of an atomic formula,te in the usual
way. We do not want to \throw out" Ls so drastically, we want to increase the
expressive power without changing the class of models or withltany other \major
surgery". Is it possible to leaveM s unchangedand to obtain some signi cantly
stronger (and more interesting) logic (e.g. by adding some newrmectives)? The
answer is atrmative according to Def. 2.2.4 and Ex's. 2.2.6 belo However, we
are also interested in how far we can push this procedure of obtaig stronger and
stronger logics without changing the models (or other parts)fd.s. What is the
price of this increasing expressive power? How far do the nice pesties of Lg
remain true?

De nition 2.2.4 (Modal logic S5). The set of connectives omodal logicS5 is
80

The set of formulas (denoted a$ss) of S5 is de ned as that of propositional
logic L s together with the following clause:

"2 Fs5 :) 8" 2 FS5:

Let Mgs def Ms. The de nition of w °, ' is the same as in the propositional case

but we also have the case :
we,8 (0 (9w’2 W) wl°, "

Then mnggs('; HW;vi) &

de ned as follows.

fw2 W :w*°, 'g, and the validity relation Fss is

WWvij=ss' 0™ (Bw2W)w®,"
Now, modal logicS5 is S5 def hFss; Mss; MNQgs; F ssi -

Remark 2.2.5. According to a rather respectable (and useful) tradition, an dxa-
Boolean connective is called modality i® it distributes over disjuction. This will not
be true for all of our connectives that we will call modalitis. (Exercise: check for
which ones is it true). Thus, regrettably, we sometimes ignorthis useful tradition.
For this tradition cf. e.g. Venema [55, Appendix A (pp. 143{13)].

Exercises 2.2.6.
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(1) Prove that S5 is a decidable logic. (Hint: Prove that ifiW; vi 655 ' then
HWy; Vi 6f s5 ' for some nite Wy 1 W in the following way. Let Py be the
set of atomic formulas occurring il . De ne an equivalence relation> on W
by stipulating that w; » w, i® they agree on every element ¢&,. Then from
each equivalence class &Y= keep only one element itW,.)

Note that this amounts to repeating Ex's. 2.2.3 (1) above foE5 in place of
Ls.

(2) Repeat Ex's. 2.2.3 (2) above foE5 in place ofLs.

(3) (Important!) Repeat Ex's. 2.2.3 (5) above forS5 in place ofLs.

(4) Try doing Ex's. 2.2.3 (4) for S5.

The following logic is discussed e.g. in Saifd,[?], Venema [55], Roorda [43], but
see also Segerberg [50] who traces this logic back to von Wright

De nition 2.2.7 (Di®erence logic Lp). The set of connectives ofli®erence logic
Lp isf*;:;Dg.

The set of formulas (denoted a$p) of Lp is de ned as that of propositional
logic L s together with the following clause:

"2Fp =) D' 2Fp:

Let Mp def Mss(= Mg). The de nition of w ° ' is the same as in the propositional

case but we also have the case Df:
we,D 0™ (9wl2Wr fwg) wl° "
def

Thenmngy (; hW;vi) = fw2 W :w*°, "' g, and the validity relation Fp is de ned
as follows.

Mvij=p ' 0™ (Bw2W)we, "

Now, di®erence logit.p is Lp def hFp;Mp;mngy;Fpi. We note that Lp is also
called\Some-other-time logic" (cf. Sain [47], Segerberg [50]).

Exercises 2.2.8.

(1) The de nition above de nes di®erence logitp indirectly via earlier de ni-
tions. Write up a self-contained de nition of Lp without referring back to
earlier texts.
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(2) (Important!) Try to guess whether Ex's. 2.2.3 (1), (4), (5)extend toLp. Try
hard, do not give up too soon and remember that you are requirdd guess
only. Try to formulate some reasons why you are guessing the outce you
do. Try to guess the same for Ex's. 2.2.3 (2) and (3).

(3) Prove that Ex's. 2.2.3 (1), (4), (5) do generalize td_p! (Hint: Use the same
equivalence relation» de ned onW as in Ex's. 2.2.6 (1). But now, from each
equivalence class keep two elements (if there are more tharedhere) inW,.)

(4) Prove that the connective8 of S5 is expressible inLp. Prove that D is not
expressible inS5. (Hint: If the second one is too hard, postpone it to the end
of this section.)

The logicsL . 4imes to be introduced below play quite an essential réle in Arti cial
Intelligence in the theory what is called there \strati ed logc", cf. e.g. works of H.
J. Ohlbach, see e.g. [19].

De nition 2.2.9 (- -times logic L. 4mes , twice logic Tw). Let - be any cardinal.
The set of connectives of -times logicL. 4mes IS ;: ;8. 0.

The set of formulas (denoted afs ) of L. imes iS de ned as that of propositional
logic L s together with the following clause:

' 2F§ :) 8. 2F§

Let Mg gt Mss(= Ms). The de nitionof w ° ' is the same as in the propositional

case but we also have the case 8f:

def

i ¢
we,8§ " 0™ (9H pW)'jHj= - and 8W°2 H) w°°

Then mngs (', HW;vi) L w2 W:we v ' 0, and the validity relation Fg is
de ned as follows.

Wvij=s ' 0™ @Bw2w)we, "

Now, - -times logiC L. tmes IS L. times def hFs. ;Ms ;mngs ;Fs.i. We note that if

- = 2 then logic L 4imes IS also calledTwice logic and is denoted asT w.
Exercises 2.2.10.

(1) Write up a self-contained de nition of the logicL . mes Without referring back
to earlier texts.
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(2) Prove that Lg.mes IS equivalent toLs and that L 14mes IS €quivalent to S5.
Prove that 8§, is expressible inLp. (What do you think of the other direction
of expressingD in L p.tmes, for somen 2 ! ?)

(3) Try to guess whether Ex's 2.2.3 (1), (4), (5) extend td ,.jmes fOr nite n (that
is, for- = n2!). How aboutn = 0?? How aboutn =17

(4) (Probably too hard. May be ignored.) Try to guess how the Igics introduced
so far, especially the variout . 4mes logics for di®erent cardinals , relate to
each other in terms of expressive power. (Dwot spend all your time on this!)
Is the connective8 of S5 expressible inL s imes?

(5) Prove that Ex's. 2.2.3 (1), (4), (5) generalize ta ,.imes. (Hint: The same as
given forLp in (the hints of) Ex's. 2.2.8 (3), 2.2.6 (1).)

(6) Can you generalize Ex's. 2.2.3 (1), (4), (5) td3.1imes? If yes, how about
L nimes, for nite n? (Hint: Keep n elements from each equivalence class of

».)

(7) What do you think, does the method of Ex's. 2.2.6 (1), 2.2.83) and 2.2.10
(5), (6) above generalize td. smes When- is in nite? (Hint: Look at the hint
of Ex. 2.2.36 below. Do not spend all your time with this exerse.)

(8) Think about the logic with extra-Boolean logical connetives 8, and §3. Is it
equivalent to L 5mes Or t0 L3times? (Hint: No.) Is it decidable?

(9) Think about the logic L ¢ount With extra-Boolean connectived§,:n2 ! g. It
can \count" up to any natural number. Is it decidable? (Hint: Yes.)

So far theextra-Boolean connective§; D; §. were all unary ones. Next we will
see examples when the extra-Booleans are binary.

De nition 2.2.11 ( Ly, ). The set of connectives ok, isf* ;: ;" g, where™ is a
new binary modality.

The set of formulas (denoted a&i,) of Ly is de ned as that of propositional
logic L s together with the following clause:

A 2 Fgn =) T (5A) 2 Fin:
Let Mpin def Ms. The de nition of w °, ' is the same as in the propositional case
but we also have the case of:

o]

£ o
" (Qu;z2W)w6u6z6wandu°,' andz®°,A :

weyT(A)
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As usual, mng,;, ('; hW;vi) Lrfw2 W we v ' 0, and the validity relation Fy, is

de ned as follows.

BWivij=en ' 0™ (BW2W)we,"

def o
Now, let Lyin & Hpin; Mbin ; MNGyin s F binl -

Exercises 2.2.12.

(1) CompareL;, with the previous logics. E.g. show thag@nd D are expressible
in Lpin. IS 83 expressible inLyin? (Hint: “ " A7 (5" ) )

(2) Try to guess whether Ex's. 2.2.3 (1), (4), (5) extend toLy,. (Hint: The
method of extending Ex's. 2.2.3 (1) td_p should be adaptable to the present
case, cf. hint of Ex's. 2.2.8 (3). So validity inLy, should be decidable. To
attack Ex's. 2.2.3 (5) in this case, recall the equivalence on formulas in the
hint for Ex's. 2.2.3 (5). Check whetherF;,= is still nite!)

De nition 2.2.13 ( Lmore )- The set of connectives oF e is T ;: ;" mored, Where
" more IS @ newbinary modality.

The set of formulas (denoted a&re) Of L more iS de ned as that of propositional
logic L s together with the following clause:

';A 2 Frmore :) ) more(l;A ) 2 Fmore:

Let M more def Ms. The de nition of w° ' is the same as in the propositional case
but we also have the case Of hore:

WOy more(iA) 0 jf u2W:u°,'gj.jf u2wW:u°,Agj

As usual, mng,,e('; HW;vi) Lrwo2 W we v ' 0, and the validity relation F more

is de ned as follows.

AW Vi j=more T 07T (BW2 W) w® "
Now, L more & hFmore; Mmore; MNYre s F morel -
Exercises 2.2.14.

(1) Show that the connective§ of S5 is expressible i yre.

(2) Comparel nore With the previous logics (concerning their expressive power)
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(3) Try to guess whether Ex's. 2.2.3 (1) or (5) extend td . (Hint: Recall the
hint given for Ex's. 2.2.3 (5). Try to prove that for any xed M, assuming
that P is nite, the set Fyoe= is still nite.)

(4) (If too hard, might be postponed to the end of this paper, bugive it a few
hours rst, and then look at the detailed hints at the end of sectin 2.2.) Prove
that Ex's. 2.2.3 (1) does extend toL more (i.€. Lmore IS decidable). (Hint: If
you followed the hints given for Ex's. 2.2.6 (1), 2.2.8 (3), et then you proved
for those logics the so callednite model property (fmp). (\fmp" says that a
formula is valid [in L] i® it is valid in all nite models [of L]. The cardinality
of a modelhW; vi is that of W.) Decide whetherL e has the fmp. You will
see, it does not. Thus the hint given for Ex's. 2.2.6 (1), 2.2.8], etc. has to
be re ned in order to make it applicable here. See the end of siect 2.2 for a
detailed hint.)

(5) De ne §nax to be” (*; True), where True abbreviates ( _: ' ). De ne L max
by replacing8. with 8o« IN L. simes.- What are the basic properties ot . ?
Write up an explicit de nition for L. without referring to L more. 1S 8 max
expressible in one of the logics in Defs. 2.2.1{2.2.13?

Beginning with De nition 2.2.15 below, we start discussing varigs Arrow Logics.
The eld of Arrow Logics grew out of application areas in LogiclLanguage and
Computation, and plays an important réle there, cf. e.g. via Benthem [12, 13],
and the proceedings of the Arrow Logic day at the conference dgic at Work"
(December 1992, Amsterdam [CCSOM of Univ. of Amsterdam]).

So far we strengthened.s without modifying the class Ms of models. The
mildest way of modifying Ms is to take a subclass (i.e. the models themselves do
not change, only some of them are excluded).

De nition 2.2.15 (Arrow logic Lrar ). The setof connectives df par ISt ;: ;%0
wheret is a binary connective.

The set of formulas (denoted aBpar ) Of Lpair is de ned as that of propositional
logic L s together with the following clause:

"A 2Fpar =) ' +A2 Fpar:

Let Mpar def fAiW;vi2 Ms:W p U £ U for some setUg.
The de nition of w °, ' is the same as in the propositional case but we also
have the case oft:

o}

- £ -
ha;b°y" £tA ()09 chajd;hc;h2 Wandha;a °,' andhc;b ° A
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As usual,mngppr (5 W, i) Lifw2 W :we v ' 0, and the validity relation Fpar

is de ned as follows.
MW:vij=par © 0 (BW2W)w©°,"
. . def : .
Now, arrow logicL par IS Lpair = hEpair s Mpair ; MNQppR s F PAR T

Exercises 2.2.16.

(1) Write up a self-contained de nition of the logicLpar Without referring back
to earlier texts.

(2) (Important!) Try to guess whether Ex's. 2.2.3 (1), (4), (5)extend to L pag -
Guess separately (the answers need not be uniform). Concengatst only on
Ex's. 2.2.3 (1). This will be very hard but spend some considerabtime with
guessing each of the exercises. Do not spend all your time on thist Buhours
is reasonable. Do not worry if you cannot prove anything in tls connection,
the insight gained by trying is enough. The solutions will be gen at the end
of section 2.2 but wait one week at least before reading them!!

(3) Assume that the setP of atomic formulas is nite. Is there a modelM of
Lpar such that Th .. (M) is not even recursively enumerable? Note that
this is a generalization of Ex's. 2.2.3 (5). (Why?) (Hint: A setX is called
transitive if (8y 2 X) y u X. A setY is calledhereditarily nite if Y p X for
some nite transitive setX . Let M = hW;vi be de ned as follows.

w Ehall hereditarily nite sets"

P ' f po; pu; P29

def

V(po) = fha;d2 W : a2 g

v(p) d:effha;b' 2 W : b2ag

v(p2) OI:effha;b' 2 W :a=bg:
Show rst that many relations de nable in the modelW = hW;2i of Finite
Set Theory (using rst-order logic) are also de nable irM using Lpar . De-
‘ne rst the relation fh;;;ig. (Hint: p,*: (True £pg).) Then the relation
fhX;Yi:Y u X 2 Wg. Next try to de ne the relations thX; [ Xi : X 2 Wg,
and fhX; P(X)i : X 2 Wg. Eventually you will have to use the well known
fact that the set of rst-order formulas involving only 3 variales (free or bo-
und) and valid in W is not recursively enumerable.
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(This exercise is not easy if you are not experienced with rst-der logic and
GAdel's incompleteness theorem, so you may postpone doingftemhaving
spent about 7 hours with it.)

(4) Compare the answer to the previous exercise with the fact & Th(M) is
decidable for all the logics discussed so far. Observe the conttasty to nd
a reason for the sudden change of behaviour (of the logics we kreking at)!

(5) Try to guess the answer (yes or no) to Ex's. 2.2.3 (2), (3) wheapplied to
Lear - Is there e.g. a nite setAx B Fpar such thatCsq ,,, (Ax) would not
be decidable? (Do not spend all your time here. But spend a fewurs.)

De nition 2.2.17 (Arrow logic LreL ). The set of connectives df g isf* ;: ;0
def
Let Frer = Fpar -
Let Mg, def fhW;vi2 Ms: W = U £ U for some setUg.
The de nition of w*° ' is the same as in the case &fpar .
As usual, mnggg, (; HW;wvi) Ltw2 W:w® v ' 0, and the validity relation
FreL is de ned as follows.

MWvij=ree ' 0™ BW2W)we "
Now, arrow logicLgg. iS LreL def hFReL ; MReL ; MNQRe, s FRELI-

Exercises 2.2.18.

(1) The logicsLre. and Lpar are among the most important ones discussed in
the whole material. So think aboutLrg. and compare it with the previous
ones!

(2) Show that the connective8 of S5 is expressible inLrg, .
(Hint: 8" is (True ') £ True.)

Show that \+" is associative inLrg_ (i.e.

) £ a_ £ a
Free ((1x'2)x"3 A "1x(" 21" 3):

(Hence omitting brackets and writing \True +' +True" [for §' ] is justi ed.)

(3) (Important!) Try to guess whether some of Ex's. 2.2.3 (1){(» generalizes to
LreL (give yes or no answers). (This is very hard, so concentrate onlpmne
item for a while. Do not spend all your time, but spend 6{8 hours. &utions
will be at the end of section 2.2, but wait a few weeks before king at them.)
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(4) Try to prove that the set Th .., (Mge.) oOf validities of Lrg_ IS recursively
enumerable. (Hint: To' 2 Frg. associate a rst-order formulaf (' ) such
that

Free ' 0 ] =1():
Then use the recursive enumerability of the validities of rst-ader logic (e.qg.
via GAdel's completeness theorem). If this would be too hargou may post-
pone it to the end of the section, but do not postpone it forever.

De nition 2.2.19 (Arrow logics Larwo ; Larrow ; Lra). The set of connectives
of arrow logicSL arwo ; Larrow ; Lra is ;i ;% :ldg, where+is a binary, is a
unary, and Id is a zero-ary modality.

2 The set of formulas (denoted a$arwo ) Of L arwo is de ned as that of propo-
sitional logic L s together with the following clauses:

~

"A 2Famwo =) ( £A); ' 2 Farwo
Id 2 Farwo

The models are those of propositional logics enriched with three relations,
called accessibility relations That is,

- ®
M arwo def ¢ hW;vi;Cy;CC3 - HW;vi2 Ms; Cit U WE WE W,

Cou WEW; Cop Wg:

For propositional connectives and” the de nition of w° ' is the same as
in the propositional case. For the new connectives we have:

wey, (2R 0" (Owiw, 2 W)
' Ca(w; wis W) and ws °
wey' 0% (awf2 W) Co(w:wd and woe

we,ld (™ Csw):

andw, °, A

As usual, mngugno (; AW, Vi) Lfw2 W we v ' g, and the validity relation

F arwo is de ned as follows.
BV Vij=arwo ' 0™ (Bw2W)we "

de

Then arrow |Og|C I—ARWO IS I—AR\NO H:ARWO ; MARWO ; mngARWO s Farwo .
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def def
2 Farrow = Farwo. Marrow = Mpar .

For connectives: ; » and * the de nition of w °
of Lpar . FOr the new connectives we have:

is the same as in the case

o]

. . def £ . .
ha;b ° " 0 hb;a2 Wandh;a °,"' ;
heyioyid 0™ a= b

As usual, MNQarrow (; MWvi) £ fw 2 W : w °, ' g and the validity
relation FARROW is de ned by

MW;vij=arrow © 0% (Bw2W)w°, "
Arrow logic L asrrow is de ned by

def . . L .
Larrow = MFarrow ; M arrow ; MNOarrow ; F ARROW 1 :

def def — .. , .
2 Fra = Farrow - Mra = Mge . The denitions of w ° ', mngg, and E ga
are the same as in the case ofarrow -

Arrow |OgiC Lra is Lra d:ef H:RA; MRga; mngRA;j: RAi . Lra is also called as the
logic of relation algebras

Exercises 2.2.20.

(1) De ne the arrow logicsL arwo ; Larrow ; Lra Without referring back to earlier
texts.

(2) Consider the fragmentL g0 = HF2rwo i M Srwo s MNWrwo F 2rwo i Of arrow
logic L srwo de ned above which di®er from the original version only in thatti
does not contain the logical connectives and Id. Prove that L8, is equi-
valent to Lpar in the sense that they have the same semantical consequence
relation that is, for all 8 [f ' g U Flawo = Frar

8 F %o 0 8 Frar '

Prove that L srwo IS NOt equivalent, in the above sense, th arrow -

De nition 2.2.21 (First-order logic with n variables L,). LetV OI:'affvo; 111 Vni 10

be a set, called the set ofariablesof L,. Let the set P of atomic formulas of L,
be de ned asP d:effri(vo:::vni 1) 12 Igfor some set .
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() The set F, of formulas is the smallest seH satisfying

2 PuH
2 (vi=vj)2H foreachi;j<n
2 "A2H;vi2V =) (" *A); " 9v' 2 H.

(ii) The classM, of modelsof L, is de ned by

def

M, = fhM;R;ii»; : M is anon-empty setand forali 2 I; R; p "Mg:
If M = hM;Rjii2; 2 M, then M is called theuniverse (or carrier) of M.

(i) Let M = M;Rjii2; 2 M,, g2 "M and' 2 F,. We de ne the ternary relation
M E ' [g] by recursion on the complexity of as follows.

2 M Er(vVo:ve 0ld 0 g2R (i21)
2 MEM=wId 0 dg=q (@ji<n)
2 if Al;Az 2 Fn, then
M E :Add 0™ notM F Aqfd
M E (A~ Bld (" M A and M F Aeld
M ovAild 0™ (9°2 "M)(8i<n)j6i ) .
IqO: g andM E A :
If M ' [g] then we say that theevaluation g satis es ' in the modelM .
Now we de nemng, as follows.

mng,(; M) E'fq2"™ : M F ' [dg:

(iv) Validity is de ned by
Odef

MFn' (802 "M) M F ' [d

First-order logic with n variables

o

ef

Ln = an;Mn;mngn;j:ni

has been de ned.
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Intuitive explanation

Our L, might look somewhat unusual because we do not allow substitutiori ari-
ables in atomic formulasri(vp:::). This does not restrict generality, because subs-
titution is expressible by using quanti ers and equality. This $ explained in more
detail in Remark 2.2.24 (2) below.

Exercises 2.2.22.

(1) Write up a detailed de nition of L, as a modal logic. (Hint: De ne the class
of models by

Mnd:effhW;viZ Ms : W = "U for some setUg :

The extra-Boolean connectives aredv;" and \'v; = v;" for i;j <n . Here Qv;)
is a unary modality while (v; = v;) is a zero-ary modality.)

(2) Show that in some sensé ; is equivalent to modal logic S5. (In what sense?
Try to de ne!)

(3) Show that in some sensép and L ,.4mes are comparable withL,. Show that
Lo and L,mes are strictly weaker thanL».

Next we de ne rst-order logic in a non-traditional form. Therebre, below the
de nition, we will give intuitive explanations for our presen de nition.

De nition 2.2.23 (First-order logic LroL , rank-free formulation). Recall
that ! is the set of natural numbers.

Let v &' fvi ;121 gbe a set, called the set ofariablesof Lo, . As before, let
P be an arbitrary set, called the set oAtomic formulasof Lo, . (Now, we will think
of atomic formulas as relation symbols, hence we will use thetkt R for elements
of P rather than p as in case oL s.)

(i) The set Fgo, is the smallest setH satisfying

2 PuH

2 (vi=vVv)2H foreachi;j 2!

2 "A2H;i2! = ( ~A);:h 9v' 2H.
(i) The classMgo. of modelsof Lgg, is

M koL LM M= hVi; RMigop; M is a non-empty set and _

forall R2 P; RM pu "M for somen 2 !
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If M 2 Mg, thenM andRM denote parts ofM determined by the convention
hvi; RMi = M .

(i) Validity relation FgoL .
In Lss the \basic semantical units" were the possible situationsv 2 W. In
FOL the basic semantical units are the evaluations of indivical variables into
modelsM , whereq 2 ' M and g evaluates variabless; as elementg 2 M in
the model M. To follow model theoretic tradition, instead ofM;q° ' we
will write M E ' [q] (though the former would be more in the line with our
de nitions of Lss etc.).

Let M = M;RMigop 2 MpoL, g2 ' M and' 2 FgoL. We de ne the ternary
relation \M F ' [q]" by recursion on the complexity of' as follows:
def

2 MER 0 h o102 RM forsomen2! (R2P)
> MEM=vIA 0 a=q @Gi2!)
2 if Al;Az 2 FroL, then
M Ad 0 not M F Aq[q]
M E (A" Bld 0 M F AldandM f Adlq
M ovAid (%7 (92 )8 21) :
i6i) (¢=qgMF Afd)) :
If M = ' [g] holds then we say thatq satis es' in M.
Now we de nemngg,, as follows.

def

mngeo, (5 M) £'fq2'M : M ' [d:

(iv) Validity is de ned by
MErl " (0 (8d2'M)MF " [d:
(v) First-order logic (in rank-free form) is
def J

Lror = hFeoL ; MeoL ;s MNGeq s FroL i :

For more onLgo. see e.g. Henkin{TarskiP], Simon [51], Venema [55], Henkin{
Monk{Tarski [27, x4.3].

5That is, if M is given, then M denotes the universe oM. Further, for R 2 P, RM denotes
the meaning of R in M.
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Intuitive explanations for L oL

There are two kinds of explanations needed. Namely,

(i) Why does the de nition go as it does?
and

(i) Why do we say that Lro, is rst-order logic? That is, what are the connec-
tions betweenL o and the more traditional formulations of rst-order logic?

We discuss (ii) in Remark 2.2.24 below. Let us rst turn to (i).

Let R be a relation symbol, that isR 2 P. Then instead of the traditional
formula R(Vvo; v1; vo; 1) we simply write R. That is, we treat R as a shorthand for
R(Vo; vi; Vo iit). B

So this is whyR is an atomic formula. The next part of the de nition which may
need intuitive explanation is the de nition of the satisfactian relation's behaviour
on R. That is, the de nition of M F R[k]. So letRM p "M be given. Recall that
R abbreviatesR(vo; v1; Vo; :::) here. Clearly we wantM F R[K] to hold if in the
traditional senseM E R(Vo; Vvi; Vo;:::)[K] holds. But by the traditional de nition
this holds i®hko;:::;ks; 1i 2 RM. Which agrees with our denition. The rest of
the de nition of Lgo_ coincides with the de nition of the most traditional version
of rst-order logic.

Remark 2.2.24 (Connections between Lgo. and the more traditional form

of rst-order logic). (1) The logic Lgo. is slightly more general than the more
traditional forms of rst-order logic in that here the logic does not tell us in advance
which relation symbol has what rank (that is why it is calledrank-free). This
information is postponed slightly, because it is not considered be purely logical.
The information about the ranks of the relation symbols will ke provided by the
models, or equivalently, by the non-logical axioms of some ttwey. However, we can
simulate the more traditional form of rst-order logic in Lo as follows.

Any language (or similarity type) of traditional rst-order logic is a theory of
our Lgo. . Namely, such a language includes the rarfi¢R) of each relation symbol
R 2 P. So, a traditional language is given by a paihP;%. To such a language we
associate the following theorylo (given as a set of formulas):

def © i ¢ , 2
Te= 8v (VR)$ R : R2Pandi, %R) :
The theory Ty,spells out for eactR 2 P that the rank of R is 4R). After To,has been
postulated, whenever one sed® as a formula, one can read it as an abbreviation of
R(Vo:::Vygr); 1). To any theory T it is usual to associate a \sublogic" ofL o as
follows:

Lt & hFroL ; Mod(T); MNG-g, ; FroL i
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For our Te, the sublogiclL, is strongly equivalent with the most traditional rst-
order logic of languagéeP; %.’

(2) The other feature of traditional rst-order logic which might seem to be
missing from Lgo. is substitution of individual variables, that is, Lgo. includes
atomic formulas with a xed order of variables only. The reasoffior this is that
Tarski discovered in the 40's that substitution can be expressed thiquanti cation
and equality. Namely, if we want to substitutev, for vy in formula ' then the
resulting formula is equivalent to9vy(Vo = v1” ' ). E.g. R(v1;V1;V2) IS equivalent to

|
9vg Vo = V1 R(Vo; Vi; Vo)

What happens if we want tointerchangevp and vy, i.e. we want to expres®(vy; Vo; Vo).
Then write

i ¢a
V39V, V3= Vo™ V= Vi A 9VoOV; Vo = Vi vy = V3N R(Vg; Vi Vo)

Someone might object thatbeforewriting up the theory Ty, (cf. item (1) above)
one cannot interchange variables. There are two answer@) This does not really
matter if we want to simulate traditional rst-order logic. (i) This can be easily done
by adding extra unary connectivegy (i;j 2 !) to those of Lgo, . The semantics of
p;j is given by

MEP' [ 0* ME"[Mp:50 506,050 150 Ge; 0]

if i - j, and similarly otherwise. Adding such connectives does not chgenthe basic
properties of the logic.

For more on the properties oflLro, see e.g. the Appendix of Blok{Pigozzi [14],
Andrgka{Gergely{Ngmeti [3] and reference Henkin{Tarski?] of [27] Part I.

Exercises 2.2.25.

(1) Write up a detailed de nition of Lro. as a multi-modal logic.
Hint: De ne the modal models as

M, E thw:vi2 Mg : W i ' U for some setU, and for eachR 2 P;

The rest of the hint is in Ex. 2.2.22 (1).

"This equivalence is the strongest possible one. The models are practically the samnand the
formulas are alphabetical variants of each other in the following sense. Taach \traditional"
formula A of hP;% there is' 2 FroL such that their meanings coincide in every model. (Same
holds in the other direction: for every' 2 FroL there is a \traditional" A, etc.)
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(2) Take the multi-modal form of Lo obtained in (1) above. Consider the \mo-
dality" ( 9v;). Can you write down its meaning de nition in the ° -style of
modal logics, that is, the logics studied before, ?

Hint: Let s2 W. (Recall that W = ' U.) Then
s° 9’ I® (g2W)8j(j6i) si=gandqg® '):
What is the ° -style de nition of the zero-ary modality (v; = v;) ?

(3) Consider the modal forms ot.,, and Lgo_. Prove that D is expressible irnL,,.
Prove that §, is expressible inL, if n> 3. IsD expressible inLgo. ? IS 8§,
expressible inLgo. ?

(4) Prove that the following are expressible i o about its models
M = M;RMigr2p 2 Mgo .
4.1)jMj> 1.
4.2)jMj=2.

(4.3) jMj>n for any xed number n.
(4.4) jMj <n for any xed number n.

(5) What part of (4) above carries over toL , ?

(6) Prove that L, is decidable. Do you think thatL , is decidable? Do you think
that Lgo. is decidable??

(7) Do you think that the valid formulas of Lro_ are recursively enumerable?

Exercises 2.2.26.

(1) Write up a detailed de nition of Lro. as a modal logic. (Hint: See Ex. 2.2.25
(1) above.)

(2) Prove that Lro_ is as expressive as the traditional form of rst-order logic.
Prove that traditional rst-order logic with a language hP; % is strongly equi-
valent with the sublogicLt,, as described in Remark 2.2.24.

(3) AssumeM = hM;RMi 2 Mg with RM u M £ M. Express thatR is a
transitive relation. (This means that you are asked to write upa formula
" 2 FroL such that for everyhM; Ri with Ry M £ M, if IMM;Rij="' thenR
iS transitive.)
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(4)

Express thatR is a partial ordering (transitive, re°exive and antisymmetriq.

Express that R is a dense ordering (density is the property8x;y(xRy )
9z(xRz and zRy)).)

Express thatR is an equivalence relation.

Think of Lo again as a multi-modal logic as in the previous list of exercise
Are there two modelsM ; N such that they are not distinguishable inL o, but
they are distinguishable in any ofLp, Ly.times forn 2 1 ? (Hint: no.) What
is the answer forlL . imes With SOme in nite - (say - > 2')?

Exercises 2.2.27.

(1)

(2)

3)

(4)

Let L; = hF;Mi;mng;; =i with i - 2 be two logics. CallLy and L; weakly
equivalenti®

Fo=Frand @i p Fo)(8 2 Fo)(i Fo' » i F1'):
Prove that the following logics are weakly equivalentt s andL 2 from Ex. 2.1.1.

Let Li, i - 2 be as above. Assume thaf; u Z; for some set of \symbols"
Z;. That is, we are assuming that the formulas are nite sets of symbols.
For a functionf : Zo |  Z; de ne its natural extensionf~: Z5 { Z7 the

equivalenti® there is a functionf : Zg{ Z; such that f{Fy) = F; and

) (8i [f'guFoli Fo' I®FT) F1fT{ )l

(i) (8i [f "guFyli F1' I®F1(G) Fof? ()] and

(i) (87A 2 F)[f(" )= f{A)) ( FoAandAf," )]

Prove that any two weakly equivalent logics are reasonably eiyalent.
Consider propositional logic with logical connective$” ; ;:g and another
version of the same logic withf* ;! ;falsey. Clearly these two versions of
propositional logic are equivalent in some natural sense. Protieat they are

not equivalent in the sense of (1), (2) above. Try to broaden thecope of
equivalence such that these two versions bfs become equivalent.

Let L; be as in (1). Consider the existence of two \semantical" functis

Mo1 : Mo i  (Subsets ofM;) and
My : M1 i  (Subsets ofMy) :
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Call Lo and L, semantically equivalent® F, = F, and there aremg;, myg as
above such that

(8" 2 Fo)(8M 2 Mg)(8N 2 M)
ME", mauM)F'"JandNE ", mp(N)F"]:

Prove that Ls and L2 (in Ex. 2.1.1) are strongly semantically equivalent.

(5) Combine the equivalences de ned in (2) and (4) above. Cathis combined
concept semantical equivalence. Find logics which are semaatly equivalent.

(6) Try to combine (5) and (3) above!

ggoog

SUMMARY (of the logics de ned so far):

L ARROW

I—RA

Ln
L FoL

propositional logic

modal logic, where the accessibility relation iV £ W for a setW
di®erence logic (or \some-other-time" logic)

twice logic

- -times logic (- is any cardinal)

set of worlds is arbitraryW p U £ U for someU, extra-Boolean ist
set of worlds isU £ U for someU, extra-Boolean ist

set of worlds is arbitraryW p U £ U for someU, extra-Booleans are
+ , Id

(logic of relation algebras) set of worlds i&) £ U, extra-Booleans are
+ ,Id

“rst-order logic restricted to the rst n variables @ 2 !)

(rank-free) rst-order logic

DISTINGUISHED PROPERTIES to be checked for every

logic L:

(The reason for looking at these properties is that they distingsh rst-order like
logics from propositional like logics.)

dec The set of all valid formulas ot is decidable. (Brie°y: L is decidable.)

r.e. The set of all valid formulas oL is recursively enumerable. (Brie°y:L isr.e.)
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fmp L has the nite model property that is,
o]

(8 2 FL)Ej:L' 0 (8M 2 M )(M is nite® ) ME_"):

Gip L hasGAdel's incompleteness propertiat is,

£
(9" 2F.)8T u F.) (" 2T andT is consistent) 3 5
=) Csq (T) is undecidable):

clm We say that the distinction between set-models and class-models coumtsL
(L has cIm for short) i® (roughly speaking)even in the case when the se&?
of atomic formulas ofL is nite, we have

£ _ .
(9 class-modeM) Th_ (M) is not de nable wghout parameters
in our Set Theory :

unm Assuming again that the setP of atomic formulas ofL is nite, there is
someM 2 M_ such that Th (M) is undecidable (unm abbreviates existence
of undecidable_nodel).

Exercise 2.2.28. Prove that if L is r.e. andL has the fmp thelL is decidable.

COMPARISON OF LOGICS w.r.t. the distinguished proper-
ties above:
(An arrow points to the place where the property in question bexmes true \moving

from left to right". Hence in principle it should always point to a gap between two
logics.)

Exercise 2.2.29. Check which claims represented on Figure 2.2.1 were asked as an
exercise in the text. Try to prove (and claim, if necessary) the issing ones too.

8M = hw;vi is called nite if W is a nite set.

9Recall that for xed M, mng,, (' ) was de ned by recursion on the complexity of' in case of
each of our distinguished logics discussed so far. (This was soins;:::, in L,, and also inLgoL
to mention only a few.) Saying that Th(M) is unde nable implies that our recursive de nition of
mng,, becomes incorrect as a de nitionif we permit M to be a class model. RoughlyL hasclm
of Tarski's Unde nability of Truth Theorem is applicable to L. For more on this property of logics
see [9, Appendix B].
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J
j Ls
i
Ls S5Tw ... ... Lntimes --- Lpar Lree JLra  Ln Lroo

.7‘ S N (n> 3)
?]

clm| [no fmp not dec|| Gip

[-v]

N ¢ S ¢ S ¢ S S 1 S

obviously obviously

propositional “rst-order
Figure 2.2.1

goog

The following logics are of a di®erent \°avor" than the ones seeso far. They
include Lambek Calculus, some fragments of Linear Logic, Ptat Action Logic,
Dynamic Logic, di®erent kinds of semantics than seen so far. Theam purpose
of giving them is to indicate that the methods of algebraic lgic are applicable
almost to any unusual logic coming from completely di®erent padigms of logical
or linguistic or computer science research areas, and are not reged to the kinds
of logics discussed so far. If the reader is already convincedethhe may safely skip
De nitions 2.2.30{2.2.33.

Somefurther logics, which are evenless similar to the ones discussed so far,
are collected in Appendix A. It is advisable to look into AppendixA because our
theorems apply to all the logics discussed there. The only reasohy those logics are
postponed to an appendix is that we did not want to postpone the ain theorems
too much. For example, in nite valued logics, relevant logicand partial logics are
in Appendix A.

De nition 2.2.30 (Lambek Calculus [slightly extended]). Recall the logic
Lra (Def. 2.2.19). The connectives of Lambek calculls ¢ aref® ;£;n;=;!g . This
de nes the formulasF ¢ of Lambek Calculus. Now,

def ) . . HE
Lic = hFic;Mga;mng ¢ Ficl;
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where for all;"A 2 F.c and allM 2 Mga
Koy def xS
mng.c (" NA;M) = MNQRa ( i.A)’Mq;’
mng. (‘=A; M) &' mnges : (' A )M

mngc( ! AM) E'mngea (0 _ A M);

and F ¢ is de ned analogously toF ga .

Remark 2.2.31. Original Lambek Calculus is only a fragment oL ¢ because in
the original case the use of\ " is restricted. (In any formula, \! " can be used
only once, and it is the outer most connective.)

The methods of the present work yielded quite a few results fommbek Calculus
and for some further fragments of Linear Logic, cf. Andrgka{Mul@s [4].

De nition 2.2.32 (Language model for Lambek Calculus and oth er logics
[e.g. arrow logic]).

(1) Notation: Recall that U” denotes the set of all nite sequences over the St
A set X p U® is called a language (in the syntactic sense). Let;Y p U
Then X oY = fs'q:s2 X andq2 Yg, wheres'q is the concatenation ofs
and q.

M, d:efth;fi :Uisasetandf :P§ U°g:
We write mng(' ) instead of mng, ('; hU;fi).

mng(p)) £ f (p) for p 2 P;
mng(" ~ A) £ mng(' )\ mng(A);
mng('" +A) £ mng(' ) @ mng(A);

mng(" ! A) €'TU°r mng( )][ mng(A);

C Ry def e BN Koy
mng(" nA) = fq: 8s2 mng(' ) s'q2 mng(A)g;

— A def I A ¢ \ [ .
mng('=A ) = fs: 892 mng(A) s'q2 mng(' )g:

Now, =, is de ned as before.

(2) Lambek calculus with language modeks

def .
LicL = HFic;M;mng s F i :
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This is quite a well investigated logic, and in some respects leafes slightly
di®erently fromL c.

Now we can extend the de nition ofmng, to the connectives: , andId as

follows:

mng(: ') ¥ U mng(" );

mng(’ \)d=e fhsn;iiiysi sy iii;spi 2 mng(' )g;
mng(ld) %' fhig;

where hi denotes the sequence of length 0.

(3) Extended Lambek calculus with language modelg’. has all the Booleans as
connectives in addition toF, ¢, and the semantics described in (1) above.

LicL = WFlciMuymng i
(4) Arrow Logic with language modelss
Larrowt. = MFAgrow ;ML;mng ;FELi: J

De nition 2.2.33 (Dynamic Arrow Logic). Recall the de nition of Lra. Add
the unary connective® sending' to ' °. The set of formulas (denoted a$p ) of
Dynamic Arrow Logic is de ned as that ofLga together with the following clause:
'ZFDL :) 'QZFDL:
The semantics of this connective is de ned by
mngp, (" ;M) ®\re°exive and transitive closure of the relation mngg, (; M)":
This de nesF"° from Fra. Now, Dynamic Arrow Logic is

Lo. = hFpL; Mga;mngp, ;i :

Pratt's original dynamic logic can easily and naturally be iterpreted into L. . For
more on Dynamic Arrow Logic cf. e.g. van Benthem [13], Marx [35
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Answers/solutions for important and hard exercises of Sec-
tion 2.2

Exercises 2.2.34.

(2) Lpar is decidable.

There is a modelM 2 Mpar such that Th ., (M) is not even recursively
enumerable. See the hint for Ex's. 2.2.34 (3).

(5) A. Simon proved that for nite Ax, Csq,,. (Ax) is decidable. He proved
that the logic Lpar +\ 8 of S5" is still decidable; then, usingg, Ax F ' is
equivalent to validity of a single formula (see Simon [53]).

Exercises 2.2.35.

(3) LreL is undecidable. This hint is for the case you know that the worgroblem
of semigroups [or equivalently, the quasi-equational theoryf semigroups] is
undecidable. De ne a computable functiori which to every quasi-equatior
in the language of semigroups associatéég) 2 Frg. such that

Free T(@ 0 Semigroups~ q:

Conclude thatL rg. cannot be decidable because that would provide a decision
algorithm for the quasi-equations of semigroups. There are @hways of
handling this problem besides the \semigroup” one, cf. e.g. ¢himportant
book Tarski{Givant [54].

Thereisaformula® 2 Frg suchthatCsq .., (f' g) is undecidable. Moreover,
LreL has the GAdel's incompleteness propertpat is,

£
(9" 2 Fre )(8T U Frer) (" 2 T and T is consistent) 3
=) Csq .. (T) is undecidable)]

Observe the contrast betweeh payr and Lgg !

(4) The others (Ex's. 2.2.3 (3){(5) forL ge. ) follow from the corresponding answers
for Ex's. 2.2.34 above.

Exercises 2.2.36 (4). Here we give a very detailed hint for solving this exercise,
i.e. for proving that L o iS decidable.

Let A= bA;. ;+;0;li be a structure where- is a binary relation onA, + is
a partial binary operation on A (i.,e. Dom(+) pf A£ A),l pt AandO 2 |I. The
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(

1/(X_.X_)(,:ef Xi+Xj =X if ag+a =g inA
v Xi = Xj if &+ a is not dened in A;

(
def Xi- Xj ifa- ainA

%Rxi;Xj) = . :
i) Xi 6-x; if & 6-g in A;
(i %) B VX1 XG) N %X ):
' ¢
¢(A)d:e't9x0:::xnI fHXi;%;) @ i) - ng:
We note that ¢( A) is a (rst-order) formula containing only + and - , therefore it

is decidable whether this formula is valid in standard arithratic or not.
We say that A is a cardinality structure i® the following hold for alla; b2 A:

is a linear ordering onA;
O is the smallest element, i.eO - afor everya?2 A,
| is an end segment, i.,ea2 | anda- bimply b2 I;
O+a=a+0=a; a+b=bifa- bandb21;
a+ b2l implies@21 orb21);

+ is commutative and associative in the sense that
if a+ bexists thenb+ a exists anda+ b= b+ a;
a+ b; (a+ b+ cexisti®b+ c; a+(b+ c) existand (a+ b+ c= a+(b+ ¢);

BN +ij= ¢( A).

We say that (A; - ) is an abstract cardinality mode| in symbols @A;-) 2 ACMod,
i®

A is a cardinality structure;
- P(P)! A (whereP is the set of atomic formulas oL nr);
P P
h (H):H 2Hi exists forallH P (P), where refers to addition in A.

Now let (A;-) 2 ACMod and A 2 Froe. We dene ¥4A) u P (P) by induction
on the complexity of the formulaA as follows.
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Yp) E'fH 2P (P): p2 Hgif p2 P;

o~ R E )\ wA);

W) E PP W)

Q/i..(,_A)‘tci_ef(P(P) it T hH) H2% )i T h(H): H 2 YA
tb o otherwise

A FE 0 W)= PP):
Show that the following gives an algorithm for deciding vadiity of ' :
" is valid in L nore
i® B
(A;-)E ' forall (A;-) 2 ACMod such that jAj - 227",

41
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3 Bridge between the world of logics and the world
of algebras

The algebraic counterpart of classical sentential logics is the variety BA of Boolean
algebras. Why is this so important? The answer lies in the genéraxperience that
it is usually much easier to solve a problem concernirigs by translating it to BA,
solving the algebraic problem, and then translating the resulback to Ls (than
solving it directly in Lg).

In this section we extend applicability ofBA to Ls to applicability of algebra
in general to logics in general. We will introduce a standardranslation method
from logic to algebra, which to each logit. associates a class of algebradg,_ (L).
(Of course, Alg_ (Ls) will be BA.) Further, this translation method will tell us
how to nd the algebraic question corresponding to a logical gagon. If the lo-
gical question is aboutL then its algebraic equivalent will be aboutAlg. (L). For
example, if we want to decide whethet. has the proof theoretic property called
Craig's interpolation property, then it is sutcient to decide whether Alg. (L) has
the so called amalgamation property (for which there are powfel methods in the
literature of algebra). If the logical question concerns coections between several
logics, say betweemh ; and L ,, then the algebraic question will be about connections
betweenAlg. (L1) and Alg- (L2). (The latter are quite often simpler, hence easier
to investigate.)

3.1 Fine-tuning the framework

The de nition of a logic in Section 2.1 is very wide. Actually, ti is too wide for
proving interesting theorems about logics. Now we will de ne a salass of logics
which we will call nice logics Our notion of a nice logic is wide enough to cover
the logics mentioned in the previous section, moreover, it lroad enough to cover
almost all logics investigated in the literature. (Certain ganti er logics might need
a little reformulation for this, but that reformulation does not e®ect the essential
aspects of the logic in question as we will see.) On the other haritle class of nice
logics is narrow enough for proving interesting theorems abbthem, that is, we
will be able to establish typical logical facts that hold for met logics studied in the
literature.

Before reading Def. 3.1.1 below, it might be useful to conterlgte the common
features of the logics studied so far, e.d.s, S5, L arwo , Ln (cf. Section 2.2).

In all the logics studied so far the biconditional$ is available as a derived
connective. In condition (3) of Def. 3.1.1 below new symbolso¢:::; ¢, 1 will
occur, denoting derived connectives of the logic in questiofertainly, condition (3)
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is a weaker assumption than expressibility & (n=1, ¢ c =$ ), thus all theorems
remain true for this simpler case.

We also note that the theorems of Section 3.2 below (based on thext de -
nition) can be proved in a more general setting (cf. [9]). Hereewndo restrictions
in order to make the methodology more transparent. The readavho would nd
the de nition below too restrictive is asked to consult Section 4Generalizations",
where several conditions are either eliminated or it is expleed how to eliminate
them, and references are given where the elimination is done

De nition 3.1.1 (nice logic, strongly nice logic, structura | logic). LetL =
HF; M; mng; Fi be a logic in the sense of De nition 2.1.3.
We say that L is anice logicif conditions (1{4) below hold forL.

(1) A set Cn(L), called the set oflogical connectivesof L, is xed. Every ¢ 2

(2)

3)

Cn(L) has some rankank(c) 2 ! . The set of all logical connectives of rank
is denoted byCny(L).

There is a setP, called the set ofatomic formulas (or parameters or propo-
sitional variableg), such that F is the smallest set satisfying conditions (a{b)
below.

@PuF,

The word-algebra generated by using the logical connectives frontEn(L) as
algebraic operations is denoted b, that is, F = hF; cicn). Fis called the
formula algebraof L.

de

The function mng,, fhnng('; M):" 2 Fi is a homomorphism fromF, for

everyM 2 M.

There are\derived" connectives "g;:::;"m; 1 and #;:::;%,, 1 (unary) and

~ £ - o

() (8M 2 M)(8;A 2 F) mngy, (' )= mngy(A) ( Bi<n)M EF"¢;A.

£ o}

(i(8M 2M)(@ 2F)MF" ( (@B <m)@i<n)MfE"()¢i5() .
(By \derived" we mean that ";, ; and ¢; are not necessarily members of

Cn(L). They are only \built up” from elements of Cn(L). But we do not

know from which elements ofCn(L) they are built up, or how. We do not
care!)
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we get fromA after simultaneously substituting' ; for every occurrence opy
(i 6 k) in A. We refer to this condition as L has the substitution property

L is calledstrongly nicei® it is nice and satis es condition (5) below.

(5)

Let 8 2 FF be the natural extension ofs to F. Then (+) says mngy (' ) =
mng,, (8(' )). If this property holds, then we say that the logic L has the
semantical substitution property(the model N is the substituted version ofM
along substitution s).

Following the terminology of Blok and Pigozzi (cf. e.g. [1¥]logics satisfying condi-
tions (1), (2) and (5) above are calledstructural logics.

Recall that if A and B are two similar algebras, thenHom(A; B ) denotes the
set of all homomorphisms fromA into B (cf. [49]).

Remark 3.1.2.

() Item (2) of De nition 3.1.1 above is a purely logical critgion. Namely, it is
Fregge's principle of compositionality.

(i) Conditions (1{3) of Def. 3.1.1 above imply condition (?) of Def. 2.1.3.

(iif) A special case of condition (3) of Def. 3.1.1 above is thease ofm = 1,
"o(' ) = True, (' ) = ' . This simpli cation implies the following connection

betweenF and mng:
(8:A 2 F)£j: and FA =) (8M 2 M) mng, (' )= mng, (A)a:
This does not follow from condition (3) of Def. 3.1.1.
(iv) An equivalent form of (+) above is the very natural condition
(8h 2 Hom(F;F))(8M 2 M)(9N 2 M) mngy = mng,, h:

Since h is just a substitution, this form makes it explicit that N is the h-
substituted version ofM . Another equivalent version is the following.

' ¢
(8M 2 M)l8h 2 Hom(F; mngy (F)) (9N 2 M) mngy = h:
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(v) In the presence of (3) of De nition 3.1.1 above, semantical batitution pro-
perty (5) implies substitution property (4).

Remark 3.1.3 (Connections with the Blok{Pigozzi approach) . Here we men-
tion only a small part of these connections.

The hF,; i part 9 of a strongly nice, consequence compact (see Def. 3.2.13 be-
low) logic L is always analgebraizable deductive systeimthe sense of Blok{Pigozzi
[14] (which is an algebraizable 1-deductive system in [16]).h& other way round,
if HF; i is an algebraizable deductive system theh-, as de ned in Remark 2.1.2
above, is always a strongly nice consequence compact logic um sense. Sructural
logics and the connections between the two approaches arsatdissed in more detail
in Font{Jansana [23].

A small sample of references of the Blok{Pigozzi approach i}|1[16], [15], [41],
Czelakowski [21], Font{Jansana [22].

Exercises 3.1.4.

(1) (Important!) Show that all the logics introduced in Defs. 2.2.1{2.2.21 alve
are strongly nice logics. It is especially important to do it folL !

(2) Show that Lgo, (cf. Def. 2.2.23) is a nice logic.

Exercises 3.1.5. Show logics wheren = 1 but ¢ 4 is not our old biconditional $ .
(E.g., in S5 we can also taker (©; $ ©,) as ©,¢ (©,.) Show logics wheren > 1.

For any classK of similar algebras) K LM (9N 2 K) M is isomorphic toNg
(cf. [49]).

De nition 3.1.6 (algebraic counterpart of a logic). Let L = hF; M; mng; Fi
be a logic satisfying conditions (1),(2) of De nition 3.1.1.

(i) Let K u M. Then for every;A 2 F

def

"»x A () (8M 2 K) mngy (' ) = mngy (A):

Then »  is an equivalence relation, which is a congruence énby condition (2) of
Def. 3.1.1. F= ¢ denotes the factor-algebra oF, factorized by » . Now,

Alg (L) E' 1 fF> ¢ © K p Mg:

(ii)
Alg,, (L) d:effmng,\,l(F) M 2Mg;

OHere | denotes the semantical consequence relation induced by the validity relation df .
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wheremng,, was de ned in item (2) of De nition 3.1.1, and for any homomorpism
h:Aj{ B, h(A)is the homomorphic image oA alongh i.e., h(A) is the smallest
subalgebra ofB such thath: A { h(A) (cf. [49]).

Remark 3.1.7. In the de nition of Alg,(L) above, it is important that Alg,, (L)

is not an abstract class in the sense that it is not closed under isompbisms. The
reason for de ning Alg,,(L) in such a way is that sinceAlg,, (L) is the class of
algebraic counterparts of themodelsof L, we need these algebras as concrete algebras
and replacing them with their isomophic copies would lead tas$s of information
(about semantic-model theoretic matters). See e.g. Thm. 5.2 Appendix B about

the algebraic characterization of theveak Beth de nability property

Fact 3.1.8. Let L be a logic satisfying conditions (1{3(i)) of Def. 3.1.1. Then
© a

Proof. For every K p M, F=»x= F=» pmoq, (Th, (k) holds (cf. Defs. 2.1.5 and
2.1.6). O

Exercises 3.1.9. Show that for any logicL satisfying conditions (1), (2) of Def. 3.1.1
2 Alg, (L) 1 Alg. (L) B SPAIg,,(L)
2 SPAIg. (L) = SPAIg,(L).
Exercises 3.1.10. Prove that
(i) Alg,(Ls) p\class of all Boolean set algebras"
(i) Alg,,(S5) pn\class of all one-dimensional cylindric set algebras"

Theorem 3.1.11. For any logic L = hF; M; mng; =i satisfying conditions (1),(2)
of De nition 3.1.1, (i) and (ii) below hold.

2 "(i)" Alg- (L) u SPAIlg,(L).
2 "(ii)" SPAlg. (L) = SPAIg,,(L).

Proof of (i). Let A2 Alg_(L) thatis, let A2 F=»y for some clasK pu M. Then
there is a subseK . K such that F=» x« = F=» ko (this holds becauseF is always
a set). Now we can de ne an embedding from F=» xo into Py ,xomng,, (F) as
follows. For each’ 2 F

h('=»xo) £ mng, (') : M 2 K:
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Proof of (ii). To be lled in later. O

gog

Next we turn to inference systems Inference systems (usually denoted ag are
syntactical devices serving to recapture (or at least to appraxate) the semantical
consequence relation of the logic. The idea is the following. Suppose §, ' . This
means that, in the logicL, the assumptions collected in § semantically imply the
conclusion’ . (In any possible worldM of L that is, inany M 2 M, whenever § is
valid in M, then also’ is valid in M.) Then we would like to be able to reproduce
this relationship between § and' by purely syntactical, \ nitistic" means. That
is, by applying some formal rules of inference (and some axiomitbe logic L)
we would like to be able to derivé from § by using \paper and pencil" only. In
particular, such a derivation will always be a nite string of synbols. If we can do
this, that will be denoted by § * ' .

De nition 3.1.12 (formula scheme). Let L be a logic satisfying condition (1) of
Def. 3.1.1, with the setCn(L) of logical connectives. Fix a countable seA = fA; :
i <! g, called the set offormula variables The setFms, of formula schemesof L
is the smallest set satisfying conditions (a{b) below.

(@) Al Fmsy,

An instance of a formula schemes given by substituting formulas for the formula
variables in it.

De nition 3.1.13 (Hilbert-style inference system). Let L be a logic ggtisfying

An instance of an inference rulds given by substituting formulas for the formula
variables in the formula schemes occurring in the rule.

A Hilbert-style inference system(or calculus) for L is a nite set of formula
schemes (callecaxiom schemesor axioms) together with a nite set of inference
rules.

De nition 3.1.14 (derivability). Let L be a logic satisfying condition (1) of
Def. 3.1.1 and let be a Hilbert-style inference system fok. Assume §[f ' gu F_.
We say that' is " -derivable (or * -provable from § i® there is a nite sequence
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2'.28o0r

2 ' i is an instance of an axiom scheme (aaxiom for short) of ° or

is an instance of this rule.

We write § ~ ' if ' is "~ -provable from §. (We will often identify an inference
system” with the corresponding derivability relation.)

De nition 3.1.15 (complete and sound Hilbert-type inferenc e system).
Let L be a logic satisfying condition (1) of Def. 3.1.1 and let be a Hilbert-type
inference system foL.. Then

2 ° s weakly completefor L i®
8 2F)(FL" =" ")
2 * s nitely complete for L i®
(B8 py FL)(8 2F )@ FL' = 8 '),

that is, we consider only nite §'s;

2 ° s strongly completefor L i®
BSUF)® 2F)EFL" =) & ")
2 ° is weakly soundfor L i®
8 2F)C " 3)j=L");
2 ° s strongly soundfor L i®

B8 U F.)8 2F )@ ' =) 8FL'"): J
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3.2 Algebraic characterizations of completeness and com-
pactness properties via  Alg,, and Alg. (main theorems)

Theorem 3.2.1. (i) Let L = hF;M; mng;F i ! be a strongly nice logic. Lem
be as in Def. 3.1.1 (3). Then for any formulas o;" 1;:::;" «,

fr i kgFL 0 0 for eachj <m
: . . i ¢
Alg,(L)F  f"i(s)=4(Cs:1- s kii<mg) "j("o)=%(0):

(i) Let L be a strongly nice logic in the sense of Def. 3.1.1. Lete as in Def. 3.1.1
(3). Then for any quasi-equationg of form (¢ = ¢2MCCE = ¢2) & = &),

Ag,(LYFgq 0 f é&¢;¢d:1- s- kij<ngFL ot for eachi<n:

(i) For proving the \ ( =" direction of (i), it is enough to assume thatL satis es
conditions (1{3) of Def. 3.1.1. For proving the \=) " direction of (ii), it is
enough to assume thdt satis es conditions (1{3(i)) of Def. 3.1.1. However,
there exist logics satisfying (1{3(i)) of Def. 3.1.1 for whib direction \( ="
of (ii) does not hold. For proving this direction we do not ha to assume
condition (3)(ii) of Def. 3.1.1.

Proof of (i) Direction \=) ": Assumepp;:::;p are the only atomic formulas oc-
curring in ' o;:::;" ¢ and assume that

f'a(Poriiip)iiiny k(Posii i P)IFL ! olPosiiip):

Let A2 Algm(L) Then A = mng,, (F) for someM 2 M. Let a2 PA be arbitrary.
def

For everyi - ~ we denotea; = a(p;). Clearly for everyi - = a; = mng, (°;) for
some®; 2 F. For everys - k
..... A A .l iieea0 ¢
"slagyiia]t = s[mngy (o) iiimngy (°)17 = mngy (%o %)

sincemng,, is a homomorphism by (2) of Def. 3.1.1.

During the proofs of the main theorems we make a careful distinction betweer=, and F,
using the former symbol for the validity (and semantical consequence) relation blogic L and
for the usual rst-order validity relation.
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i ¢
Assume that forevery 1. s- kandj<m ,AE l"j(' s)= 1('s) [al.

0 mngy "i( s °0J13:?°‘))¢: mngy (s °o:112:°‘))¢ (1-s- kij<m)
®y DEf':g'l'l ® There isN as described in condition (5) of Def. 3.1.1 for s sending
Po tO °0, 111, P« to °k an for M. Let this N be xed.

o) mngy ¢ 9 = mngy 59" (s kij<m)

(by Def; 3.1.1 (3)) NEL '« - s K

(by our as)sumption) NE,

= FL o
i ¢ i ¢
(by Def, 3.1.1 (3)) l, . o, .
7S mngy (o) =mngy (o) (j<m)
. ¢ .
(b D f 11 (5)) lII 1 O s s s [e] — I 1 O s s s [e] H
YRS O gy, ' o(P0r:i1i%)) = mingy b ( o(%0iii%)) (<m)

0 AF'"(o=%Co & (<m)

proving Thm. 3.2.1 (i) direction \=) ", since a was chosen arbitrarily.

Direction \ ( =": Assume that
N

' ¢
: . i
Alg,(LYF f"(s)=%(s):1- s kii<mg) "i("o)=%(0):
Let M 2 M. Assume that forevery1: s- KM F| 's.

i ¢ i ¢
(by Def.zjs.l.l 3) mng,, I,,j (, S) = mng,, |# (, S) (1 sk j <m )

i i ¢ i ¢
BTG mngy (o) = mngy '5( o) (<m)

by Def. 3.1.1 (3 .,
Oy DeLITTE) pp
proving Thm. 3.2.1 (i) direction \( =". O
Proof of (ii). Direction\ =) ": Assume that for everyA 2 Alg, (L) and for every
valuation a2 PA
AF dal:
Let M 2 M such thatM | f¢¢i¢2:1- s- k; i<ng. Then by Def. 3.1.1 (3)(i)
mngy, (és) = mng,, (¢ for each 1- s - k. Now let A gef mng,, (F) and leta2 PA

be such that for eachp2 P a(p) &ef mngy, (p). Then

AE(a=greeey = ¢lal;
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which implies by our assumption thatA F (¢ = ¢J)[a]. This is the same as
mng,, (é0) = mng,, (¢J), thus again by De nition 3.1.1 (3)(i), M . é¢ ;¢ for each
I <n, which proves direction \=) " of Thm. 3.2.1 (ii).

Direction \( =": Assume f¢¢;¢2:1- s ki j<ngFL é&ti¢d for eachi<

A 2 Alg,(L). Then A = mng,, (F) for someM 2 M. Let a2 PA be arbitrary. For

everyi -~ we denotea gef a(p;). Clearly for everyi - ~ a; = mng,, (°;) for some

°i2 F. Forevery' 2 F

sincemng,, is a homomorphism by (2) of Def. 3.1.1. Assume that for every:1s -
i . fO e ) ¢_ I .00 ..... )
0 mngy é(Coiiii;®) = mngy é%0iiii:°)
by Def':f'l'l ® There isN as described in condition (5) of Def. 3.1.1 for s sending
Po to °g, :::, px to °x and for M. Let this N be xed.
=) mngy(é) = mngy(é) (1- s+ K)

(byDef.03.l.1(3)(i)) NFL(’,s¢i(',g? 1-s- ki<n)

(by our assumption) . . . .
S NF &¢i¢d (i<n)
(by DeL.3.11.5) e i 00 ... N

i
0 AF &= [a;

proving Thm. 3.2.1 (i) direction \( =", since a was chosen arbitrarily. O

Proof of (iii). To be led in later. O

Corollary 3.2.2. Let L be a nice logic. Let";%;¢;m;n be as in Def. 3.1.1 (3).
Then (i) and (ii) below hold.

(i) For any formula ',
Fu' 0 Algn(L)E"j()=3%() foreachj<m:
(i) For any equation ¢ = ¢°

Alg, (LYF ¢=¢° 0 j =L ¢¢ie? foreachi<n:



52 3. BRIDGE BETWEEN LOGICS AND ALGEBRAS

Proof. Item (ii) is a special case of item (ii) of Thm. 3.2.1, but now we &ve to prove
(i) for nice logics, cf. Def. 3.1.1.
AssumepF | ' (po;:::;p). Let A 2 Alg,(L). Then A = mngy (F) for some

FL ' (po;:::;p) implies, by Def. 3.1.1 (4), thatiF_ ' (°0;:::;°). Thus by

lII | O 2 s s (o] — i 1 (o ] o
mngy (" (Cos:i ™)) = mngy {5 (oiii5%)
But i ¢ A
mngMi"j ( Coizzi®)) = " ()la” and
mngy (' (“oi::5;%)) = 4 )a (j<m):
Thus we haveA I",- ()= %() [a] for eachj <m , completing the proof sincea
was chosen arbitrarily. O

In Theorem 3.2.3 below, we will give a suxcent and necessary cotal for a
strongly nice logic to have a nitely complete Hilbert-style inérence system.

Theorem 3.2.3. Assumel is a strongly nice logic andCn(L) is nite 2. Then
Alg, (L) generates a nitely axiomatizable quasi-variety

0
(9 Hilbert-style *)(" is nitely complete and strongly sound fol.).

Proof of (=) ). Notation Let©g;©;;::: denote formula variablesgéy; ¢;;::: denote
formula schemes®© denote sequence of formula variables ammddenote sequence of
variables. Letm andn (m;n 2 ! ) denote the number of';'s and ¢;'s, respectively.
For any formula schemesg, ¢° let ¢¢ ¢° abbreviate the systemg¢ 0¢%:::5¢¢ n; 16°
of formula schemes.

Now assume thatAx is a nite set of quasi-equations axiomatizing the quasi-
variety generated byAlg, (L) and de ne a Hilbert-style inference system A« as
follows:

20ne can eliminate the assumption ofCn(L) being nite. Then the Tnitary character of a
Hilbert-style inference system has to be ensured in a more subtle way. Also, \ rtely axiomatizable
guasi-variety" must be replaced by \ nite schema axiomatizable quasi-variety" in the second clause,
cf. e.g. Monk [36], Ngmeti [39].
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Axiom schemes: Cpt o (i<n). ¢ a
Inference rules:  If ¢ (X) = ¢ARX)MEEEX(X) = AX) ) (X)) = ¢AX) 2 AXx,
then _ _ _ _
a(©)¢ ¢(©);:::; &(©)¢ ¢(©)
0(©)¢ i ¢J(©)

is a rule for eachi < n . Other rules are:
©0¢ ©1; ©1¢ ©2.

©p¢ i ©, ’

(8i<n)

©ot ©;

8i<n :
( ) ©,¢ ©y

(8c2 Cn(L))(8i<n) C(©y;:::;0)¢ c(©F;::: '©Q);

"0(©0)¢ 1(©0);: 11 "mi 1(©0)¢ Hm; 1(©o) .
©9 ’

©o _
"1 (©0)¢ i%(©0)
We will show that the inference system Ay is nitely complete and strongly

sound forL.
For any set § of formulas we de ne

(8i<n)(8j<m)

Ang B (™ § Ao fACA%i<ng:

Note that, by the de nition of ~ 5o, and by the de nition of derivability (Def. 3.1.14),
» g IS a congruence relation orr for any §. O

Claim 3.2.4. Forany8 p F, (F=>5g)F AX.

Proof of Claim 3.2.4. Let g2 Ax and assume thatq is of form
i. ) = .Of /\¢¢¢/\. ) = .0—¢ ; (Y = .Of<\ -
a(X) = &(x) w(X) = 4(X) ) (X) = &H(X):

Let A d:ef( F= ). We want to prove that, for every valuation a of the variables into

So leta be an arbitrary valuation into A. Then (8i 2 ! ) a(x;) = ' j=» g for some
", 2 F. Assume that

£ a ﬁ o £ a £ o
AF a'=»s =¢ =»g "CCCA '=»s = §)'=»s !
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Then

¢ ¢ ' ¢ PN
() >5= 61( ) g, a(( ) >»g= Ck( ) D> g;
since» g is a congruence of-. Then
a(M)»s ) ina) »s &)
that is,

§ acfg ()21 j- ki<ng
by the de nition of »5. In ~ o, we have the following rule for each < n (corres-
ponding to quasiequationq):
a(©)¢ ¢(©);:::; &(©)¢ ¢X©) .
0(©)¢ 1¢(©)
By these rules, we get thatl§‘ ax go(T)€ ied(H) for e¢ch| <d1 Tpen o) »s

(7)., whence ¢ (7) 57 ) > g thatis, AF ¢ '=»s = ¢J'= »5 which
implies A E  é(X) = ¢)(X) [a]. By this we proved Claim 3.2.4. O

Now let 8 def ¢

A i ¢
Algn(L)E ()= 5( i1 s kii<mg) (0= 3( ) G<m)
) AXE (=809l s kii<mg) iCo=5(0) (<m)
Cem32) o VE ()= 45():1- s- k: |<mg)

£ ) o) = 5 o) (<m)
=) I @<m)BL s k)" ) »s () then @ <m) (o) »s 5( )
0 @ <n)@<m)BL: s K i e H( ) .

then (8" <n)(8j<m) 8§ "a "i( )¢ {( o) ()

1;::7;" kg and assume §=, ' . Then, by Thm. 3.2.1 (i),

By the rules W we have 8 A "i(" )¢ k(') for everyi<m,  <n,
1- s- k. Thus, by (2), 8 " ax "j(' 0)¢ %(' o) holds for each” <n, j<m . Now
using the rule -2(0)t 2 n; 100)¢ 2n12(%0) e get § * 4 ' o, proving the Tnite
completeness of Ay .
The strong soundness of Ax can be proved by induction on the length of the

" ax-proof of ' o from f' ;:::;"' kg. We only show one part of the induction step,
namely the case when o is 'obtained’ by one of the inference rules corresponding
to a quasi- equatlonq 2 Ax. Say( has the form

LX) = R A EEE % (X) = O(X) ) @®) = &®);
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a(©)¢ ¢X©);:::;&(©)¢ ¢X©) .
0(©)¢ i J©) ’

for somei < n . Assume that' ; is obtained with the help of this rule by substituting

We have to show thatM | ¢(*)¢ ;¢(°):
Let A &' mngy (F) 2 Alg,,(L). and let a be a valuation ofA such that for every
1- v- z ax) £ mng, (°v). Then by De nition 3.1.1 (3)(i)

@1 - 1) mng,'4()’ = mng, 41’ .
0 AF &= dX)" eeeu )= {19 [d)
by Algy (L) F AX) =) AF a0 = &) [d
(by Def. 3LLE)) =) M Fu a()e &)

This completes the proof of direction \9 " of Theorem 3.2.3. O
Proof of (( =). Let ©4;:::;©, denote formula variables,¢ép; é1;:::; é denote for-
mula schemes, let® def ho,;::::©,i, and let X def hxy;:::;%,i be a sequence of

variables. Assume that™ is a nitely complete and strongly sound Hilbert-type
inference system for the logit., and de ne the nite set Ax of quasi-equations as
follows:

_ ' ¢ ' ¢
(1) If ¢(©) is an axiom scheme of then let \"; lc‘o(X) = 4 ! éo(X) " belong to
Ax for eachj<m .

(2) If % is an inference rule of then let

N . ¢

N L B L NP R 4
\VofMiEs(X) =4 (%) 11 s kii<mg) (X)) =4 é(X)

belong to Ax for eachj <m .

(3) Let\"j(Xo¢ iXo) = % (Xo¢ iXo)" belong to Ax for eachi<n; j<m .
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Vv
(4) Let\ f"j(XoCiX1) = {(Xo¢iX1):j<m;i<n g) (Xo= X1)" belong to Ax.

We will show that Ax axiomatizes the quasi-variety generated bylg,, (L).
Claim 3.2.5. Alg,(L) F Ax.

Proof of Claim 3.2.5. Quasi-equations of type (3) and (4) above obviously hold in
Alg,, (L) by De nition 3.1.1 (3).

Now consider a quasi-equation of type (2). LeA 2 Alg,(L) and let a be an
arbitrary valuation of the variables into A. Let M be such thatA = mng,, (F).
Then for everyi 2! a (x;) = mngy (' i) for some' ; 2 F. Assume that

AR BN I BN .
AF " &(X) =5 &(X) (1 s- k;i<mgal:

Then by De nition 3.1.1 (3)
() M FL és(X1="1;:::;%X,=" ;) (foreach 1- s- Kk):

But % is an inference rule of , thereforef ¢1(7);:::; a(T)g " é(). This
implies by the strong soundness of that f¢(7);:::; (79 FL (;0(‘1_). Now, by
(*2) aboye, M F é(7), hence again by De nition 3.1.1 (3),A F "j(é(X)) =

% (¢é0(X)) [a] for eachj < m , which was desired. O
The case of equations of type (1) can be proved similarly. O
Claim 3.2.6. For any formulas’ o;" 1;:::;" k.

frusi’ g To 9), _ A
5 AXE fi(9=4(9:1 s ki<mg) (0= 5(0)

for eachj <m .

Proof of Claim 3.2.6. It can be proved by induction on the length of the -proof of

"ofromf' q;:::;" k9. We only show one part of the induction step, namely the case
when' g is 'obtained’ by an inference rule‘%, where®© = hOy::::;©y,i. Then
there are formulas®y;:::;°, such that' ¢ = ¢9(°1;:::;°,) and for every 1- r

f' ;000" kg ¢ (7). Then by the induction hypothesis

) AxE () = ﬁ_(' s)i1- S k;é<mg)

) ) =% e() (for eachj <m; 1 - r):
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By the de nition of Ax

T ¢ ¢ . .
AXFE ' e(X) =5 ¢(X) t1- - r;|<¢mg)
) " e®) = g(X) (for eachj <m ):

(\)

Let B be an algebra withB F Ax and let b be any valuation of the variables

into B. Now we can de ne a valuation?® with (x,) £ °,[d8 (1. v- 2). Then
forevery 0- * - r & (X[FB = & (*)[BB. Thus, by (\) and (\\),
N

I "o ! 1 ill o . [e ¢
BF f'i(s)=4(s):1- s kii<mg) "j((®)= 5(n()) [0
for eachj <m , which was desired. O

Now we can prove that each quasi-equation which holds &g, (L) is a conse-
guence ofAx. Assume that

H I .On As .O¢ . . 0.
Alg,(L)YF éa=¢é&"CeC%%% =¢ ) = d.

(Thm- 301 ()¢ €1 s kij<ngFL ¢ti¢f foreachi<n

(nite Cogflemness)f /(\'B(E (¢d:1- s kjj<ng’ ¢ti¢f foreachi<n
(Cla@)&zﬁ) AxE (st ¢d) = +(sCiéd):"<m; 1. s- kij<ng)
) I"p(c]oq? i) = Bty forallp<m;i<n:
But, since quasi-equations of type (3) and (4) belong téx, this implies to
ACE laz @reeen= &) o= e

completing the proof of direction \( =" of Theorem 3.2.3. O

Having found the algebraic counterpart of \ nitely complete”, let us try to cha-
racterize \weakly complete”. Since weak completeness is $lily weaker than nite
completeness, we have to weaken the algebraic counterpart oftencompleteness for
characterizing weak completeness. This way we obtain conditi (<) below, where
Eq, and Qeq denote the set of all equations and the set of all quasi-equat&n
respectively, of the language ohlg,, (L) (cf. [49]).

£ ol
(@) (9AX M Qeq) (8e2 Eq)(Alg,(L) F e=) AXF eAlg,(L) F Ax :

That is, the equational theory ofAlg,, (L) is nitely axiomatizable by quasi-equations
valid in Alg,,(L).
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Theorem 3.2.7. Assume thatL is nice andCn(L) is "nite 3. Then
@ 0 (9 Hilbert-style " )(" is weakly complete and strongly sound far) :

In particular, if the equational theory of Alg,,(L) is nitely axiomatizable, then
L admits a weakly complete Hilbert-style inference system.

Proof. It is similar to the proof of Theorem 3.2.3. The only importantdi®erence is
that Theorem 3.2.7 already holds fonice logics. However, the only part of the proof
of Theorem 3.2.3 which used the additional criterion for strapniceness (De nition
3.1.1 (5)) was Thm. 3.2.1 (i). Here one has to use Cor. 3.2.2 (fjstead. O

Exercise 3.2.8. Give weakly complete and sound calculi for the logicks and
S5. (Hint: Use that the SP-closure of theAlg,,-image of these logics are nitely
axiomatizable varieties, so %) is satis ed.)

De nition 3.2.9 (deduction theorem, deduction term). LetL = hF_ ;M ;mng, ;F L
i be a logic satisfying condition (1) of Def. 3.1.1. We say thdt has a deduction
theorem, i®

(9(©1r ©) 2 Fms.))(88 u FL)(85A 2F) (B [f'gFLA) 8FL'rA);

where \' r A" denotes an instance of scheme \@ ©,". Such a \©;r ©," is called
a deduction termfor L.

Proposition 3.2.10. Lg and S5 have deduction terms.

Proof. It is not hard to show that \© ;! ©,"and\a©;! ©©," (where a is the
abbreviation of : §: ) are suitable deduction terms forLs and S5, respectively. [

The following theorem states that for any nice logic the existee of a deduction
term and that of a weakly complete Hilbert-style calculus prades a nitely complete
inference system.

Theorem 3.2.11. AssumelL is a logic satisfying (1) of Def. 3.1.1. Assumé& has a
deduction theorem, and there is some Hilbert-style inferensgstem which is weakly
complete and strongly sound fot. Then

(9 Hilbert-style *)(* is nitely complete and strongly sound fol) :

First we note the following fact (its proof is straightforwardby the assumptions on
r).

13¢f. the footnote of Theorem 3.2.3.
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Fact 3.2.12. The inference rule modus ponens w.r.tt (MP, ) that is,

©1; ©1r ©2

(MP, ) =

is strongly sound forL. O

Proof of Theorem 3.2.11. Assume that there is some Hilbert-style inference system
which is weakly complete and strongly sound foc. Let such an inference system
be xed and let us add (MR, ) to it. We denote this (extended) inference system by

.j:ﬁ'or (' ar {z( N A):::;:

Then ™~ °4 by weak completeness of. Then, using (MP; ) n + 1 times, we get:
f'og ' 0;%0  tar (or sin(tar A
09 0; 09 | ar (2 {Z( nl A) ?

fr o 19 F' ;%19 tor (Cor it ar A
EAAL
2

f'o i ng ' 0%ng T A, where®, = (' or A):
Thus we received the following -proof of A from f' o;::::" 10
Poi' 0:°1;" 1:°2:" 252055 %" m Al
which proves Theorem 3.2.11. O

We will study strong completeness in item 3.2.27. As a preparatip rst we
study compactness.

De nition 3.2.13 (compactness of a logic). LetL = hF_;M_;mng, ;F i be a
logic. We say that
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() L is satis ability compact (sat. compact for short), if

£
(8i 1w FL) (88 p, i)(8 hasamodel) =) (jhasa model)a; and

(i) L is consequence compadctons. compact), if for every j[f 'gu FL
i FL' 9 o8, D8 FLY I
Exercise 3.2.14. Prove that even for nice logics we have

2 sat. compact6) cons. compact;

2 sat. compact6(= cons. compact.

all zero-ary. A modelM is a function M : fTrue;p;ki : i 2 'g ! f 0;1g.
mngy, (True) = 1 for every M and meaning of ¢ is the standard meaning of the
biconditional $ . Exclude those models fromM in which (8 i > 0) M (k;) = 1 but
M (ko) = 0. [This logic is not strongly nice!] Observe that forM = fTrue;p;; ki :
i 21 g£f 1gwe haveM | F_. Hence sat. completeness trivially holds.)

(Hint for (2): Let L have True and ¢ as the only logical connectives. Exclude
the modelsM with M | F_. Then sat. completeness fails (we have in nitely many
propositional variables). Show that cons. completeness remaitrue.)

Exercise 3.2.15. Find natural conditions under which\=) "and/or\ ( =" of Exer-
cise 3.2.14 above hold.

2 We say that L has weak falsef (9" 2 F_) such that (8M 2 M. ) M 6, '.
Show that under this assumption

cons. compact ¥ sat. compact

2 We say that L has negationif
(8 2F)9A2F)BM2M)MFLA) M 6 "It
Show that under this assumption

sat. compact 9 cons. compact

2 Try to nd weaker suzcient conditions.
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2 Show that for nice logics

L has weak false() L  has negation

For more information about the two notions of compactness, se@]]

goo
Recall that in De nition 3.1.1 (and also in the logics studied soaf), there was
a parameterP, which was the set of atomic formulas. The choice & in°uenced
what the set F of formulas would be. Thus in fact, our old de nition of a logic
yields a family ) ®
HEP:MP:mng”:E"i : P is a set

of logics.

De nition 3.2.16 (general logic). A general logicis a class

©THP - P is a set:

where for each setP, LP = HFP;MP;mng”;EPi is a logic in the sense of
Def. 2.1.3.

L is called anice [strongly nice, structural] general logié® conditions (1{4) below
hold for L.

(1) LP is a nice [strongly nice, structural] logic (cf. Def. 3.1.1) foeach setP, and
P is the set of atomic formulas of logid" .

(2) For any setsP andQ, Cn(LP)= Cn(L®) OI:E"(Cn(L). The \special" connecti-

ves"j, 4 (j<m)and ¢; (i <n) are the same for any logi¢.” (cf. Def. 3.1.1

(3)).

(3) For any setsP;Q, if there is a bijectionf : P ! Q then logic L? is an
\isomorphic copy" of logic L, i.e. there are bijectionsfF : FP I FQ and
fM:MP I MQ such that

(a) fF is an isomorphism fromFP onto F? extendingf ;
(b) forall' 2 FP; M 2 MP
' ¢
mng”(; M)= mng®'f " ( );fM (M)
ME"" fFMM)FEQFFC):
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(4) For all setsP u Q,
© a n 0
mngy, : M2MP = (mngl)tFP : M 2MQ
(Intuitively, condition (4) says that LP is the \natural" restriction of L°.)

Remark 3.2.17. We note that if L is a nice general logic the. has the following
property. For all setsP p Q,

ff'r 2FP:MEP'g:M2MPg=ff' 2FP:NEQ'g:N 2 M®g:
Moreover, for all j [f ' g FP,
i FT 0 i FO
However, (5) below does not automatically hold for all stronglnice logics.

(5) For eachP p Q there is a \reduct-function" r : MQ {  MP with Rng(r) =
M P such that

(8BM 2MQ)(8' 2FP)(M E' r(M)EP")and mngy (') = mngfy,( )I:

We will not assume and use condition (5), but it can be useful for westigations of
the Beth de nability properties (and related issues) which arefartially) treated in
Appendix B.

De nition 3.2.18 (algebraic counterpart of a general logic) . Let L = hLP :
P is a set be a nice or structural general logic. Then

[ © a

Alg_ (L) £ “Alg_(LP) : Pisaset ;

a

©
€ TAlg, (LP) : P is a set

Alg, (L) =
(cf. Def. 3.1.6).
Exercise 3.2.19. Prove that
(i) Alg,(Ls) =\class of all Boolean set algebras”
(i) Alg,(Lss) =\class of all one-dimensional cylindric set algebras"

(cf. Defs. 2.2.1 and 2.2.4). (Hint: The part 4" will be easy. If you would encounter
cardinality dixculties in the other direction, e.g. a Boolean algebraA with jAj too
big, then choose the seP of atomic formulas to be bigger thanAj.)
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Theorem 3.2.20. For structural general logics
Alg (L) = SPAIg,(L):

Proof. Proof First we not that, by Thm. 3.1.11, Alg_ (L") u SPAIg,, (L") for any
setP, thus Alg. (L) 1 SPAIg, (L) holds. O

To prove SPAIg, (L) p Alg (L) we need Claims 3.2.21 and 3.2.22 below.

Claim 3.2.21. For any setsP; Q, algebraA 2 Alg,,(L?) and homomorphism
h:FP 1 A,
(ON 2 MP)(8 2 FP) h(' )= mngR('):

Proof of Claim 3.2.21. Let M 2 M2 be such thatA = mng. Then
(=) (8P2 P)(9' p 2 F®) h(p) = mng (" p):

Because of condition (3) of Def. 3.2.16 without loss of genatalwe can assume that
either P u Q or Q u P hold.

15t case: Qu P

Then, by (4) of Def. 3.2.16,

(n5) (9M°2 MP)(8p 2 P) mngfyo(’ p) = mngy (' p) = h(p):
Lets: P! FP be dened bys(p) ot n, forany p2 P. Then, by (5) of Def. 3.1.1,
(cog (9N 2 MF)(8p 2 P) mngg (p) = mngy o' p):

Now (r), (rd) and (= = d) together imply that (8p 2 P) h(p) = mngf (p).
2" case: Pu Q
Lets: Q! F@ be dened by

(
def "o ifp2 P

s(P) = any element ofFQ; else
Then, by (5) of Def. 3.1.1,
v) (9M°2 M?)(8p 2 P) mng«(p) = mngg (' p):
By (4) of Def. 3.2.16,
vy (9N 2 MP)(8p 2 P) mngf (p) = mngg«(p):
Then, by (), (y) and (yy), (8p 2 P) mngR (p) = h(p) holds again. O



64 3. BRIDGE BETWEEN LOGICS AND ALGEBRAS

Claim 3.2.22. Let A 2 SPAIlg,,(L) and leth : F* 3 A be a surjective homomorp-
hism for some sefP. Then

(9K p MP) (ker(h)=»g thatis, A2 FP=):

Proof of Claim 3.2.22. Let A 2 SPAIg,,(L). Then there are some set$ and Q;
(i21)andA; 2 Alg,,(L?) such that A u P, A;. For eachi 2 | let % denote the
projection function into A;. Then, by Claim 3.2.21, 8i 2 I )(9N; 2 MP)(8p 2 P)
Faxh)(p) = mngﬁ,i(p). Let K d:effNi :i 2 1g. Then it is easy to check that for any
“A 2 FP,

h( )= h(A) i® ' »x A
that is, A2 FP=» . O

Now, to prove SPAIg, (L) 1 Alg (L), assumeA 2 SPAIg,(L). Let h: FA3 A
be the usual extension of the identity map ofA to a homomorphism. Then, by
Claim 3.2.22, @K p M?) A 2 FA= thatis, A 2 Alg. (L), completing the proof
of Theorem 3.2.20. O

De nition 3.2.23 (compactness of a general logic). A general logicL = hL” :
P is a set is satis ability (consequence) compacif for each setP the logic L” is
satis ability (consequence) compact.

Recall that for an arbitrary classK of algebras,

UpK oef | fPi> Aj=F : F is an ultra’ lter over the set|; and (8i 2 1) A; 2 Kg:

We say that K is Up -closedif UpK p K, in other words, K is Up -closed if it is
closed under taking ultraproducts (cf. [49]).

Our next theorem gives a suxcent condition for sat. compactnesd$ a strongly
nice general logic.

Theorem 3.2.24. Let L be a strongly nice general logic. Then

(Alg- (L) is Up-closed =) (L is sat. compacy:
Proof. We let L = hLP : P is a set We give a proof for the case oP = ! that
is, for the compactness of' = HF';M';mng ;F'i. For other sets the proof is

similar and is left to the reader. Assume ju F' and

(88 W: i) § has a model:
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Let suchM's be xed. Let A, &' mngy  (F') 2 Alg,(L). Then A, 2 Alg. (L) also

holds (by Ex. 3.1.9). Letmng, def mngi\,Ik 11, Since! is the set of atomic formulas

of L', the function mng, : ! { Ay is a valuation of the (propositional) variables

into Ax. Let F be a non-principal ultra Tter over ! , and let A gef P21 Ac=F denote
the ultraproduct of algebrasAy w.rt. F. We de ne the functionv :! | A as

follows:

v(i) ' mng, (i) : k2 1 i=F :

See Figure 3.2.1 below.

mng, mng, v

Ao N Ay N =) A

Figure 3.2.1

By assumption,M ' ' ; for everyi - k. Thus, for everyi - k2 !, we have
the following:

McE' "
m by De nition 3.1.1 (3)(ii)
MeE' " )¢ -5( ) foreachj<m;  <n
_ m by De._nitioné%.l.l (3)(i)
mng;\,lkl"j(' ) = mngi\,lqu(' i) foreachj<m
m ¢
A F '"j(' i)= %(") [mng,] foreachj<m:
v
We derived that (8k 2\/I )(8! - k) A F

i21,fk2! (AF
[49]), we have that

J. "'j (‘)= %( i) [mng], i.e. for every

jem ()= %( 1) [mngJg 2 F. Using Aos's theorem (cf.
N . ¢

@21) AF 00= 500 M

j<m
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Since by our assumptiorAlg. (L) is Up -closed,A 2 Alg. (L). Thus, Def. 3.2.16 (3),
(9setP T !)(9K p MP) A2 FP=»,. Let iso denote this isomorphism. Let

def def .
B € FP=,,andletw < iso+v. Then

N . ¢
82!) BF M= 50 ) W]

j<m

that is,

Lets:P { FP be suchthatforallp2 ! s(p)is an element of the congruence
classw(p). Foreveryi 2!, let" 2 FP be' i(pi,=s(pi,);::::p,=(p;,)). Then for
everyi 2! ,j<m we have,

" DISPL) K sPL)™> P = K DISP)» K s(pL) > kP
_ ¢ 7 (»k is a congruence offF")
) s s(,) Pk = A (s(Po)i i s(p) Pk
m

() >k H )
We have that 8M 2 K)(8i 2 ! )(8 <m)
i ¢ i¢
mngy " (M) = mngy (M)

Let M be any model belonging toK. Then, by (5) of Def. 3.1.1, 6N° 2 MP)
B8i2!1)(8<m)

mngGe ¢ ) = mngt, (%) = mngt, 5 (%) = mnggal s ()
Since for each 2 !, ' ; belongs toF', by (3) of Def. 3.2.16,
(ON 2 M )81 2 )(E <m ) mng, ;¢ )° = mng ' )"
Then, by (3) of De nition 3.1.1,
Bi2!')NF' "

which proves Theorem 3.2.24. O
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Our next theorem states that the condition of Theorem 3.2.24lkmve is suci-
ent and also necessary for cons. compactness, and so for strong cow@péss (cf.
Theorem 3.2.27 below).

Theorem 3.2.25 (cf. [9] Thm. 2.8). Assumel is a strongly nice general logic.
Then
(Alg- (L) is Up-closed () (L is cons. compact:

Proof of (=) ). One can push through the proof of Thm. 3.2.24 for this case, ag-fo
A for eachk 2 ! . ChangeM in the above proof such thatM ' f' o;:::;" «Q
and M 6j' A. Drag this \6j' A" part through the whole argument in exactly the

same style as ' ' " was treated in the original proof. Then in line §) of the
proof above we have

B 21)8<m) (") »k (") and

(2 Q@i<m) "R 6x %(A):

Now we cannot choose an arbitrarfd 2 K but we can infer that there exists some
M 2 K suchthat 8i2!) (8 <m)

N io.¢

mngy " (") = mngy % (")
and (9 <m) i, ¢ o ¢
mngy, J('&) 6 mngy 3} A) -

Thus, again by (5) of Def. 3.1.1 and by (3) of Def. 3.2.16, theis anN 2 M"' with
NfF'f ;:i2!gandN 6' A, as was desired. O

Proof of (( =). Fix any setl and assume that for each 2 I; A; 2 Alg. (L).

We let P &' Pi>) A;. For eachX p | de ne the congruenceRy of P as follows.

Ry ¥'f(ah2PEP : al X = bl Xg:

Then for eachX p |, P=Rx 2 Pj,x A; obviously holds. Therefore

Thm. 3.1.11
P=R« 2 PAlg_(L) p  PSPAIg,(L) i SPAIg,(L)

(cf. e.g. [49] forPSP p SP). Let h : F° 3 P be the natural extension of the
identity map on P to a homomorphism and letgx : P 2 P=Rx be the quotient
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map corresponding toRyx . Then, by Claim 3.2.22, for eachX p | there is some
classKx g4 MP such that ker(gx £h) =», thatis,
a

~ o, Ei . C ~
(2) (85A 2F") 'h();h(A) 2Rx 0 "ok A
Moreover, an inspection of the proof of Claim 3.2.22 shows, that

(co) XpuYpul =) Kx 1 Ky:

For eachX p I, let j x def Th(Kx). Recall (cf. Fact 3.1.8) that» k, =» mod(; 4)

holds.

Claim 3.2.26. Let F be any Tter on| and let
every;A 2 FP

S
def fix : X 2Fg. Then for

~

" »modgy A (9X 2F )" »modq x) A

Proof of Claim 3.2.26. First, assume that @©X 2 F) ' »woq( ) A. Then, since
ix L i, ' »wmodg A obviously holds.

On the other hand, assumé » woaq) A. Then, by (3) of Def. 3.1.1, 8i< n)
i EP ' ¢;A. Then, by the cons. compactness df?, for eachi < n there is
some § 4, jwith8 ; FP ' ¢ A. Then there is some 8, j such that for each

F) A, 2 jx;. LetX oot fX; :j<zg Then X 2 F, sinceF is a lter. Now
8 Hix,[CC¢C[ix, , M ix holds by (an) above, thus for each <n, j x EP ' ¢iA,
which implies’ » mod( ) A O

Now we want to prove thatP=F 2 Alg._ (L). We show thatP=F 2 F” = Mod (i
(cf. Claim 3.2.26 above for the de nition of j). That is,

- £ - .o
(85A 2F") h(")»e h(A) " ¥ Mod() A
holds. Indeed, N
h(' ) » ¢ h(A) _ ¢
0 (9X 2F) 'h(' ):h(A) 2 Ry
0 (X 2F) " »ueag ) A
C|03.2.26 Cy Mod () A'

which completes the proof of Theorem 3.2.25. We note that weqved that Alg._ (L)
is closed under taking arbitraryreducedproducts (not only ultraproducts). O
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Theorem 3.2.27. Assumel = hLP : P is a set is a strongly nice general logic.
Then
Alg. (L) is a nitely axiomatizable quasi-variety
0
(9 Hilbert-style " )(8 setP)(" is strongly complete and strongly sound fdr®).

Proof. To prove Theorem 3.2.27 we need the following lemma.

Lemma 3.2.28. For every in nite set P and for every quasi-equatiom

Alg,(L")Fa =) Algy(L)F a:

Proof of Lemma 3.2.28.Fix an in nite set P and a quasi-equationg such that
Alg,(LP) F g Let A 2 Alg,(L?) for some setQ. Then there is someM 2 M®
with A = mngﬁ (FR). By (3) of Def. 3.2.16, without loss of generality we can assume
that either P 4 Q or Q p P hold.

First assume thatQ pu P. Then, by (4) of Def. 3.2.16, 9N 2 MP) mngf * FQ =
mngy. Then A p mngR (FP) 2 Alg,,(LP), thus A F q, since quasi-equations are
preserved under taking subalgebras.

Now let Q § P and assume thatA 6j k] for some evaluatiork of the variables.

Say, let k(x;) gl mngﬁ (°;)) (@ - 1 - n), assuming that x,;:::;X, are the only
variables occurring free ing. Assume that the atomic formulas occurring in the
formulas®y;:::;°, are amongp;,;:::;p,, and lets be the following substitution:

def

(81 j - m)s(p) = py:
Then, by (5) of De nition 3.1.1,

: i ¢
(ON 2 MO)(81- i - n) mngd (°) = Mngy °i(P, =L 55 Py =)

' m_

By (4) of De nition 3.2.16, (9N°2 M P&mngﬁ 1 FP = mngl,. Now, letB £' mngf,
def

and let kYx;) = mngﬁolﬂ(pl;:::;pﬂ) . Then A 6j qlk] implies B 8j gk9, which
contradicts to B 2 Alg,,(LP). O

O

Proof of (=) ) of Theorem 3.2.27. Assume thatAx is a nite set of quasi-equations
axiomatizingAlg- (L). SinceAlg. (L) = SPAIg, (L) (cf. Theorem 3.2.20), by Lemma 3.2.28
above, Ax also axiomatizes the quasi-variety generated b&lg,, (L") for each in™-

nite set P. Thus, by Theorem 3.2.3, for each in niteP there is a nitely complete

and strongly sound Hilbert-style inference system for LP. Moreover, checking the
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proof of Theorem 3.2.3 one can observe that the same inferencstegn = works for
all in nite sets P.

We show that for any setQ, * is strongly complete forL. °. Assume that for some
i [f'guFQ | EQ'. Then there is some in nite setP such that j [f ' gu FP
and j P ' (cf. Remark 3.2.17 above). Since quasi-varieties adp -closed,L” is
cons. compact by Theorem 3.2.25. Therefore there is a nite sub&eof j such that
§ P ' . Thus, by nite completeness § ', which implies j * ' by the de nition
of derivability (Def. 3.1.14). O

Proof of (( =) of Theorem 3.2.27.If * is strongly complete then it is also nitely
complete. Thus, by Theorem 3.2.3, the quasi-variety generateby Alg, (L") is
“nitely axiomatizable for each setP.

On the other hand, strong completeness implies cons. compadgagas follows.
Assume that for someP, i [f "gu FP j EP'. Thenj * ', which implies by
De nition 3.1.14 that there is a nite subset § of j such that § ~ ' . Then, by
strong soundness, §F ' . Now, by Theorem 3.2.25Alg: (L) is Up -closed. But
by Theorem 3.2.20, it is also closed unde® and P, thus it is a quasi-variety (cf.
\quasi-variety characterization" in [49]). This and the fad that the quasi-varieties
generated byAlg,, (LP) are nitely axiomatizable (with the same setAx of quasi-
equations, as the proof of Theorem 3.2.3 shows) imply tha#lg. (L) is a nitely
axiomatizable quasi-variety. O

Exercise 3.2.29. Show thatL s and S5 have strongly complete and sound Hilbert-
style inference systems. Give such calculi. (Hint: Use that the cosgonding classes
of algebras Alg, (Ls) = BA and Alg,,(Lss) = Cs) generate nitely axiomatizable
varieties.)

In all the above we investigated only some logical properties,ge completeness
and compactness. However, the literature contains similar thesms for a very large
number of further logical properties Such are e.g. Craig's interpolation property,
the various de nability properties (e.g. Beth's), the propety of having a deduction
theorem, the property of admitting Gabbay-style inference stems, to mention only
a few. Some of these are discussed in Appendix B below.
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4 Generalizations

First we relax the assumption on our logic having derived conries \";", \ "
(j <m) (cf. Def. 3.1.1). We will omit condition (3)(ii) from the de nition of a nice
logic obtaining the notion of a semi-nice logic.

De nition 4.1 ((strongly) semi-nice (general) logic). LetL = b/, M; mng; Fi
be a logic in the sense of Def. 2.1.3. Then

(i) L is said to besemi-niceif it satis es conditions (1), (2), (3)(i), (4) of Def. 3.1.1.

(i) L is said to bestrongly semi-niceif L is semi-nice and it also satis es condition
(5) of Def. 3.1.1.

(i) A (strongly) semi-nice general logigs obtained by replacing \nice logic" with
\semi-nice logic" in condition (1) of Def. 3.2.16 (i.e. by daig the natural
change in the de nition of a (strongly) nice general logic).

Semi-nice logics, even without condition (4) of Def. 3.1.1,are investigated in
[9] but investigation of the F relation was restricted to the case of one ¢ and to
formulas of the form ( ¢ (A). Below we indicate how to extend investigation to all
formulas, i.e. how to extend the theory described in the presemtork to semi-nice
logics.

To algebraize (in a reversible way) these more general logicg add a new unary
operation symbol \c" to (the language of) our algebras. So the new versioNig’ (L)
of Alg,(L) (i 2 fj=; mg) will consist of algebras which have an extra operationG"
not available in Alg,(L). However, in order to make our approach work, we have
to permit \c" to be a partial operation. This means that for certain elements of
our algebras " may not be de ned. (A classical example of a partial operation
is inversionx ! xi!in the "eld of real numbers. Zero has no inverse, so' is
unde ned at argument 0.) Universal algebra for partial algebma(i.e. algebras with
partial operations) is well de ned, cf. e.g. Burmeister [17], Adrg&ka{N&meti [6].
Therefore generalizing our previous theorems to the new alyyas causes no real
dixculty. Those readers who would prefer avoiding partial algbras are asked to
consult Remark 4.3 below. It is shown there how to eliminate thpartial operation
symbol \c".

De nition 4.2 ( Alg: (L), Algy,(L)). Let L = hF;M; mng; =i be a logic. Assume
L satis es conditions (1), (2) of Def. 3.1.1.
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Let K u M. Then we de ne the partial functioncg : F ! F in the following
way. Forany' 2 F,

if KE' then c(')isdenedandcc(')="; while
if K&' then c(')is unde ned

Clearly, hF; cc i is a partial algebra for everyK p M. The equivalence relation g
(de ned in Def. 3.1.6) is a congruence not only of but also onhF;cci (ck was
de ned in a way to ensure this). Now,

def

Algt (L) = I fhF i @ K p Mg:

Let us turn to de ning Alg’, (L). First we de ne a new partial function c on the

algebraA(M) Qer mngy, (F) as follows. For every 2 F,

' ¢
cfmng,\,| (' )(B‘j:amng,\,I (‘) if MgE",; else
¢ mngy, (‘') is unde ned

The new partial algebraA*™ (M) associated toM is

AT (M) E M) d:

Now a
def

©
Algr(L)= A*(M) : M2M :J

As we mentioned, universal algebra for partial algebras is Weleveloped (cf. op
cit). For completeness we recall those notions which are mosteued. Since any
partial algebrabA; ci is a model in the model theoretic sense (consider\as a binary
relation), the model theoretic operations like direct prodcts (P), ultraproducts
(Up), reduced products P") need not de de ned. Subalgebras are submodels closed
under \c", i.e. to each elementx of our subalgebra, ifc is de ned onx then c(x) is
also in our subalgebra.

Let ¢ be a term, A a partial algebra andk 2 ' A an evaluation of the variables.
Then, ¢, is said to bede ned at evaluation k (in A) i® every subterm of;, is de ned
at k.14

Now, A F (¢ = 3)[K] (i.e. evaluation k satis es the equation¢, = %) i® both ¢,
and %are de ned at evaluationk and their values coincide.

£
D“Variables are always de ned andc(¢) is de ned if ¢ is de ned and c is de ned at the value of
é .
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With this we de ned the satisfaction for atomic formulas (i.e. quations) of the
language of partial algebras. The logical connectives ardempreted the usual way,
hence satisfaction (and thus validity) is de ned for all formuhs of partial algebras.
In particular, quasi-equations ¢; = %4 "¢¢¢ %, = %) ! ¢ = Y% are de ned and
interpreted in the usual way. A clasK is said to be aquasi-varietyi® it is de nable
by a set of quasi-equations. It is aariety i® it is de nable by equations. The usual
theorems carry over, e.g.

K is a quasi-variety i® K= SPUp K= SP' K:

For more cf. [17], [6].

With the above in mind, it seems reasonable to repeat for semiesi logics and
Alg" (L)(i 2 fj=;mg) what we did in section 3 for nice logics and\g (L)(i 2 fj=
; mQ).

We note that Blok and Pigozzi (cf. [14], [16] and the referers therein) have
strong results in this direction (in perhaps a slightly di®erenformulation). Before
turning to generalizing section 3 to the present more generalt8eg, we should
mention an equivalent form of what we are doing.

Remark 4.3. If the reader would like to avoid using partial algebras, thenhe
following equivalent more natural approach works. Instead dfc' we add a new

unary predicate \T(x)" (T for truth). Imitating the de nition of \ cc", we let

Tk Lt 2F K F 'gforany K u M. Similarly, the algebraic counterpart of a

model M looks likePA; Ti, whereA 2 Alg, (L) and T p A such that
i ¢
8 2F)ME' (0 mng,()2T;

holds forT.

This approach is practically equivalent to the one using &' instead of \T".
Further, this is very-very closely related to what is called natrix semantics” in
Blok{Pigozzi [14], [16], Czelakowski [20] and in the papersigted in these works. In
these papers there are several strong results about the preserlytlined approach.

Now, many of the results proved for nice logics so far, can be pudhthrough
for semi-nice logics (withAlg, ; Alg,, in place ofAlg. ; Alg,).
For example, the proof of

(Alg; (L) is Up-closed) 9 (L is sat. compact)

(cf. Thm. 3.2.24) should go through with the natural modi catons for semi-nice
logics.
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For some of the results the formulation of the result needs a minonodi cation.
E.g. the algebraic equation corresponding to logical formaul' is nowc(') = '
(instead of"j (" ) = % (" ) for all j <m ). But again we have

Fo' o 0 Algn (L) F (') ="
(cf. Thm. 3.2.1).

Exercises 4.4. (1) Replace the de nition of the validity relationf F; ' of logic
L, (cf. Def. 2.2.30) by

fES 0™ mne()> 09
and show that the resulting logic is not nice but semi-nice.
(2) Push through the proof of Thm. 3.2.24 for strongly semi-nicgeneral logics.
(3) Check what is needed for the other direction, i.e. for Thn8.2.25 to go through.
(4) Repeat the proof of Fact 3.1.8 in the new (semi-nice) setin

(5) Look at the major theorems in section 3.2 one by one and clike€ their proofs
can be pushed through in the new setting. Where it does not seem ¢o
through, check whether some change in the formulation of thesult permits
you to push the proof through.

(6) Try to nd out whether we could use a total operation instead éour partial
one\c'. E.g.trytodene cc(')=" ifK ' else( ¢y ) (assume that only
¢, is available as \special" connective). Now our algebra is notaptial! Can
this approach work? Show that the validity relationj= can be recovered from
the new total \c", so the coding is faithful. But do the results go through?
Check them! Show that Ex. 3.1.9 fails. Show that Thm. 3.2.3 dsenot want
to go through even with modi cations.

goo

If we want to drop condition (3) of the de nition of nice logic Def. 3.1.1) alto-
gether, then a possibility is to restrict the validity relation = to sequenty' ) A) of
formulas (instead of having it for all formulas). Here ) "is not a logical connective,
but rather a metalevel symbol. If;A 2 F then (' ) A)is a sequent (sequents are
not formulas). Further,

ME( ) A) i® mngy,()p mngy (A):
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This approach is applicable to more logics, hence more kinds algebras show up
in Alg (L) (i 2 fj=;mg). However, similarly to the way we had to introduce t"
above to code validity in a model, now we have to introduce a efordering \: " on
our algebras to code ) ". However, this is not needed if we restrict the validity
relation f a little bit more, namely to pairs f(* ) A);(A) ')g of sequents. Then
we do not need new symboils like-\" in our algebras. This approach is investigated
e.g. in [9] to quite some extent. See also investigations &rdeductive systems in
Blok{Pigozzi [16]. For a general method using sequents see GuaxVerdu [26],
Font{Verdu [24].

We could also try to drop conditions (4), (5) of Def. 3.1.1, i.epermutability of
atomic formulas. This would enable us to treat traditional rstorder logic more
comfortably (with less preparation to do). This can be done,he only thing needed
is the universal algebraic concept of fiee algebra over some de ning relationsThe
details are available in [9].
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5 Further equivalence results

In this section we give algebraic characterizations for funer logical properties, such
as decidability of the validity problem various Beth's de nability properties and
Craig's interpolation properties.

First recall that a logic is calleddecidable® the set of its validities is a decidable
subset of the set of all formulas (cf. De nition 2.1.7).

Theorem 5.1. Assume thatL is a nice logic. Then

(i) L is decidable ) the equational theory ofAlg. (L) is decidable.

(i) The validities of L are recursively enumerable ) the equational theory
of Alg_ (L) is recursively enumerable.
Proof. It is a straightforward corollary of Cor. 3.2.2 way above. O
Let L be a nice logic. An inference ruldy;:::;B, = Bg is called admissible

for L i® it is strongly sound forL. We note that, in the style of Theorem 5.1, the
set of admissible rules of. is decidable i® the quasi{equational theory oflg, is
decidable.

Next we turn to the algebraic characterization of some de nabty properties.
Beth de nability properties of logics were introduced, e.gin Barwise{Feferman [11]
and in Sain [48]. Here we give the de nitions in the framework dfie present paper.
The proofs of Theorems 5.6 and 5.12 below can be found in N®nja8] and in
Hoogland [28]}°

De nition 5.2 (implicit de nition, explicit de nition, local explicit de ni-
tion). LetL = hLP : P is a set be a general logic. LeP $ Q be sets withFP 6 ;,
and letR &' QnP.

A set § p FQ of formulasde nes R implicitly in Q i®
i8M;N 2 Mod®(8) (timngf\g,I LFP=mnglt FP =) mngy = mngﬁ¢:
§ de nesR explicitly in Q i®
(8r 2 R)(9' ; 2 F)(8M 2 Mod®(8)) mngZ (r) = mngl (' ;):
8 de nesR local-explicitly in Q i®

(8M 2 Mod?(8))(8r 2 R)(9' ; 2 FP) mngl (r) = mngl (' ;): J

5 Actually, Theorem 5.12 is not in [38], an early version of Theorem 5.12 isni [48] and the full
version is in [28].
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De nition 5.3 ((strong) Beth de nability property). Let L be a general logic.
L has the(strong) Beth de nability property i® for all P; Q; R and § as in Def. 5.2
above

(8 de nes R implicitly in Q =)  § de nes R explicitly in Q): J

De nition 5.4 (patchwork property of models). Let L be a general logic.L
has the patchwork property of models®

(8setsP; Q)(8M 2 M")(8N 2 M) A
'FP'%6; and mng) tFM %= mngdtFM Q" =) A
=) (9P 2 MP19)'mngll%1 FP = mngf, and mngR{® 1 Fo= mngQ : J

De nition 5.5 (morphism, epimorphism). Let K be a class of algebras. By a
morphism of K we understand a triplebA; h;Bi, whereA;B 2 K andh:A! B
is @ homomorphism.

A morphism bA; h;Bi is an epimorphism of K i® for everyC 2 K and every
pairf :B! C k:B ! Cofhomomorphisms we havef(th=k+th=) f = k).

Typical examples of epimorphisms are the surjections. But foredtain choices
of K there are epimorphisms oK which are not surjective. This is the case, e.g.,
when K is the class of distributive lattices.

Theorem 5.6 ([38], [8, sec. 11.2], [28]). Let L be a strongly nice general logic
which has the patchwork property of models. Then

L has the (strong) Beth de nability property
0

all the epimorphisms ofAlg. (L) are surjective.

The proof is in [38] and Hoogland [28]. A less general version of this theor is
proved in [27, Thm.5.6.10]. O

De nition 5.7 ((strong) local Beth de nability property). Let L be a general
logic. L has the (strong) local Beth de nability propertyi® for all P; Q;R and § as
in De nition 5.2 above

(8 de nes R implicitly in Q =) 8§ de nes R local-explicitly in Q): J
Theorem 5.8. J. X. Madar@sz] LetL be a strongly nice general logic which has the

patchwork property of models. Then

L has the (strong) local Beth de nability property
0

all the epimorphisms ofAlg,,(L) are surjective. [l
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De nition 5.9 (strong implicit de nition). Let L be a general logic. LeP; Q;R
and § be as in Def. 5.2 above. &e nesR implicitly in Q in the strong sense®

§ de nes R implicitly in Q and
i ¢
8M 2 Mod”(Th®Mod?(8) \ F”) (9N 2 Mod?(§)) mngl * F” = mngj,: J

De nition 5.10 (weak Beth de nability property). 16 et L be a general logic.
L has theweak Beth de nability propertyi® for all P; Q; R and § as in Def. 5.2 above

(8 de nes R implicitly in Q in a strong sense ¥ 8 de nesR explicitly in Q): J

De nition 5.11 ( K-extensible). Let Ko p K be two classes of algebras. Let
hA;h;Bi be a morphism ofK. h is said to beKy-extensiblei® for every algebra
C 2 Ky and every homomorphismf : A ! C there exists someN 2 K, and
g:B! NsuchthatCu N andgth="f.

It is important to emphasize that C is a concrete subalgebra dfi and not only
is embeddable intoN.

Theorem 5.12 (Hoogland [28], Sain [48]). Let L be a strongly nice general logic
which has the patchwork property of models. Then

L has the weak Beth de nability property
0

every Alg,, (L )-extensible epimorphism oAlg. (L) is surjective. O

In the formulation of Theorem 5.12 above, it was important tlat Alg,, (L) is not
an abstract class in the sense that it is not closed under isomorphisyrsince the
de nition of K -extensibility strongly di®erentiates isomorphic algebras.

Theorem 5.12 and Theorem 5.14 below are solutions for Probldm in [48]. On
the other hand, Theorem 5.15 together with De nition 5.13 airs for being a possible
solution for Problem 15 of [48].

De nition 5.13 (full algebras of Alg,,(L)). Let L be a nice general logic. The
classFullAlg, (L) of algebras is de ned as follows.

FullAlg, (L) := fA 2 Alg,,(L): (8B 2 Alg,,(L))(Ap B =) A=B)g J

We will use the notions of \re°ective subcategory" and \limits d diagrams of
algebras" as in Mac Lane [29]. We will not recall these.

Throughout, by a re°ective subcategory we will understand a fuland isomorp-
hism closed one.

16The weak Beth de nability property was introduced in Friedman [25] and has been invesigated
since then, cf. e.g. [11, pp. 73{76, 689{716].
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Theorem 5.14 (Sain{Madar§sz{N&meti (cf. [48, item(9) on p. 223])). As-
sume the conditions of Theorem 5.12. Assunfg, (L) p SFullAlg, (L). Then

L has the weak Beth de nability property

0
Alg. (L) is the smallest full re°ective subcategor of Alg. (L) with

FullAlg, (L) p K. O

Theorem 5.15. Assume the conditions of Theorem 5.14. Then

L has the weak Beth de nability property

0
FullAlg, (L) generatesAlg. (L) by taking limits of diagrams of algebra¥.

On the proof

The proof is based on Theorem 5.14 and on the simple lemma dernbges (/) below.

(y) AssumeK, = SPKo andK; u Kq is a set of algebras irKy. Then the smallest
full re°ective subcategoryK of K containing K, exists and coincides with the
smallest limit-closed class containingg ;.18

Next one uses the fact that

W) (9 2 Card) 8A 2 FullAlg, (L) (8H nA)

. jHJ <- =) (9B p A)(H p B & B 2 FullAlg, (L) & jBj < - )

(yy) follows from the assumption thatL is a structural nice general logic; cf. in

particular item (4) in the de nition of \general logic". O
L, denotes the general logic which we get froi, (cf. De nition 2.2.21).

Remark 5.16. Note that FullAlg,(L,) = FullCs. J
Conjecture 5.1. We conjecture that item (4) in the de nition of general logic

is essential for Theorem 5.15. Indeed, we conjecture that thut this condition
Theorem 5.15 might become independent of ZFC set theoryd

17].e., there is no limit-closed class separating these two classes of algebras.

18We conjecture that (y) might become independent of set theory if the restriction that K is
a set is omitted. Clearly, (y) becomes false ifKy is permitted to be an arbitrary complete and
co-complete category.
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Terminology

Let L be a nice general logic. Then Modl() := Sf MP : P is a sep is the class of
all models ofL.

Let M;M; 2 Mod(L). Then: M, is an expansionof M i® M is areduct of M ;
i®9P(M = M1 ! P). Further:

Mng(M) := set of meanings ofM = universe of the meaning-algebranng,, (F)
of M.

Alg(M) := mngy, (F) = the meaning-algebra ofM .

Conjecture 5.2. We conjecture that the characterizations of weak Beth in itesn
5.14{5.15 can be made more \logic oriented" (or more intuitie) the following way:
Let L be a nice general logic an 2 Mod(L). Then M is calledfull i® (8 expansion
M1 of M) Mng(M ;) p Mng(M). Now we de ne

FuAlg, (L) := fAIlg(M) : M is a full model ofLg

Now, the assumption that

(2) Alg,, (L) p SFullAlg, (L)

in items 5.14{5.15 can be replaced with the more intuitive asmption that

(o) everyM 2 Mod(L) has a full expansion

We conjecture that the characterizations of weak Beth propgrin items 5.14{
5.15 remain true if we replace(=) with (a0) and \Full' with \ Fu" in them. In
particular, (e0) =) Alg, (L) p SFuAlg, (L) holds for structural general logics with
the patchwork property. For such a logics we also hakaAlg,(L) = FullAlg, (L),
hence we conclude that full meaning algebras are exactly tieaning algebras of full
models.

The purpose of the present conjecture is to nd a natural (or ¢ic-oriented)
characterization ofFullAlg,, (L), which in turn, might be a kind of solution of Problem
15 from [48] J

For the origins of our characterizations of weak Beth propsr (in items 5.12,
5.14, 5.15) see items (8), (9) below Problem 14 in [48]. (In thiconnection it is
useful to read [48] beginning with Problem 12 to the end.)
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Next we turn to characterizing Craig's interpolation propety.

De nition 5.17 (( F interpolation) property). Let L = bF;M; mng;Fi be a
nice logic. For each formula 2 F let atf (' ) denote the set of atomic formulas
occurring in' . Then L has the(F interpolation) property i®

(8;A 2 F)'f' gF A) (%AZ F)(atf (A) p atf (" )\ atf (A)
andf' g AandfAgg A) : J
Recall that for any classkK of algebrasIlK denotes the class of all isomorphic
copies of members of .

De nition 5.18 (amalgamation property). Let K be a class of algebras. We
say that K has the amalgamation property® for anyA;B;C2 IK with B 1 Apu C,
there areN 2 K and injective homomorphisms (embeddingg): B %2 Nh:C% N
such thatf tA=ht1A.

Theorem 5.19 (J. Czelakowski). Let L be a strongly nice and consequence com-
pact logic. Assume that usual conjunction/\" is in Cn(L). Assume thatL has a
deduction theorem. Then

L has the E interpolation) property ) Alg. (L) has the amalgamation property.
Proof. It can be found in Czelakowski [20], cf. Thm.3 therein. O

De nition 5.20 (( ! interpolation) property). Let L be a general logic sa-
tisfying condition (1) in De nition 3.1.1, and let! be a binary connective of.. We
say that L has the ( interpolation) property if

8:A 2F)E" 1 A) (9A2 F)(atf (A)  atf (')\ atf (A)
and ' ! Aand F Al A) : J

By a partially ordered algebrawe mean a structure A; - ) where A is an algebra
and - is a partial ordering on the universeA of A.

De nition 5.21 (super{amalgamation property (cf. Maksimova [34]). A class
K of partially ordered algebras has thesuper{amalgamation propertyif for any
Ao; A1, A, 2 K and for any embeddings

iAol Arandi,:Agi A, there exist anA 2 K and embeddings

my:A;i Aandm,:A,ji Asuchthatm;+i; = my%i, and

(8x 2 Aj)(8y 2 A)(mj(x) - mi(y)) (922 Ag)(x - ij(z) and ik(z) - VY));
wherefj;kg=f1,29. J
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Theorem 5.22 (Madar§sz [32]). Let L be a strongly nice general logic such that

L contains the classical propositional logic as a fragment.¢i Alg_ (L) has a Bo-

olean reduct). Assume thatAlg. (L) forms a variety. Let! be the usual Boolean

implication. Assume thatL has the local deduction property in the following sense:
For all ;A 2 F there is a unary derived connective, say of L, such that

(FA=)j=a(C)! A and ' Foa():
Then

L has the ( interpolation) property
0

Alg. (L) has the super{amalgamation property,

where super{amalgamation is understood via the following paftordering: a - b,
a! b= True: O

Further investigations concerning the { interpolation) property, its algebraic
characterizability and related algebraic results are in [30[32] and [31].

L, and L arrow denotes the general logic which we get froin, (cf. De nition
2.2.21) andL parrow (cf. De nition 2.2.19), respectively.

De nition 5.23. L  is L, expanded with atomic formulas of the formR(vy; Vo).
Equivalently we could add the connective of L arrow t0 L, and have the atomic
formulas unchanged. J

Open problems:

(1) Are all the conditions of Theorem 5.19 needed? Try to chacterize
(F interpolation) property with fewer assumptions on the logic

(2) Whatis the logical counterpart of the algebraic propest that\ Alg. (L) has the
strong amalgamation property (i.e., we also requiref (Br A)\ h(Cr A) = ;
in De nition 5.18 above)?

(3) DoesL; have the weak Beth property? Does , have it? DoesL; without
equality haveiweak Beth property for even (strong) Beth prop¢y)? We note
that the Alg. L; without equality = RPA; whereRPA, is the class of repre-
sentable polyadic algebras of dimensiam.

We note that L} restricted to models of cardinality: 10 has the weak Beth property
but not the Beth property. Hence this logic \(L; 1- 10)" separates the Beth
property from the weak Beth property, showing that Theorems 82, 5.14, 5.15
above are not super°uous.

19The usual deduction property is also su+cient for the conclusion of this theorem.
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A Appendix. New kinds of logics

In this appendix we collect a few logics which are of a di®ereYiavor” than the
ones listed in section 2.2. The main purpose of these examples isveng that
the present Algebraic Logic framework is suitable for handlingll sorts of unusual
logics coming from completely di®erent paradigms of logiaal linguistic or computer
science research areas.

De nition A.1 (in nite valued logic L, ). Let P be any set, the set of atomic
formulas ofL; . The logical connectives of.; are”,:, and! . The setF; of
formulas is de ned the usual way. Recall thaP p F; is the set of atomic formulas.

M, E5f - (F:P! [0;1])g;

where [Q 1] denotes the usual interval of real numbers.
Letf 2 My . First we de ne mn; (" ):

mns (p) £ f(p) forp2 P

mne (¢ A A) € min fmne (¢ ); mns (A)g
mn¢ (2 ") | i mn¢ (')
mne (" _A) maxfmn; (' ); mn (A)g
e RE Y o Iy mnA)
1i mne(")j mns(A) ; else
Foranyf 2 M, ;"' 2 Fy,

mng, (;f ) Efx2[01] : x- mn( )g;

. , def ' a1
fF1 0 mng ()=[0;1}
With this the logic
L, €'ty My smng, sy
is de ned.
Even in intuitionistic logic we havefF : (" ~: ' ). However, inL; this is not
so, the truth value of ( ~: ') can be as high as 1/2. So in a sensk; tolerates
contradictions (and by a cheap joke, we could call it \dialegcal" because of this, but

we will not do so). Also ( $: ') can be valid in some of our models. This again
cannot happen even in intuitionistic logic. Further,mn; (" ), 1=2 is expressible as
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(:" ! '), hence if we would want to have a new validity relationF 1, wheref '
i®mn; ("), 1=2, then we can express thisnew, byf ;' i®mng, : ' ! ")=
mng, (" ! '). We do not look into this new =, any more, we only use it as an

example of de nability of =, from mng without identifying truth with a greatest
meaning or even with a single meaning.

L, is strongly nice since we can de négy(') gef ("), () %' and
(CA)E( 1 AN (AL ),
Remark A.2. If we omit~ from the connectives then we will need @d:ef\ I "and
¢1d=8f\ A " If wereplacedf F1 ', mni( )=1byfFE, ', mni(")> 09

then we would loose niceness. However, our logic would still remaemi-nice as
described in Section 4.

Exercises A.3. (1) Try to de ne logics similar to L, but perhaps with more intu-
itive appeal to you. i ¢

(2) Prove that the intuitionistic tautology ' ~ (" ' A) ! Ais not valid in
L, . Change the semantics in order to make this valid.

(3) Show that L, is strongly nice.

(4) Obtain a new logicLq from L; by executing the following modi cations in
the de nition. Replace [0,1] with the setQ of rational numbers everywhere. De ne

mn; (; d:efi mn; (" ). Rede ne the meaning of \ " as follows:

mne (! A) E mng(A) i mne();

and let mngo(;f ) Ly 2 Q:x - mn¢(' )g. Change the de nition off F; ' to
the following:

fiFe’ 0 02 mngy(if ):
The rest remains unchanged.

(4.1) Investigate the logicLgo! Compare it with L .

(4.2) Prove that mngo(: ' _ A;f) 6 mngo(' ! A;f), for some modelf . Prove
that Fo (p1_: P1)-

(4.3) Prove that 2 po! (p1_: p1). (This property is aimed at by relevance logic,
the idea being, roughly, that the formulaspy and (p, _: p:) have no common
atomic formulas, hence they are not relevant to each other, sbdy cannot
\relevantly imply" each other.)

(4.4) ProvethatFo (" ! ).
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' ¢
(4.5) Prove that Fq " i® (8f 2 Mg) mngy(;f ) = mngQ'(' D N
J

De nition A.4 (Relevance Logic L,;). We obtain a new logicL, from L, by
executing the following modi cations in the de nition. Replace [Q 1] with the set

Q of rational numbers everywhere. De nemn; (: ') gef i mns (" ). Rede ne the
meaning of I " as follows:

gy e maxdi mn; ()imn (R)g; if mng () - mng (A)

mne (" ! . -
minfmn; (" );j mn; (A)g; else.

The rest is exactly as in Ex. A.3 (4).
Now, Relevance Logic is
Ly = Wi My ;mng, ;i J
We note that logic L, is also calledR-Mingle (RM) in the literature.

Exercises A.5. (1) ComparelL,, Lo and L; ! Compare them withLs. What
are the most striking di®erences?

(2) Provethat =, (" ! "),andFE, (" _:").

(3) Prove that 2, (po! (p1_: p1)). Compare with what we said about Relevance
Logic in Ex. A.3 (4)!

(4) Prove that (Fr ') (0  [mngo(;f )= mngo(" ! *f ) forall f 2 Mg].

(5) Check what happens if we replac® with Z (the set of integers) or with the
interval [j n;n] for somen 2 !.

(6) Prove that in L, we have
[f ' andf F A]6) mng.(;f )= mng, (A;f):
Compare with Def. 2.1.3!
(7) Provethatie, ("' ! A)! (' _Abut2, (" _A! (! A.

(8) Compare thef® ; _;:g -fragment of L, with that of Ls! (Prove e.g. that for’
of this fragment, (=, ' )j =s ' )). ::: Go on comparing!)
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Next we de ne Partial Logics (p). Partial logics are designed to express the fact
that in certain situations, certain statements may be meaningkss. For example, the
statement \the integer 2 is of pink color" may be meaningless inertain situations.

If * is meaningless then so is' . Also, according to the Copenhagen interpretation
of quantum mechanics, in certain situations certain statemestare meaningless, e.g.
asking for the exact location of a particle in a situation wherg¢he particle has only
a probability distribution of locations is meaningless.

De nition A.6 (Partial Logic, Lp). Connectives ofLp are: , ,:, N, where

the new kind of formulaN (' ) intends to express that' is either meaningless or
false (\It is not the case that' " or perhaps \It is not the fact that ' ). (N is a

very strong negation.)

2 The set of formulasFp is obtained fromFs by adding the new unary connective
N.

2 The classMp of models is

© a
Mp &5 :f 2P0, 1;2g

Here 0, 1, 2 are intended to denote the truthvalues \false", \me" and \unde-
‘ned", respectively.

2 [f22fmng.(;f );mnge(A;f)g, thenmng, of ¢ ~A), (' _A), : ' is dened
as in the case of_s. Else (if 2 is one of the meanings) themng, of (' * A),
( _A),:' is 2 (so all three are the same and they all are 2).

(
fFp I® mnge(;f )=1:
With this, Lp = hFp;Mp;mnge;Fpi is de ned.
Lp above is a quite important logic. It was introduced by Prior ad was further

investigated by I. Ruzsa (cf. e.g. [44]).

Exercises A.7. (1) Prove that L is a nice logic. (Hint: Usée"y( )d:Ef N(C 7",

(') E" . Thenuse ¢oALE'N: (¢ $ A2 )$ uA), whereu(' ) (™
N(")MN(C " ). Hereu(' ) means that' is unde ned [or meaningless]).

(2) Try to characterize Alg_ (Lp) and Alg,,(Lp). How many non-isomorphic al-
gebras are there imAlg,,(Lp) ?
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(3) Try to invent the partial version of our more sophisticated bgics, e.g. olss
(or the others). (Warning: This might take too much time, becase there are
too many logics. So try one or two [if you are interested] and tinetry to
develop an \intuition" that you probably could do the rest.) J
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