Warning!

From this point on the rest of this material is only in very-
very draft form. It will be polished later. It is included only
for giving a more complete perspective on the approach.
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7 Godel incompleteness
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8 Toward general relativity: accelerated ob-
servers

8.1 Accelerated observers

In this chapter we wish to expand our language and theory to handle non-inertial
observers as well. We start general relativity theory by waiving our old assumptions
that:

e all observers are inertial bodies (Ax2), and

e all geodesics are Euclidean lines (Ax1).

The physical intuition is that we do not exclude the existence of observers whose ve-
locity changes in time; and such observers can see inertial bodies moving on geodesics
different from Euclidean lines. By waiving (Ax2) we allow the existence of “acceler-
ating observers”, besides inertial ones. Technically speaking, in a model, Obs may
contain elements outside of Ib. We denote the set of inertial observers (that is,
observers which are inertial bodies) by IOb, that is,

10b % ObsN Ib.

Besides waiving old axioms, we need to postulate new ones. More concretely,
e we keep a part of Newbasax such that we replace Obs by IOb in them:;

e we postulate a set of axioms referring to all observers, including the “new”
ones (Obs \ IOb) as well;

e we postulate some more axioms for treating “real” relativistic effects.

To execute our plan above, we need to modify our first order language and frame
models used so far, as follows. In our old frame models, all observers “shared” the
same set G of geodesics. In our new frame models, every observer m will have a
set G, of its own geodesics. This means that we have to change our first order
language as well. Throughout this chapter, GG is a sort containing the geodesics and
there is a new binary relation symbol Go defined between the “sort” of observers
and the sort G. Intuitively, if m is an observer (in some model 9t), then the set
Gm = {€: (m,f) € Go™} is the collection of the geodesics of m. The reason for
this decision is the following. The set of geodesics of m is intended to represent the
trace of inertial bodies. Since m is not necessarily inertial, it really depends on m,
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how (s)he observes the movements of inertial bodies. Thus if m; is another observer,
then the set of traces of inertial bodies from the point of view of m is not necessarily
the same as the set of traces of inertial bodies from m,’s point of view. In order to
keep the notation simpler, we will use the notation G,, in the formulas below.

Another modification will be that we will introduce metrics d,, for each observer
m € Obs. This is motivated by Theorem 8.1.15 below. Before the formulation and
proof of this theorem here we include an intuitive explanation of this theorem.

Before discussing Theorem 8.1.15 in a precise language, we discuss it on a very
informal, intuitive level. Theorem 8.1.15 can be interpreted as predicting certain
things that happen in a gravitational field. Roughly, the theorem implies that

(*) In a gravitational field, like that of the Earth, clocks (and hence processes
in general) higher up in the field run slower than clocks deeper down.

E.g. in a very high tower, clocks in the attic (on top of the tower) run faster
than clocks in the basement. Similarly, clocks closer to a black hole run slower
than distant clocks'>™*. Statement (*) above is called the tower paradoz. Below
we turn to a more precise, more logical and at the same time stronger (but still
intuitive) formulation of the tower paradox, i.e. to Thm.8.1.15. Theorem 8.1.15 will
be stronger than (*) in the sense that it says that no matter how the accelerating
observer chooses his coordinatization (of space-time), (*) will remain true.

On the proof. A statement much easier than Thm.8.1.15 would say something
like the following. In the “most natural” or “ simplest” models of our theory Acc of
accelerating observers, statement (*) is true. This can be checked the following way.
(1) Look at the examples we give (later) for the world-view transformation f,, for
the case when m is inertial and k is accelerating. (2) Try to interpret (*) formally
in this context. (3) Try to check that the so interpreted version of (*) holds for the
particular example of f,,;. Next we turn to discussing Thm.8.1.15.

Let us choose an observer m and let e; and e; be events having the same loca-
tion (that is, having the same space-like coordinates) from the point of view of m.
In Special Relativity the time passed between e; and e, (observed by m) is simply

1274 A ctually, for a distant observer, clocks on the surface of the event horizon of the black hole
stop moving (they “freeze”). We did not yet check how much of this (about black holes) follows
directly from Theorem 8.1.15, or whether extra considerations are needed for deriving this from
Thm.8.1.15. However, we are under the impression that derivations of this effect start out from
(basically, something like) Thm.8.1.15, cf. e.g. Kenyon’s book on general relativity (Oxford U.P.,
1990).
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the difference between the time like coordinates of the events in question. By defini-
tion, a time like coordinate line connects simultaneous events. So, in particular, the
time passed between two time like coordinate lines does not depend on the location
of the “measurement” of m. The same (more precisely, the dual) applies to the
space-like coordinate lines too. In the case of accelerating observers the situation
is more complicated. Roughly speaking, in Theorem 8.1.15 below we will prove!'??
that in every model whose field reduct is isomorphic to the field of reals, if the
distance of any two coordinate lines of an observer m is constant, then the speed
of m is constant as well, thus m is not accelerating. This can be illustrated in the
following way. Suppose m is an accelerating observer and ey, ), e; and e} are events
such that

eg is simultaneous with ef and
ey is simultaneous with €| and
eo has same location as e; and
e has same location as e

(from the point of view of m, of course). Then the distance between e, and e
differs from the distance between e; and ¢€}. This suggest the following experiment.
Let us move, say 1 km in a certain direction and then let us wait, say 1 year. Then
our space-time coordinates will be different from our partner’s space-time coordi-
nates who first waited a year then went 1 km in the same direction as we did.
Summing up, for an accelerating observer, simultaneity is not the same as “waiting
the same time”. Thus, if we want to speak about both of these notions then we have
to expand our language distinguishing simultaneities and lengths of time intervals.
This is the reason for introducing the metrics d,,. Let us notice that the result of
the above mentioned physical experiment coincides with the conclusion of Theorem
8.1.15, however our decision about expanding the language is motivated by Theorem
8.1.15.

Turning to the new language, let Do be a new 1 + 2n — placed function symbol
Do : Obs x "F x "F — F. Intuitively, if m is an observer (in some model 9t) then
the value of the function d,,(z,y) := Do(m, x,y) is the distance between the space-
time points  and y observed by m. Note that z and y are points in the space-time
(not simply points in the space). As usual, in the formulas below, we will use the
notation d,,.

1275 At the moment we have a proof only in the two dimensional case, but this result has implica-
tions in higher dimensions as well.
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Thus 9 is a model for our expanded language iff it is of the form
M = ((B, Obs, Ph,Ib),§, E,W,G,Go, Do).

Using the above introduced notation we define our new frame models as follows. A

model M is a frame model for accelerating observers iff conditions (1) and (2) below
hold.

(1)

M = ((B, Obs, Ph,Ib),§, E, W, G, dm),.cObs

where
e B Obs,Ph,Ib,§, E, W are the same as in Definition 2.1.1;

e for arbitrary m € Obs,
G, CP("F), and
dy, :"F x"F — F*, where F* denotes the non-negative part of F.

(2) Frame theory:

e We keep our frame theory used so far. More precisely, we assume AxXqp and
the straightforward generalization Axg(m) of Axq from G to Gy, for every
m € Obs.

e To these we add the new assumptions AXy,e;(m) saying that d, is a Lorentz—
metrict?”® for every m € Obs. We note that a Lorentz-metric is not a metric
in the usual sense.

We will denote the class of our frame models for accelerating observers by FM ..

That is,

FMacc d:ef {m = <(Ba ObS, Pba Ib)as:a E ) W7 Gm’ dW)mEObS :

M = Axor U {Axc(m) : m € Obs} U {Axper(m) : m € Obs}}.

1276For completeness, we include here the set Axmet of axioms of a Lorentz-metric: We call
d:"F x"F — Ft a Lorentz—metric on the ordered field § iff d satisfies the conditions below,
for each p,q,s € "F.

d(p,q) > 0;

d(p,q) = d(q,p);

d(p,q) + d(g,s) < d(p,s) whenever p; — ¢; and g — s; have the same sign (reversed
triangle inequality).

1217



According to our Convention 2.2.1, FM,.(2,R) denotes that subclass of FM,
where n = 2 and § = R. In this chapter, unless stated otherwise, we tacitly assume
that 9t € FM,.. whenever 9 is of the form

(B, Obs, Ph,1b),§, B, W, G, dm),.c Obs -

Now we start to postulate our set Acc of axioms for accelerating observers. Though
we will be able to state meaningful theorems for particular dimensions n only, we
are trying to formulate the axioms for arbitrary n € w.

As we already indicated, our first group Acc; of axioms consists of an appropriate
part of Newbasax “restricted” to inertial observers (IOb). Concretely,

Ace; & {Ax1,, Ax2,, Ax5,, AXE,},
where,

Ax1, m € IOb = (G, = Eucl(n,F) and d, is the Minkowski metric'?’").

Ax2, PhC Ib.
(Notice that IOb C Ib automatically holds by the definition of IOb.)

Ax5, m € IOb = (V¢ € G,,)(ang*(¢) < 1 = (3k € Obs){ = tr,, (k) and
ang?(¢) = 1 = (3ph € Ph){ = tr,,(ph)).

AxEg, [(m € IOb A tr,(ph) # 0) = (trm(ph) € Gm A vn(ph) = 1)] A (3k €
Obs)try(ph) # 0).

Our second group Acc, of axioms for accelerating observers is defined as follows.

Acc, def {Ax3,, Ax4,, Ax6q9, Ax601},
where, for each k, m € Obs,
Ax3, (Vh € Ib)(trm(h) € G, U{0} A (3k € Obs)tri(h) # 0).
Ax4, tr,,(m)=F x " {0}

Ax699 wp,[trm (k)] € Rng(wg).

12774, (p,q) = p(p,q) for every p,q € "F (where p will be defined later in this chapter, see
Definition 8.1.5).
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Ax691 Dom(f,;x) € Open(n,F),
where Open(n,§) denotes the set of all open'?”® subsets of "F.

PROPOSITION 8.1.1 Suppose M € FM,e, M = Accy and m € Obs™ k €
T0b™. Then the world view transformation fmi is a function. Note, that fim, is not
necessarily a function.

Proof. Let p € "F™ be arbitrary, and assume ¢y, q; € "F™ are such that gy, ¢, €
fmik(p) hold. If gy # ¢; would hold, then by Ax5, there would be an inertial observer
or a photon, whose trace incident with gy but not incident with ¢; in the world view
of k. In that case w,(p) = w(q) # wk(¢1) = wn(p) would hold, which is a
contradiction. Therefore ¢o = ¢g;. 1

In our third group of axioms, we will assume that all the world view transformations
between a non inertial and an inertial observer are differentiable functions. In order
to save space, we omit to write down everywhere the first order formula requiring
differentiability. Instead of this, we introduce the following convention. Throughout,
in any axiom, whenever we refer to a derivative of a function, we implicitly assume
that the axiom postulates the derivability of the function in question as well.

Our third group Accs of axioms for accelerating observers is defined as follows.

Acc; & {Ax,i:1<i<5},

where Ax,1-Ax,5 are defined below. Since the axioms Axg1-Ax.5 are based on
new ideas, below we will explain the intended meanings of some of these axioms.

The most important idea what we wish to formalize is that “general relativity lo-
cally behaves in the same way as special relativity does”. Particularly, suppose m
is an accelerating observer and k is an inertial one such that the locations and the
velocities of m and k are the same at a certain moment. Then we want to require
that the coordinatizations of m and k are the same (at least in a little neighbor-
hood around their common location). One possibility to express this is taking the
derivative of the life-line (trace) of m, this is a straight line (from the point of view

1218Recall from chapter 3 that @ C "F is an open set iff (Vg € Q)(Je € F7)(S(¢,2) C Q), where
the e-neighborhood S(p.€) of p was defined as

S(p,e) ={g€™F: (qo—po)® + (1 —p1)> + ...+ (@n1 — Pn_1)? < €}
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of a third inertial observer), therefore there is an inertial observer k£ on that line
and requiring that the world-view transformation of &k coincides with that of m.
Carefully analyzing the above heuristic argument one finds that this means the fol-
lowing: for each point p € "F there are other inertial observers £ and k; such that

ok, (P) = far,. Here fl, (p) is the derivative of the function fn, at point p, which
is a linear transformation. We found this axiom too restrictive (see Theorem 8.1.2
below), therefore we will require only that the simultaneities of k¥ and m would be
the same (and the same for the space-like parts of their world views as well) in a
sufficiently small neighborhood around their common location. This can be formu-

lated in the following way:

Axg1l (Vm € Obs)(Vqg € "F)(Ve € F)
(3p € S(p,e))(Imy € I0Ob)(Ik € IOb)(Jag, - --,an_1 € F)
(flcml ((_)) = frm (p) A A{aifmml (p) = a; 'fkml(li) 0<1< n})

This axiom expresses that, as seen by an inertial observer m; € IOb, every
(possibly accelerating) observer m € Obs “behaves” in every (small) neigh-
borhood of each point ¢ € "F of space-time the same way as some inertial
observer k € IOb with its 0-point at p. (9ifum, (p) is the i-th partial derivative

of fim, at point p .)

THEOREM 8.1.2 If n = 2 then the modified version of Axgl where all the con-
stants a; are just 1 is inconsistent. (More precisely, this version of Axgl excludes

uniformly accelerating observers over the field of reals.) In particular, it cannot be
the case that both Axg1" below and Dom(fimm,) = *F hold.

Axg17 Otfmm, () = frmy (1) and Opfm, (P) = Ty (12)-

(Now, Axgl* is the same as requiring f,,., (p) = fem, where f' is the derivative of

f)

Proof. The proof can be found in [230]. §

Remark 8.1.3 Without the condition Dom(fm,) = *F the above theorem is not
true. In fact, there is a model My 27 satisfying the remaining conditions of the

1219 K stands for Kruskal.
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above theorem. In this model fy. is uniquely determined by the life-line trp, (k) of k
(which is not the case if we use Axg1 instead of the axiom in Theorem 8.1.2). This
model is based on the coordinate transformation described e.g. in [224] on page 156.
Actually,

Mi = Accy + Accy + Axgl + Axg2 + Axg4 + Ax,5,

where Axg2 etc will be defined soon. However, this model doesn’t satisfy Axg3
(see below)

The strong version Axgl™ of Axgl (together with Accy ,Accy) implies that the
speed of light is the same for all observers i.e. even if m is an accelerating observer
we have (Vph € Ph)(v,(ph) = 1). On the other hand, our aziom system Acc (see
below) does not imply anything like this for accelerating observers. In fact, in the
section “Constructing models for accelerating observers” there is a model 9N of the
quoted azioms such that vy, (ph) # 1 for some m € Obs™ and ph € Ph™. Moreover,
the wvelocity of ph as seen by m is not constant (ph accelerates) in that 9. We
conjecture that this behavior of photons might be strongly connected to the present
version of Axg3.

Conjecture 8.1.4 Theorem 8.1.2 is provable from Theorem 8.1.15 below.

Our following axiom, Axg2, is concerned with properties of the distance d,, of
(possibly accelerating) observers m € Obs. We will express d,, via the so called
Minkowsk: distance p of some inertial observer m; € IOb. So let us define the
Minkowski distance first.

Definition 8.1.5 Assume 9 = Newbasax A AxA2 (see section 3.9) and assume
that square roots exist in §. Then the Minkowski distance y : "F x "F — F* of
two points p,q € "F is defined as follows. Consider the world view of some inertial
observer m; € IOb.

e If the (Euclidean) straight line pg connecting p and ¢ is parallel with the time
coordinate axis or p; = ¢; then

w(p, q) dof (the Euclidean distance of p and ¢) = \/Z;L;Ol (pi — qz-)Q.

e If both p and g are on the light cone, that is, if ang?(pq) = 1, then u(p, q) .

e If ang?(pq) < 1 then, by Ax5, there is an observer k € Obs such that pg =
def
trm, (k). Then p(p,q) = p(fmik(P); fmik(q))-
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e If ang®(pq) > 1 then, by Ax5 again, there is an observer k € Obs such that the

reflection of pg to the light cone is tr,,, (k), and u(p, q) oo U frn k(D) frnak(Q))
for this k.

Exercise 8.1.6 Prove that u is a Lorentz — metric (that is, p satisfies AXpet)-

Exercise 8.1.7 Working over the field of reals, prove that for any two points
p,q € "R, the distance between p and ¢ according to the Lorentz — metric is

\/(Po —q)? =0 (i — @)’

when ang?(pq) < 1. What changes when ang?(pq) > 1 ?

The Minkowski length 11(pCq) of some curve C connecting p and q is defined to
be the length of C' from p to ¢ according to the Minkowski distance. Suppose we
are working over the field of reals. Then one can express the length of C' in terms
of an integral.

Now we intend to postulate the following.
Ax,2’ (Vm € Obs)(Vm, € I0b)(Vp,q € "F)

((po = goor (VO < i < n)p; = q) A ([p,a] € Rng(frmm))) = dn(p,q) =
N(fmml [p_q]))

There are two problems to be solved here.
Item 8.1.8 Ax.2’ should function as the definition of d,,, therefore we need that

(Vm € Obs)(Ymy, my € 10b) u(frnmy [Pg]) = 11(frmm, [P4]) -

Item 8.1.9 Ax,2’ should be translated to our first order frame language (one way
or another).

The problem in item 8.1.9 is that we haven’t yet described integration in first
order logic. First suppose that we are working over the field of reals and let us try
to postulate “a first order approximation of the notion of integral”. This can be
done by the following two steps. First we postulate that the integral is additive,
that is, its value does not changes when we cut the curve in question into two (or
equivalently, finitely many) parts and compute the sum of the integrals taken in
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the new (small) curves. Second, we postulate, that in a sufficiently small curve,
the value of the integral and the value of y almost coincide (this can be done by a
standard, first order limit process). After this, one can derive Axg,2' over the field
of reals as follows. Choose an arbitrary (small) positive number, say . Using the
first condition (Axg2¢ below) the curve can be cut into sufficiently small parts, in
which Axg2; below guarantees that the value of the integral differs from the value
of u with at most ¢ (relative to the length of the small parts). Thus, for any positive
e the difference between the value of the integral and the value of p is at most ec (¢
is an appropriate constant depending on the curve in question). So the difference is
smaller than any positive number, thus it is equal to 0. Now we formalize Axg2,
and Axg2;.

Below we use the following notation: if p,q € ™F then [p,q| is defined to be
[p,q] = {z € pg: x is between p and ¢}

Ax,29 (Vm € Obs)(Vp,q € 2F)(po = qo or (VO < i < n)(p;i = ¢;)) = (Vr €
[, ) (din(p,7) + din(7, @) = din(p; 0)),

Axg2; (VYm € Obs)(Ym, € IOb)(Vp,q € "F)(Ve € F*)(30 € FY)
(Va,c € [p,q])(la—c| <0 A [a,c] € Rng(fimm) =
(Ve € S(a, 6)(|(dm(a, ¢) = p(frmm, (@), frm, (¢)))/(a — c)| <€).

Let us notice that these formulas are first order formulas in our frame language.
However, considering these formulas over some non-archimedean field, one can find
that the behaviour of Axz2¢ and Axg2; can deviate from their behaviour in the
“standard” case of F = R. We will illustrate this by constructing a non-archimedean
field and a frame model over it in which the function d can be defined in two differ-
ent ways such that both definitions satisfy Axg2¢ and Ax,2; (see Example 8.1.11
below).

In order to prove Axg2' over the field of reals, we formulated Axg2; such that
d (the size of the neighbourhood of the point in question) does not depend on “a”
(the point in question). Thus, Axg2; requires a kind of uniform approximability of

the integral. Therefore we found Axg2; too restrictive.

The reader who doesn’t want to “worry” too much at this point on finding an-
other formalization of Ax,2 (improved) may skip the following items Ax,2(2) and
Axg2 at the first reading of this chapter. Such a reader is advised to consider axiom
Ax,2 to be {Axg20, AXg21}.
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Another possibility for expressing Axg2' (over the field of reals) is to “switch” the
equation containing an integral to its derivative form: the latter can be expressed
in first order logic. This “switch” will not give us a form completely equivalent to
Ax,2’, but Axg2’ will follow from it, see our next theorem to come.

First suppose n = 2. Let p,q € ?2F and m € Obs be arbitrary but fixed.
Consider the unary function d,,(p,p+a-q) : F — F. (In A-calculus notation, this
is Aa.d,(p,p+a-q).) We denote the derivative of d,,,(p,p+a-q) by 0,dm(p, p+a-q).
Thus

Oudm(p,p+a-q) =b<—=
(Ve > 0)(35 > 0)(Var € S(a, 5))(‘dm(p’p+“1 q) —dn(ppta-q) _ b <e).

ap —a

Now we let

Axg2(2) (Vm € Obs)(Vp # q € "F)(3Im; € IOb)(Fe € FH)(Va € F,— < a <¢)
“mdngmmDA

((ang?(pe) <1 =

[(Budm(p,p+a-(g—p)))* =
(Oafrmm, (P +a- (g — p))t)2 — ((Oafmm,(P+a- (g — p)))$)2])
A

(ang’(pq) > 1 =
[(Gadm(p,p+a-(q _p)))2 —

((afums (P + @+ (g = P)))2)? = @afoms (0 + 0+ (g — P)))])) |

The generalization of Axg2(2) for arbitrary n might be:

Axg,2 (Vm € Obs)(Vp # q € "F)(Im; € IOb)(Fe € F)(Va € F,—e < a <)
kmdgmmmm»A

((ang?(pa) <1 =

[(Budm(pyp+a-(g—p)))® =
Ok (0 + - (2 = P))0)* = S5 (Oufu (0 + - (4 = 2)))0)?)
A

(ang’(pq) > 1 =
[(udm(pyp+a-(g—p)))* =

S (Dafuma (p+ @+ (g~ ))))? = Dafoums (p+ @+ (4= p)))?D)) |
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THEOREM 8.1.10 FM,(2, %) = Ax,2(2) = Ax,2'(2).
Proof. The proof can be found in [230]. §

The further axioms are the following.

Ax,3 (V0 < i < n)(Vp € i)(dm(0,p) = p;), where i denotes the i-th coordinate
axis. 280

Ax.4 (Ym € Obs)(Va € "'F)(3k € Obs)
(trm(k) = F x {a} A fn is a bijection A
(Vp,q € "F)(pe = gt = frune(p)e = fmk(@)e) A
(Nocicn Pi = @i = Nocicn fme(P)i = fmi(0)i))-

Axg5 (Vm € Obs)(Vp € "F)(Ve € F*)(3q € S(p,¢))(Tk € IOb)(k € w(q)).

Now et
Acc = Acc; U Accy, U Acc ,

Acc = Acc — {Axg2} U {Axg20, AXxg2:}.

Of course, Acc is consistent, because no axiom requires the existence of a non in-
ertial observer, so the model over YR described in Theorem 7?7 can be extended to a
model for Acc. Our next main goal is to build models containing non inertial (accel-
erating) observers. We will do this in two steps. First of all, we will restrict ourself
to dimension n = 2 and we will always work over the field of reals. First we will
study some functions of form 2R — 2R which describe “potential” world view trans-
formations between an inertial and an accelerating observer. These investigations
can be seen simply as “playing” with differential geometry (similarly to section 2.4,
where we played with linear algebra). After this, we show the relative consistency
of AccU{(3Im)(m € Obs—1I0b)} over Newbasax. That is, we will choose a model
of Newbasax and will “put into” that model an accelerating observer. When we
construct the world view transformations of the new observer, we will use our results

1280We are not sure that we want to keep this axiom because it fails in one of the important models
of Acc, namely in the model discussed in 8.1.3. On the other hand, some weaker version of Axg3
can be retained. For example we could require that the numbers of the time-like coordinate lines
follow in the same order as Axg3 would require, i.e., for example

(Vp,q € D)(pt < @ & dm(0,p) < di(0,q)).
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obtained by playing with differential geometry. After this, we will study fancy accel-
eratings, for example such acceleratings that the speed of an accelerating observer
m converges to the speed of light in such a way, that an inertial observer m; never
sees the event when m’s clock reaches say, the time instant 1. Thus, the events seen
by m and the events seen by m; must be different (that is, Axg fails).

Discussing the axiom system Acc.

First we give an example showing that over some non-archimedean field, the ax-
ioms Axg2¢, Axz2; do not define the metric. Namely, we will construct a non-
archimedean field and a frame model over it in which exists an observer, whose
function d can be defined in two different ways such that both definitions satisfy
Axg2¢ and Axg2;.

Example 8.1.11 Let 9N be a frame model over the field of reals such that
M = Newbasax A Axg2¢0 N Axg2;.

(It is not hard to see at this point that such a model exists, because no axiom forces
the existence of an accelerating observer.) Let 9y be an ultrapower of M with re-
spect to a non-principal ultrafilter. First we concentrate on the field reduct of IM;.
We will identify the real numbers with their images according to the natural (or di-
agonal) embedding into the corresponding ultrapower of R.

We define an equivalence relation o on F as follows: for any two elements
a,b € F™  qpb iff there exists a real number r such that a — 7 < b < a +r.
This is an equivalence relation and we will denote the equivalence class of a by [a).
In fact, ¢ is a congruence relation of the abelian group (F™;+), that is, for any
elements a,a’, b, € F™ we have (aga’ A bol') = (a +b)o(da’ +b'). Note that [0]
is a group itself (that is, the set [0] is closed under addition +™ ). To keep notation
simpler, we will denote this group by [0] as well. The abelian group (F™;+) is
decomposable into the direct product of [0] and (F™;+)/o (this is possibly familiar
to the reader, but for completeness we include here a proof).

Claim 8.1.12 The abelian group (F™;+) is isomorphic to the direct product
[0] x (F™; +)/0. We will denote by ¢ the isomorphism

(F™;4) 2 0] x (F™;+) /0
constructed below.
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Proof. We say, that a subgroup H of (F™; +) isa (o, Q) subgroup, iff the follow-
ing two conditions hold for H:

e for all rational numbers ¢ and for all h € H gh € H,
e for all hl,hz € H we have hlghg = hi = ho.

Clearly, there exists a (o, @) subgroup, for example the subgroup {0} containing
only one element is such. The set of all (p, Q) subgroups of (F™; +) is closed under
directed unions, so applying Zorn’s lemma we conclude that there exists a maximal

(0, Q) subgroup G.

Now we show that for all a € F™ there exists ¢ € G such that apg. Suppose
for contradiction that there exists an element a € F™ whose g equivalence class [a]
is disjoint from G. Let Gy = {g+qa : ¢ is rational and g € G}. It is easy to see that
Gy is a subgroup of (F™; +) strictly bigger than G and satisfies the first condition
of being a (o, Q) subgroup. We will show that Gy is a (o, @) subgroup. To do this,
suppose ¢; and gy are rational numbers, g1, go € G such that (g; + ¢1a)o(g2 + g20).
We have to show (g1 + ¢1a) = (g2 + ¢20).

Suppose first ¢; # go. Observe that g is compatible with multiplying by a rational
number, that is, if ¢ is a rational number and upv then qu p qu. Therefore from
(91 + q1a)0(92 + goa) we conclude (g1 — g2)/(g2 — q1)oa. The left hand side belongs
to G (because G is a (p, @) subgroup) contradicting to the choice of a. Therefore
we have q; = go.

If g1 = ¢o then g10g, since p a congruence relation. But G is a (g, Q) subgroup
S0 g1 = g9 and therefore g; + q1a = g9 + q1a = g2 + ¢oa.

Therefore Gy is a (0, Q) subgroup, so G cannot be a maximal (p, Q) subgroup,
which is a contradiction. Therefore G contains an element p-equivalent to a.

Summing up, G is such a subgroup that for all a € F™ we have |G N [a]| = 1.
We will denote the element in G N [a] by [a]g. Finally we define the function
¢ : F™ — (0] x F/p as follows:

(Va € F™) p(a) = (a — [a]c, [a])-

Note that for any two elements a,b € F™ we have [a + bl¢ = [a]g + [b]g be-
cause a ¢ [a]g and b g [b]g so both [a + b]¢ and [a]g + [b]¢ are the unique element
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of GN[a+ bl

Using this fact, it is easy to see that ¢ is an isomorphism as required. N

Using the notation of the above Claim we define a function ¢ : F™ — F™ a5
follows:

(Va € F) v(a) = ¢~ ({a — [a]s, [2a])).

Now we show that 1) preserves addition of F™ . Indeed, for all a,b € F™ we have
P(a+b) = ¢ ({(a+b) —[a+d]g, [2(a+D)])) = ¢~ ({a—a]g, [2a]) + (b—[b]s, [20])) =
¢~ ({a — [dlg, [2a])) + ¢ ((b — [bla, [20])) = ¥(a) + ¥ (D).

Moreover v leaves the set [0] fixed pointwise, that is, (Va € [0])(¢(a) = a).

Now we are ready to turn to finish our frame model construction. Let m be an
inertial observer of 9t; and let m’ be a new symbol. We define a new frame model
M| as follows. The universe of M) is the same as that of My expanded with
a new observer m', and B™ = B™ U {m'}, Obs™ = Obs™ U {m'}, Ph™ =
PR I6™ = Jp™ 3™ = 3™ g™ = E P and for all & € Obs™ we define
Gl = G A = AT G = G dod = d™ o). Finally W™ is defined as
follows:

am . m
My n 0y _ w 1(-73') lfmgw l(x)’
(Vk € Obs™)(Vx € "F) W (z) = { wzfml (x) U {m'} otherWiS(]%c.

and finally (Vz € "F) (wfit,ll (z) = wi (x)).

By this we have defined the frame model 9t which is, intuitively, nothing more
than the result of “putting m' into 90;”. Moreover, m and m' are basically the
same, except of their metrics. We now verify that 9, = Axg2¢ A Axg2;:. To do
this, let us choose an observer m € Obs™ . By the construction, if m € Obs™ then
the axioms Axg2¢ A AXg2; indeed hold, because here 9 and 9M; coincide, and
M, is an ultrapower of M which was chosen such that M = Axg20 A Axg2:. So
we may suppose m = m/'.

Axg2¢ holds because 1) preserves addition. More concretely, for any points
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D1, P2, P3 satisfying the conditions of Axgz2¢ we have dy (p1,ps) = ¥(dm(p1,p3)) =
Y(dm (1, p2) +dm (P2, 3)) = Y(dim(P1, P2)) +U(dim (P2, P3)) = di (P1, D2) + dyw (P2, P3)-

To show Axg2; let us choose m; € IOb™,p g € "F and ¢ € F*. In M, ax-
iom Axg2; gives a ¢ for that choice. Let &' = min{d,1}. We claim that for all
a,c € "F,if |a — ¢| < ¢' then d,(a,c) = dy(a,c). This is true, because

M = (Ym € T0b)(Vp,q € "F)(dm(p,q) < [p — ql),

and therefore M = (Ym € I0b)(Vp,q € "F)(dn(p,q) < |p — ¢q|). Hence,
dn(a,c) < 6" < 1, so dyla,c) = Y(dpn(a,c))) = dn(a,c) since ¢ leaves [0] fixed
pointwise.

Finally observe that in Axg2; the metric d,, is used in such a way that (using
the notation of Axg2;) la —¢c| < 6. So dyw(a,c) = dy(a,c) and My = Axg2y
therefore M) = Axz2; as desired.

This completes the example. B

Now we turn to the proof of Theorem 8.1.15 announced at the beginning of this
chapter. From now on we restrict ourself considering only two dimensional models
having field reduct isomorphic to the field of reals. We start with introducing some
notation.

By definition, for any observer m the time like coordinate-lines ¢, := {(¢,z) : x € R}
of m connects simultaneous events'?®! (as seen by m). Let k be another observer.
Applying the world view transformation f,,; to the sets ¢; one gets curves in the
coordinate system of k£ connecting the events simultaneous wrt m. The same applies
to space like coordinates.

Definition 8.1.13 Let m and k£ be observers. The f,,;-lines, or f,,,-coordinates
are the sets fik[l], fk[lz], where £, := {(¢,z) : z € R} and £, := {(t,z) : t € R}.

Using the notation of the previous definition, the coordinate line £, (for some z) of
observer m can be seen as a trace of an observer m' who is at rest as seen by m.
The existence of m’ is guarantied by axiom Axg4. We define the velocity (or speed)
of the fyk-line f,x[¢z] to be the velocity of m' as seen by k. It is easy to show that
this definition does not depend on the particular choice of m'.

1281two events eg, e; are simultaneous wrt m iff ey, e; have the same time-coordinate in m’s coor-
dinate system.
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Recall that if (¢1, ;) and (to, z2) are two points in space-time, then the set of points
between them is denoted by [(¢1, 1), (2, 22)], that is,

[(tl,xl), (tQ,l‘Q)] = {s(tl,xl) + (1 — 8)(t2,3§‘2) 0 S S S 1}

Recall moreover, that if f : 2F — 2F is a function, then the coordinate functions of
f are denoted by f;, f, respectively, that is, for every (¢,z) € Dom(f) we have

f(ta 33) = (ft(t’ x)’ fw(t’ 33))

Now we are ready to formulate the first version of our theorem.

THEOREM 8.1.14 Let 9 € FM,.. be a frame model satisfying the symmetry ax-
iom AxA2 (see in section 3.9). Suppose M = Acc and the field reduct of M is
isomorphic to the field of reals. Let k be an inertial observer in 9 and let m be
another (arbitrary, i.e., possibly non-inertial) observer in M. Suppose f : ?RN — 2R
is the world view transformation from m to k, thus f is a partial function. Assume
moreover:

(a) the domain of f is open and conver,

(b) [ is twice continuously differentiable,

(c) the velocity of every space-like fpx-line is slower than the
speed of light,

(d) the u-distance between parallel f-coordinate lines is constant, that is
(vto, tl, Ty, T1 € §R)((t0, $0), (to, .’L'l), (tl, .I()), (tl, .fL'l) € Dom(f) =

1(f[(to; 2o), (to, 21)]) = p(f[(t1, o), (t1, 21)]) A
p(f[(to, o), (t1, w0)]) = p(fI(to, 21), (t1, 1)]))-

Then m does not accelerate.
Proof. It follows from Theorem 8.1.15, see below. &

Seeing the above theorem, one can argue, that o.k., then probably, the conditions of
Theorem 8.1.14 are too strong, so let us try to find models, in which an accelerating
observer whose trace is not differentiable twice from any inertial observers view,
and probably this strange accelerating observer can coordinatize the spacetime such
that the distances between his/her coordinate lines are constant. However, we don’t
want to exclude the model of simplest uniformly accelerating observers over a real
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field, for example. This, and many other possibly interesting frame model do satisfy
the conditions of Theorem 8.1.14.

Theorem 8.1.14 is easily seen to be equivalent with Theorem 8.1.15 below. The
connections between the conditions of these theorems are as follows: (a), (b), (¢), (d)
correspond to (0), (1), (2), (4) respectively, while (3) corresponds to the assumption
of M = Ax,l.

THEOREM 8.1.15 Suppose f : 2R — 2R is a partial function such that

(0) The domain of f is open and conver,
(1) f is twice continuously differentiable,
(2) (V(t,x) € Dom(f))((0:fz(t, x))? < (Defilt, x))* A
(@afe(t, 2))* < (Oufult, ©))?),
. . atfw(ta .13) awft(t’ .73)
(3) f is locally Lorentz, that is, (V(t,x) € Dom(f))( ahto) ~ Ouf(ta)
(4) The p-distance between parallel f-coordinate lines is constant, that is
(vto, t1,%9, 21 € %)((to, 330), (t(), xl), (tl, .To), (tl, iCl) € Dom(f) =

u(f[(to, o), (to, 21)]) = pu(f[(t1, o), (t1, 71)]) A
p(f[(to, To), (t1, z0)]) = u(fI(to, 21), (t1, 1)]))-

))

Then f is a partial Lorentz transformation.

Proof. First we introduce functions measuring the distances between parallel coor-
dinate lines induced by f. Let t; < ¢; € R be such that the set

Dy, - ={z € R: (o, ), (t1,2) € Dom(f)}

is non empty. Then the function g4, : Dy, — R is defined to be

(V& € Dio t,) (g0 () = til V(0 fi(s,2))? — (0ufu(s, 2))2ds).

Note that this is a correct definition because of our conditions. Intuitively, the
function g4, measures the time passed between the time-like coordinate lines la-
beled by %, and ¢; at location zx.

Similarly, for the space-like coordinate lines, we define the functions h,,,, as fol-
lows. Suppose o < x; € R are such, that the set D,y ., :={t € R: (¢, 20), (¢, 21) €
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Dom(f)} is non empty. Then

(Vt € Day ) (haoas (V) = [, v/ (0afa(t, 5))? — (Dufilt, 5))%ds).

Now condition (4) states, that the above defined functions g, and hy, ,, are con-
stants. All of these functions are differentiable because of condition (1). Thus, their
derivatives are identically zero:

(5) (Vto,tl)(V$ € Dto,t1) O gto t1 8 f \/ atft S .’L')) (6tfw(s,x))2ds,
(6) (Vzo,21)(Vt € Dyyy) 0= h;o () =0, f;}l \/ O fz(t,8))% — (0 fe(t, s))%ds.

By condition (1) the integration and the derivation in (5) (and in (6) as well) com-
mute, so executing the derivation in (5), one has

- t Zatft(s, x)@xatft(s, .73) - 2atfz(sa x)azatfz(sa 33)
(8) (Vto,tl)(va? c Dto,t1) 0= /to 2\/(atft(sa x))g _ (atfw(s,x))Z
It follows, that for all (s,z) € Dom(f)

Qatft(sa x)azatft(sa x) B Qatfx(sa x)amatfx(sa x)
2\/(8tft(8a$))2 - (@fm(& 33))2

because of the following. Let us denote the right hand side of (9) by j(s, z). Suppose
for contradiction that there exists a point (s, z) € Dom(f) such that j(s,z) # 0. By
condition (1) the function j is continuous, therefore there exists a neighbourhood
N(s,x) of (s,z) such that N(s,x) C Dom(f) and j does not vanish on N(s x) Now
choose tg < t; € R such that (o, z), (t1,2) € N(s,z) hold. Clearly, 0 # ft (s,7)ds
contradicting to (8). Therefore (9) is true; which can be reduced to the followmg
partial differential equation for f:

ds.

9) 0=

(10) 0= atftazcatft - atfwaxatfw

Similarly to the previous paragraph, from (6) one obtains the following partial dif-
ferential equation for f:

(11) 0 = 022040z fo — 00 [10: 0, [1-
Note that by condition (2) we have (V(¢,z) € Dom(f))(0:fi(t,z) # 0 A Oy fu(t, x) #
1

0). By condition (1) 0,0, f; = 0,0:f and 0,0, f, = 0,0:f, also hold. From (10)
expressing 0,0, f; and substituting the result into (11) we have
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(12) 0, £o0:00f, = 00,202 0,0, 1.

Ot
Similarly, from (11) expressing 0,0, f, and substituting it into (10) we have
Oy
(13) 0.fi0.01f, = Ouf 4D

Now we show that (V(t,z) € Dom(f))(0;05f:(t,x) = 0 AN 00 fe(t,z) = 0).
Suppose for contradiction, that there exists a point (t,z) € Dom(f) such that
040, fz(t, ) # 0. Now it follows from (12) that

(14) 6$ft6tfm = 8zfmatft

holds in a sufficiently small neighbourhood of (¢,z). Using condition (3) one con-
cludes from (14) that (9, f,(t, z))* = (0;f+(t,x))? contradicting condition (2).

Similarly, if 9,0, f;(t,z) # 0 would hold for some (t,z) € Dom(f) then using (13)
one can deduce (14) yielding the above contradiction.

So, we proved (V(t,z) € Dom(f))(0:0.fz(t,x) = 0 A 00, fi(t,x) = 0). This
implies, that there exist differentiable, real valued functions C1,Cy, D1, Dy : R — R
such that

(15) (V(t,z) € Dom(f))(filt,x) = C1(t) + Ca(x) A fa(t,z) = Di(t) + Da(z))
and therefore (V(t,z) € Dom(f))
atft(t; .’E) = C{(t)a atfac(tv .T) = Dll(t)a aacft(t: .’E) = Cé(.@), azfz(t7 SE) = Dé(x)

Using condition (3) it follows that

Di(t) _ Cy(x)

Ci(t) — Dy(a)

which is possible only when there exists a constant A € R such that both sides
of (16) are equal with \, that is,

(16) V(t,z) € Dom(f)

(17) VY(t,z) € Dom(f) A= =
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But (17) means that the tangent lines of the f-coordinate lines are the same in
every point, that is, the f-coordinate lines are straight lines themselves, so (using
again condition (3) one can conclude that) f is a partial Lorentz transformation, as
desired. 1

Now we turn to constructing models in which there exists a non-inertial observer.
To do this, first we develop a little differential geometry.

Preliminaries from Differential Geometry

From now on we are working over the field of reals and in dimension n = 2 and when
speaking about relativity models, we always assume the symmetry axiom AxA2.

Definition 8.1.16 By a curve we mean a twice continuously differentiable function
f:R =R

Remark 8.1.17 Recall that iof f is a curve, then the coordinate functions of f are
denoted by fi, fo respectively. Moreover, if the function f] satisfies the condition
(Vt € Dom(f))(f{(t) # 0) then f; is strictly monotone therefore (fi(t), fz(t)) is the
unique point in Ran(f) having first coordinate fi(t), so Ran(f) can be considered
as a graph of the one variable function fi(t) — f.(t), we will denote this function by
f«t. In this case the first and second derivatives of f.; can be computed as follows:

«(t) = f3(t)/ fi(t) and
= (W) = [0 L0)/ ().

Our intuition about the uniform acceleration is that the uniformly accelerating ob-
server observes his/her change of speed in such a way that this change does not
depend on the time instant when the observation is made. However, when velocity
is changing, it is not clear, what are the unit vectors of the accelerating observer at
a certain moment. By Ax,1 locally we can approximate the trace of an accelerating
observer by an inertial one, and we can ask this new inertial observer about the
acceleration of the accelerating observer.

To be more concrete let us fix a model MM € FM,.. such that 9 = Acc A AxA2.
Suppose m is an uniformly accelerating observer, k£ is an inertial observer, and for
any t € R k; is such an inertial observer, whose location and velocity coincide
with that of m at time instant ¢ as seen by k. Suppose moreover that the function
f: R — Ris such that f = tri(m) (as set of pairs). Then
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i, (m) = {(— e (¢~ we(k)F(0), J(0) — velk)D) = £ € R).
1-— Ulc(kt)

So the trace of m as seen by k; is the range of a curve. Note that vy (k;) is equal to
the velocity of m at time instance ¢, as seen by k. The acceleration of m observed
by k; is simply the second derivative of the above curve. Thus, the acceleration
is uniform (in relativistic sense) iff this second derivative at (time instant) ¢ does
not depend on t. After a straightforward computation based on Remark 8.1.17 this
motivates the following definition.

Definition 8.1.18 A twice derivable function f : ® — R is called UAT iff it satisfy
the differential equation

f” — a(l _ (f/)2)3/2
for some 0 # o € R. UAT stands for uniform accelerating trace.

Thus, the range of an UAT function can be the trace of an uniformly accelerating
observer from an inertial observer’s view.

THEOREM 8.1.19 Let f : R — R be a function. Then f is UAT iff there are
constants «, 3,y € R such that (Vt € R)

_ V1+a2(t+ B)2+ 1y
«

f(t)

Pfoof. By solving the differential equation given in Definition 8.1.18. 1

Remark 8.1.20 The constants «, (3,7 in Theorem 8.1.19 coincide with the “initial”
acceleration, velocity and location of the accelerating observer m as seen by k. For
instance, when m € wy(0) and the velocity of m at time instant 0 is equal to 0 (as
seen by k) then the trace of m as seen by k is the range of the function

V1+ao?t2 -1

(07

t—

Now we have computed the trace of an accelerating observer. In order to build a
model, the next step is to determine the coordinate system of the accelerating ob-
server m. Let k& be an inertial observer. By axiom Ax4,, the events in try(m) are
the same as the events in the time axis of m. The other coordinate lines of m are
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also visualizable in the coordinate system of k: these are the f,,; lines, and this is
what we will use.

If m would be an inertial observer, then the time like f,x-lines were parallel to
tre(m). Therefore, in the case of an accelerating observer, we define the time like
fmr-lines to be parallel to ¢r(m). More precisely, we would like to find a world view
transformation f,,, which satisfies the above property. Let us notice, that this is an
ad hoc decision, that is, no axiom forces us to go this way. We will return to this
question after constructing a model of Acc.

Thus, we already know what events have same location from the viewpoint of m.
To determine simultaneities, we will use Axg1.

Definition 8.1.21 Let g : B — R be a twice differentiable function such that
(Vt € Dom(g))(¢'(t) < 1). Then by an inverse simultaneity of g we mean a function
h which satisfies the differential equation

(V) (W' () = ¢'(h(2))).

By a simultaneity we mean an invertible function whose inverse is an inverse si-
multaneity.

An inverse simultaneity is intended to be the function h associating a spacetime
point A(p) to each space point p. Intuitively, this function tells us “when” showed the
clock at p a certain (fixed) value. A simultaneity parametrizes the range of an inverse
simultaneity, but wrt the time axis. Both of the notions of inverse simultaneity and
simultaneity will be useful.

THEOREM 8.1.22 The stmultaneities of the UAT function

_V1+(t+B)’+y
(67

f(t)

are the functions:

arsh(a(t+8)) _
\/1 +a2(t+ B)? + 0.5ZH(W)

(67

Proof. By solving the differential equation in Definition 8.1.21. &
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COROLLARY 8.1.23 For every UAT function f and for each point p € 2R there
is a simultaneity (or inverse simultaneity) of f incident with p.

By this we determined all the f,,x lines of the uniformly accelerating observer m wrt
inertial observer k.

Before building a model we describe here another acceleration motivated by the
following. In special relativity, if an observer m moves faster and faster relative to
k, then m’s clock ticks slower and slower (relative to k’s clock). So is it possible to
accelerate so fast that & doesn’t see the event when the internal clock of m shows,
say, the time instant 1 ? The answer is yes. Intuitively, such a movement can be
constructed as follows. For each n € w there is a velocity v, such that the clock of an
inertial observer m,, moving velocity v, relative to k shows 1/2" when the clock of &
shows 1. Now if the accelerating observer m, moves in the first second with velocity
vy (relative to k) and then with velocity vy,... and so on, then k never observes the
event when m’s clock reaches 1. The problem is that the above constructed trace of
m is not differentiable.

Definition 8.1.24 We say that a function f : ® — R is CCT if the Minkowski
lenght of (the range of) f between 0 and the infinity is finite. (CCT stands for
convergent clock trace.)

THEOREM 8.1.25 For any positive o € R the function f, : R — R,
(Vt)(fa(t) = arsh(ae®))
is CCT. For any point p € ?R there is an f, simultaneity incident with p.

Proof. The proof can be found in [230]. §

LEMMA 8.1.26 If f is a CCT function and there is a function g such that

(Ba € R)(Vz > a)(f(z) = g(2))

then g is a CCT function as well.

Proof. Obvious. 1

1237



Constructing Models for Accelerating Observers

Now we are ready to build a model in which there exists an accelerating observer.
Instead of giving one model, we are giving a construction which expands certain
special relativity models to a model of Acc. Thus, we will show the relative consis-
tency of Acc U {(Im)(m € Obs — I0b)}.

Let 9 be a two dimensional special relativity model such that §* = # and
M = Newbasax A AxA2. Let n € Obs™ be an (inertial) observer. Intuitively,
we will put into the world view of n the new accelerating observers according to an
UAT function g. So let us choose an UAT function g such that g(0) = 0. We will
denote the new model 99 (in fact, this model depends on the choice of n,90t and
g). Fix a set of new symbols {s, : 7 € R} disjoint from the universes of 9. This set
consists of the new, accelerating observers.

Let §9 = R.

Let BY = B® U {s, : 7 € R}.

Let Obs? = Obs™ U {s, : r € R}.
Let Ib? = Ip™".

Let Ph? = Ph™.

Let E9= EP =€nN?RxP(R).

To define the world view relation WY first we introduce the functions f, , : 2R — 2R
as follows (see the figure below). Choose an arbitrary point p = (¢, z) € ?R. Let us
denote by h the g-(inverse) simultaneity incident with 0. Find the point ¢ such that
the Minkowski length of h between 0 and ¢ is equal to 1282, Find another point ¢
such that the Minkowski length of A between ¢ and ¢; is equal to z. Let gy and g; be
curves parallel to g and incident with ¢,q; respectively. Let g, be the point incident
with gy such that the Minkowski length of gy between ¢ and ¢» is equal to ¢t. Let g3
be the g (inverse-)simultaneity incident with ¢o. Finally, let p' be the intersection
of g3 and g;. We define f, ,(p) = p'. It is easily seen that the above defined points
exist, are unique, and f;, , is a bijection.

Let wd = w™ U {{fs,n(t,0),s,): t,r € R},
For all m € Obs™ — {n} let wd = w2 U {{f™ (f,..(t,0)),s,) : t,7 € R}..

1282the sign of r determines the direction of the measurement
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Figure 356:

For all r € R let wd (t,x) = wi(fs,n(t, 7))
By this we defined the world view relation WY of the new model.

For all m € Obs™ let G9, = G™.
Forall7 € Rlet G = {f, L[(]: L€ G™}.

For all m € Obs™ let d9, = ™ (where p™ is the Minkowski metric in 9).
For all r € R let df (p, q) be the Minkowski length of f .[p, q].

Finally, let m‘q = <Bg, Obsga Phga Ibga 8:_(], E g’ VV!], ng’ dgVL)mEOng'

THEOREM 8.1.27 MY = Acc.

Recall that 9t = Newbasax A AxA2.
Proof. By checking the axioms. 1

Let us notice that this construction is ad hoc in the sense, that no axiom forces
us to go this way. Indeed, instead of the trace of the “new” observer, if we would
know another function which can be seen as a simultaneity of the “new” accelerating
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observer, then using an analogue idea to Definition 8.1.21 we would determine the
space-like f,,; lines and would repeat the above construction. This construction will
be called the dual construction.

Exercise 8.1.28 Prove that the formula TwP (see section 2.1) describing the twin
paradox is valid in 9 (for arbitrary 9, g and n € Obs™ which does not excluded
by the construction).

4

Let us notice that using the dual construction, the “reason” for the twin paradox is

much more complicated.

Remark 8.1.29 [t is interesting to investigate how the speed of light behaves in
models of Acc. In particular, if m € Obs is not inertial then there is no axiom
requiring that m would observe the speed of light to be similar to what an inertial
observer would see (the latter is “constantly” 1 by AxEq,). Let us consider the par-
ticular models ON9. Let us assume that k,m € Obs and k is inertial. Throughout,
we assume that m accelerates with a uniform acceleration. First, assume that the
speed of m at time 0 is 0 when observed by k. For simplicity assume 0 € try(m)
too. Let ph € Ph be such that 0 € try(ph). Then the speed of ph as observed by
m is not constant, actually the photon ph is accelerating (increasing its velocity) as
seen by m. This behaviour does not depend on the direction in which ph is moving
(i.e. ph may be “falling in the direction in which gravity*?®® is pulling it” or may be
moving in the other direction). We do not prove this here but we refer to [230)].

Next, let us assume that the speed of m at time 0 is large i.e. it is close to 1 (e.g.
it may be 0.8 or 0.9). Now we may investigate 6 kinds of photons ph € Ph. First
assume that /ph moves in the direction against that of gravity. Assume that ph
starts out (sometime) on the lifeline of m. Now, if ph starts out sometime > 0 then
we conjecture that it may accelerate. However if ph starts out at time 0 then we
think that it will decelerate (as opposed to accelerating). Moreover if ph starts out
sometime in the sufficiently distant past then we think that it will “strongly deceler-
ate”, in some sense. If ph moves in the other direction (i.e. it is “falling”) then we
do not know whether it accelerates, decelerates or what exactly it does.

1283We apologize for mentioning gravity in an undefined way. In the present approach gravity is a
carefully defined notion, but for lack of time we do not recall the definition here. Intuitively, what
we call gravity is the usual side-effect of acceleration “experienced” by the accelerating observer
m, and to every point p of the spacetime "F of m the gravity at p experienced by m is a vector
pointing in the direction opposite to that of the acceleration of m.
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All these seem to point in the direction that the speed of light in models like 909 be-
haves in somewhat complicated way. As a contrast we note that in the kind of “gold-
fish” models (or Kruskal-models) referred to in Remark 8.1.3 the absolute value of
the speed of light seems to be constant (and is 1) for even the accelerating observers.

We close this remark by mentioning that what we said here is somewhat tentative
and that we did not check all the details.

Now we turn to constructing a model, containing an observer, whose trace as seen by
another inertial observer is the range of some C'C'T function. Roughly, we repeat the
previous construction, but we have to do something more, because a C'C'T" function
does not determine the whole world view of the new observer m, i.e. no conditions
about events seen by m in a time instant which is bigger than the Minkowski length
of (the range of) the CCT function in question. Therefore we start with two models.

Let us choose a CCT function g described in Lemma 8.1.26 such that g is twice
continuously differentiable, (Vz < 0)(g(xz) = 0) and ¢'(0) = 0 (clearly, there ex-
ists such a function). Let 9%; and 9M, be two models over the field of reals, such
that {9, 9M,} = Newbasax A AxA2 and B™ N B™ = (). Choose an observer
n € Obs™ and ng € Obs™. Fix a set of new symbols {s, : 7 € R} disjoint from
the universes of 9y, 9M,. This set consists of the new, accelerating observers. We
will denote the new model constructed below by 9%9. In fact, 999 depends on the
choice of g, 91, Mo, n and ny.

Let 37 = R.

Let B9 = B U B™ U {s, : r € R}.

Let Obs? = Obs™ U Obs™ U {s, : r € R}.
Let Ib? = Ip™ U Ip™".

Let PhY = Ph™ U Ph™.

Let E9= EP =€nN?RxP(ER).

Let 7 be the Minkowski length of g between 0 and infinity. Let T = {(¢,z) €
2R : ¢t < 7}. Analogously to the previous construction, to define the world view
relation WY first we introduce the functions f;,, : 2 — 2R as follows (see the figure
below). Choose an arbitrary point p = (¢,x) € T. Let us denote by h the inverse
simultaneity of g incident with 0. By the choice of ¢ this is simply the = axis. Find
the point ¢ such that the Minkowski length of h between 0 and ¢ is equal to 7284,
Find another point ¢; such that the Minkowski length of & between ¢ and ¢, is equal

1284 Again, the sign of r determines the direction of the measurement.
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to x. Let gy and g; be curves parallel to g and incident with ¢,q; respectively. Let
g2 be the point incident with gq such that the Minkowski length of gq between ¢ and
g2 is equal to t. Let g3 be the g (inverse-) simultaneity incident with ¢o. Finally, let
p' be the intersection of g3 and g;. We define f; ,(p) = p'. It is easily seen that the
above defined points exist, are unique, and f;,, is injective.

Figure 357:

Let w? = wX U {(fs,n(t,0),8.): (t,7) € T}.
For all m € Obs™ — {n} let wd, = w™ U {(f21(f, n(t,0)),s,) : (t,7) € T}.

w2 (t,7) ift<r

(Ym € 0bs™2)(V(t,r) € 2R)w?, (t,7) = { w%z (tr)U{s) ift>T.

In order to define the world view of s,, for all 7 € R let us fix an observer n, € Obs™®?
such that tr22(n,) = R x {r}.
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wi(fs, (t, 7)) if (t,z) €T

W (t,x) U {s;45} ift>T
ift=r,x#r

{s:} ift=r,x=r.

(Vr e R)(V(t,z) € 2§R)w§r (t,x) =

By this we defined the world view relation WY of the new model.

For all m € Obs™ let GI, = G™.
For all m € Obs™ let GY, = G™%.
Forall7 € Rlet GI = {f7L[0]: €€ GTYU{fL[ANCR\T): €€ G},

For all m € Obs™ let d9, = u™
For all m € Obs™ let dJ, = u™

the Minkowski length of f; .[p,q] ifp,qeT
(Vr € R)(Vp,q € *R)d? (p,q) = { the Minkowski length of f, .. [p,q] ifp,q&T
0 Otherwise.

Finally, let mg - <B_(], Obsga Phga Ibga 8:9’ E g’ Wg’ ng’ d$n>m€Ong'

THEOREM 8.1.30 MY = Acc — {Ax.2, Ax.3}.
Proof. By checking the axioms. 1

The axioms Axg2, Ax.3 fail to hold because there are points separated with the
border of T' (which we will call an event horizon), and somehow the observers s,,r €
R “changed their universe”. The same situation appears around black holes. Finally
we start to study such situations.

Definition 8.1.31 Let 9t € FM,.. be a model, m € Obs™ and r € R. We say that
in 9 observer m has an event horizont at r iff

(3n € IOB™)(Ve, k € (F™)H)(3p € 2F™)(|pe| > kAT —e < p <1 +eAn € wD(p)).
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THEOREM 8.1.32 Let M € FM, be a two dimensional model such that % = R
and M = Acc — {Axg2, Ax.3}. Let m € Obs™ such that there are two points
po, p1 € 2R and an inertial observer k € IOb™ satisfying k € w(po) = w2 (p1).
Suppose moreover that the set tr2(k) is closed (in the topology induced by the or-
dering), fmr 1s locally injective and whenever qo # 1 € *R we have

ke wg(qo) N w%?(Ql) = Qo ?é qiy-

Then there exists an r € R between py, and pi, such that m has an event hori-
zon at r.

Proof. The proof can be found in [230]. §
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Appendix: Why first-order logic?

Here we address the question why we want to stick in this work with first-order
logic FOL, and why we do not want to use standard second-order logic Ly or anything
stronger than L,.'?%5 (To be precise, we do allow extensions of FOL called many-
sorted FOL, which can be regarded as a step in the direction of higher-order logic
in that many-sorted FOL is more flexible than FOL and some ideas expressible in
higher-order logic can be translated to many-sorted FOL.)

After Hilbert axiomatized Euclidean geometry in Lo, why did Tarski feel it impor-
tant to find an axiomatization for Euclidean geometry in FOL? What is insufficient
in axiomatizing something in higher-order logic?'?¥¢ Below we will try to sketch a
brief and easily understandable answer to these questions, too.

Let =2 denote the semantic consequence relation of L. Le. if ¢, ¢ are formulas
of Ly, then ¢ =9 ¥ means that v is a logical consequence of ¢ in Ls.

(1) It is easy to write up a finite axiom system, say Ax2, in Ly and a first-order
formula ¢ such that the answer to the question

(x) Is  Az2 =9 ¢ true?

is unknowable. (We will soon explain what we mean by unknowable, but till then,
we really mean unknowable.) Moreover, there is an infinity of different choices of
Az2 and ¢ making (x) unknowable.

If we allow ¢ to be second-order too, then the situation becomes even worse,
even =, ¢ becomes unknowable, where =5 ¢ abbreviates § =, ¢, i.e. Eo ¢ says
that ¢ is logically valid in L.

Let us come back to (x). It is possible to choose Az2 and ¢ such that Az2 =, ¢
will be true (according to the rules of the game called second-order logic) iff the

1285Gtandard second-order logic (usually called simply “second-order logic”) should be sharply
distinguished from Henkin’s nonstandard version of second-order logic also known as “second-
order logic with generalized models”. Herein, by second-order logic we will understand standard
second-order logic. Henkin’s version of second-order logic is suitable for our purposes and is free
of the anomalies and pathological properties of standard second-order logic Lo discussed in this
Appendix. Actually, in the present work we will make use of Henkin’s nonstandard second-order
logic. We will return to that logic in item (8) way below.

1286 Of course, if we get interested in something new, it is useful to axiomatize it in Lo, as a first
step. The only thing we claim is that, in most cases, sooner or later we will need to make a further
step and that will be an axiomatization in FOL (or some of its variants).
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continuum hypothesis*?8” CH is true in the meta theory floating above our heads.
L.e. the statement Az2 |=5 ¢ is equivalent with stating CH. But CH is independent
of usual set theory, hence we cannot know whether it is true or false, and therefore
we cannot know whether Az2 =5 ¢ is true, for our simple Az2 and ¢.

To clarify the situation for the nonlogician, let us recall that when we are writing
down concrete formulas like Az2 and ¢ and asking whether Az2 =5 ¢ holds, then
we are assuming that the basic tools of mathematics are available for us. This means
that a basic version of set theory, call it MetaZFC, is fixed and we are “living” inside
a model (V,¢) of the MetaZFC, so to speak. We do not know which model we are
living in, we only know that it satisfies the axioms of ZFC. Usually, people call this
model (V;€) our universe'?®®  but it is important to keep in mind that we do not
know more about our universe than that it satisfies the axioms of ZFC. The language
of MetaZFC is called the meta language and (V,€) could be called a meta model.
What we will call usual models are all elements of V. Hence (V,¢) is not a usual
model (or even a model), it is only a meta model. All the work we are doing, e.g.
defining Lo, its formulas (e.g. ¢, 1, Az2 above), its logical consequence relation =,
is done inside V. Hence the question (%) is also formulated inside V. Hence saying
that Az2 =y ¢ is true iff (V,¢€) = CH is completely useless information, since by
the most basic rules of the game we cannot know whether CH is true in V' (recall
that (V,€) was an arbitrary but fixed model of MetaZFC, and there are models of
MetaZFC in which CH is true while in others it is false).

Saying that Az2 =, ¢ is true iff CH is true in V' is analogous to saying that
Az2 5 ¢ is true iff God wants it to be true. (The point in this analogy is that,
here, a question asked on the level of our subject language is answered by pointing
up to the meta language.)!?%°

In a simpler language, the above can be summarized by saying that if we use
Ly, then it is very easy to run into natural formulas Az2, ¢ such that the ques-
tion whether Az2 =2 ¢ holds is independent from mathematics. This cannot
happen in FOL!'?% Moreover, as we will see it later, if the above independence
phenomenon can happen in our logic, then this can seriously interfere (negatively)
with our planned analysis of the logical structure of the theory in question (in the
present case, relativity). Further, it interferes with other goals formulated in the

1287To formulate CH, recall that X is the least infinite cardinal, ¥; is its successor, and Xy, is the
k-th infinite cardinal. Now, CH is the assumption that 8; = |2%°|, i.e. there is no cardinal between
¥; and the continuum. By CH for ¥, we will understand the assumption that Ny, = |28
128841 “the real world”

1289Tn this analogy, the meta language is playing the role of God: the point is that it is one level
higher up than the level is on which we are supposed to work.

1290We will soon say more about why this cannot happen in FOL.
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Introduction (§1.1), too.

The expressibility (in Ly) of CH, CH for R, (kK € N = w), and other statements
independent from MetaZFC is showed e.g. in Sain [232], in Ebbinghaus et al. [77]
and also in Barwise-Feferman [43, p.33, lines 14-20] where it writes about Ly: “...all
useful model theoretic properties of first-order logic fail [for Ly]. Moreover ...we
quickly run into set theoretic dependencies!?! as well. ...”.

In contrast with Lo, FOL is free from these pathological properties. This is shown
by proving that the basic ingredients, like = C Formulas x Formulas and = C
Models x Formulas, of FOL satisfy the condition which is called “absoluteness” in set
theoretic investigations of metalogic. Such investigations are e.g. in Chapter XVII
(by Véddnénen) of [43, §XVIL.2.1, pp.609-610], but also in [41] and in Manders [183].
Absoluteness of a logic L is defined and is treated as a desirable property (from the
pont of view of L being a logic).!%%2

To illustrate the idea of absoluteness of logics, we quote from the basic book [43,
p.609]. (They use =, to denote the validity relation of a logic L.):

“The idea of absoluteness of a logic is that the truth or falsity of the predicate
M =, ¢ should not depend on the entire set theoretic universe but rather should
depend on the sets that are required to exist (in addition to 90t and ¢) by the axioms
of a fixed set theory, say 7', only.” (Underlying and insertion of “say” from present
authors.)

Summing up, FOL is an absolute logic, and therefore it is free of all the pathologi-
cal properties discussed in the present Appendix (not only above, but also below).!?%

(2) More concrete examples for (x), i.e. for Az2 and ¢ (and for the unknowability
of Az2 =9 ).

Let 9t = (N,0,1,+,-) be the standard structure of natural numbers. Then it is
easy to write up a finite and complete axiomatization Axnu of O in L.
By Godel’s incompleteness theorem, there are infinitely many FOL-formulas

©1, P2, .-+, P;, - .. such that for each 7 € N, it is independent from metamathematics
(i.e. from MetaZFC) whether Aznu =5 ¢; holds.

1291They mean by this that basic properties like ¢ |=5 1, which should not be independent of set
theory in case of any logic, turn out to be independent of set theory.

1292WWe mean to say that desirability of absoluteness is tied up with our ambition that we want
to regard L as a logic. An arbitrary mathematical concept may be nice without being absolute.
But it cannot be a nice logic. Hence, it is the theory of logical systems, which led its specialists to
conclude that when considering logics for logical purposes, then absoluteness is a desirable property.
1293Henkin’s nonstandard higher-order logic is also absolute. As a contrast, as we have seen above,
standard second-order logic L, is not absolute.
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To be more concrete, we can choose e.g. ¢; o Con(ZFC), ¢y & Con(ZFC+¢py),

Ont1 & Con(ZFC+,,). Here Con(ZFC) denotes the number theoretic formula

expressing the consistency of ZFC constructed in the style of Godel’s Second Incom-
pleteness Theorem.

It follows from Godel’s theorems that, for each ¢ € N, there are models of
MetaZFC in which “Aznu =5 ¢;” holds while in other models of the same MetaZFC
“Aznu =y ;" fails, assuming MetaZFC is sufficiently consistent.'?** This is what
we mean when we say that the question whether Aznu =5 ¢; holds is independent
of mathematics (i.e. is unknowable, in some sense). Notice that by now we have
infinitely many unanswerable (unknowable) questions about the logical consequence
relation =9 of Lo.

It was shown in [16] that the same thing can happen with relativity theory (or
almost any theory of dynamics allowing accelerated motion) in place of number
theory, i.e. in place of Aznu or in place of 9. In passing we note that it was
shown in Penrose [212, Chapter 5, pp.180-173 (section: “is life in the billiard-ball
world computable?”)] that even for a rather simple version of Newtonian Mechanics,
Godel’s Incompleteness Theorems do apply. Therefore in the above construction of
the independent questions Aznu =2 ¢; we could replace number theory with New-
tonian mechanics (even with a simplified version, if we wanted). Cf. also reference
Fredkin-Toffoli (1982) “Conservative logic” in Int. J. Theor. Physics, listed in the
bibliography of [212].

So the above construction provides us with an infinity of examples of formulas
¢, in Ly where ¢ =9 ¢ is unknowable (i.e. independent of mathematics). Moreover,
the references to Penrose, Fredkin-Toffoli and [16] indicate that the same anomalies
can happen if we apply L, to the simplest kind of physical theories. In passing
we note that Montague [198, (Deterministic theories)| is a classical application of
model theory (and logic) to physical theories of motion and dynamics which is of
high standards.

(3) One of the purposes of the present work is to elaborate logical analysis of some
relativity theories. But the basic building blocks of any logical analysis are state-
ments like (%) way above or 1 =9 ¢ where e.g. ¥ is a (perhaps potential) axiom
of our theory while ¢ is a prediction (or theorem) of the theory being analyzed. A
completely analogous consideration applies to our sub-goal summarized in §1.1(X)
“why”-type questions”, p.12. Similarly for §1.1(III), p.7.

1294For 4 = 1 it is enough to assume that MetaZFC is consistent. For greater choices of i we
assume (ZFC+Con(ZFC)) is consistent, [ZFC+Con(ZFC+Con(ZFC))] is consistent, etc.
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In these investigations we stick with FOL, because the anomalies or pathologies
outlined in items (1), (2) above cannot happen in FOL because, as we said, FOL
is proved absolute and it is shown that absolute logics are free of such anomalies
(almost any work on set theoretic properties of logics proves this).

(4) Below, we try to illustrate that standard higher-order logic has further disad-
vantages (besides the ones in (1)-(3)).

Assume, we are given a mathematical structure 2, like e.g. 9t way above. Assume
Az2 is a complete categorical axiomatization of 2 in L,. Then, we claim that
it may happen that studying Az2 (and Ly of course) does not reveal, moreover
cannot reveal, to us what the logical consequences of Ax2 are. Moreover, we can
choose Az2 and 2 such that there are simple first order formulas ¢q,... about 2
such that any mathematician familiar with 2 should easily answer the question
whether ¢; is true in % while at the same time it is impossible to find out whether
Azx2 =9 1 in the sense that it is independent of MetaZFC whether Az2 o .

Let M; be a structure similar to 9 (in its language) but drastically different
from D (in its structure), e.g. assume N; has infinitely large elements with strange
properties (like x4z = z). Further, choose M, such that it admits a finite categorical
axiomatization in L.

Example 1 Let Ax2 be an L, formula expressing that
[CH=A=MN A [-CH = (2 2 91 moreover, 2 = 9,)].

Since we are living in an arbitrary but fixed (V)e), it is true in V that Az2
is a categorical axiom system. Hence it is a theorem of mathematics that Az2 is
complete, categorical etc. At the same time, if somebody hands us Ax2 written on
paper by pencil, we will never be able to figure out whether its models are like 91 or
like N;.

Someone may argue that this is not so bad, since we still have only two models.
However, the example can be refined to have many more non-isomorphic models, as
follows.

Example 2 Let Az3 be an L, formula expressing the following.
[CH for Rg = A =N A
[~(CH for Rg) + (CH for ®;) = A = 9] A
[-(CH for Rg) + —(CH for X;) + (CH for Ry) = A = a 3-element field] A
[(Vi < 2)=(CH for ¥;) = A = a 5-element field].
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For any k£ € N, we could continue the above outlined formula to include k-many
choices (going up to N, 1) instead of only four choices as in Ax3 above. Let Az
denote the so obtained axiom system in Ls.

Again, similarly to Example 1, it is a mathematical theorem that Axy is complete
and categorical. But now, if we are handed Az, printed on paper, we could not figure
out whether the model Az, speaks about has 3 elements or 5 elements or infinitely
many elements. The reason for this is that we cannot find out whether in the world
(V,€) we are sitting in CH for e.g. R, is true or not. (The possibilities of CH holding
for ¥; but not for Ny or vice versa etc. are all realizable in models of ZFC. We mean
that basically all combinations can occur.)

So, it may happen that a plain FOL axiomatization of 9 (though not categor-
ical) can tell us more about its models, e.g. M, than a complete and categorical
axiomatization Az3 of M in L,. The reader may argue that the axiomatization
Ax3 is deliberately “ill minded” and artificial, but there is no guarantee that if we
work hard in Ly on axiomatizing some new and exciting structure, then by accident
a situation like in the case of Az3 will not happen to us spontaneously. Anyway,
no such pathological axiomatizations are possible in FOL or in Henkin’s nonstan-
dard higher-order logic.'??> What we understand by pathology here is that if we
look at Az3 in the perspective of (V,¢) in which we are living, it says something
utterly different from what it says when studied from the perspective of the meta
language MetaZFC.

(5) Many logicians maintain that logic is a science whose subject matter includes
“rational reasoning”, deduction, inference. The latter entails that if ¢ = ¢ then
we study the ways in which someone can prove ¥ from ¢ and then use this proof
to convince others. But if ¢ =5 9 is independent of mathematics, then we cannot
even address the above outlined questions. This might point in the direction that
despite of its name, standard second-order logic L, is not really a logic, after all.

The famous logician Quine [217] (“Philosophy of logic”) argues that “standard
second-order logic is not logic but set theory in disguise”, cf. also [264, p.1022, line
8]. His arguments are different from ours but his conclusion is the same.

(6) We hope that the above considerations illustrate why we claim that if we chose
standard higher-order logic as our language for axiomatizing and analyzing relativity
theories, then this would render it practically impossible to carry through our aims
outlined in the Introduction (§1.1).

1295This is so because of our earlier references to (set theoretic) absoluteness of FOL and the
positive results about absolute logics, e.g. in [43, p.609] or in Sain [232].
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(7) The explanations in items (1)-(6) above form only a strongly shortened outline
of the methodological reasons coming from mathematical logic which say that we
should stick with (a variant or reasonable extension) of FOL and avoid using stan-
dard higher-order logic. A full exposition of the already existing explanations for
the subject matter of the present remark would take up a full technical paper (at
least). All the same, we hope that the present shortened discussion is convincing
enough (for the purposes of this work at least).

(8) Warning: To avoid misunderstanding we note the following. There is a version of
higher-order logic called Henkin’s nonstandard higher-order logic which is free of the
above outlined anomalies, cf. e.g. the logic book Enderton [82, Chapter 4 (“Second-
order logic”), pp.268-289], Monk [197, pp.495-498], and §4 of van Dalen [269, pp.147-
156] or Henkin [128]. (The most useful reference in the present subject seems to
be Enderton [82].) Actually, Henkin’s higher-order logic is reducible to an axioma-
tisable theory of our many-sorted FOL which we use in the present work. So, we
could say that besides axiomatizing our theories in FOL, we will also axiomatize
some of them in Henkin’s higher-order logic. Actually, some of our theories will be
formalized in Henkin’s nonstandard higher-order logic'??®, but we will de-emphasize
this connection in order to avoid confusion with standard higher-order logic which
we systematically avoid (for the above outlined methodological reasons). In passing
we note that some confusion in applied logic is generated by the habit of some proof
theorists of calling Henkin’s non-standard higher-order logic simply “higher-order
logic”. An example of such confusion was tidied up in Makowski-Sain [182].

We note that a very useful translation of Henkin’s second-order logic to FOL
is given and explained in detail in van Dalen [269, pp.150-156] (cf. also Ender-
ton [82, §§4.3-4.4]). Since this translation will occassionally play a role in the present
work!2%7 it is useful if the reader finds time for reading it (including the exercises on
p.155-6) or reading [82, §§4.3-4.4], but this is not a prerequisite for understanding
the present work. (There are useful such translations (from Ly into FOL) elsewhere,
too, e.g. in Monk [197] and of course in Henkin’s original paper [128].)

(9) On terminology: We include the following to assist the reader with the liter-
ature. Henkin’s nonstandard higher-order logic differs from standard higher-order
logic only in that Henkin’s version has more models. Therefore we call Henkin’s
extra models nonstandard models while we call the rest standard models. Several
logic books, e.g. Enderton [82], agree with our usage, but not all books are such. A

1296Cf. e.g. the convention below the formulation of Axg on p.31 and footnote 42 there,
footnote 651 on p.789, item 6 in Def.6.2.2(I) on p.789, Convention 6.2.3 on p.801,
(Points, Lines, Planes, . .., €,€py,...) on p.998, etc.

1297(f, e.g. footnote 42 on p.31, Convention 6.2.3 on p.801

1251



large portion of the literature calls nonstandard models “general models” or weak
models (of higher-order logic) while they call standard models “full models”, such is
van Dalen [269] except that he calls standard models simply “models”. The branch
of logic (beginning with e.g. Montague [198], Gallin [96]) applying logic to issues like
the semantics of languages including natural languages often uses “general model”,
“generalized model” or “generalized structure” (g-structure for short) for Henkin’s
nonstandard models while they often write “standard structure” for standard mod-
els, cf. e.g. the important handbook [264, pp.1021-1022]. Similar terminology is used
in works of van Benthem, Shapiro and Doets, cf. e.g. the references in the above
handbook. Instead of higher-order logic many authors write “type theory” which
is basically the same thing as such higher-order logic in which we allow not only
second-order variables but also third-order ones and even ones of arbitrary order n
where n is required to be finite.

In nonstandard analysis standard models are often called “full” ones (but some-
times simply “models”), while nonstandard ones are often called “weak” (cf. e.g.
Csirmaz [64]). The Handbook of Philosophical Logic [93, Vol. II, pp.360, 364]
uses “standard models” and “general models”. Same holds for van Benthem [266,
p.5(middle), p.12 (line 2)] and van Benthem [263, pp.211-c0]. The literature of
Intensional Logic usually uses these terms.
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